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INTEGRAL IWASAWA THEORY OF GALOIS
REPRESENTATIONS FOR NON-ORDINARY PRIMES

KAZIM BUYUKBODUK AND ANTONIO LEI

ABSTRACT. In this paper, we study the Iwasawa theory of a motive at a non-
ordinary prime, over the cyclotomic tower of a number field that is either
totally real or CM. In particular, under certain technical assumptions, we
construct Sprung-type Coleman maps on the local Iwasawa cohomology groups
and use them to define (conjectural) integral p-adic L-functions and cotorsion
Selmer groups. This allows us to reformulate Perrin-Riou’s main conjecture in
terms of these objects, in the same fashion as Kobayashi’s +-Iwasawa theory for
supersingular elliptic curves. By the aid of the rank-r Euler system machinery
adapted to this setting, we deduce parts of Perrin-Riou’s main conjecture from
her special element conjecture.

1. INTRODUCTION

Fix forever an odd rational prime p. Let F' be either a totally real or a CM
number field which is unramified at all primes above p. Let M, be a motive
defined over F' which has coefficients in Q. The goal of this article is to study the
cyclotomic Iwasawa theory of M for primes p such that the p-adic realization of M
is crystalline but non-ordinary, much in the spirit of the integral theory initiated
by Pollack [Pol03] and Kobayashi [Kob03].

The archetypical example of a motive that fits in our treatment is the motive
associated to an abelian variety A defined over F' which has supersingular reduction
at all primes above p. In the case when F' = QQ and the variety A is one-dimensional
(i.e., an elliptic curve) the works of Kobayashi [Kob03] and Pollack [Pol03] provides
us with a satisfactory set of results. Our initial objective writing this article and its
companion [BL14] was to extend their work to the general study of supersingular
abelian varieties.

We first follow the ideas due to Sprung [Sprl2] to construct signed Coleman
maps (in §2.3 below) for a class of p-adic Galois representations that verify cer-
tain conditions. We incorporate this construction with Perrin-Riou’s (conjectural)
treatment of p-adic L-functions so as to

e provide a definition of the signed (integral) p-adic L-functions attached to
motives at non-ordinary primes (see particularly Definition 3.15 and The-
orem 3.17), conditional on the existence of Perrin-Riou’s special element;
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2 KAZIM BUYUKBODUK AND ANTONIO LEI

e formulate a signed main conjecture in this setting (Conjecture 3.32) that is
equivalent to Perrin-Riou’s main conjecture [PR95, §4];

e utilizing the rank-r Euler system machinery developed in our companion
article [BL14] and assuming the special element conjecture (Conjecture 3.22
below) of Perrin-Riou, verify one containment of the signed main conjec-
ture (see Theorem 3.35) and deduce a similar result on Perrin-Riou’s main
conjecture.

We shall explain our results in detail below. Let us first introduce some notation.

1.1. Setup and notation. For any field k, let k£ denote a fixed separable closure
of k and Gy, := Gal(k/k) denote its absolute Galois group. Fix forever a G p-stable
Z,-lattice contained inside M,,, the p-adic realization of M. Let M*(1) denote the
dual motive.

Let g := dimg, (IndF/QMp) and let gy := dimg, (Indp/@ ./\/lp)+, the dimen-
sion of the +1-eigenspace under the action of a fixed complex conjugation on
Indp/g Mp. Set g = g — g4. Similarly for any prime p of F' above p, define
gp = dimg, (IndFP/QpMp) so that g = Zp‘p Gp-

Let T'= M,. For any unramified extension K of @, that contains F', we write
Dy (T) for its Dieudonné module and fix a Z,-basis B = {v;} of this module.

1.1.1. Iwasawa algebras. Let T' be the Galois group Gal(Q,(up=)/Q,). Given any
unramified extension K of Q,, we shall abuse notation and write I' for the Galois
group Gal(K (p1p~)/K) as well. We may decompose T' as A x (y), where A is
cyclic of order p — 1 and W is isomorphic to the additive group Z,. We write A
for the Iwasawa algebra Z,[[[']]. We may identify it with the set of power series
Zn>0’aeA ano -0 - (y—1)" where a,, » € Z,. We shall identify v — 1 with the
indeterminate X.

For n > 0, we write Qp,, = Qp(pp») and G, = Gal(Qpn/Qp). Denote Z,[Gy,]
by A,. We have in particular A = @An. For any field k, define H{ (k,T) to be
Yim H Y(k(ppn), T), where the limit is taken with respect to the corestriction maps.

We define H to be the set of elements - ;e Gn,o 0 (y—1)" where ap » € Qp
are such that the power series Y - a,,0X™ converges on the open unit disc for all
o€ A. -

Let | o |, denote the normalised p-adic norm with |p|, = 1/p. For a real number
h >0 and an element F'= 3" - cAlno 0 (y—1)" €H, if sup,>; \a;i;:lp < o0
for all o € A, we say that F is O(log").

1.1.2. Isotypic components and characteristic ideals. Let M be a A-module, n a
Dirichlet character modulo p. We write e, = ﬁ Y oean(o) to € Zy[A]. The
n-isotypic component of M is defined to be e, - M and denoted by M". Note that
we may regard M" as a Z,[[X]]-module.

Following [PR95], we write e, and e_ for the idempotents (1+¢)/1 and (1—¢)/2
respectively, where ¢ is the complex conjugation of A. For any A-module M, we
write My =ex M.
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Given an element I’ = Z’I’LZ(LO’EA an,o -0 (y—1)" of H, we shall identify e, - F'

with the element
Z (Z an,an(0)> Xn € QP[[XH

n>0 \oc€A

Given a torsion Zy[[X]]-module N, we write charg [x)N for its characteristic
ideal.

1.2. Statements of the results.

Theorem 1.1 (Corollary 2.12 and (8) below). Let p be a prime of F above p. Fix
a Zy-basis {vi} of D, (T'). Assume that the Hodge-Tate weights of T|F, are inside
{0,1} and that the Frobenius on D, (T) have slope inside (—1,0] and 1 is not an
etgenvalue. There exists a A-module homomorphism

Colpyp, : H{ (F,, T) — A9

and a matriv Mg, € My, xg, (H) such that we have the following decomposition

of Perrin-Riou’s regulator map E;" (defined as in §2.1 below):

F,
,CTP = (Ul cee ’ng) . MT|Fp . COlTlpp .

See §2.4 and Corollary 3.26 for a detailed discussion on the kernels and images
of the Coleman maps Colr|p, .

In addition to the assumptions on 71" above, assume that the following hypotheses
hold true:

(H.Leop) T satisfies the weak Leopoldt conjecture, as stated in [PR95, §1.3].
(H.nA) For every prime p of F above p. we have

H°(F,, T/pT) = H*(F,, T/pT) = 0.

Let D,(T) be the direct sum @®,,DF, (7). We assume until the end that the
following form of the Panchishkin condition holds true:

(H.P.) dim (Fil"D,(T) ® Q) =g-.

Remark 1.2. Note that the hypotheses (H.nA) and (H.P.) hold true for the p-
adic Tate-module of an abelian variety defined over F'. The hypothesis (H.Leop) is
expected to hold for any T.

Let I C {1,---,g} be any subset of size g_. Using the Coleman maps Coly|p,, we
may define (see Definiton 3.15) the signed (integral) p-adic L-function

Li(M*(1)) € A.

We do not provide its precise definition here in the introduction but contend our-
selves to the remark that its definition relies on the truth of Perrin-Riou’s Special
Element Conjecture (Conjecture 3.22), which we implicitly assume henceforth in
this introduction. We may also use the Coleman maps to define the modified Selmer
groups Sely (T /F(up)) as in Definition 3.29.
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Theorem 1.3 (Theorem 3.34 below). For every even Dirichlet character n of A
and every I as above, the following assertion is equivalent to n-part of Perrin-Riou’s
Main Congecture 3.7:

(1) charg, g Sel (T /F ()" = (LM (1))7/ X" 7,,[[X]]
where n(I,n) € Z>¢ is as in Lemma 3.14.

The assertion (1) in the statement of Theorem 1.3 will be referred to as the
signed main conjecture.

Using the rank-g_ FEuler system machinery developed in [BL14, Appendix B]
(which in turn builds on the methods of [Biiyl0, Biiyl3]) we prove the following
regarding the n-part of Perrin-Riou’s conjecture:

Theorem 1.4 (See Corollary 3.36 and its proof below). Under the hypotheses of
Theorem 1.3 and the hypotheses (H1)-(H4) of [MRO04, §3.5] on T, the containment

(Lo )7/ X™E ) 2, [[X]] € chaws, ) Selo (T /F (=)
in (1) and the containment
(2) ey Lp(AY) - A C ey Lopign(A)

in the statement of Perrin-Riou’s Main Conjecture 3.7 hold true for every even
Dirichlet character n of A.

Remark 1.5. See [BL14] for an example where we obtain an explicit version of
Theorem 1.4. In loc.cit., we study more closely the motive attached to the Hecke
character associated to a CM abelian variety that has supersingular reduction at all
primes above p. In this particular case, the hypotheses (H1)-(H4) of [MRO04, §3.5],
(H.F.-L.), (H.S.), (H.P.) and (H.nA) hold true. The (conjectural) special elements
in that setting are expected to be a form of (conjectural) Rubin-Stark elements.

Remark 1.6. In order to deduce the containment (2) for odd characters n of A,
one needs to replace g_ with g4 everywhere. Note also that upon studying the motive
M@ w (where w is the Teichmiiller character) in place of M, one may reduce the
consideration for odd characters to the case of even characters.

To deduce the assertion (2) for every character n of A (and therefore, by the
semi-simplicity of Z,[A], to conclude with the containment A-L,(AY) C Layitn(A) in
Congecture 3.7), we would need in our proof that g— = gy, as a result of our running
hypothesis (H.P.). Note that this condition holds true for motives associated to
abelian varieties.

2. CONSTRUCTION OF COLEMAN MAPS

In this section, we generalize the construction of signed Coleman maps in [Kob03,
Spr12] to higher dimensional p-adic representations that satisfy certain hypotheses.
This maps decompose the regulator maps of Perrin-Riou, which we recall below.
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2.1. Perrin-Riou’s regulator map. Let T" be a free Z,-module of rank d that
is equipped with a crystalline continuous action by the absolute Galois group of a
finite unramified extension K of Q, whose Hodge-Tate weights are all non-negative.

Let r = [K : Qp]. Recall that we write Dy (T) for its Dieudonné module and
HY (K, T) o= lim (K (i), ).
Let
(~ o s HY (K (ppn), T) x HY (K (), T (1)) = Zy
be the local Tate pairing for n > 0. This gives a pairing
(~y~) s Hiy (K, T) x Hi (K, T*(1)) = A

((Tn)ns (Yn)n) = ( Z (TnsYp)n - O') )

oeGy,

which can be extended H-linearly to a pairing

<Na N> tH (SN HIIW(K7 T) x H QA HIIW(K7 T*(l)) — M.

Assume that the eigenvalues of ¢ on Dg (T) are not powers of p. Let
LE H (K, T) — H &z, Dk (T)

be Perrin-Riou’s p-adic regulator given as in [LLZ11, Definition 3.4]. We may
describe this map concretely in the following way. Fix a Zp,-basis v1,...,v,q of
Dg(T) and let vf,...,v., be the dual basis of Dg(T*(1)). For i € {1,...,rd},
we write £f5; : H{, (T) — H for the map obtained by composing L} and the
projection of H @D g (T') to the v;-component. The Colmez-Perrin-Riou reciprocity
law (stated in [PR94] and proved in [Col98]) implies that

Lilg,i(z) = (Z,QT*(l)(U;‘)),
where Q7+ (qy is the Perrin-Riou exponential map
Q1)+ H @z, D(T*(1)) = H @z, Hiy,(T7(1))

defined in [PR94]. Note that our assumption on the eigenvalues of ¢ means that
we may state the properties of Perrin-Riou’s exponential map in a slightly simpler
way than [PR94]. Recall that if 0 is a Dirichlet character of conductor p", [Leill,
Lemma 3.5] implies that
3)  B(LK,(2)) = [expj(2), (1 —p~te ™) (1 — )~ 'v] if n=0,

T % [Ypeq, 07 (0) expy(27), 07" (v])]  otherwise
where [~, ~] is the natural pairing

Dk (T) x Dg(T*(1)) — Zy,

which is extended linearly to

Qp,n ®z, D (T) X Qpn @z, D (T*(1)) = Qp -

In order to define the signed Coleman maps, we assume further that T verifies
the following conditions.

(H.F.-L.) The Hodge-Tate weights of T are 0 and 1.
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(H.S.) The slopes of ¢ on Dk (T') lie in the interval (—1,0] and 1 is not an eigen-
value.

Remark 2.1. These hypotheses are satisfied by the p-adic Tate module of an abelian
variety which has supersingular reduction at all primes above p.

Remark 2.2. The hypothesis (H.F.-L.) implies that T is Fontaine-Laffaille. Hence,

(4) P(DK(T)) € TDk(T) and p(Fil' Di(T)) € Dk (T)
Moreover,
(5) D (T) = pp(Di (T)) + o (Fil’ Dy (T))

2.2. Logarithmic matrix. We fix a Z,-basis vi,v2,...,v,q of Dg(T) such that

V1,...,Urd, 18 a basis of Fil’ Dy (T). Let C, be the matrix of ¢ with respect to this
basis. By (4) and (5), C,, is of the form

L4, | 0 >
6 C
() ( 0 | 5lra—do)

for some C € GL4(Zy).

For n > 1, we write ®,n (1 + X) for the cyclotomic polynomial

p—1

>+ x)P

=0

1

and w,(X) = (1+X)?" — 1.
Definition 2.3. For n > 1, we define

o1 Irq ‘ 0 — n+l .
c,=C ( 0 ‘ o (1 X oo and M, = (Cy) C, -Cy.

Proposition 2.4. The sequence of matrices {Mp}n>1 converges entry-wise with
respect to the sup-norm topology on H. If My denotes the limit of the sequence,
each entry of My are o(log). Moreover, det(Mr) is, up to a constant in Z.*, equal

P 7
r(d—do)
log(1+X)
to (OgT) .
Proof. For all m > n, we have
O,m(1+X)=p mod w,,
which implies that
Cn = (C(/,)f1 mod wy,.
Therefore, we deduce that
M, = M, mod w,.

Note that all entries of C - - - C), are in Z,,[[X]]. By (H.S.), there exists a constant

m < 1 such that v,(a) > —m for all eigenvalues of a of C,,. Therefore, all entries

of (C’S,,)n+1 are in %ZP for some constant R. The coefficients of the entries of M,
are O(p~™"), so the result follows from [PR94, §1.2.1]. O

Remark 2.5. The matriz My is uniquely determined by the matriz C'.
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2.3. Decomposing Perrin-Riou’s regulator map. We shall use the matrix My
to decompose Perrin-Riou’s regulator map in the following sense. For all z €
HL (K,T), we shall find Col% (z) € A®"¢ such that

LE(z)=(v1 -+ vpg) Mp- Col% ().

Throughout this section, we shall fix an element z € H{ (K,T). Its image under
Perrin-Riou’s regulator has the following interpolation properties.

Lemma 2.6. If 0 is a Dirichlet character of conductor p™, then

Ky - { St i), ] (- @)L —p e ) ) ifn=0,
olLr () = {T(g:) Z:il Y geq, 071 (0) expy(27),v;] @™ (vi)  otherwise.

Proof. Note that the adjoints of (1 —p~tp~1)(1 — )=t and ¢! under [~,~] are
(1—¢)(1—p~tp=1)~! and py respectively. Hence, the result follows from (3). [

Proposition 2.7. Forn > 1, there exists a unique Lgrl)(z) € A, ®z, Dg(T) such
that

gt (E;,]f(z)) = Eg,zl)(z) mod wy,.

Proof. Tt is enough to show that for all Dirichlet characters 8 of conductor p™ with
m<n+1,0 (c,o_"_1 (quf(z))) is p-adically integral.

If m = 0, we have

3
SH

07 (L7 (2)) = 2 lexpi(2), il (1= ) (1 = phe ™) o™ (n)

s
20
L

= lexpy(2), v (0" = 1) —p~ )l (wy).
1

.
Il

(H.S.) implies that the slope of (=1 —1)(¢ —p~1) Lo ! on Dk (T) is positive,
s0 0 (¢ "1 (LE(2))) € Di(T).

If m > 1, then

(g7 (ﬁéf(Z))): > 07 (o) exp, (27),v) | ™ (vi).

i=1 LoeG,,

Since ¢™~"~! has positive slope on Dg (T'), we have p(v;) € Dg (T). All the other
terms are p-adically integral, so we are done. [l

We write E(T"i(z), . .,E(Tnid(z) for the elements in A, that are given by the

projections of Egil)(z) mod w, to the v;-component as ¢ runs from 1 to rd.

For n > 1, we identify A®"? with the column vectors of dimension rd with
entries in A,,. Define h, to be the A,-endomorphism on A®"® given by the left
multiplication by the product of matrices C,, --- Cy. Let m, denote the projection

map Ai‘?j;dl — AOrd,
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Proposition 2.8. Forn > 1, there exists a unique element Colgrb)(z) € A%/ ker b,
such that

L£7(2)
: ECn-nCl-Colgl) mod ker h,,.
Lgﬁld(z)

Proof. By [LLZ11, Proposition 4.8], if 6 is a Dirichlet character of conductor p"*!,
then 0 (o™""! (LK (2))) € Qp,n ®z, Fil’ Dg(T). In other words, ™"~ (LK (2)) is
of the form Zle Fyv; for some F; € H where ®,n(1+ X)|F; fori =rdo+1,...,rd.
But

L74(2)
e THLE(2) = (1 vra) - (Cp) M :
£¥,rd(z)
and
£ (2) L&) ()
(Cp)— ™t = mod wy,.
L q(2) L8 )(2)
Therefore, E%ldoﬂ(z), e 7£¥de are all congruent to 0 modulo ®,»(1+X). Hence,
there exists a unique element Colgfl ’1)(2) € A% /ker C,, such that
LY(2)

: =Cy- Colg?’l)(z) mod ker C,,.
Egﬁ?«d(z)

But C,, = (C’Lp)f1 mod w,_1, SO
571{1(2)
Colgl’l)(z) =(Cy) - mod (wy,—1,ker Cy,).
51T<,rd(z)
Once again, by [LLZ11, Proposition 4.8], we may find Colgl’?)(z) € A9/ ker C,,C,,_y

such that
COI(TTL’I)(Z) =Cp-1- Colgf“” mod ker C,,C,,_1.

On repeating this for n times, we obtain the result. O

We shall show that the sequence {Col(Tn )(z)} gives us an element in A%,
n>1
To do this, we need the following lemmas.
Lemma 2.9. The projection map m, induces a map on the quotients

s AT/ ker by — AT ker by,

Proof. Let x € ker h,, 1. Recall that
Chi1 = (C’%,)f1 mod wy,,
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so we have
Tp(Cry1---Cp-z) = C71 < Lrd, ‘ 0 > Cy -+ C1(mn(2)).
0 | plra—ao)
Since A,, has no p-torsion, we deduce that 7, (x) € ker h,, as required. (]

Lemma 2.10. The inverse limit im _, (AZ74/ker hy,) is equal to AP,

Proof. The map 7/, is surjective since m, is so. Hence, we have an isomorphism
im AP/ ker h,, = A®"¢)/ lim ker A, .

Indeed, if x is an element of A®™¢ that lies inside I'&err hy, we have Mp-x =0 as
elements in H®"?. But My has non-zero determinant, so z = 0. d

Theorem 2.11. There exists a unique Col® (z) € A®"® such that
LF4(2)
: = My - Col¥ (2).

[’gg,rd(z)

Proof. By Propositions 2.7 and 2.8, we have
57]{1(7«’)

=M, - Colgzl)(z) mod (wy,, ker hy,).

‘Cifg,rd(z)

On letting n — oo, the theorem follows from Proposition 2.4 and Lemma 2.10. O

Corollary 2.12. We have LK (2) = (v1 'Urd) ~Mr - COl:/IS(Z)-

Note that since £¥ is a A-homomorphism, the map
HL (K, T) — A®™?
2 Col¥ (2)

is also a A-homomorphism.
2.4. Images of the Coleman maps.

2.4.1. Determinants of A-modules. We first recall the definition of the determinant
of a Zp[[X]]-module as given in [PR94, §3.1.5]. If M is a finitely generated pro-
jective Z,[[X]]-module, det(M) is simply the maximal exterior power of M. More
generally, if M is simply a finitely generated Z,[[X]]-module, let

0—-M, = =M —-My—M—=0

be a projective resolution, then det(M) is defined to be ®/_, det(M;)~D". This
definition is independent of the choice of the projective resolution.

If 0 - M; — My — M3 — 0 is a short exact sequence of A-modules, then
det(Mg) = det(Ml) (24 det(Mg)
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For example, if M = Z,[[X]]/fZ,[[X]] where f € Z,[[X]], then by considering
the exact sequence

0= fZ,[[X]] = Zp[[X]] = Zp[[X]] — 0,

we see that det(M) = f~'Z,[[X]]. More generally, if M is a torsion Z,[[X]]-module,
we see that
Charzp[[X]]M = det(M)il.

Let M = (f1,..., fr) be aZ,[[X]]-submodule of Z,[[X]]®" such that Z,[[ X]]®" /M
is Zy[[X]]-torsion. Write f; = (fi j)j=1,....r where f; ; € Zp[[X]], then det(M) is the
Z,[[X]]-module generated by the determinant of the r x r matrix whose entries are
given by f; ;.

More generally, if M is a finitely generated A-module, we define dets (M) to be

Z ey - det(M")
n
where the sum runs over all characters of A.

2.4.2. Description of the images. Let 1 be a character modulo p. We will now
describe the n-isotypical component of the image of the Coleman map Coljff .

Lemma 2.13. If n is non-trivial, then
enCol:,I{i(z) € XZ,[[X]]
fori=nrdy+1,...,rd. If n is trivial, then the last r(d — dy) entries of
(1- C@)il(cw *P71)6n001¥(z)

are zeros when evaluated at X = 0.

Proof. Let us first remark that n(F) = e, - F'|x=o for any element F' € H. Further-
more,

Lr1(2)

(7) U : = C, - 1(Colf (2))
Lrra(z)

by Corollary 2.12 and the fact that 1(C,) = C* for all n > 1.

If n is non-trivial, we have
v~ (0(L7(2))) € Fil’ Dk (T)

by [LLZ11, Proposition 4.8]. Therefore, as in the proof of Proposition 2.7, the last
r(d — do) entries of

Lr1(2)
(Cw)_ln
L1 rq(2)
are zero. Therefore, the last r(d — dg)-entries of
Lr1(2)
(Co)™'n : = n(Colz (2))

ACT,rUl (Z)
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are zero when evaluated at X = 0.
Otherwise, if n is the trivial character,
(L—¢) 'L —p ™) (0(L(2))) € Fil’ D (T).

The last r(d — dp)-entries of

(1= Cy)™H(Cp —p~)n(Colf (2))
are zeros by (7). O

n

Corollary 2.14. If ) is non-trivial, then Im (Col?) is contained in

Z,{[X]P & X2, [P,

n
If n is trivial, then Im (COIIT( ) is contained in
{Fe Z,[[X])®"¢ : the last 7(d — do)entries of (1-C,) " (Cy, —p " )F
are divisible by X} .

Proposition 2.15. The containments in Corollary 2.1} have finite index.
Proof. By the Colmez-Perrin-Riou reciprocity law, with respect to a A-basis of
HL,(Q,,T,(A)) and a Z,-basis of D (T), the determinant of Lr is, up to a unit

in A, (log(1+ X)/p)"@=40). By Proposition 2.4, the determinant of My is, up to a
constant in Z,, (log(1 + X)/pX)r(d=do)  Therefore,

det 5 (Im (col¥ )) = x7(d=do)p

by Corollary 2.12. Since the modules described in Corollary 2.14 have determinant
X7(d=do) the quotients of the containments have trivial determinant. ([l

7
Corollary 2.16. For any n, Im (Col?i) is pseudo-isomorphic to either Z,[[X]]
or XZy[[X]).

3. CONJECTURES

Let F' be a number field of degree r where the prime p is unramified. We assume
that F' is either a totally real field or a CM field. We fix a rank d continuous
Zy-representation T of Gp such that T verifies the hypotheses (H.F.-L.), (H.S.),
(H.Leop) and (H.nA) introduced above.

Furthermore, in order to simplify notation, we set g = [F : Q] x d and define
g+ = dim (IndF/QT ® Qp)+ as above. Set g = g — g4+ and suppose throughout
that g > 0. Let D,(T") be the direct sum @, ,Dr, (T"). We assume until the end
that the following form of the Panchishkin condition holds true:

(H.P.) dim (Fi’D,(T) ® Q,) = g-.

Let S be the set of primes of F' where T is ramified and those that divide p.
If L is an extension of F', we write G s for the Galois group of the maximal
extension of L unramified outside S. Fix until the end an even Dirichlet character

0 of A = Gal(Q(uy)/Q).
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For i = 1,2, we define
Hi, s(F,T) = lim H (Gpu,n).s:T)-
By [PR95, Proposition 1.3.2], our assumptions on T imply that at each isotypic
component, Hf, ¢(F,T) is Zy[[X]]-torsion and Hllw,S(F’ T) is of rank g+ over

Ay. Let fo € A be the characteristic ideal of H12W7S(F, T). We write loc for the
localization map

loc : Hyy, o(F,T) — H}\, (F,,T) := €D H}\, (Fy, T),
plp
and also for the map induced on the n-isotypic submodule.

3.1. Semi-local decomposition. Consider the map
LE = @ypLy?  Hb(Fy, T) — H @z, Dy(T).
We fix a basis v1, . .., vy for D, (T') consisting of bases for each D, (T') that admit

the construction of the logarithmic matrix My Py from Section 2.2. In particular,
it consists of sub-bases {vy ;} of Dp, (T') for each plp.

Let Mr be the g x g block diagonal matrix where the entries are given by M7 Py

for plp. We write (Colg;)7_, for the column vector given by (Col?) . Then,

Corollary 2.12 gives us the decomposition of A-homomorphism Plr
Colr1

(8) gg:(vl vg)-MT- :
Colr 4

for some block diagonal matrix My € Mgy 4(H), whose entries are all o(log).

Let loc, be the localization from Hy, (F,T) to Hp,(F,,T). We write L. for
the composition £% o loc.

Definition 3.1. We write J,, for the set of tuples I = (I,),|, where each I, is a
subset of of {1,...,[Fy : Qp]} such that )" #I, = g—. This can be equally regarded
as the set of subsets of {1,...,g} of size g—. We shall construct a Selmer group for
each I € J,, which we conjecture to be A-cotorsion.

3.2. Perrin-Riou’s main conjecture.

Definition 3.2. Let B = {v1,--- ,v4} be a Zy-basis of D,(T) such that a sub-basis
{viy, -+ v, } generating Fil'D,(T). Let B = {v},--- ugt C Dp(T*(1)) be its
dual basis. The basis B is called admissible if for any I € Jp,, we have

span (v : i € I) NFil"D,(T*(1)) = 0.

Proposition 3.3. An admissible basis exists.
The proof Proposition 3.3 will be given in Appendix B. We henceforth assume
that the basis we have chosen in (8) is an admissible basis.

Recall the hypothesis (H.M.) that T'® Q,, is the p-adic realization of the motive
M. Let M*(1) denote the dual motive.
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Conjecture 3.4. There exists an analytic p-adic L-function
Ly(M* (1)) € Hy @ AT~y (T)

such that for all even Dirichlet characters 0 of conductor p™ > 1, we have

0 (Lp(M*(1))) =
" 9- Q x (D)
p * —1 M(0)*(1),p\& n
E LM (1),07 1) ——————— . NicI Vi) -
i3, (7(9_1)> M) ) Qr0)-) (L) #" (Niervi)
When 0 is the trivial character,
Q1) p(d)

0 (Ly(M* (1)) = > (1—9)(1—p e~ )" LM (1),1

) - (Niervi) .
Ie3, Qpe(y(2) (hierv)

Here Qpq0y+(1y(L) is some element in C* such that % € Q, which we

regard as an element of@p and Qpq0y+(1),p(L) is some p-adic period.

Remark 3.5. Our interpolation formulae are not quite the ones stated in [PR95,
§4.2] that predict a relation between the leading term of the p-adic L-function and
complex L-values. Rather, we opt for a formulation that is closer to the existing
one for elliptic curves and the one stated in [CPR89]. We also implicitly assume
that the p-adic period Qaqg)=(1),p(L) s non-zero.

The main conjecture of Perrin-Riou relates this conjectural p-adic L-function to
the following module.
Definition 3.6. Perrin-Riou’s module of p-adic L-function is defined to be
Lowitn(T) = det 5 (Im(Lioc)) ® det o (HZ, s(F,T))
Conjecture 3.7 (Perrin Riou’s Main Conjecture). As A;-modules, we have
Ly(M*(1))A 4 = Tarion(T') 4.

Lemma 3.8. Let R be a commutative ring. Let M and M’ be two R-modules,
with a homomorphism F : M — M’ of A-modules. Let m < n be integers. Fix
a1y...,0m €M and by,...,b, € M' with

F(a;) = risb;
j=1

fori=1,...,m. Then

F(al/\.../\am) = Z det(rjh___dm)bj /\/\me

J1<<Jm

where v, ;. is the m x m matriz whose (k,l)-entry is given by ry, j, .

m

Proof. This is standard multi-linear algebra. ]

We now study the conjectural L,(M*(1)) further and relate it to the regulator
map of Perrin-Riou.
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Proposition 3.9. Let c = ¢y A~ Agg_ € N9~ H11W7S(F, T)y, 6 an even Dirichlet
character of conductor p". For I = (Ip)y, € Jp, we write Dﬁé(c) for the g_ x g_

matriz whose entries are given by Z 0(c) exp;, (locy(¢;)7) vy ;| for1<i<g_

oceGy
and j € I,. If for all I and 0,

Qo)+ (1),p(L)
Loy x -1 ) 2MO 1) P2
det (SDT@(c)) = LME(1), 67, 1) Q) y(D)

then Lioc(c) satisfies the interpolation properties given in Conjecture 3.4.

Proof. This follows from Lemmas 2.6 and 3.8. (]

Remark 3.10. Note that if we had v’ € Fil° Dp, (T*(1)) for some p|p and j € I,
then we would have det (Wé(c)) = 0 for every Dirichlet character 8 as above. We

have fized an admissible basis to avoid this situation.

Remark 3.11. Note that we have only considered the interpolation problem for the
twists of the motive M*(1) by even characters 8 of T'. One can also formulate a
conjecture for odd characters, for which one needs to replace everywhere g_ by g4
(and vice-versa). Note also that upon studying the motive M ® w (where w is the

Teichmiiller character) in place of M, one may reduce the consideration for odd
characters to the case of even characters.

Perrin-Riou’s special element conjecture can be interpreted as follows.
Conjecture 3.12. There exists a non-zero element ¢ € N9~ HIIW,S(F, T)4 satisfying
the properties described in Proposition 3.9.

If M is a A-module such that M7 is Z,[[X]]-torsion for all even characters of 7,
we define the characteristic ideal

chary, My = Z en - Chaer[[XﬂMn
n

where the sum runs over all even characters of A.

Proposition 3.13. If Conjecture 3.12 holds, then Conjecture 3.7 is equivalent to
the assertion that

(9) chary, (Hfy, g(F,T)4) = chara, (Hiy, g(F.T)+/(c1,...,¢4.)) .

Proof. For any non-zero element ¢ = ¢; A--- Ay € N9~ Hllw’S(F, T)4, we write f,
for a generator of chary H11W7S(F, T)y/(c1,...,¢q_). Therefore, we have

€4 - Laritn (A) = f2fc_1 : ﬁlOC(c) : A+
for any non-trivial ¢. If furthermore
Eloc(c) = Lp(M*(l))a

the result follows immediately. O
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3.3. Bounded p-adic L-functions. Throughout, we assume that Conjecture 3.12
holds. Let ¢ =¢; A--- A¢g_ be the element given the conjecture.

Lemma 3.14. For I € J, and a character n modulo p, there exists an integer
n(L,n) > 0 such that

n
det (Im (Colf) ") = X"E17,[[X]].
Proof. This follows from Proposition 2.15. d

To simplify notation, if we write Col%(ci) for Col%(loc(ci)), 1<i<g_.

Definition 3.15. For each I € 3, we define the p-adic L-function Ly(M*(1)) to
be det (Coly(c;)).

Lemma 3.16. We have
det (Im (colé) / spai, {COQ(ci)}f;l)" - (LL(M*(l))n / Xn@,n)) Z,[[X]].

Proof. This follows from Lemma 3.14 and the fact that taking det is compatible
with exact sequences. O

Theorem 3.17. For I = (I,),J = (Jy) € Jp, let M%’i be the g_ x g_ the submatriz
of My whose entries correspond to the elements of I, and J,. Then there is a
decomposition

LyM (1) = Y Aervidet(Mz?)L;(M*(1)).
1,J€T,

Proof. Let the (j, k)-entry of My be m; . Recall that (8) says that
Lioe(c;) = Z v;m; xColy x(loc(c;))

1<j,k<g

for 1 <4 < g_. Hence by Lemma 3.8, we have

g
/\f;lﬁloc(ci) = Z det (Z mj,kColnk(loc(ci))) - NicIVi
k=1

1€3, jeL1<i<g_
= Niervi Y, det(myir)jer ke - det(Coly (loc(ci))kes1<i<
Ie3, JET,
as required. 0

3.4. Special elements for ray class fields and connections with Euler sys-
tems of rank g_. For a finite abelian extension L/F which is unramified at all
primes of F' above p, we define the relative (semi-local) Dieudonné module of T' by
setting

Dr(T) :=Dy(Indz,r T).

For L = F, we will continue to denote this module by D,(T) instead of writing
Dp(T).
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Definition 3.18. For a finite extension E/Q, and a character
x : Gal(L/F) — E*,
1
let e, = ﬁ Z X(g)g_1 be the associated idempotent. We denote by IL,

9€Gal(L/F)
the compositum of the maps

My : Hyy,s(L,T) ® Qp — Hy, s(F.Indz)p T) ® Qp — Hyy, s(F.T®x) ©Q,

where the first isomorphism follows from Shapiro’s Lemma and the second map is
the projection on the x~'-isotypic component.

Note that II,, factors as

II
Hllw,S'(L’T) ®QP - Hllw,S(F7T®X) ®QP

ex— (Hiys(L, T) ©Qp)

Lemma 3.19. (i) There is a natural identification
D(T) = O @0, Dp(T).
(ii) For every finite extension E of Q, and non-trivial character
x : Gal(L/F) — E*,
every choice of an embedding L < Beis induces an isomorphism

E Koy ]D)p(T X X) = €x—1 (E ®Qp DL(T)) .

Proof. Both assertions are standard and follow from the fact that the G gp-representation
Indy p T is crystalline at all primes above p, as the G p-representation T is and L/ F
is unramified above p. O

For every prime q ¢ S of F, let F'(q) denote the maximal pro-p-extension con-
tained in the ray class field of F' modulo q. Let 91 denote the square-free products
of primes of F that are not in S. For 7 = q1---qx € M, let F(r) denote the
compositum F(q1)--- F(qg). Set A, = Gal(F(7)/F).

Remark 3.20. Recall that we have assumed F is either a CM field or a totally real
field. If F is a CM field, then F(7) is totally complex. If F' is totally real, then so
is F(7). Hence, for
g—(F(7)) := rankg, (A ] (IndF(T)/@ T)_
= ranka[AT] (Qp [AT] X IIldF/Q T)i

(where complex conjugation acts on the factor Qu[A-] by conjugation), we have
g—(F(7)) = g— for every T € M in either case.
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Fix once and for all an embedding
L hﬂ F(1) < Beyis -
TEN

Let B = {v1,--- ,vy} be an admissible Z,-basis (in the sense of Definition 3.2) of
D,(T). By, Lemma 3.19 (ii), ¢ induces an admissible Op-basis BX = {vf,--- v
of D,(T @ x).

Definition 3.21. Given an element

=D nAdD e N ian Hiw s (F(7), T)4,

an even Dirichlet character 8 of conductor p™, a character x : A — E* and for
I ={i1,...,ig_ } €T, with iy < --- <'ig_, let Eméx (C(T)) be the g_ x g_ matriz
whose (k,l)-entry is given by

3 s, e (1, (7)) 2]

oeGy,

In the spirit of [Rub00, §VIII], we propose the following extension of Conjec-
ture 3.12 by essentially introducing the conjectural p-adic L-functions over F'(r)
for 7 € M.

Conjecture 3.22. For every finite extension E of Q,, every non-trivial character
X : Ar — E* and every even Dirichlet character 6 of conductor p™, there is a
non-zero element

¢ =¢{7 A D €AY o Hi s (F(7),T) 4
such that
QMo+ (1).p L)
Qo1 (L)

where L (M*(1),x 1071, s) is the compler valued (twisted) L-function with the
Euler factors at dividing T removed.

det (zmgyx(((ﬂ)) = L (M*(1),x 1071, 1)

Proposition 3.23. Assume that Conjecture 3.22 holds true. Then the collection
{¢Y e is an Euler system of rank g_ in the sense of [PR9S8, Definition 1.2.2]
and [Biiy10, Definition 3.1].

Proof. Since we have assumed (H.nA), this follows as in the proof of [Rub00, Lemma
VIIIL.5.1] using Propisition 3.9. O

3.5. Modified Selmer groups.
Definition 3.24. For I € J,, we define
Colk : HY (F,, T) — A®9-
2 @idColT’i(z)

and H}(F,,T) is defined to be the kernel of Col%

Lemma 3.25. For any subset {i1,...,ix} of the set {1,...,g}, the A-module
ﬂ§:1 ker Col;; is torsion-free of rank g — k.
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Proof. Recall that the A-torsion submodule of H, (F},, T) is isomorphic to H?(F(ppe ), T)
trivial since we assumed (H.nA). it follows that the A-module H, (T,,(A)) is torsion-
free.
By Proposition 2.15, Im (@?leolij) has rank k over A. But H. (F,,T) is of
rank g over A thus ker (@?ZlColij) = ﬂ?:l ker Col;; has rank g — k over A. O

Corollary 3.26. (a) For each I € 3,, the torsion-free A-module Hj(F,,T)
has rank g4 .

g
(b) ﬂ ker Col; = 0.
i=1
Lemma 3.27. Let W be (a torsion-free) A-submodule of H} (F,,T) generated by

at most g_ elements. Then there is an I € J, such that

W NH}(F,,T)=0.

Proof. Assume contrary that
W NH(F,,T)#0

for any I € J,. We prove by induction on 0 < k < g that for every subset J of
{1,---,g} of size g_ + k, there is an non-zero element

0£wyeWn <ﬂ kerColi> .
ieJ
When k& = 0, this is the hypothesis of the lemma. Assume its truth for k =
n < g4+ and consider J = {i1,--- ,ig 4nt1} C {1,---,g}. Set J; = J\{i,} for
s=1,---,9_+n+1 and choose using the induction hypothesis a non-zero element
zs € WN (ﬂle 7, ker Coli). As the A-module W is generated by at most g_ elements,

it follows that {z,}Y=7"*" verifies a non-trivial relation
biz1 +bozo + -+ +by_tnt12g_4n+1 =0,

where b, € A. Let so € {1,---,9- + n + 1} be the smallest index such that
bs, # 0. Then observe that bs,zs, is non-zero since W is torsion free and bs,zs, €
span{z; }ixs, C ker Col;, , where the latter containment is due to our choice of the
elements z;’s. On the other hand, bs,zs, € [, ker Col;, by the choice of zy,,
hence

0 # bs, 25, € ker Colg, N ﬂ ker Col;, | = ﬂ ker Col; ,
s#S0 iceJ

as desired. Now this shows (for k = g) that

g
wn <ﬂ kercoL) £0,

i=1
contradicting Corollary 3.26(b). O
Proposition 3.28. Assume the truth of Conjecture 3.12. For some I € Jp,

span {loc(c;) }{=, N Hll(Fp,T) = {0}.



INTEGRAL IWASAWA THEORY 19

Proof. This is immediate from Lemma 3.27 by setting W = span {loc(¢;)}Z, .
g

Let TV = T* @ ppeo. The standard Selmer group Sel(T"/F(upe)) is defined to
be

Sel(TY /F(jy)) = ker (H1<F<upoo>7TV> -& Zﬁgﬁi;i;) .
We shall modify the conditions at primes above p using our Coleman maps.
Fix I € J,. By local Tate duality, there is a pairing
(10) Hiy (Fy, T) X H' (F(ppe)p, TV ) = Qp/Zy
where H'(F(pip=)p, TV) denotes @, H' (F(pp=)p, TV).
Define H} (F(pp=)p, TV) to be the orthogonal complement of H}(F,,T) under

the pairing (10).
Definition 3.29. We define the I-Selmer group Sel;(TV /F(up=)) to be

H (F(ppe< )p, TV)
H}(F(l‘p“)v,TV) H}(F(Np“)paTv)

ker | H'(F(up),T") — P

Remark 3.30. Let A/Q be an abelian variety of dimension g and AV denote its
dual abelian variety. Throughout this remark we set T = T,(A), the p-adic Tate
module of A. In this case, we have for the local conditions that determine the
standard Selmer group that
H}(Qp(/‘p‘x’)a TV) =AY (Qp(#p”)) .

When A has good ordinary reduction at p, the A-module AV (Qp(ppe=)) has corank
g by the main result of [Sch87] and Sel(AY /Q(up=)) is predicted to be A-cotorsion.
In the supersingular case, however, the module AY (Qp(upe)) has A-corank 2g,
thus Sel(AY /Q(up=)) has corank at least g. In the definition above we replace the
local conditions AY (Qp(pp=)) that appear in the definition of the standard Selmer

group by a corank-g submodule and conjecture that the resulting Selmer groups are
A-cotorsion.

Conjecture 3.31. For any I € J,, the A -module Sel; (T /F(up=))4 is cotorsion
at each isotypic component.

The following statement will be referred as the I-main conjecture. We shall
verify that its truth for a single I € J, is equivalent to the n-isotypical part of
Perrin-Riou’s main Conjecture 3.7.

Conjecture 3.32. Assume that Conjecture 3.31 holds. Let I € 3, and n an even
Dirichlet character of conductor p, then

charz, () Sely (T /F (<)) = (L(M* (1))7/X" D) Z,,[[X]].

Proposition 3.33. Assume the truth of Conjecture 5.12 and suppose that I € J,
is as in the conclusion of Proposition 3.28. Then

loc (Hiy, s(F,T)") N H}(F,,T)" =0
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Proof. For I € J, as in the statement of the proposition, let F; be the Selmer
structure on T ® A (in the sense of [MRO04]) given by local condition determined
by the submodule H} (Fp,T) at p and no conditions imposed at primes £ # p. Let

H (F,T® A) denote the Selmer group associated to the Selmer structure F;. By
Proposition 3.28,

rankz, [1x)) loc (Hllw,S(F, ") > rankz, [1x)) loc (H}_—L(F, T® A)")
+ rankz,_[1x]] (span {loc (¢;) f;l)n
= rankzp[[x]] loc (H}TL(F, T® A)”) +9-

By the weak Leopoldt conjecture (that we have assumed)

rankZP[[X]] flllw)s(F‘7 T)TI =g—.
This in return implies that (note that the map loc is injective also by the weak
Leopoldt conjecture) Hy (F,T ® A)" is Z,[[X]]-torsion. However, the module
Hy, s(F,T)" D Hy (F, T @ A)" is Zy[[X]]-torsion free (since we have assumed
(H.nA)) hence it is trivial. Thus
HIIW(FT” T)n

1 n loc
(11) keI‘ (HIW,S(F7 T) — 7H}(FP’T)77

> = Hy (F,T®A)" =0,

as desired. O

Theorem 3.34. Assume that Conjectures 3.12 and 3.31, then for every even
Dirichlet character n of A, the n-part of Conjecture 3.7 is equivalent to Conjec-
ture 3.32 for every I € 3, verifying the conclusion of Proposition 3.28.

Proof. The Poitou-Tate exact sequence (as studied in [PR95, §A.3]) implies that
we have an exact sequence

(12)

HL (F,,T)"
0 Hh (P 1)1 - Dl T

e, Ty ST ) Hyy (B T)" 0.
I\"ps

Note that the left-most injection follows from the choice of I and Proposition 3.33.
n

The second term in (12) is isomorphic to Im (Col%p) , which is described by Propo-

sition 2.15.

Let ¢ = ¢; A---Acy_ be the element given by Conjecture 3.12. The exact sequence
(12) then yields the following exact sequence:

0 — Hpy, 5(F,T)"/ (span,{c; f;l)n — Im (ColiT)n/(spanA {ColL(ci)}f;l)n
— Sel (T /F(ppe )V — HE,, o(F,T)" — 0.
Therefore, we have
det (Hllw,s(F, T)"/ (spany{c; f;l)n) ® det (Self (T /F(pp))"") =

det (Im (Col%)n/(spanA {Coll(ci)}f;l)n) ® det (HI2W,S(F7 ",
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which can be rewritten as
ey - o det (Selp(TV/F(pp=))") = e, - det (Im (COILT) /SpanA {COIL(Ci)}f;J f2 't
By Proposition 3.13, it follows that Conjecture 3.7 is equivalent to

det (Sely (T /F(ppee))¥"") = det (Im (CollT)n/ (span, {Coll(ci)}f;l)n) .
Hence we are done by Lemma 3.16. a

Theorem 3.35. Suppose that the representation T wverifies the hypotheses (H1)-
(H4) of [MRO04, §3.5]. If Conjecture 3.22 holds true, then so does Conjecture 3.31
for some I € 3, and for every character 1.

Proof. The proof of Theorem 3.35 follows using the rank-g_ Euler system {¢(7},cm
along with the methods developed in our companion article [BL14], more particu-
larly by the first part of Theorem A.3.1 of loc.cit. The key points are as follows. The
hypotheses (H.wL) in loc.cit. holds true thanks to Conjecture 3.12 and the weak
Leopoldt conjecture, both of which we assume. We take the map V¥ in loc.cit. to
be e, - Col% where I € J, is chosen so that the conclusion of Proposition 3.28 holds
true. The hypotheses (H.V) in [BL14, Appendix A.3] is satisfied for the Selmer
structure F; thanks to (11). Therefore Theorem A.3.1 of loc.cit. indeed applies
and the proof follows. O

Corollary 3.36. Suppose that the hypotheses (H1)-(H4) of [MR04, §3.5] on T
hold true. The truth of Conjecture 3.22 implies the containment 77?7

Ly(MF(1)A4 = Larien(T)+--

in the statement of Perrin-Riou’s Main Conjecture 3.7.

Proof. By Theorem 3.35, Conjecture 3.31 holds true under our running hypotheses.
Let n be an even Dirichlet character on A. The containment

(LM (0))7/ XD ) - Z,[[X]) € chars, x Sel (Y /F (i) "

in the statement of Conjecture 3.32 now follows from the second part of Theorem
A.3.1 of [BL14], applied as in the proof of Theorem 3.35 above. This containment
combined with the proof of Theorem 3.34 yields the Corollary. O

Remark 3.37. See [BL14] for an example where we deduce an explicit version of
Corollary 3.36. In loc.cit., we study more closely the motive attached to the Hecke
character associated to a CM abelian variety that has supersingular reduction at all
primes above p. In this particular case, the hypotheses (H1)-(H4) of [MRO04, §3.5],
(H.F.-L.), (H.S.), (H.P.) and (H.nA) hold true.

APPENDIX A. AN ALTERNATIVE APPROACH USING WACH MODULES

In [LLZ10] and [LLZ11], we showed that the theory of Wach module can be used
to study the Iwasawa theory of p-adic representations. The key is to find an explicit
basis for the Wach module. In this appendix, we show that the construction of the
logarithmic matrix My in §2.2 can be modified to construct an explicit basis for
the Wach module N(T') of T. Here, T is as defined in §2.2, satisfying (H.F.-L.) and
(H.S.).
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Let A} = Ok|[r]], which is equipped with the usual semi-linear actions by I
and ¢ (see for example [Ber04]). We write g = () /7.

Definition A.1. A Wach module with weights in [a;b] is a finitely generated free
A;—module M such that

(1) It is equipped with a semi-linear action by T' that is trivial modulo m;

(2) There is a semi-linear map ¢ : M[r~] — M|p(m)~1] such that (m°M) C
M and ¢*~%p(7® M) C 7°M;

(3) The actions of T and ¢ commute.

A Wach module N is equipped with a filtration
Fil' N = {z € N : () € ¢'N}.

Let v1,...,vq be Og-basis of Dk (T') such that vy,...,v4, generate Fil° Dg(T).
Let C, be the matrix of ¢ with respect to this basis. As in §2.2,

I
Cp = ( O0 fITO,TO )C

p

for some C € GL4(Ok).
Definition A.2. Forn > 1, we define

I 0
Pn:( i )C and M), = (C,)" Py Py,
‘ pn=1(q) T To

Proposition A.3. The sequence of matrices {M) },>1 converges entry-wise with

respect to the sup-norm topology on B . If M!. denotes the limit of the sequence,
g rig, K T

each entry of M. are o(log). Moreover, det(M}.) is, up to a constant in O, equal

to <log(7lr+7r) ) 9 '

Proof. The proof is the same as that for Proposition 2.4. [l
Definition A.4. For each v € T, define a matriz G, = (M)~ (M.

We shall show that G, is a matrix defined over Af{. Let us first prove the
following lemma.

Lemma A.5. Let MTXT(A;}) be the set of r X r matrices that are defined over A}.

(a) Py (Pr') € I+ mMoy,(AR);
(b) If M € I + My, (AL), then Py - (M) -~y(P7Y) € I+ mMppr(AL).

I, 0

Proof. For (a), we have P -y(P; ') = < 0 [Ta1
q T—T0

) and % € 1+7A}, hence
the result.
Let M =1+ 7N, then
Pro(M) (P = Py (PrY) + 7 (aPro(N) - (PT))
since p(m) = mq. Both ¢P; and P; ' are defined over A}, so (b) follows from
(a). O
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Proposition A.6. For all v, the matriz G., is an element of I + 7M,x,.(A}).

Proof. Since G, = lim, o (M/,)~" - 4 (M), it is enough to show that (M!)™" -
v (M}) is in I + 7M., (A};) for all n. Let us show this by induction.

‘We have for all n
(13) (ML) ™y (M) = Py Pyy(Py ) -y (PY).
Hence, the claim for n = 1 is Lemma A.5(a).

By definition, P, = " 1(P;), so we have for n > 2
(M)~ (M) = P () ™y (M) (P,

Hence, the inductive step is simply Lemma A.5(b). O

1

Lemma A.7. For all vy, we have the matriz identity

P o(G,) =Gy -y (P1).

Proof. By (13) and the fact that P, = ¢"~1(P;), we have

P1'80((M7/L)_1 'W’(MT/L)) =P Pyy(Prly P Y
and
()™ ey (M) 4 (P) = Py Pay(Pt - By,
In other words,
P (M) () = (M) ™3 (Mi) ) - (P
Hence the result follows on taking n — oo. O

Definition A.8. We define a free A} -module N¢,, of rank r, with basis ni,...,n,.
With respect to this basis, we equip Nc, with a semi-linear action by I', which is
given by the matriz G-, (well-defined by Proposition A.6) and a semi-linear map
¢ : Ne, [n7 ] — Ne, [o(m) 1], which is given by the matriz P;.

Proposition A.9. The module N¢, is a Wach module with weights in [0;1].

Proof. By Proposition A.6, the action of I' on N¢,, is trivial modulo 7.
Since P, € 1/qMTXT(AI+<)7 we have

© (WNCw) €mN¢, and gp (Ncq;) - WbNCw
Finally, by Lemma A.7, the actions of I' and ¢ commute, so we are done. O

Theorem A.10. As Wach modules, N¢,, is isomorphic to N(T'). Furthermore,

(vl vT)pr:(nl nr).
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Proof. In order to show that No, = N(7), it is enough to show that
(14) Dg(T) = N¢, mod 7
as filtered ¢-module by [Ber04, Théormne II1.4.4].

By definition P; = C, mod 7, so the actions of ¢ agree on the two sides of (14).
For the filtration, we have

Ne, i< —1
Pil' No, = § (@rejery k) @ (D11 Ak - 7s) =0
Di<i<r, Ak - Finj) O (Dryr1<j<r A% - 7Ti+1"j) 12>1

Since Fil® (T, (A)) is generated by vy, ..., v,,, we see that the filtraions on the two
sides of (14) as well.

By [Ber04, §I1.3],

(vl UT)M:(nl nr).
for some matrix M € I + FMTXT(B:E&K>. For any v € T,
(Ul UT) ’}/(M) — (nl n'r‘) G’Y'

Therefore, G = M -y(M ™) = M}, .ry(Mq’«)_l. But M7 € I+7rMTXT(IB%;§g7K) also.
Hence,

T
MM e (1+7TMTXT(JB;';&K)) .

This implies that M = M. as required. ([l

APPENDIX B. LINEAR ALGEBRA: PROOF OF PROPOSITION 3.3

The goal of this appendix is to provide a proof of Proposition 3.3.

Lemma B.1. Let W be a free Z,-module of rank d and let W’ be a free, rank 0 —1
direct summand of W. Then the collection {W' +Z, -v :v € W} of submodules of
W is totally ordered (with respect to inclusion).

Proof. This follows from the fact that the quotient W/W’ is a free Z,-module of
rank one. U

Lemma B.2. Let W be as in the previous lemma. Let ® be a finite collection of
rank 0 — 1 direct summands of W and let Wy = Ug W’ be their union. For any
k € Z* we have,

PEW U W,y #£ W.

Proof. Choose any element w = wyg € W — Wy (such an element clearly exists).
If wyg € p*W, we are done, otherwise write wy = pFw;. Observe that w; & W
(as otherwise, wy would be an element of Wy as well). Now if w; &€ p*W, we are
done again. Otherwise we may continue with this process, which eventually has to
terminate. O

a
c

Lemma B.3. For ( Z ) € GLa(Z,), the set {”ery R NTNS Z;} has infinite

cr+dy
cardinality.



INTEGRAL IWASAWA THEORY 25

Proof. Since ( Z Z ) € GL2(Zp), either ¢ # 0 or d # 0; say the first holds true.

b d—b
ar + by :ﬂ_u, and ad — be # 0 and that cx + dy takes on
cx+dy ¢ cr + dy

infinitely many values as z,y € Z, vary. O

Lemma B.4. Let W, ® and Wy be as in Lemma B.2. Let Wy, Wy € © and suppose
v1,v9 € W — Wy verify

WlEBZp'U1:W:W2@Zp-’U2.

There one can choose o, 3 € Zy, so that

Note that

(a) v=oav; + Pvy € W —Wp,
(b) Wi B Zyp-v=Wo@Zy,-v=W.

Proof. Fix a basis 281 of Wi and 85 of W5. Let x1 be the vs-coordinate of v, with
respect to the basis By U {va} and x5 be the vi-coordinate of ve with respect to
the basis B1 U {v1}. We may assume without loss of generality that v,(z;) > 0 for
i = 1,2, as otherwise, say in case vy,(z1) = 0, it would follow that span (Ba,v1) =
span (Bg, z1 - v2) = W and thus the choice & = 1 and 8 = 0 (thus v = v;) would
work. Let X = ! 1 ) and let v = [ ¢ b ) € GL3(Z,) be such that
1 T2 c d
Y X =1 (such Y exists since det(X) € Z; thanks to our running hypothesis).

Consider Wy N span (vy,v3). Since v1 & Wy, it follows that this intersection is
a finite union of Z,-lines, say spanned by {a;v1 + Biv2 ¢ (with «;, 3; € Z,). Let
X = {a;/B; : B; # 0}, note that it is a finite subset of Q,. Use Lemma B.3 to
choose x,y € Z,' such that Z;Cisz Z X. Set @ = ax + by and B = cx + dy. Note
that we have by definitions

x «a
Y = ,
3 ]-15)
or equivalently that

o9 () ]=xls =100 )

Observe that v := avy + v € Wy (as a/f & X), so v satisfies (a). Furthermore,

v=awvy + fve = (ax1 + B) -va =z -ve mod Wy
and
v=(a+fz2) -v1 =y-v1 mod W,
We therefore conclude (using the fact 2,y € Z)) that

span (W7, v) = span (W1, y - v1) = span (W1, v1) = W,

and

span (Wa,v) = span (Wa, x - v2) = span (Wq,va) = W,
which proves that v verifies (b) as well. d
Lemma B.5. Let W be as in the previous lemma and let {w1, ..., wy} be a given ba-
sis of W. For any non-negative integer k, one can find elements {wyy1, ..., wotr}t C

W so that for any I C {1,...,0 4k} of size 0, the set {w;}jes, spans W.
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Proof. We prove the lemma by induction on k. When k = 0, the assertion is clear
and suppose that k > 1 we have found a set {wp41,...,wo+k—1}. Let & denote the
collection of subsets of 1,...,9 +k — 1 of size 9 — 1 and let ® = {span ({w; }ics) :
S € 6} be a set of free, rank ? — 1 direct summands of W. Set Wy = Up W/,
observe that W, is a proper subset of W. For any w € W — Wy and S € &, the
submodule span ({w} U {w;}ics) of W is of finite index. Fix S € & and define
Ws :=span (w; :1 € 5).

We first prove that there is an element vg € W — W, such that
(16) Ws + Zy - vs = W.

Indeed, pick any w € W — Wy. If Wg + Z, - w = W, we are done. Otherwise we
may use Lemma B.2 to choose wy € W — (Ws + Z,, - v U W), for which we have

Ws+Zp-w1 2 Ws +Zy-w.

This process has to terminate and when it does, we have found the desired vg
satisfying (16).

Using Lemma B.4 iteratively, one obtains an element v € W — W, such that
Ws+Zp-v=W
for every S € 6. We set wytr := v. (]

Proof of Proposition 3.3. Let B = {v1,--- ,v4_,wy_41,...,wy} be any Zy,-basis of
D,(T) such that {v1,---,v,_ } forms a basis of Fil’D,(T). Form the dual basis

B = {U/l" o av;_vw;_+1v’ o vw;]} c DP(T*(U)'

Consider the free Z,-module W := D,(T*(1))/ Fil’D,(T*(1)) of rank g_ and for
an element v € D,(T*(1)), let ¥ denote its image in W. It is easy to see that
{1, ,v,_} forms a basis of W. Use Lemma B.5 (with @ = g_ and k = g ) to
obtain a set {v],---,v,} such that for any I € J,,

span (v :i € I) = W.

One can lift the set {v7,---,9;} to a basis B, = {v], -+, v} of D,(T*(1)) and
the the basis B,q dual to B, gives us as an admissible basis. O
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