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We describe the "CW-tower of categories" which approximates the homo­

topy category CW/~ of connected CW-complexes with basepoints. The

CW-tower is an iroportant new tool for the homotopy classification

problems:

(1) Classify the homotopy types of finite dimensional CW-complexes

by algeb~aic data!

(2) Compute the homotopy classes of maps between finite dimensional

Cw-complexes!

(3) Compute the group of homotopy equivalences of a finite

dimensional CW-cornplex!

A fundamental example for the solution of problem (1) is

J.H.C. Whitehead's classification of 1-connected 4-dlrnenslonal poly­

hedra [2]. Below we show that this result 15 a nice consequence of

the properties of the CW-tower. More generally we obtained solutions

of problem (1) (in particular, for. 4-dimensional CW-complexes and for

1-connected 5-dirnensional CW-cornplexes) which will appear elsewhere.

These results as weIl are der~ved from the Cw-tower. The starting

point of this.paper is J.H.C. Whitehead's IICornbinatorial Homotopy".

In fact, many of Whitehead's r~sults in [2],[3],[4] are consequences

of the CW-tower. In rny book IlAlgebraic Homotopy" [1] various further

properties of the CW-tower are discussed, including all proofs.

The author would like to acknowledge the support of the "Max-Planck­

Institut für Mathernatik ll in Bonn, and of the "Forschungsinstitut für

Mathematik" at the ETH in Zürich.

§ The cellular chain complex of the universal covering

Let CW = ewÜ be the following category. Objects are CW-complexes X



with trivial O-skeleton xO = * where * is the basepoint of X,

and morphisms are "cellular maps f: X~ Y. The skeleta of" X are

denoted by xn and the map f is cellular if f (X
n ) c: yn . In"

particular the map f 1s basepoint preserving. Let I = [0,1] be the
ounit interval which is a Cw-complex with O-skeleton I = {O,1}.

Whence also the reduced cycli~der

(1 • 1 )

is a CW-cornplex in cw. Let i t : X~ I*X be given by it(x) = (t,x)

for t EI, x € X. We call a rnap H: I*X ~ y a "hornotopy
o

H : HO ~ H1 wi th H
t

= Hit. We say that H: HO ~ H1 is a O-hornatapy
if Ht is cellular for all t E I and we call H: HO J, H1" a
1-hornotopy if H is a cellular map. This yields the quotient functors

( 1 .2)

for the corresp~nding homotopy categories. We now describe the chain

functor

(1 • 3)

which carries X to the cellular chain complex of the universal
A A

covering p: X ----+ X. Far each X we fix a "basepoint * E X with
A

p(*) = * . The covering space X 1s a CW-cornplex with n-skeletan
An -1 n
X = P (X). Moreover, the fu~damental group n = n1 (X) acts

A
cellularly from the right on X by covering transformations (denoted

a. A
by x ~ x , a € n ; x € X). A rnap f: y ~ X in CW induces a

A 1\ -/\
unique basepoint preserving covering maps f: y ~ X (with

A
pf=fp) which is <,p-equivariant, <,p=n,(f), and which is cellular.

A
Let C*X with

(1 • 4 )
A

C Xn

1\
be the cellular chain complex of x. This i~ a chain cornplex of free

A A A
right n-modules and f induces a <,p-equivariant chain map C*(f) =f*.

This leads to the definition of the following category .

(1.5) Definition: Objects in the category Chai~ are pairs (n,C)

where n is a group and where C = (C n , dn ; n € ~) is a chain complex

of right TI-modules. Maps (<,p,F) (nI ,CI) ~ (n,C) are <,p-equivariant
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chain maps F: CI ~ C where ~: n l ~ rr 1s a homomorphism. Two

such c hain maps are homotop1c (t?, F) :; (qt, G), i f. <'9:; 't' and i f there

exists a ~-equivariant map a:C 1 ~ C of degree +1 with

do. +. o.d :; -p + G. The chain map (~,F) 1s a weak eguivalence if ~ 1s

an isomorphism and if F induces an isomorphism in homology.

/\
Since we have basepoints * E X we know that

(1 • 6 )

/\
is the group ring of TI. Moreover, f 1nduces

(1 .7) ~# : ~[TII] ~ Z[TI]

in degree 0 with ~#[ß] ~ [~ß]. Here [0.] EZ[TI] denotes the generator

given by 0. E TI. The isomorphism (1.6) carr1es the O-cell * to the

unit [0] of the group ring.

We say that-a chain complex

a CW-complex X:; Xn in CW=
denotes the n-skeleton of C

(TI,C) is n-realizable if there exists
" n /\ nwith C*X iii (TI,C) in Chaipz . "Here C

given by Ci' i;$ n.

"(1.8) Definition: Let chain be the following subcategory of Chainz .
Objects (TI,C) are chaln complexes which are 2-realizable and for

which C , n (71, 1s a free TI-module with CO:; 7l [TI]. Maps in~
n ---

are chain rnaps (~,F) which coincide with ~# in degree O. Moreover,

two such rnaps are homotopic, (~,F) ~ (lI',G), if there exists a homotopy, -
a as in (1.5) wi th a (CO) :;: 0 .

A

C* in" (1:3) induces the commutative diagrarn of functors
A

gy/g C* :> chain

( 1 • 9)
!p

/\

!p
cw/l C* chainie:.t)

where p is a quotient functor. The following theorems are classical

results of J.H.C. Whitehead.

(1.10) Theorem: A ~ f in CW is a homotopy equivalence in cw/~ if
/\

and only if ~f is a weak equivalence.

Let C~ and ehainn be the full subcategories of CN and chain
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respectively consisting of objects of dimension ~ n.

(1 • 11) Theorem: The funator

is an equivaZenae of aategories and the funator

cw3/~ ---iJo~ 3 /01.= ---

is fuZZ. Moreover, each objeat in chain: is 4-reaZizabZe.

We derive fram (1.10) and (1.11)

(1 • 12) Corollary: Homotopy types of 3-dimensionaZ ~-aompZe:ce8 in C~'l/OI. are

1-1 corresponded to homotopy types in the aategory ~ 3 /ot.

"The corollary s~ows that the chain complex C.X of a 3-dirnensional

CW-complex X:: X3' determines the homotopy type of X. This is I however I

not true for 4-dimensional CW-complexes.

§ 2 Homotopy systems·

Let n ~ 2. A homotopy system of order (n + 1 ) 1s a triple

(2. 1 )
n

(C , f n + 1 ,X )

where Xn 1s an object in C~ and where (n
1
xn , C) 1s a chain-complex

A
wh1ch coincides with c.xn in degree ~ n. Moreover, f is a

n+1
homorphism of right n-modules for wh1ch the following diagram comrnutes

f
n+1

C
n+1

) TI (X
n )

n

( 1 )
d~ 1j

h
C

n n (Xn , Xn - 1 )oe:
n ;; n

Here d is the boundary in C and

(2 )
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is given by the Hurewicz isomorphism h. In addition

the cocycle condition

f
n+l

satisfies

(3 ) f 1d (C 2) =0n+ n+

A map between homotopy systems of order (n + 1 ) is a pair (t; , n) ,

(4 )

with the following "properties. The map n : X
n ~ yn is a morphism

in cWig and t; : C ~ CI i5 a n
1

(n)-equivariant chain map which
1\

coincides w1th C~(n) in degree S n and for which the following

diagram cornrnutes:

(5)

Let ~~+1 be the catecrory of homotooy systems of order (n"r 1) and

of such maps. Clearly composition is def1ned by (~,n) (~,n) = (~~,nn).

We have obvious functors, n ~ 2,

(2. 2) Clv ----+)
r n+ 1

--c-~) chain

1\
with CArn + 1 = C* and Arn + 1 = r n . Cle~rly

X to r n +
1
x = (C,fn + 1 ,X

n ) where C = C*X

cornposition

r n + 1 carries the CW-complex

and where f n + 1 is the

( 1 )

Here we use the isomorphism h n+
1

in

1s the forgetful functor which carries

(2 • 1 ) (2). Moreover, C in (2. 2)
n-l n

(C,fI\'X ) to (TT
1

X ,C).

Let Z be the set of n-cells in X. Then we know thatn

(2.3) C =G) Z[n]
n Z

n
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(2 .4)

is the free n-module generated by Zn. The map f n carries the

generator x E Zn to f (x) € 11" 1 (Xn - 1 ). Here f (x) corresponds ton n- n
the attaching map of the cell x. Whence we can choose a map

f . 'I Sn-1 ~ xn - 1

Zn

(determined up to homotopy by f above) such that the rnapping cone
n n n-1

Cf . is homotopy equivalent to X (under X ). This gives us the

coaction

(2.5)

which induces the action

(2. 6 ) [Xn , y] x E (Xn , y)
+ n
~ [X ,y] •

The set [u,vl denotes the set of homotopy classes U --. V in

cw/~ and E(Xn,y) 1s the abelian group

( 1 )

(2)

Here ~: TI1X~' n
1

Y is any homorphism of groups and Hom~ denotes

the abelian group of ~-equivariant homorphisms; the isomorphisrn (2)

isgivenbr (2.3). Theaction (2.6) isdefinedby F+:()=jj*{F,a).

We now are ready to deflne the homotopy relation, ~, in the
c

category ~n+1 •

(2.7) Definition: Let

(~,ll), (~',ll')

be maps in ~~+1 We set (s,ll)~(s',ll') if

and if there exist ~-equivariant homomorphisrns

j '= n, such that

(a)

(b)

{n} + gn+ 1 ()n + 1 = {n I } and
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homotopy class of

homotopy in ~~+1

The action + in (a) is defined in {2.6) above; {n} denotes the

n in [Xn,yn]. We call Cl : ·(t;,n) S" (t;' ,nI) a

One can check that this homotopy relation is a natural equivalence

relation and that the functors in (2.2) induce functors between

homotopy categories (n;;;: 2)

(2.8) )

(2. 9 ) Theorem: The functoI'

c

is fuZ Z and the funotoI'

is an equivaZenoe of aategories.

A similar result was obtained by J.H.C. Whitehead for the category of

"crossed chain cornplexes" which he called Ilhomotopy systems". Theorem

(2.9) is a consequence of (VI. 5. 13)·, (VI. 4.9) in [1]

§ 3 The obstruction

We :use the groups r which were introduced by J.H.C. IWhitehead. Let
n

X be a CW-complex in CW and let

(3 • 1 )

be the group given by the inclusion xn- 1
c xn of skeleta. Clearly

'" r 2X ;:;;: 0 since 7T2.(X 1 ) ;:;;: o. Moreover, for n;;;: 3 the group r
n

(X) is

a 7T 1 (X)-module which is embedded in the II certain exact sequence ll of

TT 1 (X)-modules

(3.2)

Here h ;:;;: h (p*) -1 is defined by the Hurewicz homomorphism, see (2. 1 ) (2) .n
The map j i5 induced by the inclusion Xn c X and b is the
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cw/~.

group

Let q:>

dule,

(3.4)

IIsecondary boundary" for which the diagram

Hn+1~
b r x)

n

(3. 3 ) to n
"n+ 1 ) TInX

n
Hn+1X c Cn+1 f n +1

commutes, see (2.2) (1). The sequence (3.2) is natural for rnaps in
n-1 eWe point out that for an object X = (C,fn,X ) in ~n the

fn(X) in (3.1) as weIl is defined by choosing Xn as in (2.4).

: TI 1 (X) ~ TI' be a hornornorphism and let f be a right TI'~mo­

then we obtain the eohomology groups

1\

where C = C*X and where Homq:>(C,f) is the cochains complex of

q:>-equivariant homomorphisms Cn ---+ r , n E Z. The eohomology groups

(3.4) are defined as weIl if X is an object in ~~

(3.5) Proposition: Let X,Y be objects in

(~,n) : AX ---+ AY be a map in He with
-n

e
~n+1 and let

lP = TI 1 (n). Then an element

is defined such that 0X,y(~,n) = 0 if and only if there exists a map

(t; , Tl) : X ----+ Y in ~~+ 1 wi th A (t; , Tl) = (~, n) •

We define the obstruction °X,y(~,n) in (3.5) as follows. Since
c Xn ~ yn(E;,n) is a map in !!n we can ehoose a rnap F : in

Q//g
1\

which extends n and for which C*F eoincides with ~ in

degree S n. The diagram

Cn+ 1
): Cl

~
n+1

f n+11.
n+l

19n+1( 1 )

TI. xn ) TI yn
n

F*
n
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needs not to be eommutative. The differenee

(2 )

maps C
n

+
1

to rny C TInyn and this differenee is a eoeyele in

Hom~(Cn+1,rnY). The obstruetion

(3 )

is the eohornology elass represented by the eoeyele O(F). This elass

does not depend on the ehoiee of F in (1).

(3.6) Proposition:

the obstruetions

Let (C;,n) 01 (t;' ,ni) be a homotopy in He . Then=n

0x , y ( t; , n) =0X, Y (c; , , n I )

eoineide.

(3.7) Proposition: The obstruetion has the Ilderivation property", that

is

where (t;,n): AX ~ AY, (~,I) >..y -»- >..z.

Moreover the obstruction yields an action on the set of realizations.

To this end we define

.(3.8) Definition: Let >..: ~ --jIo- ~ be a functor and let B be an

object in ~. We consider all pairs (A,b) where A is an object

in ~ and where b: >..A m B is an isomorphism in ~. We define an

equivalence relation on such pairs by

(A,b) ...... (AI ,b') .. {3 g

with

: ~;; A in ß.
>..(g) = b-'b:

Let Real>..(B) be the set of all such equivalence classes. We denote

by {A,b} the equivalence elass of (A,b), often A 1s sufficient

notation for {A,b}. We call {A,b} a realization of B.
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(3.9) Proposition: Let B be an object in ~~/~ and let

A : HC. 1/~ ~ HC/~ be the functor in (2.8). Then the group
A 1 =n+ =n
H

n
+ (B'!nB) acts transitively and effectively on the set RealA(B)

provided this set is non empty.

For Xo E Real A(B) and Cl E Hn
+ 1 (B, r nB) we denote the action in (3. 7)

by Xe + u. In fact, we have X I: Xo + a if and only if

(3.10) = Cl

Here 1 -B is the identity of Band X, Xo E Real). (B) •

(3.11)

This shows that this difference corresponds to an "inner derivationlI.

These properties of the obstruction 0 lead to the nation of a

"linear covering of categories", cornpare (IV, §4) in [1].

§ 4 The action

Let X,Y be CW-complexes in eWer let X,Y be objects in ~~ and

let - lP TI .1X ~ TT 1Y be a homemorphism. We denote by [X, y] n the set
cof all rnorphisrns Xe ~ Ye in gn/~ where Xo and Ye are the

images of X and Y respectively in the category ~~, n ~ m. Here we

use the functors in (2.2). Moreover,

(4. 1 )

denotes the subset of all morphisms which induce lP on fundamental

groups. This subset can be ernpty. The functor 'A yields the function

(4.2) -~
n

[X,Y]4' .

(4.3) Proposition: There is an action (denoted by +) of the group

~n(X'lP*rnY) on the set [X,y]~+1 such that the following lI exactness.

property 11 is satisfied. For f , g E [X, Yln+ 1 we have Af = Ag if and
A lP

only if there exists 0. E Hn (X, lP*r Y) wi th g = f + a.
n

-10-



We define the act~on as follows. Let (~,n)

fJ~+1 which induces tp = 7r 1 (n). Moreover, let

a class represented by the cocycle

x~ Y be a rnap in
"n{a}.EH (X,<.p*rny) be

( 1 ) CL E Horn (C , r (Y» •
tp n n

Then we obtain by

n + ia = J.1 * (n , ia)

weIl defined map

i : r (Y) c:: 7r yn the cornposition i CLn n
is defined by J.1 in (2.5). Here n + ia

oin CW/~. We now set

such that

is a

(2) { (~ , n)} + {cd = { (.; , n + ia)} .

c '/Here {(~,n)} denotes the hornotopy class of (~,n) in ~n+1 ~ •

The action (2) is weIl defined and it has the properties in (4.3).

(4.4) Remark:. The isotropy groups of the action (4.3) can be computed

by use of a spectral sequence cornpare (VI. 5.16) in [1].

(4.5) Proposition: The action (4.3) satisfies the following "linear
n+ 1 n+ 1distributivi ty law". For 9 E [X, y] tp , f E [Y, Z] 'l' we have the

formula

(f + a) (g + ß) = fg + (f*ß + g*a)

These properties of the action (4.3) lead to the notion of a

IIlinear extension of categories ll
, compare (IV. 3.2) in [1].

§ 5 The CW-tower of categories

For a category

I$ • Objects in

(a,B) : f -,)0.. 9

~ let F(~) be the "category of factorizations" in

F(~) are the morphisms in ~ and morphisrns

in are the cornmutative diagrams

A ~ AI

fl 1.g
B ~ B'

in l$. Hence afß =9 is a factorization of g. Cornposition is defined

by (a' ,B') (a,ß) = (a'a,Bß'). We call a functor from F(~) to the
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category Ab of abelian groups a natural system -on ~. For example

we have the natural system

(5 • 1 )

which carries the object f: X~ Y to the abelian group

where

(5.2)

lP = 'IT 1 (f). We say that

is an exact seguence for the functor A in (2.8) since an obstruction

operator 0 and an action + with all the properties in § 3 and § 4

are given. Whence we have a collectlon of exact sequences (n~ 3) which

form the followi~g diagram.

(5.3)

We call such a diagram a "tower of categories ll
, in particular, this

diagram is the CW-tower of categories which approximates the hornotopy

category of finite dimensional CW-complexes in CW/~.
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Let X,Y be CW-complexes in CW and let ~

homomorphism. As in (4.') we have the subset

(5.4) [X,Y]~ c [X,Y]

of all maps (n} X --). Y in CW/::::t with Tr,(n) = ~. Similarly,

let

(5.5) [C,C' ]~ c [C,C']

be the set of all {~} : C~ Cl in chain/~ which induce ~. Then

the CW-tower yields the following diagram of exact sequences of sets.

(5 .6)

~n(X,~*rnY) ~ [X~Y]~+'

JA
[X,y]~ ~ ~n+' (X,~*rnY)

t

[X,y]~ ~ H4(x,~*r3Y)

~!C
1\ 1\

[c*x,C.Y]c.p

We have kernel(O) = image(A) and we have A(f) = A(g) if and only

if there exists a. '.ol!th g = f + a. Moreover, the definition of tJc-n
yields the

(5.7) Proposition: Let X = xN, then

is bijective for n = N +' and is surjective for n = N.
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Next we derive from the CW-tower a structure theorem for the group of

homotopy equivalence. For a CW-cornplex X in CW let

(5.8) Aut(X)* c [X,X]

be the grouE of homotopy equivalences of X in

Aut(C) be the group of homotopy equivalences of

~/~ and let

CW/~. Moreover I ,let

C in the category

(5.9) n ~ 3 I

be the group of equivalences of rnX in ~~/~. Then the CW-tower

yields the follow1ng tower of groups where the arrows 0 denote deri­

vations and where all the ether arrows are hornernorphisrns between groups.

(5.10)
Aut(X)*

J
1+

); E
n

+
1

(X)

IA
t
En(X) ~

+
, +

--.) E
4

(X)

JA

/\

U Hn
+1 (X I <,p* r X)

<,pEA n

u ~4(X/<,p*r3X)
q>EA

Aut(TI
1

X) = A

Here we define the obstruction 0 by the obstruction 0 in (5.6) and

we define ,+ by the action in (5.6) I namely 1+(a) = + a where 1

is the identity. The linear distributivity law in (4.5) shows that ,+
1s a hornornorphisrn of groups. Moreover we have the exactness image (1+). =.
kernel (A) and irnage(A) = kernel(O). The isomorphism C is
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given by (2~9). A~ in (5.8) we get

(5.11) Proposition: Let X = xN
, then

Aut(X)* ~ E (X)
n

i5 an isomorphism for n = N +' and 1s an epimorphism .for n = N.

The kernel of ,+ can be computed by a spectral sequence, cornpare

(4.4). There are "many applications of the CW-tower for the hornotopy

classification problems. The following result i5 immediate.

(5. 12) Theorem: Let X, Y be objeats in gJf and let X" "be finite dimensional.

Asswne that

(* )

A

for p = n, n + " n '= 3, tp E Horn (TI, X, TI , Y) . Then the functor C* yie Zds the

bijection of sets

1\

C* : [X,y]

Asswne that (*) hoZds for X = Y then

is an isomorphism of groups.

This theorem 1s a special'case of (VI. 6.15) in [1]~

§ 6 On the classification of 4-dimensional homotopy types

We first recall that for X in CW we have a natural isomorph1sm

(6. 1 )

~

of TI
1

(X)-modules. Here r 1s the quadratic functor of J.H.C. whitehead

[3]. We derive from the exact sequence (3.2) the natural

isomorphisms
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(6.2)
b j

HS (K(A,2,» iii f(A) - 1T3(M(~,2»

where K(A,2) and M(A,2) denote the Eilenberg-Mac Lane space and

the Moore-space respectively of the abelian group A. We now·consider \

the functor

(6.3)

By (1. 11 ), (2.9), and (3. 9) we' know

(6.4) Theorem: For C in chain4 the set Reale).. (C) is non empty and thB group

114 (e, r (H
2

e» acts transitive Zy and effective Zy on this set

Moreover, we derive from (3.5), (3.6) and (2.9) the result

(6.5) 'rheorem: Let X, Y be CW- camp Ze:res in' ew4 and let {lP, t;.} ~ ...x --+- 6... Y
be a map in chain4 /ca. Then there erists a map {F}~ X --)0 Y in CWI~ I.JJith
1\
c... {F} = {lP,~} if and only if the obstruction

vanisheB.

In my talk in Louvain" 1a Neuve I described algebraic models of

4-dimensional CW-cornp1exes which allow a forrnula for the obstruction

in (6.S)~ This, in fact, y1elds the homotopy classification of

4-dimensional CW-complexes. We now consider for simplicity 1-connected

4-dimensional eW-complexes. In this case we obtain by (9.4) and (6.5)

a classical result of J.H.C. Whitehead [2], see (6.9).

(6.6) Definition: 4Let r-seguence be the following category~ Objects

are the exact sequences

of abelian groups where H4
is a triple f = (f4 ,f3 ,fZ)

there exists a homorphism lP

1s free abelian. A morphism f

of hornorphisms f. : H. ~ H!
~ ~ ~

such that the diagram

-16-

: 5 ~ 5'

.for which



H4 ~ r(~2) ~ TI) ~ H) ~O

!f4 !rlf2 ) 14> !f3I
VI

HI
~ r(H2) ~ TI3 ---;.. HI ---;.. 0

4 3

comrnutes.

Let rcw 4.

X with X
1

b h f 11 ub f Cw4 .. f CW 1e t e u s category 0 == cons1st1ng 0 -comp exes

= *. By (3.2) and (6.1) we obtain the functor

in ~ a marphism a: A~ AI

pa : pA ~ pA' i5 an equ1valence

(6.7) rs 4 4
: rCW /01. ~ r-seguence

which carries the CW-complex X to the exact sequence

bX

(6.8) H4X 4 r(H2X) ~ 1T
3

X~ H3X ~ 0----+-

1\
where HiX is the homology of X =' X. This sequence is natural in X

and whence the functor rs is weIl defined.

Followinq J.H.C. Whitehead we define the following conditions on a

functor p : ~ ~ ~.

(a) Sufficiency: Far abjects A,A'

1s an equivalence if and only if

in ~.

(b) Realizability: The functor

~ there 1s an object A in ~

in ~.

P is full and for each object

together with an equivalence
B on

pA ~ B

We say that p is a detecting functor if p sat1sfies both the

sufficiency and the realizability conditions.

( 6 • 9) The 0 rem: The functor rs in (6. 7) is a de teating funator.

(6. 10 ) Cora llary: Homotopy types of l-conneated 4-dimensionaL OY-corrrp Leus

are . 1 - 1 aorresponded to isomorphism c'l.asses of exact sequenc8s in the category
4r- ·seguence above.
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(6.11) Proof of theorem (6.8): Let r chain4 .be the full sUbcategory

of chain4 consisting of objects (1T ,C) with TI =0 and C1 = o.
4Whence objects in r chain are given by chain complexes of free

abelian groups

( 1 )

with Ci=;Q for i > 4, i < 2. Let C ,C' be two such chain complexes

with homology groups H* =H*C, H~ = H*C. Then we have the short exact

sequenc~

(2 ) tB Ext(H i ,.Hi+1) Ä [e,c.'] ~ Hom(H*,H~)
i=2,3

where tc,C'] is the set of homotopy classes of chain·maps. Moreover,

we have for"an abelian group r the short exact sequence'

(3 )

For r = r (H 2C) we have the function

(4 )

which carries the realization

(6.8). From (3.3) we derive

x to the secondary boundary , see

(5 ) b
4

(X.+a) = b
4

{X) + ~(a)

where we use the action in (6.4) and where we use ~ in (3). Since ~

1s surjective, this implies that b 4 in (4) is surjective. For

b E Horn (84 , r) we thus have the function

(6 ) TI

which carries X with b
4

(X) = b

by the short exact sequence

to the extension {TI
3

X} given

(7)

in (6.8). The function TI satisfies
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where ß E Ext (H
3

, r). Again we use (6.4) and (3) and q r ---+- eok (b)

is the quotient rnap. Since q is surjeetive, also q* in (8) is

surjective and whence TI in (6) ii surjective. Surjectivity of (6)

and (4) sh~ws that the functor rs satisfies the realizability condi­

tion for objeets. We now show that the functor rs is full. Let

f :' S = rs (X) ~ rs (Y) = Si be a map in r-seguence 4 and let C = C*x,

Cl = C*Y be the cellular chain eomplexes. By (2) we know that there

is a chain map . ~ : C --~ Cl whieh induees f in homology. For the

obstruction (6.5) and for ~ in (3) one readily gets

This element is trivial sinee f makes the diagr~ in (6~?)

commutative. Whenee by (3) the element

( 10 )

is defined. For q'

( 11 )

where we use the elements given by (7). The element (11) again is trivial

sinee the diagram in (6.6) eornmutes. Finally we obtain for aEExt(H
3

,H4)
the formula.

Now- the sequence

( 13 )

is exact. Whence by (11) we can choose a with

( 14 )

Therefore (12) shows

(1 5) 0x, y (t; - ia) = 0

-19-



and thus by (G.5) there exists a realization F: X~ Y with
1\

{C*F} =. {t; - ia}. Here t; - ia induces f

rS{F) = f. This completes the proof that

realizability condition. By the whitehead

rs satisfi~s the sufficiency condition.

in homology, whence we.get

rs satisfies the

theorem (1.10) the functor

In (IX. § 4) of my book [1] we show that the "same proof" as above

yields as weIl the classification of certain R-local spaces (R c: W) as

weIl as the classification of certain chain algebras.
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