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CANONICAL BASES OF QUANTUM SCHUBERT CELLS AND THEIR
SYMMETRIES

ARKADY BERENSTEIN AND JACOB GREENSTEIN

ABSTRACT. The goal of this work is to provide an elementary construction of the canonical basis
B(w) in each quantum Schubert cell Uy(w) and to establish its invariance under modified Lusztig’s
symmetries. To that effect, we obtain a direct characterization of the upper global basis B“? in
terms of a suitable bilinear form and show that B(w) is contained in B and its large part is
preserved by modified Lusztig’s symmetries.
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2 CANONICAL BASES OF QUANTUM SCHUBERT CELLS AND THEIR SYMMETRIES

1. INTRODUCTION AND MAIN RESULTS

Let g = b~ @& n' be a symmetrizable Kac-Moody Lie algebra. For any w in its Weyl group W,

define the algebra U,(w) by

U(w) 1= Tu(Uy(67)) 0 Uy(n*) (1)
which we refer to as a quantum Schubert cell (see §2.1 for notation). This terminology is justified
in Remark 4.7. The definition (1.1) for an infinite (affine) type first appeared in [1, Proposi-
tion 2.3]. In [2] we conjectured that this definition coincides with Lusztig’s one which was proved
for all Kac-Moody algebras by Tanisaki in [19, Proposition 2.10] and independently by Kimura
([8, Theorem 1.3]).

In a remarkable paper [7] Kimura proved that each U,(w) is compatible with the upper global
basis B"P of U,(n"). The aim of the present work is twofold:

e to construct the basis B(w) of U,(w) explicitly using a generalization of Lusztig’s Lemma.
e to compute the action of Lusztig symmetries on these bases, thus partially verifying Con-
jecture 1.16 from [2].
To achieve the first goal, first we provide an independent definition (see §2.4 and §2.6) of the global
crystal basis B*P (which coincides with the dual canonical basis). For reader’s convenience, we put
all necessary definitions and results in Section 2.

Let = be the anti-linear anti-involution of U,(g) which maps g2 to ¢ and fixes Chevalley
generators. It should be noted that we use a slightly different presentation of U,(g) (see [2] and
§2.1) and accordingly modified T,, so that they commute with = ([2]).

Let i = (iy,...,im) € R(w). Generalizing [6,13], we show (see §4.1) that the A := Z[qz, ¢ 2]
subalgebra of U,(n") generated by the Xj; := Ty, .5, (Ey), 1 < k < m of Uy(n™) is in fact
independent of i, hence is denoted U”(w), and has an A-basis {X? : a € Z7)} where X? =
Qi,aXﬁ c X{moand ga € q%Z is defined in (4.1). The importance of this choice of the ¢, is
highlighted by the following version of Lusztig’s Lemma.

Theorem 1.1. Let w € W and i € R(w). For every a € Z%, there exists a unique by = bja €
UA(w) such that by = by and
ba— XP €Y q'Z[g )XY
a'#a
We prove Theorem 1.1 in §4.2.

In particular, elements b; 5, a € ZZ, form a basis B(i) of U A(w) which a priori depends on i.
However, the following result implies that this is not the case.

Theorem 1.2. Let w € W and i € R(w). Then for all a € Zggj) we have b; o € BYP.

This Theorem implies that for any i,i’ € R(w) we have B(i) = B(i’) and thus can introduce
B(w). As a consequence, we recover the main result (Theorem 4.22) of [7].

Corollary 1.3. B(w) = B N U,(w) for allw e W.

Remark 1.4. To obtain his result, Kimura used a rather elaborate theory of global crystal bases.
By contrast, our proofs of Theorems 1.1 and 1.2 are quite elementary and short.

Now we turn our attention to the second goal, that is, to the action of Lusztig’s symmetries
on Uy(w).

Theorem 1.5 ([2, Conjecture 1.17]). Let w,w" € W be such that {(ww') = {(w) + £(w'). Then
B(w) C B(ww'), T,(B(w")) C B(ww').
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Remark 1.6. (a) In [2] we constructed a basis By of U,(g) containing B*? and conjectured ([2,
Conjecture 1.16]) that T,,(B*?) C B,. Thus, Theorem 1.5 provides supporting evidence for
that conjecture.

(b) It would be interesting to compare the symmetries discussed above with the quantum twist
computed in [9].

We deduce Theorem 1.5 from Theorem 1.1 in §4.4. All these results are obtained using the
following striking property of B“? which is parallel to a highly non-trivial result of Lusztig ([17]).

Theorem 1.7. T, (b) € B*” whenever b € B** N T, (U, (n™)).

We prove Theorem 1.7 in §3.5. Our proof, which is quite elementary and short, relies on the
notion of decorated algebras (Definition 3.1) to which we generalize T, and obtain an explicit
formula (Theorem 3.6) for it.

We conclude this section with the following curious application of the above constructions. It is
well-known (see e.g. Remark 2.14) that the natural linear anti-involution * on U,(n") fixing the
Chevalley generators (see §2.1) preserves B*7. Since T, 0 * = * o T1, (cf. [2]) it follows that

Uy(w)" =T,%(Uy(b7)) N Uy(n")

and Corollary 1.3 implies that U,(w)* has a basis B(w)* = U,(w)* N B*’. In particular, one can
consider the algebras

Uy(w,w') == Uy(w) N U, (w"), w,w' €W

which is natural to call bi-Schubert algebras. The following is immediate.

Corollary 1.8. For any w,w' € W, the bi-Schubert algebra Uy(w,w') has a basis B(w,w’) :=
B(w) N B(w')* = U,(w,w’) N B*.

Based on numerous examples (see §5.5) one can conjecture that bi-Schubert algebras are Poincaré-
Birkhoff-Witt (PBW).

Remark 1.9. One can also consider intersections U, (w) N U,(w’); however, in this case it appears
(and is probably well-known) that the corresponding algebra is always U,(w”) where w” is less
than both w and w’ in the weak right Bruhat order and is maximal with that property.

Acknowledgements. The main part of this paper was written while both authors were visiting
Université de Geneve (Geneva, Switzerland). We are happy to use this opportunity to thank
A. Alekseev for his hospitality. We also benefited from the hospitality of Max-Planck-Institut fiir
Mathematik (Bonn, Germany), which we gratefully acknowledge.

2. DEFINITION AND CHARACTERIZATION OF BYP

2.1. Preliminaries. Let g be a symmetrizable Kac-Moody algebra with the Cartan matrix A =
(aij)ijer- Let {a;}ier be the standard basis of Q = Z!. Fix d; € Z, i € I such that the matrix
(d;aij)i jer is symmetric and define a symmetric bilinear form (-,-) : Q@ X Q@ = Z by («, o) = d;ai;;
clearly, (v,7) € 2Z for any v € Q. We will write (o/,7), v € Q as an abbreviation for (ay,y)d; .

The quantized enveloping algebra U,(g) is an associative algebra over k = Q(q%) generated by
the E;, F;, K*', i € I subject to the relations

[Ei, Fj) = 0ij(q;" — @) (K — K7Y), KBy = q;"E;K;, KiFy = q; "V FjIG, KK = KK (2.1)
Yoo (F)EVEET = Y (1) FTREY =0, i#j (2.2)

7,820, 7+s=1—a;; 7,820, r+s=1—ay;
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for all i,j € I, where ¢ = q%, Xid€> = (1:[<5>qi)_1Xf and (s), = v* —v~°. We also set
(n)o = (n)o/ (D, ()l =TTy (Eo ()l = ()l /(
(n> L=t _ g (n—t),
k)T (R

and X := X7/(n),,.

We denote by U,(n™) (respectively, U,(n™)) the subalgebra of U,(g) generated by the E; (re-
spectively, the F}), i € I. Let K be the subalgebra of U,(g) generated by the K=, i € I and set
Uy (b%) = KU, (n).

It is easy to see from the presentation that U,(g) admits anti-involutions * and *, where
interchanges F; and F; for each ¢+ € I and preserves the Kiil while * preserves the F; and F;
while K} = K;'. Furthermore, U,(g) admits an anti-linear anti-involution ~ which preserves all

1

t t

generators and maps q% to ¢ 2.

The algebra U,(n™) is naturally graded by Q" := @p,.; Z>o«; via deg E; = o;. We denote the
homogeneous component of U,(n™) of degree v € Q* by U,(n*),. This can be extended to a
()-grading on U,(g) via deg F; = —«;, deg K; = 0.

2.2. Modified Lusztig symmetries. Let W be the Weyl group of g. It is generated by the
simple reflections s;, ¢ € I which act on @ via s;(¢j) = aj; — a;;0;. Given w € W, denote R(w) the
set of reduced words for w, that is, the set of i = (iy,...,4,) € I"™ of minimal length m := ¢(w)
such that w = s;, - -+ s;,,. It is well-known that the form (-,-) is W-invariant.

The following essentially coincides with Theorem 1.13 from [2].

Lemma 2.1. (a) For each i € I there exists a unique automorphism T; of U,(g) which satisfies
Ti(K;) = K K™ and

g 'K 'F, i=j
LEI=Y 8 (g B BEY, i4)
r+s=—a;;
q;le'Ei, 1=
1
LE) =) © (~r g ENEEY, 4
r+s=—a;;

(b) For all x € Uy(g), Ti(x) = Ty(T), (Ti(x))* = T, (z*) and (Ti(z))t = T, ().

K3 3

(c) The T;, i € I satisfy the braid relations on U,(g), that is, they define a representation of the
Artin braid group Bry of g on U,(g).

2.3. Bilinear forms. Following [2,16], we define a symmetric bilinear form (-, -) on U,(n"). Let
V =@, kE; and let (-,-) be the bilinear form on V' defined by (E;, E;) = 6;j(¢; — ¢; ‘). Extend
it naturally to T'(V') via

k
(0@ @upv; @ @) =0 [[(vrtl), v vleV,1<r <k
r=1

Define a linear map ¥ : VeV —= VeV by ¥(E;® E;) = ¢*%) E; ® E;. Finally, define (-, -)y via
<U, U>\p = 5k’l<[l{3]q;'(u), U>, = 5k7l<u, [k?]q;'(?]»/, u < V®k, v E V®l

and [k]g! € Endy V® is the standard notation for the braided k-factorial (see e.g. [2, §A.1]). Tt
is well-known (see e.g. [16]) that the kernel J of the canonical map T'(V) — U,(n"), E; — E; is
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the radical of (-,-)y. Thus, we have a well-defined non-degenerate symmetric bilinear form (-, -)
on U,(n") given by (u + J,v + J) = (u,v)y. This form in fact coincides with the form (-,-) we
introduced in [2, §A.3] if we identify U,(n™) with U,(n") via *. We will often use the following
obvious

Lemma 2.2. Let z, 2" € Uy(n") be homogeneous. Then (x,x') # 0 implies that degx = deg x’.
Define (-,-) : Uy(n™) ® U,(n*) — k by

(z.9) = p(1)g 29Nz, y),  x,y € Uy(nh),
where
1 1
pu(v) = qartant, veEQ (2.3)

and n € Homy(Q,Z) is defined by n(«;) = d;. Note the following properties of p which will be
often used in the sequel
r+1 1 . 1 ,
plrad) = ), pls) = s HED, uly o) = w24

Define an anti-linear automorphism ~ of U,(g) by

T = (sgn~)z", x € Uy(g)y

where sgn : @@ — {+1} is the homomorphism of abelian groups defined by sgn(«;) = —1. Then
(cf. [2])

(z,y) = (=, 9) = (. ). (2.5)

2.4. Lattices and signed basis in U,(n"). Let A = Z[qz,q 2] which is a subring of Q(q2).
Denote Ay = Z[q, ¢ '] and A; = g2 Ag; clearly, A = Ag @ A, as an Ag-module. Following (2, §3.1],
for any J C I, let Uz(n™); (respectively, Uz(n™);) be the Ag-subalgebra of U,(n") (respectively,
U,(n~)) generated by the E™ (respectively, F{™), i € J, n € Zso. We abbreviate Uz(n¥) :=
Uz(n+)[. Set
Ul(n®) = {z € U,(n™) : (z,Uz(n)) C Ag}.
Clearly, U#(n™) is an Ag-submodule of U, (n™).
Lemma 2.3. We have ¢z ) za’ € UZ(n*) for all © € U%(n'),, o’ € U%(n*t),. In particular, all

powers of a homogeneous element of U%(n*) are in UZ(n") and U%(nt) == UZ(n™) @4, A is an
A-algebra.

Proof. Following [16, §1.2], let A : U,(n") — U,(n")QU,(n") be the braided co-multiplication
defined by A(E;) = E; ® 1 + 1 ® E;, where U,(n")®U,(nt) = U,(n") @ U,(n") endowed with
an algebra structure via (z ® y)(2' ® y') = ¢ wa’ @ yy' for all .y € U,(n*), y € U,(n"),,
2’ € Uy(n")y. Then (za',y) = (x,g(l)ﬂx’,gm)) and so

(].I'LC/,yD = qﬁ(ﬂml)qxaQ(I)qulag@)D7 T € UCI(nJr)’Yv SC/ € UQ(n+)’Yl7
where A(y) = Yoy @ Yo in Sweedler-like notation. It follows from [16, Lemma 1.4.2] that
A(Uz(n")) C Uz(n™) ®a, Uz(n™), hence we can assume that Yy Yy € Uz(n't) provided that

y € Uz(n™). All assertions are now immediate. O
Define, for any v € Q+
B, ={be U*(n"), : b="0, u(y)~'(b,0) € L+ ¢ 'Z[[¢"']])} (2.6)
and set B¥ = | |, B¥,,.
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2.5. Signed basis is (K_, u)-orthonormal. Let R be a commutative unital subring of a field k.
Following [16, §14.2.1], a subset B* of a free R-module L is a signed basis of L if B* = BU (—B)
for some basis B of L.

Let K_ be a subring of k not containing 1. We say that B is (K_, y)-orthonormal for some
p € R* with respect to a fixed symmetric bilinear pairing (-, ) : L ® g L — k if

/J(]b,bll) Géb,b/—f—K_, b,b/GB.

Accordingly, we say that a signed basis B* is (K_, u)-orthonormal if it contains a (K_, pu)-
orthonormal basis of L.
The following result is parallel to [16, Theorem 14.2.3].

Theorem 2.4. B is a signed basis of U*(n%) with R = Ay. Moreover, for each vy € Q, B,
is a (K_, u(y)~1)-orthonormal basis where u is defined by (2.3) and K_ = q 'Z[[¢7*]] N Q(q).

Proof. We need the following general setup.

We say that a domain Ry is strongly integral if a sum of squares of its non-zero elements is never
zero and if ¢ + -+ 4+ 2 = 1, ¢, € Ry, implies that for all 1 <i <n, ¢; = £§;; for some 1 < j < n.

Let R be a domain with a subdomain Ry. Given a totally ordered additive monoid I', a map
v:R— T U{—o0} is called an Ry-linear valuation if the following hold for all f,g € R
(V1) v(f) = —oc if and only if f =0
(V2) v(Ro \ {0}) =0,
(Vs) v(fg) = v(f) +v(9);
(Vi) v(f +g) < max(v(f), v(g))-
It follows that

v(f) #v(g) = v(f+yg)=max(v(f) v(g)) (2.7)

Furthermore, for each a € I', set Re, = {r € R : v(r) < a} and R, = {r € R : v(r) < a}.
Clearly, R<, and R., are Ry-submodules of R and R., C R<,. In the spirit of [12, §2.1], we call
the Ryp-module R<,/R., the leaf of v at a; we say that v has one-dimensional leaves if for each
a € v(R), the leaf of v at a is a non-zero cyclic Ry-module.

Let M be a free R-module with a basis B. Then we can define vg : M — I" U {—o0} by

I/B(Z cpb) = max v(cp). (2.8)
beB
Clearly (V4) holds and we also have vg(fz) = v(f) + vs(z), f € R, x € M. We will need the

following Lemma.

Lemma 2.5. Suppose that v: R — I'U{—occ} has one-dimensional leaves and let M be a free R
module with a basis B. Then every x € M with vg(x) > 0 can be written as x = fxo + x1 where
feRwithv(f)=v(x), 0# x9 € Y g Rob and x1 € M satisfies vg(x1) < vg(x).

Proof. Let x € M with a = vg(x) > 0 and write
T = Z Tpb = Z b + Z Tpb.
beB beB:v(xp)=a beB:v(zp)<a

Since v has one-dimensional leaves and R<, # R.,, R<./R<, is a non-zero cyclic Ry-module. Let
f € R<, be any element whose image generates R<,/R., as an Ry-module. Then v(f) = a and
for every b € B with v(x;) = a there exists r, € Ry such that v(x, — r,f) < a. Set

To = E b, 1 =1x — fxo.
beB:v(zy)=a

Clearly, vg(x1) < a, whence xy # 0. O
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Henceforth

e R is a strongly integral domain
e k is a field containing Ry;
e Ry C R C k as subrings
e v:k - 'U{—o0}is an Ry-linear valuation;
e K_ is an Ry-subalgebra of k such that v(f) < 0 for all f € K_ (note that this implies that
K NRy=0)and 1+ K_)"'Cl1+K_.
e There is a field involution - of k which restricts to R and is identity on Ry, while K_NK_ = ()
v(R\Ry) >0where R ={fcR: f=f}
e The restriction of v to R is a valuation v : R — I' U {—o00} with one-dimensional leaves;
For an R-module L, an endomorphism of Z-modules ¢ : L — L is called anti-linear if for all
r € R, x € L we have 7-x =7 - T. Anti-linear endomorphisms of a k-vector space V' are defined
similarly.
Let V be a k-vector space with a non-degenerate symmetric bilinear form (-, ). Suppose that
z,y) = (] (), ¢ (y)), x,y € V. Let L be a free
{r € V : (z,L) C R}. Clearly, L" is a free

@, ¢’ are anti-linear involutions on V' satisfying (x
R-module such that V = k ®p L. Denote LV =
R-module and V =k ®p LV.
Given p € R* define
B*(u)={beL:¢(b)=b,p-(bb) el+ K}
and
BY(n) = {be L’ ¢(b) = b, u- (W) € 1+K .
Proposition 2.6. Suppose that dimy V < co. The following are equivalent
(a) BE(u) is a (K_, u)-orthonormal signed R-basis of L.
(b) BY (1) is a (K_, u~')-orthonormal signed R-basis of L".
In that case, B*(u) and BY.(1) are dual to each other with respect to (-,-).

Proof. (a) = (b) Let B*(p1) be any basis of L contained in B*(u).
Since (-,-) is non-degenerate, for each b € B¥(u) there exists a unique §, € LY such that
(65, ') = 6p4r. Clearly, the set B ()Y := {8, : b € B¥(u)} is a basis of LY. Note that ¢(&) = d.

Lemma 2.7. The set B*(p)Y is (K_, u="')-orthonormal basis of L . In particular, v(p=" (8, o)) <
0 with the equality if and only if b=10'.

Proof. We need the following

Lemma 2.8. Let G = (G,.5)1<r.5<n be a matriz over k such that uG,s € 0,5 + K_. Then G is
invertible and M = (M,s)1<,s<n = G~ satisfies p=* M, € 0,5 + K_.

Proof. Let A, 4(G) be the minor of G' obtained by removing the rth row and the sth column.
Then it is easy to see that pu"'A, (G) € 6,5 + K_. Similarly, p"detG € 1 + K_ hence G is
invertible. Moreover, =" (det G)™* € 1+ K_. Since M, = (—1)""*(det G) "' A, ,.(G), the assertion
follows. O

Since B*(u) is (K _, p)-orthogonal, the above Lemma applies to the (finite) Gram matrix G =
(6, 0'))ppreB* () Of (-, -) with respect to the basis B*(11) and hence ' M,y € &, + K_ where
M =G Smceu Yy =D et (uy b My, we have p='d, € b+ K_ - B*(p). This implies that
for all b,b' € B(11) one has

/flq&,, 517/[) = (]/fléb, 51,/[) (]b (Sb’D + K_ (] ( ) 5le = (5b y + K_.

This proves Lemma 2.7. 0
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Note that for any . = ), 240, y = Zb, Yy Oy in LY we have

Z Ty it (G, S ).

bt/
Since v(pu™* (0, o)) < 0 for all b, b by Lemma 2.7, it follows from (V3) and (V) that
v(p Hey) Svl@) +vly),  wyel’ (2.9)
Clearly, for x € LV we have
p(r)=2 < z€ » R, (2.10)

beB* (1)

Thus, the set (L) of p-invariant elements in LV is a free R-module with a basis B ()".
The following Lemma is the crucial point of our argument.

Lemma 2.9. Let v € LY and suppose that ¢(v) = x. Define v = vg+ v : LY — T'U{—~o0} as

n (2.8). Then

(a) Ifv(z) =0, that is, x = Y, 20y with xy € Ry, then 'z, x) —>", 27 € K_ and v(p "z, 2)) =
0.

(b) If v(x) > 0 then v(p *(x,z)) >0

Proof. Write x = Y, xy0p, 7 € R'.
To prove (a), note that v(z) = 0 and () = = implies that x;, € Z for all b € B* (). We have

= Zw%u”qéb, ) + bexb/ (05, 6w
b

b

By Lemma 2.7, the first sum belongs to Y, z7 + K_ while the second sum belongs to K_. Since
Ry is strongly integral, >, 7 # 0. Thus, v(p ' (z, z)) = 0.

To prove (b), let a = v(z) > 0. Applying Lemma 2.5 to M = (LY)? and the ring R, we can
write = fxg + x; where f € R, v(f) = a, p(x0) = zo (and so ¢(z1) = x1), v(z9) = 0 and
v(z1) < a. Then

V(lfqua ) = V(f2/flq370a o)) + 2f/flq$o, 1) + /flqﬂﬁ, 1) = V(f2,u71q(7co,x0[)) =2a>0

since v(p Hzy, x1), v(fu (w0, 1)) < 2a by (2.9) and (V3), (Vi) while v(u'(zo, o)) = 0 by
part (a). This proves (b). O

It follows from Lemma 2.9(a,b) that if x € LY is fixed by ¢ and p~ !z, z) € 14+ K_ then x = £,
for some b € B(i1) by the strong integrality of Ry. Thus, BY (1) = B¥(u)" | J(~=B*(¢)"). This
completes the proof of the implication (a) = (b) and the last assertion. The opposite implication
follows by the symmetry between L and LY and ¢ and ¢'. 0

We now apply Proposition 2.6 with L = Uz(n"),, v = qz, <,0 =% ¢ =7 R= Ay =Z[v?, v,
k = Q(v) and K_ = v?Z[[v™?]] N Q(v). We define v : Q(v) — Z U {—o0} via

( 1+ f)
v(cv =

l+g
where ¢ € Q%, n € Z and f,v € v™'Z[v™!]. Note that R = Z[q + ¢~'] and v has one-dimensional
leaves on R since v((v +v~!)") = n. By [16, Theorem 14.2.3], B¥“" N Uz(n™) is a (K_, u(7))-
orthonormal signed basis of L. Since B¥*7., = (B“» N Uz(n™))Y. in the notation of Proposition 2.6,

it is a signed (K_,u(y)™')-orthonormal basis of LY = U%(n"),. This completes the proof of
Theorem 2.4. 0
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2.6. Choosing B"? inside the signed basis. It remains to describe a canonical way to choose
B* inside B**P. Needless to say, it can be taken as the dual basis of B with respect to (-, ).
However, it more instructive to provide an intrinsic definition.

To that effect, following [2, §3.5] and also [16, Proposition 3.1.6], define k-linear endomorphisms
0;, 0%, 1€ I of Uy(nt) by

Fix] = (g — g7 ) (g 2@ K0,(2) — 20K 9P (2)), @ € Uy(n),. (2.11)
We need the following properties of these operators (cf. [2, Lemmata 3.18 and 3.20]).

Lemma 2.10. For all x € U,(n"),, and i € I we have

() B2) = Bi(®), BP(@) = O7(%), Ba*)* = OP(x) and O3 (x) = F¥Dh(z).
(b) for ally € Uy(n™), n € Zxg

(2, yEM) = 0 (),9), (o, EMy) = ((07) ™) (@), y),

where fl.(”) = (q; — qi_l)”fi<n>.
(c) 05, 0 are quasi-derivations. Namely, for x € Uy(n™).,, y € Uy (n"), we have

Oi(xy) = ¢ 0i(w)y + g ady),

L 1 (2.12)
077 (xy) = ¢~ =P (x)y + g2 V2O (y).
It is easy to see that
o (Er) = () B = (@) () (2.13)
n
qi
whence

(g — g o) (B = B = (¢ — ¢ )P (B (2.14)

The following is an immediate consequence of this identity and Lemma 2.10.

Corollary 2.11. For all © € I we have
(4) i 2 € Us(i), then (1)40(2), {1)q,07(2) € G U(n*);
(b) the ™, (87)™), n € Zsq restrict to operators on U%(n").

By degree considerations it is clear that 9;, 9" are locally nilpotent, that is, for any « € U,(n™)

we have 0F(x) = (0{")*(x) = 0 for k > 0. Thus, for each z € U,(n*) \ {0} we can define ¢;(x)
as the maximal k > 0 such that 9%(x) # 0. Define 9%, (97)tP) . U, (n*) \ {0} — U,(n*)\ {0}
by 82-@0’3) () = 81-(&(’”))@) and (977)P) () = (8i(t0p)(x*))* = (07)GE") (7). Similar notation will be

used for other locally nilpotent operators in the sequel.

For any sequence i = (iy,...,i,) € I™ set 8i(t°p) = 81-(;010) - a§f”p)
Proposition 2.12. For every b € B there exists i = (i1, ..., 1) such that 8i(t0p)(b) e {£1}.
Moreover, if ' = (i}, ..., ) also satisfies 0Y°" (b) € {£1} then ' (b) = Y (b) € {£1}.

Thus, we can define B to be the set of all b € B¥" such that 9" (b) = 1 for some i =
(11, ey im)-
Proof. By Proposition 2.6, B¥“? contains the dual basis B’ of B, Our goal is to prove that
B"? = B’. We need the following result.

Lemma 2.13. @(wp)(b) € B forallbe B, i € I. Moreover, if 8i(t0p)(b) = (92-(t0p)(b’) and £;(b) =
L; (') for some b’ € B' thenb=1V".
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Proof. Following [16, §14.3], denote Bf¥, = BN EjU,(n") and B§;" = B{Y, \ Bf¥, ;. It follows
from [16, §14.3] that for all ¢ € I,
B = |_| B (2.15)
r>0

Let b € B and let n = £;(6,), u = 0" (6,) = 0™ (), where 8, is the element of B’ satisfying

1

(0, V') = 0pr. Then u € ker 0; which, by Lemma 2.10(c), is orthogonal to B2", s > 0. Thus, we

can write "
w=>" (wb)oy = > (5, B)y.

b/ EB;:’EOD b/ eB;:’aOn
By [16, Theorem 14.3.2], for each b" € B{}' there exists a unique 7;,(b') € B such that Ef">b’ -
Tim(V) € 3,0, Zlg, ¢ '|BE". Using Lemma 2.10(c) again, we conclude that for any b € B
with r > n, (8, 0") € (6, B U, (")) = (07 (8), U,(n+)) = 0. Thus,
w= > (0 win (V).
b eBgan
Note that, since u # 0, we cannot have (0, 7., (b)) = 0 for all &' € Big*. Since (0, 0") = dpp, we

conclude that there exists a unique b’ € B such that m;,(0') = b and then u = 81-(t°p )(5b) = Oy
Since s, : By — B is a bijection by [16, Theorem 14.3.2], the first assertion follows. The
second assertion is immediate from (2.15). O

This implies that for every element b € B, there exists i = (i1, ..., 4m) such that 01 (b) = 1.

Since 1 is the unique element of B’ of degree 0, for any sequence i’ such that 3i(,t0p )(b) =c e k*,
one has ¢ = 1. This completes the proof of Proposition 2.12. O

Remark 2.14. Since B®" is preserved by * by [16, Theorem 14.4.3] and * is self-adjoint with
respect to (-,-), it follows that B“? is preserved by *. In particular, we can replace 9; by 9;¥ in
Lemma 2.13 and Proposition 2.12.

Note that Lemma 2.13 and Remark 2.14 immediately yield the following well-known fact.

Corollary 2.15. Let v € Uy(n™) and write x = Y, gu» co()b. Then cy(x) # 0 implies that
0;(b) < li(x) and £;(b*) < 4;(x*) and

o' (w) = a@d M), @M@ = 3 a@)@n) )

K] (]
beBUP : £;(b)=4; () beBUP 1 £;(b*)=4; (z*)

are the decompositions of (3;)*P) () and (9;7)*P)(z), respectively, in the basis B™.

3. DECORATED ALGEBRAS AND PROOF OF THEOREM 1.7

3.1. Decorated algebras. Let A be an associative Z-graded algebra over k = Q(v%). Denote
the degree of a homogeneous u € A by |u|.

Definition 3.1. We say that A = A(E,F,F_) is decorated if it contains an element E with
|E| = 2 and admits mutually commuting locally nilpotent k-linear endomorphisms £, F_ : A —
A of degree —2 satisfying F, (F) =1 and

Fy(zy) = v (2)y + 07202 F  (y) (3.1)

for x,y € A homogeneous.
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Denote Ay = ker Dy and set Ay = Ay N A_. Clearly, F, restricts to an endomorphism of A,
which will also be denoted by F',. Since F. are skew derivations, AL are subalgebras of A.

The following is a basic example of a decorated algebra. Let F,,,, = k(E, z, y) with the Z-grading
defined by |z| = —m, |y| = —n, |E| = 2. The following is immediate

Lemma 3.2. There exists unique operators F, € Endy F,,, such that F((E) =1, F, (z) =
F . (y) =0 and (3.1) holds. In particular, F, . is a decorated algebra and for any decorated algebra
A and any ',y € Ay homogeneous the natural homomorphism of graded associative algebras
Pty © Flarlly] — A, = 2, y = y' is a homomorphism of decorated algebras, that is, it
commutes with F' .

Define K2, E, € Endy A by
Ki(z) = villy, B (x) = +(1); (023 By — oF3lelp ),
for x € A homogeneous. Clearly £, are of degree 2. The following is easily checked.

Lemma 3.3. (a) For z,y € A homogeneous we have

B = T (g i

r'4r!'=r

o1 17 ’ / 17 (32)
EO@) = 3 (—1) phr 00— ) g
r'4r’=r
T lrl P ! !
ED(wy) = Y oF W E () BV (y). (3.3)
r/4r!’=r

and
E., F.]= (1), (K-K")

In particular, E,, F, and K provide actions of Chevalley generators of U,(sly) in its standard
presentation on A;

(b) E. restrict to endomorphisms of Ay. In particular, Ay is a U,(sly)1-submodule of A and Ay
18 the space of lowest weight vectors for both actions.

(c) A homomorphism of decorated algebras A — A’ is a homomorphism of U, (slz)+- and U,(sly)_-
modules.

Remark 3.4. Suppose that y € Ay. The following is rather standard an is an obvious consequence
of say [16, Corollary 3.1.9].

a— byl o
E C0<a<b
FOEO(y) ( ’ )U—* ), 0<as (3.4)

0, a>b

Suppose that E, are locally nilpotent on A;. Then A, are direct sums of finite dimensional
U,(slz)+-modules and if = € A, is homogeneous then |z| < 0. We need following

Lemma 3.5. (a) There exists unique isomorphisms of U,(slz)-modules oy : Ay — Ax such that
0+|a, = id4,, where Ay is regarded as a U,(sly)+-module. In particular, o+ o o5 = id 4. .
(b) There exists unique k-linear involution ny : Ax — Ay such that

neoE,=F,ons, nioF,=FE ony, nioK=K oy (3.5)
and n(z) = Elo» () = E(i_ul)(x) for x € Ay homogeneous.
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Proof. Part (a) is immediate from the semi-simplicity of Ay as U,(sly)+-modules and the fact that
any endomorphism of any lowest weight U, (sly)-module fixing all lowest weight vectors is identity
on that module. To prove (b) recall that every simple finite dimensional U, (sl )-module V) of type 1
has a basis {21, }o<x< such that E(xy) = (k)yzi_1, F(2) = (N — k)y2is1, K(21) = v* %2, Then it
is easy to see that 1, € Endyg V), defined by n(zx) = zx_x is the unique linear map satisfying (3.5)
and such that 7, (z) = EM(z) for any lowest weight vector z of Vj. It remains to observe that 7,

can be extended uniquely to any semi-simple U, (sly)-module. O
3.2. An isomorphism between A_ and A,. The following is quite surprising.

Theorem 3.6. Let A be a decorated algebra such that the operators E . are locally nilpotent on Ax.
Then the map 7 :==nyo00_ : A — A, is an isomorphism of algebras.

Proof. Let x,y € Ay be homogeneous and let m = —|x|, n = —|y|. For r > 0, define z*,.y € A by

/ 1

eSS Z (—1)’",”"H(n—r—i—t)UH(m—?“—{—t)v H (mA+n—2r+t+1), B g By 7).
" >0 t=1 t=1 t=r'+r"+1

r/ ! <p

Clearly x %, y is homogeneous of degree 2r — m — n.

Proposition 3.7. Let A be a decorated algebra and let x,y € Ay be homogeneous with |z| = —m,
ly| = —n. For all r > 0 we have z *,y € Ay and

/ "
T Ay = Z (_1)t”vé(mt’—nt”—i—(r—l)(t”—t’)) (m —t),!(n —¢ )U!E(t’)(x E(t”)<y)

(n—r)y!l(m—7),! =" =t

4t =r

/ " / / 1 - ! ! - tll) ! ’ 1"
_ O\ At —mt +(r—1) (¢ ")) (m =)l (n v g (t) (")
- Z ( 1) v?2 (n . r)U!<m - T)v! E— (.I')E_ (y)

(3.6)

! =r

Proof. By Lemma 3.2 it suffices to prove the proposition for the decorated algebra F,,,. Let
Vo be the subspace of F,,,, with the basis {E‘@zE®yE© : a,b,c € Zs}. Clearly, EL(Vinn),
EF, (Vinn) CVimy and z %,y € V,,, .. We need the following

Lemma 3.8. (Fn)o N Vinn is spanned by the x .y, v > 0 as a k-vector space.

Proof. It is easy to check that xx,y € (Fy,n)0. Conversely, let w € (Fip,0)0 N Vinn be homogeneous
of degree 2r —m — n and write

u= S BBy R,

r! " >0, +r""<r

Then
1 ! /__ ol 7
N E S ) e o
' >1,7>0,r/ +r" <r
+ Y et ) RO Rl 1y i)
/" >0,r +r" <r—1
1 ol ’ ol ! "_
—+ E Cr’,r”U¥2(|ml+|y‘+2(r r ))E(r>xE<r r —r )yE<r 1)
r'>0,r">1,r'+r" <r
- 2 (Cprgr, vl 20=r=0) oz (ul=lal 2677 =r)

r! " >0, r'+r" <r—1

- Cyr o TR0 1)) PO g 1) 07



CANONICAL BASES OF QUANTUM SCHUBERT CELLS AND THEIR SYMMETRIES 13

It follows that
Crprm () +lyl+2r =" =" =2), + oy =7 +7r—1), =0

and

Cor (|| + Jyl + 2r =" =" = 2), + e (Jx| — " + 1 = 1), = 0.
Thus,

, " (n—r+1),

Cpr g = (=1)" - Ht:l(n r+t) Cop
[[- m+n—=2r+r"+1),
= (~1 )rJrr"Ht 1(n T+t)vH:=1(m_r+t)vcoo'
T mn = 2r 4 1), ’

Therefore, u = [[_,(m+n—2r —t + 1), 'coox *, y. O

Thus, x *,. y € Ap. Furthermore, it is easy to check, using (3.1), that right hand sides of (3.6)
are in (Fy,.5)0 N Vi, and hence proportional to z *, y by Lemma 3.8. It remains then to compare
the coefficient of £ 2y in both expressions, which is easily calculated using (3.2). O

Remark 3.9. Clearly, there exist unique injective homomorphisms j ,,, and ji , from the lowest
weight Verma U, (sly)+-modules M*,  M*, of lowest weight —m (respectively, —n) to V.., sending
a fixed lowest weight vector to z (respectively, to y). This yields natural injective homomorphisms
of Uy(sly)s-modules jy ., 1 M= t QME — Vin.n Where the comultiplication on U, (sly)+ is defined
by AL(E,) = Ei®Ki%+Ki2 QFE, . In particular, Proposition 3.7 implies that j. ,, ,(M*,@M=,)
share lowest weight vectors of weight —m —n + 2r.

The following Lemma is essentially concerned with quantum Clebsch-Gordan coefficients (also
known as 3j-symbols, see e.g. [11, Chapter VII]).

Lemma 3.10. Let A, x,y € Ay be as in Proposition 3.7.
(a) Forr < min(m,n) we have

EP@sy)= Y0 Crp@EY@E (),

t'+t"=a+r

/ 1" (37>
EP@xy)= Y (=1 Cre(v™HED (@) E(y)
t'+t''=a+r
where

1 "4l RN ER I _ — l) '(m — k) ! t/ t” _
Cop (V) = L(mt" —nt") 1)t =kt 43 (=) (1+m+n—r) (n v v € Zv, v,
v (V) =0 k%;( Jv (n=r)l(m—7),!\k) 1/, v, o]

(b) The Cy.p 4 (v) satisfy the following recurrence relations

(m4n =71 =t —1"),Crp (V) = 0" 72" (m = ), Cropr 1.0 (v) (3.8)

+ 02" (0 = ), Crrr1 (v),
(' + 1" = 1)y Crprir (v) = 07" 72 () 1.0 (V) + V2" (") Cragr i1 (V). (3.9)

(¢) Forall0 <t <m,0<t"<n, 0<r <min(m,n) we have
Cramtr (V) = (=1)" Cpopr g (v71). (3.10)



14 CANONICAL BASES OF QUANTUM SCHUBERT CELLS AND THEIR SYMMETRIES

Proof. Let a = 0. Then

4 / " Y — t/) '(n — t”) ‘
C’I" 1 411 = —]_ t %(mt —nt +(T—1)(t —t )) (m v v
earlv) = (17 (n—7r),!(m—r),!
and the assertion follows from (3.6). The case of arbitrary a is then easily deduced by applying

Eia) to (3.6) and using Lemma 3.3(a). To prove (3.8) (respectively, (3.9)) it suffices to apply
F (respectively, E) to both sides of the first identity in (3.7). We leave the details of these
computations as an exercise for the reader.

We now prove part (c). Note first that for all 0 <#' <m, 0 <t" <n

’ ' t,
Crapr — pa(r(4min—r)—nt ) ()t
wole) =v (n—r),! ;

(3.11)
Crgn(v) = (=1)rp3(mt"—r(ttmin=r)

Using (3.8) with ¢” = n we obtain

CT;t'-H,n(U) - (m _ t,)v U_gnOr;t’,n
whence by (3.11)
Ly —7r)l(m—1t),!
Crurml) = v 3in R Ot )

(m),!(m —r —1t),!

r, E(n(m—t")—r(1+m+n—r (n)U' m—t r _
= (—1)rpznlmt)mrims ))m( . > = (1) Cram-ro(v7").

Thus, (3.10) holds for all 0 < ¢ < m and for " = n. Suppose that (3.10) was established for all
0 <t <mand for all s+ 1 <" <n. We have by (3.11)

(=1)"(n = 7 = 8)uCrum,s(v") = (=1) Crm 1 (07 (n = 8)02™ = 07" (0 = 8),Crrgns1(v)

v
_ (_l)rv%(m(n—s)—r(l—&-m—f—n—r)) (m)v|(n B S)U (n -5 1)

— ()] . = (n—1—8)yCrons(v).

v

Finally, assume that (3.10) is established for £ +1 < ¢ < m and for t = s. Then using (3.8)
and (3.9) we obtain

(=) (m+n—7r —k — 8),Crp (v
= (1) Crapsrs () (m = k)2 4+ (=1) Cripaia (v (0 — 5), 072
= Cramb1s(0) (M = k)03 4 Crop_pn_s1(n — 8)v~ 2"
= (m+n—71—k—5)Crmpn-s).
This proves the inductive step and completes the proof of the Lemma. .

We can now complete the proof of Proposition 3.6. By construction, 7 is an isomorphism of
U, (sly)-modules. Explicitly, if z € Ay then 7(E"(2)) = E{¥77(2). It suffices to prove that for
any z,y € Ap homogeneous with |z| = —m, |y| = —n we have

k l m—k n—k k !
r(ED @)r(EV ) = EY P @I () = (5D @) ED (1)),

It is immediate from the Remark 3.9 that C,.y v (v) (respectively, (—1)"Ch.y v (v™")) provide the
transition matrix between the two bases of U,(sly);-) (respectively, U,(slz)_) modules V,,, ® V;, =
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@nggmin(m ) Vintn—2k. In particular, there exists CN’T;k,l(v) ek, 0<k<m 0<I<n 0<r<
min(m, n, k + 1) such that

min(m,n,k+1) B
> () Cra0)Crar (071 = By, (3.12)
r=0
Then
min(m,n,k+1)
EY@EYy) = Y G B (@ % y)
r=0
and so
min(m,n,k+1)
rEYV@EY ) = > Cra) BT @k, y)
r=0
min(m,n,k+1)
- Z Cr;k,l(”) Z Cr;s’,s” (U)Egrs )<x)E$ )(y)
r=0 s'+s""=m+n—k—I
min(m,n,k+1)
= Z < Z Cr;k,l(”)cr;mft’,nft”(U)>Eﬁnit )(x)Eg?it )(y)
At =k+1 r=0
min(m,n,k+1) ~
= Y (X UG ™)) BN @EN )
ot =k+1 r=0
m—k n—I k l
= EM (@) EC " (y) = 7(BD (2)r(EV (),
where we used (3.10) and (3.12). O

Note that for z € A_ homogeneous, 7(z) can be calculated explicitly in the following way. First,
if y € Ay is homogeneous and = = E(_T)(y) then

—ly|—r r—|z 2T-|J]| - r—|z T
o) =ES 0 ) = £ = (M) B ), 3.13)

By linearity, it remains to observe that any homogeneous element of A_ can be written, uniquely,
as x = ZQmaX(OM)E(_T)(xT) where z, € Ay and |z,| = |z| — 2r.

We will also need the following property of 7.
Lemma 3.11. EEfOp) oT = E(_mp).

Proof. Given x € A_, write x = ZQmaX(OM)E(_r)(:UT) where z, € Ay and |z,| = |z| — 2r. Then
T(x) = Zrzmax(o,|m\)ES:_M)(L’)' Let ro = max{r > max(0, |z|) : z, # 0}. Then by (3.4)

0; A T r 2 —
FO ) = B9(0) = VB = (P07 ) o,

0 v
On the other hand,

0] ro—|T ro—|T ro—|T 2rg —
PP 1 () = ploted () = plroted glro—leh (v _ ( roro |x|) - O
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3.3. Uy(n") as a decorated algebra. Define a comultiplication A on U,(g) by

AE)=E1+K'9FE, AF)=19F+FEQK,;, icl
Then (cf. [16, §3.1.5])

AED) = 3 " EVET e BT ME) = 3 T e KTET . (3.14)
v/t =r r/r!'=r
For any J, J' C I denote Uyz(g),. s the Ag-subalgebra of U,(g) generated by Uz(n~),, Uz(n™), the
K and the (K;C)q., a € Zsy,c€Zand i€ JNJ where

a v+l — k-1

(K;c) L lyke — pek
v k=0

We also abbreviate Uz(g); = Uz(g)sr and Uz(g) := Uz(g)rr. The corresponding k-subalgebras
of U,(g) will be denoted U,(g) .. It follows from (3.14) that Uz(g) is a Hopf A¢-algebra.

Let ad be the corresponding ad301nt action of U,(g) on itself. Consider the extension ﬁq(g) of
U,(g) obtained by adjoining K : , ¢ € I. Define operators E,, F; on ﬁq(g) via
. EK 2K, ? — K, *2K?E,
G~ ’ (3.15)
_1
F(x) = (ad K P FY)(2) = 0,(x) = K107 (@)K

= pol=

E.(z) = (adE K

Clearly, £, and F; restrict to operators on U,(g) and we have
[E;, Ej) = —(1)g, "2 ad([E;, Fi]) = (1), (K, — K1), (3.16)
where K, () = K;zK;'. We will also need operators E”, F* defined by
B (z) = (Ei(27))",  E"(z) = (Ey(z"))" (3.17)
We collect some properties of these operators in the following Lemma.

Lemma 3.12. (a) Uy(n") is a decorated algebra with E = E;, F, = 0;, F_ = 0;”,
lz| = (o, ) for x € Uy(n*),; in particular, E, = E; and E_ = E3".

(b) E;, F, commute wz’th_

(¢) If z € Ug(g), then B\ (z), " (x) € q2r M Uy(g) for all v € Zsy;

(d) For all x € Uy(n™),, y € Uy(n") we have

r! _1(7"*‘(0‘;/7 )= (" =r") r! op\ (r'
(B (2),y) = 3 (=1)7q 2T (2, 0" () (y))

r'4r!'=r

() ;o EX =F,0T;, T, 0o " = E, oT,.

v = q; and

Proof. Parts (a) and (b) are obvious from the definitions. Since Uz(g) is a Hopf Ag-algebra, the
first assertion in (c) follows from
0 = (-1 ad(BVKD), EY = aa i

1 Y

)
while the second is immediate from the above formulae and (3.14). Part (d) is immediate from
part (a), (3.2) and Lemma 2.10(b). Part (e) is easy to check using Lemma 2.1. O



CANONICAL BASES OF QUANTUM SCHUBERT CELLS AND THEIR SYMMETRIES 17

3.4. A new formula for T;. Using the notation from [2], denote by U; := T, (U, (n*)) N U,(n™)
and ;U = T;(U,(n™)) N U,(n"). It follows from [16, Proposition 38.1.6] that U; = kerd; and
U =kerd. Let U = U;NU%(n") and ;U? = ,UNU%(n").

Lemma 3.13. Leti € I.
(a) For all x € Uy(n*),, y €U, z€ U; and r > 0 we have

ED @), o) =g 2TV @ ED ), ((EP) (@), 2) = ¢ 2T @ (B2 (2).

(b) E,, F; (respectively, EI*, F?) restrict to locally nilpotent operators on ;U (respectively, on U;).
(0) Y GUP), B (U%) € U (vespectively, (E7)®(UF), (E7) (UF) € UF) for all n > 0.

Proof. We only prove the assertion for E, and F,. The assertion for E* and F';” is proved similarly
using (3.17) and the fact that * is self-adjoint with respect to (-, ). Since by (3.15) F;|.uv = 0;|,u, in
particular, F; is a locally nilpotent operator on ;U. Part (a) is now immediate from Lemma 3.12(d).

Suppose that z € Uy(nt), and E(z) # 0 for all n > 0. Then T;(E\™(z)) is homogeneous
of degree s;(y + noy) = v — ((o,y) + n)a; ¢ QT for n > 0. Since T;(;U) C Uy(n™), this is a
contradiction. This proves (b).

To prove (c), note that the assertion for F; follows from Corollary 2.11. Since Uz(n™t) = ;Uz &
(E:U,(n*)NUz(n")), it suffices to prove that for z € ;U*NU,(n"),, y € U NU,(n"),1na; we have
(™ (x),y) € Ag. But for such y we have by part (a) and (2.4)

)

n —in(n+(ay,y)-1 n 5 —in(a) y+na; n
1B (@), 9) = g, ¥ D, ED () = ¢, 3T B0 ) € g

% [

—Ln(ayY y+na; n
and ¢; * (et l)EE )(y) € Uz(nt) by Lemma 3.12(c). ]

Thus, given z € U; NU,(n"),, y € ;U NU,(n"), we can write uniquely

r= Y (EN @), y= > E7w). wny € UNUNU(0 ), (3.18)
r>max(0,(a) 7)) r>max(0,(a} 7))

and z,.,y, = 0 for r > 0.

Corollary 3.14. Let z,2' € U; N U,(n"),, y, v € ;U NU,(n"), and write z, &' and y, y' as
in (3.18). Then

Lr(r4+1—(aY 2r — \'/7
(]:c,x’[) _ Z qiz (r+1—(o 77))< r (az 7)) (].TT,SL’;D,
qi

r
r>max(0,(ay ,v))

Lr(rri-(Y ) (21 — (), 7)
W)= > ¢ o ( (v, 1)
q

r
r>max(0,(a;/ 7))

(3.19)

7

Proof. Let z,2' € ,UNU;, 2 € Uy(n").,. Let a > b > 0. Then we have by Lemma 3.13(a) and (3.4)

_1 aV A — a
(B (2), BV () = ¢; """ UEVED (2), 2)

_1 1) (b—a— (a), ae —La(at(a¥ 4)—1) [ — (),
=g, 2b(b+(a ") 1)( a b(az 7’7)) (]EZ( b)(Z),Z/I) _ 5a,bql' sa(at+(oy’Y") 1)( (az ’}/)) (]Z,Z/I).
a
q; q

i

This yields the second identity in (3.19). The first follows from the second one by applying *. O

We now establish a formula for the action of T; on U; in terms of E” and E,.
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Theorem 3.15. Write v € U; N Uy(n"),, as in (3.18). Then
T = Y BT,

rzmaX(O,(aiv,'y))
In particular, 8i(t0p)Ti($) = (afp)(top)(x)'

Proof. We apply Proposition 3.6 to A = U,(n") which is a decorated algebra by Lemma 3.12(a)

with locally nilpotent £, on Ay by Lemma 3.13(b). We claim that 7; = 7. Since both 7 and T;

are isomorphisms of algebras U; — ;U it is enough to check that they coincide on generators of U;.
Let j # ¢ and define for all 0 <[ < —ay;

-1 -1
_a//l.A o « _a/iA
Ba=(T7) @nOE). Bu-@ = (7)) B e

Clearly, E; = E;u and it is immediate from (3.2) that

J
-1
—Q;; r %('r‘—s)(l—&-ai]'—l) s T
= (1) S BV EED. (3.21)

9 r4s=l]
Lemma 3.16. Leti# jc I, 0<m < —a;;. Then
(a) E(Eﬂm> = Ei_aij_mj = T(Eﬂm)
(b) The elements Ej;; (respectively, Eq;), j # i, 0 <1 < —ay; generate the algebra U; (respectively
U ).
Proof. To prove (a), note that by Lemma 2.1 and (3.21) we have T;(Ej) = Ej-«;;. On the other
hand, 7(E;) = Eg_a”)(Ej) = Ej-a;;;- Then by Lemma 3.12(e) and (3.4)

-1 -1
1) = (7)) B = (T17) EVETE) =,
qi qi

Since by construction 7 also satisfies Lemma 3.12(e), it follows that 7(E;;) = T;(E;u).

Part (b) can be easily deduced from [16, §38.1.1]. O
This implies that 7 = T; on U;. The second assertion of Theorem 3.15 follows from Lemma 3.11. [

We now prove the following
Proposition 3.17. For alli € I, T;(UZ) = ;UZ.
Proof. We need the following

Lemma 3.18. Any element x € Uz(nt) can be written as x = ), 50 EZ-(T>Q7TSE<S) where x,, €

U N U N Uz(nt) and only finitely many of them are non-zero.
Proof. We need the following elementary fact.

Lemma 3.19. Let V be a finite dimensional k-vector space with a non-degenerate bilinear form
(-,) : VeV — k. Assume that we have two orthogonal direct sum decompositions V =V, & W, =
Vo @ Wy with respect to that form. Then V. = (Vi NVa) & (W1 + Wy) = (Wi nWa) & (Vi + Vs)

(orthogonal direct sum decompositions).
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Proof. Clearly (V1NV3) is orthogonal to Wi + W, and (W NWs) is orthogonal to Vi 4+ V5. Note that
for any v € V;, (v,v) = 0if and only if v = 0. This implies that the sums U; = (ViNVa)+ (W1 4+ W),
Uy = (W1 NWs) + (V4 + V3) are direct. It remains to prove that dim U; = dim Uy = dim V. Since

+ (dim V) +dim V5, —dim Vi NV,) +dim Wy N W, = 2dim V,

and dim U, dim Uy < dim V' the assertion follows. O

Given v € Q7, let n;(y) be the coefficient of «; in 7. For any v € QT we have two orthog-
onal direct sum decompositions Uy(n*), = (ker 0|y, m+), ® Us(n?) o, E) = (ker 07|y, (nt), @
E;U,(n")y—q;). Since Uy(nT), is finite dimensional, it follows from Lemma 3.19 that U,(n"), =
GUNUNU,(n"),) @ (Uy(n®)y—a, B + E;Uy(n"),—0,). Then an obvious induction on n;(7y) implies
that every z € Uy(nt) can be written in z = 3. o B2, B, where z,, € ;U N U; and only
finitely many of the x,, are non-zero. o

We now prove by induction on n;(v) that if x € Uz(n*), then z,, € Uz(n™)N;UNU;. If ni(y) =0
then z = zgy and there is nothing to prove. For the inductive step, we have

r —r— — Ol\/7 S S -1 a;/7
S B G g T ) B =7 (1), 01(w) € Us(n®),

r,5>0

where we used Lemma 2.10(c) and Corollary 2.11(a). Then z,4q s + qi_(aiv’v)+r+s+2xr7s+1 € Uz(n™)

by the induction hypothesis. Let sy be such that x,, = 0 for all  and for all s > sq. It follows then

that z, s, € Uz(n™) for all » > 0. Suppose now that x,; € Uz(n™) for all r and for all s+1 <t < sy.

—(aY . .
Since z,, = —g; (o5 :’Y)+S+T+1x7‘_178+1 it follows that z, s € Uz(n™) for all r,s > 0 with r +s > 0. It

E" 1, B 0

remains to observe that xoo = 2 — > oo, 100 B

Lemma 3.20. Let x € UX N Uvq(nJr)7 and write x = ZTZmaX(O,(aM))(Efp)(”(xr) where z, €
U NU N Uy(0h)y e, Then (T407779) 2, € UE.

Proof. The argument is by induction on ¢;(z*). If ¢;(z*) = 0, that is 9;”(x) = 0, then x = zy and
there is nothing to do. If £;(2*) = n then x, = 0 for all 7 > n. We have (9/7)P)(z) = (977)")(x) €
UZ by Corollary 2.11(b). On the other hand, (87)™(z) = (9{7)™ (EP)™(x,) = (2"_(°‘iv’7))qxn

n

by (3.4). Thus, (2”*(‘”v ’7))(1_:5” € UL N,;U%. Tt remains to observe that the induction hypothesis

applies to z — (EP)™(z,,). O

Thus, is suffices to consider x = (E?)")(2) € UZ where 2 € ;U N U; N Uy(nt),. We claim
that T;(x) = ng(a"’ ’7)4)(2') € ;U”. Given y € Uz(n")y4(—(a¥y)—r)a;> Use Lemma 3.18 to write
Y= w0 Efsl>yS/SE<5> with ygs € ;U NU; N Uz(nh). Then by Lemma 2.10(b) and (3.4)

)

B,y = S (BT @), By BE) = 30 BT (), o)

s',s>0 s>0
7(0‘1\/77)771
s —(ay y)—r s+ — (o) y)—r—s
=Y EVET @ = Y ( ) ) (BT (2), o)
s>0 s=0 qi

r

_(Oéz\'/v 7)
- ( (]Z’ y07—(a;/,7)—7“l)’
qi
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since (;U, E;U,(n™)) = 0 and Gﬂga)(z),y()s[) = 0if @ > 0 by Lemma 3.12(d). Since (_(O‘g”)) 2z €

qi

UZ(n™) by Lemma 3.20, it follows that qgﬁ‘(“*”)‘”(z),yp € A,. O

3.5. Proof of Theorem 1.7. We need the following result which can also be deduced from [16,
Proposition 38.2.1]. However, our argument is much shorter.

Lemma 3.21. For all x,2’ € U,(n%), NU;, a,d’ € Z>o we have
(YT (), B T()) = 2005, (a)o M, ) = g0 D@05, p(ao) T2 - ) e, ).
=1

where p is defined as in Theorem 2.4.

Proof. It follows immediately from Lemma 2.10(b) and (2.13) that if y,y" € ker 9", y € U,(n™),,
and a,a’ € Z>( then

Jok Ea/ N =g | *%a(ai:'yl) N =34 (a-zkl)_%a(a;/ﬁ/) . 1_ —2t /

(Eiy, B Y') = daa(a)q'q (,y') = da,arq; [T =)y ).

t=1

Let v; = (o),7). Since T;(z), Ti(a") € ker9;” N U,(n")s,, it remains to prove the assertion for
a=a =0 z=(E?)2)and 2/ = (EF)Y(2) where 2,2 € ;UNU; and a > b > max(0, ;).
Since z € U,(n")y—aa;s 2 € Uy(nT),_pa, we have, by Corollary 3.14

La(l+a—y) [ 2a — 7
(z,2) = bapq? (- %)( ¢ 7) (2, 7).
qi

a

On the other hand, using Theorem 3.15 and Corollary 3.14 we obtain

a—n; PV la—ia 2_1 _li
(Ti(x). Tiw)) = (B (=) B () = g2 “>5a,b( : 7) (o) =g ",y O
a—"%
Let b € B, N T, (U,(n")). Since T; commutes with = we have T;(b) = T;(b) = T(b). By
Proposition 3.17 we have T;(b) € U%(n™). Furthermore, by Lemma 3.21 and (2.4)

u(s:7)  (T0), T0)) = p(v) ™ q> D (T(b), Talb)) = (7)™ (b, ) € 14 K.

Thus, T;(b) € B by (2.6).
It remains to prove that T;(b) € B*?. Since (0;”
sequence i’ = (iy, .. Zm) € I"™ such that G(tOp

(
oL T(b) = 3 BV T () = () )

1

P)(tor)(h) € B by Remark 2.14, there exists a
(0P ¢P) (b)) = 1. Let i = (i,41,...,4,n). Then
) =1 by Theorem 3.15. Thus, T;(b) € B*». [

4. PROOFS OF MAINS RESULTS

4.1. Properties of quantum Schubert cells. Let w € W and i = (i1,...,i,) € R(w). Set
Xig =TT, (Ei), 1 <k < m, and let U,(i) be the subalgebra of U,(n") generated by

the X55, 1 <k < m and set UZ(i) =U,(i)n Uz(n+), Ug(i) = U,(i) N Uz(n*). The following is
well-known.

Lemma 4.1 ([16, Propositions 40.2.1 and 41.1.4]). The elements X, := Xiﬁl) = ~X1<m ' ac 7%,
form an Ag-basis of Uz(i) and a k-basis of U,(i).
Set k) = ozi(k) = Si S 1(0%) deg X and given a = (ay,...,a,) € Z™ denote |a] =
lali => 0 ardeg Xip = > ey aka . Define
Xi :(Zi,aXia,l' - X a:<ala"'7a’m) GZTZH[)?

im>
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where

(k) (l))

Gia =q2 Z1<k<z<m(0‘ akar (41)

This choice is justified by the following

Proposition 4.2. For alli € R(w), a,a’ € Z%, we have X2 € U*(n*) and

m  am

plla) X2 X)) = Gaw [T T]OU— 7). (4.2)

r=1 t=1
Thus, the set {X? : |ali =~} is a (K_, u(y)~1)-orthonormal basis of U%(i)., and

(X2, X)) = 0aw,  aa €Z2, (4.3)
Proof. We need the following
Lemma 4.3. For allw € W, j € I such that ((ws;) = {(w) + 1 we have T,,(E;) € U%(n").

Proof. The argument is by induction on ¢(w). If ¢(w) = 0 there is nothing to prove. Suppose
that w = s;w’" with {(w) = ¢(w') + 1. Clearly, {(w's;) = ¢(w') + 1. Then T, (E;) € ker 0; by [16,
Lemma 40.1.2] and also T,(E;) € UZ(n™) by the induction hypothesis. Then by Proposition 3.17,
Tu(Ey) = Ti(Tu (E)) € UZ(n"). .

This implies that X;; € U%(n") and hence X2 € U%(n") by Lemma 2.3.
To prove (4.2) we use induction on ¢(w). The case ¢(w) = 0 is trivial. For the inductive step,
assume that ¢(s;w) = ¢(w) + 1 and note that we have

X((zal?) = g2o(e: silal) o (X2) = g~ zolenlal) por (X&),
Since T;(X?) € ;U, we have by Lemmata 2.10, 3.21 and (2.4)

(]X((;li?),X((:sa/)D — q_%(a(ai7\ali)+a’(ai,|a/|i) (BT X2, E?IE(X?I)D

a

1@ ai,lal; — a a’
- 5a,a’lu’(aai)q 2 (e lal )H(l - q; Qt)qu 7Xi D

t=1

= 5a,a’5a,a/ﬂ(|a’) (ac)q™ s(erD(at fal) (1— qz‘72t) (1- q;2r>

= o000 p(|(a, @)| (i) H(l —q %) H (1- Q;QT)a

since |(a,a)|ui) = aa; + s;(|al;). Finally, (4.3) is immediate from (4.2) and (2.4). O
Set UZ(w) = U%(n") N U,(w) where U,(w) is defined by (1.1).

Proposition 4.4. For eachi € R(w), {XP}aczm, is an Ag-basis of U*(w). In particular, U*(w) =
UZ(i) for allw € W, i€ R(w).

Proof. Since U,(w) = U,(i) by [19, Proposition 2.10], for any x € U%(w) we can write z =
S Cw XP where ¢y € k. Since (7, X2) € Ay, it follows from (4.3) that c, € Ag for all a €
Z%,. Thus, the X2, a € Z%; generate U*(w) as an Ag-module. Since they are already linearly

1ndependent over k, they form its Ag-basis. 0
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Theorem 4.5. Let w € W, i = (iy,...,i,) € R(w). Then the algebra UA(w) = U%(w) @4, A has
the following presentation

_1 (k) a® 1 (k) (l) a
q (oo )Xllek — q2( )Xl lel € (QZk sz ) Z AOXi ’ (44>

8= (0,101,004 1,-s@1—1,0,0..,0) €2,
forall1<k<l<m
Proof. We need the following
Lemma 4.6. Let w' € W and i,j € I be such that {(s;w's;) = {(w') + 2. Then
T (Bj) B — g~ DV BT, (B € (g — ¢, ) T(UA (). (4.5)

Proof. First we prove that
Ki[Fy, T (Ej)] € (1), U*(w). (4.6)
+ 1, l(w's;) = £(w') + 1, whence T,y (E;), Ts,uw (Ej) €
) € ker0; by [16, Proposition 38.1.6]. Moreover by
U%(nT). Then

Ki[Fy, Tu (Bj)] = —(1 = g7 2)g 207 (T (Ey)) € (1), U (n7),

where we used (2.11), Lemma 4.3, Proposition 3.17 and Corollary 2.11(b). On the other hand,
T (F;) € Uy(n™), whence [T)}(F;), E;] € U,(b™). Therefore,

w

TN K[ F, T (Ey)]) = T ()T, (F), By € Uyg(b7).

w w

Our assumption implies that ¢(s;w’) = ¢(w’)
U,(n") by [16, Lemma 40.1.2] and so T, (E;
Proposition 4.2 we have T,y (E};), Ts,w (E;) €
)

Thus,
Ki[F, T (Bj)] € (1), Tur (Uy(b7)) N U (n) = (1), U* ().

(
This proves (4.6). Since T;(K,;F;) = ¢; ' E; sand KTy, (E;)K; ' = g~ (@@ T, . (E;), (4.5) follows
by applying 7; to both sides of (4.6). OJ

Now we use 1nduct10r1 on {(w), the induction base being trivial. Applying T;, - - - T; o (4.5)

ip—1
with v’ = = Sijy1 " Sip_ys I = lg, J = i we obtain
Xle _ q_(aik’sikﬂ"'Sil—la”)Xle c <1>qikTi1 .. le<UA(w/))

By Proposition 4.4, U(w') has an A-basis {XOL’“Jrl . .Xffll’ll D Qkgls- -5 Q—1 € Zso} where i =

(tkt1,---,0-1). Applying T;, --- T}, we conclude that {Xa’“rl X:llfl D Q1,1 € Lo} i

ik+1 -
an A-basis of Tir o le<UA(w )) Note that (aik7 Sijpr SZl—laZl) = _(Oé'(k) Y

; ) and so we can
write

uai

(l)) ok (l))

XigXip — g2 %)X XG, € Z (g, caX?

a=(0,...,0,ax+1,.-,a1-1,0,....,0) €2,

where c, € A. Repeating the argument from the proof of Proposition 4.4 we conclude that
(1)g, ca € Ag. Thus, ca € AN ((1)g, ) "Ag = Ag. Since relations (4.4) imply that U*(w) is
generated as an A-module, by the X2, it follows that (4.4) is a presentation. O

Remark 4.7. Let A(w) be the Z-algebra defined by A(w) = UZ(w)/(q—1)U%(w). Clearly, A(w) is
commutative and identifies with the coordinate algebra Z[U(w)], where U(w) = U Nw(U™)w™! is
the Schubert cell in the maximal unipotent subgroup U of the Kac-Moody group G corresponding
to g. This justifies (1.1) and the name quantum Schubert cell used for U,(w).
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4.2. Lusztig’s Lemma and proof of Theorem 1.1. Let w € W, i = (iy,...,%,) € R(w) and
let ey, ..., e, be the standard basis of Z™. For each pair 1 < k <l < m with k+1 <[ — 1 define
Api = Ap,(i) to be the finite set of all tuples (ag+1,...,a;—1) such that Xla;zfl e lafill occurs in

the right hand side of (4.4) with a non-zero coefficient. Let Cj be the submonoid of Z™ generated

by elements
-1
e, t+e — E a,e,
r=k+1

for all 1 < k,1 <m with &K+ 1 <1 — 1 such that Ay # 0 and for all (agy1,...,a-1) € Ak

Proposition 4.8. C; is pointed, that s, if x,—x € Cj then x = 0. In particular, the relation <
on ZZ defined by

a<a < a—acC
1S a partial order.

Proof. The first assertion is a special case of the following

-1
Lemma 4.9. For each k < | fir Ay, C < Ph ZZOez) \ {0}. Let T’ be the submonoid of Z™
i=k+1
generated by all elements of the form e, +e, —a, a € Ay, for all k <1 such that Ay, # 0. Then
I' is pointed.

Proof. Lety =3, _, ZaeAkl Nk lay, (€ +€ —ag;) where nga,, € Z>o and are not all zero. Let k
be minimal such that ny ;. # 0 for some | > k, a € Ai;. Then the coefficient of e, in y is positive.
This immediately implies that 0 admits a unique presentation in I'. U

To prove the second assertion, note that the relation < is clearly transitive. Furthermore, if
a’ <aand a<a’ then a’ —a,a— a’ € C; which implies that a = a’. O

Since T, commutes with -anti-involution, U,(w) = U,(w) and Xj;, = Xj . Since also UZ(nt) =
UZ(n™), it follows that U%(w) = U%(w). Thus, the restriction of ~ to U%(i) is the unique anti-linear
anti-involution of that algebra fixing its generators Xj .

Note that for each v € @, the set {a € ZZ, : |a|; = 7} is finite. The following result is crucial

for the proof of Theorem 1.1.

Proposition 4.10. For all a € 2T, we have

XF—XP e AgX{.

a’'<a
Proof. We need some notation. Let &« = U%(i) and let Z = [1,m]. Let B be the set of all finite
non-decreasing sequences in Z. Given a sequence k = (ky,..., ky) € IV, let e, = 27]«\[:1 ey, and

define
Ly sign(ks—kr)(ahr) alks))
X(k) Ry Xi,k‘l o 'Xi,k:N'

=4
In particular, if k = (k1,...,ky) € Band ay = #{1 <r < N : k. = k} then X (k) = X?. Given
a €2y, set
Uia=Y Ao-X{'= Y A X(k), U,:= > Ao - X (k)
a’'<a keB:ex<a N>0,keZN:ex<a

with the convention that U-, = U’, = {0} if a is minimal with respect to <. Clearly, both are
increasing filtration on Y. Note following immediate
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Lemma 4.11. Ifa' < a, a,a’ € ZZ; then |a'|; = |a|;. In particular, U~a, U',, are finite dimen-

sional.

Lemma 4.12. For any sequence k = (k1,...,ky) € IV, N > 0 and for any o € Sy we have
X(o(k))—X(k) el

<ey’

(4.7)
where U(k) = (kg(l), sy /{U(N)).

Proof. Clearly, it suffices to prove the assertion for a transposition o = (r,7 + 1). Without loss of
generality we may assume that k. < k1. Let k7 = (ky,...,k—1), k' = (ky12,...,ky). Then the
relation (4.4) taken with k = k,, [ = k,1 implies

Xa(k) = X(k;,kr+1,kr,ki) = Xk + Z Ck’X(k;,k’,ki)a Ck' € Ao. (48)

k'eB:ey<ei.te;,

Clearly, €y~ 1) = € + ew + e < e for all k' € B such that ew < ey, + ey,,,. This
implies that each Xy -, y+) in the right hand side of (4.8) belongs to UZ,, and we obtain (4.7) for
o= (r,r+1). O

Lemma 4.13. U, = U, for all a € ZZ,.

Proof. The inclusion U=, C U’ is obvious. To prove the opposite inclusion, we use induction on
the partial order < which is applicable since {a’ € ZZ, : a’ < a} is finite for all a € ZZ,,.

If a € ZZ, is minimal with respect to <, then U, = {0} and we have nothing to prove. Assume
now that a is not minimal. Then for each k € ZV, N > 0 such that e, < a we have Ule, = Uz,
by the induction hypothesis.

Using this and Lemma 4.12, we conclude that for any o € Sy

X (k) — X(o(k)) € Uz,
Taking o such that o(k) € B, that is, is non-decreasing, implies that X (k) € Uxa. O

Combining Lemmata 4.12 and 4.13 we obtain the following obvious corollary:
Corollary 4.14. For any k € B and any o € Sy, we have X (o(k)) — X (k) € Ue, .

Note that X (k) = X (k%) for any k € IV where k is k written in the reverse order, and
X (k) = X for k € B. Since for any a € Zx there exists a unique k € B such that ex = a, these
observations together with the above Corollary complete the proof Proposition 4.10. 0

Proposition 4.10 implies that for each v € Q% the assumptions of [5, Theorem 1.1] with (L, <) =
({a€ZZ, : |al =~},<) and v = ¢! are satisfied. The assertion of Theorem 1.1 now follows. [
Note the following useful fact, which is immediate from the proof of Proposition 4.10.

Corollary 4.15. Define A = A; : Z™ Q7 7™ — 7 by A(ey, ;) = sign(l — k:)(ozi(k), ozi(l)). Then for
all a,a’ € 77,
> X?Xib _ q_%A(a,b)Xia—&—b c q—%A(a,b) Z AOXial
a’'<a+b
and also
XPXP = M OPIXPXP € g2 Y T AT
a’'<a+b
We note an obvious property of A which will be used in the sequel.

Lemma 4.16. For any 1 <k <m, a= (a,...,a,) € Z™ we have
k
Ailer,a) = (ol |asili — [ack),

k-1 m
where acy = Y, 1€, Asp =, 1€y,
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4.3. Containment of B(i) in B*”? and proof of Theorem 1.2. Let w € W, i= (iy,...,i,) €
R(w). Let v = |a];. Since bjo € X2+ Y. K_X¥, it follows from (4.2) that

al7éav ‘a/‘i:'y

(7)) Bia, bia) € p(y) XD, XT) + > K_p(y) ™ MXF XF)el+ K_.

a’EZ’gO\{a} :|al|=y

Since by o € UZ(nt) and by, = by a, it follows from (2.6) that b, € B*"2.

To prove that b; , € B"P, we use induction on m. The induction base is trivial. For the inductive
step, write X2 = ), _gup Capb. Since £b;, € B, it follows that ¢, € K_ for all b # by = £b;4
and cap, = £1. Thus, we only need to prove that c,3, = 1 for some by, € B*P.

Let i = 4p and @ = a;. Since Xp = ¢ 24l o7y (X)) where i = (g, ..., im), 8 =
(az,...,am), Ti(XZ) € ker 0% and (07)P)(E*) = (977)@(E*) = 1, we have

@) = (O =T(XGF) = Y cap@) ),

beBUP : {;(b*)=a

where we used Corollary 2.15. Since T; *((9:7)*P) (b)) € B for any b € B*? by Theorem 1.7, we
obtain from the above that

X =T7H(OM (X)) = Y (07 P b)

beBUP : £;(b*)=a

is the decomposition of Xi‘?' with respect to B*?. By the induction hypothesis, by o € B*? for all
a’ € 22y ! and therefore precisely one of the c,y, £;(b*) = a is not in K_ and is equal to 1. O

Remark 4.17. Note that for any w € W, i€ R(w), 1 <k </{(w) and a > 0 we have X, € B

4.4. Embeddings of bases and proof of Theorem 1.5. Note that U,(w) C U,(ww’). Since
B(w) = U,(w) N B* and B(ww') = U,(ww') N B"P, the first assertion follows. To establish the
second assertion, it suffices to prove that for ¢ € I such that ¢(s;w) = £(w)+ 1 we have T;(B(w)) C
B(s;w). The assumption implies that 7;(B(w)) C U,(n") and therefore is contained in B*? by
Theorem 1.7. Since T;(U,(w)) C U,(s;w), it follows that T;(B(w)) C U,(s,w) NB" = B(s;w). O

5. EXAMPLES

In this section we compute bases B(w) for various Schubert cells U;(w). We denote by Eje1..

.ar
-27‘7

the unique element b of B* for which 8" (b) = 8\’ .. -0}?1)(19) = 1 where i = (iy,...,i,). Note

that this element also satisfies (97,)"P)(b) = (9{7)(™) ... (9{¥)(*)(b) = 1. We use the notation
from §4.2.

5.1. Repetition free elements. We say that w € W is repetition-free if w = s;, ...s;,, where
i=(i1,...,im) € R(w) is repetition free. Clearly, if w is repetition free then so is each i € R(w).
Such an element is called a Cozeter element if ¢(w) = |I|, that is, any i € R(w) is an ordering of I.
Lemma 5.1. Let w € W be repetition free and let i € R(w). Then in the notation of §4.1:

(a) Uy(w) is a quantum plane of rank {(w) with presentation

q—%(ai(k),ai(l))Xi’lXi’k — q%(ai(k)’ai(l))Xi’kXiJ, 1<k<I< g(w)' (5‘1)
(b) B(w) = {X2 : ae Z{}.
(c) Xip = Eignkl...i:lfik_lik = Ez(:nkl) o 'EEZE&_I)(EZ' ) where my, = _<O‘fx’8ir+1 sy (o) =

d " (al® o).

i i
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Proof. Note that the coefficient of oy, in every element of the submonoid of Q' generated by ozi(r),
k < r < lis zero. Since the algebra U,(w) is Q*-graded, it follows that the right hand side

of (4.4) is zero. This proves part (a). In particular, it follows that X2 = X2 for all a € Zgg’),
hence b;, = X?. To prove (b) it remains to apply Theorems 1.1 and 1.2. To prove part (c), let
u, =T, -T;, ,(£;,) and observe that the coefficient of a;, in degu, = s; ., ---s;,_, () is zero

2 |

—(a) ,deg u
if 1 is repetition free. Therefore, u,. € ; UNU;,, T; (u,) = El( (0, deg ))(ur) by Theorem 3.15 and
so (;(T;, (ur)) = —(a; ,degu,). The assertion now follows by induction on k — r. O

Remark 5.2. The assertion of Lemma 5.1(a) holds for any w € W,i € R(w) and 1 < k <[ < l(w)
such that the subsequence (i, .. .,%;) is repetition free.

5.2. Elements with a single repetition. We say that w € W is an element with a single
repetition if there exists i = (iy,...,iy,) € R(w) with ix # 4, k < [ unless k = r and [ = ¢/ for
some 1 <r <71 <m.

Proposition 5.3. Letw € W be an element with a single repetition and leti = (iy, ..., i,) € R(w),
where the iy, k # r,1', 1 <k < m are distinct and i, =i, =i, 1 <r <r" <m. Then U,(w) is
generated by the X;r, 1 <k < m where

Eimk,lmimk,k—lik, k 7é T‘/
1 k—1
XiJg - E k ] (52>
»mv‘/,l m ! r— 1 L+m ! r ~m7‘/,7‘/717 =T
i i T ir by
with mug = — (Y, si,. -+ 85, (i) = d7 (o, "), subject to the relati
kl = ail, Sipq Si_1\Qy)) = i o; 7,47 ), suvject Lo e reiations

(k) (l))

l( (k) (l)) (a o /
q Xlek_CP XipXig, 1<k<i<{l(w),k#r l#r

, r'—1 5 3)
) ™, -
q_%(ai A )Xi,r’Xi,T = q%(a )Xl TXI Tt ( - qz )Xl - )’ Z QiyiCh-
k=r+1
Proof. Clearly, the sequences (1, ...,4._1) and (iy11,...,iy) are repetition free. In particular, for

1<k <7 —1wehave Xjp = Emy_ e, by Lemma 5.1(c). Furthermore,
1 k—1

T

Gpr_q

Xip =T, - Ty TiT,

tr—1 ipg1 "

(Ez) — T . T T(E m.r P . ROV 11)

lr—1
Yr1 'r/—l

where ¢ = 4, = i,,. Clearly, (9;¥)? (B iy e ) = 0, hence

(2 .
brt1 ey

—1 rop
El-mr’,r+l . im ! — 1, (2 + My 7‘) E (E Ml el .4m7~/,r/—1) + Zo

r+1 .r’—l r+1 T
where xg € ;U N U;. This implies that

—1 (1+my )
E(Ei;nli,rﬁ-l ‘_Z.’T/Lr’lr’ 1 ) (2 + mT’,T)qi E
™

1

(E Mol rt1 “.mr/ rl— 1) + E(mﬂﬂ")(xo)’

{2
7"+1 rl—1

and so T; (Em Frbl Mo1) = Eim et s o1, Whence

bry1 Ly 4 Ty i,
Xi,T‘/ = E-mr’,l Tl 1 Atm g T g1 el e
Tl it
: . . , : o
Since the sequence (i,11,...,%), ' +1 < k < m is repetition free, we have T; , ---T;, [ (E;,) =

Emirir mik-r; by Lemma 5.1(c) and hence is in ;U N U;. Then X = Emk LT . by Theo-

r+1 k—1

rem 3.15. Th1s proves (5.2). The first identity in (5.3) is proved similarly to (5. 1) To prove the
second, we need the following combinatorial fact similar to [3, Lemma 4.8].
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Lemma 5.4. Let w € W and suppose that i = (iy,...,i,) € R(w) has a single repetition i, =
i = 1. Then

r'—1

ai(r) + ozi(rl) =— Z azkza(k) (5.4)

k=r+1

and any proper subset of {ai(k)}rgkgr/ 18 linearly independent.

Proof. Fix r < k <7’. Then

k—1 k—1
§ : () _ } : % 2 :

- Qi 04~ = — (Oéit, ai)sil T Sia alt Siy  Siq S'Lt (al) ai)
t=rt1 t=rt1 t=r+1

= 55y Si o (0) = Siy s (i) = siy s, (@) F oL (5.5)

The first assertion of the Lemma is now immediate. To prove the second, suppose that Z::T ctozi(t) =

0. Using (5.4) we may assume that ¢, = 0 and let r < k < ' be maximal such that ¢ # 0. Then
o, occurs with coefficient 1 in ozi(k) and does not occur in ozi(t) with ¢t < k, whence ¢, = 0 which

contradicts with the choice of k. O

It follows from (4.4) and Lemma 5.4 that

LOIN G ) o
~3 (0"

q Y )Xl r/Xlr - qz( o )Xl er r = ( - Q;l)CX?(r’r/)a (56>

for some ¢ € A;. We may assume, without loss of generality, that » = 1. Then (;(Xix) = my.1,
2 <k <7 —1, hence by (5.4)

r'—1 r'—1

gi(Xin(r,r/)) = — Z ME1Qi, i = — Z(Oél\-/, Oéi(k)>aik,i = (Oél\-/, o; + Oéi(rl)) =My + 2.
k=2 k=2

Applying 85m7'/’1+2) to both sides of (5.6) and taking into account that ¢;(Xj, ) = mm1 + 1 we
obtain
ai(top)Xi,r’ _ cai(top)Xin(r,r )'

Since Xj,» and Xin(”/) are in B"? this implies that ¢ = 1. 0

Theorem 5.5. Let w € W and suppose that i = (iy,...,i,) € R(w) has a single repetition
i, = i = 1. Then

B(w) = {q%“A(ave”eT’)X?Yi“ ca=(a1,...,an) € ZZy, min(a,,a) =0, a € Zxo}

where

( (’“)

_ X X, —1xn(nr) _
}/} - q irAir — q’L i ’ - Eim'r/J . Y dtmes . .m'r’,'r’flim'r,l Mpr—1 (57>
1

r’r—1
r—1 ir RV 1 o

and A = Ay is defined as in Corollary 4.15.
Proof. By (5.4) Y; € Uq<n+)af”+a§”)' It is immediate from (5.3) that Y; = Y;, whence Y; € B(w)
by Theorems 1.1 and 1.2. It is easy to see that (9;7)(™r1) ... (9 )mrr=1)9(Y;) = X;,» whence

1r—1
Yi - E~7n7",1 ,7",,./7T,1 -1+m7‘/,7‘ »mr/,'r’fl Mp 1 Mp 1.
4.4 iy i iy i,_] ir

Furthermore, we need the following

Lemma 5.6. X?Y; = ¢~ 2@ te)Y X2 for all a € Z17,,.
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Proof. 1t suffices to prove the assertion for a = ey, 1 < k < m. By Corollary 4.15 and Lemma 4.16
we have for k # r,r’

Xip X2 =g Mewal xay,  — q(ai(k)7|a<k‘i_‘a>k|i)XiaXi .- (5.8)
This immediately yields the assertion for & < r or k > r'. If r < k <1’ then

(e, [n(r, ") xls — In(r, ) sil) = (@, 0l — o™ 4 55, 55 (50 (c0) + i)

= (ozi(k), ozi(r) — ozi(rl)) + (v, i (i) + i) = (a.(k), alm — ozi(T/)), (5.9)

1 1

where we used (5.4) and (5.5). Thus, Xi’,cXin(m,) = ¢l of 0"~ ))X (r’ )Xi,k- Since we also have

aF) oM (T’))

er+e,.s R er+e.s
Xi kX = gl X; Xi ks

1

we conclude that the assertion holds in this case. Furthermore,

() ) ,
Xi T’Y = q%(ai i )Xl r/XirXi = ._lXi r/Xin(T,T)

() (T )

:q§( i e i )(q( (T) (T

VX1, X+ 2@ of ) (gi— g XD

1

RN ORINCON

"N X o — g g XPr X

(a (r) (T)

=N YiXG

and similarly Y; X;, = ¢@ o af"" ) X;,.Y;. Since (a; (r) ai(T/)) = A(e,,e, +e.) = —A(ey, e, +e,) this
completes the proof of Lemma 5.6. U

Proposition 5.7. For all a € Z%, we have

Xia _ Z qi—k(k-l—\ar—aT/D |:mln<c;€r7 Clr/):| b(a N min(ar, ar/)(er + eT/) + k:n(r, 7“,), l)
q

k+l=min(ar,a,) i

where for n € ZZ, with min(n,,n,) = 0 we set

b(l’l, l) _ q%ZA(n,er—&—eT/)XinY}l

and {m} € 1+ vZ[v] is the Gaussian binomial coefficient defined by
n v

BRI = S o

Proof. We need the following
Lemma 5.8. X;n(eTJre’“/) = Z " [ ] Xi]m(r’rl)yil for allm > 0.
ktl=m k q;°

Proof. The argument is by induction on m. The case m = 0 is obvious. For the inductive step,
note that we have, by the definition of Y;

x(merten) _ b2 el el xm x| xm, m+m)(afaf") X (; 4 LX) xm,

= Xi’m’(er"rer’)}/} + q;]-*QmXi n(r,r’ )Xl (eT+er’)'
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By Corollary 4.15 we have XpX}Fa = Xi(kﬂ)a if a € Z::Til Z>pe;, whence by the induction
hypothesis

(m+1)(er+e, ) _g2 | kn(r,r' )y l+1 —k2—1—2m | TN (k+)n(r,r" )y A1
X, = - X, Y. : X. Y.
1 S ] ey 3 gl

k+l=m k q; k+l=m k q
m —2(m+1— m n(r,r’
= > ([ et )y
k| -2 k—1| -2
k+l=m+1 4q; 4q;
1 n(r,r’
S qz.—kﬂm; } Xpmery, a
k-tl=m+1 q;°

Using Corollary 4.15 we can write

1 — _ 1 — _
a __ 7A(a,arer+a ’e ,) a—arer—a,se,.s arerta.e.r ——A(a arep+a.re ,) arer+ta,re. a—arer—a,/e.
X2 =q° er) X X; = g 2h@arertayes) X X; :

If a, > a,» then
r — Up
Xla — q%(A(a,arer—ﬁ-arzerx)—i—A((ar—aT/)eT,aT/eT/))Xia—arer—arler/ Xi(ar_ar/)erXiarl (erte,)

1 _
_ Lta,A(aerte,) ya—a(erteys) yras(erter)
= q2 X : X‘i )

Note that A(e, + e, n(r,7")) = 0. Then for 0 < k < a/

q%aT/A(a,er—i-eT/) Xia—ar/ (erte,r) Xikn(r,r’)yiaw —k
_ q%A(a,ar/(er+er/)fkn(r,r’)) Xiafa,«/ (er+ew)+kn(r,r’)yiawk
= g2Fhaertes Ny — g (e, + ey) + kn(r,r'), ay — k).
Ift <rort>r then
Ales e, + ey —n(r,")) = (@, al” + o) — n(r,7")};) = 0
by (5.4). For r < t < r' it follows from (5.9) that

Aler, e, +ev —n(r,")) = (i, ol — In(r,1")sii — o + In(r, ") <e]i) = 0.

i

Since by Lemma 4.16

Ale,,e, + e, —n(r,r)) = (Oéi(r), o™ — n(r,r')) = —(04.(T), a.(r)) = —(, )

while
Aey e, +es—n(r,r)) = (ai(r ), —agT) +n(r,r)) = (ai(r ),ai(r)) = (o, )

we conclude that A(a, e, + e, —n(r, 7)) = (a;, ;)(a — a,). Thus, by Lemma 5.8 we have

k

kf"rl:(l,,,l q;

Xla — Z q;k(k+ariar/) |:arl:| b(a — a,r/ (eT + eT’) + l{jl’l(?”, 7“’), l)

For a, < a,» we obtain in a similar way

1 — —
X2 — =A(a,arerta,se,.r) )-yaTeTJraT/e,,,/ ).ra arer—a,re,.r
i —q °? e i i

1 _
—La,A(aer+e,) yar(ertey) yya—ar(er+e,.r)
i 2 T Xi Xi .

=4q
Since for 0 < k < a,

1 / _
—Lla.A(aerte,s) yhn(rr')y ar—k ya—ar(erte.r)
q " " X; Y

= qi%kA(averJrer/*n(r,r’))b(a _ ar(er + er/) + kn(r, 7“/), a, — k),
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it follows that

XP = Z ql'_k(k—i_arl_ar) {CZ} _Qb(a —a,(e, +ey) +kn(r,r"),1).

k+l=ar 4q;
Proposition 5.7 is proved. O

By Lemma 5.6, b(n,l) = b(n,!) provided that min(n,,n,,) = 0. Then Proposition 5.7 and
Theorems 1.1, 1.2 imply that b(a — min(a,, a.)(e, + €,/),min(a,,a.)) = b o € B(w). Clearly this
gives the b;, for all a € ZZ), which completes the proof of Theorem 5.5. O

5.3. Type As. Let w, be the longest element in W. We have E;; = T;(E;), {i,j} = {1,2}
or {2,3}, E123 = TlTQ(E3) = T371T271<E1), E321 = T3T2(E1) = TflT{l(Eg), E132 = T1T3(E2)7
Eyz = Efyy = 17Ty Y(Ey) = TyThT3(E») and Eyyzp = Y132 = EaEas — ¢ ' Ey Eos as defined
in Theorem 5.5. The following was essentially proved in [4], although with a slightly different
definition of © and hence with different powers of ¢ (see also Theorems 1.4.1 and 3.1.3 in a recent
work [18]).

Theorem 5.9. B = B(w,) consists of monomials
1
q2f(a) Einl E;nz Egls Egm E;qzl ES;)% Eg;& Eg}%l:’) Eg1232 EB1323 Eg;sim E;L?QSQ
where
f(a) = (my — ma)(miz — may) + (M3 — ma)(mga — maz) + (mq + ms)(Mmiz2 — Mmay3)
+ (my + mag + Moy — M3 — Moz — Maa)(Mia3 — Ma321) — (Ma2 + M32)Mis2 + (M1 + Maz)Mmais,

and min(my,mg) = 0 if E,, Ez ¢ {Ei23, Es21, Eo132} and are not connected by an edge in the

following graph (see [4, §9.4, Fig 2])
E

En32 E3 E213

NN/

Es32 Eo3

N/

E>

/\

FEi2 Eoy

1

We have the following table for the action of the 7; %, 1 < i < 3 on the E,,
\ FEy Fy FE3 FEip FEy Fy Esp FEizp FEoiz FEioz Ezor Eois

Tfl E21 E3 E2 E213 E321 E32 E23 E2132
TQ_l E12 E32 El E3 E132 E123 E321
T:;l El E23 E123 E213 E2 E12 E21 E2132

where the entry is empty if T, '(E,) ¢ U,(n"). Using Theorem 1.5 we conclude that B(sjw,)
(respectively, B(sow,)) consists of monomials of the form

q% (mamao1+(m3—ma2)(maz—ma3)—(ma1 —m3—ma3z—ma32)ma21 —m3ma13+(ma1+ma3z)ma13) %

M2 M3 [M21 [1M23 [M32 [M213 [1M321 [[1112132
E2 E3 E21 E23 E32 E213 E321 E2132
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and, respectively
q%(Tn1m12+m3m32+(m1 +mi2—m3—ma32)(mi23—m321)+(m1+m3—miz+ms2)mis2) %

where min(mq,mg) = 0 if E,, Es ¢ {Ei23, E321, Eo132} are not connected by an edge in the
following respective graphs

E3 FE213 E1
AN PR
E32 Eas Ei2 — Ei32 — B3
NN N
Es B2 E32

The basis B(ssw,) is easy to obtain from B(sjw,) using the diagram automorphism which in-
terchanges F; and FE3, Ei5 and E3s, Fo; and Fss and FEjo3, Fs3o; and fixes all other elements
E

Thus, U,(s1w,) is generated by Es, E3, Eo; subject to the relations
[Ei7 [Eu -Ej]q]qf1 = 07 [E27 EQl]q*1 = 07 [E?)a [E?)a EQl]q]q*1 =0= [E217 [E217 E?)]q]q*l)

where [z,y];, = 2y — tyx, z,y € Uy,(n"), t € k* and {i, 5} = {2, 3}, while U,(s2w,) is generated by
E., Es, Ei9, E35 subject to the relations

[E17 E3] - 07 [EZ) EiQ]q*1 - 07 [E127 E32] - 07 [E”M [Ela Ej2]q]q*1 - 07 [Ei27 [Ei27 Ej]q]qfl - 07
where {i,j} = {1, 3}.

Since all elements w € W with /(w) < 4 are either repetition free or with a single repetition, all
remaining Schubert cells have already been described in §5.1 and §5.2. For example,

B(82818382) — {q%(m2+m213)(m21+m23)E;n2Eg}m E;nggglsEggl;z . min(m2’ m213) _ 0}
and U, (s2515352) is generated by Es, Ea, Eag, FEa13 subject to the relations
[Eg, Egly1 =0, [Eay, Eag] =0, [Ey, Forzly-1 =0, [Es, Eoz] = (¢ — q)E21Fag, i € {1,3}
and coincides with the algebra of quantum 2 x 2-matrices.
5.4. Type 02. We have E12 = T271(E1), E122 = Tl(EQ), E21 = TQ(El), E212 = Tfl(Eg), E121 =

Y121y and Eaj29 = Y21 9) as defined in Theorem 5.5. The following is apparently well-known (and
can be deduced for instance from [18, Theorems 1.4.1 and 3.1.3)).

Theorem 5.10. B"? consists of all monomials

m1(my25—Mgy2)+ma(ma1—mi2) —mi2m 2,+ma1my 2 [rm1 [rme prmaz pime 2z gaMa2 gamian 2122
q 129 21 122 21 El E2 E12 EQI E122 E212 E121 E2122

where min(me,, mg) = 0 if E,, Eg ¢ {Ei21, Eo120} are not connected by an edge in the following
graph

Eio Es E2

E12 Ey E211

All other Schubert cells have already been described in §5.1 and §5.2.
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5.5. Bi-Schubert algebras. Let g = sl;. Using the computations from §5.3 we obtain
B(s110,, s1w,) = {g3 (s 7m)(ma2mmas) prmz s prnas g preaie < min(my, mg) = 0}

and U, (s1ws, s1w,) =2 U,(sl3) @ k[Fa132],

A (—m3(maestmaiz)—(ma1 —m3—maz)maa1 +(ma1+maz)maiz) ms prme1 [mes Ma1s Mz .
B(s1wo, sows) = {q? By Eg* Egg™ Eoi3° Eggl

min(mg, mg;) = 0}
and Uy (sqw., sow,) is generated by Es, Es and Ess subject to the relations
(B3, B3l =0, [Es, [E3, Exlglg1 =0 = [Ear, [Ear, Eslglg,
B(s1w,, s3w,) = {q%(mrm”l)(m“_m”)EQMEﬁglEgg”Eg?lEg?;Q : min(mgy, msz) = 0}
and U, (s1w., ssw,) is generated by Es, Es, Es9, Es9 subject to the relations
(B, Egi]g-1 = [Ea, Eso]y = [Foy, [Eo1, Bl = [Esa, [Es2, Forllg—2 =0

and
[, B3] = [Ea1, Esoilg = [E327E321]q*1 =0,

1
. 5\m1—m3)(Mmi123—MmM321 mi ms3 mi123 m321
B(s2ws, s2w,) = {QQ( i )El E3" Eo55” Egol

and U, (saws, saws) is a quantum plane. In particular, all these algebras are PBW.
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