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BISMUT-ZHANG THEOREM AND ANOMALY FORMULA FOR THE RAY-SINGER
METRIC FOR SPACES WITH ISOLATED CONICAL SINGULARITIES

URSULA LUDWIG

ABSTRACT. In this article we extend to spaces with isolated conical singularities Bismut
and Zhang’s generalisation of the Cheeger-Müller Theorem, i.e. the comparison formula
between analytic torsion and Milnor torsion of a smooth compact manifold equipped with
an arbitrary flat Hermitian vector bundle. We also establish anomaly formulas for all three
terms appearing in our Bismut-Zhang formula for a space with isolated conical singulari-
ties, in particular we generalise Bismut and Zhang’s anomaly formula for the Ray-Singer
metric to this singular context.

1. INTRODUCTION

The Cheeger-Müller theorem, the comparison of analytic (or Ray-Singer) and topo-
logical (or Reidemeister-Franz) torsion for smooth compact manifolds equipped with a
unitary flat vector bundle, is one of the most important comparison theorems in global
analysis. It has been conjectured by Ray and Singer and has been independently proved
by Cheeger [Che79] and Müller [Mül78]. In [Mül93] Müller extended the result to the
case of odd dimensional manifolds, where only the metric on the determinant of the flat
vector bundle is required to be flat, the so-called unimodular case. In the same time, in
[BZ92], Bismut and Zhang combined the Witten deformation ([Wit82, HS85]) and local
index techniques to generalise the result of Cheeger and Müller to arbitrary flat vector
bundles with arbitrary Hermitian metrics. Bismut and Zhang compare the analytic tor-
sion with the Milnor torsion: If the flat vector bundle is not unitary or unimodular the
two torsions are no longer equal and the difference between them can be expressed in
terms of the Mathai-Quillen current. In this article we refer to this most general version
of the comparison theorem of torsions as the Bismut-Zhang theorem.

The question of extending the Cheeger-Müller theorem to spaces with conical singular-
ities has been raised by Dar [Dar87] nearly 40 years ago, very early in the development
of global analysis of these spaces. She proved well-definedness of analytic torsion on
singular spaces with isolated conical singularities and also defined the intersection Rei-
demeister torsion for general stratified pseudomanifolds (for any perversity function in
the sense of Goresky and MacPherson). For an even-dimensional oriented space with
isolated conical singularities, she then proved equality between analytic and intersection
Reidemeister torsion (with middle perversity m); this case is easy due to a duality argu-
ment. Following an idea suggested by Lesch in [Les98, Problem 5.3], namely to study
the problem of a Cheeger-Müller theorem for singular spaces via gluing formulas, sev-
eral articles have computed and studied the analytic torsion on a truncated cone [Ver09],
[MV14], [HS10], [HS11], [HS16]. The recent preprint [HS20] seems to carry out the
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gluing. However, a problem which the authors face in this approach is the missing inter-
pretation of the analytic correction term, stemming from the singularities of the space,
to the comparison formula in the odd dimensional case.

Although a Cheeger-Müller theorem for spaces with isolated conical singularities was
still missing, it was expected that the Ray-Singer metric is no longer a topological invari-
ant in general. Only partial results on anomaly formulas for the Ray-Singer metric for
spaces with isolated conical singularities exist so far: In [MV14] an asymptotic variation
formula for the analytic torsion of a truncated odd dimensional cone is given.

In [MV12] Mazzeo and Vertman prove the well-definedness of analytic torsion for
incomplete edge spaces (sometimes also called wedge spaces in the literature), i.e. spaces
with a singular stratum of positive dimension and a cone-like metric near the singular
stratum. The authors also prove topological invariance of the analytic torsion for an odd
dimensional wedge space with an odd dimensional singular stratum. The Cheeger-Müller
theorem on an odd dimensional wedge space with odd dimensional singular stratum
equipped with a unimodular bundle satisfying an additional acyclicity condition has been
studied in [ARS22]. The strategy in [ARS22] consists in the study of analytic torsion via
degeneration of smooth metrics into conical metrics. The assumptions made in [ARS22]
exclude the case of odd dimensional spaces with isolated singularities, they also exclude
the case of the trivial bundle.

Yet another strategy to approach the Cheeger-Müller theorem for spaces with singu-
larities, proposed by the author, is to attack the question, by generalising the strategy
of Bismut and Zhang in [BZ92] to the singular setting. This approach has been suc-
cessful, providing in [Lud20a] an answer to the long open question. The generalisation
of the Cheeger-Müller theorem for singular spaces with isolated conical singularities in
[Lud20a] has been proved in the case of unitary vector bundles and under the assump-
tion of the Witt and an additional spectral Witt condition. The comparison theorem in
[Lud20a] establishes the equality of the Ray-Singer metric and a metric also defined in
[Lud20a] and which henceforth we will call the Bismut-Zhang metric (its definition is re-
called in Section 2.9). The Bismut-Zhang metric is a Milnor like metric with an analytic
correction term from the singular points of the space. This analytic correction term is
precisely the analytic torsion of a model operator on the infinite cone over the link of the
singularity. This model operator on the infinite cone has been introduced in [Lud17b]
and is the generalisation of Witten’s famous harmonic oscillator [Wit82].

The aim of this article is to fully profit from the strength of the Bismut-Zhang approach
to the study of torsion and complete the program of the study of the comparison of
torsions on spaces with isolated conical singularities started in [Lud20a]: Firstly we
manage to prove the most general version of the comparison theorem of torsions for
spaces with isolated conical singularities, i.e. the Bismut-Zhang theorem for these spaces.
Secondly we provide anomaly formulas for all three terms in the Cheeger-Müller/Bismut-
Zhang theorem, in particular for the Ray-Singer metric on spaces with isolated conical
singularities – a task not yet addressed neither in [Lud20a] nor elsewhere.

In the first part of this article we prove a Bismut-Zhang formula for spaces with isolated
conical singularities, i.e. we treat the case, where the flat bundle is not unitary. We are
also able to remove the assumption made in [Lud20a], that the space satisfies the Witt
and a spectral Witt condition:
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Theorem I. Let pX, gTXq be a space with isolated conical singularities and let q P tm,nu
be the lower resp. upper middle perversity. Let pF,∇F , gF q be a flat vector bundle over the
smooth stratum Xsm. Let f : X Ñ R be an anti-radial Morse function, gTX0 a Riemannian
metric on X, coinciding with gTX in a neighbourhood of the singular set SingpXq and such
that the pair pf, gTX0 q is Morse-Smale. Set Y :“ ∇g0f . Then:

log

¨

˝

} }RSdet IH‚q pX,F q

} }
Y,gTX ,gF

det IH‚q pX,F q

˛

‚

2

“ ´

ż

X

θpF, gF qY ˚ΨpTX,∇TX
q,(1.1)

where } }RSdet IH‚q pX,F q
denotes the Ray-Singer metric (see Section 2.6), } }

Y,gTX ,gF

det IH‚q pX,F q
denotes

the Bismut-Zhang metric (see Section 2.9), θpF, gF q is a closed 1-form measuring the ob-
struction to the existence of a flat metric on detpF q (see Section 2.2, (2.4)) and ΨpTX,∇TXq

is the Mathai-Quillen current (see Section 3.2).

Theorem I generalises the smooth Bismut-Zhang theorem [BZ92, Theorem 0.2] as well
as the Cheeger-Müller theorem for spaces with isolated conical singularities in [Lud20a,
Section 2.11]. In the case of an even dimensional space with isolated conical singular-
ities the two middle perversities coincide, m “ n. For an odd dimensional space which
does not satisfy the Witt condition, we get two comparison formulas according to the
two middle perversities for intersection cohomology; the two formulas are related by
Poincaré duality. Using the methods of this paper the formula (1.1) can also be extended
to all mezzo-perversities in the sense of Albin, Banagl, Leichtnam, Mazzeo and Piazza
[ABL`15].

Let us comment on the proof of Theorem I. As in [BZ92] and in [Lud20a], local index
techniques and the Witten deformation play a major role in this article. Most of the
intermediate results, which are the core of the proof of Theorem I, typically consist of
two steps: localisation and a local computation near the critical points of the Morse
function. The main work which hence remains to be done here, consists in extending the
study of the local model near singular points in [Lud20a], where one now has to deal in
addition with the different ibcs à la Cheeger - this is done in Section 4. Once the local
model is understood, the proofs of most of the intermediate results can be generalised by
following closely the proof of the corresponding results in [Lud20a]. We will not repeat
the details of these proofs here; but instead shortly indicate, why the proofs in [Lud20a]
carry through to this more general situation.

In this article we develop a crucial new tool, which consists in a combination of lo-
cal index techniques à la Bismut-Zhang with the Singular Asymptotic Lemma (SAL) of
Brüning and Seeley [BS85]. This tool comes into play, when treating the Cheeger type
invariants which appear as the contribution of the singularities of X in the small time
asymptotics of the supertrace of operators related to the heat operator. It is this tool,
which allows to push the analysis beyond what has been done in [Lud20a] and to treat
the more general situation in this article. More concretely this tool is used in the proof
of one of the intermediate results, namely Theorem 5.5. The proof of the corresponding
result in [Lud20a] in case of an even dimensional space was assuming orientability of
the space, relied on a simple duality argument and does not generalise to the present
situation.

The above mentioned combination of local index techniques and SAL developed here,
indeed allows to replace most of the explicit computations in the local model by abstract
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arguments. We therefore expect that it will be a useful tool in further studies of secondary
invariants in a more general singular setting.

The second aim of this article is to study anomaly formulas for all three terms in the
Bismut-Zhang formula (1.1), i.e. we study their behaviour under change of the Riemann-
ian conical metric gTX and of the Hermitian metric gF on the flat bundle. This is done in
Sections 3 and 7.

For a Euclidean vector bundle pE,∇Eq with metric connection, we denote by epE,∇Eq

the Euler form in Chern-Weil theory. We denote by ρ : X ˆ R Ñ X the canonical
projection. The following theorem generalises the smooth anomaly formula for the Ray-
Singer metric in [BZ92, Section IV] to spaces with isolated conical singularities:

Theorem II. Let R Q l Ñ pgTXl , gFl q be a family of metrics on TX,F satisfying the spectral
gap condition (7.1). Then, the variation of the Ray-Singer metric is given by

Bl log

ˆ

´

} }
RS
det IH‚q pX,F q,l

¯2
˙

“

ż

X

Tr

„

pgFl q
´1Bg

F
l

Bl



epTX,∇TX
l q `

ż

X

ιBlepρ
˚TX,∇TX,tot

qθpF, gFl q

`
ÿ

pPSingpXq

pcqp,l ` rcqp,lq,

(1.2)

where the connection ∇TX,tot on the pull back bundle ρ˚TX is defined in (3.12) and the
contributions of the singularities cqp,l, rc

q
p,l, p P SingpXq, are the Cheeger type invariants

defined in (7.12).

Theorem II generalises the anomaly formula for the Ray-Singer metric in case of a
smooth compact manifold in [BZ92, Theorems 4.14 and 4.20]; the two first terms on
the right hand side of (1.2) – the interior contribution – appear already in the smooth
formulas.

We also prove an anomaly formula for the Bismut-Zhang metric (see Theorem 7.8)
and a variation formula for the right hand side in the Bismut-Zhang formula (1.1) (see
Theorem 3.4), the latter generalises the corresponding smooth result in [BZ92, Section
VI]. We do not state these theorems in this introduction, since more notation is required
for their statement. Let us just emphasise that, unlike the Milnor metric of a smooth
compact manifold, the Bismut-Zhang metric of a singular space is in general not a purely
topological invariant of the space, even if the flat bundle is unitary.

The study of anomaly formulas in Section 7 is new, and had not been addressed in
[Lud20a] (or elsewhere). To deal with the change of domains of the operators in a
family, we first adapt a trick used by Cheeger for manifolds with boundary to spaces
with singularities. The above mentioned tool of combining the local index techniques of
Bismut and Zhang with SAL is again key for relating the contribution of the singulari-
ties in the anomaly formulas of the Bismut-Zhang and the Ray-Singer metric, e.g. the
contributions cqp,l, rc

q
p,l, p P SingpXq in (1.2) are of this type.

The article is organised as follows: In Section 2 we explain the notation and recall,
for convenience of the reader, some basic definitions and facts on singular spaces with
isolated conical singularities used in the article. In Section 2.6 (resp. Section 2.9) we
recall from [Dar87] resp. [Lud20a] the definition of the Ray-Singer (resp. the Bismut-
Zhang) metric for a space with isolated conical singularities, the two metrics compared
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in Theorem I. In Section 3 we study the Berezin integral formalism as well as the Mathai-
Quillen current for singular spaces and anti-radial Morse functions. This will be used
for the proof of the variation formulas of the r.h.s. in (1.1) (in Section 3.6) as well as
in the proofs of the anomaly formulas in Section 7. In Section 4 we study the Witten
deformation: We first shortly recall from [Lud17b] the Witten deformation for singular
spaces with isolated conical singularities and anti-radial Morse functions in Section 4.1.
In Sections 4.2-4.3, we study the local model Witten Laplacian and adapt results from
[Lud20b, Lud20a] to the situation, where the space is no longer Witt and the flat bundle
is no longer unitary. In Section 5 we state nine intermediate results, which are the
analogues of the nine intermediate results in [BZ92, Section VII] and [Lud20a, Section
5]. Once the nine intermediate results are achieved in our more general situation, the
proof of the Bismut-Zhang Theorem (Theorem I) is completely analogous to the proof in
[BZ92, Section VII] and in [Lud20a, Section 6], hence we omit it here. Section 6 deals
with the proofs of the nine intermediate results: Once the local model is understood, the
proofs of most of the intermediate results follow closely those of [Lud20a]. We will not
repeat the details of these proofs here but rather explain, why they carry through in this
more general situation. As already pointed out, the proof of Theorem 5.5 is completely
new both in ideas and technique, and is the only proof of the intermediate results, which
we give in detail here. In the last section, Section 7, we study anomaly formulas for the
Ray-Singer and the Bismut-Zhang metric of a space with isolated conical singularities; in
particular the proof of Theorem II can be found in this section.

Acknowledgements. The author wishes to thank Shu Shen (IMJ-PRG, Paris) for dis-
cussions on local index techniques. The larger part of this work has been done during
the author’s stay at the Max-Planck Institute for Mathematics in Bonn and the author
thanks the institute for its hospitality and the excellent working conditions. The author
acknowledges support and partial funding from DFG under Germany’s Excellence Strat-
egy EXC 2044–390685587, Mathematics Münster: Dynamics-Geometry-Structure as well
as under the ANR-DFG project Quantization, Singularities and Holomorphic Dynamics
(project number: 490843120).

2. PRELIMINARIES

2.1. Singular spaces with isolated conical singularities. For a smooth manifold L and
δ ą 0, we denote by

(2.1) cδL :“ pr0, δq ˆ Lq {p0,xq„p0,yq

the (open) truncated cone over L.
Let X be a connected topological space, SingpXq Ă X a finite set of points, such that

Xsm :“ XzSingpXq is a smooth manifold of dimension n ě 2. We denote by TX (resp. by
T ˚X) the tangent bundle (resp. the cotangent bundle) of Xsm. Let gTX be a Riemannian
metric on Xsm. We assume that pX, gTXq is a space with isolated conical singularities of
dimension n, i.e.

(1) For p P SingpXq, there exist an open neighbourhood Bδppq of p, a smooth compact
connected manifold Lp of dimension dimLp “ n ´ 1 and a diffeomorphism ϕp :
Bδppqztpu » cδLpzt0u. The diffeomorphism ϕp extends to a homeomorphism, still



BISMUT-ZHANG THEOREM AND ANOMALY FORMULAS 6

denoted by ϕp,

(2.2) ϕp : Bδppq » cδLp and gTX|Bδppqztpu “ ϕ˚p
`

dr2
` r2gTLp

˘

,

where r is the radial coordinate and gTLp is a Riemannian metric on the manifold
Lp (not depending on r).

(2) The set

Xz

¨

˝

ď

pPSingpXq

Bδppq

˛

‚

is a smooth compact manifold of dimension n with boundary
ď

pPSingpXq

Lp.

The set SingpXq is called the singular set of X. For p P SingpXq, the manifold Lp is
called the link of X at p. Let us emphasise that the radial coordinate r in (2.2) is fixed
throughout this article.

2.2. Flat vector bundles over X. Let pF,∇F , gF q be a flat vector bundle over Xsm with
canonical flat connection ∇F and (not necessarily flat) Hermitian metric gF .

We make the following assumption: For p P SingpXq, we denote by pFLp ,∇FLp , gFLp q
the restriction of pF,∇F , gF q to the link Lp. We assume that the restriction of pF,∇F , gF q
to a punctured neighbourhood of p P SingpXq can be identified with the pull back bundle
of the vector bundle pFLp ,∇FLp , gFLp q.

We denote by F ˚ the flat bundle dual to F , and by F ˚Lp its restriction to Lp, p P SingpXq.
Let ωpF, gF q be the 1-form on X with values in the self-adjoint endomorphisms of F ,

(2.3) ωpF, gF q “ pgF q´1∇FgF .

Note that ωpF, gF q “ 0, in case gF is flat. We denote by θpF, gF q the following closed
1-form on X

(2.4) θpF, gF q “ TrrωpF, gF qs.

The cohomology class rθpF, gF qs measures the obstruction to the existence of a flat
volume form on F . By our assumption, near p P SingpXq, the form θpF, gF q does not
depend on the radial coordinate r.

2.3. Local model near p P SingpXq. Let p P SingpXq. We denote by cLp :“
`

r0,8q ˆ

Lp
˘

{p0,xq„p0,yq the infinite cone over Lp, by 0 the cone tip and by

(2.5) Zp :“ cLpzt0u » Rą0 ˆ Lp

the punctured infinite cone. We write x P Zp in its polar coordinates x “ pr, yq, where r
is the radial coordinate and y is the coordinate on the link. We equip Zp with the conical
metric gTZp “ dr2 ` r2gTLp. The flat bundle pFLp ,∇FLp , gFLp q can be extended in a trivial
way to a flat bundle pFZp ,∇FZp , gFZp q over Zp. If no confusion can occur, we still write F
for FZp.

Let us denote by ∇TZp the Levi-Civita connection on pTZp, g
TZpq and by RTZp “

`

∇TZp
˘2 its curvature. We denote by ∇TLp the Levi-Civita connection on pTLp, gTLpq

and by RTLp “
`

∇TLp
˘2 its curvature. The curvatures RTZp and RTLp are related by the

Gauss equation (see e.g. [BC90, Proposition 1.2] or [O’N83, page 210]): Let X, Y, V be
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smooth vector fields on the link manifold Lp. We still denote byX, Y, V their R`-invariant
extension to smooth vector fields on Zp. Then

(2.6) RTZp

ˆ

B

Br
,

˙

“ 0; RTZppX, Y qV “ RTLppX, Y qV ´ gTLppY, V qX ` gTLppX, V qY.

2.4. Intersection cohomology. We denote bym (resp. n) the lower middle (resp. upper
middle) perversity in the sense of Goresky and MacPherson [GM80, GM83]. A perversity
q is a tuple of non negative natural numbers. For a space with isolated singularities
however, the only relevant information is the last entry in this tuple. Hence by slight
abuse of notation we will identify a perversity q with this last entry, more concretely,

(2.7) q “

"

tn
2
u´ 1 for q “ m,

tn´1
2

u for q “ n.

Note that for n even, the two middle perversities coincide, m “ n.
For q P tm,nu we denote by IH‚

q pX,F q the intersection cohomology of X with perver-
sity q and coefficients in the local system associated to the flat bundle F . For an even
dimensional space with isolated singularities lower and upper middle perversity coincide
and hence also the two intersection cohomologies are the same. More generally, if X is
a Witt space, i.e. if H

n´1
2 pLp, FLpq “ 0 for all p P SingpXq, then by [Sie83, Theorem 3.4]

(2.8) IH‚
mpX,F q » IH‚

npX,F q.

In this paper, we will not assume the Witt condition, and hence in the odd dimensional
case, we have to distinguish two cases.

Let H‚pLp, FLpq denote the singular cohomology of the link manifold Lp. For the rel-
ative intersection cohomology of the cone cLp with values in the flat bundle F , denoted
by IH‚

q pcLp, Lp, F q), we have, see [GM83, Section 2.4],

(2.9) IHk
q pcLp, Lp, F q “

"

Hk´1pLp, FLpq for k ě n´ q,
0 else.

2.5. L2-cohomology.

2.5.1. Maximal and minimal extension of the de Rham complex. Throughout this article,
we use the language of Hilbert complexes as introduced by Brüning and Lesch in [BL92].

We denote by x , y the L2-inner product on the space of sections of ΛpT ˚Xq b F
induced from the metrics gTX , gF . We denote by Ω‚cpX,F q (resp. by L2pΛpT ˚Xq b F q)
the graded vector space of smooth compactly supported sections (resp. of L2-sections) of
ΛpT ˚Xq b F . We denote by dc the exterior derivative acting on Ω‚cpX,F q.

The de Rham complex pΩ‚cpX,F q, dc, x , yq admits several closed extensions (in the
Hilbert space of L2-forms) into a Hilbert complex, a choice of which is called an ideal
boundary condition (shortly ibc) by Cheeger. Here we focus on the maximal (resp. min-
imal) extension, denoted by pC‚max, dmax, x , yq (resp. pC‚min, dmin, x , yq), where dmax (resp.
dmin) denotes the maximal (resp. the minimal) closed extension of dc in L2pΛpT ˚XqbF q.
By [BL93, Theorems 3.7 and 3.8],

(2.10) dompdmaxq{ dompdminq »
à

pPSingpXq

H
n´1
2 pLp, FLpq.
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Hence for a Witt space and in particular for an even dimensional space, the extension of
the de Rham complex pΩ‚cpX,F q, dc, x , yq into a Hilbert complex is unique, dmin “ dmax.

The cohomology of the maximal Hilbert complex pC‚max, dmax, x , yq, is called the L2-
cohomology of X with values in F ,

(2.11) H‚
p2qpX,F q :“ H‚

p2q,mpX,F q :“ H‚
`

pC‚max, dmax, x , yq
˘

.

We can also define the cohomology of the minimal extension pC‚min, dmin, x , yq,

(2.12) H‚
p2q,npX,F q :“ H‚

`

pC‚min, dmin, x , yq
˘

.

The two cohomologies introduced here only depend on the quasi-isometry class of the
Riemannian metric. From (2.10), we have for a Witt space H‚

p2q,mpX,F q “ H‚
p2q,npX,F q.

2.5.2. L2-Hodge-de Rham Theorem. By a result of Cheeger, Goresky and MacPherson
[CGM82, Section 3.4], integration of L2-forms over intersection chains induces a de
Rham isomorphism

(2.13) H‚
p2q,qpX,F q » IH‚

q pX,F q.

This shows in particular, that the minimal and maximal L2-cohomology are indeed topo-
logical invariants of X.

We denote by δc the (formal) adjoint of the operator dc w.r.t. x , y acting on compactly
supported forms and by δmin {max its minimal resp. maximal extension, which is the
adjoint of dmax {min w.r.t. x , y. We denote by Dm (resp. Dn) the first order self-adjoint
operator associated to the Hilbert complex pC‚max, dmax, x , yq (resp. pC‚min, dmin, x , yq. We
have

(2.14) Dm
“ dmax ` δmin presp. Dn

“ dmin ` δmaxq.

For q P tm,nu, we denote by ∆q :“ pDqq2 the Laplace operators associated to the
two Hilbert complexes and by ∆q,piq their restriction to i-forms. By a standard result on
Hilbert complexes, the following L2-Hodge isomorphism holds (see [Che80, Section 1
and Theorem 5.1], [BL92, Lemma 2.2 and Corollary 2.5])

(2.15) kerp∆q
q “: H‚

p2q,qpX,F q » H‚
p2q,qpX,F q, q P tm,nu.

2.6. The Ray-Singer metric on det IH‚
q pX,F q. We denote by ∆q,K the restriction of ∆q

to
`

ker ∆q
˘K. We denote by N the number operator acting on sections of the bundle

ΛpT ˚Xq b F by multiplication with the form degree. For s P C, <psq ą n
2
, set

(2.16) ζqpsq :“ ´Trs

“

Np∆q,K
q
´s
‰

.

By a result of A. Dar [Dar87, Section 4], the function ζq extends to a meromorphic func-
tion on the whole complex plane, which is holomorphic at s “ 0. The result in [Dar87,
Section 4] has been proved in the case of unitary flat vector bundles, but the same proof
also works in the current situation. Incidentally, the holomorphicity of ζq at 0 also follows
by using the Mellin transform and Theorem 5.5 below.

For a complex vector space V of dimension 1 we denote by V ´1 its dual. For a
vector space V we denote by detV the maximal exterior power of V . We denote by
det IH‚

q pX,F q the complex line

(2.17) det IH‚
q pX,F q :“

n
â

k“0

`

det IHk
q pX,F q

˘p´1qk

.
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The L2-metric on sections of ΛpT ˚XqbF restricts to a metric on the space of L2-harmonic
forms H‚

p2q,qpX,F q. Using the isomorphisms (2.13) and (2.15) we get an induced metric
on the line det IH‚

q pX,F q, which we denote by | |RSdet IH‚q pX,F q
.

Definition 2.1. The Ray-Singer metric } }RSdet IH‚q pX,F q
on the line det IH‚

q pX,F q is defined
as

(2.18) } }
RS
det IH‚q pX,F q

:“ | |RSdet IH‚q pX,F q
exp

ˆ

1

2
ζ 1qp0q

˙

.

We will discuss the anomaly formulas for } }RSdet IH‚q pX,F q
, i.e. the dependence of the

Ray-Singer metric } }RSdet IH‚q pX,F q
on the choices of the metrics gTX , gF , in Section 7.

2.7. Anti-radial Morse functions. Anti-radial Morse functions have been introduced
in [Lud17b]. One inspiration stems from Marie-Hélène Schwartz’s radial vector fields
[Sch86].

Definition 2.2. A continuous function f : X Ñ R is called an anti-radial Morse function,
if the following two conditions hold:

(a) The restriction fsm :“ f|Xsm is a smooth Morse function.
(b) Near a singular point p P SingpXq the function f has the following normal form

in the local coordinates (2.2):

(2.19) fpr, yq “ fppq ´
1

2
r2.

For an anti-radial Morse function f , we denote by Critpfsmq (resp. by Critkpfsmq,
k “ 0, . . . , n) the set of critical points of fsm (resp. the set of critical points of fsm of
index k). Set

(2.20) Critpfq :“ Critpfsmq Y SingpXq.

Let gTX be a conical metric on Xsm. The vector field ´∇f :“ ´∇gTXf induces a well-
defined smooth flow on Xsm, which extends to a continuous flow Φ : X ˆ R Ñ X. For
p P Critpfq we denote by W u{sppq the unstable resp. stable set of p; their intersection
with Xsm are submanifolds.

Definition 2.3. We call a pair pf, gTXq consisting of an anti-radial Morse function and a
conical metric

(a) an anti-radial Morse-Smale pair, if the Morse-Smale transversality condition holds
for ´∇f , i.e. all stable and unstable manifolds w.r.t. the negative gradient flow
Φ intersect transversally.

(b) an anti-radial standard Morse-Smale pair, if in addition, for p P Critkpfsmq in local
Morse coordinates x1, . . . , xn of an open neighbourhood Uppq,

(2.21) p∇fq|Uppq “ ´x1
B

Bx1

´ . . .´ xk
B

Bxk
` xk`1

B

Bxk`1

` . . .` xn
B

Bxn
.

With other words, we assume that the Riemannian metric gTX is the standard
Euclidean metric in the Morse coordinates near Critpfsmq.

The existence of anti-radial (standard) Morse-Smale pairs on a singular space can
be proved by an adaptation of the smooth proofs, see [Lud20a, Section 2.8] and the
references therein.
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2.8. The singular Morse-Thom-Smale complex computing intersection cohomology.
We recall the singular Morse-Thom-Smale complex defined in [Lud17b, Section 6] and
[Lud17a], which is an important ingredient in the definition of the Bismut-Zhang metric.
For a singular point p P SingpXq, we denote by opTLpq the orientation bundle of Lp.
Moreover, we have the following notation: Ω‚pLp, F

˚
Lp
b opTLpqq is the space of smooth

de Rham forms on Lp with values in the flat bundle F ˚Lp b opTLpq, H‚pLp, F
˚
Lp
b opTLpqq

is the cohomology of Lp. Let

(2.22) Ξk
p Ă Ωk

pLp, F
˚
Lp b opTLpqq

be a set of closed forms on Lp, whose cohomology classes form a basis of HkpLp, F
˚
Lp
b

opTLpqq, spanpΞk
pq » HkpLp, F

˚
Lp
b opTLpqq.

To a given anti-radial Morse-Smale pair pf, gTXq and the sets Ξn´k
p , p P SingpXq, k ě

n´q, one can associate a geometric complex, which computes the intersection homology
of X with values in F ˚ and perversity q, IHq

‚pX,F
˚q.

For p, q P Critpfsmqwith indppq´indpqq “ 1, by Morse-Smale transversality, the space of
trajectories of Φ starting in p and ending in q is a finite set, which we denote by Γpp, qq.
Choosing orientations on the unstable manifolds of points in Critpfsmq and using the
flow Φ, induces orientations on Γpp, qq (see [Lau92, Section (c)] for more details). With
other words, to each trajectory γ P Γpp, qq we can assign nγpp, qq P t˘1u. We denote by
τγ : F ˚p Ñ F ˚q the map induced from parallel transport w.r.t. the flat connection along the
trajectory γ.

Definition/Proposition 2.4. We denote by pCq
‚pX, f, g

TX , F ˚q, B‚q the following com-
plex:

Cq
kpX, f, g

TX , F ˚q

“

$

’

’

’

’

’

&

’

’

’

’

’

%

˜

à

pPCritkpfsmq

@

rW u
ppqs

D

b F ˚p

¸

À

˜

à

pPSingpXq

spanpΞn´k
p q

¸

if k ě n´ q,

à

pPCritkpfsmq

@

rW u
ppqs

D

b F ˚p else.

(2.23)

The boundary operator B‚ is defined as follows: For p P Critkpfsmq, h P F ˚p :
(2.24)
Bk prW

u
ppqs b hq “

ÿ

qPCritk´1pfsmq

ÿ

γPΓpp,qq

nγpp, qq ¨ rW
u
pqqs b τγphq P C

q
k´1pX, f, g

TX , F ˚q.

For p P SingpXq, k ě n´ q, ξn´kp P Ξn´k
p :

(2.25) Bkrξ
n´k
p s “

ÿ

qPCritk´1pfsmq

˜

ż

W spqqXLp

ξn´kp

¸

¨ rW u
pqqs P Cq

k´1pX, f, g
TX , F ˚q.

The complex
`

Cq
‚pX, f, g

TX , F ˚q, B‚
˘

is well-defined, i.e. B2
‚ “ 0.

Remark 2.5. In [Lud17a] the well-definedness of pCq
‚pX, f, g

TX , F ˚q, B‚q has been proved
for the case, where the pair pf, gTXq is an anti-radial standard Morse-Smale pair. Using a
perturbation argument in [HS85, Proposition 5.1], we can extend the result to the case
of an anti-radial Morse-Smale pair pf, gTXq, which is not necessarily standard. For ε ą 0
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one can construct an an anti-radial standard Morse-Smale pair pfε, gTXε q coinciding with
pf, gTXq on XzpYpPCritpfsmqBεppqq and such that the complexes pCq

‚pX, f, g
TX , F ˚q, B‚q and

pCq
‚pX, fε, g

TX
ε , F ˚q, B‚q coincide.

The complex defined in Definition 2.4 computes the intersection homology of X:

(2.26) H‚
`

Cq
‚pX, f, g

TX , F ˚q, B‚
˘

» IHq
‚pX,F

˚
q.

For an anti-radial standard Morse-Smale pair pf, gTXq this has been proved in [Lud17a,
Theorem 6.2]. By Remark 2.5 the isomorphism (2.26) also holds if the pair is not stan-
dard.

Let pCsm
‚ , B‚q denote the subcomplex of pCq

‚pX, f, g
TX , F ˚q, B‚q generated by Critpfsmq.

There is an exact sequence of complexes

(2.27) 0 Ñ pCsm
‚ , B‚q Ñ pCq

‚pX, f, g
TX , F ˚q, B‚q Ñ ppCq

pX, f, gTX , F ˚q{Csm
q‚, B‚q Ñ 0.

By the local calculation for intersection homology (2.9) and Poincaré duality on the link
manifold Lp, we have

(2.28) H‚ppC
q
pX, f, gTX , F ˚q{Csm

q‚, B‚q »
à

pPSingpXq

IHq
‚pcLp, Lp, F

˚
q.

From (2.26), (2.27) and (2.28), we get a natural isomorphism

detH‚pC
sm
‚ , B‚q b detp‘pPSingpXqIH

q
‚pcLp, Lp, F

˚
qq » detH‚pC

q
‚pX, f, g

TX , F ˚q, B‚q

» det IHq
‚pX,F

˚
q » pdet IH‚

q pX,F qq
´1.

(2.29)

2.9. The Bismut-Zhang metric on det IH‚
q pX,F q. In [Lud20a, Section 2.10] the Bismut-

Zhang metric has been defined for a Witt space equipped with a unitary bundle (i.e. gF

is flat). The definition can be generalised easily to the current situation.
We denote by ∆p,q

T the model Witten Laplacian on the infinite cone (see Section 4.2,
(4.12)) and by ∆p,q,K

T its restriction to pker∆p,q
T q

K. Using the spectral properties of ∆p,q
T ,

computed in Section 4.2.3, one can show that, for <psq ąą 0, the zeta function

(2.30) s ÞÑ ζp,qT psq :“ ´Trs

„

N
´

∆p,q,K
T

¯´s


is a well-defined holomorphic function. Arguing as in the corresponding statement for
a Witt space equipped with a unitary bundle in [Lud20a, Proposition 4.14], we get that
the function ζp,qT , T ą 0, extends to a meromorphic function on C, which is holomorphic
at s “ 0.

The L2-metric on sections of ΛpT ˚Zpq b F restricts to a metric on
ker∆p,q

T » IH‚
q pcLp, Lp, F q. We denote the induced metric on the line det IH‚

q pcLp, Lp, F q

by | |RSdet IH‚q pcLp,Lp,F q,T
. We denote by

(2.31) } }
RS
det IH‚q pcLp,Lp,F q,T

:“ | |RSdet IH‚q pcLp,Lp,F q,T
exp

ˆ

1

2
pζp,qT q

1
p0q

˙

.

Set ζqp :“ ζq,p1 .
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Definition 2.6. For p P SingpXq, the Ray-Singer metric on the line det IH‚
q pcLp, Lp, F q is

defined as

(2.32) } }
RS
det IH‚q pcLp,Lp,F q

:“ } }
RS
det IH‚q pcLp,Lp,F q,1

“ | |
RS
det IH‚q pcLp,Lp,F q,1

exp

ˆ

1

2
pζqpq

1
p0q

˙

.

Remark 2.7. Using the scaling property of the model Witten Laplacian (4.15) and pro-
ceeding as in the proof of [Lud20a, Proposition 4.15], one can prove that the Definition
2.6 is independent of the choice of T ą 0 (here T “ 1).

The metrics gFp on the fibre Fp, p P Critpfsmq, induce a metric on pCsm
‚ , B‚q. We get an

induced metric on detH‚pHomppCsm
‚ , B‚q,Cqq (see [Mil66], [BZ92, Section I (d)]).

Definition 2.8. We denote by } }∇f,g
TX ,gF

det IH‚q pX,F q
the metric on the line det IH‚

q pX,F q induced
via the natural isomorphisms (2.29) from the metric on detH‚pHomppCsm

‚ , B‚q,Cqq and
the metrics } }RSdet IH‚q pcLp,Lp,F q

, p P SingpXq. We call } }
∇f,gTX ,gF
det IH‚q pX,F q

the Bismut-Zhang

metric associated to ∇f and the pair of metrics gTX , gF .

Remark 2.9. (a) Unlike in the smooth situation, even in case gF flat, } }∇f,g
TX ,gF

det IH‚q pX,F q
is

not a purely topological invariant in general. Anomaly formulas for the Bismut-
Zhang metric will be discussed in Section 7.3.

(b) As remarked in [Lud20a, Remark 2.11 (c)], in case that Lp is the standard sphere
Sn´1, i.e. p is a smooth point, gTX is Euclidean near p and gF is flat near p,
then the Bismut-Zhang metric is equal to the Milnor metric defined in [BZ92,
Definition 1.9].

3. THE BEREZIN INTEGRAL FORMALISM ON A SPACE WITH ISOLATED CONICAL

SINGULARITIES

In this section we study the Berezin integral formalism and the Mathai-Quillen cur-
rent for a space with isolated conical singularities equipped with an anti-radial Morse
function. We define the third term (the right hand side) in the Bismut-Zhang formula
(Theorem I) and study, in Section 3.6, its variation with respect to the metrics gTX and
gF .

In Sections 3.1-3.4, for convenience of the reader, we recall basic results related to the
Berezin integral formalism and the Mathai-Quillen current. In Section 3.5 we provide
some explicit formulas for the Berezin integral formalism and the Mathai-Quillen current
on the infinite cone. They will be used in the study of the anomaly formulas in Section
3.6 and Section 7.

3.1. The Berezin integral. We shortly recall the definition of the Berezin integral (see
[BZ92, Section III]). Let E be an oriented Euclidean vector space of dimension n, and
let V be a finite dimensional vector space. Let e1, . . . , en be an oriented orthonormal
basis of E, and let e1, . . . , en be the corresponding dual basis of E˚. We denote by pb the
Z2-graded tensor product for Z2-graded algebras. The Berezin integral

şB is the linear
map

şB
: ΛpV ˚qpbΛpE˚q ÝÑ ΛpV ˚q characterised by the property that for α P ΛpV ˚q and

β P ΛpE˚q

(3.1)
ż B

αβ “

#

0 if deg β ă n,

p´1q
npn`1q

2

πn{2
α if β “ e1 ^ . . .^ en.
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In case of a non-oriented Euclidean vector space E with orientation line opEq, the
Berezin integral is a map

şB
: ΛpV ˚qpbΛpE˚q ÝÑ ΛpV ˚q b opEq.

For an antisymmetric endomorphism C of E, we identify C with an element of Λ2pE˚q
given by

(3.2) 9C “
1

2

ÿ

1ďi,jďn

xei, Cejy e
i
^ ej.

3.2. Vector bundles and the Berezin integral formalism: the Mathai-Quillen-Thom
forms. Let πE : E Ñ Xsm be a real vector bundle of rank rkpEq. Let gE be a Euclidean
metric on E and ∇E a Euclidean connection on pE, gEq. We identify the curvature RE “

p∇Eq2 with a smooth section 9RE of the bundle Λ2pT ˚Xq b Λ2pE˚q. By pullback, we get
the Euclidean bundle π˚EpE, g

Eq with Euclidean connection π˚E∇E and curvature π˚ER
E.

The connection ∇E defines a horizontal subspace THE of TE such that TE “ THE ‘E.
We denote by PE : TE Ñ E the canonical projection and identify E with E˚ by the
metric gE. Then PE, which is a section of T ˚E b E, can be identified with a section 9PE

of T ˚E b E˚. Let Y be the generic element of E.
For T ě 0, let AT be the section of ΛpT ˚Eqpbπ˚EΛpE˚q on E given by

(3.3) AT :“
1

2
π˚E

9RE
`
?
T 9PE

` T |Y |2.

The Berezin formalism applied to V “ TE yields a map from sections of the bundle
ΛpT ˚Eqpbπ˚EΛpE˚q to sections of ΛpT ˚Eqbπ˚EopEq. In the following, we usually decorate
with an p elements in the second factor of ΛpT ˚Eqpbπ˚EΛpE˚q.

We define the following differential forms on E with values in π˚EopEq:

(3.4) aT :“

ż B

expp´AT q, T ě 0; bT :“

ż B
pY

2
?
T

expp´AT q, T ą 0.

For T ě 0 the forms aT are closed forms of degree rkpEq and their cohomology class does
not depend on T . For T ą 0, the forms bT have degree rkpEq ´ 1, and

bT “ ´
1

2T
ιY aT ,

BaT
BT

“ ´dbT .(3.5)

The Mathai-Quillen current has been defined in [MQ86, Section 7] (see also [BZ92,
Definition 3.6]). It is the following well-defined current of degree rkpEq ´ 1 on E with
values in π˚EopEq

(3.6) ΨpE,∇E
q :“

ż 8

0

bTdT.

We denote by

(3.7) epE,∇E
q :“ Pf

ˆ

RE

2π

˙

:“

ż B

exp

˜

´
9RE

2

¸

the closed form of degree rkpEq on X with values in opEq representing the rational Euler
class of E in Chern-Weil theory. Clearly, in case rkpEq odd, epE,∇Eq “ 0. The following
identity of currents on E holds (see [BZ92, Theorem 3.7]):

(3.8) dΨpE,∇E
q “ π˚EepE,∇E

q ´ δX .
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3.3. The Berezin integral formalism and the Mathai-Quillen current on TX. We
will mostly consider the Berezin integral formalism and the Mathai-Quillen current for
the tangent space, i.e. we choose, with the notation of the previous section, E “ TX
equipped with the conical Riemannian metric gTX and its Levi-Civita connection ∇TX .
We denote by opTXq the orientation bundle of X. Let e1, . . . , en be an orthonormal
basis of TX, and let e1, . . . , en be the corresponding dual basis of T ˚X. We identify the
curvature RTX “ p∇TXq2 with a smooth section 9RTX of the bundle Λ2pT ˚Xq bΛ2pT ˚Xq.
Let f : X Ñ R be an anti-radial Morse function. We define the following section of
ΛpT ˚XqpbΛpT ˚Xq, see [BZ92, Proposition 3.10],

(3.9) BT :“ p∇fq˚AT “
9RTX

2
`
?
T

n
ÿ

i“1

ei ^ {∇TX
ei

∇f ` T |df |2.

The Berezin integral formalism defines a map from smooth sections of ΛpT ˚XqpbΛpT ˚Xq
to smooth sections of ΛpT ˚Xq b opTXq. By [BZ92, Remark 3.8],

(3.10) p∇fq˚ΨpTX,∇TX
q “

ż 8

0

˜

ż B
pdf

2
?
T

expp´BT q

¸

dT

is a well-defined locally integrable current on Xsm with values in opTXq, smooth on
XzCritpfq. Moreover, by [BZ92, (6.1)], we have the following identity of currents on
Xsm

(3.11) dp∇fq˚ΨpTX,∇TX
q “ epTX,∇TX

q ´
ÿ

pPCritpfsmq

p´1qindppqδp.

3.4. Secondary Euler class. Let gTX , g1TX be two conical metrics on TX. Let R Q l ÞÑ
gTXl be a family of conical metrics connecting gTX “ gTX0 and g

1TX “ gTX1 . We assume
that near p P SingpXq the metric gTXl , l P R, is of the form gTXl|Bδppq “ dr2 ` r2g

TLp
l , where

R Q l ÞÑ g
TLp
l is a family of Riemannian metrics on Lp and r is the radial coordinate. Let

∇TX
l denote the Levi-Civita connection on pTX,∇TX

l q, and RTX
l the curvature of ∇TX

l .
Let ρ : X ˆ RÑ X be the canonical projection. Let gTX,tot be the metric on ρ˚TX which
coincides with gTXl over X ˆ tlu. Let ∇TX,tot be the connection on ρ˚TX,

(3.12) ∇TX,tot
“ ρ˚∇TX

l ` dl

ˆ

B

Bl
`

1

2
pgTXl q

´1Bg
TX
l

Bl

˙

.

Then ∇TX,tot preserves the metric gTX,tot. The curvature RTX,tot “ p∇TX,totq2 is given
by (see [BZ92, (4.51)])

(3.13) RTX,tot
“ ρ˚RTX

l ` dl

ˆ

B

Bl
∇TX
l ´

1

2

„

∇TX
l , pgTXl q

´1Bg
TX
l

Bl

˙

.

We denote by

(3.14) repTX,∇TX
l q :“

ż 1

0

dlιBlepρ
˚TX,∇TX,tot

q P Ωn´1
pX, opTXqq.

Since the Euler form epρ˚TX,∇TX,totq is a closed form on X ˆ R, we get

(3.15) drepTX,∇TX
l q “ epTX,∇1TX

q ´ epTX,∇TX
q,

hence repTX,∇TX
l q is a secondary Euler class in the sense of Chern-Simons.
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By [BZ92, (3.34)] the following identity holds modulo exact currents

(3.16) ΨpTX,∇1TX
q ´ΨpTX,∇TX

q “ π˚repTX,∇TX
l q,

where π : TX Ñ Xsm is the canonical projection.

3.5. The Berezin integral formalism and the Mathai-Quillen current on the infinite
cone. In this section we study in more detail the notions introduced in Sections 3.3-3.4
locally near a singular point p P SingpXq, i.e. on the punctured infinite cone Zp equipped
with the conical metric gTZp “ dr2` r2gTLp. We denote by opTZpq the orientation bundle
of Zp.

Let e1, . . . , en be an orthonormal basis of TZp with e1 “ er :“ B

Br
. Let e1, . . . , en be

the corresponding dual basis of T ˚Zp. We denote by ∇TZp the Levi-Civita connection on
pTZp, g

TZpq. We again identify the curvature RTZp “ p∇TZpq2 with a smooth section 9RTZp

of Λ2pT ˚ZpqpbΛ2pT ˚Zpq.
We denote by ∇sp the Levi-Civita connection on pTZp, gsp “ dr2 ` gTLpq. We denote

by epTZp,∇TZpq (resp. by epTZp,∇spq) the Euler form associated with pTZp,∇TZpq (resp.
with pTZp,∇spq). We denote by repTZp,∇TZp ,∇spq the Chern-Simons class of smooth
forms on Zp with values in opTZpq of degree n´ 1, which is defined modulo exact forms,
such that

(3.17) drepTZp,∇TZp ,∇sp
q “ epTZp,∇sp

q ´ epTZp,∇TZpq.

In case n odd, clearly,

(3.18) epTZp,∇TZpq “ 0, epTZp,∇sp
q “ 0 and repTZp,∇TZp ,∇sp

q “ 0.

In case n even, due to the flat radial direction on the cone (more precisely from (2.6))
resp. since ∇sp is the product connection, the first two identities in (3.18) also hold,
hence repTZp,∇TZp ,∇spq is a closed form.

We denote by fp : Zp Ñ R, fppr, yq “ fppq ´ 1
2
r2, the model anti-radial Morse function

on the infinite cone Zp. For T ě 0, as in (3.9), we have the following smooth section of
ΛpT ˚ZpqpbΛpT ˚Zpq over Zp,

(3.19) Bp
T :“ p∇fpq˚ApT “

9RTZp

2
´
?
T

n
ÿ

i“1

ei ^ pei ` Tr2.

We can define the Mathai-Quillen current on the infinite cone ΨpTZp,∇TZpq as in (3.6).
The Berezin integral formalism gives a map

şB,p from smooth sections of ΛpT ˚ZpqpbΛpT ˚Zpq
to smooth sections of ΛpT ˚Zpq b opTZpq. Hence

p∇fpq˚ΨpTZp,∇TZpq “

ż 8

0

ż B,p
˜

xdfp

2
?
T

expp´Bp
T q

¸

dT

“ ´

ż 8

0

ż B,pˆ r per

2
?
T

expp´Bp
T q

˙

dT.

(3.20)

Since TZp » R ˆ TLp and fixing the orientation by er :“ B

Br
on the first factor, we get

an identification of the orientation lines opTZpq and opTLpq. We denote by epLp,∇TLpq P

Ωn´1pLp, opTLpqq the Euler form of pTLp,∇TLpq, which by the above identification can be
seen as a form in Ωn´1pZp, opTZpqq.

Proposition 3.1. Let p P SingpXq.
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(a) The form p∇fpq˚ΨpTZp,∇TZpq is an pn´1q-form on Zp not depending on the radial
coordinate. Moreover the following identity holds modulo exact currents,

(3.21) ηp :“ p∇fpq˚ΨpTZp,∇TZpq “

"

´repTZp,∇TZp ,∇spq if n is even,
1
2
epTLp,∇TLpq if n is odd.

(b) Let h : Zp Ñ R, pr, yq ÞÑ hpyq, be a function not depending on the radial coordinate
r. Then the following integral is well-defined and does not depend on T ą 0:

(3.22)
ż

Zp

hpyq

ż B,p

expp´Bp
T q.

Moreover

(3.23)
ż

Zp

hpyq

ż B,p

expp´Bp
T q “ ´

ż

Lp

hpyqηp.

(c) Setting h ” 1 in (b), we have the following well-defined integral, not depending on
T ą 0:

(3.24) αp :“

ż

Zp

ż B,p

expp´Bp
T q.

Moreover

(3.25) αp “ ´

ż

Lp

ηp “

"

ş

Lp
repTZp,∇TZp ,∇spq for n even,

´1
2
χpLp,Cq for n odd.

Proof. For a ą 0, let ha be the radial scaling r ÞÑ ar. We have the following scaling
properties (see [Lud20b, Lemma 6.5]):

h˚a

ż B,p
˜

xdfp

2
?
T

expp´Bp
T q

¸

“ a2

ż B,p
˜

xdfp

2a
?
T

expp´Bp
a2T q

¸

,

h˚a

ż B,p

expp´Bp
T q “

ż B,p

expp´Bp
a2T q.

(3.26)

(a) Using (3.26) and the change of variables T ù Tr2 in the integral (3.20) we get the
first claim. The second claim has been proved in [Lud20b, Proposition 6.6].

(c) The statement is a consequence of part (a) and (b), and has been proved in
[Lud20b, Theorem 6.7]. (b) The fact that the integral (3.22) does not depend on T ą 0
follows from the scaling property (3.26). Well-definedness of the integral at r “ 8 fol-
lows due to the Gaussian factor expp´Tr2q in

şB,p
expp´Bp

T q; well-definedness at r “ 0
follows using (2.6), (3.19). For the proof of (3.23), we use a transgression argument
very similar to [Lud20b, Theorem 6.7]: here it is crucial that the function h does not
depend on the radial coordinate.

�

Starting with two conical metrics gTZp , g1TZp and a family R Q l ÞÑ g
TZp
l connecting

them, we can define all the notions introduced in Section 3.4: ρp : Zp ˆ RÑ Zp, gTZp,tot,
∇TZp,tot, repTZp,∇TZp

l q, etc. We hereby apply the formalism introduced in Section 3.2 to
the Euclidean vector bundle pρ˚pT

˚Zp, g
TZp,totq over Zp ˆ R, with Euclidean connection

∇TZp,tot.



BISMUT-ZHANG THEOREM AND ANOMALY FORMULAS 17

We denote by Ą∇fp “ ´r B
Br

the section on ρ˚pTZp induced from ∇fp. Set

(3.27) reΨpZp,∇TZp
l q :“

ż 1

0

dlιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q P Ωn´2
pZp, opTZpqq.

Similarly to Proposition 3.1 one can see that reΨpZp,∇TZp
l q does not depend on the radial

coordinate.
We define, for T ě 0, the following smooth section of ΛpT ˚pZp ˆ RqqpbΛpρ˚pT

˚Zpq,

(3.28) rBp
T :“ pĄ∇fpq˚ApT “

9RTZp,tot

2
´
?
T

n
ÿ

i“1

ei ^ pei ` Tr2,

and

(3.29) eT pρ
˚
pTZp,∇TZp,tot

q :“

ż B,p

exp
´

´ rBp
T

¯

P Ωn
pZp ˆ R, opρ

˚
pTZpqq;

in particular e0pρ
˚
pTZp,∇TZp,totq “ epρ˚pTZp,∇TZp,totq.

Proposition 3.2. Let p P SingpXq.
(a) We have the following refinement of (3.16), locally near p,

(3.30) p∇fpq˚ΨpTZp,∇TZpq ´ p∇fpq˚ΨpTZp,∇
1TZpq “ ´repTZp,∇TZp

l q ´ dreΨpZp,∇TZp
l q.

(b) The form

(3.31) pĄ∇fp
˚

qΨpρ˚TZp,∇TZp,tot
q

is an pn ´ 1q-form on Zp ˆ R not depending on the radial coordinate r. Moreover,
we have the following identity

(3.32)
ż

Zp

θpF, gF q ^ ιBle1pρ
˚TZp,∇TZ,tot

q “ ´

ż

Lp

θpF, gF q ^ ιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q.

Proof. (a) Since Ą∇fp is nowhere vanishing on Zp ˆ R, we get from [BZ92, Remark 3.8]

(3.33) dZpˆRpĄ∇fpq˚Ψpρ˚pTZp,∇TZp,tot
q “ epρ˚pTZp,∇TZp,tot

q.

By comparing the coefficients of dl in (3.33), and integrating over l P r0, 1s, we get
(3.30).

(b) Using [BC90, Proposition 1.2], (2.6) and (3.13) we have

(3.34) RTZp,tot
per, q “ 0.

For a ą 0, let again ha be the radial scaling r Ñ ar; then using (2.6), (3.13), (3.34),
we have h˚a 9RTZp,tot “ 9RTZp,tot. Hence, together with (3.28), we get the following scaling
property

(3.35) h˚a

ż B,p

¨

˝

x

Ădfp

2
?
T

expp´ rBp
T q

˛

‚“ a2

ż B,p

¨

˝

x

Ădfp

2a
?
T

expp´ rBp
a2T q

˛

‚.

Using (3.35) we can now argue as in the proof of Proposition 3.1 (a) to prove the first
claim.



BISMUT-ZHANG THEOREM AND ANOMALY FORMULAS 18

In view of (3.34) and the definition of the Berezin integral, the n-form on Zp ˆ R

(3.36) epρ˚pTZp,∇TZp,tot
q “

ż B,p

exp

˜

´
9RTZp,tot

2

¸

does not contain er. Since, as seen in Section 2.2, the form θpF, gF q on Zp does not
depend on the radial coordinate, the form θpF, gF q^ ιBlepρ

˚
pTZp,∇TZp,totq is an n-form on

Zp (depending on the parameter l) not containing er. Hence

(3.37) θpF, gF q ^ ιBlepρ
˚
pTZp,∇TZp,tot

q “ 0.

From (3.5) we get

(3.38) BT eT pρ
˚
pTZp,∇TZp,tot

q “ dZpˆR
ż B,p r per

2
?
T

exp
´

´ rBp
T

¯

.

Using (3.35) and (3.38) we get

e1pρ
˚
pTZp,∇TZp,tot

q ´ epρ˚pTZp,∇TZp,tot
q

“ dZpˆR
ˆ
ż 1

0

dT

ż B,p r per

2
?
T

exp
´

´ rBp
T

¯

˙

“ dZpˆR

˜

ż r2

0

dT

ˆ
ż B,p r per

2
?
T

exp
´

´ rBp
T

¯

˙

|r“1

¸

“: dZpˆRpdl ^ γ1pl, r, yq ` γ2pl, r, yqq.

(3.39)

Using (3.34) and the definition of the Berezin integral, one sees that γ1 (resp. γ2) is a
form of degree n´ 2 (resp. of degree n´ 1) on Zp ˆ R not containing er. Therefore

(3.40) ιBld
ZpˆR

ˆ
ż 1

0

dT

ˆ
ż B,p r per

2
?
T

exp
´

´ rBp
T

¯

˙

pr, yq

˙

“ ´dLpγ1 ´ e
r
^
Bγ1

Br
`
Bγ2

Bl
.

Since θpF, gF q does not depend on the radial coordinate and is a closed form, we get
using (3.35), (3.37), (3.39), (3.40) and Stokes’ Theorem

ż

Zp

θpF, gF q ^ ιBle1pρ
˚
pTZp,∇TZp,tot

q “ ´

ż

Zp

θpF, gF q ^ er ^
Bγ1

Br

“ ´

ż

Lp

θpF, gF q ^ ιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q.

(3.41)

�

3.6. Variation formula for the integral ´
ş

X
θpF, gF qp∇fq˚ΨpTX,∇TXq. The current

p∇fq˚ΨpTX,∇TXq has been defined in Section 3.3 and is a locally integrable current
with values in opTXq, smooth on XzCritpfq. We have

(3.42) θpF, gF qp∇fq˚ΨpTX,∇TX
q “ 0 near SingpXq,

since it is a form of top degree not containing er. The integral

(3.43) ´

ż

X

θpF, gF qp∇fq˚ΨpTX,∇TX
q

appearing in as the right hand side in the Bismut-Zhang formula in Theorem I is hence
well-defined.
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The aim of this section is to study the dependence of the integral (3.43) with respect
to the metrics gF and gTX .

We denote by g
1TX a second conical metric on X, and by g

1F a second metric on F
satisfying the assumption explained in Section 2.2. The Levi-Civita connection associated
to g

1TX is denoted by ∇1TX and we denote by ∇1f the gradient vector field of f with
respect to the conical metric g1TX . Let R Q l ÞÑ gTXl be a family of conical metrics on X
connecting gTX , g1TX as explained in Section 3.4.

For ε ą 0 small enough, we denote by Xε :“ XzpYpPSingpXqBεppqq. We identify the
orientation bundle of Xε and the orientation bundle of BXε using the Stokes’ convention.
Note that the Stokes’ convention and the convention on orientation at the beginning of
Proposition 3.1 differ by a sign.

The next proposition generalises [BZ92, Theorem 6.1] to our singular setting:

Proposition 3.3. The following identity holds:

(3.44)
ż

X

θpF, gF qp∇fq˚ΨpTX,∇TX
q “

ż

X

θpF, gF qp∇1fq˚ΨpTX,∇TX
q.

Proof. We denote by ∇lf the gradient of f w.r.t. the metric gTXl ; we have for l P r0, 1s,

(3.45) ∇lf “ ´rBr loc. near SingpXq.

We define the homotopy H : X ˆ r0, 1s Ñ TX, Hl “ ∇lf . Then

p∇fq˚ΨpTX,∇TX
q ´ p∇1fq˚ΨpTX,∇TX

q

“ d

ˆ
ż 1

0

dlιBlH
˚ΨpTX,∇TX

q

˙

`

ż 1

0

dlιBlH
˚dΨpTX,∇TX

q.
(3.46)

By (3.8) and (3.45), the last term on the right hand side of (3.46) vanishes. By (3.45),
we also have ιBlH

˚ΨpTX,∇TXq “ 0 near SingpXq. Therefore we get from (3.46), that
p∇fq˚ΨpX,∇TXq ´ p∇1fq˚ΨpX,∇TXq is an exact current and can be written as

(3.47) p∇fq˚ΨpX,∇TX
q ´ p∇1fq˚ΨpX,∇TX

q “ dσ,

for a form σ which vanishes near SingpXq. Since θpF, gF q is closed, we get using (3.47)
and Stokes’ Theorem, for ε ą 0 small enough,

ż

Xε

θpF, gF qp∇fq˚ΨpTX,∇TX
q ´

ż

Xε

θpF, gF qp∇1fq˚ΨpTX,∇TX
q “

“

ż

Xε

θpF, gF q ^ dσ “ ´

ż

BXε

θpF, gF q ^ σ “ 0.

(3.48)

The claim of the proposition follows by taking the limit εŒ 0 in (3.48). �

Recall that ηp, reΨpZp,∇TZp
l q, p P SingpXq, have been defined in (3.21), (3.27). The

following theorem generalises [BZ92, Theorem 6.3] to our situation:
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Theorem 3.4. The following identity holds

ż

X

θpF, gF qp∇fq˚ΨpTX,∇TX
q ´

ż

X

θpF, g
1F
qp∇1fq˚ΨpTX,∇1TX

q

“

ż

X

log

ˆ

} }
12
detF

} }2detF

˙

epTX,∇TX
q ´

ÿ

pPCritpfsmq

p´1qindppq log

˜

} }
12
detFp

} }2detFp

¸

´

ż

X

θpF, g
1F
qrepTX,∇TX

l q

`
ÿ

pPSingpXq

˜

ż

Lp

log

ˆ

} }
12
detF

} }2detF

˙

^ ηp ´

ż

Lp

θpF, g
1F
q ^ reΨpZp,∇TZp

l q

¸

.

(3.49)

Remark 3.5. (a) The only difference between (3.49) and the corresponding smooth
formula in [BZ92, Theorem 6.3] are the last two terms on the right hand side,
which are the contribution of the singularities of X.

(b) Note that the two integrals over X on the right hand side of (3.49) are well-
defined: The first integrand vanishes near SingpXq by (3.18), the second inte-
grand vanishes near SingpXq by (3.14), (3.37).

Proof. We have, by definition of θpF, gF q,

(3.50) θpF, gF q ´ θpF, g
1F
q “ ´d log

ˆ

} }
12
detF

} }2detF

˙

.

Using the identity of currents (3.11), as well as (3.18), (3.21), (3.42), (3.50) and Stokes’
Theorem, we get

ż

X

pθpF, gF q ´ θpF, g
1F
qqp∇fq˚ΨpTX,∇TX

q

“

ż

Xε

pθpF, gF q ´ θpF, g
1F
qqp∇fq˚ΨpTX,∇TX

q

“

ż

Xε

log

ˆ

} }
12
detF

} }2detF

˙

epTX,∇TX
q ´

ÿ

pPCritpfsmq

p´1qindppq log

˜

} }
12
detFp

} }2detFp

¸

´

ż

BXε

log

ˆ

} }
12
detF

} }2detF

˙

^ p∇fq˚ΨpTX,∇TX
q

“

ż

X

log

ˆ

} }
12
detF

} }2detF

˙

epTX,∇TX
q ´

ÿ

pPCritpfsmq

p´1qindppq log

˜

} }
12
detFp

} }2detFp

¸

`
ÿ

pPSingpXq

ż

Lp

log

ˆ

} }
12
detF

} }2detF

˙

^ ηp.

(3.51)
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Using Proposition 3.2, (3.16), (3.42), dθpF, gF q “ 0 and Stokes’ Theorem, we get, for
ε ą 0 small enough,

ż

X

θpF, g
1F
q

´

p∇fq˚ΨpTX,∇TX
q ´ p∇fq˚ΨpTX,∇1TX

q

¯

“

ż

Xε

θpF, g
1F
q

´

p∇fq˚ΨpTX,∇TX
q ´ p∇fq˚ΨpTX,∇1TX

q

¯

“ ´

ż

Xε

θpF, g
1F
qrepTX,∇TX

l q ´
ÿ

pPSingpXq

ż

Lp

θpF, g
1F
q ^ reΨpZp,∇TZp

l q

“ ´

ż

X

θpF, g
1F
qrepTX,∇TX

l q ´
ÿ

pPSingpXq

ż

Lp

θpF, g
1F
q ^ reΨpZp,∇TZp

l q.

(3.52)

The claim of Theorem 3.4 follows from Proposition 3.3, (3.51) and (3.52). �

4. WITTEN DEFORMATION FOR SINGULAR SPACES WITH ISOLATED CONICAL SINGULARITIES

USING ANTI-RADIAL MORSE FUNCTIONS

An important role in the extension of the Cheeger-Müller theorem by Bismut and
Zhang [BZ92] is played by the Witten deformation. The Witten deformation is an an-
alytic proof of the Morse inequalities proposed by [Wit82]. Rigorous proofs have been
given by Helffer and Sjöstrand in [HS85] using semi-classical analysis. In [BZ94, Section
6] Bismut and Zhang gave a different proof of the hard part of Witten’s program using a
result of Laudenbach [Lau92]. For singular spaces with iterated conical singularities and
anti-radial Morse functions the easy part of the Witten deformation has been generalised
in [ÁC17] and [Lud17b], the hard part – which is a crucial ingredient in the proof of the
Cheeger-Müller theorem – has been adressed in [Lud17b].

Section 4 is organised as follows: In Section 4.1 we shortly recall from [Lud17b] the
Witten deformation for singular spaces with isolated conical singularities and anti-radial
Morse functions. Most of the proofs of the intermediate results of Section 5.2 consist of
two steps: localisation and a local computation near p P Critpfq. In Sections 4.2–4.3 we
deal with the second step for p P SingpXq. To this purpose, we generalise the study of the
spectral properties and the local index techniques for the local model Witten Laplacian
in [Lud20b] and [Lud20a, Section 4] to the present situation.

4.1. Witten deformation. Let f : X Ñ R be an anti-radial Morse function and T ě 0.
The de Rham complex pΩ‚cpX,F q, dc, x , yq can be deformed by deforming the differential
dc via

(4.1) dT,c :“ e´Tfdce
Tf .

The complex pΩ‚cpX,F q, dT,c, x , yq admits a maximal and a minimal extension denoted
by prC‚T,max {min, dT,max {min, x , yq. The Hilbert complex prC‚T,max {min, dT,max {min, x , yq still
computes H‚

p2q,mpX,F q (resp. H‚
p2q,npX,F q). We denote by δT,c the (formal) adjoint of dT,c

w.r.t. the L2-inner product x , y. We again have the first order operator rDm
T :“ dT,max `

δT,min (resp. rDn
T :“ dT,min` δT,max) associated to the Hilbert complex prC‚T,max, dT,max, x , yq

(resp. prC‚T,min, dT,min, x , yq). We denote by r∆q
T :“ p rDq

T q
2, q P tm,nu, the second order

operators associated to the two Hilbert complexes.
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We denote by pcp∇fq the Clifford multiplication acting on sections α of ΛpT ˚Xq b F by

(4.2) pcp∇fqα “ df ^ α `∇f α.

We denote by L∇f the Lie derivative in direction of ∇f and by L˚∇f its adjoint with respect
to the L2-inner product x , y. The operator L∇f ` L˚∇f acting on L2pΛpT ˚Xq b F q is a
bounded operator of order 0. This follows from the smooth theory combined with the
local model near SingpXq, see Section 4.2.2 for more details.

We have, see [BZ92, Proposition 5.5], [Lud17b, Propositions 3.8 and 5.1],
rDq
T “ Dq

` Tpcp∇fq, domp rDq
T q “ dompDq

q,

r∆q
T “ ∆q

` T pL∇f ` L
˚
∇f q ` T

2
|∇f |2, dompr∆q

T q “ domp∆q
q.

(4.3)

Using the local model form of the Witten Laplacian r∆q
T near p P SingpXq (see (4.12)),

one can show inductively, that for q P tm,nu, l P N, T ě 0:

(4.4) domppr∆q
T q

l
q “ dompp∆q

q
l
q.

There is a second, equivalent way of describing the Witten deformation: The de Rham
complex pΩ‚cpX,F q, dc, x , yq can also be deformed by deforming the L2-inner product
x , y via

(4.5) xα, βyT :“

ż

X

xα, βyΛpT˚XqbF pxqe
´2TfpxqdvolXpxq;

here dvolX denotes the Riemannian volume form on pX, gTXq.
The deformed complex pΩ‚cpX,F q, dc, x , yT q also admits a maximal and minimal exten-

sion into a Hilbert complex pC‚T,max {min, dmax {min, x , yT q. We denote by δ1T,c the (formal)
adjoint of dc w.r.t. the twisted L2-inner product x , yT and by δ1T,max {min its maximal
resp. its minimal extension. The first order operator associated to the Hilbert complex
pC‚T,max {min, dmax {min, x , yT q (resp. pC‚T,max {min, dmax {min, x , yT q) is given by

(4.6) Dm
T “ dmax ` δ

1
T,min presp. Dn

T “ dmin ` δ
1
T,maxq.

We denote by ∆q
T :“ pDq

T q
2, q P tm,nu the second order self-adjoint operator associated

to the two Hilbert complexes.

4.2. The model Witten Laplacian ∆p,q
T , p P SingpXq, q P tm,nu, T ě 0. We now study

the situation locally near p P SingpXq, i.e. on the punctured infinite cone Zp. As in
Section 3.5, we denote by fp : cLp ÝÑ R, pr, yq ÞÑ fppq ´ 1

2
r2 the model anti-radial Morse

function on the infinite cone.

4.2.1. A useful unitary transformation. Let π : Zp » Rą0 ˆ Lp Ñ Lp be the projection
into the second factor. We denote by L2pΛkpT ˚Lpq b FLpq the space of L2-sections of
ΛkpT ˚Lpq b FLp with respect to the L2-metric induced from gTLp and gFLp . We denote by
L2pΛkpT ˚Zpq bF q the space of L2-sections of ΛkpT ˚Zpq bF with respect to the L2-metric
x , y induced from gTZp and gF .

For k “ 0, . . . n, the bijective maps

(4.7)
Uk : C8c pRą0,Ω

k´1pLp, FLpq ‘ ΩkpLp, FLpqq ÝÑ Ωk
c pZp, F q

pφk´1, φkq ÞÑ rk´1´pn´1q{2π˚φk´1 ^ dr ` r
k´pn´1q{2π˚φk,

extend to unitary maps from L2
`

Rą0,L
2ppΛk´1pT ˚Lpq‘ΛkpT ˚LpqqbFLpq

˘

to L2
`

ΛkpT ˚Zpqb

F
˘

.
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We denote by dLp the exterior derivative on Ω‚pLp, FLpq, and by δLp its adjoint with
respect to the L2-metric on Ω‚pLp, FLpq induced from the metrics gTLp and gFLp . We
denote by Sp the following self-adjoint elliptic operator on the link Lp:

(4.8) Sp :“

¨

˚

˚

˚

˚

˚

˝

c0 δLp 0 . . . 0

dLp c1
. . . ...

0 0
... . . . cn´2 δL
0 . . . 0 dLp cn´1

˛

‹

‹

‹

‹

‹

‚

where ck :“ p´1qk
ˆ

k ´
n´ 1

2

˙

.

For the Laplace operator ∆p,ev{odd on the infinite cone acting on compactly supported
even (resp. odd) forms we have (see e.g. [BS87, Section 5]):

(4.9) U´1∆p,ev{oddU “ ´
B2

Br2
` r´2

«

ˆ

S ˘
1

2

˙2

´
1

4

ff

.

4.2.2. Definition of the model Witten Laplacian ∆p,q
T , p P SingpXq, q P tm,nu. We denote

by e1, . . . , en an orthonormal basis of TZp, by e1, . . . , en the dual basis of T ˚Zp. We denote
by

(4.10) cpekq :“ ek ´ ιek ,pcpekq :“ ek ` ιek , k “ 1, . . . , n,

the Clifford operators. Let us denote again by N the number operator acting by multipli-
cation with the form degree. We have (see [BZ92, (11.1)]):

(4.11) N “
1

2

n
ÿ

i“1

cpeiqpcpeiq `
n

2
.

The action of the Witten Laplacian r∆q
T , T ą 0, on forms with support in a neighbour-

hood of p P SingpXq can be identified with the action of the model Witten Laplacian ∆p,q
T

on the infinite cone Zp, which we now define: Let ∆p
T denote the following operator

acting on compactly supported forms on Zp with values in the bundle F :

(4.12) ∆p
T :“∆p

` T pn´ 2Nq ` T 2r2
“∆p

´ T
n
ÿ

i“1

cpeiqpcpeiq ` T
2r2,

where for the last identity we have used (4.11).
We denote by pΩ‚cpZp, F q, dT,cq, where dT,cω :“ dcω ` Tdfp ^ ω “ dcω ´ Trdr ^ ω, the

deformed de Rham complex of smooth compactly supported forms on the infinite cone
Zp. We consider the maximal extension pC‚T,maxpZp, F q, dT,max, x , yq resp. the minimal
extension pC‚T,minpZp, F q, dT,min, x , yq of the deformed de Rham complex on the infinite
cone. The model Witten Laplacian ∆p,m

T (resp. ∆p,n
T ) is the closed self-adjoint extension

of the operator ∆p
T associated to the Hilbert complex pC‚T,maxpZp, F q, dT,max, x , yq (resp.

pC‚T,minpZp, F q, dT,min, x , yq).
For T ě 0, we denote by ∆p

T,max the maximal extension of ∆p
T . The domain of the

model Witten Laplacian can be described as follows:
(4.13)
domp∆p,m

T q “ tω P domp∆p
T,maxq | ω P dom pδT,mindT,maxqXdom pdT,maxδT,minq loc. at r “ 0u
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resp.
(4.14)
domp∆p,n

T q “ tω P domp∆p
T,maxq | ω P dom pδT,maxdT,minqXdom pdT,minδT,maxq loc. at r “ 0u.

The boundary conditions in (4.13), (4.14) at r “ 0 are inherited from the boundary
condition near p P SingpXq for the Witten Laplacian r∆q

T . By completeness of the infinite
cone, at r “ 8 we do not need to specify boundary conditions.

For a ą 0, let ha be the operator acting on sections w of ΛpT ˚Zpq bF by radial scaling,
hawpr, yq “ wpar, yq. For q P tm,nu, T ě 0 from (4.12), (4.13) and (4.14) we get the
following scaling property for the model Witten Laplacian

(4.15) h´1
a ∆p,q

T ha “ a2∆p,q
T {a2 .

4.2.3. Spectral data for the model Witten Laplacian ∆p,q
T . The separation of variables for

the Laplacian ∆p,q on the infinite cone has first been used by Cheeger (see e.g. [Che83,
Section 3]) to split the computations of the spectral data of ∆p,q according to the spec-
trum of the transversal Laplacian ∆Lp. In [Ver09] the analytic torsion of a truncated cone
has been computed also using the separation of variables trick. In view of (4.9), (4.12)
we can apply here the same principle to study the spectral properties of ∆p,q

T .
We denote by Spec

`

∆
pkq
Lp,ccl

˘

, k “ 0, . . . , n ´ 2, the co-closed spectrum of ∆
pkq
Lp

. For

µ P Spec
`

∆
pkq
Lp,ccl

˘

we denote by

(4.16) Hk
µ,cclpLp, FLpq :“ tψ P Ωk

pLp, FLpq | ∆
pkq
Lp
ψ “ µψ, δLpψ “ 0u

the space of co-closed eigenforms of ∆
pkq
Lp

to the eigenvalue µ. In particular Hk
0,cclpLp, FLpq “

HkpLp, FLpq is the space of harmonic k-forms on the link Lp. We have the following or-
thogonal decomposition

L2
`

ΛpT ˚Lpq b FLp
˘

“

´ n´1
à

k“0

HkpLp, FLpq
¯

à

´

à

0ďkďn´2

µPSpec
´

∆
pkq
Lp,ccl

¯

zt0u

´

Hk
µ,cclpLp, FLpq ‘ dLpH

k
µ,cclpLp, FLpq

¯¯

.(4.17)

For k “ ´1, . . . , n´ 2, set

(4.18) αk :“ pk ` 1´ n{2q.

For k “ 0, . . . , n´ 2, and µ P Spec
´

∆
pkq
Lp,ccl

¯

zt0u, set

(4.19) βpµq :“ βkpµq :“
b

α2
k ` µ.

We can split all spectral computations for ∆p,q
T into computations on subcomplexes of

the Hilbert complexes pC‚T,max {minpZp, F q, dT,max {min, x , yq.
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Subcomplex of type 1: Let µ P Spec
´

∆
pkq
Lp,ccl

¯

zt0u. For 0 ­“ ψ P Hk
µ,cclpLp, FLpq, we

denote by

ξ1 “ ξ1pψq :“ p0, ψq P Ωk´1
pLp, FLpq ‘ Ωk

pLp, FLpq,

ξ2 “ ξ2pψq :“
`

ψ, 0
˘

P Ωk
pLp, FLpq ‘ Ωk`1

pLp, FLpq,

ξ3 “ ξ3pψq :“
`

0, µ´1{2dLpψ
˘

P Ωk
pLp, FLpq ‘ Ωk`1

pLp, FLpq,

ξ4 “ ξ4pψq :“ pµ´1{2dLpψ, 0q P Ωk`1
pLp, FLpq ‘ Ωk`2

pLp, FLpq.

(4.20)

We still denote by ξ1 P C
8pRą0,Ω

k´1pLp, FLpq‘ΩkpLp, FLpqq the constant function with
value ξ1. Similarly for ξ2, ξ3 P C8pRą0,Ω

kpLp, FLpq ‘ Ωk`1pLp, FLpqq and ξ4 P

C8pRą0,Ω
k`1pLp, FLpq ‘ Ωk`2pLp, FLpqq. The subcomplex of type 1 associated to 0 ­“ ψ P

Hk
µ,cclpLp, FLpq is the subcomplex:

(4.21) 0 Ñ xUkpξ1qy
dT
ÝÑ xUk`1pξ2q, Uk`1pξ3qy

dT
ÝÑ xUk`2pξ4qy Ñ 0.

By the proof of [Lud17b, Theorem 4.2] it is known already that the subcomplex (4.21)
does not yield any contribution to kerp∆p,q

T q. Therefore, by the Hodge theorem, to study
the eigenequation

(4.22) ∆p,q
T ω “ λω, λ ­“ 0,

on the subcomplex (4.21) it is sufficient to study the eigenequation (4.22) on xUkpξ1qy

and on xUk`2pξ4qy. On xUkpξ1q, Uk`2pξ4qy, using the unitary transformation (4.7), the
action of the model Witten Laplacian can be identified with the action of the following
regular singular operator on L2pRą0q:

(4.23) Lµ :“ ´B2
r ` r

´2

ˆ

βkpµq
2
´

1

4

˙

` T pn´ 2Nq ` T 2r2,

where N is the degree operator on xUpξipψqqy, i “ 1, 4. The operator Lµ is in the limit
point case at 8. Moreover, at r “ 0, the operator Lµ is in the limit point case iff βkpµq2 ě
1. If 0 ă βkpµq

2 ă 1 however, one has to choose boundary conditions. Hence, we have to
study the eigenequation on the half-line Rą0:

(4.24) Lµg “

ˆ

´B
2
r ` r

´2

ˆ

βkpµq
2
´

1

4

˙

` T pn´ 2Nq ` T 2r2

˙

g “ λg,

imposing appropriate boundary conditions at r “ 0, induced from the boundary condi-
tions (4.13), (4.14) for ∆p,q

T . Arguing as in [Ver09, Section 4.1], the boundary conditions
(4.13), (4.14) can both be translated into the following boundary condition for g:

(4.25) gprq “ Opr1{2
q as r Ñ 0, and gprq P L2

pRą0q.

It is at this stage of the computation, where we profit from the fact that we have to
study the eigenequation (4.22) only on xUkpξ1q, Uk`2pξ4qy, where one can translate the
boundary conditions (4.13), (4.14) easily, namely into (4.25).

We denote by Lβj the Laguerre polynomial. The subcomplex of type 1 corresponding
to 0 ­“ ψ P Hk

µ,cclpLp, FLpq, µ ­“ 0, yields the following eigenvalues and eigenforms of the
model Witten Laplacian ∆p,q

T (each of multiplicity 1), j P N0:
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eigenvalue of ∆p,q
T eigenform of ∆p,q

T
`

4j ` n´ 2k ` 2β ` 2
˘

T φ1 :“ rβ`
1
2 exp

´

´Tr2

2

¯

Lβj pTr
2q ¨ Ukpξ1q P ΩkpZp, F q

`

4j ` n´ 2k ` 2β ´ 2
˘

T φ4 :“ rβ`
1
2 exp

´

´Tr2

2

¯

Lβj pTr
2q ¨ Uk`2pξ4q P Ωk`2pZp, F q

`

4j ` n´ 2k ` 2β ` 2
˘

T dTφ1 P xUk`1pξ2q, Uk`1pξ3qy Ă Ωk`1pZp, F q
`

4j ` n´ 2k ` 2β ´ 2
˘

T δTφ4 P xUk`1pξ2q, Uk`1pξ3qy Ă Ωk`1pZp, F q

Subcomplex of type 2: Let 0 ­“ η P HkpLp, FLpq, k “ 0, . . . , n ´ 1, be a harmonic
form on Lp. As before, p0, ηq P C8pRą0,Ω

k´1pLp, FLpq‘ΩkpLp, FLpqq denotes the constant
function with value p0, ηq, and similarly for pη, 0q P C8pRą0,Ω

kpLp, FLpq‘Ωk`1pLp, FLpqq.
We have the following subcomplex of type 2:

(4.26) 0 Ñ xUkp0, ηqy
dT
ÝÑ xUk`1pη, 0qy Ñ 0.

On xp0, ηqy (resp. on xpη, 0qy), using the unitary transformation (4.7), the action of the
model Witten Laplacian can be identified with the action of the following regular singular
operator on L2pRą0q

(4.27) p´B
2
r ` r

´2
pc2
k ˘ p´1qkckq ` T pn´ 2Nq ` T 2r2

qg “ λg,

with the boundary conditions induced from (4.13), (4.14).
Case 1: Let us first consider the case, where either n is even, or n is odd and k ­“ tn{2u.
By [Ver09, Proposition 7.1], we have to study the equation (4.27) with the boundary

condition

(4.28) g “ Opr1{2
q as r Ñ 0, and gprq P L2

pRą0q.

Hence, the same computation as in [Lud20b, Section 4] shows, that the subcomplex of
type 2 corresponding to 0 ­“ η P HkpLp, FLpq, yields the following eigenvalues (each of
multiplicity 1) and eigenforms of the model Witten Laplacian, j P N0:

eigenvalue of ∆p,q
T eigenform of ∆p,q

T
`

4j ´ 2αk ` 4` 2|αk|
˘

T r|αk|`1{2 exp
´

´Tr2

2

¯

L
|αk|
j pTr2qUkpp0, ηqq P ΩkpZp, F q

`

4j ´ 2αk ` 2p|αk´1| ` 1q
˘

T r|αk´1|`1{2 exp
´

´Tr2

2

¯

L
|αk´1|

j pTr2qUk`1ppη, 0qq P Ωk`1pZp, F q

Case 2: For n “ 2ν ` 1 odd and k “ ν, the two boundary conditions in (4.13), (4.14)
do differ on a subcomplex of type 2.

Case 2 (a): Let q “ n. For k “ ν, on xp0, ηqy, by (4.8), (4.27) and [Ver09, Propositions
7.1 and 7.3], one is reduced to study the eigenequation on L2pRą0q

(4.29) p´B
2
r ` T ` T

2r2
qg “ λg,

with boundary condition

(4.30) g “ Opr1{2
q and pBr ´ Trqg “ Op1q as r Ñ 0; gprq P L2

pRą0q.

The only solutions of (4.29) in L2pRą0q occur for λj “ 2jT, j P N, with eigenfunction
gλj “ expp´Tr2{2qHj´1p

?
Trq, where Hj denotes the Hermite polynomial. The following

recurrence relation of Hermite polynomials holds H 1
j “ 2rHj´Hj`1. Moreover, as r Ñ 0,

we have Hjprq “ Op1q if j is even, and Hjprq “ Oprq if j is odd. Hence, taking into
account the boundary conditions at r Ñ 0 in (4.30), only the eigenvalues λj “ 2jT, j P N,
j even, appear.
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On xpη, 0qy one is reduced to study the eigenequation on L2pRą0q

(4.31) p´B
2
r ´ T ` T

2r2
qg “ λg,

with boundary condition

(4.32) g “ Op1q and pBr ´ Trqg “ Opr1{2
q as r Ñ 0; gprq P L2

pRą0q,

and argue similarly. The above arguments show that the subcomplex of type 2 corre-
sponding to 0 ­“ η P HνpLp, FLpq, yields the following eigenvalues (each of multiplicity
1) and eigenforms of the model Witten Laplacian:

eigenvalue of ∆p,n
T eigenform of ∆p,n

T

4jT, j P N exp
´

´Tr2

2

¯

H2j´1p
?
TrqUνpp0, ηqq P ΩνpZp, F q

“ exp
´

´Tr2

2

¯

rL
1{2
j´1pTr

2qUνpp0, ηqq

4jT, j P N0 exp
´

´Tr2

2

¯

H2jp
?
TrqUν`1ppη, 0qq P Ων`1pZp, F q

“ exp
´

´Tr2

2

¯

L
´1{2
j pTr2qUν`1ppη, 0qq

Case 2 (b): Let q “ m. This time we have the boundary condition (4.32) on xp0, ηqy
(resp. (4.30) on xpη, 0qy).

Arguing similarly as in Case 2 (a), this time we get

eigenvalue of ∆p,m
T eigenform of ∆p,m

T

p4j ` 2qT, j P N0 exp
´

´Tr2

2

¯

H2jp
?
TrqUνpp0, ηqq P ΩνpZp, F q

“ exp
´

´Tr2

2

¯

L
´1{2
j pTr2qUνpp0, ηqq

p4j ` 2qT, j P N0 exp
´

´Tr2

2

¯

H2j`1p
?
TrqUν`1ppη, 0qq P Ων`1pZp, F q

“ exp
´

´Tr2

2

¯

rL
1{2
j pTr

2qUν`1ppη, 0qq

Remark 4.1. (a) From the above computation together with the local calculation for
the relative intersection cohomology of a cone (recalled in (2.9)), we get

(4.33) ker∆
p,q,pkq
T » IHk

q pcLp, Lp, F q, k “ 0, . . . , n.

Note that only harmonic forms on the link Lp do contribute to ker∆p,q
T .

(b) Note that for n odd, the only difference in the spectral data of ∆p,m
T and ∆p,n

T

stems from the harmonic forms on Lp of degree tn{2u.
(c) Under the Witt and spectral Witt assumptions made in [Lud20b], the model Wit-

ten Laplacian is the Friedrichs extension of (4.12) and the boundary condition
at r Ñ 0 always translates into (4.28). Also, for an odd dimensional Witt space,
case 2 in the above discussion does not appear.

4.2.4. Heat kernel of the model Witten Laplacian.

Definition 4.2. Let q P tm,nu the lower middle (resp. upper middle) perversity.

(a) For pt, T q P Rą0 ˆ Rě0, we denote by Qp,q
t,T px, x

1q, x, x1 P Zp, the kernel of the
operator exp

`

´ t∆p,q
T

˘

with respect to dvolZp. Set Qp,q
t px, x

1q :“ Qp,q
t,0 px, x

1q, x, x1 P
Zp. We denote by Qp,q,pkq

t,T px, x1q, x, x1 P Zp, the kernel of the operator exp
`

´t∆p,q
T

˘

restricted to k-forms, k P t0, . . . , nu.
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(b) For pt, T q P Rą0 ˆ Rě0, we denote by Up,q
t,T px, x

1q, x, x1 P Zp, the kernel of the
operator exp

`

´ t2∆p,q
T {t

˘

with respect to dvolZp.

Note that, for pt, T q P Rą0 ˆ Rě0, we have directly from Definition 4.2,

(4.34) Up,q
t,T px, x

1
q “ Qp,q

t2,T {tpx, x
1
q, x, x1 P Zp.

Using the computation of the spectral data for ∆p,q
T we can generalise [Lud20a, Propo-

sition 4.5]. The heat kernel of the model operator for T ą 0 and for T “ 0 are related as
follows:

Proposition 4.3. Let pt, T q P R2
ą0, pr, yq, pr

1, y1q P Zp. Then

Q
p,q,pkq
t,T

`

pr, yq, pr1, y1q
˘

“ e´pn´2kqtTT n{2 exp

ˆ

´T tanhptT q
r2 ` r

12

2

˙

Q
p,q,pkq
sinhp2tT q{2

´

`

?
Tr, y

˘

,
`

?
Tr1, y1

˘

¯

.
(4.35)

Remark 4.4. The heat kernel on the infinite cone Qp,q
t px, x

1q, x, x1 P Zp, can be expressed
in terms of the spectral data of the transversal Laplacian ∆Lp and involves the modified
Bessel functions, see [Che83], [Les97, Proposition 2.3.11].

4.3. The Cheeger invariant and a local index theorem for the infinite cone.

4.3.1. The Cheeger invariant. The Cheeger invariant of X at p P SingpXq is the contri-
bution of the singularity p to Cheeger’s Chern-Gauss-Bonnet theorem for spaces with
isolated conical singularities [Che83, Theorem 5.1].

Definition/Lemma 4.5. Let q P tm,nu, t ą 0. The following integral expression

γqppF q :“

ż

Zp

Trs

“

Qp,q
t ppr, yq, pr, yqq

‰

dvolZp

“
1

2

ż 8

0

du

u

ż

Lp

Trs

“

Qp,q
u pp1, yq, p1, yqq

‰

dvolLp

(4.36)

is well-defined and will be called the Cheeger invariant of X at p.

Proof. In this proof we follow arguments in [Che83, Section 2], [BC90, Section 1(f)],
[Les97, Lemma 2.2.4], [Lud20b, Section 7]. We recall these arguments in some detail
here, since similar arguments will play an important role in the study of all Cheeger-type
invariants appearing in this paper (see in particular Sections 6.2 and 7).

We first prove the equality of the two integral expressions in (4.36), for t ą 0: The
scaling properties (4.15) of ∆p,q on the infinite cone imply (see e.g. [Che80, Section 2]
and [BC90, Proposition 1.7])

(4.37) Qp,q
t ppr, yq, pr, yqq “

1

rn
Qp,q
t{r2pp1, yq, p1, yqq.

The equality of the two integrals in (4.36) follows from (4.37) using the change of vari-
ables u “ t{r2.

It is now enough to prove the well-definedness of the second integral in (4.36). Using
local index techniques we get the following asymptotic expansion, as uŒ 0,

(4.38) Trs

“

Qp,q
u ppr, yq, pr, yqq

‰

dvolZp “ rkpF q ¨ epTZp,∇TZpq `Op
?
uq;
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the expansion is uniform on compact sets of Zp. By (3.18) the constant term in the
asymptotic expansion (4.38) vanishes and therefore, as u Œ 0, Trs

“

Qp,q
u

`

p1, yq, p1, yqq
‰

“

Op
?
uq. This gives well-definedness of the second integral in (4.36) at 0.

Using the characterisation of domp∆p,qq near the cone point (see e.g. [Les97, Lemma
2.2.4]), there exists a ą 0 such that, as uÑ 8

(4.39)
ż

Lp

Trs

“

Qp,q
u

`

p1, yq, p1, yqq
‰

dvolLp “ Opu´aq.

This gives well-definedness of the second integral in (4.36) at 8. �

4.3.2. An index formula for the infinite cone. The invariant αp has been defined in (3.24)
and studied further in Section 3.5. The following theorem generalises the index theorem
for the infinite cone [Lud20b, Theorem II] to the current situation.

Theorem 4.6. For pt, T q P R2
ą0,

IχqpcLp, Lp, F q “ Trs

“

expp´t∆p,q
T q

‰

“

ż

Zp

Trs

“

Qp,q
t,T

`

pr, yq, pr, yq
˘‰

dvolZp

“ rkpF q

ż

Zp

ż B,p

expp´Bp
T 2q ` γ

q
ppF q “ rkpF qαp ` γ

q
ppF q.

(4.40)

Remark 4.7. On the right hand side of (4.40) two terms appear: the interior contribu-
tion rkpF qαp does not depend on the perversity q P tm,nu, while the contribution of the
singular point γqppF q does. On spaces with conical singularities, this is a general phenom-
enon in the study of the asymptotic behaviour of the supertrace of the heat and related
operators. We also encounter it e.g. in Cheeger’s Chern-Gauss-Bonnet Theorem [Che83,
Theorem 5.1] (recalled in (6.12)) as well as in the anomaly formulas in Section 7.

Proof. The theorem has been proved under the Witt and a spectral Witt condition for
unitary flat vector bundles in [Lud20b, Theorem II]; this proof relies on local index
techniques. In the present situation, we can give a prove by using a combination of
local index techniques and the Singular Asymptotic Lemma (SAL) of Brüning and Seeley
[BS85], similarly to the proofs of Theorem 7.7 and Proposition 6.3. �

5. BISMUT-ZHANG THEOREM (THEOREM I): THE NINE INTERMEDIATE RESULTS

The core of the proof of the Bismut-Zhang Theorem (Theorem I) are the nine inter-
mediate results, which we state in this section. Once the nine intermediate results are
achieved in our more general situation, the proof of the Bismut-Zhang Theorem is com-
pletely analogous to the proof in [BZ92, Section VII] and in [Lud20a, Section 6], and we
omit to repeat it here.

5.1. Simplifying assumption. Using the anomaly formulas of Theorems II, 3.4, 7.8 as
well as Proposition 3.3 and Remark 2.5, it is clear that to establish Theorem I, it is enough
to establish it for the case, where gTX “ gTX0 , gF is flat near Critpfsmq and moreover the
pair pf, gTXq is an anti-radial standard Morse-Smale pair.
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5.2. Nine intermediate results. We denote the intersection Euler characteristic of X
with perversity q and coefficients in F by

(5.1) Iχq :“ IχqpX,F q :“
n
ÿ

k“0

p´1qk dim IHk
q pX,F q.

For p P SingpXq, we denote by bkpLp, FLpq :“ dimHkpLp, FLpq, k “ 0, . . . , n ´ 1, the
Betti numbers for the link Lp. For k “ 0, . . . , n, we denote by ckpfsmq :“ #Critkpfsmq and
we define the “number of critical points of the anti-radial Morse function f” by

cqkpfq :“ cqkpf, F q :“ rkpF q ¨ ckpfsmq `
ÿ

pPSingpXq

IHk
q pcLp, Lp, F q

“

$

&

%

rkpF q ¨ ckpfsmq `
ÿ

pPSingpXq

bk´1
pLp, FLpq for k ě n´ q,

rkpF q ¨ ckpfsmq else.

(5.2)

For p P SingpXq, we denote by by IχqpcLp, Lp, F q the relative intersection Euler char-
acteristic of the cone. From the Spectral Gap Theorem [Lud17b, Theorem I], we get the
following Poincaré-Hopf formula

(5.3) Iχq “ rkpF q ¨
n
ÿ

k“0

p´1qkckpfsmq `
ÿ

pPSingpXq

IχqpcLp, Lp, F q “
n
ÿ

k“0

p´1qkcqkpfq.

We denote by

Iχ1q :“ Iχ1qpX,F q :“
n
ÿ

k“0

p´1qkk dim IHk
q pX,F q,

Irχ1q :“ Irχ1qpX,F q :“
n
ÿ

k“0

p´1qkkcqkpfq,

Trsrf, F, qs :“ rkpF q
ÿ

pPCritpfsmq

p´1qindppqfppq `
ÿ

pPSingpXq

fppq ¨ IχqpcLp, Lp, F q.

(5.4)

Moreover

(5.5) χsm :“ rkpF q
n
ÿ

k“0

p´1qkckpfsmq, and rχ1sm :“ rkpF q
n
ÿ

k“0

p´1qkkckpfsmq.

Let T ě 0. We denote by P q, s1,8r
T the orthogonal projection w.r.t. x , yT to the space of

eigenforms of the Laplacian ∆q
T “ pD

q
T q

2 to eigenvalues in s1,8r . We denote by Dq,2, s0,1s
T

(resp. Dq,2,r0,1s
T ) the restriction of ∆q

T to the eigenspace of ∆q
T associated to eigenvalues

in the interval s0, 1s (resp. in the interval r0, 1s). By the Hodge theorem for the complex
pC‚T,max {min, dmax {min, x , yT q and the Cheeger-Goresky-MacPherson Theorem (2.13), we
have canonical isomorphisms

(5.6) ker ∆q
T » H‚

pC‚T,max {min, dmax {min, x , yT q » IH‚
q pX,F q.

The twisted L2-metric x , yT restricted to ker ∆q
T » IH‚

q pX,F q induces a metric on the
line det IH‚

q pX,F q, which we denote by | |RSdet IH‚q pX,F q,T
.

The following intermediate results are the analogues of [BZ92, Theorems 7.6–7.14]
resp. [Lud20a, Theorems 5.4–5.12]. Compared to [Lud20a, Theorems 5.4–5.12], in
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case n odd, we take into account the two perversities q P tm,nu. Moreover, since here gF

is not assumed to be flat, an additional term appears in Theorem 5.7.

Theorem 5.1. The following identity holds, for T Ñ 8,

Trs

”

N log
´

D
q,2, s0,1s
T

¯ı

´ log

¨

˝

} }
∇f,gTX ,gF
det IH‚q pX,F q

| |RSdet IH‚q pX,F q,T

˛

‚

2

` 2TTrsrf, F, qs

`

´n

2
Iχq ´ Irχ

1
q

¯

logpT q ´
´n

2
χsm ´ rχ1sm

¯

logpπq `
ÿ

pPSingpXq

`

ζqp
˘1
p0q “ Opexpp´cT qq.

(5.7)

Theorem 5.2. Given ε, A with 0 ă ε ă A ă 8, there exists C ą 0 such that, for t P rε, As,
T ě 1,

(5.8)
ˇ

ˇTrsrN expp´tpDq
T q

2
qs ´ Irχ1q

ˇ

ˇ ď
C
?
T
.

Theorem 5.3. For any t ą 0,

(5.9) lim
TÑ8

Trs

”

N expp´tpDq
T q

2
qP

q, s1,8r
T

ı

“ 0.

Moreover there exist c ą 0, C ą 0 such that, for t ě 1, T ě 0,

(5.10)
ˇ

ˇ

ˇ
Trs

”

N expp´tpDq
T q

2
qP

s1,8r
q,T

ı
ˇ

ˇ

ˇ
ď C expp´ctq.

We denote by pS‚T,max {min, dmax {min, x , yT q the Witten complex, i.e. the subcomplex of

pC‚T,max {min, dmax {min, x , yT q generated by the eigenforms of ∆
m{n
T to eigenvalues in r0, 1s.

Theorem 5.4. For T ą 0 large enough and k “ 0, . . . , n,

(5.11) dimSk
T,max “ cmk pfq, dimSk

T,min “ cnkpfq.

Moreover lim
TÑ8

Tr
”

D
q,2,r0,1s
T

ı

“ 0.

Let e1, . . . , en be an orthonormal basis of TX, e1, . . . , en the dual basis of T ˚X. Let W
be the smooth section of ΛpT ˚XqpbΛpT ˚Xq defined by

(5.12) W :“
1

2

n
ÿ

i“1

ei ^ pei.

Note that W does not depend on the choice of orthonormal basis e1, . . . , en.

Theorem 5.5. The following asymptotic expansion holds, as tŒ 0,
(5.13)

Trs

“

N expp´tpDq
q
2
q
‰

“ rkpF q

ż

X

ż B

W exp

˜

´
9RTX

2

¸

?
t
´1
`
n

2
¨ IχqpX,F q `Op

?
tq.

Note, that the leading coefficient in the expansion (5.13) vanishes in case n even. This
is due to the fact, that the integrand in the Berezin integral

ş

X

şB
W exp

´

´
9RTX

2

¯

is a sum
of forms of degree pk, kq, with k odd.
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Theorem 5.6. Let 0 ă t ă 1 be small enough. Then there exists c ą 0 such that, as T Ñ 8,

(5.14) Trs

“

f expp´tpDq
T q

2
q
‰

“ Trsrf, F, qs `

ˆ

n

4
Iχq ´

1

2
Irχ1q

˙

1

T
`Opexpp´cT qq.

Theorem 5.7. For any d ą 0, there exists C ą 0 such that, for 0 ă t ď 1, 0 ď T ď d
t
,

ˇ

ˇ

ˇ
Trs

”

f exp
´

´
`

tDq
` Tpcp∇fq

˘2
¯ı

´ rkpF q

ż

X

f

ż B

expp´BT 2q

`
t

2

ż

X

θpF, gF q

ż B
pdf expp´BT 2q ´

ÿ

pPSingpXq

fppqγqppF q
ˇ

ˇ

ˇ
ď Ct2,

where γqppF q, p P SingpXq, is the Cheeger invariant defined in (4.36).

Theorem 5.8. For any T ą 0, the following identity holds,

lim
tÑ0

1

t2

˜

Trs

«

f exp

˜

´

ˆ

tDq
`
T

t
pcp∇fq

˙2
¸ff

´ Trsrf, F, qs

¸

“

“

ˆ

n

4
χsm ´

1

2
rχ1sm

˙

1

T tanhpT q

´
1

2T

ÿ

pPSingpXq

˜

TrsrN expp´∆p,q,K
T qs ´

ÿ

kěn´q

p´1qk
´n

2
´ k

¯

bk´1
pLp, FLpq

¸

.

Theorem 5.9. There exist t0 ą 0, c ą 0, C ą 0, such that, for t P s0, t0s and T ě 1,
ˇ

ˇ

ˇ

ˇ

ˇ

1

t2

˜

Trs

«

f exp

˜

´

ˆ

tDq
`
T

t
pcp∇fq

˙2
¸ff

´Trsrf, F, qs ´
t2

T

ˆ

n

4
Iχq ´

1

2
Irχ1q

˙˙ˇ

ˇ

ˇ

ˇ

ď C expp´cT q.

6. PROOF OF THE NINE INTERMEDIATE RESULTS

In this section we deal with the proofs of the nine intermediate results of Section 5.2.
For most of the proofs of the intermediate results we will just recall the main arguments
of the proofs in [Lud20a, Section 7] and explain, why they carry through to the more
general situation treated in this article. The bigger part of this section is devoted to
the proof of Theorem 5.5 for even dimensional spaces, here the corresponding proof in
[Lud20a] cannot be adapted to the present situation.

In Section 6.1 we give a sketch of the proofs of Theorems 5.1–5.4. Section 6.2 is
devoted to the proof of Theorem 5.5. In Section 6.3 we comment on the proofs of
Theorems 5.6-5.9.

6.1. Proof of Theorems 5.1-5.4. The proofs of Theorems 5.1–5.4 rely on the Witten
deformation.

Proof of Theorem 5.1. The main ingredient of the proof of Theorem 5.1 is the
hard part of the Witten deformation, i.e. the comparison result of the Witten complex
pST,max {min, dmax,min, x , yT q and the singular Morse-Thom-Smale complex
pCq
‚pX, f, g

TX , F ˚q, B‚q, defined in Definition 2.4. This comparison result has been es-
tablished in [Lud17b, Theorem II], without assuming the Witt condition, for the lower
middle perversity m, the case of the upper middle perversity n being similar. The proof
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of Theorem 5.1 follows precisely the proof of the corresponding statement in [Lud20a,
Theorem 5.6]. For n odd and the upper middle perversity n we have only to additionally
take into account in all computations the contribution of Hpn´1q{2pLp, FLpq, p P SingpXq.

l

Proof of Theorems 5.2-5.4. Using the Witten deformation for the anti-radial Morse
function f : X Ñ R, more precisely [Lud17b, Section 5], one can proceed as in the proof
of [BZ92, Theorems 7.7 and 7.8] to get the claims of Theorems 5.2 and 5.3. The proofs in
[Lud17b, Section 5] are only given for the lower middle perversitym, but for deformation
parameter T P R. The Hodge star operator ˚F : ΛkpT ˚Xq b F Ñ Λn´kpT ˚Xq b F ˚ b

opTXq induces isomorphisms of Hilbert complexes prCpX,F q‚T,max {min, dT,max {min, x , yq Ñ

prC‚
´T,min {maxpX,F

˚ b opTXqq, d´T,min {max, x , yq. Using this duality, the easy part of the
Witten deformation (in particular the Spectral Gap Theorem, [Lud17b, Theorem I]) hold
for the perversity n as well.

The claim of Theorem 5.4 follows from the Spectral Gap Theorem [Lud17b, Theorem
I]. l

6.2. Proof of Theorem 5.5: The asymptotics of TrsrN expp´t∆qqs as t Œ 0. Theorem
5.5 generalises the corresponding statement [Lud20a, Theorem 5.8] to the more general
situation of this article. In case n odd, the proof in [Lud20a] generalises directly. In case
n even, in [Lud20a] the space was assumed to be oriented and pF,∇F , gF q is unitary. The
proof of [Lud20a, Theorem 5.8] relies on a Poincaré duality argument, which fails here.

In this section we give a proof of Theorem 5.5 in case n even. For the rest of this section
we always assume that n is even. Recall that for n even, the two middle perversities
coincide m “ n. We will therefore omit the sub- and superscipt q.

Definition 6.1. Let t ą 0.

(a) We denote by Stpx, x1q, x, x1 P Xsm, the kernel of the operator N expp´t∆q with
respect to dvolX .

(b) Let p P SingpXq. For T ě 0, we denote by Spt,T px, x
1q, x, x1 P Zp, the kernel of

the operator N expp´t∆p
T q with respect to dvolZp. For T “ 0, we have Spt px, x1q “

Spt,0px, x
1q.

Proof of Theorem 5.5 in case n even: We proceed very similarly to the proof of
Cheeger’s Chern-Gauss-Bonnet Theorem for spaces with isolated conical singularities
[Che83, Theorem 5.1]. Using local index techniques as in the proofs of [BZ92, Theo-
rem 4.20 and Theorem 7.10] and (4.11), one has the following pointwise asymptotic
expansion, as tŒ 0,

TrsrStpx, xqsdvolX

“

˜

n

2
rkpF qepTX,∇TX

q `
1

2

ż B

W exp

˜

´
9RTX

2

¸

∇TX
pθpF, gF q

¸

pxq `Optq

“: a0pxqdvolX `Optq.

(6.1)

The asymptotic expansion (6.1) is uniform on compact sets, the coefficients depend only
on local geometrical data of Xsm.
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Since ∇TX is torsionfree, we have ∇TXW “ 0. Hence, using [BGV04, Proposition
1.50] and the Bianchi identity,

ż B

W exp

˜

´
9RTX

2

¸

∇TX
pθpF,∇F

q

“ d

˜

ż B

W exp

˜

´
9RTX

2

¸

pθpF,∇F
q

¸

´

ż B
`

∇TXW
˘

exp

˜

´
9RTX

2

¸

pθpF,∇F
q

“ d

˜

ż B

W exp

˜

´
9RTX

2

¸

pθpF, gF q

¸

.

(6.2)

Recall that, near SingpXq, the form θpF, gF q does not depend on the radial coordinate.
Using (2.6), (3.18), (5.12) and (6.2) we get that locally near p P SingpXq:

(6.3) a0pr, yqdvolX “
1

2
d

˜

ż B

W exp

˜

´
9RTX

2

¸

pθpF, gF q

¸

“ dLpβp ^ r
´1dr,

with βp P Ωn´2pLp, FLpq a smooth form not depending on the radial coordinate r.
Unlike in the case of a smooth manifold, it is not enough to just integrate the pointwise

asymptotic expansion (6.1) to get TrsrN expp´t∆qs; indeed the integrals over the local
coefficients are not always defined and we have to take the finite part of these integrals
instead. For 0 ă ε ă δ, denote by Xε :“ XzpYpPSingpXqBεppqq. The finite part of the
integral over the constant coefficient in the expansion (6.1) is just given by

ż

Xε

a0pxqdvolX .(6.4)

Using (3.18), (6.1)–(6.4) and Stokes’ Theorem we get
ż

Xε

a0pxqdvolX “
n

2
rkpF q

ż

X

epTX,∇TX
q.(6.5)

In addition, there will also be contributions to TrsrN expp´t∆qs coming from the sin-
gularities p P SingpXq, which we now explain: From the pointwise asymptotic expansion
(6.1) and from (6.3), we get for the kernel of the operator N expp´t∆pq on Zp, as uŒ 0,

(6.6)
ż

Lp

TrsrS
p
upp1, yq, p1, yqqsdvolLp “

ż

Lp

a0p1, yqdvolLp `Opuq “ Opuq.

Using the scaling property (4.15),

(6.7) Spt ppr, yq, pr, yqq “
1

rn
Spt{r2pp1, yq, p1, yqq.

Using (6.6), (6.7) and arguing as in Section 4.3.1 the following integral is well-defined:

(6.8) γtorsp pF q :“
1

2

ż 8

0

du

u

ż

Lp

TrsrS
p
upp1, yq, p1, yqqsdvolLp .

From (6.6), (6.7), (6.8) and using the change of variable u “ t{r2, as tŒ 0,
ż

cεLp

TrsrS
p
t ppr, yq, pr, yqqsdvolZp “

1

2

ż 8

ε´2t

du

u

ż

Lp

TrsrS
p
upp1, yq, p1, yqqsdvolLp

“ γtorsp pF q `Optq.

(6.9)
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Using Duhamel’s principle and the singular elliptic estimates of Lesch [Les97, Section
1.4, more precisely Theorem 1.4.11], one has that, for l ą 0, there exists an L2-integrable
function ρ : X Ñ R, such that for x P Zp X tr ă εu » Bεppqztpu,

(6.10) |Stpx, xq ´ S
p
t px, xq| ď ρ2

pxqtl.

Using (6.1), (6.5), (6.9) and (6.10) we get, as tŒ 0,

TrsrN expp´t∆qs “

ż

Xε

TrsrStpx, xqsdvolX `
ÿ

pPSingpXq

ż

Bεppq

TrsrStpx, xqsdvolX

“

ż

Xε

TrsrStpx, xqsdvolX `
ÿ

pPSingpXq

ż

cεLp

TrsrS
p
t px, xqsdvolZp `Optq

“

ż

Xε

a0pxqdvolX ` γ
tors
p pF q `Optq

“
n

2
rkpF q

ż

X

epTX,∇TX
q ` γtorsp pF q `Optq.

(6.11)

Cheeger’s Chern-Gauss-Bonnet Theorem for spaces with isolated conical singularities
[Che83, Theorem 5.1] states that

(6.12) IχpX,F q “ rkpF q

ż

X

epTX,∇TX
q ` γppF q,

where the Cheeger invariant γppF q has been defined in (4.36). Comparing (6.11) and
(6.12) and using the below Proposition 6.3 (b) we get the claim.

l

Remark 6.2. (a) In the asymptotic expansions, as t Œ 0, of Trrexpp´t∆pkqqs, k “
0, . . . , n, there are logarithmic terms logptq appearing, which by taking the alter-
nating weighted sum do cancel out. More precisely, the coefficient of logptq in the
expansion (6.11) of TrsrN expp´t∆qs is

(6.13)
ÿ

pPSingpXq

ż

Lp

a0p1, yqdvolLp ,

which vanishes by (6.3).
(b) Note that using the asymptotic expansion in Theorem 5.5 and the Mellin trans-

form one can show that the torsion zeta function (2.16) extends to a meromor-
phic function on C, which is holomorphic at 0. For this latter result, it is crucial
that no logarithmic term appears in the asymptotic expansion of TrsrN expp´t∆qs.

Proposition 6.3. Let n be even and p P SingpXq.
(a) We have, for T ą 0 fixed, as tŒ 0,

(6.14)

TrsrN expp´t∆p
T qs “ t´1rkpF q

ż

Zp

ż B,p

W expp´Bp
T 2q ` γ

tors
p pF q `

n

2
rkpF qαp `Opt1{2q.

(b) We have the following relation between the Cheeger invariant and the torsion Cheeger
invariant:

(6.15) γtorsp pF q “
n

2
γppF q.
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Proof. The proof relies on a combination of local index techniques as developed in [BZ92]
with the Singular Asymptotic Lemma (SAL) of Brüning and Seeley [BS85]; here we use
the version given in [Les97, Theorem 2.1.11].

Preliminaries on local index techniques: In the following we will apply local index tech-
niques as in [BZ92, Theorem 13.4] and in [Lud20b, Theorem II], which we shortly recall
here for further use: We fix a point z “ pr, yq P Zp. For ε ą 0 small enough, we identify
Bεpzq with B

TzZp
ε p0q using geodesic coordinates centred at z. For x P Bεpzq » B

TzZp
ε p0q,

we identify TxZp, Fx with TzZp, Fz by parallel transport along the geodesic t P r0, 1s Ñ tx

with respect to the connections ∇TZp, ∇F . The operator t2∆p,q
T {t is now seen as an oper-

ator acting on sections of pΛpT ˚Zpq b F qz over BTzZp
ε p0q. We consider the operator we

get from t2∆p,q
T {t by rescaling via xÑ x{t and then replacing the Clifford operators cpekq,

pcpekq, defined in (4.10), with

(6.16) ctpekq :“
ek
?
t
´
?
tiek , pctpekq :“

pek
?
t
`
?
ti

xek ,

for k “ 1, . . . , n.
As in [BZ92, Theorem 13.4 and Theorem 13.5], we get for T P r0, 1{ts as t Œ 0,

uniformly on compact subsets of Zp the following pointwise asymptotic expansion

Trs

“

Up,q
t,T ppr, yq, pr, yqq

‰

dvolZp

“ rkpF q

ż B,p

exp
`

´Bp
T 2

˘

` t

ˆ
ż B,pˆ1

2
∇TZp ` ιTy∇f

˙

pθpF,∇F
q expp´Bp

T 2q

˙

`Opt2q

“ rkpF q

ż B,p

exp
`

´Bp
T 2

˘

`
1

2
td

ˆ
ż B,p

pθpF,∇F
q expp´Bp

T 2q

˙

`Opt2q

“: a0pT, rqdr ` ta1pT, rqdr `Opt2q.

(6.17)

Moreover, asymptotic expansions for the derivatives both with respect to t and pr, yq are
obtained by differentiating (6.17).

The coefficients in the asymptotic expansion (6.17) have exponential decay. Moreover,
from the scaling properties of the Berezin integral (3.26) and the fact, that θpF,∇F q does
not depend on the radial coordinate, we have

(6.18) a0pT, rq “ r´1a0pTr, 1q, a1pT, rq “ r´2a1pTr, 1q “ dLpβpT, rq,

where β is an pn ´ 2q-form on the link Lp, depending smoothly on the radial coordinate
r ą 0 and on T ą 0.

(a) Let T ą 0 be fixed.
Step 1: Splitting the integral: Let us denote by rSpt,T px, yq “ Spt2,T {tpx, yq, x, y P Zp, the

kernel of N expp´t2∆p
T {tq w.r.t. dvolZp. The scaling property (4.15) of the model Witten

Laplacian implies

Spt,T ppr, yq, pr, yqq “ tn{2 rSpt,T

´

p
?
tr, yq, p

?
tr, yq

¯

.(6.19)
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Let ϕ : Rě0 Ñ r0, 1s be a cut-off function, with suppϕ Ă r0, 1s and ϕ ” 1 in r0, 1{2s.
From (6.19) and using the change of variables r Ñ

?
tr, we get

Trs rN expp´t∆p
T qs “

ż

Zp

Trs

“

Spt,T
`

pr, yq, pr, yq
˘‰

dvolZp

“

ż

Zp

Trs

”

rSpt,T

´

p
?
tr, yq, p

?
tr, yq

¯ı

tn{2dvolZp “

ż

Zp

Trs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp

“

ż

Zp

ϕprqTrs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp `

ż

Zp

p1´ ϕprqqTrs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp .

(6.20)

Step 2: We establish a pointwise asymptotic expansion, which will be used in Step 3 and
Step 4: We use local index techniques as in the preliminaries; i.e. we apply to the op-
erator t2∆p

T {tthe (local) scaling x Ñ tx and replace the Clifford variables cpekq,pcpekq by
ctpekq,pctpekq (see (6.16)). We denote by Ct the operator we get from 1

2

ř

cpeiqpcpeiq by the
above scaling. We have

(6.21) tCt
tŒ0
ÝÝÑ W “

1

2

n
ÿ

i“1

ei ^ pei.

Using (4.11), (6.21) and proceeding as in [BZ92, Theorem 13.4 and Theorem 13.5], we
get the following pointwise asymptotic expansion as tŒ 0 and T P r0, 1{ts, uniformly on
compact sets of Zp,

Trs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp

“
1

t
rkpF q

ż B,p

W expp´Bp
T 2q `

ż B,p

W

ˆ

1

2
∇TZp ` ιTy∇f

˙

pθpF, gF q expp´Bp
T 2q

`
n

2
rkpF q

ż B,p

expp´Bp
T 2q `Optq

“
1

t
rkpF q

ż B,p

W expp´Bp
T 2q `

1

2
d

ˆ
ż B,p

W pθpF, gF q expp´Bp
T 2q

˙

`
n

2
rkpF q

ż B,p

expp´Bp
T 2q `Optq

“:
1

t
ra´1pT, rqdr ` ra0pT, rqdr `Optq,

(6.22)

where for the last equality we have used [BZ92, (3.23)], [BGV04, Proposition 1.50],
∇TZpW “ 0 and the fact that θ̂ does not contain êr.

The pn´ 1q-form
şB,p

W pθpF, gF q expp´Bp
T 2q contains er, hence we have

(6.23) d

ˆ
ż B,p

W pθpF, gF q expp´Bp
T 2q

˙

“ er ^ dLp rβpr, T q,

for an pn´ 2q-form rβ on the link Lp, which depends on the radial coordinate r.
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For a ą 0, we denote by ha the radial scaling r Ñ ar. We have the following scaling
properties

h˚a

ż B,p

W expp´Bp
T 2q “ a

ż B,p

W expp´Bp
a2T 2q,

h˚a

ż B,p

W pθpF, gF q expp´Bp
T 2q “

ż B,p

W pθpF, gF q expp´Bp
a2T 2q,

(6.24)

which, together with (3.26) imply

(6.25) ra´1pT, rq “ ra´1pTr, 1q, ra0pT, rq “ r´1
ra0pTr, 1q.

The coefficients appearing in the asymptotic expansion (6.22) have exponential decay
as r Ñ 8. Together with Proposition 3.1 (c) and (6.24), this shows that ra´1pT,´qdr,
ra0pT,´qdr are integrable over the infinite cone.

Step 3: We study the first integral on the right hand side of (6.20) as t Œ 0 using SAL:
The scaling property (4.15) of the model Witten Laplacian implies,

rSpt,T ppr, yq, pr, yqq “ r´n rSpt{r,Trpp1, yq, p1, yqq.(6.26)

Using (6.26), we get for the first integral on the right hand side of (6.20):

ż

Zp

ϕprqTrs

”

rSpt,T ppr, yq, pr, yqq
ı

dvolZp “

ż 8

0

dr

r
ϕprq

ż

Lp

Trs

”

rSpt{r,Tr pp1, yq, p1, yqq
ı

dvolLp

“ z

ż 8

0

ϕprqrσpr, rzqdr,

(6.27)

where z :“ t´1 and

(6.28) rσpr, ξq :“
1

ξ

ż

Lp

Trs

”

rSpξ´1,T r pp1, yq, p1, yqq
ı

dvolLp .

We have, using (6.8), rσp0, ξq P L1pRě0q,
ż 8

0

rσp0, ξqdξ “

ż 8

0

dξ

ξ

ż

Lp

Trs

”

rSpξ´1,0 pp1, yq, p1, yqq
ı

dvolLp

“

ż 8

0

dξ

ξ

ż

Lp

Trs

”

Spξ´2,0 pp1, yq, p1, yqq
ı

dvolLp

“
1

2

ż 8

0

du

u

ż

Lp

Trs rS
p
u pp1, yq, p1, yqqs dvolLp

“ γtorsp pF q.

(6.29)

We define

(6.30) rσ0prq :“

ż

Lp

ra´1pTr, 1q, rσ´1prq :“

ż

Lp

ra0pTr, 1q.

From the discussion in Step 2, we have rσ0prq, r
´1
rσ´1prq P L

1pRě0q. Moreover

(6.31)
ż 8

0

ϕprqrσ0prqdr “ rkpF q

ż

Zp

ϕprq

ż B,p

W expp´Bp
T 2q,
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and, using also (6.23),

(6.32)
ż 8

0

ϕprqr´1
rσ´1prqdr “

n

2
rkpF q

ż

Zp

ϕprq

ż B,p

expp´Bp
T 2q and rσ´1p0q “ 0.

From (6.22), we get, as ξ Ñ 8 and 0 ď r ď 1, j “ 0, 1,

(6.33) |B
j
rrrσpr, ξq ´ rσ0prq ´ ξ

´1
rσ´1prqs| “ Opξ´2

q.

Using the explicit expression for the heat kernel expp´t∆p,q
T q in Proposition 4.3, Re-

mark 4.4 and the asymptotic behaviour of the modified Bessel functions, one can prove
the following integrability condition for rσ:

(6.34)
ż 1

0

ż 1

0

s|Brrσpθst, sq|dsdt “ Opθ´1{2
q, for 0 ă θ ď 1.

The assumptions in SAL [Les97, Theorem 2.1.11] are hence fulfilled. Applying SAL, as
z Ñ 8,

z

ż 8

0

rσpr, rzqdr

“

ż 8

0

rσp0, ξqdξ `

ż 8

0

ϕprqrσ0prqdr z `

ż 8

0

ϕprqrσ´1prqr
´1dr ` rσ´1p0q log z `Opz´1{2

q,

(6.35)

where we have also used that, as discussed in (6.29), (6.31) and (6.32), the infinite
integrals appearing in (6.35) are well-defined.

From (6.27), (6.28), (6.31), (6.32) and (6.35), as tŒ 0,

ż

Zp

ϕprqTrs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp

“t´1rkpF q

ż

Zp

ϕprq

ż B,p

W expp´Bp
T 2q

` γtorsp pF q `
n

2
rkpF q

ż

Zp

ϕprq

ż B,p

expp´BT 2qdr `Opt1{2q

(6.36)

Step 4: We study the second integral on the right hand side of (6.20) as t Œ 0: Using
(6.26) and the scaling properties of the Berezin integral (3.26), the pointwise asymptotic
expansion (6.22) - which is uniform on compact sets of Zp and for 0 ď tT ă 1, and the
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change of variables u “ t{r, we get

ż

Zp

p1´ ϕprqqTrs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp

“

ż

trě1{2uˆLp

p1´ ϕprqqTrs

”

rSpt,T
`

pr, yq, pr, yq
˘

ı

dvolZp

“

ż 2t

0

du

u

ż

Lp

p1´ ϕpt{uqqTrs

”

rSp
u,Tt

u

`

p1, yq, p1, yq
˘

ı

dvolLp

“

ż 2t

0

du

u
p1´ ϕpt{uqq

ż

Lp

"

u´1
ra´1

ˆ

Tt

u
, 1

˙

` ra0

ˆ

Tt

u
, 1

˙

`Opuq

*

“t´1rkpF q

ż

Zp

p1´ ϕprqq

ż B,p

W expp´Bp
T 2q ` rkpF q

n

2

ż

Zp

p1´ ϕprqq

ż B,p

expp´Bp
T 2q

`Optq.

(6.37)

Step 5: We finish the proof: By putting together (6.20), (6.36) and (6.37), we get the
claim in part (a) of the proposition.

(b) Step 1: We study Trsrr
2 expp´t2∆p

T {tqs by applying SAL: Let T ą 0 be fixed; in this
step we proceed similarly to part (a). Using a cut-off function ϕ : Rě0 Ñ r0, 1s as in part
(a), we write

Trsrr
2 expp´t2∆p

T {tqs “

ż

Zp

ϕprqr2Trs

“

Up
t,T ppr, yq, pr, yqq

‰

dvolZp

`

ż

Zp

p1´ ϕprqqr2Trs

“

Up
t,T ppr, yq, pr, yqq

‰

dvolZp .

(6.38)

The scaling property (4.15) of the model Witten Laplacian implies

Up,q
t,T ppr, yq, pr, yqq “ r´nUp,q

t{r,Tr

`

p1, yq, p1, yq
˘

.(6.39)

For the first integral in (6.38), using (6.39), we get

ż

Zp

ϕprqr2Trs

“

Up
t,T ppr, yq, pr, yqq

‰

dvolZp “

ż 8

0

ϕprqrdr

ż

Lp

Trs

”

Up
t{r,T r pp1, yq, p1, yqq

ı

dvolLp

“ z

ż 8

0

ϕprqσpr, rzqdr,

(6.40)

where z :“ t´1 and

(6.41) σpr, ξq :“
r2

ξ

ż

Lp

Trs

”

Up
ξ´1,T r pp1, yq, p1, yqq

ı

dvolLp .

With the notations introduced in (6.17), we define

(6.42) σ´1prq :“ r2

ż

Lp

a0pTr, 1q, σ´2prq :“ r2

ż

Lp

a1pTr, 1q “ 0,

where the vanishing of σ´2 follows from the second identity in (6.18). From (6.17), we
get, as ξ Ñ 8 and 0 ď r ď 1, j “ 0, 1, 2,

(6.43) |B
j
rrσpr, ξq ´ ξ

´1σ´1prq ´ ξ
´2σ´2prqs| “ Opξ´3

q.
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Using the explicit expression for the heat kernel expp´t∆p,q
T q in Proposition 4.3 and

the asymptotic behaviour of the modified Bessel functions, one can prove the following
integrability condition for σpr, ξq:

(6.44)
ż 1

0

ż 1

0

s2
|B

2
rσpθst, sq|dsdt “ Opθ1{2

q, for 0 ă θ ď 1.

Application of SAL, in a combined version of [Les97, Theorem 2.1.11] and [BS85],
gives, as z Ñ 8,

ż

Zp

ϕprqr2Trs rUt,T ppr, yq, pr, yqqs dvolZp “ z

ż 8

0

ϕprqσpr, rzqdr

“

ż 8

0

σp0, ξqdξ `

ż 8

0

ξBrσp0, ξqdξz
´1

`

ż 8

0

ϕprqσ´1prqr
´1dr `

ż 8

0

ϕprqσ´2prqr
´2drz´1

` σ´1p0q log z ` Brσ´2p0qz
´1 log z `Opz´2

q

“rkpF q

ż

Zp

ϕprqr2

ż B,p

expp´Bp
T 2q `Opt2q.

(6.45)

Proceeding as in Step 4 of part (a), we get for the second integral on the right hand
side of (6.38),

ż

Zp

p1´ ϕprqqr2Trs

“

Up
t,T ppr, yq, pr, yqq

‰

dvolZp

“ rkpF q

ż

Zp

p1´ ϕprqqr2

ż B,p

expp´Bp
T 2q `Opt2q.

(6.46)

Putting together (6.38), (6.45), (6.46) and using the scaling properties of the Berezin
integral (3.26), we get

Trsrr
2 expp´t2∆p

T {tqs “

ż

Zp

r2Trs

“

Up
t,T ppr, yq, pr, yqq

‰

dvolZp

“ rkpF q

ż

Zp

r2

ż B,p

expp´Bp
T 2q `Opt2q

“
rkpF q

T 2

ż

Zp

r2

ż B,p

expp´Bp
1q `Opt2q.

(6.47)

Step 2: Deriving a second asymptotic expansion for Trs rN expp´t∆p
1qs: As in the proof

of [BZ92, Theorem 5.6], one can show that the form

(6.48)
dt

2t
Trs rN expp´t∆p

T qs ´ dTTrs

„

´
r2

2
expp´t∆p

T q



is a closed form on R2
ą0, from which we deduce

Trs

„

´
r2

2
expp´t∆p

T q



“ ´
1

2T

´

Trs rN expp´t∆p
T qs ´

n

2
IχpcLp, Lp, F q

¯

.(6.49)
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Using (6.47) (with t “ 1), (6.49) and the fact, that Trs rN expp´t∆p
T qs is symmetric w.r.t.

interchanging pt, T q, we get the following asymptotic expansion as tŒ 0:

Trs rN expp´t∆p
1qs “

1

t
rkpF q

ż

Zp

r2

ż B,p

expp´Bp
1q `

n

2
IχpcLp, Lp, F q `Optq.(6.50)

Using Theorem 4.6 and comparing the constant coefficient in the asymptotic expan-
sions (6.14) and (6.50) we get the claim. (Equality of the leading coefficients in the two
expansions is a consequence of (3.5).) �

6.3. Proof of Theorems 5.6-5.9. The proofs of Theorems 5.6-5.9 consist of two steps:
a localisation argument and an explicit computation using the local model operator near
Critpfq; the latter has been taken care of in Section 4.2. The localisation argument in
the proofs of Theorems 5.6-5.9 do mostly rely on the singular elliptic estimates of Lesch
[Les97, Section 1.4] for ∆q, the Spectral Gap Theorem, Theorem [Lud17b, Theorem I],
for the operator r∆q

T , and the fact that domp∆qql “ dompr∆q
T q

l, l P N (see (4.4)). All these
ingredients hold without assuming the Witt condition and without assuming that gF is
flat; the singular elliptic estimates of Lesch are available for every closed extension of a
symmetric elliptic differential operator of Fuchs type.

Hence the proofs of Theorems 5.6-5.9 follow by a direct generalisation of the proofs
of the corresponding statements in [Lud20a].

7. ANOMALY FORMULAS

In Section 7.2 we prove, for q P tm,nu, the anomaly formulas for the Ray-Singer
metric } }RSdet IH‚q pX,F q

stated in Theorem II of the introduction. In Section 7.3 we prove

anomaly formulas for the Bismut-Zhang metric } }
Y,gTX ,gF

det IH‚q pX,F q
. The anomaly formula

for the Ray-Singer metric } }RSdet IH‚q pX,F q
generalises the anomaly formula of Bismut and

Zhang in the smooth setting [BZ92, Section 4]. In Remark 7.9 we show that the Bismut-
Zhang formula in Theorem I and the three anomaly formulas for the three terms in it
(Theorems II, 3.4, and 7.8 are compatible, as it should be!

In this section we will always consider a family of metrics l P RÑ pgTXl , gFl q on TX, F
depending smoothly on the parameter l. We assume moreover that the metrics gTXl are
conical, i.e. for p P SingpXq, there is a family of Riemannian metrics l P R Ñ g

TLp
l , such

that gTXl “ dr2 ` r2g
TLp
l near p. Similarly, we assume that near p P SingpXq, the metric

gFl is of the form explained in Section 2.2.
In the following we use a sub- resp. a superscript l to characterise operators associated

to the pair pgTXl , gFl q.

7.1. Spectral gap condition. In this section we explain an additional assumption on the
metrics pgTX , gF q, which will be in place for most of the results in Section 7. It is used
in particular in the proof of Proposition 7.3 to deal with the boundary terms appearing
near p P SingpXq when applying Stokes’ Theorem.

For p P SingpXq, the following spectral gap condition for the first order differential
operator Sp on the link Lp, defined in (4.8), will be assumed:

(7.1) SpecpSpq X p´1{2, 1{2q “ t0u.
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By [BL93, Corollary 2.3] condition (7.1) is equivalent to the following spectral gap con-
dition for the transversal Laplacian ∆Lp on the link Lp:
(7.2)
#

Specp∆
pν´1q
Lp,ccl

q X p0, 1q “ H if n “ 2ν is even,
´

Specp∆
pν´1q
Lp,ccl

q X p0, 3{4q
¯

Y

´

Specp∆
pνq
Lp,ccl

q X p0, 3{4q
¯

“ H if n “ 2ν ` 1 is odd.

Condition (7.1) (and hence (7.2)) can be achieved by a rescaling of the metric gTLp into
c2gTLp with c ą 0 sufficiently small.

We denote by Dmin (resp. Dmax) the minimal (resp. the maximal) closed extension of
the first order operator Dc “ dc ` δc. By [BS88, Theorem 3.2 and Lemma 3.2] we have

dompDminq “

"

ω P dompDmaxq

ˇ

ˇ

ˇ

}U´1pωq}L2pΛpTLpqbF q “ opr1{2| log r|1{2q
locally near p P SingpXq

*

,(7.3)

where U is the unitary transformation defined in Section 4.2.1. Also by [BS88, Theorem
3.2 and Lemma 3.2], in case n even, assuming the spectral gap condition (7.1) the
operator Dc is essentially self-adjoint, hence

(7.4) Dm
“ Dn

“ Dmin “ Dmax.

In case n “ 2ν ` 1 odd, assuming (7.1), we have

(7.5) dompDev
maxq{ dompDev

minq »
à

pPSingpXq

Hν
pLp, FLpq.

By [BS88, Lemma 3.2], [ALMP18, Section 5], there are continuous linear functionals
a, b : dompDmaxq Ñ

À

pPSingpXqH
νpLp, FLpq such that, for ω P dompDmaxq, locally near

p P SingpXq,

(7.6) ω ´ apωq ´ bpωq ^ dr P dompDminq.

Moreover using [ALMP18, Lemma 5.2] we can characterise the extensionsDq, q P tm,nu,
by

dompDm
q “ tω P dompDmaxq | bpωq “ 0u,

dompDn
q “ tω P dompDmaxq | apωq “ 0u.

(7.7)

7.2. Anomaly formula for the Ray-Singer metric } }RSdet IH‚q pX,F q
. Proof of Theorem

II. Let e1, . . . , en be an ONB of pTX, gTXl q. We denote by ˚l, ˚Fl the Hodge star operators
associated to the metrics gTXl , pgTXl , gFl q. By [BZ92, Proposition 4.15], we have

(7.8) ˚
´1
l

B˚l

Bl
“ ´

1

2

ÿ

1ďi,jďn

B

pgTXl q
´1Bg

TX
l

Bl
ei, ej

F

gTXl

cpeiqpcpejq.

Set

(7.9) 9ωXl :“ ´
1

2

ÿ

1ďi,jďn

B

pgTXl q
´1Bg

TX
l

Bl
ei, ej

F

gTXl

ei ^ pej.
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Similarly to (7.9) we define, for p P SingpXq,

9ω
Zp
l :“ ´

1

2

ÿ

1ďi,jďn

C

pg
TZp
l q

´1Bg
TZp
l

Bl
ei, ej

G

g
TZp
l

ei ^ pej

“ ´
1

2

ÿ

2ďi,jďn

C

pg
TZp
l q

´1Bg
TZp
l

Bl
ei, ej

G

g
TZp
l

ei ^ pej.

(7.10)

Note that the coefficients in the above sum do not depend on the radial coordinate.
The characteristic class epρ˚TX,∇TX,totq associated to the family of conical Riemann-

ian metrics pgTXl ql has been defined in Section 3.4 and is vanishing in case n odd.

Theorem 7.1. Let R Q l Ñ pgTXl , gFl q be a family of metrics on TX,F as explained at the
beginning of Section 7. Then we have the following asymptotic expansion as tŒ 0:

Trs

„ˆ

˚
´1
l

B˚l

Bl
` pgFl q

´1Bg
F
l

Bl

˙

expp´tpDq
l q

2
q



“

ż

X

Tr

„

pgFl q
´1Bg

F
l

Bl



epTX,∇TX
l q

`
1
?
t
rkpF q

ż

X

ż B

9ωXl exp

ˆ

´
1

2
9RTX
l

˙

`

ż

X

ιBlepρ
˚TX,∇TX,tot

qθpF, gFl q

`
ÿ

pPSingpXq

pcqp,l ` rcqp,lq `Opt1{2q,

(7.11)

where the contributions of the singularities cqp,l, rc
q
p,l, p P SingpXq, are given by the following

well-defined integrals:

cqp,l :“
1

2

ż 8

0

du

u

ż

Lp

Trs

„

pgFl q
´1Bg

F
l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp ,

rcqp,l :“
1

2

ż 8

0

du

u

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp .

(7.12)

Remark 7.2. (a) The first three terms on the right hand side of the formula (7.11)
are the interiour contribution, familiar from the anomaly formula for the Ray-
Singer metric on a smooth compact manifold [BZ92, Theorem 4.14, Theorem
4.20]. They do not depend on the chosen extension of Dl,c “ dc ` δl,c. The
contributions of the singularities of X to the formula (7.11), cqp,l, rc

q
p,l, p P SingpXq,

do depend on the chosen extension Dq
l .

(b) One can establish a corresponding formula for every other closed self-adjoint
extension of the Laplacian, which is invariant under radial scaling near SingpXq.

(c) Note the following vanishing properties for the coefficients in (7.11): If n is even,
şB

9ωXl exp
´

´1
2

9RTX
l

¯

“ 0 since the integrand is a sum of forms of type pk, kq, k

odd. If n is odd, clearly from their definition, epTX,∇TX
l q “ 0, epρ˚TX,∇TX,totq “

0.

Proof. In the following we fix 0 ă ε ă δ and set Xε :“ XzpYpPSingpXqBεppqq. We identify a
neighbourhood of a singular point p P SingpXq with a neighbourhood of the tip point in
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the infinite cone over Lp. We denote by expp´tpDq
l q

2qpx, yq, x, y P Xsm, t ą 0, the kernel
of the heat operator expp´tpDq

l q
2q.

Step 1: Variation of the metric on F . Using local index techniques as in [BZ92, The-
orem 4.20] (more precisely [BZ92, (4.61)]), we get the following pointwise asymptotic
expansion as tŒ 0:

Trs

„

pgFl q
´1Bg

F
l

Bl
expp´tpDq

l q
2
qpx, xq



dvolXpxq

“

ˆ

Tr

„

pgFl q
´1Bg

F
l

Bl


ż B

exp

ˆ

´
1

2
9RTX
l

˙˙

pxq `Opt1{2q

“

ˆ

Tr

„

pgFl q
´1Bg

F
l

Bl



epTX,∇TX
l q

˙

pxq `Opt1{2q.

(7.13)

The expansion (7.13) is uniform on compact sets; the coefficients do only depend on
local geometric data and do not depend on the chosen extension of Dl,c :“ dc ` δl,c.
Since by (3.18), epTX,∇TX

l q vanishes near p P SingpXq, the coefficient of t0 in the above
pointwise asymptotic expansion (7.13) vanishes near the singularities of X.

For p P SingpXq, we define

cqp,l :“ lim
tÑ0

ż

t0ďrďεuˆLp

Trs

„

pgFl q
´1Bg

F
l

Bl
Qp,l,q
t ppr, yq, pr, yqq



dvolZp

“ lim
tÑ0

1

2

ż 8

ε´2t

du

u

ż

Lp

Trs

„

pgFl q
´1Bg

F
l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp

“
1

2

ż 8

0

du

u

ż

Lp

Trs

„

pgFl q
´1Bg

F
l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp .

(7.14)

To prove the well-definedness of the integrals in (7.14) we use the same arguments as
in the proof of the well-definedness of the Cheeger invariant γqppF q in Section 4.3.1: For
the first identity in (7.14) we have used the change of variables u “ t{r2, the scaling
property (4.37) for the heat kernel on the infinite cone and the fact that, on Zp, the

operator
´

pgFl q
´1 Bg

F
l

Bl

¯

does not depend on the radial coordinate. From (3.18) and (7.13)
we have, as uŒ 0,

(7.15) Trs

„

pgFl q
´1Bg

F
l

Bl
Qp,l,q
u pp1, yq, p1, yqq



„ Opu1{2
q,

which shows the well-definedness of the last integral in (7.14) at u “ 0. The well-
definedness at u “ 8 follows using the characterisation of domp∆p,l,qq, see (4.39).

Proceeding with Cheeger’s strategy [Che83, Section 2] (which has already been used
in the proof of Theorem 5.5 in Section 6.2), we get from (7.13), (7.14) and Duhamel’s
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principle, as tŒ 0:

Trs

„

pgFl q
´1Bg

F
l

Bl
expp´tpDq

l q
2
q



“

ż

Xε

Trs

„

pgFl q
´1Bg

F
l

Bl
expp´tpDq

l q
2
qpx, xq



dvolX

`
ÿ

pPSingpXq

ż

Zp,ε

Trs

„

pgFl q
´1Bg

F
l

Bl
Qp,l,q
t px, xq



dvolZp `Optq

“

ż

X

Tr

„

pgFl q
´1Bg

F
l

Bl



epTX,∇TX
l q `

ÿ

pPSingpXq

cqp,l `Opt1{2q.

(7.16)

Note that it is due to the vanishing of the Euler form epTX,∇TX
l q near SingpXq, that the

first integral on the right hand side of (7.16) is well-defined and moreover no logarithmic
term logptq appears in the asymptotic expansion (7.16).

Step 2: Variation of the metric on TX. Using local index techniques as in [BZ92, The-
orem 4.20], we get the following pointwise asymptotic expansion uniformly on compact
sets, as tŒ 0,

Trs

„

˚
´1
l

B˚l

Bl
expp´tpDq

l q
2
qpx, xq



dvolX “

“

$

’

’

’

’

&

’

’

’

’

%

1
2

ˆ
ż B

exp

ˆ

´
1

2
9RTX
l

˙

9ωXl ∇TX
l

pθpF, gFl q

˙

pxq `Optq if n is even,

1?
t
rkpF q

ˆ
ż B

9ωXl exp

ˆ

´
1

2
9RTX
l

˙˙

pxq `Opt1{2q if n is odd.

(7.17)

Indeed the above asymptotics has been worked out in [BZ92, Theorem 4.20] for n even.
As remarked in [BM06, (4.23b)], proceeding as in [BZ92, (4.55)-(4.63)] one gets (7.17)
for the case n odd as well. Note that the leading coefficients in the above expansions
(7.17) vanish near SingpXq: Using [BC90, Proposition 1.2], (2.6), (7.10) and the fact
that θpF, gF q does not depend on the radial coordinate, one has that the integrands in
the Berezin integrals appearing in (7.17), near SingpXq, are a sum of summands not
containing either er or per. Similarly, also the pn ´ 1q-form

şB
exp

´

´1
2

9RTX
l

¯

9ωXl
pθpF, gFl q

vanishes near SingpXq.
From the above discussion, using Stokes’ Theorem, the Bianchi identity and [BZ92,

(4.74)-(4.86)] we have, for ε ą 0 small enough,

1

2

ż

X

ż B

exp

ˆ

´
1

2
9RTX
l

˙

9ωXl ∇TX
l

pθpF, gFl q “
1

2

ż

Xε

ż B

exp

ˆ

´
1

2
9RTX
l

˙

9ωXl ∇TX
l

pθpF, gFl q

“ ´
1

2

ż

Xε

ż B

exp

ˆ

´
1

2
9RTX
l

˙

p∇TX
l 9ωXl q

pθpF, gFl q `
1

2

ż

BXε

ż B

exp

ˆ

´
1

2
9RTX
l

˙

9ωXl
pθpF, gFl q

“ ´
1

2

ż

X

ż B

exp

ˆ

´
1

2
9RTX
l

˙

p∇TX
l 9ωXl q

pθpF, gFl q `

ż

X

ιBlepρ
˚TX,∇TX,tot

qθpF, gFl q.

(7.18)

Recall that, in (3.37), we have seen that the integrand on the right hand side of (7.18)
vanishes near SingpXq.
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We now define

rcqp,l :“ lim
tÑ0

ż

t0ďrďεuˆLp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
t ppr, yq, pr, yqq



dvolZp

“ lim
tÑ0

1

2

ż 8

ε´2t

du

u

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp

“
1

2

ż 8

0

du

u

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp .

(7.19)

The well-definedness of the term (7.19) follows with analogous arguments as for the
well-definedness of the integral in (7.14). Again, to get well-definedness of the inte-
gral on the right hand side of (7.19) at u “ 0 the vanishing of the leading term in the
asymptotic expansion (7.17) near SingpXq is crucial.

Using (7.17), (7.18), (7.19) and Duhamel’s principle and proceeding with Cheeger’s
strategy as in Section 6.2, we get

Trs

„

˚
´1
l

B˚l

Bl
expp´tpDq

l q
2
q



“

ż

Xε

Trs

„

˚
´1
l

B˚l

Bl
expp´tpDq

l q
2
qpx, xq



dvolX

`
ÿ

pPSingpXq

ż

Zp,ε

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
t ppr, yq, pr, yqq



dvolZp `Optq

“
1
?
t
rkpF q

ż

X

ż B

9ωXl exp

ˆ

´
1

2
9RTX
l

˙

`

ż

X

ιBlepρ
˚TX,∇TX,tot

qθpF, gFl q

`
ÿ

pPSingpXq

rcqp,l `Opt1{2q.

(7.20)

Note again that the fact that there is no term in logptq appearing in (7.20), is due to
the vanishing of the coefficient of t0 in the pointwise asymptotic expansion (7.17) near
SingpXq. All integrals in (7.20) are well-defined by the proceeding discussion.

�

In the next proposition we adapt a trick explained by Cheeger in [Che79, Theorem
3.10] for manifolds with boundary (and absolute or relative boundary conditions at the
boundary) to our situation. We decompose the action of the Laplacian according to the
Hodge decomposition for the complex pCmax {min, dmax {min, x , yq into its action on exact,
coexact and harmonic forms

(7.21) ∆q
“ ∆q

ex `∆q
cex `∆q

harm.

We denote by

(7.22) σl :“ p˚Fl q
´1B˚

F
l

Bl
“ ˚

´1
l

B˚l

Bl
` pgFl q

´1Bg
F
l

Bl
.

Proposition 7.3. Let R Q l Ñ pgTXl , gFl q be a family of metrics on TX,F as explained at the
beginning of Section 7 and such that the spectral gap condition (7.1) is satisfied.
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(a) The following holds:
d

dl
Trrexpp´t∆

q,pkq
l qs

“ ´ t
!

Trr∆
q,pk`1q
l expp´t∆

q,pk`1q
l,ex qσls ´ Trr∆

q,pkq
l expp´t∆

q,pkq
l,cexqσls

`Trr∆
q,pkq
l expp´t∆

q,pkq
l,ex qσls ´ Trr∆

q,pk´1q
l expp´t∆

q,pk´1q
l,cex qσls

)

“t
d

dt

!

Trrexpp´t∆
q,pk`1q
l,ex qσls ´ Trrexpp´t∆

q,pkq
l,cexqσls

`Trrexpp´t∆
q,pkq
l,ex qσls ´ Trrexpp´t∆

q,pk´1q
l,cex qσls

)

.

(7.23)

(b) The following holds:
d

dl
TrsrN expp´t∆q

l qs “ ´t
d

dt
Trsrexpp´t∆q

l qσls.(7.24)

Remark 7.4. We have

(7.25) 9∆ “ d 9δ ` 9δd, 9δ “ ´σδ ` δσ.

For a smooth compact manifold, since the operators d and δl commute with expp´t∆
pkq
l q,

the first identity in (7.23) is equivalent to

(7.26)
d

dl
Trrexpp´t∆

pkq
l qs “ ´tTrr 9∆

pkq
l expp´t∆

pkq
l qs.

In the presence of singularities the commutation property only holds on the domain of
the Laplacian ∆q

l , which however is not invariant under σl.

Proof. (a) Denote by π1,2 : X ˆX Ñ X the two projections. We denote by l
q
l “ Bt `∆q

l

the heat operator on X. We denote by P l,q
t px, yq, t ą 0, the fundamental solution for

the heat equation associated to ∆
q,pkq
l . The fundamental solution P l,q

t px, yq is a smooth
double form in π˚1 pΛ

kpT ˚XqbF qbπ˚2 pΛ
kpT ˚XqbF q satisfying the heat equation in each

variable. We denote simply by P q
t px, yq, etc. the operators associated to l “ 0.

For α ą 0, we denote by Xα :“ Xz YpPSingpXq Bαppq. In the following we use the
following abbreviating notation, for two double forms ω, ω1:

(7.27) xωpx, zq, ω1pz, xqyα :“

ż

Xα

ωpx, zq ^ ˚Fz ω
1
pz, xq.

In the following all operations are applied to the variable z and correspond to l “ 0. We
have

xP l,q
ε px, zq, P

q
t´εpz, xqyα ´ xP

l,q
t´εpx, zq, P

q
ε pz, xqyα

“

ż t´ε

ε

BspxP
l,q
t´spx, zq, P

q
s pz, xqyαqds

“

ż t´ε

ε

xBsP
l,q
t´spx, zq, P

q
s pz, xqyαds`

ż t´ε

ε

xP l,q
t´spx, zq, BsP

q
s pz, xqyαds

“ ´

ż t´ε

ε

xlqP l,q
t´spx, zq, P

q
s pz, xqyαds`

ż t´ε

ε

x∆qP l,q
t´spx, zq, P

q
s pz, xqyαds

`

ż t´ε

ε

xP l,q
t´spx, zq,l

qP q
s pz, xqyαds´

ż t´ε

ε

xP l,q
t´spx, zq,∆

qP q
s pz, xqyαds.

(7.28)
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Applying Stokes’ Theorem and using lqP q
t “ 0 in (7.28), we have

xP l,q
t´εpx, zq, P

q
ε pz, xqyα ´ xP

l,q
ε px, zq, P

q
t´εpz, xqyα

“

ż t´ε

ε

xlqP l,q
t´spx, zq, P

q
s pz, xqyαds

´

ż t´ε

ε

"
ż

BXα

δP l,q
t´spx, zq ^ ˚

FP q
s pz, xq

*

ds

˘

ż t´ε

ε

"
ż

BXα

˚
FdP l,q

t´spx, zq ^ P
q
s pz, xq

*

ds

˘

ż t´ε

ε

"
ż

BXα

˚
FP l,q

t´spx, zq ^ δP
q
s pz, xq

*

ds

´

ż t´ε

ε

"
ż

BXα

P l,q
t´spx, zq ^ ˚

FdP q
s pz, xq

*

ds.

(7.29)

We now consider the second boundary integral in (7.29): Let n be odd. We have
dP l,q

t´spx,´q P dompDl,qq and Psp´, xq P dompDqq. Therefore, by (7.6) and (7.7), locally
near p P SingpXq, we have expansions

(7.30) dP l,q
t´s “ al ` bl ^ dr ` ωl, P q

s “ a` b^ dr ` ω,

with a, b, al, bl as in (7.7) and ω P dompDminq, ωl P dompDl,minq; al, bl, ωl depending
smoothly on the parameter l. For the leading term of r˚FdP l,q

t´spx, zq ^ P q
s pz, xqs|BXα we

hence have, using (7.7) and (7.30),

(7.31) r˚
F
pal ` bl ^ drq ^ pa` b^ drqs|BXα “ r̊

F bl ^ a “ 0,

where r̊

F denotes the Hodge star operator on the link Lp associated to the metrics
gTLp , gFLp .

From (7.3), (7.4), (7.30) and (7.31) we get, for both n even or odd,

(7.32)
ż

BXα

˚
FdP l,q

t´spx, zq ^ P
q
s pz, xq “ opα1{2

| logα|1{2q.

By similar arguments, the third and fourth boundary integral in (7.29) are also
opα1{2| logα|1{2q. Note that, since dom δmin {max ­“ dom δl,min {max, we can not argue in
the same fashion for the first boundary integral in (7.29), but we will treat this term
later in (7.36).

Differentiating llP
l,q
t “ 0 in l, we get

(7.33) 9l
q
lP

l,q
t `l

q
l

9P l,q
t “ 0.

Thus differentiating (7.29) in l, setting l “ 0 and using (7.32) and (7.33), we get

x 9P q
t´εpx, zq, P

q
ε pz, xqyα ´ x

9P q
ε px, zq, P

q
t´εpz, xqyα ` opα

1{2
| logα|1{2q

“ ´

ż t´ε

ε

x 9lqP q
t´spx, zq, P

q
s pz, xqyαds´

ż t´ε

ε

"
ż

BXα

δ 9P q
t´spx, zq ^ ˚

FP q
s pz, xq

*

ds.
(7.34)
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Using (7.25) and applying Stokes’ Theorem we get from (7.34)

x 9P q
t´εpx, zq, P

q
ε pz, xqyα ´ x

9P q
ε px, zq, P

q
t´εpz, xqyα ` opα

1{2
| logα|1{2q

“ ´

ż t´ε

ε

!

x 9δdP q
t´spx, zq, P

q
s pz, xqyα ` x

9δP q
t´spx, zq, δP

q
s pz, xqyα

)

ds

´

ż t´ε

ε

"
ż

BXα

pδ 9P q
t´spx, zq ` 9δP q

t´spx, zqq ^ ˚
FP q

s pz, xq

*

ds

“

ż t´ε

ε

 

xσδdP q
t´spx, zq, P

q
s pz, xqyα ´ xσdP

q
t´spx, zq, dP

q
s pz, xqyα

(

ds

`

ż t´ε

ε

 

xσδP q
t´spx, zq, δP

q
s pz, xqyα ´ xσP

q
t´spx, zq, dδP

q
s pz, xqyα

(

ds

´

ż t´ε

ε

"
ż

BXα

pδ 9P q
t´spx, zq ` 9δP q

t´spx, zqq ^ ˚
FP q

s pz, xq

*

ds

˘

ż t´ε

ε

"
ż

BXα

˚
FσdP q

t´spx, zq ^ P
q
s pz, xq

*

ds

˘

ż t´ε

ε

"
ż

BXα

˚
FσP q

t´spx, zq ^ δP
q
s pz, xq

*

ds

(7.35)

We now treat the first boundary integral on the right hand side of (7.35): Since δlP
l,q
t´s P

dompDq
l q and arguing as in (7.30)-(7.32), we have

(7.36)
ż

BXα

δlP
l,q
t´spx, zq ^ ˚

FP q
s pz, xq “ opα1{2

| logα|1{2q.

Differentiating (7.36) and setting l “ 0, we get

(7.37)
ż

BXα

pδ 9P q
t´spx, zq ` 9δP q

t´spx, zqq ^ ˚
FP q

s pz, xq “ opα1{2
| logα|1{2q.

We now treat the second boundary integral in (7.35): Let n “ 2ν ` 1 be odd. Since
dP q

t´s, P
q
s P dompDqq we have, locally near p P SingpXq,

(7.38) P q
s ´ pa` b^ drq, dP

q
t´s ´ pa

1
` b1 ^ drq P dompDminq.

with a, a1, b, b1 as in (7.7). By the assumption on the metrics explained at the beginning
of Section 7, the operator σ is an operator on the link (not depending on r). Hence from
(7.3), (7.38) we get that

(7.39) }U´1
pσdP q

t´s ´ pfpa
1
q ` fpb1q ^ drqq}L2pΛpTLpqbFLp q

“ opr1{2
| log r|1{2q,

where f : HνpLp, FLpq Ñ ΩνpLp, FLpq is a C-linear map. Using (7.7), (7.38), (7.39) the
leading term in the expansion of r˚FσdP q

t´spx, zq ^ P
q
s pz, xqs|BXα is

(7.40) r˚
F
pfpa1q ` fpb1q ^ drq ^ pa` b^ drqs|BXα “ r̊

Ffpb1q ^ a “ 0.

Hence from (7.3), (7.4), (7.38), (7.39) and (7.40) we get, for both n even or odd,

(7.41)
ż

BXα

˚
FσdP q

t´spx, zq ^ P
q
s pz, xq “ opα1{2

| logα|1{2q.

We can argue similarly for the third boundary term in (7.35).
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Using (7.37) and (7.41), by taking the limit αÑ 0 in (7.35) we get:

x 9P q
t´εpx, zq, P

q
ε pz, xqy ´ x

9P q
ε px, zq, P

q
t´εpz, xqy

“

ż t´ε

ε

 

xσδdP q
t´spx, zq, P

q
s pz, xqy ´ xσdP

q
t´spx, zq, dP

q
s pz, xqy

(

ds

`

ż t´ε

ε

 

xσδP q
t´spx, zq, δP

q
s pz, xqy ´ xσP

q
t´spx, zq, dδP

q
s pz, xqy

(

ds.

(7.42)

Taking the trace with respect to x and the limit ε Ñ 0 on the left hand side of (7.42),
and using the semi-group property for expp´t∆qq, we get the left hand side of (7.23).
On the right hand side of (7.42) we do reverse the order of integration (w.r.t. x and z)
and take the limit εÑ 0; we get the right hand side of (7.23).

(b) The statement follows from (a) by taking the alternating weighted sum. �

Proof of Theorem II: Let R Q l Ñ pgTXl , gFl q be a family of metrics on TX,F as
explained at the beginning of Section 7 and such that the spectral gap condition (7.1)
is satisfied. Using Proposition 7.3 (b) we can proceed as in the smooth situation (see
[BGS88, (1.114)–(1.122)]) to get that, the variation

(7.43) Bl log

ˆ

´

} }
RS
det IH‚q pX,F q,l

¯2
˙

is given by the coefficient of t0 in the asymptotic expansion for tŒ 0 of

(7.44) Trs

„ˆ

˚
´1
l

B˚l

Bl
` pgFl q

´1Bg
F
l

Bl

˙

expp´pDq
l q

2
q



.

The claim of Theorem II then follows from Theorem 7.1. l

Remark 7.5. Let X be an even dimensional oriented space with isolated conical singu-
larities and pF,∇F , gF q a unitary flat vector bundle on X. It has been proved in [Dar87],
by the usual Poincaré duality argument, that in this case the Ray-Singer torsion is trivial.
Let R Q l Ñ gTXl be a family of conical metrics on TX. Then, clearly by Dar’s result

(7.45) Bl log

ˆ

´

} }
RS
det IH‚q pX,F q,l

¯2
˙

“ 0.

The result (7.45) can be recovered using Theorem II, since in this case, again by a duality
argument,

(7.46) Trs

„

˚
´1
l

B˚l

Bl
expp´pDq

l q
2
q



“ 0.

7.3. Anomaly formula for the Bismut-Zhang metric } }
Y,gTX ,gF

det IH‚q pX,F q
. The aim of this

section is the study of anomaly formulas for the Bismut-Zhang metric (see Theorem
7.8). The next two theorems give anomaly formulas for the metric } }RSdet IH‚q pcLp,Lp,F q

,
p P SingpXq, which has been introduced in Definition 2.6 and is the contribution of the
singular points of X to the Bismut-Zhang metric.

Theorem 7.6. Let p P SingpXq. Let l P R Ñ pgTZp , gFl q be a family of metrics on TZp, FZp
as explained at the beginning of Section 7, gTZp “ dr2` r2gTLp being a fixed conical metric.
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We assume that the spectral gap condition (7.1) is satisfied. Then

Bl log

ˆ

´

} }
RS
det IH‚q pcLp,Lp,F q,l

¯2
˙

“ lim
tÑ0

Trs

„

pgFl q
´1Bg

F
l

Bl
expp´t∆q

1q



“ cqp,l ´

ż

Lp

Tr

„

pgFl q
´1Bg

F
l

Bl



^ ηp,

(7.47)

where ηp (resp. cqp,l) is as defined in (3.21) (resp. (7.12)).

Proof. The operator pgFl q
´1 Bg

F
l

Bl
on the infinite cone Zp does not depend on the radial

coordinate. Proceeding as in the proof of Proposition 6.3 and using Proposition 3.1 (b),
we get as tŒ 0,

Trs

„

pgFl q
´1Bg

F
l

Bl
expp´t∆p,q

1 q



ÝÝÑ
tŒ0

cqp,l `

ż

Zp

Tr

„

pgFl q
´1Bg

F
l

Bl


ż B,p

expp´Bp
1q “ cqp,l ´

ż

Lp

Tr

„

pgFl q
´1Bg

F
l

Bl



^ ηp.

(7.48)

�

Theorem 7.7. Let p P SingpXq. Let l P RÑ pg
TZp
l “ dr2`r2g

TLp
l , gF q be a family of conical

metrics on the infinite cone Zp; the metric gF on the flat bundle FZp is fixed. We assume that
the spectral gap condition (7.1) holds. Then

Bl log

ˆ

´

} }
RS
det IH‚q pcLp,Lp,F q,l

¯2
˙

“ rcqp,l `

ż

Lp

θpF,∇F
q ^ ιBlp

Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot
q,

(7.49)

with rcqp,l as defined in (7.12).

Proof. Step 1: Proceeding as in the proof of Theorem II we can prove that

(7.50) Bl log

ˆ

´

} }
RS
det IH‚q pcLp,Lp,F q,l

¯2
˙

is given by the coefficient of t0 in the asymptotic expansion of Trs

”

˚
´1
l
B˚l
Bl

expp´t∆p,l,q
1 q

ı

as t Œ 0. In Step 2-Step 6 we compute this asymptotic expansion proceeding as in the
proof of Proposition 6.3.

Step 2: Splitting the integral: Let T ą 0 be fixed. We denote by Up,l,q
t,T px, x

1q, x, x1 P Zp,
the heat kernel of the operator t2∆p,l,q

T {t w.r.t. dvolZp. Let ϕ : Rě0 Ñ r0, 1s be a cut-off
function, with suppϕ Ă r0, 1s and ϕ ” 1 in r0, 1{2s. Using the scaling properties of the
model Witten Laplacian (4.15) and the fact that the operator ˚´1

l
B˚l
Bl

on the infinite cone



BISMUT-ZHANG THEOREM AND ANOMALY FORMULAS 53

Zp does not depend on the radial coordinate, we write

Trs

„

˚
´1
l

B˚l

Bl
expp´t∆p,l,q

T q



“

ż

Zp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
t,T

`

pr, yq, pr, yq
˘



dvolZp

“

ż

Zp

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,T

`

pr, yq, pr, yq
˘



dvolZp

“

ż

Zp

ϕprqTrs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,T

`

pr, yq, pr, yq
˘



dvolZp

`

ż

Zp

p1´ ϕprqqTrs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,T

`

pr, yq, pr, yq
˘



dvolZp .

(7.51)

Step 3: We establish a pointwise asymptotic expansion, which will be used in Step 4 and
Step 5: We use local index techniques as in the proof of Proposition 6.3; i.e. we apply
to t2∆p,l,q

T {t the (local) scaling x Ñ tx and replace the Clifford variables cpekq,pcpekq by
ctpekq,pctpekq. We denote by Ct the operator we get from ˚

´1
l
B˚l
Bl

by the above scaling. We
have

(7.52) tCt
tŒ0
ÝÝÑ 9ω

Zp
l ,

where 9ω
Zp
l has been defined in (7.10). Using (7.52) and proceeding as in [BZ92, Theo-

rem 13.4], we get the following pointwise asymptotics as t Œ 0, uniformly on compact
sets and for T P r0, 1{ts,

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,T

`

pr, yq, pr, yq
˘



dvolZp

“
rkpF q

t

ż B,p

9ω
Zp
l expp´Bp

T 2q `

ż B,p

9ω
Zp
l

ˆˆ

1

2
∇TZp
l ` ιTz∇fp

˙

pθpF, gF q

˙

expp´Bp
T 2q `Optq

“:
1

t
a´1pT, rqdr ` a0pT, rqdr `Optq.

(7.53)

Recall that the form eT pρ
˚TZp,∇TZp,totq has been defined in (3.29). From (7.10) and

∇
g
TZp
l

fp “ ´rBr, we have ι
Ty∇f

p 9ω
Zp
l “ 0. Hence, using [BGV04, Proposition 1.50], [BZ92,

Theorem 3.2], [BZ92, Theorem 3.13] and proceeding as in [BZ92, (4.74)-(4.86)] we get

ż B,p

9ω
Zp
l

ˆˆ

1

2
∇TZp
l ` ιTz∇fp

˙

pθpF, gF q

˙

expp´Bp
T 2q

“
1

2
d

ˆ
ż B,p

9ω
Zp
l
pθpF, gF q expp´Bp

T 2q

˙

´

ż B,pˆˆ1

2
∇TZp
l ` ιTz∇fp

˙

9ω
Zp
l

˙

pθpF, gF q expp´Bp
T 2q

“
1

2
d

ˆ
ż B,p

9ω
Zp
l
pθpF, gF q expp´Bp

T 2q

˙

´

ż B,pˆ1

2
∇TZp
l 9ω

Zp
l

˙

pθpF, gF q expp´Bp
T 2q

“
1

2
d

ˆ
ż B,p

9ω
Zp
l
pθpF, gF q expp´Bp

T 2q

˙

´

ż B,p

θpF, gF q

ˆ

´
1

2
{∇TZp
l ω

Zp
l

˙

expp´Bp
T 2q

“
1

2
d

ˆ
ż B,p

9ω
Zp
l
pθpF, gF q expp´Bp

T 2q

˙

´ θpF, gF qιBleT 2pρ˚TZp,∇TZp,tot
q.

(7.54)



BISMUT-ZHANG THEOREM AND ANOMALY FORMULAS 54

The form
şB,p

9ω
Zp
l
pθpF, gF q expp´Bp

T 2q is an pn´ 1q-form containing er. Hence

d

ˆ
ż B,p

9ω
Zp
l
pθpF, gF q expp´Bp

T 2q

˙

“ er ^ dLpβpr, T q,(7.55)

for an pn´ 2q-form β on Lp, which depends on the radial coordinate.
The coefficients in the asymptotic expansion in (7.53) have exponential decay as r Ñ

8 and enjoy scaling properties analogous to those described in (6.24), (6.25).
Step 4: We study the first integral on the right hand side of (7.51) as tŒ 0: Let T ą 0 be

fixed. Using (6.39) and the fact, that the operator ˚´1
l
B˚l
Bl

does not depend on the radial
coordinate, we get for the first integral on the right hand side of (7.51):

ż

Zp

ϕprqTrs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,T

`

pr, yq, pr, yq
˘



dvolZp

“

ż 8

0

dr

r
ϕprq

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q
t{r,T r pp1, yq, p1, yqq



dvolLp

“ z

ż 8

0

ϕprqσpr, rzqdz,

(7.56)

where z :“ t´1 and

(7.57) σpr, ξq :“
1

ξ

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q
ξ´1,T r pp1, yq, p1, yqq



dvolLp .

We have, using (7.19), σp0, ξq P L1pRě0q,
ż 8

0

σp0, ξqdξ “

ż 8

0

dξ

ξ

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q
ξ´1,0 pp1, yq, p1, yqq



dvolLp

“

ż 8

0

dξ

ξ

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
ξ´2,0 pp1, yq, p1, yqq



dvolLp

“
1

2

ż 8

0

du

u

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Qp,l,q
u pp1, yq, p1, yqq



dvolLp

“ rcqp,l.

(7.58)

We define

(7.59) σ0prq :“

ż

Lp

a´1pTr, 1q, σ´1prq :“

ż

Lp

a0pTr, 1q,

with a0, a´1 as defined in (7.53).
From the discussion in Step 3, we have σ0prq, r

´1σ´1prq P L
1pRě0q. Moreover

(7.60)
ż 8

0

ϕprqσ0prqdr “ rkpF q

ż

Zp

ϕprq

ż B,p

9ω
Zp
l expp´Bp

T 2q,

and, using also (7.54),

(7.61)
ż 8

0

ϕprqr´1σ´1prqdr “ ´

ż

Zp

ϕprqθpF, gF qιBleT 2pρ˚TZp,∇TZp,tot
q and σ´1p0q “ 0.

From (7.53), we get, as ξ Ñ 8 and 0 ď r ď 1, j “ 0, 1,
ˇ

ˇB
j
r

“

σpr, ξq ´ σ0prq ´ ξ
´1σ´1prq

‰ˇ

ˇ “ Opξ´2
q.(7.62)
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The operator ˚´1
l
B˚l
Bl

does not depend on the radial coordinate, hence as in (6.34) we
can prove the integrability condition for σpr, ξq. The asymptions in SAL [Les97, Theorem
2.1.11] are hence satisfied. Applying SAL, as z Ñ 8,

z

ż 8

0

ϕprqσpr, rzqdz

“

ż 8

0

σp0, ξqdξ `

ż 8

0

ϕprqσ0prqdr z `

ż 8

0

ϕprqσ´1prqr
´1dr ` σ´1p0q log z `Opz´1{2

q,

(7.63)

where we have also used that, as discussed before, the infinite integrals appearing in
(7.63) exist.

From now on, set T “ 1. Using (7.58), (7.60), (7.61) and (7.63), we get for the first
integral on the right hand side of (7.51) as tŒ 0,

ż

Zp

ϕprqTrs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,1

`

pr, yq, pr, yq
˘



dvolZp “
rkpF q

t

ż

Zp

ϕprq

ż B,p

9ω
Zp
l expp´Bp

1q

` rcqp,l ´

ż

Zp

ϕprqθpF, gF qιBle1pρ
˚TZp,∇TZp,tot

q `Opt1{2q.

(7.64)

Step 5: We study the second integral on the right hand side of (7.51) as t Œ 0: Us-
ing the scaling properties of the model Witten Laplacian and the Berezin integrals, the
asymptotic expansion (7.53), as well as the change of variables u “ t{r, we get

ż

Zp

p1´ ϕprqqTrs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,1

`

pr, yq, pr, yq
˘



dvolZp

“

ż

trě1{2uˆLp

p1´ ϕprqqTrs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,1

`

pr, yq, pr, yq
˘



dvolZp

“

ż 2t

0

du

u
p1´ ϕpt{uqq

ż

Lp

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q

u, t
u

`

p1, yq, p1, yq
˘



dvolLp

“

ż 2t

0

du

u
p1´ ϕpt{uqq

#

u´1

ż

Lp

a´1

ˆ

t

u
, 1

˙

`

ż

Lp

a0

ˆ

t

u
, 1

˙

`Opuq

+

“
rkpF q

t

ż

Zp

p1´ ϕprqq

ż B,p

9ω
Zp
l expp´Bp

1q

´

ż

Zp

p1´ ϕprqqθpF, gF qιBle1pρ
˚TZp,∇TZp,tot

q `Optq.

(7.65)
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Step 6: We finish the proof: Using Proposition 3.2 (b), (7.51), (7.64) and (7.65) we get
as tŒ 0,

Trs

„

˚
´1
l

B˚l

Bl
expp´t∆p,l,q

1 q



“

ż

Zp

Trs

„

˚
´1
l

B˚l

Bl
Up,l,q
t,1

`

pr, yq, pr, yq
˘



dvolZp

“
rkpF q

t

ż

Zp

ż B,p

9ω
Zp
l expp´Bp

1q ` rcqp,l ´

ż

Zp

θpF, gF qιBle1pρ
˚TZp,∇TZp,tot

q `Opt1{2q

“
rkpF q

t

ż

Zp

ż B,p

9ω
Zp
l expp´Bp

1q ` rcqp,l `

ż

Lp

θpF, gF q ^ ιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q

`Opt1{2q.

(7.66)

From (7.66) we get that the coefficient of t0 in the asymptotic expansion as t Œ 0 of
Trs

”

˚
´1
l
B˚l
Bl

expp´t∆p,l,q
1 q

ı

, is given by

(7.67) rcqp,l `

ż

Lp

θpF, gF q ^ ιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q.

The claim of the theorem follows putting together Step 1 and (7.67).
�

Let l P R Ñ pgTXl , gFl q be a family of metrics on TX, F as at the beginning of Section
7. We denote by } }

Y,gTXl ,gFl
det IH‚q pX,F q

the associated Bismut-Zhang metric.

Theorem 7.8. Let R Q l Ñ pgTXl , gFl q be a family of metrics on TX, F as explained at the
beginning of Section 7 and satisfying the spectral gap condition (7.1). Then

Bl log
´

p} }
Y,gTXl ,gFl
det IH‚q pX,F q

q
2
¯

“
ÿ

pPCritpfsmq

p´1qindppq
Bl logp} }

2
detFp,lq

`
ÿ

pPSingpXq

˜

´

ż

Lp

Tr

„

pgFl q
´1Bg

F
l

Bl



^ ηp,l ` c
q
p,l ` rcqp,l

¸

`
ÿ

pPSingpXq

ż

Lp

θpF, gFl q ^ ιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q,

(7.68)

where ηp,l (resp. cqp,l and rcqp,l) is as defined in (3.21) (resp. (7.12)).

Proof. The proof follows from the definition of the Bismut-Zhang metric (Definition 2.8),
and Theorems 7.6 and 7.7. �

Remark 7.9. Putting together Theorems II and 7.8, we have



BISMUT-ZHANG THEOREM AND ANOMALY FORMULAS 57

Bl log

¨

˝

} }RSdet IH‚q pX,F q,l

} }
Y,gTXl ,gFl
det IH‚q pX,F q

˛

‚

2

“

ż

X

Tr

„

pgFl q
´1Bg

F
l

Bl



epTX,∇TX
l q

`

ż

X

ιBlepρ
˚TX,∇TX,tot

qθpF, gFl q

´
ÿ

pPCritpfsmq

p´1qindppq
Bl logp} }

2
detFp,lq `

ÿ

pPSingpXq

ż

Lp

Tr

„

pgFl q
´1Bg

F
l

Bl



^ ηp,l

´
ÿ

pPSingpXq

ż

Lp

θpF, gFl q ^ ιBlp
Ą∇fpq˚Ψpρ˚TZp,∇TZp,tot

q.

(7.69)

Integrating (7.69) over l P r0, 1s and comparing with (3.49) we have

log

¨

˝

} }
1RS
det IH‚q pX,F q

} }
Y,g1TX ,g1F

det IH‚q pX,F q

˛

‚

2

´ log

¨

˝

} }RSdet IH‚q pX,F q

} }
Y,gTX ,gF

det IH‚q pX,F q

˛

‚

2

“

“ ´

ż

X

θpF, g
1F
qp∇1fq˚ΨpTX,∇1TX

q `

ż

X

θpF, gF qp∇fq˚ΨpTX,∇TX
q,

(7.70)

which shows that the variations of the three terms in the Bismut-Zhang formula w.r.t. the
two metrics pgTX , gF q are consistent with the Bismut-Zhang formula.

The result in [BZ92, Theorem 16.1] can also be generalised to this setting: Let us fix
a flat Hermitian vector bundle pF,∇F , gF q. Let pf, gTX0 q, pf 1, g1TX0 q be anti-radial Morse-
Smale pairs, we assume that the conical metrics gTX0 , g1TX0 coincide in an open neigh-
bourhood of SingpXq. We denote by Y “ ∇gTX0

f , Y 1 “ ∇g
1TX
0

f 1 the gradient vector

fields. Let } }
Y 1,g

1TX
0 ,gF

det IH‚q pX,F q
, } }

Y,gTX0 ,gF

det IH‚q pX,F q
denote the associated Bismut-Zhang metrics on

det IH‚
q pX,F q.

Let gTX be a further arbitray conical Riemannian metric onX, which does also coincide
with the conical metrics gTX0 , g1TX0 in an open neighbourhood of SingpXq; we denote by
∇TX the Levi-Civita connection of pTX, gTXq.

Theorem 7.10. In the situation described above we have
(7.71)

log

¨

˚

˝

} }
Y 1,g

1TX
0 ,gF

det IH‚q pX,F q

} }
Y,gTX0 ,gF

det IH‚q pX,F q

˛

‹

‚

2

“

ż

X

θpF, gF qpY 1q˚ΨpTX,∇TX
q ´

ż

X

θpF, gF qY ˚ΨpTX,∇TX
q.

Proof. The theorem is a consequence of the Bismut-Zhang theorem, Theorem I. It can be
proved independently by an easy generalisation of [BZ92, Section XVI]. �
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[BGV04] Nicole Berline, Ezra Getzler, and Michèle Vergne. Heat kernels and Dirac operators. Paperback
ed. Grundlehren Text Editions. Berlin: Springer. ix, 2004.
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