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Properties of a Jacobian mate

Leonid Makar-Limanov * Leonid Trakhtenberg

Abstract

A polynomial f € Cz,y] is a Jacobian mate if the Jacobian J(f, g) =1
for some g € C[z,y]. It is not known that then C[f,g] = C[z,y] and a
conjecture that this is the case is the Jacobian conjecture (JC). In this note
we will assume that a counterexample to JC exists and obtain additional

restrictions on f.

Mathematics Subject Classification (2000): Primary 14R15.

Key words: Jacobian mate, Jacobian conjecture.
Introduction.

Assume that f € Clz,y] (where C is the field of complex numbers) satisfies
J(f,9) = %g—g - %% =1 for some g € C[z,y]. The JC (Jacobian conjecture)
implies that then C[f, g] = Clx, y] (see [K]).

Recall that if p € C[z,y] is a polynomial in 2 variables and each monomial
of p is represented by a lattice point on the plane with the coordinate vector
equal to the degree vector of this monomial then the convex hull N'(p) of the

points so obtained is called the Newton polygon of p.

*This author is grateful to the Max Planck Institute for Mathematics, where he was a

visitor when the project was started. He is also supported by a FAPESP grant 2024/01973-7.
TThis author implemented the algorithm described in the paper.



It is known for many years that for a potential counterexample to JC there
exists an automorphism & of C[z,y] such that the Newton polygon N (£(f))
of £(f) contains a vertex v = (m,n) where n > m > 0 and is included in a
trapezoid with the vertex v, edges parallel to the y axis and to the bisectrix
of the first quadrant adjacent to v, and two edges belonging to the coordinate
axes (see [Al], [A2], [AO], [GGV], [H], [J], [L], [M], [MW], [Nal], [Na2], [NN1],
[NN2], [Ok]). This was improved with a completely new approach by Pierrette
Cassou-Nogues who showed that N (f) does not have an edge parallel to the
bisectrix (see [CN] and [ML1]). From now on we will assume that f is “shaped”
like this, i.e. that N(f) has a vertex (m,n) and is included in a trapezoid
described above. We will call v the leading vertex and the right edge containing
this vertex the leading edge.

Our goal is to obtain additional restrictions on f under assumption that g
exists. In order to do this we apply to f the Newton resolution process. Here
is a brief reminder of this process.

Newton introduced the polygon which we call the Newton polygon in order
to find a solution y of p(z,y) = 0 in terms of x for a polynomial p(z,y) =
2 () EN (D) pijz'y’ (see [N]). Here is the process of obtaining such a solution.
Consider an edge e of A/(p) which is not parallel to the x axis. Denote by p(e) =
E(i, j)eepijxiyj. The form p(e) allows to determine the first summand of a
solution as follows. Consider the equation p(e) = 0. Since p(e) is a homogeneous
form relative to a weight given by w(z) = a(#£ 0), w(y) = B, w(z'y’) = ia+jB,
solutions of this equation are y = cixg and ¢; € C. Choose any solution cixg
and replace p(z,y) by p1(z,y) = p(z, cia:é + y). Though p; is not necessarily
a polynomial in x we can define the Newton polygon of p; in the same way
as it was done for the polynomials; the only difference is that p; may contain
monomials z#y” where y € Q rather than in Z. The polygon A (p1) contains
the degree vertex v of e, i.e. the vertex with ordinate equal to deg,(p(e)) and
an edge e’ which is a modification of e (¢’ may collapse to v). Take the order
vertex vy of €', i.e. the vertex with ordinate equal to the order of pi(¢’) as a

polynomial in y (if ¢’ = v take v1 = v). Use the edge e; for which v; is the degree



vertex to determine the next summand and so on. After possibly a countable
number of steps we obtain a vertex v, and the edge e, for which v, is not the
degree vertex, i.e. either e, is horizontal or the degree vertex of e, has a larger
ordinate than the ordinate of v,. It is possible only if A'(p,) does not have any
vertices on the z axis. Therefore p,(z,0) = 0 and a solution is obtained.
When characteristic is zero the process of constructing a solution is more
straightforward then it may seem from this description. The denominators of
fractional powers of  (if denominators and numerators of these rational numbers
are assumed to be relatively prime) do not exceed deg, (p). Indeed, for any initial

edge there are at most deg, (p) solutions while a summand cx’™ can be replaced

M N

by ce 2N where eV = 1 which gives at least N different solutions.

There are two sets of solutions: by increasing powers of x and by decreasing
powers of x. We will be using solutions by decreasing powers. After such a
solution is obtained we can talk about the corresponding Newton polygon. It
will have a finite chain of non-horizontal edges and possibly infinite horizontal
edges going to —oo.

If we apply this process to a Jacobian mate f with the leading vertex z™y™
we will obtain n solutions. The Newton polygon which we will be using has a
chain of vertices v; = (u;,v;), 0 < i < s+1 starting with the leading vertex vy =
(o, v0) = (m,n) and ending with the principal vertex vsy1 = (fhst1,Vs+1) =
(s41,1).

All vertices v; are above the bisectrix of the first quadrant, i.e. u; < 14, also
it1 < p, Vig1 < v, 0 <4 < s and the lines connecting v; and v;4; intersect
the = axis in positive points p;. The edge connecting vertices v; and v;41 is
denoted by e;.

The edge ey connecting the vertex v, and the principal vertex vg4; is the
principal edge. The slope of the principal edge is larger than 1.

If the leading edge is vertical then f(eg) = ¢o(x)y™ and we can assume that
the polynomial ¢g has at least two different roots. (If ¢g(z) = co(x — ¢1)™ we

can make a substitution x — 2 + ¢1, y — y and get rid of this edge.)

Existence of a solution satisfying these conditions was shown in [ML2]. In



the process of obtaining a solution we will get intermediate expressions which
are polynomials in y and Laurent polynomials in fractional powers of x.
Denote by f; expression for which the Newton polygon N(f;) contains an
edge e} from which the edge e; is obtained after the next step of resolution and
by fst+1 the first expression for which N'(fsy1) contains all vertices v;.
We will be using only these expressions. To obtain a solution we may need

infinitely many additional steps.
Integrality conditions.

The Newton polygon N(f) contains an edge e from which the edge eg
is obtained after the first step of resolution (ep cannot collapse to a vertex).
Similarly, N'(f;) contains an edge e} from which the edge e; is obtained after
the r; + 1 steps of resolution. Generally specking r; can be not equal to ¢. For
example, it is possible that f; = f; 1. This happens if e; = ;. It is also possible
that r; > ¢ because in the resolution process some edges can collapse to a vertex.

The edges e} and e; define a weight w; for which all points on these edges
have the same weight. If we put w;(z) = 1 then this weight is uniquely defined
and w;(f;) = p; > 0. This is one of the properties of a solution we have chosen.

Similarly, we can define the weight w, for a non-horizontal edge e. If an
expression p can be presented as the sum of w, homogeneous forms, denote by
p(e) the leading form of this expression, i.e. the summand with the maximal
weight we.

An expression f; described in the introduction is obtained from f by substi-
tuting y; =y + Y51, cjx‘%, ¢; €C, €,8; €Z, 6; >0into f: fi = f(z,y),
so fo=f €Clx,y] and f; € C; = (C[xii‘,yL A; > 0 and minimal possible.

Consider the form f;(e;) and an algebra A; with elements a; = Zj Vi j

where v; ; € C;[fi(e})~!] are forms homogeneous relative to w; and w; (¢; j11) <

w; (Vi 5)-

Lemma on radical. If » € Q and f;(e)" € C; then fI € A4,.



Proof. By the Newton binomial theorem f7 = f;(e})" >-72, (;)( fl —-1)7. 0

Since we assumed that f is a Jacobian mate there exists a g € Clz,y]
for which J(f,¢9) = 1. (It is shown in [ML2] that g can be recovered if f is
known.) Consider g; = g(x,y;). Clearly ¢g; € C; and J(f;,9;) = 1. Therefore
J(fi(el), gi(el)) is either 0 or 1.

If J(fi(el), gi(€})) = 0 then g;(e]) = a;0fi(e;)*0 where a; 0 € C, \io € Q,
and g;1 = g; — ai’of?’:’o € A;. If J(fi(el),gi1(el)) = 0 we can find a; 1 fi(e}) i
such that g;1(e}) = a;1fi(€})*1 and define g;» = gi1 — aiylfi)‘i’l, etc.. After
several steps like that we will obtain g;;, for which J(f;(e}), gi s, (€})) = 1.

t;i—1

g
9i = Z aijfi ™+ Gitss aij €C, A €Q
=0

Because of the properties of the chosen solution w;(zy) > 0. It is known that
then h; = fi(€})gi,(e}) € B; = C[xﬁi,y] (see [D] or [ML1]).

In the introduction we defined the degree and the order vertices of a non-
horizontal edge e. Denote by dv(p(e)) the degree vertex and by ov(p(e)) the
order vertex of the edge e, supporting p(e). (The edges e and e, are parallel.)

!

The degree vertex of ¢} is v; and dv((h; (€]

%)) is proportional to v; because

J(fi(e}),h;) = fi(e}) and e; doesn’t collapse to a vertex by the definition of f;.
Thus dv((hi(e}))) = ci(pi,vi), ¢ € Q and ordinate ¢;v; of ¢;v; is an integer
while abscissa c¢;u; of ¢;v; belongs to A%Z. Denote c;v; by k;.
Our first integrality condition is that k; € Z.
If we know v; = (pi,vi), ki, and v ; we can find pj,, as follows. We
can find p; because vectors (u;,v;) — (p;,0) and ¢;{u;, v;) — (1,1) are parallel.
cipi—1

Since c;w;(pi, vi) = w;i(1,1) and w;(z) = 1 we see that w;(y) = —2£— and

L, Cipi—1 o vi—py
Pz - MZ Cil/ifl VZ - Ciljifll

Vi
pi = ki — 1
Now, fi(e;) = zPip;(x*y) where a; = —w;(y) = i/lj::} = :il(;;cz_—?)
- kipi — v
! Vi(ki — 1)



Hence the vertex vj,; = (p;,0) + (o, 1), and

/ A N . Wimpa)ki g vi—p; _ Wimpa)(kiviy, —vi)
Vie1r = Hip1 = (1- az)yi+1 TP =1 Yitl T kel T vi(ki—1) :

Thus

W=l (Wi — pi) (kivig, — vi)
1+1 +1 Vz(kz . 1)

Similarly for v; 41

_ (vi — pi)(kiviy1 — vi)
Mi+1 = Vit1 Vz(kz — 1)

The second integrality condition is that pj , € A%Z and p;41 € ﬁZ.

The third integrality condition is that c;u; € A%Z because h; € B;, i.e. ’;—:’ui S

A%Z since ¢; = 1]%

We see that if 119, v € Z are given and we know integers v;, k; 1 <j<i€Z
and v;41 € Z then we can recover vertices vj, 1 <j <i+ 1.

Additional restriction on data are inequalities:
k; > 1 since dv(h;) # (1,1) because e} doesn’t collapse to a vertex (if dv(h;) =
(1,1) then h; = cox(y + c12™) and fi(e}) = cox*(y + c12™)”); kipy —v3 > 0
because «a; > 0; k;v;41 — v; > 0 because v 41 > ftit+1-

Also k; is not divisible by v;:

Lemma on divisibility. If J(fi(e}), h;) = fi(e}) then w;(f;) doesn’t divide
w;(h;).
Proof. Since dv(h;) # (1,1) the degree vertices of dv(h;) and f;(e}) are propor-
Z’)l&; =k € Z then we can find ¢ € C for which dv(h; — cfi(e;)%) #
dv(h;). Since J(fi(el), hi — cfi(el)F) = fi(e}) these implies that h; — cf;(el)F =

tional. If

cox(y + c12™). But then e; is a vertex contrary to our assumption. OJ

Remark. If e; is the principal edge then h; = f;(e})g:(e}) and w;(g;) doesn’t
divide w;(h;) = w;(zy). O



Polynomiality conditions

In the previous section we checked that g; = Zé;_ol a; fi)‘ "+ g;+, where
a;; € C, A\;; € Qand J(fi(€}),gir(e;)) = 1. We can call this the expansion
relative to the edge e}.

The expansion relative to the edge €/, is very short since J(fs(€}), gs(el)) =1

for the principal edge e.. It is shown in [ML2] that Ag = ZS E?‘sg and therefore
ws(ry)
Ao = -1
()

because w;(fsgs) = ws(xy).

Lemma on sub-expansion. The expansion relative to the edge €} is a
sub-expansion of the expansion relative to the edge e;_,, i.e. t;_1 > t;, Nim1,j =
Xijs Gi—1,j = a5 for j <t;.

Proof. Counsider algebra D = C[fs, fsgs]. It is clear that the expansion of f,gs
relative to the edge e; of fs is

ti—1

fsgs = Z ai,jf;\i'jJrl + fsgs,ti

3=0

and that fs(e;)gs.+,(es) = hi. Since w;(h;) = w;(xy) > 0 because the slope of e;
is larger than the slope of e, if i < s all A;; +1 > 0.

As we know dv(h;) is proportional to dv(fs(e;)); also ov(h;) = (1, 1) because
ov(fs(e;)) has a positive ordinate.

We can find 1 which is a polynomial in y such that fs(e;) = ¥% and d is
maximal possible. If p € D then

p(ei) = > cr 1" hj
kw; () +1w; (hi)=w;(p)

Therefore ov(p(e;)) = Ln(1,1) + ky(ov(e))) where [, is the largest value of [
since the slope of < 1,1 > is smaller that the slope of < p;41,v;41 >. Hence if
ov(p(e;)) is proportional to v; 11 then p(e;) = c¢® and dv(p(e;)) is proportional

to v; with the same proportionality coefficient %’.



Now we can repeat this consideration for the edge e;_1, etc., to confirm that
if ov(p(e;)) is proportional to v;4+; then A (p) has a chain of edges which is
homothetic to the chain of edges ey, ...,e;.

Since ov(fs(es—1)gs(es—1)) is proportional to v with the coefficient Ao+ 1 =
ws (zy)

wo(f) We see that A\; o = Ao and a;,0 = ag for ¢ < s.

If\+1= z—‘; and p1 = (fsgs)"° — af® f% then

t;—1

p1= fio(aofﬁﬁl)ﬁo_l(z i [0+ fogen) + -
j=1

Consider the largest i1 for which a;, 1 # 0. The order vertex ov(pi(e;,)) is
proportional to v;, +1. Hence A;; = A; and a; 1 = a; for ¢ < ;.

We can construct ps, etc. in a similar fashion to check the claim of the
Lemma. O

Corollary Since dv(h;) is proportional to dv(fs(e;)) with the coefficient fj—j

we have the polynomiality conditions:

>

J

fi(ei)"i € Bipy if j > i.

Complexity of a counterexample

Recall that the leading vertex of f is (m,n). Hence the total degree of f is
D = m + n. It seems that the primary decomposition of D may be a measure
of complexity of a counterexample.

If f is a Jacobian mate then f(e}) = $i°

where dg > 1. Hence D cannot be
a prime number. Also if dy = ged(m,n) then f is not a Jacobian mate because
in this case J(¢o, h) = ¢ is impossible by Lemma on divisibility. Indeed, since
@0 is not a monomial J(¢g, h) = ¢¢ is possible only if dv(h) = kdv(¢y), k € Q,
but if dv(¢o) = (m1,n1) and ged(mq,n1) = 1 then k € Z. On the other hand if
(95", h) = ¢§° then J(o, doh) = ¢o.

Therefore (mq,n1) = 6(ap,bo), 6 > 1, ged(ag,bg) =1, by > ag > 1,

D= do&(ao + bo)



and D is the product of at least three primes.
If f(ep) = (bg“ and ¢q is a polynomial which is not a power of a polynomial
then the expansion relative to the zero edge is

to—1
. 1
g= Z i fN 4 gy ¢ €C, A € d*Z, Ai > i1
; 0
Jj=0

and expansions relative to the other edges are sub-expansions of this expansion.

It was shown in [ML2] that Ag is neither an integer nor the reciprocal of an
integer.

If Ao = 3 and ged(eg,dp) = 1 then €} is the principal edge. Indeed, v; =
dov11, 111 € Z because f(eg) = go where ¢g is a polynomial in y. Hence
1]% = (lT; because % = ), for some j in the expansion relative to eg. Therefore
k1 = vi1ly. If €] is not the principal edge then f;(€})*° is a polynomial in y, i.e.
01 = f1 (eﬁ)% is a polynomial in y and dv(h;) = l3dv(¢$1) which, as we know,
is impossible for a Jacobian mate. Hence if dj is a prime number then €} is the
principal edge, which is a rather strong restriction.

If f1(e}) = q[)illl where d} is maximal possible if ¢; is a polynomial in y and
€} is not the principal edge then d; = ged(dp, d}) is a proper factor of dy: if it
is dy we have a contradiction as above and if it is 1 then \g = 2—‘; = 2—}1 which
is possible only if \g € Z. If we expand g; relative to the edge e} then all
corresponding \; € iZ.

We defined dy and dy. Similarly, we can define d;: if d;_; is defined and
fi(eh) = ¢jé where d; is maximal possible if ¢; is a polynomial in y and e/ is not
the principal edge then d; = ged(d;—1,d}) is a proper factor of d;_;. If we expand
g; relative to the edge €] then all corresponding A; € d%Z. Because of that if €]

is not the principal edge and d; is a prime number then e; , ; is the principal edge.
Algorithm

We can use the technique developed in the previous sections in order to

construct potential counterexamples which this technique doesn’t reject.



The total degree m + n of f was denoted by D. We can assume that
fleh) = ¢t where ¢y € Clz,y] and dy > 1 is maximal possible, dv(¢pg) =
d(ap,bo), ged(ag,bp) =1, by > ap, and & > 1. (See Complexity of a counterex-

ample.) Therefore
D = dod(ao +bo); po = dodag, vo = dodbg

and D is the product of at least three prime numbers.

Possible vertices v .

Assume that degy(ho) = ko. Since py = ”lgo_f‘lo we have a bound on values of
ko because pg > 2. If pg < 2 then f(x,0) = cox + ¢1. If ¢g # 0 we can find

€ CJt] such that g(x,0) — p(f(x,0)) = 0. Then J(f,g) =1
where § = g — p(f). If e is the non-horizontal edge of NV (f) with the vertex
(1,0) then J(f(e),g(e)) # 0 since ov(g(e)) # (k,0). Hence J(f(e),g(e)) =1

an ov(g(e)) = (0,1). But then the degree vertices of f(e) and g(e) cannot be

a polynomial p(t)

proportional and J(f(e),g(e)) # 1. If cg = 0 we can assume that f(z,0) = 0.
Since J(f, g) = 1 this implies that g,(x,0) = ¢ € C* because (fzgy — fy9z)|y=0 =
— fyly=09=(x,0) = 1 and we will get the same contradiction as above.

Therefore =40 > 2 and ko < “=42*2. Additionally ko = loby because

dv(¢o) and dv(hg) are proportional. Thus

lo < I 72;;(()) + 2
and by Lemma on divisibility ged(d,1lo) # 4.

The choice of Iy determines the slope of the edge e}, because e is parallel to
N (hg), thus to the edge with vertices (1,1) and ly(ag,b). So the vector with
components < lpag — 1,lgbg — 1 > is going in the right direction. The shortest

vector with integral components going in this direction is < Sy, 9 > where

loao -1
Bo=—"", %

€0

by — 1

; €0 = ged(lpag — 1,1lpbg — 1).
Possible vertices v} are given by
vy = (4, v1) = vo — t1do(Bo, v0) = (1o — tidoBo, vy = 1o — tidoyo)

10



<, < Mo I vo—po  _ _€o(vo—po) _ eodod _
where 1 < t; < Toso because v; > 0 and t; # o050 Dolo (bo—a0) g

€03 hecause pt) # 1. The coefficient dy appears because coordinates of v} must

lo

be divisible by dj.

. . Yo
The inequality ¢ < Tos

vo 2120 (bo—ao)vo
doo do(lobo—1) — do(lobo—1)

ao)Jobo — 1) = ng(bO — ao,lobo — 1) S b() — agp-.
Since t; can be defined only if ”00 > 1 we have (by — ag)vo > do(lobo — 1)

doy
(bo—ao)vo+do
and [y < dobo . So

allows to get another bound for [y as follows:

because ¢g = ged(lpag — 1, lpbg — 1) = ged(lp(by —

(bo — ao)Vo + do

1<y <
== dobg

Possible vertices vy .
—Pa . .
We need a Newton modification y — y + cz 7o if v/f < pj. Possible vertices vy

are given by

v = 0} + (dota — ) (22 1) = (4 + (dota — )2 dot)
Yo Yo

! ’ ’
Ml'YO_VlBO < vo—Vy
(v0—Bo)do <tz < dovo

upper limit is obtained as follows: f(e}) = ¢i°, ¢ = ZHayia qo(z%y70) where

where

The lower limit for ¢, insures that p; < vy, the

/ ’
i Sbo—vy 4 Vo—Uy

7 /
_p ;v _ _
H1q = (Té: Vg = ﬁ and deg(qo) = =

7 . After such a modification
s o 070

we obtain v; = (u1,v1).
-8
The Newton polygon of f(z,y + choo) contains points with fractional ab-
scissae and we can take I'g = 7o as the common denominator of these fractions.

If i > p) then we can take v; = v}. In this case we will put I'g = 1.

Is € the principal edge?
If dg is a prime number then ¢} must be the principal edge. It also can be the

principal edge if dy is not prime. To check whether this is possible the formula

- kvl — 1)
Ul /:(Vl ,Ufl)(lz 1 1
2 Mo Vl(kl . 1) ( )
k
can be used. Here k; = deg,(h1) and since f(eo)ﬁ € B; we have l’% = 1

Thus k1 = lyv1,1 where vy ; = Z—é

11



Using this formula we can check whether it is possible that the vertex v} is
either (u5,0) or (uh,1) where 0 < ph < 1 and T'ophy € Z and that e, intersects
the line y = 1 in a point with abscissa between 0 and 1.

Since (1) can be rewritten as

(1/1 - Ml)(llVl,lVé - don,l) (2)
vi(liviq —1)

/ /
Vo — o =

the condition that e/, intersects the line y = 1 in a point with abscissa between
0 and 1 means that [; > dg (also ged(l1,dp) < dp by Lemma on divisibility).
If v4 = 0 then I'p-2

o 171”j1 = z € Z where z < [')-2>H- = T(A=EL gince

l/l,ldo*l 1/171

l1 > do. We can find [; for all possible values of z:

; Tovy —Topr + 2
1=

ZV1,1

and we have a potential counterexample if I; € Z and fTB ¢ 7, lld—odo g 7

(otherwise Aq is either an integer or the reciprocal of an integer).

;o (ri—p)(wiali—vi) Vi—p1
If v5 = 1 then I'g PROTRUES)) = z € Z where z < I'y S+ since
(vi—p1)(wrali—v1) vi—p Viili—1 v1—
FO—Vl(’/l,lll_l) =T Lot < T - because v; > 1.

If we know z then

I vi(Tovy —Topr —2) d Lovy —Topr — 2
1= =dp
vi,1(Tovs —Topr — z11) Lovy — Topy — 21

As above, we have a potential counterexample when [ € Z, (lTlo ¢ 7, ll‘i—odo & 7.

If dy is prime then €] must be principal and we can look at the next possible
vertex v.

If dy is not prime then the case when €] is not principal should be con-
sidered. In this case fi(e}) = ¢¢ where d > 1 is maximal possible. If d is
divisible by dy the Jacobian condition J(f1(e}), h1) = f1(€}) cannot be satisfied
because deg, (h1) = ljv1; will be then divisible by degy(fl(e’l)é) (see Lemma
on divisibility).

Since the expansion relative to €] is a sub-expansion of the expansion relative
to ey we can take di = ged(dp, d) as the common denominator of the powers of
1111

f1 in this expansion and record fi(e}) = where d; is a proper divisor of d.

12



Now we should find vertices vo. This is similar to finding vq, the differences
are that only the second upper bound for /; can be used and that the unit of
measurement along the x axis is 1"%, The search of the vertex v;;; when the
previous vertices and I';_; are known and e} is not the principal edge is the
same as this one.

Since k1 = l1v1,1 the choice of [; determines the slope of the edge e; because
dv(h1) = l1(n1,1,v1,1) where pq 1 = ’;—;, vig = Z—; and N(hi) contains a point
(1,1).

We need to define the shortest vector proportional to the vector
<lip11—1,Liv1 1 —1 > where the measurement unit along z axis is F% Com-

ponents (1, 71 are computed similarly to components Sy, 7o

l — livy1—
er = ged(Do(lipag — 1), ivyg — 1), By = BELL=L 4y = 1 o .

€1

vy = (uh,vh) = vi—tidi (B, 1) = (1 —tidi B1, v1 —tidiyn), where 1 < ¢1 < 22

vi—pn . a—p)  _ ed
(v1—5B1) dily(vi,1—p1,1) dily

allows to bound [; as follows:

because v > 0 and 1 # 4 because ph # vh.

. . v
The inequality ¢; < e

|22 €1V < FO(VLI_MIJ)VI
dl'Yl dl(llljl,lfl) — dl(llVl,lfl)

ged(Toly (1,1 —v1,1), livii—1) = ged(To(pr,1—vi1), hivin—1) < To(vi—pa)-

because €1 = ged(Tolip11—To,lin1—1) =

Since ¢1 can be defined only if 7= > 1 we have I'o(v1,1 —pa,1)v1 = di(livig —1)
and [, < Dora—pmutd g
1= divi 1 :

To(vhg — p1,1)v +da

1<h <
divi1

Additional restriction on Iy is ged(lydy, do) < do. Indeed, fi(e}) = ¢%*. Hence

deg, (¢1) = g+ while deg,, (h1) =1 Z—; and ll%+% ¢ 7Z by Lemma on divisibility.
Now we can define vs.

If v4 > pfh then vo = v5, T'y =T

If vh < pij then vy = (uh, v) + (dutz — ) (5, 1) = (n2, v2),

! ’ ’
Yipo—PB1Vy < v
d1(v1—p1) <tz = divy1 °

We had fractions with the denominator I'y. The denominator of % = LoBu

Tovi

is — Lo Therefore now we have fractions with the denominator
ged(TofB1,l0v1)

Loyt

Ty = lem(Ty, ——0
! (o ged(ToB1, Tov)
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Here is a similar description of the algorithm after the vertex v; is found. At
this stage we also know d;_1 and T';_;.

Next step: check if e; is the principal edge. This is based on the formula

(vi—pi) (ki V1+1 v;)

Vign — Mipq = W and properties of the principal edge already
discussed. Since f;_1(e;—1)* € B; we have ’;? = dl—il Thus k; = l;v;1 where
Vi,l = diu,il .
Vol = (Vi = pa)(livivi oy — vi) _ (Vi — pi)(liviyy —di—1)
e vi(Livia — 1) di—1(livin — 1)
If v, ; =0 then I';_; l“ =z € Z where z < T';_4 V7Ezl;_‘;"_1 =Ty

since l; > d;_1.

We have a potential counterexample if for some admissible z

iy —Diqpg + 2

l; = eEZ
ZVi1
) z- -— ¢ Z.
Ify =1 then T} M—ZEZ here z < T;_1 %= since
i+1 i—1 71(l Vi, 171) - w i—1 v;
Fi_1% =Tk % < T #1 because v; > 1.

Again, we have a potential counterexample if for some admissible z

Dy —Diips — 2

l; =d;i_1 eZ

Di_ivy —Diqps — 214

and S ¢ Z, l = g Z.
If e; is the pr1nc1pal edge then \g +1 = Z’]’((f)) = Z’E}}l; = % = dl—il Hence

If d;_; is prime then e; must be principal and we can look at the next possible
vertex v;.

If d;_; is not prime then the case when €} is not principal should be consid-
ered. In this case f;(e}) = qﬁgi where d; is a proper divisor of d;_; and d; can
be taken as the common denominator of the powers of f; in the expansion of g;
relative to the edge e;.

Now we should find the vertex v;4;.
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Since k; = l;v;1 the choice of I; determines the slope of the edge e; because

i Vi

dv(h;) = (w1, vi1) where p; 1 = 5, vin = 7 and N (h;) contains a point
(1,1).

We need to define the shortest vector proportional to the vector

< Lipin — 1,lv;1 — 1 > where the measurement unit along x axis is F‘{I.

Components f3;, ; are computed similarly to components 31, 7.

e = ged(Tomr (lipin — 1), lovin — 1), B = By, = S

Vi1 = v — t1di(Bs, )i pipq = pi — t1diBi, Vi, = v — tids7ys, where

v / Vi— Wi _ € (vi—pi) _ €di—a
1<t < e because v; ; > 0 and t; # Tosh) = ALy = dh

because pj | # Vi ;.

The inequality ¢ < d‘,’if allows to bound [; as follows:
vi v, Di1 (Vi1 —pi1)vi

di'Yi - di(l;lii)lfl) S di(lil/i_rlfl)
1) = ged(Ticali(pinr — vin),livia — 1) = ged(Tiza(pin — vin), livia — 1) <
Lici(vin — pin)-

because €; = ged(Li—1lips1 — Tic1, Livig —

Since t; can be defined only if 7%~ > 1 we have I'; 1 (v4,1 —pi,1)vi > di(livin—1)

v
iV

and [; < Pi—l(”i,l_ﬂi,l)yi"l‘di. So

divi

Tia(vig — pi)vi +d;
divi a1

1< <

Additional restriction on I; is ged(l;d;, d;—1) < d;—1 (see Lemma on divisibility).
Now we can define v;41.

If vi ) > piyy then vy =vj, Ty =T 1.

It Vz{+1 < H/i+1 then v = (U;Ha V1(+1) + (dito — Vz{+1)(%7 1) = (fis1, Vit1),

Yittip1—Bivipy <ty < m

di(vi—Bi) divi
: Bi _ Tic1fBi - D1y L ) D1
The denominator of =TS s A ) hence I'; = lem(T;_1, P (YT wre ).
Results

In the papers [H] and [M] the authors assisted by a computer considered
the cases when deg(f) and deg(g) do not exceed 100. Here we consider the
possibilities for f when deg(f) < 100.
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Computer search gives the following 19 possibilities for D:
D € {42,48, 50, 56, 60, 63, 64, 66, 70, 72, 75, 80, 84, 88, 90, 96, 98, 99, 100}

In this section each of the cases is described. The leading vertex will be writ-
ten as do x & X (ag,bo). Recall that f(e)) = ¢2°. Next, the coordinates of the
further vertices of non-principal edges before and after the Newton resolution
steps and of the principal edge before the Newton resolution are presented. The
forms supported by the leading edge and further edges, but not by the principal
edge will be also described. A description of the form supported by the principal
edge requires additional computations (see [D] or [ML1]). Of course, the ratio

Ao of the degrees of g and f is also given.

D =42. vy =2 x3x (2,5), v} = (2,0), v = 2(£,4), vj = (3,1), Ao = £,

do = cx(xy® — r1)H(ay® —ro), Tire #0, 11 # rat.

D =48.vy =3 x4x(1,3), v{ = (3,0), v1 =3(%,3), v = (3,1), Ao =3,
¢o = cx(xy* —r1)3.

vo=6x2x(1,3), vy =v] =2x3x(2,5), v

vh = (3,1), Ao =1, do = ca®y°(y —r1), fi(e)) =7,

&1 = cx(xy® —r)*(ay® —ro)

D =50.v5=2x5x (1,4), v} = (2,0).

v =2(§,3), vy = (£,0), Ao =3, ¢o=ca(zy® —r)(xy® —r2);

vr = 2($,2), vy = (3,1), Ao =3, ¢0 = z(zy® — r1)%qo(xy®), deg(qo) = 2.
(Hereinafter ¢;(0)g;(r1) # 0.)

D =56.1v0=2x7x(1,3).
= (4,2), v =2(3,5), v} =

Ull = (472) U1 = 2(11 4) ; Ao = %7 ¢0 =cr y(ﬂcy —7"1) <$y4 —7"2).

{Since v] = (4,2) we have degx(f(x, 0)) < 2. This leads to a contradiction.}

)7 o =3, ¢o=cx?y(zy* —ri)°.

(%
= (

3
3
47

IFurther on 7; are not equal to zero and different if the indexes are different.
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Ull = (27())7 U1 = (%73)7 ’U/2 = ( 71)7 )‘0 = %7 ¢O = 033(3022/7 - T1)3-
i 3

0 = 055(902?}7 - 7“1)2(3322!7 — 7).

D =60, vg=2x3x(3,7), v] = (4,0), v1 =2(,7), vh=(3,1), Ao =%,

Wit

bo = ca®(zy® — )7
vo = 6x2x(1,4), v] =v1 =2x3x(2,5), vy = (2,0), v = 2(,4), v} = (,1),

!
L =
Ao =2, o =22y q0(y), deg(qo) = 3, fi(€}) = #%, ¢1 = cx(ay®—r1)* (xy®—r2).

D =63.v5=3x3x (2,5), v, = (3,0).

U1 = 3(%55)7 Ué = (%71)7 Ao = %7 ¢o = CI(,CEyB _Tl)S;
vy = 3(%34), ’Ué = (%,1)7 >‘0 = %7 ¢0 = cx(xy3 - r1)4(xy3 - T2)'
D =64.v9 =4 x4x(1,3), v] = (4,0), v; = 4(%,3).
Ué = (i70)7 )‘0 = %7 f(eé)) = ¢37 ¢0 = Cil?(xy4 77’1)3;
'Ué = V2 = (%78 ) 'Ué = (%71)7 >\0 = % ¢0 = C$($y4 - T1)37 fl(ell) = QS%?
¢1 =Ty (xly? —ry);

o _ (5 ! (3 _ 3 _ 4 3 I 42
Vg = V2 = (274)7 Vg = (471)3 )‘0 - 2 ¢0 - CJL‘(Z‘y _Tl) ) fl(el) - %1
phiy :x4y2(x%y4—r1)

D =66.vy=2x3x (3,8), v =(2,0).
U1 :2(1?178)3 vé:(%al)a /\0:%7921)0:055(:034377"1)8;
vy = 2(%74)7 ’Ué = (%v 1)7 )\0 = %7 d)O = QL'({EyS - T1)4q(]($y3)7 deg(qO) =4

D=70.v9=2x5x(2,5), v] =(4,2).

v1 =2(12,8), vy = (3,1), o =3, ¢o = ca?y(ay® —r1);

v1=2(%5,6), vy = (3,1), ho =4, o =2%y(xy® — 1) (xy®), deg(qo) = 2.
{Since v] = (4,2) we have deg,(f(x,0)) < 2. This leads to a contradiction.}

D =72 09=2x4x(27), v, = (2,0).
U1 = 2(%77)7 U/2 = (i70)? )‘0 = 9 d)O = C$($y4 - T1)7;

U1 = 2(%a6)7 Ué = (%71)a >\0 = 17 QSO = C$($y4 - 7’1)6($y4 - Tl)~

= Nlw
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vo = 6x2x(1,5), v] =v; =2x3x(2,5), v) = (2,0), va = 2(£,4), v} = (,1),
Ao =%, ¢o =2%y°qo(y), deg(qo) =5, fi(e}) = ¢3, ¢1 = ca(zy®—ri)* (zy®—r2).
v =6 x 3 x (1,3).

vp = v = 2x3x(3,7), vy = (4,0), vo = 2(2,7), vh = (3,1), Ao =
¢o = z%yTqo(y), deg(qo) =2, fi(ey) = o1, ¢1 = ca®(ay® — 7“1)7-

Vi =v1 =2x3x(3,8), vh=(2,0), vg=2(1,4), v5=(3,1), Ao =1,

g0 =23y (y — 1), fi(e)) = ¢7, 1 = x(xy® — i) qi(zy?), deg(qr) = 4.

vi =01 =2x3x(3,8), vh=(2,0), vz =2(4,8), v5=(3,1), Ao =3,

b0 = 2®yP(y — 1), fi(eh) = 61, b1 = cx(ay® —r)®.

vo=9x%x2x(1,3), v] =v1 =3 x3x(2,5), v)=(3,0).

v =3(5,4), v5=(3,1), =%, ¢o =2 (y—71), file}) =

o1 = cx(xy® — ) (zy® — ra);

vy =3(8,5), vy =(2,1), o= 1%, ¢o =2y (y — 1), file)) =

o1 = Cfc(l’y3 - 7"1)5-

D =175.v9=3x5x(1,4), v; =(3,0).

v = (%,3), vh = (%,1), Ao = 22, ¢o = cx(xy® —r1)3(xy’® —ro);

1 :3(%,3), vh = (%,1), Ao = g qbo—cx( xy —11)3(2y® — 12);

v1 =3(1,2), vh=(3,1), Ao =2, ¢o=a(xy® —r1)%q(zy®), deg(qo) = 2;
v = 3(%,2), Ué = (%70)’ Ao = % o = 9C($y —7r1) qO(ﬂﬁy5)> deg((JO) =2.

D =280.v9=2x4x(3,7), v} =(6,2), v =2(X,9), vy = (2,1), o= &,
¢o = cx’y(ay® —r1)°.

vo =5 x4x (1,3), v} = (5,0), v1 =5(%,3), vb = (3,1), Ao =L,
¢o = cx(xy* —r1)3.

v0:8><2><(174), vp =01 =2x4x(2,7), vh=(2,0).

vy =2(3,7), v =(5,0), o =3, ¢o =2y (y—r1), fi(e}) =
¢ = cx(ey* — 7"1)7

V2 :2(536), ’Ué = (%71)7 >‘0 = %7 ¢0 :ny ( _Tl) fl(el)
(

vo=10x2x (1,3), v] =v1 =2 x5 x(2,5), v = (4,2).
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v2 = 2(%,8), v5=(3,1), Ao =
¢1 = ca?y(ay® - r1)8;

va = 2(%,6), v =(3,1), do =%, do =2y (y — ), fi(er) = ¢1,

¢1 = a?y(ay?® —n) qo(zy?), deg(qo) =2.

{Since v}, = (4,2) we have deg,(f(x,0)) < 2. This leads to a contradiction.}

, b0 =2y (y — 1), file)) =

m\m

¢o = 2*(xy® —11)7q0(y?®), deg(qo) =3

vo=2x7x(1,5), vj =(4,0)

v, = 2(%,5), vh = (%, 1), o=135, ¢o = cx?(xy” —ry)%;

v, = 2(%,5), vh = (%, 1), Ao = 22 , o = cx®(xy” —r1)%;

v1 =2(22,4), vy = (2,1), Ao =%, ¢o = ca®(zy” —ri)*(xy” —r2);

T 2(1—77,3), vh = (g, 1), Ao = %, b0 = cx®(zy” —r1)2q(zy”), deg(qr) = 2.
vo =3 x7x(1,3)

v =(6,3), v =3(3,5), vh=(%,0), Ao = %, bo = cx’y(xy* —r1)°.

v =(6,3), v1 =3(4,4), vy =(,1), do =5, ¢o = cx’y(ay’ —r1)*(zy! —r2).
v = (3,0), vi =3(5,3), vh=(3,1), Ao =5, g0 = ca(a?y’ — 1)’

vy =(3,0), v1 =3(%,2), vy = (£,1), Ao = 3, o = ca(z®y" —r)*(a%y" —7r2).
vi = (3,0), v1 =3(3,2), vy =(3£,0), Ao =2, ¢o = cx(a?y” —r1)?(a?y" —12).
vo =4 x3x(2,5), vj =(4,0)

v =4(5,4), vh=(3,1), Ao =1, ¢o=ca(zy® —r)t(ay® —r2);

U1 :4(2,5 , vzzvé:(%,m), 7);'3:(2 1), =4,

¢o = cx(xy® —r1)°, fi(e)) = o3, ¢1 = J;%yﬁ(m%y‘l —51);

v =4(5,5), vy =(3,0), v2 =2(5.4), v5 = (3.1), do =3,

do = cx(xy® —r1)°, fi(e)) = ¢3, b1 = 3 (wy? — 51)* (xy? — 59);

v1 =4(3,5), vh=(2,0), vo =2(3,3), v =(£,0), Ag=32

¢ = cx(wy® —11)°, fi(e)) = ¢3, ¢1 = a3 (xy? — 51)3qu(wy?), deg(qr) = 2;
v = 4(8,5), vh = vy =2(2,8), v} = (2,1), ho =3,

b0 = cx(zy® —1)°, fi(e}) = 63, b1 = x5 yB(xy® — 51);

4), v =(3,1), Ao =1

1) =02, ¢ = aiylq(zy?), deg(qr) = 3.
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vo = 6x2x(1,6), v] =v; =2x3x(2,5), vh = (2,0), va = 2(£,4), v} = (,1),
=1, ¢o =22y q0(y), deg(qo) =7, fi(e}) = ¢%, ¢1 = ca(zy®—r1)* (zyP—r2).

D =88 vy =2x11x (1,3). v, = (6,2).
U1:2(%78)7 /2:( ) )‘0_%
U1 :2(%76)v é !

¢o = cady(zy* — ),

=S

=(3,1), o =%, do =cx®y(zy* —r1)%qo(zy*), deg(qo) = 2.

D =90, vg =2 x 3 x (4,11), v} = (2,0).
v1 =2(5,8), vy =(3,1), o =3, ¢o=ax(xy® —r1)%q(zy?), deg(qo) = 3;
vr =2(3,4), vy = (3,1), do=%. ¢o = z(xy® —r1)*qo(zy?), deg(qo) = 7.
vo =2 x9x(1,4), vi =(2,0).

v1 =2(5,4), vy =(3,1) or (3,0), Ao =3, ¢o = x(z?y® —r1)*%;

U1 = 2(%,3)7 vy = (%71)a Ao = 5, ¢o = 93(1’ Yy —7'1)3(352?49 —732).

vo =3x3x(3,7), v} =(6,0), v1 =3(12,7), v =(2,1), Ao =%,

do = 2% (zy® —r1)7.

vo =6 x 3 x (1,4).

Vi =v1 =2x3x(2,5), vh=(2,0), vg=2(%,4), v5=(3,1), Ao =12,

¢ = 9022/5(95?/7 —r1), fi(e /1) 17 $1 = Cfﬂ(xy?’ - 7’1)4(93113 —r2).

v =v =2x3x(3,7), vh=(4,0), vo=2(1,7), vf = (2,1), Ao =22,
do =y qo(y), deg(go) =5, fi(e}) = ¢1, 1 =cx (ﬂ?y — )"
Vi =01 =2x3x(3,8), vh=(2,0), vg=2(L,4), vj=(3,1), Ao =

[SMIN)

7
27
¢o = 2%y*qo(y), deg(qo) =4, fi(er) =1, ¢1 = ca(zy® — ) ai(ay?),
deg(q1) = 4.
Vi =v1 =2x3x(3,8), vh=(2,0), vo =2(1,8), vj=(2,1), Ao =2,
b0 = 23y3qo(y), deg(qo) =4, filey) = 61, ¢ = Cfﬂ(xy —r)s.
vo =9 x2x(1,4), vy =v1 =3 x3x(2,5), vh=(3,0).
va = 3(5,4), vy = (3,1), do =4, ¢o = 2%y qo(y), deg(qo) =3,
filey) = &1, 1 = ca(ay® —r)*(ay® —r2);
vy =3(8,5), v5=(3,1), Ao =3, ¢o =2y q0(y), deg(qo) =3,
filer) = ¢1, o1 = ca(xy® —r1)°.
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D =96.vo =3 x8x (1,3), vj =(6,0), vy =3(1,5), v =(3,1), Ao =

)

Wl

do = x*(zy* —r1)°(zy* —r2).

vo =6x2x(1,7), v] =v1 =2x3x(2,5), vy = (2,0), va = 2(£,4), v} = (,1),
Ao =%, do =22y qo(y), deg(qo) =9, fr(eh) = 81, o1 = ca(wy®—r1)*(zy>—ry).
vo =6 x 2 x (3,5), vj = (6,0), v; =6(%,5), vh=(1,0), vo =2(%2,4),

vh = (3, 1), do =1, ¢o=ca(zy® =)’ fi(e}) =

= x%(xzyS — )4 22y — 7).

vo =6 x 4% (1,3), v} = (6, 0) v1 = 6(,3), ¢o = ca(zy® —r)>.

vh = (12,0), va =3(%,3), v5 = (£,1), Ao =3, fr(e}) = ¢,

¢1 = cai(ziy? — 51)%;

vh=(5,2), v2 =2(&,4), vy =(§,1), Ao =3, fi(e}) = o7,

¢ = criy(zty? — s1)%

vy =vh =31, 4), vy =(2,1), o =1, fie)) =%, b1 = catyl(ziy? —s1);
vy =vh=2(1,8), vy =(2,1), Ao =%, filel) =%, ¢1 = ca Ty (xTy — 51);
vy =vh =2(4,4), vy = (3,1), o =1, file}) =%, ¢1 =caTy(aty —s1)%;
vp =vh =2(3,5), vy = (2,1), ho =3, filel) =%, é1 = ca®yP(aiy" - s1);
vy =vh =3(5,2), vy = (3,1), Ao =3 or vy =(5,0), ho =3, file)) = o},

¢1 = caiy?(aiy’ —s1)

vo =6 x 4 x (1,3).

vr = 0] =2x3x(2,5), vh=(2,0), va=2(,4), v5=(3,1), Ao =1,

do = cx®yP(x®y" —r1), fi(e)) = ¢3, o1 = ca(ay® — 7“1)4(353/3 —712).

v =] =2x3x(3,7), vh=(4,0), v2=2(2,7), vy =(3,1), \g =2

¢o = cx®y’(zy® — 1), fi(e)) = %, d1 = ca®(ay’ —7“1) -

U1 :Ui =2x3x (378)a UIQ = (270)7 Vg = 2(%74)7 é = (% 1) )\O = %7
1(zy

do = cx®yB(xy® —r1), fi(e)) = ¢, é1 = ca(zy® - Tl) %), deg(q1) =4
v1:U'1:2><3><(378),v’2:(20) vy =2(3,8), vi=(3,1), Ao =3,

do = cx’yP(zy* — 1), file}) = o7, ¢1 = ca(zy® - 7"1)

vl =] =2x3x (4,11), v} :(2 0), va =2(%,4), v, = (3,1), /\o:%,

(
¢o = 65541111( —r1), file}) = 17 ¢ = x(x y? —7"1) %(my ),
Ul—’Ul—2X3X(4 11), ’U ( ) ’1}2:2(%’8)7 U3 (%’1)7 )\0:%7

1(e1) = )

¢o = cxtytt(y —r1), fi(e

21



v =v] =2x%6x(2,5), vh=(4,0), vo=2(12,7), vf = (2,1), Ao =22,
¢o = cx'yOqo(y), deglqo) =2, file}) = ¢1, o1 = cx*(wy® — r1) qu(zy?),
deg(q1) = 3.

vo=8x2x(1,5), vi =v1 =2x4x(2,7), v =(2,0).

va =2(5,6), v5=(3,1), Ao =%, do=ca’y"qi(y), deg(q:) =3,

fileh) = o1 ¢1=C£(33y —7“1) (zy* —r1);

vy =2(4,7), vh = (1,0), do =3, ¢o = ca®y"qi(y), deg(q1) =3,

fi(er) = o1, ¢1 = cx(zy® — )"

vo = 8x3x%(1,3), v] =vy =2x4x(3,7), vy = (6,2), ve = 2(1,9), vy = (2,1),

=3, do=cr®y q1(y), deg(q) =2, fr (6’1) = ¢3, ¢1 = cx’y(zy? —7"1)9-
vo =12 x 2 x (1,3).
v =v =2%6x(2,5), vh=(4,0), vo=2(3,7), v =(3,1), Ng=2
G0 = cx?y®(y — 1), fi(e}) = @3, ¢1 = cx®(xy® — 1) qu(zy?), deg(qr) = 3.
Ull =v; =4x3x (275)a ¢0 = C$2y5(y *Tl)a vl2 = (470)
vy = 4($,4), vy =(3,1), o=, fi(e)) = o1, ¢ = ca(zy® —r)*(zy® —ra);
i/), ’U3:2(%a6)5 ’1151:(%,1), AOZ%, fl(ell):¢‘117
) =63, ¢ = a5 yS xSyt —t1);
%78% 'Uzll = (2 ) Ao = %7 fl(ell) = %7

'U2:4(§,5), ’Ué:( 70)7 v :2(%33)7 ’Uz/L: %707 )\0: 2 fl(el) 4117

3
f2

va = 4(§,5), vy = (%0)’ v = (14 8), vy =(3,1), do =13, f1(€1) ‘11,
faleh) = 83, ¢2 = 2% (zy? — t1)*(xy? — t).

D:98.v0:2><7><(16) =(2,0), v1 =2(£,6), v =(2,0) or

vy = (7.1), do =3, ¢o—cz(fvy —r1)°.

vo =2 X 7x(2,5), vj =(6,4), v1 =2(5,8), vh=(3,1), Ao =%,

do = cx®y?(zy® — 11)8qo(2y?), deg(qo) = 3.

{Since v] = (6,4) we have deg,(f(x,0)) < 2. This leads to a contradiction.}
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D=99. vo=3x3x(38), v = (3,0).
U1 = 3(1?178% vl2 = (%v0)7 Ao = %7 $o = CI(IZ/B - Tl)s'

D7), vh=(3,1), o =13, ¢o = cx(xy® —r1)"(zy® — r2);

vy = (130
V1 = (%a5)7 ’Ué = (%7 1)a )\0 = %7 ¢0 = C:C(xyg - 7"1)5%’ deg(QO) = 3a
U1 = (%v4)7 Ué = (%7 1)v >\0 = 13717 ¢0 = CJ/'(%ZJS - 7"1)4(10, deg(QO) =4.

D =100. vo =2 x5 x (3,7)
Ui = (270)a U1 = (%77)7 ’Ué = (gv 1)a Ao = ?7 ¢0 = C.’I,‘(.Z'Qy5 - Tl)7'
Ull = (27O)a U1 = 2(1?113)7 UIZ = (%7 1)v Ao = %a ¢o = l‘(l‘2y5 - 7‘1)3(]07

Ull = (874)7 v = 2(77 11)a U/2 = (%a 1)7 )‘0 = %7 ¢0 = Cx492($y3 - rl)ll-

vo =2 x 10 x (1,4), v; = (4,0)

v1 =2(2.8), vy = (£,1), Ao =3, ¢o = ca?(ay® — r1)¥;

vy = 2(15—676 , Uy = (%, 1), Ao = 1—21, b0 = 2%(2y® — r1)%qo, deg(qo) = 2.
vo =4 x5x(1,4), vi = (4,0)

v = 4(%,4 , vh = (%,1), Ao = g, ¢o = cx(xy® —r1)4;

v =4(§,3), vy =(3,1), Ao =%, do =2(zy® —r1)*(2y° —12);

v1 =4(1,2), vh=(2,1), o=1%, do =2%(xy® — r1)qo, deg(qo) =2.
v1 =4(2,3), ¢o = a(zy® — )3 (xy® — 12),

vy = (5,0), va =2(%,3), v5 = (35,0), do =3, filer) =4,

) =$%($%y2—81)37

vy = (3,0), v2 =2(55,3), v5 = (35,0), do =3, filel) = ¢,

¢1 = a3 (zy? — 51)%;

vy = (3,0), v2 =2({5, 1), v3 = (15,0), Ao =3, fule) = o1,

1= 5 (xy? — s1)q1, deg(qr) = 2.

U1 = 4(%74)7 o = x(a:y5 - T1)4'
Ué = V2 = 2(274)7 Ué (%7 1)5 Ao = %a fl(ell) = Qﬁv d)l = $2y4Q1(I%y),

deg(q1) = 4;
Ué =V2 = 2(%)3>7 ’Ui/’) = (%70)a )‘0 - %a fl(e/l) = ¢%7 (bl = $%y3Q1($%y>7
deg(q1) = 5.
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vo = 10x2x (1,4), v1 = 2x5x(2,5), ¢o = 22y°qo(y), deg(qo) = 3,v) = (4,2);
v2 =2(F,8), v =(3,1), Ao =3, filel) = ¢f, ¢1 = ca’y(zy® —r1)®.

v2 =2(5,6), v5=(3,1), do =7, filel) =%, 1 = cx’y(ay’ — 1)1 (2y?),
deg(q1) = 2.

{Since v}, = (4,2) we have deg,(f(x,0)) < 2. This leads to a contradiction.}
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