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ON THE DISCRIMINATOR OF LUCAS SEQUENCES. II

M.FERRARI, F.LUCA AND P. MOREE

ABSTRACT. The family of Shallit sequences consists of the Lucas sequences satisfying the recurrence
Unt2(k) = (4k + 2)Un41(k) — Un(k), with initial values Up(k) = 0 and Ui(k) = 1 and with k& > 1
arbitrary. For every fixed k the integers {U,(k)}n>0 are distinct, and hence for every n > 1 there
exists a smallest integer Dy(n), called discriminator, such that Uy (k), U1 (k),...,Un—1(k) are pairwise
incongruent modulo Dg(n). In part I it was proved that there exists a constant ny such that Dy (n) has a
simple characterization for every n > ni. Here, we study the values not following this characterization
and provide an upper bound for n, using Matveev’s theorem and the Koksma-Erdds-Turdan inequality.
We completely determine the discriminator Di(n) for every n > 1 and a set of integers k of natural
density 68/75. We also correct an omission in the statement of Theorem 3 in part I.

1. INTRODUCTION

1.1. Motivation. The discriminator of a sequence a = {ay, },>0 of distinct integers is the sequence
{Da(n)}nzo With

Da(n) :=min{m >1: ag,...,a,—1 are pairwise distinct modulo m}.

In other words, Da(n) is the smallest positive integer m that discriminates (tells apart) the integers
ag, - - -, ap—1 on reducing them modulo m.
Note that n < D,(n) < max{ao,...,ap—1} —min{ag,...,an—1} + 1. Put

Da :={Da(n):n > 1}.

The main challenge is to give an easy description or characterization of D,(n). Unfortunately for most
sequences a such a characterization does not seem to exist (see part I by Faye, Luca and Moree [4] for
references to the earlier literature).

Let U(k) be the sequence {U,(k)}n>0 with Up(k) =0, Ui(k) =1 and

Unsa (k) = (4k + 2)Us1 () — U ().

It has Binet form as in (6) below. In this paper we continue the work of determining the discriminator
Dy(xy(n) (which for brevity we denote by Dy(n)), which was initiated in part I. A typical example is
provided in Tab. 1. The project is inspired by conjectures made by Jeffrey Shallit.

] n | Dis(n) | n | Dis(n) | n | Dig | n | Dig(n) |
1 1 257 —272 | 2%-17 | 2313 —2400 | 2°-53 | 19653 — 32768 215
2 2 273 —300 | 27-5% | 2401 — 4096 212 32769 — 34816 | 2™ .17
3—4 22 301 — 512 29 4097 — 4352 | 2817 | 34817 — 36992 | 27172
5—8 23 513 — 544 | 2°-17 | 4353 —4624 | 2%.17° | 36993 — 39304 |23.173
9—16 24 545 — 578 | 2-17% | 4625 —4800 | 2°-5% | 39305 — 65536 216

17 — 32 20 579 — 600 | 23-5% | 4801 — 8192 213 65537 — 69632 | 21217
33—-34 | 2-17 | 601 — 1024 210 8193 — 8704 | 29-17 | 69633 — 73984 |28.17?
35 — 64 26 1025 — 1088 | 26.17 | 8705 — 9248 [ 2°-17%| 73985 — 78608 | 2%-173
65 —68 | 2%2-17 [ 1089 — 1156 | 2%2-17% | 9249 —9826 | 2-17% | 78609 — 131072 217
69 — 128 27 1157 — 1200 | 2%-5% | 9827 — 16384 2™ 1131073 — 139264 | 213 .17
129 — 136 | 23-17 [ 1201 —2048 | 2™ [16385 — 17408 | 210.17 | 139265 — 147968 | 27 - 172
137 =150 | 2-5% [2049 — 2176 | 27-17 | 17409 — 18496 | 26 - 172 | 147969 — 157216 | 2° - 173
151 — 256 28 2177 — 2312 | 23 - 172 | 18497 — 19652 | 22 - 173 | 157217 — 167042 | 2-17*

TABLE 1. The discriminator for £ = 16 and 1 < n < 167042

Date: February 5, 2024.
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We now recall the two main results from part I.

Theorem 1.
a) Let s, be the smallest power of 2 such that s, > n. Let t, be the smallest integer of the form 2% -5°
satisfying 2% - 5° > 5n/3 with a,b > 1. Then
Di(n) = min{s,, t,}.
b) Lete > 0 be the smallest integer such that 2¢ > n and f > 1 the smallest integer such that 3.2 > n.

Then
Do(n) = min{2°%,3-2/}.

The second main result shows that the behavior of the discriminator Dy with k > 2 is very different
from that of D;. It corrects Theorem 3 in part I, where the conditions on k involving 6 (mod 9) in
the definition of By were erroneously omitted. For details see Sec. 3.

Theorem 2 (Corrected version of Theorem 3 in [4]). Put

A — {m odd : if p | m, then p | k} if k # 6 (mod 9);
b {modd, 9fm :if p|m, then p |k} if k=6 (mod?9),

and
B, = {{m even : if p | m, then p | k(k+ 1)} if k # 6 (mod 9) and k # 2 (mod 9);
{m even, 9¢tm:if p|m, then p |k(k+1)} ifk=06(mod9) or k=2 (mod?9).
Let k > 2 be fixred. We have
Dr(n) =n <= n e A, UBy. (1)
Furthermore,
Di(n) <min{m >n:m € A, UBy}, (2)

with equality if the interval [n,3n/2) contains an integer m € Ai U By. There are at most finitely
many n for which in (2) strict inequality holds.

Corollary 1. Let k > 1. Then Di(n) < min{2°:2° > n}.

The corollary is rather trivial and can be easily proved directly ([4, Lemma 1]).
In (2) equality is more likely to hold if the set Ax U By, contains many elements. This will happen
if k(k + 1) is divisible by a small odd prime. Related to this the following quantity will play a role.

Definition 1. Let o > 1 be a given real number and p > 3 be an arbitrary prime. We denote by
n,(a) the smallest integer m such that the interval [n,na) contains an even integer of the form 2% - p
for every integer n > m. If we drop the evenness requirement, we will write n?(«a).

P
The existence of ny(a) is guaranteed by [4, Lemma 19]. Note that nj(a) < ny(a). If ni,ng, ... is an
infinite sequence of integers of the required form with 1 < % < « for every j > 1, then it is easy to
J

see that ny(a) < ny (for further details see Sec. 2.8).

We do not need more than ny(a) and ny(a), but the same ideas apply to numbers of the form
p® - ¢°, with p and ¢ distinct primes. If mi,mo, ... is the ordered sequence of these numbers, then
it was shown by Tijdeman [13] that there exist effectively computable constants ¢; and ¢y such that
(logm;)~ < mnjlijl — 1 < (logm;)~®. Later Langevin [7] gave explicit values for ¢; and ¢y, which
were recently improved by Languasco et al. [8].

Theorem 3 is our main result and gives a complete characterization of Dy (n) for every n > 1 and

k#2,6,7,12,17, 18, 22 (mod 25), (3)
where for brevity we write k& #Z a,b(mod m) for k& Z a (mod m) and k # b(mod m), and k =
a,b (mod m) for k = a (mod m) or k = b (mod m). It sharpens Theorem 2 and will be proved in
Sect. 5. The proof strategy is discussed in Sect. 1.3.

Theorem 3. Let k > 1 be an arbitrary integer. Let A, and By, be as in Theorem 2 and define

Sk i={m € Ay UBj : m > n}.

Then
Dy(n) = min Sy, if k # 1 (mod 3).
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Next suppose that k =1 (mod 3), k # 2 (mod 5) and k # 6,18 (mod 25). Then

min Sy, ,, if k=0,4 (mod 5),
Dy(n) = ¢ min{Sy,, U{m >5n/3 :m € Bs}} if k=1 (mod 5), (4)
min{Sy, U{m >5n/3:m e A5, UBsr}} if k=3 (mod 5),
with
Aspi={m=a-5":a € Ay andb> 1}, Bsp:={m=a-5":a € By and b > 1}.
If k =1,3 (mod 5), k # 6,18 (mod 25) and k > 1, then Dy(n) = min Sk, if n > ny(2) for some odd
prime diwvisor p of k(k+1). If k > 1 is odd and p divides k, it suffices to require that n > ng(g)

Observe that on taking £ = 1 and k£ = 2 we recover Theorem 1. Theorem 3 shows that the case
k =1 (mod 3) is considerably more subtle than k£ # 1 (mod 3). However, if £k = 1 (mod 3) then A
and By take the simpler form

A ={modd:if p|m, thenp |k}, By ={meven:if p|m, thenp|k(k+1)}.

Further using (3) we deduce that Theorem 3 gives a complete characterization of the discriminator
for a set of integers k having density 1 — % . % = %.
If k is a power of two, then Ay, U By, only contains 1 as an odd number. It is thus natural to wonder

about the parity of Dae(n) for n > 1. In this direction Theorem 3 leads to the following corollary.
Corollary 2. If n > 1, e > 0 with e # 4 (mod 10), then Dye(n) is even.

Finally, we observe that the interval [n,3n/2) in Theorem 2 can often be replaced by a larger one.
Theorem 5 gives the details.

1.2. The exceptional set Fj,. By (1) we know that A, UB, C Dj. Inequality (2) suggests to consider
the exceptional set
Fi = Di \ (Ar U Bg),
that is,
Dy, = A, U B, U Fy, (5)
with F}, disjoint from both A and By.

Lemma 1. Let k > 1 be an integer.

a) The set Fy, is finite.

b) There are infinitely many k for which the set Fy, is non-empty.
c) The cardinality of the set Fy, can be larger than any given bound.

Proof. a) For k > 2 this is a direct consequence of Theorem 2 and the definition of Fj. For k = 2 it
follows from Theorem 1b.

b)4c). The idea is to take k = 1 (mod N!) with N > 5 large enough. Then Dy(n) = Di(n) for
n=1,...,N, and thus the values involving 5 will appear (cf. part a) of Theorem 1). As 51 k(k + 1),
these are not in Ay U By, and so they must be in Fj. Since it can be shown that infinitely many values

of Dy are divisible by 5, the proof is completed. [l

|k [mod 25 ] Fr (a =125) | k(k+1) [ny,(5/3)]
16 16 {2a,4a,8a, 16a, 32a,64a} 27,17 78644
73 23 {a,2a, 4a,8a, 16a} 2.37-73 1229
136 11 {2a,4a,8a,16a,32a} | 23-17-137 | 78644
148 23 {a,2a,4a,8a} 22.37-149 | 1229
271 21 {2a,4a,8a, 16a, 32a, 64a} | 2* - 17 -271 | 78644
283 8 {a,2a,4a,8a,16a,32a} |22 -71-283 | 4916
313 13 {a,2a} 2.157-313| 154

TABLE 2. Some non-empty exceptional sets Fy,

Tab. 2 demonstrates Lemma la. Every number appearing in it is of the form 2°-53 and explained by
Theorem 3 (which covers all the congruence classes mod 25 appearing in the table). The final column
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gives ny,(2) for a prime p indicated in bold in the column headed k(k + 1). The number 2n,(3) is an

upper bound for the largest number in Fi. It is of crucial importance here to choose the right p, if
for k = 136 for example we would choose p = 137, then we end up with n137(5/3) = 2516583, whereas
for p = 17 we obtain n;7(5/3) = 78644. The set given in the first row of Tab.2 is certainly a subset
of flg by Tab. 1.

In Sec. 6 we establish an effective, but unfortunately huge, upper bound for max Fy.

Theorem 4. For k > 3 we have
< 2k1010 loglog k

max Fp,

1.3. Outline of the proof of Theorem 3. For m to be a potential discriminator value its rank of
appearance z(m) (see Def. 2) has to be large. The idea is now to first identify those values of m. This
is the object of Secs.2.3-2.5, with basic properties of z(m) being recalled in Sec. 2.2.

If m is in Fj, then there is a unique prime power p¢ with p { k(k + 1) such that p® exactly divides
m. We call p® a wild prime power® for k (the smallest one being 125, cf. Tab. 2). The major part of the
proof of Theorem 3 consists of showing that p = 5. This is the content of Theorem 6. The proof idea
is to replace a wild prime power by a suitable number of the form 2% - 5° and thus get a smaller, but
still discriminating, number. For this we need to ensure the existence of numbers of the form 2% -5° in
small enough intervals, a problem in the realm of Diophantine approximation. This is studied in Sec.
2.8 (and in greater generality in Languasco et al. [8]).

Once we know that p = 5 we are left with a very restricted set of potential discriminator values. The
even ones have good discriminating properties, but in general not the odd ones. To weed these further
out we use a more refined quantity, the incongruence index, which unfortunately is more awkward to
work with than z(m). It is studied in Secs. 2.6-2.7, culminating in Lemma 20. The proof of Theorem
3 now follows (in essence) on combining this lemma with Theorem 6.

Remark 1. The congruence classes modulo 25 covered by Theorem 3 are precisely the congruence
classes for which z(25) = 15 (see Tab. 3) or z(25) = 25.

1.4. Outline of the proof of Theorem 4. Let m € Fj,. Write m = p{* - my, where p; { k(k + 1),
pi' exactly divides m, and m; consists only of prime factors of k(k + 1). We need to bound p{* and
m1. We explain only the case when m; is odd as the even case is similar. Let p be any odd prime
factor of k(k + 1). It follows from uniform distribution theory that there exists u such that

flur /282 ¢ (1olil3) lo/2)),

log p logp * logp

This is containment (18). We show by an elementary argument that pj' < 2u+1 Thus, it suffices to
bound u. This we do using the Koksma-Erdos-Turan inequality which bounds the discrepancy of a
sequence modulo 1 by an exponential sum involving the distances to nearest integers of the members
of our sequence. In our case, the members of our sequence are the multiples of log2/log p, so we can
bound the distances to the nearest integer using a version of Baker’s lower bounds for linear forms in
logarithms due to Matveev (Theorem 7). Putting everything together gives a bound on w in terms of
p which is exponential in (logp)(loglogp) (see Lemma 25). The argument can be iterated. Namely

one writes m; = [[7_; ¢;", with qi,...,qs divisors of k(k + 1), and one uses a similar argument to
bound the exponents a1, ...,as. A similar extra step is needed to bound the exponent of 2 in case m;y
is even.

1.5. Related work on other discriminators. Apart from the infinite family of recurrence discrim-
inators dealt with here, only one other infinite family has been studied, namely by Ciolan and Moree
[1]. Also in this case the associated discriminators D have the property that D(2°) = 2° for every
b > 1. De Clercq and his (many!) coauthors [2] have classified all binary linear recurrences for which the
discriminator has this property. It is expected that for all of them a rather simple characterization of
the discriminator should be possible. However, very little is known for second order linear recurrences
not of this form.

The work of de Clercq et al. [2] was partly generalized by Ferrari [5], who, given any fixed odd prime
p, found a large class of binary recurrences a for which D, (p*) = p* for every k > 1.

IThis terminology is inspired by the novel “The Wild Numbers: a Novel” by Philibert Schogt.
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2. PRELIMINARIES

2.1. Notation. The characteristic equation of the Shallit recurrence U(k) is
2 — (4k 4+ 2)z 4+ 1=0.

Its roots are a(k) and a(k)~!, where

alk) =2k +1+2k(k+1), o Y(k)=2k+1—-2k(k+1).
Note that

a(k) = B%(k), with B(k) =Vk+1+Vk.
The discriminant of the Shallit sequence is
A(k) := (k) — a(k)™)? = 16k(k + 1),

and we easily verify that
an(k) = a~"(k) _ BP(k) =
a(k) —a~l(k)  B*(k) -

ep(k) := <k("’+1)> : (7)

p

Un(k) =

Given a prime p, we define

where () is the Legendre symbol.

2.2. The index of appearance. A crucial role in our considerations is played by the indezx of ap-
pearance.

Definition 2 (Index of appearance). Let k > 1 be fixed. Given m, the smallest n > 1 such that m
divides U, (k) exists and is called the index of appearance of m in U(k) and is denoted by z(m).

For notational convenience we suppress the dependence of z;(m) on k and, when there is no danger
of confusion, we denote it simply by z(m). The following result is trivial, but we will use it time and
again.

Lemma 2. If m = Dg(n), then z(m) > n and z(m) > m/2.
Proof. Since U, () = Up (mod m) it follows that z(m) > n. The second assertion we prove by
contradiction and so suppose that z(m) < m/2. The interval [z(m),2z(m)) contains a power of two,

say z(m) < 2° < 2z(m) < m. Since 2° > z(m) > n, it follows from Corollary 1 that Uy(k), ..., U,_1(k)
are pairwise distinct modulo 2°. As 2° < m, this contradicts the definition of the discriminator. O

Thus a way to characterize discriminator values would be to first characterize those integers m for
which z(m) > m/2 (note that in part I we already determined the integers m for which z(m) = m,
cf. Lemma 13). This we address in Sec.2.4. The next step is then to investigate the discriminatory
properties of these m (see Sec.2.7).

If p divides k(k + 1) we have z(p) = p. This follows from the following trivial lemma.

Lemma 3. If p | k, then U,(k) =nmod p. If p| (k+ 1), then Uy(k) = (—1)""2n mod p.

Corollary 3. Ifp | (k+1) is odd, then Up-1(k) = Up+1 (k) (mod p) and for0<i<j<(p—1)/2 we
2 2

have U;(k) # U;(k) (mod p).

2.3. The index of appearance in prime powers. The index of appearance in a prime power p® is
related to the multiplicative order of o modulo pP.

Lemma 4. Let p be odd such that e,(k) = —1 and let b > 1 be an integer. Then z(p®) is the minimal
m > 1 such that &™ = +1 (mod pP).

Proof. The proof of [4, Lemma 5] applies here verbatim, but with 32 replaced by A(k), and Z[v/2] by
Z[\/k(k +1)]. O

The following lemma is basic and will be taken for granted in all our arguments involving the index
of appearance.

Lemma 5 ([4, Lemma 2]). The indez of appearance z of the sequence U(k) has the following properties.
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(1) If p | Un(k), then z(p)|m;

(2) If p| k(k +1), then z(p) = p;

(3) If p1k(k+1), then z(p)|p — ep(k);

() =) = P09 3). T particular, =) | - 12(0):

(5) If n =my ---mg with my, ..., ms pairwise coprime, then
z(my---mg) =lem[z(mq),. .., z(ms)].

In part 4 we mostly have z(p®) = p*~1z(p). In order to determine whether there can be exceptions
to this, we introduce the notion of special prime.

Definition 3 (special prime). A prime p is said to be special if p | k(k + 1) and p? | U, (k).

If p is special, then z(p®) | p*~22(p) for every b > 2, otherwise z(p?) = p®~'2(p). In part I (Lemma
3) it is shown that if p is special, then we must have p = 3. It is easy to check that 3 is special if and
only if £ =2 (mod 9) or k = 6 (mod 9). If 3 is special and 9 divides m, then z(m) < m. This together
with Theorem 2 shows that

A ={modd: z(m)=m, me P(k)} and By ={meven:z(m)=m}, (8)

where
P(k) = {m>1:p|m=p|k}

is the set of positive integers m composed only of prime factors dividing k.
The next lemma is formulated and proved in [4, Sec. 6.2.2], but not stated as a lemma there.

Lemma 6. Let p{ k(k+1) and b > 1. Then
2(0°) [ 0" (0 = ep(R))/2; (9)

moreover if p = 3 (mod 4) and we assume

<k+1) =1 and <k> = -1,
p p

2(p") | P+ 1)/4.

The next proposition shows that (9) is sometimes sharp. The various congruence classes of k counted
in parts b,c and d are explicitly worked out in Tab. 3 for the primes 3 < p < 17 (with a few exceptions
where the table margins would be too small).

then

Proposition 1. Let p > 5 be a prime not dividing k(k + 1). Put f = cp(pT), with ¢ Euler’s totient
function.

(a) For k there are exactly f classes modulo p such that zk(p) =(p+ 1)/2'

(b) For k there are exactly f congruence classes modulo p? such that z(p?) = (p+1)/2;
(c) For k there are exactly (p — 1)f congruence classes modulo p* such that z(p?) = p(p + 1)/2;
(d) For k there are exactly p— f — 2 congruence classes modulo p such that zi(p) < (p+1)/2.

Proof. (a) We observe that if k(k + 1) is not a square modulo p, then a(k) = 2k + 1 + 2\/k(k+1)
is quadratic modulo p. Here, by J/ We mean any fixed determination of the square root. Thus,
alk) € sz\IFp, where [F2 is the unique quadratic field over p with p? elements. The Frobenius
automorphism sends (k) into its conjugate 2k + 1 — 2y/k(k + 1) = a(k)~!. Hence, a(k)? = a(k)™?
in Fjz, and so a(k)P*! = 1 in Fj2. In particular, a(k)P*)/2 = £1 in F2. Further, by Lemma 4,
(p +1)/2 must be the minimal m such that a(k)™ = £1 in F2. Let p be a primitive root modulo
p. Write a(k) = p? for some integer d. Then a(k)Pt1/2 = :I:l implies p®P+1)/2 = £1. Since p is a
primitive root, it follows that p — 1 | d. Thus, d = (p — 1)w. Since (p 4+ 1)/2 is minimal such that

a(k)P+D/2 = +1 it follows that w is coprime to (p + 1)/2. But w € [0,p + 1]. Each of the intervals
0,(p+1)/2—1] and [(p+1)/2,p+ 1] contains exactly ¢((p+ 1)/2) numbers of the form w which are
coprime to (p + 1)/2. For each one of these, a = p®~D¥ is an element of 2. Then, keeping in mind
that o?’~1 = 1, we see that a? = a?P~Dv = o@-D@E+1-w) 3nd p + 1 — w is also coprime to p + 1.
Thus, the 2¢((p + 1)/2) numbers get grouped
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into ¢((p+1)/2) non-overlapping unordered pairs {a, oP}. Let t = a+aP. Then t € F, and («, o)
are roots of
2 —tr4+1=0.

It remains to see that we can choose k such that 4k +2 = ¢ (mod p), which is clear since 2 is invertible
modulo p. This gives the statement.

(b) If k is such that zp(p?) = (p + 1)/2, then certainly 2z;(p) = (p + 1)/2. Thus, k (mod p) is one of
the classes counted at part (a). It remains to prove that each such class can be lifted uniquely to a
class modulo p? such that z;(p?) = (p + 1)/2. But with a fixed k, putting = := 2k + 1, we have

U1(k) = 1
Us(k) = 2
Us(k) = 42?—1;
Uyk) = 823 —4x;

Unt2(k) = 22Upt1(k) — Up(k) for all n > 3.

We recognize that U, (x) is the Chebyshev polynomial sin(n)/sin(6) as a polynomial in cos(f), which
has discriminant 2("~D*p"=2 ¢f. Dilcher and Stolarsky [3]. So, for us we have that © = 2k + 1
is a solution of Ug,y1)/2(z) = 0 (mod p), and we would like to extend it to a unique solution of
the above congruence modulo p?. This is possible via Hensel’s lemma provided that p does not
divide the discriminant of U, 1) /g(x) as a polynomial, which is the case since this discriminant is
2((e=1)/2*((p + 1)/2)P=5)/2 This proves (b).

(c) is also immediate. By part (a), there are f classes k modulo p for which z;(p) = (p+1)/2. These
f classes give pf lifts to classes modulo p?. Exactly f of them have the property that z;(p?) = (p+1)/2.
Thus, for the remaining (p — 1) f classes, it must be the case that zj(p?) = p(p + 1)/2.

(d) is also immediate. There are p—2 classes for £ modulo p as we need to exclude k = 0, —1 (mod p)
for which k(k+ 1) is a multiple of p. By (a), there are f of them for which z;(p) = (p+1)/2. So there
are p — f — 2 of them for which z(p) < (p+1)/2. O

Corollary 4. For every odd prime p there exists at least one congruence class modulo p* for k such
that zx(p?) = (p+1)/2 and one such that z(p?) = p(p +1)/2.

] P \ k \ congruence classes \ mod ‘
3 |b 4 9
c 1,7 9
d none 3
5 |b 6,18 25
c 1,3,8,11,13,16,21,23 25
d 2 5
71|b 2,46 49
c4,9,10,16,18, 23,25, 30,32,37,39,44 | 49
d 1,3,5 7
11|b 23,97 121
C Cly...,C2 121
d 2,3,4,5,6,7,8 11
13|b 1,8,49,119,160, 167 169
C Cly---,C72 169
d 3,5,6,7,9 13
17| b 20,53,111,177,235, 268 289
C Cly...,C196 289
d 1,4,5,6,8,10,11,12,15 17

TaBLE 3. Congruence classes related to zj(p?) (cf. Proposition 1)
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Remark 2. For p > 5 we have p—p((p+1)/2) —2>p—(p—1)/2—-2> (p—3)/2 > 1 and so by
Proposition 1 there is at least one congruence class modulo p for k such that zx(p) < (p+1)/2.

Remark 3. Proposition 1 suggests considering Artin primitive root type problems such as whether
given k the set of primes p such that zx(p) = (p + 1)/2 has a natural density. Likely these questions
can be answered assuming the Generalized Riemann Hypothesis. These issues also play a role in
understanding the behavior of pg, ox and 75 (see Sec.2.5.1). We might come back to this in a sequel
to this paper.

2.4. Integers for which the index of appearance z(m) satisfies z(m) > m/2. In this section we
characterize the integers m for which z(m) > m/2.

Lemma 7. If m/2 < z(m) < m, then there exists a prime p{ k(k + 1), such that

1
2(m) = m(’;;“). (10)
Further, z(p) = (p +1)/2 and e,(k) = —1. The integer m can be written as m = a - p° with a €
P(k(k +1)), z(a) = a, (a,p(p+1)/2) =1 and b > 1. If b > 2, then z(p?) = p(p +1)/2.

Proof. Write m = a-p4 - - - pb with a € P(k(k+1)) and py,...,p, t k(k+1) distinct primes. Note that
the p; are odd primes. We have either z(a) = a or z(a) = a/3. In the latter case z(m) < m/3, and so
z(a) = a and hence r > 1. Assume first that » > 2. By Lemma 5 we have z(m) < z(a)z(plil) ez(pbr),
and so on invoking Lemma 6 we obtain the inequality

z(m)< ptl prt1 <g.§<1 (11)
m 2py 2py -3 5 2

It follows that m = a - p® with a € P(k(k+1)), pt k(k+1) a prime, and b > 1. This implies that p { a.
If ep(k) =1, then

2m) = 2(a 1) <a- P p—1)/2 < my2,
by Lemma 6, contradicting our assumption on z(m). If e,(k) = —1 and z(p) is a proper divisor of
(p+1)/2, then
2(m) <a-p"la(p) Sa-p'THp+1)/4<m)2,
again contradicting our assumption on z(m), and hence e,(k) = —1 and z(p) = (p + 1)/2. We have
(a,(p+1)/2) =1, since otherwise
2(m) =lem(z(a), 2(p")) = lem(a, 2(p")) < p* 'lem(a, (p+1)/2) < a-p* H(p+1)/4 < m/2.

Finally, we either have z(p?) = p(p+1)/2 or 2(p*) = (p+1)/2. For b > 2, the latter case cannot occur
as then z(m) <m/p < m/2. O

Corollary 5. If m is a discriminator value, then either m € P(k(k + 1)), or m = a - P with
a € Plk(k+1)) and p 1 k(k + 1) a prime satisfying ex(p) = —1. Furthermore, if m is even, then
p=1(mod 4).

Proof. This is an immediate consequence on recalling that if m is a discriminator value, then z(m) >
m/2 by Lemma 2. O

Lemma 8. Let p{ k(k + 1) be a prime.
2) 17 2(%) = (p+ 1)/2, then
(p+1)m

z(m):T = m=p-aqa, (a,p(p+1)/2)=1, z(a) =a.
b) If 2(p?) = p(p +1)/2, then
z(m):(p—;pl)m — m=p"a, b>1, (a,plp+1)/2) =1, z(a) =a.

c) If z(p) # (p+ 1)/2, then it never happens that z(m) = m(p+1)/(2p).

Proof. Part c is a corollary of Lemma 7 and so are the = directions of parts a and b. Now let us
prove the < direction for part b (the proof for part a being very similar and easier). By assumption
a and pP are coprime and so z(m) = lem(z(a), 2(p®)). The assumption on z(p?) ensures that z(p®) =
p*~L(p + 1)/2. Since by assumption z(a) = a and (a,(p + 1)/2) = 1, we conclude that z(m) =
lem(a, p*~ ' (p +1)/2) = m(p +1)/(2p). O
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Note that the value of zj(p®) only depends on the congruence class of k modulo p°. For a given odd
prime p it is thus a finite computation to determine the corresponding congruence classes in each of
the three cases (with the number of congruence classes already given in Proposition 1). The results
are recorded for the first few primes in Tab. 3. Using this table, Lemma 13 and Lemma 8, we can then
write down results similar to the lemma below (for p = 5).

Lemma 9. Suppose that 51 k(k + 1).
a) If k = 6,18 (mod 25), then
_

z(m) = ; < m=5-a, (15,a)=1, ac Pk(k+1)).

b) If k=1,3,8,11,13,16, 21,23 (mod 25), then

3
z(m):?m <= m:5b.a, b>1, (15,a) =1, a € P(k(k+1)).

c) If k = 2 (mod 5), then it never happens that z(m) = 3m/5.

Here, and in general if p = 5 (mod 6), we require that 31 a (as a and (p+ 1)/2 have to be coprime),
and for such a we have z(a) = a if and only if a € P(k(k + 1)) by Lemma 13, and so a distinction of
cases depending on whether 3 is a special prime or not is unnecessary.

2.5. Integers for which the index of appearance is large. In this section we consider how large

m) 2(m)

can be for m with z(m) < m, something quite relevant for us. The smaller is, the less

likely it is that m occurs as a discriminator value (if %m) < %, then certainly m does not occur as a
discriminator value). The following quantities (considered in detail in Sec. 2.5.1) will play a main role.

Some sample values are given in Tab. 4.

Definition 4 (pg, oy, 7%). The supremum

(/)
sup {FLIE a0 < S0,

we denote by py if f(p) = p, by oy if f(p) =p?, and by 7, if f(p) = 2p*.

If z(f(p)) < f(p), then z(f(p))/f(p) < (p+ 1)/2p, where the upper bound is decreasing as a
function of p. This implies that in order to verify that, say, pr = (¢ + 1)/2q, it suffices to show that
z(q) = (¢ +1)/2 and that either z(p) = p or z(p) < (p+ 1)/2 for every prime 3 < p < q.

As z(2") = 2™, it is enough to take the supremum over the odd primes only. Since z(p)/p >
2(p*)/p* > 2(2p)/2p® we have

Pk = Ok = Tk

Using these quantities Theorem 2 can be improved. In part I it was already noted that the interval
[n,3n/2) occurring there can be replaced by the potentially larger interval [n,n/py). We will show that
pr can be replaced by 0. Since oy, < py for infinitely many k (see Sec.2.5.1), this is an improvement.

Theorem 5. Let k > 2 be fized. We have
Dr(n) <min{m >n:m € Ay U B},

with equality if the interval [n,n/oy) contains an integer m € Ay U B. We have o, = 2/3 if k =
1,7mod 9, and o}, < 3/5 otherwise.
If Di(n) is even, then
Di(n) <min{m >n:m € By},

with equality if the interval [n,n/Ty) contains an integer m € By. Ifk =0,2,4 (mod 5), then 1, < 7/13,
and 1, < 3/5 for general k.

If z(p) = (p+ 1)/2 for some prime p, then we can replace sup by max in Definition 4. If z(p) is
never equal to (p+ 1)/2, but infinitely often to z(p) = (p — 1)/2, then p,, = 1/2. If 2(p) is never equal
to (p+1)/2 and at most finitely often to (p — 1)/2, then py < 1/2. The same remarks hold, mutatis
mutandis, for o5 and 7, cf. the next three lemmas.
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|

Lo [ o [ ™ |
2/3 | 2/3 | 3/5

477 [ 7/13 | 7/13
3/5 | 3/5 | 3/5

2/3 | 4/7 | 7/13
3/5 | 12/23[19/37
23 [ 3/5 | 3/5 | 3/5

24 |7/13| 7/13 | 7/13
31 | 2/3 | 6/11 | 9/17
93 | 3/5 | 4/7 | 7/13
3202 | 2/3 | 2/3 | 15/29

O | W N |

TABLE 4. Some sample values of pg, o and 7

Lemma 10 ([4]). Let k > 1 be fized.
a) Suppose that z(q1) = (q1 + 1)/2 for some prime q1. Let q be the smallest prime such that z(q) =

(g+1)/2. Then
z(p) q+1

pr = max<{ — : z(p <p}:.
{ p ) 2q
b) If there is no prime qi such that z(q1) = (q1 +1)/2, then py < 1/2.
c) We have pp, =2/3 if k =1 (mod 3) and p, < 3/5 otherwise.

Lemma 11. Let k > 1 be fized.
a) Suppose that 2(q?) = q1(q1 +1)/2 for some prime q1. Let q be the smallest prime such that z(¢*) =
q(q+1)/2. Then

z(p?) 2 2} q+1
0} = max 2z(p”) <ptp=——.
{ p? @) 2q

b) If there is no prime q1 such that 2(2¢?) = q1(q1 + 1)/2, then 7, < 1/2.
c) We have o, =2/3 if k=1,7mod 9, and o < 3/5 otherwise.

Proof. We leave this to the reader, cf.the very similar (but more complicated) proof of Lemma 12.
Only part ¢ needs special attention, here we use Proposition 1 and Tab. 3. [l

Lemma 12. Let k > 1 be fixed.
a) Suppose that 2(2¢%) = q1(q1 + 1) for some prime q1. Let q be the smallest prime such that z(2¢*) =
q(q+1). Then ¢ =1 (mod 4) and

z(2p?) 2 2 q+1
:2(2 2 = —.

b) If there is no prime q1 such that 2(2¢?) = q1(q1 + 1), then 7, < 1/2.
c) We have 1, <3/5. If k =0,2,4 (mod 5), then 7, < 7/13.
Proof. Put p(p) = 2(2p*)/(2p?). If p > q and p(p) < 1, then
p+1 q+1
(p) £ —— < ——=rla),

T = max{

- 2 2q
If p < g and p(p) < 1, then 2(2p?) | p(p — 1), 2(2p?) | p(p + 1)/2 or 2(2p?) | p + 1. Since, respectively,
p—1 1 p+1 1 p+1 1
<S—=—<3 <——<3 < = 12
p(p) < o o p(p) < B <3 p(p) < <3 (12)

and (¢ +1)/(2q) > 1/2, we have established that 7, = (¢ + 1)/(2¢). In case ¢ = 3 (mod 4), then z(2)
and 2(q?) are both even and so p(q) < 1/2. Thus ¢ = 1 (mod 4).

b) In this case, cf. (12), we have p(p) < 3 for every prime p and so the supremum is < 1.

c) We apply parts a and b together with the observation that p(50) € {%, 1} if £k = 0,4mod 5 (by
Lemma 5) and p(50) < 2 if k =2 mod 5 (by Lemma 6). O

The following extends [4, Lemma 14| with some extra statements involving the set M.
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Lemma 13. Let k > 1. We have z(m) = m if and only if

m € P(k(k+1)), 9fm;
m € P(k(k+1)), 9| m, and 3 is not special.

The remaining integers m satisfy z(m) < ppm, with pr, = 2/3 if k = 1 (mod 3) and py, < 3/5 otherwise.
Let M be the set of integers that are divisible by some prime square p?> with p{ k(k+1) a prime. The
integers m in M satisfy z(m) < opm, with o, = 2/3 if k = 1,7 mod 9, and oy, < 3/5 otherwise. The
even integers m in M satisfy z(m) < tpm < 3m/5. If k =0,2,4 (mod 5), then 1, < 7/13.

Corollary 6. Suppose that k =1 (mod 3). Then z(m) = m if and only if m € P(k(k +1)).
Proof of Lemma 13. Only the statements involving M need to be proved. Let b € M. We have

20) _ sup {Z(m>} — swp {Z(m) }

b meM m meMy m

where M is the set of integers divisible by at most one prime square p? with p { k(k + 1) (cf. the
beginning of the proof of Lemma 7). Thus every m € M; is of the form m = p®-my, with pt k(k+1)
some prime, e > 2 and z(mq) = my. Since

z(m) _ 2(p®) p°°

m T p? pr omy T op
we obtain that z(b)/b < op. If m is even, then m = p° - 2f - my, with p{ k(k +1),e > 2, f > 1 and
z(m1) = my, and we have

) _ 20)

a(m) _ 2(2%) 7% 2 2(my) _ 2(2p?)
m 2p2 pe—2 2f-1 my 2p2

)

and hence z(b)/b < 7. The proof is concluded on invoking Lemmas 10c, 11c¢ and 12c. O

2.5.1. The numbers py, oy and T a close-up. We investigate when there exists an integer k such that
pr+1 pa+1 ps+1
2p1 7 2p2 T 2ps
The primes p1, p2 and ps are not required to be distinct. Our main tool is Corollary 4, which we will

take for granted in the remainder of this section.

(Pky Oy Tie) = ( >, with p1, p2, p3 prescribed primes. (13)

Lemma 14. The equation (13) has a solution k if and only if 3 < p1 < p2 < p3 and p3 = 1 mod 4.
If po = 1 mod 4, then we require in addition that ps = pa. If (13) is satisfied for some k, then it is
satisfied for a positive density of integers k.

Proof. Since z(2™) = 2" the supremum is assumed in an odd prime and so p1, p2 and p3 are odd. Since
pr > Ok > T we have p1 < pa < ps.

The density assertion follows on noting that if k1 = k mod p? for every odd prime p < ps3, then
(Pkys Okys Thy ) = (pk, 0k, Ti) (Observe that zj,(p?) only depends on the residue class of k modulo p?).

Note that (13) entails that z(p1) = (p1 + 1)/2, 2(p3) = p2(p2 + 1)/2 and 2(2p3) = ps(ps + 1).
The latter identity forces ps to be congruent to 1 mod 4 by Lemma 12a. If po = 1 mod 4, then
2(2p3) = pa(p2 +1). We have z(2p?)/2p? < 2(p?)/p* < z(p3)/p3 for 3 < p < pa. We conclude that
T = (p2 + 1)/2p2 and hence ps = po.

It remains to prove that if the conditions on the primes pi,p2 and p3 are satisfied, there exists a
k solving (13). We take k = 0 mod p for the odd primes p < p;. If po = p1 we choose k to be in a
residue class modulo p? such that z(p?) = p1(p1 + 1)/2. If p2 > p1, we choose k to be in a residue
class modulo p? such that z(p?) = (p1 + 1)/2, k = 0 mod p for the primes p; < p < pz and k in a
residue class modulo p3 such that z(p3) = pa(p2 + 1)/2. If po = 1 mod 4, then p3 = pe and we are
done. Otherwise we take kK = 0 mod p for the primes ps < p < p3 with p = 1 mod 4 and take k in a
residue class modulo p3 for which z(p3) = p3(ps +1)/2. O

Example 1. By Lemma 14 there exists a solution to (13) with (p1,p2,ps3) = (3,7,13). We will now

find such a solution. We take kK = 0 mod 3 and k& = 18 mod 25. This ensures that pp = % and oy > %.

On requiring that & = 44 mod 49, it follows that o} = %. As T # % and 71, # %, we have 7, > 1—73 We

choose k = 2 mod 13 and k£ # 119 mod 169 to ensure that 7, = % Finally, one checks that k& = 93

satisfies all the requirements, and we conclude that (px, o, 7%) = (%, %, 1—73) By computer calcuation

one can verify that 368,431,543 and 606 are the only other £ < 1000 having this property.
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2.6. The incongruence index. Apart from z; we will also make use of the incongruence index vy,
which was introduced in Moree and Zumalacérregui [11]. It will allow us to rule out many odd values
of m with z(m) = m as discriminator values (cf. Lemma 20).

Definition 5 (incongruence index). Given an integer m > 1, the incongruence index ti(m) is the
largest integer j such that Uy(k),...,Uj—1(k) are pairwise distinct modulo m.

Note that tx(m) < zi(m). In practice frequently ¢x(m) < zx(m), which shows that the following,
easy to prove, variant of Lemma 2 is often stronger.

Lemma 15. If m = Di(n), then tx(m) > n and tx(m) > m/2.

The general idea is to use z(m) whenever possible and if it proves itself too weak a tool, then try
to work with ¢(m).

Lemma 16. Let b > 1 be an integer. Then

(5) (3-5""14+1)/2 ifk=1(mod 5) and k # 6 (mod 25);
T3 500 if k =3 (mod 5) and k # 18 (mod 25).

Proof. If k = 1,3 (mod 5), then e5(k) = —1 and so z(5) = 3. A trivial computation gives Us(k)
16k% + 16k + 3. This is a multiple of 5 for k = 1,3 (mod 5), but not of 25 since the classes k
6,18 (mod 25) are excluded. So, 5 | Us(k), but 25t Us(k) and by Lemma 10b it follows that z(5°)
35071, cf. Table 3.

Now let us investigate when U;(k) = U;(k) (mod 5°). Writing o, a~! for the roots of the character-
istic equation 22 — (4k+2)z +1, by (6) we need o’ —a~" = o/ —a ™7 (mod 5%), which on multiplication
by ot yields (! — af) (a7 +1) = 0 (mod 5°). So, 5 divides either o’ — o/ or a*7 4 1 (5 is inert in
Zla] as e5(k) = —1). When k£ = 3 (mod 5) the second case doesn’t happen. That is, for £k = 3 (mod 5)
we have that « is one of 2 & /3 (mod 5) (the characteristic equation only depends on & modulo 5).
Then o? = 2++/3 and o = 1 (mod 5). So, we see that —1 (mod 5) is not in the multiplicative group
generated by a (mod 5) when o = 3 (mod 5). Thus, U;(k) = U;(k) (mod 5°) forces o = o/ (mod 5°),
so a7 =1 (mod 5°), so U;—; = 0 (mod 5°) (assuming say i > j), so z(5°) = 3 - 5~1 divides i — j.
This takes care of 1;(5%) in case k = 3 (mod 5).

In case k = 1 (mod 5), there is no 4, j such that both o’ —a? = 0 (mod 5) and o™/ +1 = 0 (mod 5).

—J

To see why, assume there are such. Then o™/ = —1(mod 5) and o'~/ = 1 (mod 5). But when
k =1 (mod 5), then a = 3+ 2v/2. Now o? = 2 + 22 (mod 5) and ad = - (mod 5). So, the order
of a modulo 5 is exactly 6 so asking of i, j such that o'~/ =1 (mod 5) and o™/ = —1 (mod 5) gives

i—j=0(mod 6) and i + j = 3 (mod 6). Summing them we get 2¢ = 3 (mod 6), which is false (there
is no such i with 2 = 3 (mod 6)).
So, when k = 1 (mod 5) and k # 6 (mod 25), either 5° divides o'~/ — 1 or 5° divides o't/ 4 1. In

the first case i — j is a multiple of z(5%), so at least 3-5°~1. The second case gives a'*/ = —1 (mod 5°)
0 i+ j is an odd multiple of 3 - 5°~1. The extreme case is i + j = 3 - 5! and we see that if i > j,
then 4 > 3-5°71/2,s0i > (3-5°"1 +1)/2. O

The next lemma studies to what extent a relatively small incongruence index remains relatively
small after lifting to a larger modulus. Recall the definition (7) of e, (k).

Lemma 17. Suppose that p t k(k + 1) and (%) = —1. If ux(p*) < p®/2 for some a > 1, then
we(p®) < p°/2 for all b > a. Furthermore, if m is odd and z,(m) = m, then 1,(p® - m) < p®-m/2.
Proof. If e,(k) = 1, then 2(p®) < p®~1(p—1)/2 < p?/2 for all @ > 1 by Lemma 6. So

()-r ()=

We show that z;(p®) < [p®~H(p+ 1)/4] < p?/2 for all a > 2. Indeed, write U; = U; (mod m) with m
coprime to k(k + 1) as
o —a'=a) — a7 (mod m),
which is equivalent to
(o' — a?) (a9 4 1) = 0 (mod m).
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It suffices that o™/ = —1 (mod m). Using (14) we note that

+1)/2
a(p+1)/2 — ( /k_’_l_’_\/%)Q)(p )/ — (\/m+ \/%)erl

= (WEk+1+VEPWVE+1+VE) = (VEk+1"+VE)(VE+1+ VE) (mod p)

= (VE+1+VE(WVE+1+VE) =k~ (k+1)= —1 (mod p).
So, if we choose m = p and i+ j = (p+1)/2, then we have that U; = U; (mod p). More generally, we
can choose m = p®. Since

oPt/2 = _1 (mod p),
we get that
o PD/2 = (mod p%),

and we can see that i (p?) < p®~(p+1)/4. Indeed, if p*~1(p+1)/2 = 2+1, then Uy = Uyy 1 (mod p )
so ig(p?) < £ = [p*Lp+1)/4]. If p*(p+ 1)/2 = 2/, then we have Uy_1 = Upy; (mod p%), s
ir(p?) < L= |p*t(p+1)/4]. So, at any rate in this case ik(p“) < p*/2 for all a > 1.

We now turn our attention to the final assertion. Let ,j be such that i < j < p® (p+1)/4+1
and U; = U; (mod p®). Then U,,; = Uy, (mod p®m). To see this, note that both sides are 0 modulo
m since m divides U, () = Up and Uy, divides ged(Upmi, Umj). As for the divisibility by p®, the
congruence

Umi = Uy (mod p®)
is implied by
(™ — a™)(a~™*) 4 1) = 0 (mod p)
which holds because
0 —ad @M — ™, o) 41 )
(m is odd) and
(o8 — o) (™) £ 1) = 0 (mod p®).
Since certainly im < jm < [p*~}(p +1)/4] + 1|m < p®*m /2, the proof is finished. O

Corollary 7. Suppose that p t k(k + 1) and p = 3 (mod 4). If ux(p®) < p*/2 for some a > 1, then
ue(p®) < p/2 for all b > a. Furthermore, if m is odd and z,(m) = m, then u,(p® - m) < p®-m/2.

Proof. 1t (kH) =1, then (%) = —1 (as ey(k) = —1). Then by Lemma 6 we have ¢4 (p®) < zi(p®) <
p*t(p+1)/4 < p®/2 for every a > 1. O

We expect that this corollary also holds for the primes p = 1 (mod 4), but is more difficult to prove.
As we do not need this generalization, we leave it to a possible sequel to this paper.

2.7. The discriminatory properties of m with large z(m). The goal of this section is to prove
Lemma 20. To this end we need the next fundamental lemma and Lemma 19

Lemma 18 (Lemmas 15 and 16 of [4]). Let p be an odd prime and b > 1 be arbitrary.
If p divides k, then U;(k) = U;(k) (mod p°) if and only if i = j (mod zj(p?)).
If p divides k + 1, then U;(k) = U;(k) (mod pP) is equivalent to one of the following:

e Ifi=j(mod 2), then i = j (mod z(p?));

o Ifi# j(mod 2), then i = —j (mod z(p?)).

Lemma 19. Assume that m = 2°p°® with a,e > 1 is such that e,(k

) = —1, p = 1(mod 4) and
z(p) = (p+1)/2. Then U; = U; (mod m) holds if and only if i = j (mod z(m ))

Proof. A minor variation of the proof of [4, Lemma 9]. It rests only on [4, Lemma 4] and [4, Lemma
5], where now we should take Lemmas 4 and 6 from this paper. In addition a minor correction in the
argument has to be made, as sketched in Sec. 3. ]

Lemma 20. Assume that k =1 (mod 3) and z(25) = 15. Suppose that m = 5¢ - my with e > 1 and
z(m1) =my. Then t(m) = z(m) =3m/5 if

e my € By; or

e my € A and k = 3 (mod 5),

and otherwise m is not a discriminator value assumed by Dy.
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Proof. Note that z(m) = 3m/5. We first consider the case where m; is even. Note that this is
equivalent with m; € By, as By, = {m even : z(m1) = m;} by (8). Write m; = 2% - mg with mqy odd.
Since z(2%-5¢) = 243571 we have U;(k) = U;(k) (mod 2¢-5°) if and only if i = j (mod 27-3-5°71)
by Lemma 19. As my € P(k(k+1)), it follows by Lemma 18 that U;(k) = U;(k) (mod my) if and only
if i = j (mod m;). Taken together these two equivalences show that U;(k) = U;(k) (mod m) if and
only if ¢ = j (mod 3m/5). Thus in case m; is even, we conclude that ¢(m) = 3m/5.

It remains to deal with the case where m; is odd. Since by assumption z(25) = 15, we have
k=1,3mod5 (see Table 2).

First case: k =1 (mod 5). The assumption z(25) = 15 ensures that k£ # 6 (mod 25). By Lemma 16
and Lemma 17 (with p = 5) it then follows that ¢(m) < m/2 and so m is not a discriminator value.

Second case: k = 3 (mod 5). Suppose that m; has an odd prime divisor that also divides k + 1.
Now write m; = p® - mg with p { mg. Clearly z(p?) = p® Set i = (p® — 1) -mg -3 -5°71/2 and
j=@*+1)-mg-3-51/2. Then i # j (mod 2) and p® | (i + j). Thus, U;(k) = U;(k) (mod p®)
by Lemma 18. This lemma also implies that U;(k) = Uj(k) = Up(k) = 0 (mod my) as i = j =
0 (mod mz) and mg € P(k(k + 1)). The proof of Lemma 16 shows that if i = j (mod 3 - 5°7!), then
Ui(k) = Uj(k) (mod 5°). We infer that U;(k) = U;(k) (mod p® - ms - 5°), and hence if m discriminates
the numbers Uy (k), ..., U,_1(k), then n < (p®+ 1)mg-3-5°1 /2. The interval [(p® +1)/2,p®) contains
a power of 2, say 2°. Then 2° - my - 5¢ is a better discriminator than p® - ms - 5¢ = m. We conclude
that if m; € Ay, then m is not a discriminator value.

It remains to deal with the case where m; € Ay. The proof of Lemma 16 shows that U;(k) =
U;j(k) (mod 5¢) if and only if i = j (mod 3 -5°71). This in combination with Lemma 18 shows that
Ui(k) = Uj(k) (mod m) if and only if ¢ = j (mod 3m/5). Hence ¢(m) = 3m/5. O

2.8. Intervals containing special integers. We will first discuss how to compute n,(c) (cf. Def. 1).
From basic Diophantine approximation we know there exist e, f, g and h such that

p! "

l<—=—<aand 1< — <a.

2¢ pI
We claim that n,(a) < 2¢t1p9. In order to see this observe that any integer n := 2Fpt > 2¢+1p9
satisfies either k > e + 1, or £ > g. In case k > e + 1, we note that the number 2*~¢p‘*7 is even and
lies in [n,na). In case £ > g, we have 2¥""pf=9 € [n,na). Next one tries to to find an even integer
Npew = 28pt € [[2¢11p9/a], 2¢F1p9), where [z] denotes the entier of x. If successful, we continue until
we fail, each time considering the interval [[npew /], Pnew)-

Example 2. We determine n7(5/3). Starting from 64 - 7 = 448 we can make either the substitution
32 — 49 or 7 — 8 with ratio < 5/3. Going down from 448 via 392,256, 196, 128, 98, 64, 56, we obtain
n7(5/3) = 34. From 32 we can go down in several steps to 2. Thus the integers n > 1 for which
[n,5n/3) does not contain an even number of the form 2% - 7°, are precisely n = 1 and n = 33.

For some further examples see Tab. 2 and 5. The very large values appearing there were determined
using more sophisticated techniques involving continued fractions, see Languasco et al. [8].

(p | mB/2) | n(/3) |
3 2 2
5 22 2
7 262 34
11 11 10
13 139 10
17 1398102 78644
19 342 308
23 22 20
137 45812984491 2516583
149 21846 19661
271 | 375299968947542 | 5153960756

TABLE 5. Some values of n,(3/2) and n,(5/3)
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Lemma 21.

a) Forn >27.50(=2.109) the interval [339n,n] contains an even integer of the form 2% -5°,

b) Forn > 27515 (= 3.90625 - 10'3) the interval [33n,n] contains an even integer of the form 2¢ - 5°.
Proof. a) Put a = %. We start by noticing that 1 < g—; < 25776 < «. This shows that by making either
the substitution 2'¢ — 57 or 5% — 27, we can increase the even number n = 2 - 216 . 52 in such a way
to a further number of the same format with ratio in (1, ). The so produced sequence of integers is
unbounded. The string of consecutive integers 2m with m = 26 . 56,220 24 .57 918 .5 92 58 916 . 52
also have the property that the ratio of consecutive terms is in (1, @).

b) Put 8 = %. We start by noticing that 1 < g—; < g; < B. This shows that by making either the
substitution 237 — 516 or 53 — 27, we can increase the even number n = 2 - 237 . 52 in such a way to
a further number of the same format with ratio in (1, ). As in the proof of part a we can lower n to
obtain the indicated starting value. O

Proposition 2. Let p > 13 be a prime. If p¢ be a potential wild prime power, then there exist integers
a>1and b > 0 such that

5(p+1)

€ <2050 < pe 15
T p (15)

Proof. For the purposes of this proof we say that p® is approachable if there are integers a > 1 and
b > 0 for which (15) holds. We put a;, = 5(p + 1)/(6p). Note that ay3 = 32 and o, < a51 = 350 for
p > 151.

We first suppose that p > 151. We have (%pe,pe) C (aypp®, p®) and hence p® is approachable by
Lemma 21a if p¢ > 27 - 55, If p® < 27 . 5%, we conclude that 151 < p < 1409 as e > 2 by Lemma 22.
This leaves only one potential wild prime power, namely 1812, which turns out to be approachable by
{256 28.53}.

It remains to deal with the primes 13 < p < 151. We have (%pe,pe) C (app®,p°) and hence p©
is approachable by Lemma 21b if p¢ > 27 . 5'°. This leaves the five potential wild prime powers
{137,19%,198,437,975}. These are approachable by 2° .59, 23.56 26.512 23.515 (95.512 912.59 919,
59,226 . 531 respectively. O

3. CORRECTIONS TO PART I

In part I the conditions on k involving 6 (mod 9) in the definition of By were erroneously omitted.
However, the proofs are only based on the definition By = {m even : z(m) = m}. Using Lemma 14
(Lemma 13 above), By was not quite correctly made explicit. The upshot is that if one replaces the
definition of By in part I by the one used here, as far as we are aware only one further mathematical
correction to part I is needed?.

In the proof of Lemma 9 around line 12 at p. 61 it is implicitly assumed that z(plil) = p?l_l(pl +1)/2,
which is not always guaranteed by our assumption that z(p;) = (p1 + 1)/2. However, by replacing the
two lines there by the following ones, the proof is effortlessly fixed. “As for the divisibility by pll’l, note
that since z(p%') | (i — j) and i — j is even, it follows that

i—j=2x(p" ),
for some positive integer £. Since Q) = 1 (mod p%), it follows that o/~7 =1 (mod p5).”
We finish this section by pointing out some typos in part I:
.56, 1.3. For “b> 1" read “b=1".
.56, 1.-10. For “A(1) = 8" read “A(1) = 32.
.62, 1.2. Replace by “19m/37 > z(m) = 2% -p*~Y(p +1)/(2k) > n.”
.63, 1.-9. For “5/6 < 2°7~1 < 17 read “5/6 < 20721 .50 < 17,
.65, 1.10. The number field K is not defined. It is Q(\/k(k + 1)).
.65. Lemma 14. One should read “sup” instead of “lim sup”.

.70, 1. 6. For “p*m; = ml” read “p*mi =m”.

T T T T T T T

2We use the amended definition for results quoted from part I involving By.
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4. WILD PRIME POWERS
Motivated by Corollary 5 we make the following definition.

Definition 6 (wild prime power). A prime power p¢ with p { k(k 4+ 1) such that p® exactly divides
Di(n) for some integer n, we call a wild prime power for k.

Obviously any wild prime power is odd. By Corollary 5 any discriminator value is divisible by at
most one wild prime power.

Lemma 22. A prime number is never wild.

Proof. Suppose that p is a wild prime. Then p > 2 and Dx(n) = ap for some k,n and an integer a
coprime to p satisfying z(a) = a. In addition, we have z(p) = (p + 1)/2. It follows that n < z(ap) <
z(a)z(p) < a(p+1)/2. Clearly there is a power 2° in the interval [(p+1)/2,p). As a2’ > a(p+1)/2 is
even and satisfies z(a2%) = a2, it discriminates Up(k),...,Un_1(k). Since a2’ < ap, this contradicts
the minimality of Dy(n). O

Next we study when p® with e > 1 is wild. This involves the exponent set M,,.

Definition 7 (Exponent set). Given any odd prime p, the exponent set is defined as

log p log(1+1/p)
= >1: — 1—-——=5.
My {6_ {elogQ} ” log 2

A simple application of Weyl’s criterion (cf.the proof of [11, Proposition 1] or [1, Proposition 1])
gives

lim #{m e M, :m <z} _ log(1+1/p)

T—>00 i log 2 '

In particular, M, is an infinite set.

Proposition 3. Let p > 3 be a prime. The set of integers e > 1 for which there is no integer a such

that ( N
(& p+ a €
) 16
P, =<y (16)
equals M.
Proof. Put p = (p+1)/(2p) and assume (16) does hold for some integers a and e. By taking logarithms
and after some easy manipulations (16) is seen to be equivalent with

log p log p
<a-—e
log 2 log 2
It follows that a = |elogp/log2|, and we are left with
Jogpl _ logp . log(1+1/p)
log 2 log 2 log2
Hence M), is precisely the set of e for which (16) has no solution. O

< 0.

Note that the lower bound in (16) is assumed if and only if e = 1 and p is a Mersenne prime.

Definition 8 (potentially wild prime power). A prime power p® with e € M, is said to be potentially
wild.

Tables 6 and 7 list smallest potentially wild prime powers.
Lemma 23. If p¢ is a wild prime power, then it is also potentially wild.

Proof. Suppose that p€ is a wild prime power for k. Then Di(n) = p®m, with p f k(k + 1) and m
composed of only prime factors dividing k(k+1). We assume that e ¢ M, and derive a contradiction.
We must have z(p®) = p~1(p +1)/2 and z(m) = m. It follows that n < z(p®m) < p°~L(p + 1)m/2.
Since by assumption e ¢ M,, there exists an integer a such that (16) is satisfied. The number 2%m
is even, and by Lemma 18 we have ¢1,(2%m) = 2%m. Since 2%m > p*~!(p + 1)/2m > n we conclude
that the numbers Uy(k),...,U,—1(k) are pairwise distinct modulo 2*m. Now since 2°m < p®m, it
follows that p®m cannot be a discriminator value, a contradiction showing that e € M, and hence the
potential wildness of p®. O
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] P \ exponent ‘
13 7,17,27,37
17 11,22,34
37 19
73 21

97 5,10, 15, 20, 25
181 | 2,4,...,20,22

1933 12
2389 9
4993 7
10321 3
11290229 7

TABLE 6. Potential wild prime powers p® < 10° with 5 < p < 10! and p = 1 (mod 4)

] p \ exponent ‘

3 3,5,8,10,13,15,17,20,22,25,...,97,99,102,104
7 6,11,16,21,26,32,37,42,47,52,58
11 2,13,15,26,37,39
19 4,8,12,16,20, 24, 28, 32
23 19,21
31 22
43 7,9,14,18,27
67 15
71 20
79 23

49667 5,10

TABLE 7. Potential wild prime powers p® < 10°° with p < 10" and p = 3 (mod 4)

Remark 4. An alternative proof of Lemma 22 is obtained on noting that 1 ¢ M,. Thus p is not
potentially wild and so not wild.

The following result represents an important milepost on our way towards a proof of Theorem 3.

Theorem 6. Suppose that k = 1 mod 3. If z;(25) = 15 and p® is a wild prime power for k, then
p=>5 and e is in Ms.

Proof. The conditions on k ensure that (k(k + 1),15) = 1. Let m = Dg(n) be a discriminator value.
Suppose that a wild prime power p¢ with p { k(k+1) occurs in m. Then m = p®-my with z(m1) = m;.
Since we must have z(m) > m/2, it follows that z(p®) = p°~!(p + 1)/2. The number m discriminates
the numbers n up to at most (p + 1)p®~tmy /2.

We want to show that p = 5, and will assume that p # 5. Recall that e > 2. We first consider
the case where p® € {32,7%2,112}. Since 1;(m) only depends on the congruence class of & modulo
m, it is a finite computation to verify that 14(3%) < 4, x(7%) < 7-3 < 7%/2if 7 1 k(k + 1) and
we(112) < 11-5 < 112/2 if 11 { k(k + 1). By Corollary 7 we infer from this that, under the above
assumptions on k, tx(p®) < p¢/2 for p € {3,7,11}. We note that m; is odd in this three cases as
p = 3 (mod 4) and hence z(m) = lem(z(p°), z(m1)) < m/2 otherwise. We can thus apply the final
assertion of Corollary 7 to conclude that ¢;(m) < m/2, which shows that our assumption that m is a
discriminator value was wrong to begin with. Thus p > 13 and so by Proposition 2 there exist integers
a > 1 and b > 0 such that

5(p+1)
6p
We write m1 = 2¢ - mq, with msy odd. We now infer that

2(2%- 5% - my) = lem(2(297¢), 2(5%), 2(m2)) = lem(27¢,3 - 5°71 my) = 3m/5,

p° < 2% 5% < pt. (17)
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where we used that (30,mz) = 1 and z(5°) = 5*=! . 3, which is a consequence of z;(25) = 15. Then
2¢ . 5% . my < p°-my discriminates the integers up to 3 -2% - 5*~1 . m;. The lower bound part of
inequality (17) now guarantees that 2% - 5°=1 . m; > (p + 1)p°'my /2, showing that 2% - 5* - my is a
better discriminator than m. We conclude that p = 5. By Lemma 23 it follows that 5¢ is potentially
wild and hence e € Mj5 by Definition 8. O

Corollary 8. Suppose that 5¢ is a wild prime power for an integer k satisfying k = 1 (mod 3). Then
e e Ms=1{3,6,9,12,15,18,21,...} and k=1,3,8,11,13,16,21,23 (mod 25).

Remark 5. If we would restrict to wild prime powers of even discriminator values, then necessarily
p = 1 (mod 4) and there is no need to consider the primes 3,7 and 11 separately. In this case Corollary
7 is not needed.

Remark 6. Our proof of Theorem 6 eventually depends on quite a number of numerical coincidences
and we are doubtful whether there exists a more conceptual proof.

4.1. Some specific cases. In this section we will demonstrate Corollary 8. If m has an odd prime
divisor, we denote the smallest such by P,qq(m), otherwise we put Pygq(m) = 1.

Proposition 4.

a) Suppose that k = 3 (mod 5) and k # 18 (mod 25). Then Dy(3 - 5¢71) = 5¢ for every e in Ms with
5¢ < Poga(k(k +1)).

b) Suppose that k = 1,3 (mod 5) and k # 6,18 (mod 25). Then Dy(6 - 5°~1) = 2. 5¢ for every e in
My with 2 - 5° < Podd(k(k + 1))

Proof. We only prove part a, the proof of b being similar. By Lemma 16 we have Dy (3 - 5¢71) < 5.
The assumption on P,4q ensures that up to 5¢ only powers of two occur in A U Bg. It then follows
by Theorem 3 that Dy (3 -5°71) = 2% . 5%, with a,b > 0 and 2% -5° < 5°. If b = 0, then we must have
35571 < 2% < 5° contradicting our assumption that e € Ms. We have 15,(2% - 5°) < 3.2%. 5071 <
2:(2%-5). We require that 3-2%-5°~1 > 3.5¢~1. In combination with 2%-5° < 5¢, this gives 2¢-5° = 5°,
completing the proof. O

Two simple ways to obtain a k with P,qq(k(k+1)) large are to take k to be a power of two such that
k—+1 is a prime, or to take k a prime such that £+ 1 is a power of two. This then leads to the Fermat,
respectively Mersenne primes. Conjecturally there are only finitely many Fermat primes, but infinitely
many Mersenne primes. The largest known Fermat primes is 65537, in contrast huge Mersenne primes
are known. We will thus restrict to the case where k is a Mersenne prime. Proposition 4 then has the
following corollary.

Corollary 9. Suppose that p =1 (mod 4) is a prime > 5 such that q :== 2P — 1 is also a prime. Then
Dy(6 - 5°71) = 2. 5¢, for all those e in Ms for which 2 -5° < q.

Proof. This follows from part b, on noting that if p = 1 (mod 4) and p > 5, then 2 — 1 = 1 (mod 5)
and 2P — 1 # 6 (mod 25). O

We note that 282989933 _ 1 the largest known prime number as of Oct. 2022, satisfies the conditions
of the corollary. A similar corollary of part a is not possible as any Mersenne prime > 3 is # 3 (mod 5).

For n large enough the behavior of D,(n) with ¢ a Mersenne prime is particularly easy as the
following corollary of Theorems 2 and 3 shows.

Corollary 10. Let ¢ =27 — 1 > 3 be a Mersenne prime. Then for n > ng(3/2) we have
D,(n) = min{m >n:m =2%-¢" and a,b > 0}.
Equality already holds for n > ng(5/3) if p=1 (mod 4) and p > 5.
One finds that n%(3/2) = 131 and some computation leads, for every n > 1, to
Dr(n) =min{m >n:m=2%-7" and a,b > 0}.

For Mersenne primes ¢ > 7 the numbers ng(3/2) and ng(5/3) seem to be huge [8], and hence a

complete characterization infeasible. For example, n93,071(5/3) = [216 - 13107123897 . 3/5], a number
having 122298 digits!!
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5. PROOFS OF THEOREMS 3 AND 5
We first prove Theorem 5, since it will be used in our proof of Theorem 3.

Proof of Theorem 5. Recall that Sy, := {m € A, U B, : m > n}. Let m = Dy(n) be a discriminator
value with m € Sy, ,,. If 2(m) = m, then m € Sy, by (1)and so we may assume that z(m) < m.

By Lemma 22 it follows that m € M, with M as in Lemma 13. This entails by Lemma 13 that
n < z(m) < opm and hence m > n/oy. By assumption there is an integer m; € Sy, with m < n/oy,
showing that m; is a better discriminator than m. We conclude that m € Sj . In case m is even, we
repeat this proof, but this time using the inequality z(m) < 7pm. [l

Proof of Theorem 3. By Theorem 1 we may assume that £ > 1. Suppose that k£ #Z 1 (mod 3). Thus
6 | k(k + 1), and so all integers of the form 2% - 3* with @ > 1 and b € {0,1} belong to By. We have
or < 3/5. Now by Theorem 5 it suffices to check that for every n > 2 there is an integer m; of the
form 2%-3° with @ > 1 and b € {0,1} in the interval [n,5n/3) C [n,n/0y). This can be done with help
of the substitutions 3 — 22 and 2 — 3, which can be applied starting from n = 2.

Next suppose that £ = 1 (mod 3) and k£ = 0,4 (mod 5). Now 10 | k(k + 1), and so all integers of
the form 2% - 5° with @ > 1 and b > 0 belong to Bj,. We apply Theorem 2. It is easy to see that for
every n > 22 the interval [n,2n/3) contains an integer of the form 2% - 5 with @ > 1 and b > 0. Thus
if m € Sy, then n < 21. The odd primes < 21 are not wild by Lemma 23. This leaves us only with
9. However, 9 is not potentially wild (see Tab.7) and so certainly not wild.

Put m = Dg(n). Either z(m) = m or z(m) < m, in which case we have m = p®-m; with z(m1) = my
and p¢ a wild prime power. By Theorem 6 we conclude that p = 5. It follows that either z(m) = m or
m = 5'my with z(m) = 3m/5 and z(m1) = m;. In part I we established that the only discriminator
values m with z(m) = m satisfy m € Ay U B. These discriminate Uy(k),...,Un—1(k) and hence
Di(n) < min{Sk,,}. It remains to deal with the case where m = 5°-mj with b > 1, z(m) = 3m/5 and
z(m1) = my. On invoking Lemma 20 the proof of (4) is now completed.

Let p > 2 be a prime divisor of k(k + 1). If n > n,(5/3), then the interval [n,5n/3) contains an
even integer of the form 2¢ - p®. This number is in By and > n and so in Skn- As it is less than 5n/3,
it follows by (4) that Dy(n) = min Sk, .

By assumption k£ has an odd prime divisor p. If n > n9(5/3), then the interval [n,5n/3) contains
an integer of the form 2% - p?. This number is in A U By, and > n and so in Sin- As it is less than
5n/3, it follows by (4) that Dj(n) = min S ,,. O

6. EFFECTIVE BOUNDS FOR WILD PRIME POWERS AND ELEMENTS IN Fj

It was proved in part I that the set F} is finite for £ > 1. Here, we precise our proof by showing
that this set can be effectively determined and establish Theorem 4.

Definition 9 (prime types). We say that a prime p is of
type I ifp|k;

type IT if p | k + 1;

type IILif p{ k(k + 1), ep(k) = 1;

type IV if p{ k(k + 1), ep(k) = —1,

with ey (k) as defined in (7).

Lemma 24. Let k > 2. There are only finitely many odd discriminators which are not made up of
primes p dividing k.

Proof. Let m be an odd discriminator value not made up only of primes of type I. Then by Corollary
5 we can write m = p{* - my, where p; is of type IV and unique, and m; is only made up of primes of
type I or II. We will show that both p{* and m; are bounded. Note that

z(m) = lem[z(p]"), z(m1)].

We may assume that z(pi') = p* ~(p141)/2, for otherwise z(m) < m/2, contradicting our assumption

that m is a discriminator value. If there is a power of 2, say 2°, in the the interval [p‘frl(pl +1)/2,p7],
then 2°-m; < m is a better discriminator than m. We thus may assume there is no power of 2 in this
interval, which guarantees the existence of an integer a such that

pit <20 <plt (1 +1/p1).
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Thus, p{* > (p1/(p1 + 1))2%TL. Since p; > 3, it follows that p{* > (3/4)2%*L. Further,

2

a1 ar [ P1 1 < 2p1111 29+
J— < .

Z(pl ) pl < 2p1 3 3

Now let p be any odd prime factor dividing k(k 4 1). Since k(k + 1) cannot be a power of 2 for k > 1
such a prime p exists. We search for a pair of positive integers (u,v) such that

2 3
~Lutl v Zgudd
3 =y
This we find quickly, since the above condition is equivalent to

{(u<+_1)kwﬁ2} ) <1og<4/3> 1og<3/2>> | 1)

log p logp 7 logp

and the sequence of fractional parts {nz} is dense (even uniformly distributed) for irrational z. Let
u be the minimal positive integer with this property. Note that the corresponding v is uniquely
determined. By contradiction we will now show that a < u, leading to the bound

0= p§t < 2uth (19)
Assume that a > u is any integer. We note that
PP T +1)/2 < (2/3)20 <207 pY < (3/4)2° < pft.
Thus,

ga PN (p141)
2

and we conclude that mg := m12% "p¥ has the property that z(mso) = mq. If n satisfies Di(n) = m,

then n < my - z(p{*). The even integer my satisfies my - z(p{*) < mg < m = m; - pi* and discriminates

the integers Uy (k), ..., U (pllll)fl(k% contradicting the (discriminatory) minimality of m. This shows

Y maz

— 1
<207t < pt < 20

that, if p{" is such that p* < 2¢+1 < p* 4 p9~1 and m is actually a discriminator, then a < u and

(19) is satisfied.

Fix p{* = ¢ and let t = z(¢) < {. Now we look at the numbers m; -t < my - £ with m; > 1. Let g be
any odd prime dividing mj. Let (eg, f,) be the first pair of indices such that ¢% -t < 2/a < g% - £ (it
exists because of an argument with fractional parts as above). Then, if ¢¢ divides m; with e > e,, we
can replace ¢° by ¢¢ ¢ - 2/, This has the effect of replacing m; by my - 27« - ¢~¢¢, which is a better
discriminator for the numbers n < m;j - ¢ than the number m; - £ is. This can be done for each ¢
dividing m;. Since there are only finitely many ¢ (namely, odd primes of type I and II), we see that
m is bounded. ]

To make the argument effective we need to find N so that the containment condition (18) holds for
some positive integer u < N and bound ¢ in (19).

Let 0 = log2/logp. Note that § ¢ Q. Recall now that the discrepancy Dy of a sequence {a,,}N_,
of real numbers (not necessarily distinct) is defined as

#ﬁnSN:{mﬁ<v}_ﬂ
: |

Dy = sup
0<y<1

From the above definition we see that the inequality
#{m <N : a<{an}<p}>(B—-a)N—-2DyN
holds for all 0 < a < 8 < 1. Thus, setting a,, = mf for all m =1,..., N, and letting

, <10g(4/3) log(3/2)> |

logp ~ logp

which is an interval of length log(9/8)/log p, we have

#{m < N : {am} € I} > |I|N —2DyN = <1°g(9/8)> N — 2DyN. (20)

log p
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In particular, if the right-hand side is positive, then there is v < N with {a,} € I. We now upper
bound Dy. The Koksma-Erdés-Turdn inequality (see Lemma 3.2 in [6]) bounds the discrepancy Dy
by
H
3 3 1
Dy<o4oy = 21
7N 2 wfan] @)

where ||z|| is the distance from z to the nearest integer and H < N is an arbitrary positive integer.

To bound ||ay,||, note that

log 2 ; 1
logp ~ logp
where ¢ is an integer such that t < m(log2)/(logp) + 1 < 2m. Note that ||a,,| # 0, since 8 € R\ Q.
Thus, |mlog2 — tlogp| # 0 and a lower bound for it can be obtained by using the theory of linear
forms in logarithms.

Let us recall Matveev’s main theorem [9]. It applies to algebraic numbers, but we recall it here
only for rational numbers. For a rational number v = r/s with coprime integers r and s > 0, let
h(v) := max{log |r|,log s}.

|mlog2 — tlogpl,

lamll = }m

Theorem 7 (Matveev [9]). Let v1,...,v be positive rational numbers, let by,..., by be non-zero
integers, and assume that
A= Adreooabe 1, (22)
is non-zero. Then for every
B > max{|b1],...,|bx|}

we have
log |A| > —1.4-30%"3 . k%5 (1 +1og B) h(71) - - - h(k).
In our case, we take
A=2".pt -1,

which is non-zero, since p is an odd prime. Note that A = eI’ — 1, where I' = mlog2 — tlogp. So,
either |I'| > 1/2, or |T'| < 1/2. If |T'| < 1/2, then

20| > " — 1] = Al

and we can apply Matveev’s theorem to get a lower bound on |A| and hence on |I'|. Either way, we
take in Matveev’s theorem

k=2 m=2 y=p b=m, b=-1
and, noting that we can set B := 2m, we get
2|mlog?2 — tlogp| > exp (—C1(log2)(1 + log(2m)) log p) , (23)
where C; = 1.4 - 30° - 247, Since 1.4-30° - 245 . log2 < 6 - 108 — log 2, we get
Imlog2 — tlogp| > exp(—6 - 108(1 + log(2m)) log p) = pG10°(H022m) gy > 1
We thus obtain that, if H > 15 and 2m < H, then
1+1log(2m) <1+ logH < 1.63log H (H > 15),

and so the inequality (23) leads to

” 1 ” < (logp)p(6-1.63)-10810gH <p(10972)logH _ H(10972)10gp < Hloglogpf2'
Qm
Thus,
1 Hloglogp72 H 1 1 Hloglogpfl
Dy<3|—=4+—————- — 3|l =+ — .
N‘(H+ N mzzlm< BTN

where we trivially bounded the sum by H. Choosing H := LN 107°/ logPJ we get, assuming still that
H > 15 and therefore that

N107°/108p > 15 which is equivalent to N > 151071087, (24)
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that
‘[_[109 logp—1

Dy < 3<l + ) <3 <LN109/long -1 +N109/logp> < 7N710’9/10gp
— H N —_— —_ Y

where we use the trivial observation that if > 15, then

1+1<1<1 +1><29 1<71
] x T a\1-1 “ 14 z 3 x

Turning now our attention to the inequality (19), we see that

N 10g(9/8) _ 2DN > N log(9/8) _ 14N—1079/10gp . (25)
log p log p
Thus, if N > Ny with
9 1o
15logp \ 10 &P
Ny = ——=— 26
o= (o) 26)
the right—hand side of (25) is at least
N log(9/5) o
15 logp

and hence positive. Note that the inequality N > Ny, with Ny as in (26), ensures that the inequality
(24) is satisfied. Hence, we have established the following result.

Lemma 25. Let p be an odd prime factor of k(k +1). There is a positive integer u such that

{<u+1)10g2} c <log(4/3) log(3/2)> (28)

log p logp ' logp

and

151 10° log p
utl< (sl
log(9/8)

The argument can be iterated to give an upper bound on the largest element of F.

Lemma 26. If m is an odd discriminator not entirely made up of primes dividing k, then

m < 2(k‘+1)1010 log log(k+1)

Proof. We keep the notation from the proof of Lemma 24. As such, we write m = p* - m1, where m;
is made up of primes p dividing k(k + 1). By the argument from that proof, we conclude that
p(fl < 2a+1 < 2u+1
with u the smallest integer satisfying (18). By Lemma 25 and since 15/1og(9/8) < 130, it follows that
ut+1< (130 logp)log logp _ p109 10g(13010gp)'

Therefore, with the notation of Lemma 24, we have

109 log(130 log p)

(=pir <2utl < op (29)

Now let ¢ | my, which implies ¢ | k(k 4+ 1). We need to estimate the smallest pair of positive integers
(eq, fq) such that, if we put

t:=z(() = p‘l“_l(pl +1)/2,
then
¢ -t < 201 < g% 4. (30)
Taking logarithms, we have

logl log(¢/t log 2 log ¢
; gl log(¢/t) 082 _, 4 losl
logg  loggq log g log g
Since ¢/t = 2p1/(p1 +1) > 3/2, the above condition places {f,;(log2)/(logq)} in one (or two) intervals

of total length log(¢/t)/(logq) > log(3/2)/(log q). More precisely, if {log¢/logq} > log(3/2)/(logq),
it then follows that it suffices that

log 2 log ¢ log(3/2) [logt
fql € - ) ’
0gq log q log q log q

< fq
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whereas if {log ¢/ log q} < log(3/2)/logq, it suffices that

log 2 1 1 2 1
f 082\ (1, ogl| log(3/ ),1 u (o, og/t ‘
log g log g log ¢ log g

In any case, there is an interval J of length 0.5log(3/2)/log ¢ such that, if {f;log2/logq} € J, then
the estimate (30) holds with some appropriate positive integer e,. Note that 0.5log(3/2) > log(9/8),
so by the arguments from the proof of Lemma 25, it follows that if N > Ny, where Ny satisfies (26),
then there are at least

Nlog(9/8)
15logp
values of f < N such that {flog2/logq} € J. This in turn implies the inequalities ¢°t < 27 < ¢°/.
The only situation in which we are in trouble is when e = 0, in which case t < 2/ < £. Assume this
happens. By inequality (29), we get

f< p109 log(130log p)

If this were so for all the acceptable values for f, we would get by (27) that
Nlog(9/8) < 102 log(130 log p)

15logp
and therefore
151ogp 109 log(130log p) (10°+1) log(1301
< g(130logp) 31
(09) ’ oy
To ensure that this doesn’t happen we ask that N > Ny, where
15log p 1.1-10° log p
Ny = ——— . (32)
log(9/8)

Indeed, since 15/1log(9/8) > 127, the above inequality forces

109
N > pl.l 10 log(127logp).

To see that (31) fails for such NV, assume it doesn’t and we get

9 9
p1.1~10 log(1271og p) <N <p(10 +1)log(13010gp),

and so .
log(1301 1.1-1
0g(130log p) 0 < 1.00.

log(127logp) = 109 +1 .
However, this is false since the function (log(130) + z)/(log(127) + ) on the left with « = loglogp is
decreasing for x > 0 with the maximum log(130)/log(127) = 1.04... at = 0, which is not larger than
1.09. It then follows that by choosing N as in (32) then there is some f such that ¢¢ -t < 2 < ¢ - ¢
and e > 0. Since 15/1log(9/8) < 130, it follows that, in particular,

J < (1301ogp) 110" %7,

and since p < k 4+ 1, we get

gf1 < 2o < ket r10 s Ios( D).

Thus,
my < H qeq < 2w(k(k+1))(k+1)1‘1'109 log(130 log(k+1)) < 2(k+1)1010 loglog(k-&-l). (33)
qlk(k+1)
q odd
The right-most inequality follows because of the trivial estimate
2log(k +1)

wkk+1) =wk) +wk+1) < < 4log(k+1) < (k+1)3,

log 2
and, furthermore,
3+ 1.1-10%1og(1301og(k + 1)) < 10" loglog(k + 1),

which holds for & > 6. One may check by hand that this is also true for k£ € {2,3,4,5}. Indeed, in
these cases p € {3,5}, and one checks that in each of the cases one may choose u < 20 satisfying the
containment (28) of Lemma 25. O
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Lemma 27. Let k > 2. There are only finitely many discriminators which are even and not divisible
only by primes p dividing k(k + 1).

Proof. We write m = 2% -my with z > 1 and m; odd. The previous arguments showed that m; has at
most one prime factor not of type I or IL. If it has one, it is of type IV. Assume m; = p{* -mga, where p;
is of type IV. Then z(p1) | (p1 +1)/2. If 2(p1) | (p1 + 1)/4, then z(m) < 2%mop* ' (p1 +1)/4 < m/2,
and we get a contradiction. A similar contradiction is obtained if z(p?) | (p1 +1)/2, so we may assume
that z(p$") = p?* ~*(p1 4+ 1)/2. As in previous occasions, there exists a with

pit <20 <plt (14 1/py).

Thus, p{* > (3/4)2%*1. As in the previous application, we pick an odd prime ¢ dividing k(k + 1) and
let « be minimal such that

2 3

7.2u+1 < v<7_2u+1

3 757
for some (unique) v. Then, if a > u, it follows that 2" “¢"mg is a better discriminator than m;j. This
shows that p{* < 2¢t1 < 24Tl is bounded. The bound is the same as in Lemma 25. Next, for each odd
prime ¢ | ma (of type I or I1) we find (e, f,) such that ¢% - ¢ < 2fa < g® - ¢, with (¢,£) = (z(p{"), p{"),
for all finitely many choices pj*. Then, if the exponent of ¢ in m exceeds e;, we can replace m by
m - 27a . g=¢a which yields a better discriminator. This holds for all prime factors ¢ of ma, so also ms
is bounded. The bounds given in (33) apply to m;.

It remains to bound the exponent z of 2 in the factorization of m. We know by now that m = 27m
and that m; is odd and bounded, cf. (33), as
my < 2w(k(k+1))(k+1)1‘1'109 10g(13010g(k+1))‘

Further, z(m1) < my. Put (¢,¢) = (2(mq),m1). Again, we pick some odd prime ¢ dividing k(k + 1)
and search for integers z,y such that the inequality 2 -t < ¢¥ < 2% - £ holds, where £ = m; and
t = z(mq). This is equivalent to

logl¢ log(¢/t) log q log ¢
log 2 log 2 log 2 log 2

Note that this is again satisfied if {yloggq/log2} is in one or two intervals of length log(¢/t)/log2 >
log(3/2)/log2. The argument with linear forms in logarithms works and gives a bound on y as in
Lemma 25. This shows that

9T qy < (]{ 4 1)(k‘+1)109 log(130 log(k+1) < 2(10g(k+1)/10g 2)(k+1)109 log(130 log(k+1))‘

If z > 0, and z > = then we replace 2°my by 2°"%mq¢¥, which is a better discriminator. This shows
that z < x when z is positive. To ensure that z is positive we argue as in the previous lemma to
conclude that if we replace the exponent 10 log(1301og(k + 1)) by 1.1 - 10°log(1301log(k + 1)), then
there is a choice of (z,y) with > 0. For such = we have z < z is also bounded, so

m < o(@(k(k+1))+(log(k-+1)/ log 2)) (k-+1)! 110 log(130 log k) < o(k+1)10'7 log lo(k-+1)

Y

which is what we wanted to show. Again the last inequality holds for k£ > 6 and for smaller values of
k can be checked by hand. O
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