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SPECTRAL RECIPROCITY AND HYBRID SUBCONVEXITY BOUND FOR
TRIPLE PRODUCT L-FUNCTIONS

XINCHEN MIAO

ABSTRACT. Let F' be a number field with adele ring Ap, 71,72 be two unitary cuspidal automorphic
representations of PGL2(Ar) with finite analytic conductor. We study the twisted first moment of
the triple product L-function L(%7 T ® 7 ® m2) and the Hecke eigenvalues Az ([), where 7 is a unitary
automorphic representation of PGL2(Ar) and [ is an integral ideal coprimes with the finite analytic
conductor C(m @1 ®m2). The estimation becomes a reciprocity formula between different moments of
L-functions. Combining with the ideas and estimations established in [HMN23] and [MV10], we study
the subconvexity problem for the triple product L-function in the level aspect and give a new explicit
hybrid subconvexity bound for L(%, T ® m ® m2), allowing joint ramifications and conductor dropping
range.
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1. INTRODUCTION, BACKGROUND AND HISTORY

Subconvexity estimation is one of the most important and challenging problem in the theory of
analytic number theory and L-functions. Let F' be a number field with adele ring Ar, and let II be
an automorphic representation of a reductive group G. Let L(s,II) be the corresponding L-function
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2 XINCHEN MIAO

associated to the representation II. If C'(II) denotes the analytic conductor of L(s,II), then the

famous Phragmen-Lindelof principle gives the upper bound C’(l‘[)iJre on the critical line Re(s) = 3.

The subconvexity problem for L(%, IT) is to establish a non-trivial upper bound of the shape as follows:
L(%,H) <pe C(I)T0%e,
where ¢ is some positive absolute constant which is independent on C/(II).

In the lower rank case G = GL1, GLo, the subconvexity problem has now been solved completely
over a fixed general number field F', uniformly in all aspects (¢, weight, spectral, level) [MV10].
The main ingredients of the proof are integral representations, period integrals of certain L-functions
(Ichino-Watson formula) and a spectral reciprocity relation between different families of L-functions,
which we will mention later.

In the higher rank case for example G = GLo X GLy or G = GLg X GLy x GLo, we are far
from well-understood (See [HMO06] [Hul7] [KMV02] [Mic04] [Venl0]), especially in the case of hybrid
subconvexity, joint ramifications and conductor dropping (See [HMN23]). For more history on the
subconvexity problem, the interested readers may see [Mic22| for more survey and details.

In this paper, we mainly focus on the subconvexity problem of the triple product L-function in the
finite level aspect, which is the case G = GLa x GLy x GLa. Following [HMN23] [MV10] and [Zac20],
we will use the period integral approach and establish a spectral reciprocity formula for the twisted
first moment of the triple product L-function. We sketch the rough idea as follows:

Let 7y, g, m3 be three cuspidal automorphic representations of PGLy(Ax) with finite analytic con-
ductor, the Ichino-Watson triple product formula gives a rough identity as follows (See Proposition
3.1):

1
= {3, P192) [ =< L(5,m X my X 73) X HIv(Sol,vySOQ,v»QDS,U)-

i(9)d
|/G]Hs0 g 5 v

Here [G] := Z(Afp)GL2(F)\GL2(AF), ¢; € m; for i = 1,2,3 and the local integral I, (¢1,4, 924, ¥3,) is
an integral of products of local matrix coefficients for the triple product L-function.
Hence, we may consider the period:

/[G] b p1pz = (P, p102),

where for any finite place v, ¢ is the right translation of ¢; by the matrix <1 - ) and w, is the
v

uniformizer for the local field F,. Using the Hecke relations, the above inner product roughly equals

to ﬁ 2 on Ar(0) X penm) @ ©1¢2)|%, where B(m) denotes an orthonormal basis in 7. By the Ichino-

Watson formula (See Proposition 3.1), the inner product in the orthonormal basis roughly equals to
L(3,m®m ®mp). Now by the trick in the identity, we have

(P15, p102) = (NPT, Phpa).
By the spectral decomposition, the right hand of the above equation roughly equals to > c(o)p Zd)e B(op)

<<,p'iﬁ, ) - (@Z),@@g). Now applying Ichino-Watson formula again, we obtain a spectral identity (spec-
tral reciprocity formula) between different families of moments of L-functions, roughly of the following
shape:

1
Zh m@m@ ~1+Zh \/ (5:m@m@0)L(5,m @™ @ o),

where 7 and o run over cuspidal automorphlc representations of PGLa(Ar). Here we ignore the
contributions from the continuous spectrum and the main term 1 comes from the contribution from
the inner product of the constant term.
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In order to state our results in a more precise way, we need to give some definitions of notations.

Let 71,7 be two unitary cuspidal automorphic representations with finite coprime conductor m
and n (i.e.(m,n) = 1) and bounded archimedean (spectral) parameters, 73 be a unitary automorphic
representation of PGLy(A ) with finite conductor a. Here m, n, a are three integral ideals of O, where
Or is the ring of integers of the fixed number field F'. For all archimedean place v|oo, we assume that
1,0, T2, T3, are all unramified principal series representations. The norm of integral ideals m,n,a
are m,n,a. Then we have (m,n) = 1. Hence, the analytic conductors satisfy C(m;) = m, C(m2) = n,
C(m3) = a. We denote

Q:=C(memem)=QxQr=][[Qu=]]Q [] @ =]][Co(m @mams),
v v\oo V<00 v

and
1/2

P:= PPy = l:IP - H P H Py = H max;=1,2{Cy(m @ 7))}

v]oo <00 v

We note that P, = @, = 1 for almost every place v and P, > 1 at least when @, is large enough.
In the special case (a,mn) = 1, we have Q = (amn)* = a*m*n*. We let q be an integral ideal of Op
with gla and (q,mn) = 1 (q maybe trivial). We denote the norm of q as ¢ and g|la. We assume that
such integral ideal q is maximal, i.e. for any other ¢’ satisfying the above conditions, we have ¢'|q.
We write a = qa’ as the ideal factorization with (q,a’) = 1 and we see that the integral ideal a’ has
a common factor with either m or n (The common factor may still be trivial, i.e. a’ and mn can be

coprime). Hence

Q::C(W1®7r2®773):HCU(F1®TF2®7T3)

= HCU(TQ & T ® 7T3) X Hcv(ﬂ'l X Mo X 7'['3) = q4 . HCU(T(l X T ® 7'['3).
vlq g g
We write Qq := Qq,r X Qoo = qu Cy(m@me®ms) = Hv’[q<oo Cv(”1®772®773)'nv\oo Cy(m1 ®@me®7s) and
Q=q¢"" Q- Qq,7- Similarly, we can also write P = HU|OO P, va P, Hv’[q<oo P,. Since Hv|q P, = ¢?,
we have P = ¢ - Py - Py ;.
We let the real number 6 be the best exponent toward the Ramanujan-Petersson Conjecture for

GL(2) over the number field F', we have 0 < § < 614.
Let [ be an integral ideal of norm ¢. We assume that (I,amn) = 1, hence (I,amn) = 1. We define

the following for the cuspidal contribution:

L(%, TR T &)
A(1,7,Ad)

(1.1) C(m,m,a,mn, D) :=Cr- > Ag(D f(moo)H (7, @, m, 1),

7 cuspidal
C(m)le[m;n,q]

where [m,n, a] means the least common multiple of the three integral ideals ([m,n, a] is the mini-
mal integral ideal satisfying m,n, a|[m,n,a], and for any integral ideal g satisfying m,n, a|g, we have
[m,n, a]|g) and ¢ is a fixed integral ideal with its norm a fixed positive absolute bounded integer. The
integral ideal ¢ is coprime with the integral ideal q and is determined by the choices of test vectors
(See Section 4 and also Section 6.3 Choice of test vectors and Proposition 6.5 in [HMN23]). Moreover,
H is certain weight function in terms of finite many ramified non-archimedean local places defined in
Section 5.3 and f(7 ) is defined in Section 5.4. Here the constant C} is a positive constant depending
only on the number field F' and the nature of the three representations m, w1, mo. If w, 7, mo are all
cuspidal, then C; = 2Ap(2). If we further assume that the characteristic of all the residue fields
corresponding to the prime ideals in a, m,n are large enough, then we can take ¢ = 1 trivially. If the
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characteristic of the residue fields are bounded, then the integral ideal ¢ may not be trivial, however,
it is fixed and the corresponding norm is a fixed non-negative absolute bounded integer (See Section
6.3 Choice of test vectors and Proposition 6.5 in [HMN23]).

For the continuous part, we denote by m,(it) the principal series w|- [*Ba|- |~

and define similarly
o0
e(m,mamnl) =Gy Y / Mty (O F (e (i) H (o (i8), 0,0, 1)

WEFX\AL
(1.2) C(@)2le .

XL(%+it77r1®7T2 Qw)L(3 —it,m ® ™ @) dt
A (L, 7 (it), Ad) Am

In this case, Co = 2A},(1) and H is certain weight function in terms of finite many ramified non-
archimedean local places defined in Section 5.3. We also note that the completed L-functions satisfy
A(s,m,Ad) = A(s, x*)A(s, x 2)Cr(s), where 7 is an Eisenstein series normalized induced from a char-
acter x. In above Equation 1.2, ¥ = w|-| and w is a unitary Hecke character. For x? # 1, we define
A*(1, 7, Ad) = A(1,x®)A(1, x"2)¢5(1), where (5(1) is the residue of the Dedekind zeta function at
s = 1, and is a positive real number by the class number formula. We also note that the Dedekind
zeta function has a simple pole at s = 1. When x? = 1, we define 1/A*(1,7, Ad) := 0 (Section 3.2 in
[BJN24]). Hence, the function 1/A*(1, 7, Ad) is continuous in terms of the induced character x. Since
the Dedekind zeta function has a simple pole at s = 1, if > = 1 and 7 is normalized induced from ¥,
for some small real number ¢ satisfying |t| < 1 (can take zero), we have 1/A*(1 + it, 7, Ad) >p 2.
We define

(1.3) M(71, o, a,myn, [) := C(my, mo, a,m,n, [) + (7, ma, a,m,n, [).
The first theorem establishes an upper bound for this twisted first moment.

Theorem 1.1. Let w1,y be two unitary 0;-tempered (i = 1,2) cuspidal automorphic representations
with bounded archimedean (spectral) parameters and finite coprime conductor m and n. We let the
real number 0; be the best exponent toward the Ramanujan-Petersson Conjecture for GL(2) over the
number field F' for w1 and mwo, we have 0 < 6; < 614.Assume that for all archimedean places v|oco, both
T and mo, are unramified principal series representation. Let q,1 be two coprime ideals of O with
the condition (ql,mn) = 1 and write ¢ and £ for their respective norms. Then the twisted first moment
satisfies

) _1/448
(1.4) M(ﬂ'l,ﬂ'g,a, m,n, [) <<7r1,oo,7r2,oo,F,a (mnaﬁ)f . (£g+291+292 . Pq,;/ +3 . q71/2+9 + 61/2+91+92> )

Corollary 1.2. With all the notations same as above, we have the following twisted first moment
estimation:

_ 6
(15) .7\/[:(7_‘,177_‘_27 a,m, n, [) <<7r1700,71'27oo,F,5 (mnaﬂ)e . <€g+291+292 . Pf 1/4+2 +€1/2+91+92> .

Combining Theorem 1.1 with the amplification method, we obtain the following subconvexity
bounds in the hybrid level aspect.

Theorem 1.3. Let w1, 72 be two unitary cuspidal automorphic representations and ms be unitary
automorphic representation with corresponding finite levels defined previously. Assume that for all
archimedean places v|oo, 14, T2, and w3, are all unramified principal series representation. We
have the following subconvex estimation:

—(3-9)(1-201—202) /(7201 —26
(1'6) L (%’771 @M & 7T3) <<€,F,7Tl,oo;7'r2,ooﬂ'l'3,oo Q}/4+6 ' Pf R ' 2/ ! 2).
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If we pick 0 = 6 = 05 = &, then we have (3 — g)(l — 201 —205) /(7 — 261 — 202) > 1/60. Hence, we
have

1/4 —1/60
L (%? T ® T2 ® 773) <<€,F,7r17(,o,7r2,oo,7r3,OO Qf/ te . Pf /

unconditionally.

Remark 1.4. This is an explicit version for the hybrid subconvexity in the level aspect for the triple
product L-function (See Theorem 1.3 in [HMN23]). Assume that all the archimedean components
of three representations mwy,mwo, w3 are unramified principal series, we can pick the absolute constant

— 15 1 - ; =1
0 = gog > go- Uf we further assume the Ramanujan-Petersson conjecture, we can have § = 5.

In the special case that all the three levels are coprime to each other, we have a more explicit hybrid
subconvexity bound for the triple product L-functions in the level (also depth) aspect which states as
follows:

Theorem 1.5. Let w1, 79, w3 be three unitary cuspidal automorphic representations with finite con-
ductor m,n and a which are coprime to each other. Assume that for all archimedean places v|oco, 1 4,
T and w3, are all unramified principal series representation. We further assume that the integral
ideals m and n are squarefull (squarefull ideals are integral ideals for which all the prime ideal factors
exponents are at least two). We write the prime ideal factorizations m = []7_; m* and n = HEZI n’,
where m;,n; are all coprime prime ideals with norm m;,n; and u;,v; > 2. We denote M := Hle m;
and N := Hﬁzl n;. If (a,mn) = 1, then for any € > 0, we have the following subconvex estimation:
(1/4-0/2)(1-201 —205)
L (%7 T ® T ® 773) <<5,F,7r1’oo,7r27oo,7r3700 (MN) 726120,

(1/4—0/2)(1—2607 —265) (1/4-0/2)(1—207 —265) (1/2—0)(1—201 —205)
% mI* 7207 —20, +€n1* 7207 —20, +6a1* 7-207 205 +€'

(1.7)

By picking a = max{m,n, a}, we have the following corollary.

Corollary 1.6. By using the same notations in Theorem 1.5, we have

1 (1/4-6/2)(1-201 265) 1 (1-20)(1-20,-26) |
(18) L (57 1 ® T2 ® 7r3) <<87F77r170077r2,oo77r3’00 (MN) 7—201 —2609 X (mna) 21—-6601 —66o ,
and
1 1 (5/2=56)(1—26) —26)
(1.9) L (§, T ® T ® 71’3) L, Fy1 00572,00573,00 (mna) 63— 1867 — 1805

If we do not assume that two integral ideals m and n are squarefull, we will have

1 1— (1/2-0)(1—201 —2605)
(1.10) L (5,71 @ T @m3) Ke\Fry. oo ma.00,ms.0 (TINQ) 2160, —602

If the automorphic representation 73 is an Eisenstein series, we have

Theorem 1.7. Let w1, 7 be two unitary cuspidal automorphic representations with finite coprime
conductor m and n which are defined in Theorem 1.5. Let b be an integral ideal of norm h and x
a unitary Hecke character with finite conductor . All the integral ideals listed here are coprime to
each other. We further assume that the integral ideals m and n are squarefull (squarefull ideals are
integral ideals for which all the prime ideal factors exponents are at least two). We write the prime
ideal factorizations m = [[_, m and n = [['_, n%, where m;,n; are all coprime prime ideals with
norm mj,n; and u;,v; > 2. We denote M :=[]7_; m; and N := Hle n;. If (h,mn) = 1, then for any
€ > 0, we have the following subconvex estimation:
. (1/4—-0/2)(1—26, —205)
L(5,m ®m®X) e,y coimaconee MN) 72017202

(1/4—0/2)(1—201 —205) (1/4—0/2)(1—201 —205) (1/2—6)(1—201 —205)
% ml_ 7207 —20, +6n1_ 7207 —205 +Eh1_ 772017252 +€_

(1.11)
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Similarly, we will also have

(1/4—6/2)(1—261 —265) 1 (1=20)(1-201 —265) ,

(1.12) L (%7 T QM2 & X) L, Firto01m2,00 113,00 (MN) 7-201-203 x (mnh) 21—60; —603 ’

and
1 (5/2-56)(1-261 —265)

(1.13) L (%7 T QT2 & X) L, FT1 100,712,005 73,00 (mnh) 63—186, —180;

If we do not assume that two integral ideals m and n are squarefull, we will have
1_(1/279)(172017262)

(114) L (%’ T ® T2 ® X) <<€7F77T1,0077r2,ooa7r3,oo (mnh) 21=601 =667

The results here are even new when the ground field F = Q.

2. AuTOMORPHIC FORMS PRELIMINARIES

In this paper, F'/Q will denote a fixed number field with ring of intergers O and discriminant Ap.
We make the assumption that all prime ideals considering in this paper (q, [, a,m,n, ¢, h) do not divide
Ap. We let Ar be the complete Dedekind (-function of F’; it has a simple pole at s = 1 with residue
A%(1).

For v a place of F', we set F), for the completion of F' at the place v. We will also write F, if v
is finite place that corresponds to a prime ideal p of Op. If v is non-Archimedean, we write Op, for
the ring of integers in F,, with maximal ideal m, and uniformizer w,. The size of the residue field
is ¢ = Op,/m,. For s € C, we define the local zeta function (g, (s) to be (1 — ¢, %)t if v < oo,
Cr,(s) = m%/2T(s/2) if v is real and (p, (s) = 2(2m)*T(s) if v is complex.

The adele ring of F' is denoted by A and its unit group A;. We also set O =11, <00 OF, for the
profinite completion of O and A} = {z € AX : |z| = 1}, where |-| : AX — Ry is the adelic norm
map.

We denote by 9 =[], 1, the additive character g o Tr F/Q where ¢q is the additive character on
Q\ Ag with value e?™ on R. For v < oo, we let d, be the conductor of v,, which is the smallest
non-negative integer such that 1, is trivial on m%. In this case, we have Ap = | q%. We also
set d, = 0 for the Archimedean local place v.

If R is a commutative ring, GLy(R) is by definition the group of 2 x 2 matrices with coefficients in
R and determinant in the multiplicative group R*. We also define the following standard subgroups:

B(R)—{<“ Z) :a,deRX,beR},P(R)_{<a l{) :aenybeR}
Z(R):{<Z z> :ZGRX}’A(R)Z{CL 1> :aGRX}»
N(R)={(1 ll)) :beR}.

n(ac)z(l f) w:<_1 1) and a(y)z(y 1>.

For any place v, we let K, be the maximal compact subgroup of G(F},) defined by
GL2(OpF,) if wvis finite

We also set

(2.1) K, =1 02(R) if wvisreal

Uy (C) if v is complex.
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We also set K := Hv K,. If v < oo and n > 0, we define

Ky o(wy) == {<CCL Z) eK, : ce mﬁ}
W)(

If b is an integral ideal of O with prime factorization b =[], p{,c“
sponding to the finite place v), then we set

Ko(b) = [ Kvo (w{v(f’>) .

<00

p, is the prime ideal corre-

We use the same measures normalizations as in [MV10]. At each place v, dz, denotes a self-dual

measure on F, with respect to v¢,. If v < oo, dx, gives the measure ¢, /2 4, OF,. We define
dr =[], dz, on Ap. We take d*x, = (g, (1)% as the Haar measure on the multiplicative group F)*

||

and d*x = [[, d*z, as the Haar measure on the idele group Aj. We provide K, with the probability
Haar measure dk,. We identify the subgroups Z(F,), N(F,) and A(F,) with respectively F*, F,
and F* and equipped them with the measure d*z, dx, and d*y,. Using the Iwasawa decomposition,
namely GLo(F,) = Z(F,)N(F,)A(F,)K,, a Haar measure on GLo(F,) is given by

X d*yy
(2.2) dgy, = d™ zdx,——dk,.

Yol

The measure on the adelic points of the various subgroups are just the product of the local measures
defined above. We also denote by dg the quotient measure on

X 1= Z(Ar)GLy(F) \ GLa2(AR),

with total mass Vi := vol(X) < oo.
Let m = ®,m, be a unitary automorphic representation of PGLy(Af) and fix ¢ a character of F\ Ap.
The intertwiner

(2.3) ™59 Wo(g) = /F Pz

gives a GLy(Af)-equivariant embedding of 7 into a space of functions W : GLa(Ap) — C satisfying
W(n(x)g)) = ¥(x)W(g). The image is called the Whittaker model of 7 with respect to ¢ and it is
denoted by W(w, ). This space has a factorization ®,W(my, 1) into local Whittaker models of 7,. A
pure tensor ®,¢, has a corresponding decomposition [[, W, where W, (1) =1 and is K,-invariant
for almost all place v.

We define a normalized inner product on the space W

—~

Tw, Y¥y) by the rule

Jrg Wolaly) W, (a(y))d*y
2.4 Do(Wo, W) 1= Cr (2 >
34 (Wo W) o= 6 ) ) LT s A)
This normalization has the good property that ¢, (W,,, W,) = 1 for 7, and v, unramified and W, (1) = 1

[JS81, Proposition 2.3]. We also fix for each place v an invariant inner product (-,-), on 7, and an
equivariant isometry m, — W(m,, 1,) with respect to (2.4).

Let L?(X) be the Hilbert space of square integrable functions ¢ : X — C. If 7 is a cuspidal
representation, for any ¢ € 7, we can define the L?-norm by

(2.5) [ /X o(g)Pdg.

We denote by L2, (X) the closed subspace of cusp forms, i.e. the functions ¢ € L?(X) with the

cusp

additional property that
| en))dg =0, ac.ge GLa(ar),
F\Ap
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Each ¢ € L2 (X) admits a Fourier expansion

cusp

(26) o= wo (")),

2.1 o= [ e((*7)s)wtmae

The group GLa(Ar) acts by right translations on both spaces L*(X) and L2,.,(X) and the resulting
representation is unitary with respect to (2.5). It is well known that each irreducible component
decomposes into m = ®,m, where 7, are smooth irreducible and unitary representations of the local
group GLa(F,). The spectral decomposition is established in the first four chapters of [GJ79] and
gives the orthogonal decomposition

(2.8) LA(X) = L% (X)® L2

cusp res

(X)@® L2 (X).

cont

Lgusp(X ) decomposes as a direct sum of irreducible GL2(Ap)-representations which are called the
cuspidal automorphic representations. L2 (X) is the sum of all one dimensional subrepresentations of
L?(X). Finally the continuous part L2 (X) is a direct integral of irreducible GLy (A r)-representations
and it is expressed via the Eisenstein series. In this paper, we call the irreducible components of Lgusp
and L2, the unitary automorphic representations. If 7 is a unitary representation appearing in the
continuous part, we say that 7 is Eisenstein.

For any ideal b of Op, we write L?(X,b) := L?(X)¥0(® for the subspace of level b automorphic
forms, which is the closed subspace of functions that are invariant under the subgroup Ky(b).

Note that if 7 is a cuspidal representation, we have a unitary structure on 7 given by (2.5). If 7
belongs to the continuous spectrum and ¢ is the Eisenstein series associated to a section f : GLa(Ap) —
C in an induced representation of B(Ap) (see for example [MV10, Section 4.1.6] for the basic facts

and notations concerning Fisenstein series), we can define the norm of ¢ by setting

ol = /K (k) P

We define the canonical norm of ¢ by

HSO|’%2(X) if  is cuspidal

(2.9) el zan =
205 (1)||pl 3, if m is Eisenstein,

Using [MV10, Lemma 2.2.3], we can compare the global and the local inner product : for ¢ = ®,p, €
T = ®,m, a pure tensor with 7 either cuspidal or Eisenstein and non-singular, i.e. 7 = x1 H x2 with
X; unitary, x1x2 = 1 and x1 # X2, we have

(2.10) ol = 285 A% (1,7, Ad) T (@0r 000

v

where A(s, 7, Ad) is the complete adjoint L-function ], L(s, 7, Ad) and A*(1, 7, Ad) is the first non-
vanishing coefficient in the Laurent expansion around s = 1. This regularized value satisfies [HL94]

(2.11) A*(1,7,Ad) = C(m)°M), as C(n) = oo,

where C(7) is the analytic conductor of 7, as defined in [MV10, Section 1.1].
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3. INTEGRAL REPRESENTATIONS OF TRIPLE PRODUCT L-FUNCTIONS

Let 7y, w2, 3 be three unitary automorphic representations of PGLa(Ap) such that at least one of
them is cuspidal, say ma. We consider the linear functional on m ® 7 ® 73 defined by

I(p1 ® o2 ® p3) == /X ©1(9)w2(9)w3(g)dg-

This period is closely related to the central value of the triple product L-function L(%, T ® T @ T3).
In order to state the result, we write m; = ®,m; , and for each v, we can consider the matrix coefficient

3

(31) Iq/;(Spl,v ® Y20 ® 903,1;) = / H<7Ti,v(gv)gpi,v> Spi,v>vdgv-
PGL2(Fy) ;1

It is a fact that [MV10, (3.27)]
Il(@l,v R P20 & ‘;03,1)) QL(%7 Ty @720 & 773,1))
H?Zl <§0i,v7 QOi,v>v 1—[;5:1 L(l, T30, Ad)

when v is non-Archimedean and all vectors are unramified. It is therefore natural to consider the
normalized version

(3.2)

=(r,(2)

I

—2 H?:l L(L T Ad)

L(%7 Mo @ T2y & 7T3,v)

(3.3) Iy(p10 ® 2,0 @ 930) = (F,(2) I (91,0 ® 2,0 @ P3,0)-

The following proposition connects the global trilinear form I with the central value L(%, T QT @ T3)
and the local matrix coefficients I,,. The proof when at least one of the 7;’s is Eisenstein can be found
in [MV10, Equation 4.21] and is a consequence of the Rankin-Selberg method. The result when all 7;
are cuspidal is due to Ichino [Ich08].

Proposition 3.1. Let 71,2, 73 be unitary automorphic representations of PGLa(Af) such that at
least one of them is cuspidal. Let ¢; = @yp;0 € @y, be pure tensors and set ¢ := p1 @ P2 @ Q3.

(1) If none of the m;’s (i = 1,2,3) is a singular Fisenstein series, then

@) _ C Amemems) 11 ()
H§:1 HSDngan 8A?;7/2 H’?Zl A*(l’ﬂ—i’Ad) v H?:1<§0i,v,80i,v>v
with C = Ap(2) if all m; are cuspidal and C = 1 if at least one m; is Eisenstein and non-
singular.

(2) Assume that m3 = 1B 1 and let 3 be the Eisenstein associated to the section f3(0) € 181
which for Re(s) > 0, is defined as follows:

fila.s) = |det(o)* - [ SOl "t e | B

F

where ® =[], ®, and &, = 1%91% for finite v. Then we have

I)? 1 ,A(%,Wl®ﬂ2®7f3)H Iy(v) '
[T lleillZn 487 TTy A(1Lm, Ad) 50 T (@i, @i

3.1. Hecke operators. Let p be a prime ideal of O of norm p and n € N. Let F}, be the completion
of the number field F" at the place corresponding to the prime ideal F}, and @, be a uniformizer of the
ring of integer O,. Let Hyn be the double coset in GLa(Fy) with

1
Hpn = GLQ(OFp) ( v) GLQ(OFp)?

Wp
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which, for v > 1, has measure p"~!(p + 1) with respect to the Haar measure on GL2(F}) assigning
mass 1 to the maximal open compact subgroup GL2(OF,) (See [Venl0, Section 2.8]). We consider the
compactly supported function:

1
Hpv ::W Z ]-Hpu—2k'
0<k<2

Now for any f € €*°(GL2(AF)), the Hecke operator Tyn is given by the convolution of f with pye, i.e.
for any g € GLo(Ap),

(3.4) (T 1)) = (5 )@ i= [ Flghye ()

GLa(Fy)
and the function h — f(gh) has to be understood under the natural inclusion GLa(F,) — GL2(AF).
This definition extends to an arbitrary integral ideal b by multiplicativity of Hecke operators.

This abstract definition of Hecke operators simplifies a lot in the calculation when we deal with
GL2(Ap)-invariant functionals. Indeed, consider the natural action of GLa(Afr) on C*°(GLy(AFr)) by
right translation and let ¢ : C*°(GL2(Ar)) x C*°(GL2(Ar)) — C be a GLga(Ap)-invariant bilinear
functional. Then for any f1, fo which are right GL2(OF, )-invariant, we have the relation

(35) Ty f1, f2) = pvl/Q > ool ((1 w”_2k> 'f1,f2> :

0<k<y
with
1 if r=0
(3.6) Tr =
P lp+1) if r>1.
4. ESTIMATIONS OF SOME PERIOD INTEGRALS
Recall that 7,7 are two unitary 6;-tempered (i = 1,2) cuspidal automorphic representations

with trivial central character and finite coprime conductor m and n. Let w3 be unitary 3-tempered
automorphic representation with trivial central character and finite coprime conductor a. Let p; =
Ruiv € T = RyTi, be vectors defined as follows: We focus on the non-archimedean local fields. For
m (i =1,2,3), fix a unitary structure (-, -); , on each m;, compatible with (2.4) as in previous Section
2. Now we need to give the choices of test vectors. Following Section 6.3 and 6.4 in [HMN23], since
m and n are coprime, 7, and 7, cannot both be ramified. If 7, is unramified, we take ¢;, to

. , 1 .
be L?-normalized newvectors for i = 2,3 and @1, = 71, (( w5)> go(l)ﬂ}, where go%v € ™ is the

v

L?-normalized newvector. If both T, and mg, are unramified, i.e. c(m,) = c(m2,) = 0, then we
simply take ¢;, to be normalized newvectors for all i = 1,2,3. Here for large enough cardinality of
the residue field, we take s := ¢(my ® 73)/2, and s := ¢(me ® 73) /2 + b for some non-negative absolutely
bounded integer b when the cardinality of the residue field is bounded. If 7, is unramified, we take
1 wf) 30(2),’0’ where gog’v € T
is the normalized newvector. Here again for large enough cardinality of the residue field, we take
t:=c(m ®@m3)/2, and t := ¢(m @ m3)/2 + b for some non-negative absolutely bounded integer b when
the cardinality of the residue field is bounded. It is noted that if the cardinality of the residue field
is an odd prime, we may have a < 1 (See [HMN23]). From above choices of test vectors and for each
non-archimedean local place v, we have the symmetry in index ¢ = 1,2 for the representation m; ,.
Hence, without loss of generality, for simplicity, we can always assume that the local representation
T,y is unramified.

@i to be normalized newvectors for ¢ = 1,3 and @2, = m,
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In [HMN23], since a uniform translation of all test vectors does not change the period integrals, they
S

actually pick o1, to be normalized newvectors and ¢;, := 7, <(w” 1>> 90?,11’ where cp?’v € Ty IS

the normalized newvector for i = 2, 3.

Let [ be an integral ideal of O which is coprime to m,n,a. From the multiplicativity of the Hecke
operators, without loss of generality, we simply take [ of the form p¥ with p € Spec(Of) and v € N
and set p for the norm of p, so that £ = pY is the norm of [. For 0 < r < v, we write as usual

pr 1

Remark 4.1. We observe that for every finite place v, our local vectors ;. are uniquely determined,
indeed there is a unique L?-normalized new-vector in m,. For the infinite place v|oo, since we further
assume that all the representations are unramified and spherical principal series, we simply pick all p;
to be the unique spherical vector of norm one fori = 1,2,3, which is also the vector of minimal weight.
Therefore, we make the convention that all < involved in the following sections depend implicitly on
Tioo fori=1,2,3.

4.1. Upper and lower bounds for the local Rankin-Selberg integral and the triple product
integral. Before we consider the hybrid subconvexity problem for the Rankin-Selberg L-functions
and triple product L-functions, we recall some results and estimations in [Hul7], [Hul8], [Hu20] and
[HMN23].

Everything in this subsection is over non-archimedean local fields and we shall omit the subscript
v. Let m; and 7' be representations of PGLy, with finite conductors. Let ¢ € m; and ¢’ € 7' for
i =1,2,3 be L*-normalized newvectors.

Firstly, we consider the case that y is a character of F*, and the vector o1 = 1, € m = 7(x, X1, )

(g)-

satisfies
a n _ -1
i (( 0 a2> g) = x(a1)x™ (a2) ;

When s = %, we simply write 7(x, x ') = 7(x, x 1, %) In this case, we define

1™ (01,02, p3) 1= / Wy (9)W,, (9)p1(g)dg,
Z(F)N\GLsy(F)

s
ai

a2

which is called the local Rankin-Selberg integral. Here W, is the Whittaker function associated to
 with respect to the fixed nontrivial additive character v, while W, is for the additive character
Y (x) = ¥(—x).

For general ¢ € m; which maynot be a principal series, we give the local triple product integral as
follows:

I (1,02, 03) = I, (010 ® P20 @ P3).

Now, we consider ¢(m3) = ¢ > 0 and ¢(7’) = 0 which is unramified. Since c¢(m2) > 0 and the
finite conductor of 7 and 79 are coprime, we automatically have ¢(m;) = 0. For the case c(m) >
c(mg) = 0, we can do similarly. We will consider the following local triple product and Rankin-
Selberg integral I7 (o1, @a,@3), 1T (¢, 02, p2) and I9(¢, 09, p2). We need the upper bounds for
IT (¢, o, 02), IT9(¢', 02, p2) and the lower bounds for I7 (1, @a, ©3) where 1 and ¢’ are normalized

wS
newvectors and ; := m; v

1>> Y (Y € m; is the normalized newvector for i = 2,3). They will

be used later on to control the contributions from the cuspidal and the Eisenstein spectrum.

Proposition 4.2. [HMN23, Theorem 3.22] Suppose that the representation m; and 7' satisfy the bound
¥ towards the Ramanujan conjecture for i = 1,2,3. We have the following lower bound estimation:

_1
(4‘1) IZ(@LU? ©2,v, ‘PS,U) > Qv .
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For the upper bounds, we have

1 ~1yv
(4.2) I} (@, 20, P20) e Qf - P2
Cy(mo @ )2
and
1 _1,4
(43) I’L{%S((pga P20, 902,’0) <e Qf} P 472

Cy (o ®7T72)%

Corollary 4.3. [BJN24, Corollary 3.4, Remark 3.4] Suppose that w1 is a parabolically induced repre-
sentation, and ; satisfies the bound ¥ < 6—74 < % towards the Ramanujan conjecture fori=1,2,3. We

further suppose that the central character of m; is trivial, and @; is L>-normalized. Then we have

1T7 (@1, 02, 03) <o [T7(1, 02, 03) .

Now we recall some results in [Hul7], [Hul8] and [Hu20], which gives the double coset decomposition
and integral computation.

Lemma 4.4. For every positive integer ¢, we have

GLy(F) = | | B<;i 8) Ko(w®).

0<i<e

Here B is the Borel (upper triangular) subgroup of GLga. Furthermore, if the smooth function f is a
Z Ko(w®)-invariant function, then

1 0
— A; - N :
/PGLQ(F) fg)dg Z /Fx \B(F) d (b <w 1> ) “

0<i<e

Here we normalize the Haar measure on GLa(F') such that the maximal open compact subgroup K =
GL2(OF) has volume one, and db is the left Haar measure on F*\B(F') such that the subgroup

Z(Op)\B(OF) has volume one, and Ay = Ao = —L 1 A= T for0<i<c. Hence,

_q — q—
} q+1’ (g+1)-¢==17 (g+1)-q
(2

A; < q7" are fixed constants.

4.2. Whittaker functions for newvectors over non-archimedean local fields. Finally, we give
some properties and estimations of the corresponding Whittaker functions. Here we only consider
Whittaker functions over non-archimedean local fields.

Lemma 4.5. Let m € F, with v(m) = —j <0, and p be a character of OF with c(pu) =k > 0. Then
if j =k, we have

= Ja/(lg— 12 ¢ 1).

/ Y(ma)p~ (2)d*z
v(z)=0

If j # k, then the corresponding integral (Gauss sum) vanishes.

Definition 4.6. We define I, ,(z) = x(u) if © = uw" for u € OF. The characteristic function
I, »(x) vanishes in other cases. We say that a smooth function f(x) consists of level i components
(with coefficients) of L?-norm h, if we can write

f(x) = Z Zax,le,v(ﬂf)a

c(x)=i n€Z

1
where each x is a character of OF, and the norm h = (ZC(X):Z- Y onez |ax,n|2) 2.

The following result is given in [Hu20, Proposition 2.12].
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Proposition 4.7. Let w be a supercuspidal representation with ¢(7w) = ¢ = 2, or a parabolically induced
representation T(uy, po) where c(puy) = c(ua) = k = ¢/2. Let W be the L?-normalized Whittaker
function for a newform of w, and define

Then we have:

)
(1) W©(a) = I o(a).

(2) Fori=c—1>1, W(C_l)(a) is supported only on O, where it consists of level 1 components
with L2-norm \/q(q — 2)/(q — 1)2, and also a level 0 component with coefficient —1/(q — 1).

(3) In general, for 0 < i < c¢—1, i # ¢/2, W(a) is supported only on {a € F : v(a) =
min{0,2i — c}}, where it consists of level ¢ — i components with L*-norm one.

(4) Wheni=Fk>1, W(C/Q)(a) is supported on O, where it consists of level ¢/2 components with
L?-norm one.

(5) WHen i =k =1, W (a) consists of a level 0 component on OF with coefficient —1/(q — 1),
and level 1 components on O with L*-norm \/q(q —2)/(q — 1)2.

When the conductor of the representation 7 is 0 or 1, we have the following very explicit formulae
for the Whittaker functions.

Lemma 4.8. [HMN23, Lemma 4.14] Suppose that p; are unramified (that is, c(u;) = 0 for i =1,2)
and m = 7(p1, p2). Let o € m be a newform and W, be its associated Whittaker function normalized
50 that wy, (1) = 1. Then W, is invariant under the mazimal open compact subgroup and

0)(q) = |al1/2 pi(wa) — pz(wa)
W‘PO (@) = e X 11() — 12 ()

if v(a) 2 0. If v(a) < 0, we have ngg)(a) =0.

Remark 4.9. Note that when v(a) > 0, the numerator contains the denominator as a factor and can
be cancelled. Therefore, the formula still holds when pi(w) = p2(w). We also note that the above
expression for Wy, is not L?-normalized, but differ only by a factor which can be controlled globally
by C(m)°M).

Lemma 4.10. [HMN23, Lemma 4.16] Let 7 = o(u||"/2, u|-|='/2) be a special unramified representa-
tion, where u is a unramified quadratic character.
The Whittaker function associated to the newform pg € 7 is given by

W (@) = u(@) - Jal,

if v(a) =2 0. If v(a) < 0, we have W&)(a) =0.
W) = =g~ pla) - |al - (),
if v(a) = —1. If v(a) < =2, we have Wég)(a) =0.
Moreover, the value for the corresponding Whittaker function is not L2-normalized, but differ only
by a factor which can be controlled globally by C()°(1).
5. A SYMMETRIC PERIOD

Let 71, m2 and ¢; € m; as in Section 4. We take q which is an integral ideal of O and [ which is an
integral ideal of the form p¥ with v € N and p € Spec(Op) coprime with q. Here the integral ideal q is
the same in Section 1 and Theorem 1.1. We note that integral ideal q is coprime to the finite coductor
C(m) and C(m2). Moreover, we recall that the integral ideal [ is coprime to q, C'(m;) and C(m2). By
the multiplicativity of the Hecke operators, without loss of generality, we write q = q} with « € N and
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q1 € Spec(Op) coprime with [ and p. We write g, g1, p, £ for the norms of q, q1,p and [ respectively. We
also adopt the convention that all < involved in this section depend implicitly on the infinite datas
©i oo (See Remark 4.1). Following the similar ideas in [Zac19] and [Zac20], we set

(5.1) D = o145,
Now we consider the period

(5.2) Py(l, @, ®) ::/XT[(<I>)<I>:<T[(<I>),<I>>.

5.1. Expansion in the level aspect. Since 7 and my are cuspidal, we note that ®; = 1] is a
rapid-decay function which is invariant under the congruence subgroup Ko (c[m,n,a]) in PGL2(Ap),
we apply Plancherel formula ([Zac20, Theorem 2.8]) to the well-defined inner product (5.2) in the
space of forms of level ¢[m,n, a]. We have the following decomposition of the considered period

(53) Pq([7(p7(p) = 9q([7®7®) + C1,
where the generic part is given by

95[<[7(I)7(I)) - Z )‘W([) Z ‘<§01(ng¢>|2

7 cuspidal PYEB(m,c[m,n,a])
c(m)|¢[m,n,a]

o0 o dt
+ Z / Ayt (D) Z (103, E(vir)) -
Xepﬂ% e it €B(x,x 1, it,c[m,n,a])

c(x)?|¢[m,n,a]

(5.4)

Moreover, the constant term Cy := 3 Vil - (Ti(®), 0y) - {0y, ), where ¢, (g) := x(detg), is the
one-dimensional contribution (constant term) which appears only if both 7; and 7y are cuspidal and
there exists finite many quadratic characters y (depending on the number field F) of F*\AL such that
m ~m ®x (x = 1if m = my for example). From changing variable in the inner product (103, ¥y
(g — gko for some ko where ky € Ko(b) is certain congruence subgroup for the finite place which
stabilizes both ¢; and ¢2), it is known that the quadratic character x is unramified at the finite places
(otherwise the constant term vanishes because of the extra term y(det(kg)) and a suitable choice of
ko). If both m and 79 are unramified at all finite places, then the problem reduced to the case in
[Miao24]. If one of m; (i = 1,2) is ramified at some finite places, since the conductor of the cusp forms
w1 and 7o are coprime, m; ~ 7 ® Y leads to the contridiction since  is unramified at the finite places.
Hence, the additional constant term C; = 0. Hence we conclude that

(5.5) Py(l, @, ®) = Gq(l, @, ),

where we recall that ® is defined as (5.1).

5.2. The symmetric relation. Now we follow [Miao24] and also [Zac20] to apply the symmetric
relation. The symmetric relation is obtained by grouping differently the vectors ¢; and ¢o: In the
period Py(l, @, ®), we first use the Hecke relation (3.5) to expand the Hecke operator Ti. Secondly
we do the same, but on the reverse way, for the translation by the matrix (1 @l ) Therefore, this

time the Hecke operator Tqm = Ty appears on the dual side. By the Hecke relation (3.5), we have the
following symmetric relation:

1 1 1 u—2
(56) q?2 Cq(Z) 'Pq([,q),q)) = m . Z Yo—2k * <77pv—2k(q, \111, \112) — a . 'Ppu—%(ql ,\Ifl,\IJQ)> s

0<k<3
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where we simply define va72k(qlll'72,\1/1,\1’2) := 0 if the integral ideal q is squarefree, i.e. u = 1.
Moreover,

_ p’U72k 7pU72k
(5.7) Ui=p1p1  and Wy = ooy

Now we consider the period P,u—2x(q, ¥1, W2) in (5.6). The period Pyo—2x (q“~2, Wy, Ty) on the right
hand side of (5.6) can be estimated in a similar way and is dominated by the period Ppo—2x(q, U1, ¥2).
We note that the period Pyo—2x (q, U1, Uy) has a similar expansion as (5.3), but this time over automor-

phic representations of conductor dividing p*~2*. This is the phenomenon of the spectral reciprocity
formula. We get a close and interesting relation between different type of L-functions with different
spectral length. Hence, we have the following spectral decomposition:

va—Qk (q, Uy, \1’2) = 9pv—2k (q, Uy, \112) + eg(k),
where Gyu—2r(q, W1, W) is the generic part and Ca(k) is the constant term. By definition, we have

Gpo—2k(q, V1, ¥a) := Z Ar(9) Z (W1, 9) (Y, ¥a)

m cuspidal EB(m,pv—2k)
C(7r)|p”_2k
(5.8) 00 dt
+ Z / Ayit(q) Z (U1, E(vir)) (E(it), \I’2>E'
XEFX\AL - i €B(x,x 1 sit,pr k)

c(x)?[po 2k
Since the automorphic representation 7, and w9 are cuspidal the constant term Cy(k) is bounded by

de v—2k
G (k Z\ gVFC)( )( ) H /X%%P? Pix

(5.9) e =
_ pv— 2k
<Vl 1/2q H/ o o,
X
where the degree of the Hecke operator Ty is defined by
CF ( ) 1 2

(5.10) deg(T, Y- = 42 s < MR, (1),

2, Genlm 1)

since (g, (m + 1) > 1. Moreover, the summation is over quadratic Hecke character y satisfying
m =2 m ®x and mo = mo ® x. We note that the cardinality of such quadratic character x is finite
(depending on the number field F).

For such a x, we use the identity (3.5) of the Hecke relation and the definition of 2 to have the

following estimation:

/ @15[2%&
X

Similarly, following (5.11), we have

2k +1 9 q1/2
‘/ o %’X WH%HL? = Co(k) Cepm, om0 (Ml)” P2k (1=01-62)"
Here we use the fact that ; are diagonal right transpose of L?-normalized vectors from our choices (See
also Equation (2.10) and (2.11). Hence the L*-norm of @1 or ¢y is bounded by Oc,pir, . 7 o (m1)%)).
Similarly, the constant term Cs(k) in the period Ppv—2x (q¥~2, Wy, ¥y) can be bounded by (mnaf)®
q§”72 /2/p(v—2k)(1—61—92)_

u—2
-

ntl 1/2+405+

(5.11) < Cr (D) g llerllealleallze < €

leallzelleallze-

S CFp( )

The generic term is almost the same as (5.8) by substituting the ideal q to
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The total constant term is obtained after summing over 0 < k < n/2 as in (5.6), i.e.

(5.12) 62:222535' > Yook (62(kﬁ - L '@3(k)>

0<h<? a1
with the following upper bound
g1/
(5'13) Co <<€,F,7r1,oo,7r2,oo (mnaﬂ)g ’ (1/2—01—02"

From the above discussion, we have the following spectral reciprocity relation between the two generic
parts:

Go(1) 1
oG 1SRN < gy 3 o G4, 91, W)
q 0<k<y
(5.14) 1 1
+ Gy + 172 Z Yo—2k * — ‘9pv—2k’ (qllt_2’ W, \1’2)‘ :
0k a1

Now our main task is to bound the geometric sum Sp%zk(q, Uy, Ws). The estimation of the geo-
metric sum 9pv72k(q11‘_2, Wy, Wy) is almost the same as Gyv—2x(q, U1, W2) and will give a similar bound.
We need the results in Section 4.1 (See also [Hul7] [Hul8] [Hu20] and [HMN23]) and the bound
IAx(q)] < 7(q)¢”. The main ingredients are the convexity bound for corresponding triple product
L-functions, Proposition 4.2 and a upper bound for certain local triple product integrals. Applying
Cauchy-Schwartz inequality, it suffices to bound

Si= > Yoo )P

7 cuspidal wGB(ﬂ,p“_%)
c(m)|pr 2k

5.15 )
XEFX\AL T2 i €B(xx it pv2k)
c(x)?[pv 2"
fori=1,2.

The global triple product period S; for i = 1,2 can be bounded by the local triple product integrals
from Proposition 4.2 and the convexity bound for the triple product L-functions. By Proposition 3.1,
the global triple product period is closely related to the central value of the complete triple product
L-function. We have the following:

(W5, )]
||(¢0i‘|gan”§0ngan”¢Hgan
_C . A(%,m@m@ﬂ) H Ly(ov)
8A?I)7/2 A*(l,Wi,Ad)A*(l,TFi,Ad)A*(l,ﬂ',Ad) " <(Pi,va ‘Pi,v>v<()0i,va ‘Pi,v>v<¢vawv>v7
for i = 1,2. Here ¢ = ®,1, € ™ be pure tensors, ¢, := @i, ® @iy ® Y, and
L(1,m; 0, Ad)L(1, ; 4, Ad)L(1, 7y, Ad)
L(%7 T ® T ® 7Tv)

(5.16)

Lo(pv) = Lo(pip © i @ o) := (p, (2) 72 L (010 ® pi © o).
Moreover, we have

I{;(%,v & Piv ® wv) = / <7Ti,v(gv)§0i,va Soi,v>v<7ri,v(gv)90i,vu (pi,v>v<7rv (ngJm ¢v>vd9v'
PGL: (Fy)
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If the automorphic form 1 is an Eisenstein series, we have a similar formula. We also note that it is
well-known that L(1, m;,, Ad)L(1, m;,, Ad)L(1, m,, Ad) < 1 and L(%, Tiw @ T @) < 1, for example,
see [GJ78].

We also need the following proposition (Proposition 11.4 in [BBK22]).

Proposition 5.1. Let w1 and mo be unramified 0; (i = 1,2 )-tempered principal series representations.
Let 3 be O3-tempered of conductor p, where p is the cardinality of the residue field. We further assume
that 61 + 0 + 03 < 3.

Let ¢; € m;, i = 1,2,3 be the unique up-to-scalar normalized newvector. Let Wi and W3 be the
image in the Whittaker model of v1 and vs.

Let d,k € Z>q be such that ¢ +d < k. Then

e The local triple product integral satisfies

IT(a(w_k) -1, P2, a(w—d) . 903) < k?4 . p—k(1—202)+2d(—92+01)

e The local Rankin-Selberg integral satisfies
I (a(@ ™) - 1, 02, a(w ™) - @g) < k2 - pH1/2702) Hd(=02t01),

Here a(w™F) = @ 1> , which is a diagonal matriz and the action on the automorphic form is the

right translation,

Unconditionally, let 6; = 6—74 < % for i = 1,2,3. we note that we have the upper bound I” (a(ww™*) -
1,09, a(w %) - p3) < k- po0 and 175 (a(w ™) - @1, @2, a(@™?) - p3) < k2 - poR/18,

Remark 5.2. Later in Section 6.1, we will see that we only need a weak form of above Proposition 5.1
in the amplification method for the proof of Theorem 1.3. A weaker bound 1T (a(w™*)- @1, g2, a(w™?)-
©3) < k*-p~F/2 is enough. Moreover, for most of cases, the upper bound I" (a(w™*) - @1, @2, a(w=?) -
v3) < 1 will be enough for our purpose. In the step of amplification, we will see that it suffices to
consider the case when k =1,2,4. For k = 1,2, by explicit value of Whittaker function and Iwasawa
decomposition (Lemma 4.8 and 4.10), we can estimate the local Rankin-Selberg integral explicitly. By
Corollary 3.4 in [BIN24|, we can therefore get the upper bound for local triple product integral. We
also note that for the special case k = £ > 2 and d = 0, the local triple product integral IT(a(w*k) .
©1,02,03) < p~* by Theorem 1.2 and Theorem 4.1 in [Hul7]. We consider the case k = 4. When
0 = 3, this is the only case which we need the weak bound I" (a(w™*)- 1, o, a(w™ %) - p3) < k*-p~F/2.
It suffices to prove that I%%(a(w ") - @1, o, a(w™9) - p3) < k2 - p~F/4.

We further assume that k =4, £ =3, d = 1. For the another case k =4, £ =3, d =0, the proof is
similar and easier. The main ingredient of the proof is the properties of certain Whittaker functions
and Twasawa decomposition (Proposition 4.7, Lemma 4.8 and 4.10). We sketch the proof below.

It suffices to prove that I (a(w™*) - @1, p2,a(w ™) - p3) < p~ 3/, In order to compute the
integral, we apply Lemma 4.4. Since all the three representations have trivial central characters, the

. . 1 . . . .
two diagonal matrices a(w™*) and < wk> can be identified as the same matriz. For fixed integers

1 and j satisfying 0 < 1,7 < 4, we consider the matriz (wi 1 ( i)

. . 1 1 1 1 . .
If i > j, we have (wi 1) < wj> = < wj> (wi_j 1>. If 0 < i < j < 4, we need the

). This follows from the identity

Pyt

Twasawa decomposition of the matriz i 1

i
1 (w1 0 -1
w 1) o)\l w7t
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Since j > i, we see that (O _41-> € K. We have the decomposition
1 =™
0 -1\ (1 —1\/1 0\/1 14w
1 i) 1 1 1/\0 1 ‘
_ J—i
Since ((1) 1 —1—1w > € Ko(w?), we have

(7;1 1) (1 wj> A <1 w™ —1w12i> (wj% 1) <w10 ?) Ko(w?).

Hence, for a(t) <;Z 1) <1 wj>’ we can write

D)ol T ) e

where we omit the center Z.
From above discussion, for a given Whittaker function which is right invariant by the congruence
subgroup Ko(w?*), we have

() ) ) == w () (2 1)

For above general equation for the Whittaker function, we need the special case j =1 and j = 4. Now
we apply Lemma 4.4, Lemma 4.8 and Proposition 4.7 to the Whittaker function Wo and W3. From
Lemma 4.4, we consider five cases i = 0,1,2,3,4. When i =0 and i = 1, it is easy to check that the
support of the Whittaker function Wa and W3 are disjoint. Hence, the corresponding integral equals to
zero. For i =2, the support of the integral is v(t) = 0. However, by Proposition 4.7, since W5 consists
of level two components with L?-norm one and the level of the remaining terms are zero, hence the
corresponding integral equals to zero. Fori = 3, the support of the integral is v(t) = 1. By Proposition
4.7, we can have the following upper bound 1/p>-1/(p—1)-p~1/2402.p1/2401 .y = p=3+01+02 « ,=5/2 gince
we can pick 01 = 6y = 614 < %. Finally, fori =4, the support of the integral is v(t) = 1. By Proposition
4.7, we can have the following upper bound 1/p*-1 cp V202 p3(1/2401) Ly o = 24301402 p=3/2 gince
we can pick 01 = 0y = 6—74 < %. Combining everything above and applying Lemma 4.4, we have the
upper bound for the local Rankin-Selberg integral as follows:

I"S(a(@™) - o1, 09,a(@ ) - @3) <p~2.
Hence, the local triple product integral has the following upper bound
M(a(@™) - o1, 02,a(@ 1) - p3) <p~°.
This finishes the proof and the remark.

We note that one can write an orthonormal basis in terms of linear combinations of diagonal
translates of newforms, with all coefficients uniformly bounded by k (k is given in Proposition 5.1),
via employing the Gram—Schmidt process (See [Nun23, Section 7B] and [BM15, Lemma 9] for more
details and explicit coefficients). Hence, applying Proposition 5.1 and Remark 5.2 for each individual
term, we get an nontrivial upper bound for local triple product integral when taking the summation
in the orthonormal basis by spectral decomposition and Plancherel formula (for example see Equation
(5.15) and (5.16)).

When the archimedean (spectral) parameters of automorphic representation 7 (5.8) go to infinity,
the corresponding triple product period integral becomes rapidly decreasing. This is because the
unramified local triple product or Rankin-Selberg integrals (I1 or I7%) at archimedean places give
additional Gamma factors that are rapidly decreasing by triple product formula (See Equation (5.16),
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[Sta02] and [Wood17]). Hence, from a weak version of the Weyl law for number fields in [Magal?7,
Section 3], we can consider the archimedean (spectral) parameters of automorphic representation 7 to
be absolutely bounded.

From above discussion, especially Proposition 4.2, Proposition 5.1, Remark 5.2, convexity bound
for triple product L-functions in Equation (5.16) for i = 1,2, the bound |[A:(q)| < 7(q)¢’, Weyl law
and the Cauchy-Schwartz inequality, we obtain an upper bound for the generic terms

14261 +202+-¢ _1/44-0
9pv—2k (q7 ‘ljl’ \112) <<€7F77T1,OO77T2,00 (mna’)s : <pv_2k> : Pq7f/ +2 ’ b
Finally, we can obtain the following bound:
3 —1/4+2¢
. Z Yook * 9p”—2k(q7\1117 \I/Z) <<57F77T1,007772,oo (mnae)s . €2+291+292 . quf/ 2 . q9.
0<k<y

1
(5.17) e
We also note that
1

-1/4+% ¢

-2 2420, +20
D0 ez sk (O W0, Wa) KB (mmal) - (2HE P
0<k<y

(5.18)

By the reciprocity relation (Equation 5.14), we deduce that

_ 3 -1/4+¢ _
Gq(l, @, @) K Firy oo ma 00 (MMAL)" - <f VAHOH0 g g5 2020 p q,f/ 2.q7Y 2”)

(5.19) 0
<<5,F,7r1,oo,7T2,oo (Tnnaﬁ)E ) <€1/2+91+92 + £%+291+202 ’ Pf1/4+2) '

Here we recall that the real number 6 is the best exponent toward the Ramanujan-Petersson Conjecture
for GL(2) over the number field F', we have 0 < 6 < 614.

5.3. Connection with the triple product. We connect in this section the expansion (5.4) with a
first moment of the triple product L(%, T ® m ® 7g) over automorphic representations 7 of conductor
dividing ¢ - [m,n, a]. For such a representation 7, we define

2
(5.20) Limmua):= Y [l 9],
YEB(m,c[m,n,a])
where we recall that B(m, ¢[m,n,a]) is an orthonormal basis of the space of K(c[m,n, a])-vectors in .
By Proposition 3.1 and Definition (2.9) of the canonical norm, we have
C i )L(%,ﬂ ® T ® m2)
oAL2T T Af(L 7, Ad)

(5.21) L(m,m,n a) = l(m,m,n, a),

where the constant C' = 2Ap(2). If we identify 7 ~ @,my, then (7, m,n,a) = ][, qmq {v and the local
factors ¢, are given by the summation of the local triple product integrals in Proposition 3.1 over an
orthonormal basis B(w, ¢[m,n, a]). We define the weight function
fim,m,n, a
H(ﬂ', a,m, 11) = LI/Q)
2A

For certain specific weight function, if 7 22 73, from the lower bound in Proposition 4.2, also note
that m,n are coprime and Corollary 4.3, we have

=

{(m3,m,n,a) > Q; )

For other automorphic representation 7, by definition, it is known that ¢, > 0 and the finite product
{m,m,n,a) > 0.
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5.4. Archimedean function f(my). The Archimedean function f(7) appearing in the factoriza-
tion (5.21) is given by (See [Zac19, Equation (3.10)])

(5.22) f(7os) = Z Too (o0 ® 1,00 ® 902,00)[/(%7 oo @ T,00 @ M2,00);
@ooGB(ﬂ'oo)

where the local period I is defined in (3.3). The function f(7) is non-negative and depends on the
infinite factors m o and 7o and more precisely, on the choice of test vectors ¢; € ;o and the
orthonormal basis B(7~ ). Since we assume that the representation 7 o and mg o are both unramified
principal series, we see that the normalized spherical vector ¢ and @2 are unique. Moreover, if
f(7o) is non zero, then the representation m, is also unramified and ¢ is spherical. By Corollary
4.3, [Sta02] and [Wood17], if s, 1,00 and 73 o are all unramified, by picking ¢, ¥1,00 and 2, to
be normalized and spherical, we have f(7) = L(%, Too @ 1,00 ® T2,00), Which is a product of Gamma
functions and is rapid decay if the archimedean (spectral) parameters of automorphic representation
7 go to infinity. Hence, by [Sta02] and [Wood17], we have

f(70) 201 00,2008 e~ (4Fe)clmeo) > 0.

Moreover, we also note that
f(ﬂ'OO) K1 00,712,056 67(2+€).C(ﬂm>'

Now the estimation of Theorem 1.1 can be achieved from the discussion in Section 4 and 5 (See
also [Zac20, Section 4.5]).

6. PROOF OF THEOREM 1.3, 1.5, 1.7

We recall that 73 is an automorphic representation of PGL2(Ar) (cusp form or Eisenstein series)
with finite conductor a.

Let 1, m9 be two unitary cuspidal automorphic representations satisfying the conditions in Theorem
1.3. We fix the test vectors ¢; € m; (i = 1,2) as in the beginning of Section 4.

6.1. The amplification method. If for any positive real number e, we have Py <, fo. Then
there is nothing to prove and Theorem 1.3 follows from the convexity bound for the triple product
L-functions.

For some fixed positive real number J, we assume that Py > Q‘}. By Section 6.4 and Assumption

5.3 in [HMN23], without loss of generality, we can further assume that (mna)* > Q; > (mna)'/2.

Hence, we have P; > (mna)®/2.

Let (mna)5/4048 < Q(JS/%M < P;/QOM <L <P < Q}ﬂ be a parameter that we will choose at

the end of the proof. Given 7 a unitary automorphic representation of conductor dividing ¢[m,n, a,
following [BK19, Section 12] and [Zac20, Section 5.1] we choose the following amplifier

2 2

A(m) = Yo Apap) | + Yo M) |
pESpec(Op) pESpec(OF)
N(p)<L N(p)<L
ptmna ptmna
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where z(I) = sgn(\r(I)). By Landau Prime Ideal Theorem and the Hecke relation Ay, (p)? = Ary (p?)+
1, we have
2

1
(6.1) Almz) = 5 Yo P+ M) | >F 5
2 (log L)
peSpec(OF)
N(p)<L
ptmna
On the other hand, using the Hecke relation again, we have
Alm)y= > @@ +z)?)+ > z(pD)z(p3)Ax(pip3)

peSpec(OF) b1,p2

N(p)<L N(p:i)<L
(6.2) pfmna pifmne
+ Y (@(P)z(p2) + Oy =pox (D)7 (p3)) Ar (P12)-
P1,p2
N(ps)<L
pitmna

Let C, f(m3,00) be the quantity defined respectively in the previous Section 5.3. If 73 is cuspidal, and

by non-negativity, we have

L(i,m ®@m ®ms)
A(l, 73, Ad)

with M 4 (71, 72, a,m,n, [) as in (1.3), but with the amplifier A(7) instead of the Hecke eigenvalues in

(1.1) and (1.2). Using the lower bound (6.1), we obtain

L(%,m®m®ms)

A(l,ﬂ'g,Ad)
Now we expand the amplifier as in (6.2) and apply Theorem 1.1 with [ = 1,p1ps or [ = p?p3 yields
(Here we apply a slightly stronger version of Theorem 1.1 by following Remark 5.2 and specical

integral ideal [. Applying [Hul7, Theorem 4.1], for specific integral ideal [ = 1,p1pe or [ = p?p2
which are corresponding to k = 1,2,4 in Remark 5.2, we have M(71,mo, a,m,n,[) <z 7m0 Fe

(Qf - 0)°- ( : 1/4+2 + ¢71/2+01462) here the exponent on £ is 3 instead of 3 + 20, + 265),

CQ;I/‘l - A(ms) - f(m3,00) < Ma(my, w2, a,m,n, ),

f(7T3 oo) <<€ F L_2+6 Q1/4 MA(’R—M ™2, a,m,n, [)

L (3 ,m®7r2®7r3)
A(la T3, Ad)
) —90, —
Finally, choosing L = P;1/4 2)/(7=261-26) > P;/34

we also have L < P;/%):

_ —1/4+2
f(7T3 OO) <<€ F7T]_ 00372, 00 Q1/4+€ ‘ (L 1+201+292 + Pf / 2. L6> 9

and we get the final subconvex bound (Note that

L3 memenrs)
A(17 T3 Ad)

Using (2.11) for the adjoint L-function at s = 1 and Section 5.4, equation (6.3) transforms into

(3-8)(1-20,-205)/(T—201—205)

(6.3) F (73 00) K Fimymoimnoe Q5 P

L (;7771 KM & 7l'3) <L¢, Fmy ,00572,00,T3, 00 Q1/4+E : Pfi(iig)(liwl7292)/(772017292)a
which gives the desired subconvexity bound in Theorem 1.3 for the cuspidal part.

If 73 is not cuspidal, i.e. an Eisenstein series, the proof of Theorem 1.3 for the Eisenstein part is
almost the same as above. Instead of the cuspidal distribution and its postivity (See Equation 1.1),
we need the continuous distribution and its non-negativity (See Equation 1.2). From the discussion
between Equation 1.2 and Equation 1.3, we see that the only obstacle in deducing a subconvex bound
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is as follows: When the variable ¢ attaches to 0 and x is a quadratic character, the quotient L(% +
it,m ®@m®@w)L(3 —it,m @m ®w)/A*(1,my(it), Ad) = |L(5 +it, m ® 2 @w)|?/A*(1, 7, (it), Ad) has
a zero of order two at ¢ = 0. One can overcome this barrier by an application of Holder’s inequality,
as in [Blo12, Section 4].

For Theorem 1.5 and Theorem 1.7, they are actually corollaries of Theorem 1.3, since we note that
when C(7) = p¢ and C(7 ®7) = C(r @) = p?, then d is an even number and satisfies d < ¢+ 1 (For
more details and when d = ¢ + 1, see [NPS14, Proposition 2.5]).
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