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§L . them .
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F - number field § Totally real

"

cm
"

Totally imaginary I i

tr
"

(
"

cm
"

: F contains a CM subfield
- '

TR
"

i F does not curtain CM - subfield . )

•Go : (connected ) reductive quasi - split griefs If

G : Resp , ( Go )

Go Z Bo 2 To Z Zo Basel 3 Torus 3 Center

subgrp
I

a 2 B 2 T 2 Z

Fireworks : Go = Glen
, ( Harder - R

,
R )

Olan ) ( Bhagwat - R )

huh ,
n ) ( Krishnamurthy - R )

Ga ( Hossioinijaferi)

Tf G bln
,

Z  = Resfycghli IF ) T.GL/q = S

S = nominal A - split central tours of a .



•
G CIR ) = group of IR - points .

( e.g . F . tot . deal
,

Go = Glen
,

GUR ) = IT Glen ( IR )
.)

y :p → a

Cos = mammal compact unbgwaf of a CIR ) .

( e.g : Ceo = IT 01h ) . )
y : t - sa

Kw = Cis . SIR )

Koo = connected component of the identity It .

Kf E Altaf ) open - compact subgroup

• Sfg
.

= HOL ) ) GHA ) I KS Kf
"

locally symmetric space
"

.

E

• F -3

I ✓ finite hubris entn . E = field of coefficients .

Q⑨ws :

X E X
't C Tx E ) = Hour ( Resta ( To IF )

,
Gm )

X* C Tx E ) = z→
,

( To ¥
,

! )

I = ( E)
z : e  → E

Xt ( Tx E ) = duninant - integral weights .

leg ,
Go .

- an
,

D= CI )
.  I = l if

,
. . . .in )

Mj EK
,

547547 .
.

. > In
.



• Cfa,
Mine ) = finite - dimensional

, absolutely -

irreduciblerepresentation of axe with hw . d .

Leg.

. Go = Ghz
,

d = ( d
' )

,
M .

. I d?
,

Iz ) . , if > 422

MME = z→± Sym
"

'
-

'
"

' CE ' ) ⑤ Coletti?-

.

( e.g : Hilbert modular forms of weight C ki
, . . ,

ka ) = Chi )

2

Assume h - even
,

I = Chi-4. law = ( h÷ , -4¥ ) )
. )

• MINE
= sheaf of E - rector spaces on Sfg .

GHA ) / Kui Kf Ti
'
CUD

I '

'

i
I

\

GHG( All Kcsi Kf Z U
'

open

MIE ( u ) = { s : Itu ) → MAE I s - locally const .

,

Scr . Z ) = Wr ) . Sca )

f re GCQ )
,

f ZE GHAI / kooky I



• Even if Mile to
,

the sheaf MIE = O .

e. g . Go = bluff ,
F . tot . real . for thine to we need

= Ifill
scan Kiskf

⇒ we ,
is the infinity - type of an algebraic

Heche character
.

⇒ it
,

t . . .  tin is independent of z .

Assume henceforth that Tune to .

• Baricobgictof-interes.tt .

H
. ( say

,
MIE)

. sheaf cohomology .

- It is an E- vector space .

• ltecheactr.my .

.

Flhkf = { f : GHAT ) Nkf → Ch }
it is an algebra under convolution for a Q - valued

measure

To lack ) ) x Nkf G H' ( sky .
MIE)



BE A#a :

• Borel - Serre compactification :

544 - Sfg U 259g

The Boundary 2594 = U Trp Sfg

as P runs over alot .

cmjngacy classes of parabolic

cmbguefrsl @ of a .

The sheaf unstuck 'm entered to 2p , 2,45¥ .

• The topological fair ( 594 ,
2 Sfg ) induces

a long enact sequence :

. .
.  → m :c say ,

mine ) Alstyne , ribs
,  

mine)
→ .  - -

•

Innohomohrgy
:

H :( 59g ,

MIE ) = Image ( i
.

)

• Eisenstein Cohomology :

-

Hara ;
l shkf

,

MIE) = Image ( h .)



§ } BomdwyCohyhogy

• Spectral sequence

⇒
Baby . Cohomology

Epi =  ④ Her ( 2ps # ,

Mir )
dlp ) =p

dip ) .

- parabolic rank ( dl man . parabolic ) = 1)

•

ahom-FYmapskf.ci

) tifdpshkf ,
MT,e ) = IT ( PCQHGHAVKiskfg.M.hr)

ii ) Upfa) HA) / KIP
I

PCO) ) PGA )/kPw,kf → builds up RONDA )/k5kf

t
Mpla )lMp( All

KML
. Khf

Ciii )

vanm
H

.

( Upton) LUPITA )/kuP  

g MIE) = H
.

1Up ,
MAE )

Liv ) Rosten:

Hoo ( Up ,
Mine ) =  ④ Mw

. ,l,Eas Mp - mvdnles

WE WP

Kw ) = so



'

( It is also convenient to pass to the limit over all

open - 4pct Kf

GIANG tic sa
, THE) : =

tizz
H

. Csf ,
MIE)

then Hoo ( sake
,

MIE) = h
. ( Sh

,
MT, E) Kf .

. )
~

Horfdpsb , Mine )

=  ⑦ agudath
"RD× HAH

( nor- llw )
( gmp

,
M~w.ae To " ' MT) )

we wp
To CPHRDXPHAG)

. WP = { we Wa I w
-  '

a > o t simple roots a for Mp }

o → Iol KOMP) → To ( P 1112) ) → to Calip ) ) → o

In summary : the cohomology of 2pS9q is

parabolically induced from the cohomology of SYFY
.



5¥

I~ologz.cz#Cohunilogyq-

.

D

'

i
.

2£.
Him ( Fi E ) =3 Hauff , Cc ) . ↳ ( z ) = 202 = y .

2x : X
't ( Tx E ) → X*( Tx Q ) 2=2

-  '

on

A 1-
' d

X= 4Th :p - se

'
D= l "

My :r.  - so

"
d

"
= dion

• H
.

( sky ,
My

,
e) I til Yes

,
Kai ; 69610116HAD

't
④ My ,e)

\
/

Sheaf cohomology Relative lie algebra cohomology

Use . de Rheum resolution

• Inner cohomology H ?sky
,

MIE) is semisimple

as a Heche involute because after fan - change
to E

,
it lands inside the Logo, Kis ) - cohomology

of the discrete spectrum of a .



• cuspidor cohomology is defined by :

H
.

( 594 ,
My

,
e) I IT ( Yo

,
Kui ; 69610116HAD

't
④ My ,e)

f Basel .

H°wsp(s%f
, Max

, a ) : I ti ( Yes ,
Koo ; 62g ( alana HAD Kf ④ My ,c )

• ti ( Yes ,
Koo ; Ghq ( 6102316 HAD Kf ④ My

,

=  to Mir ) . ti ( go , Kui ; res ④ Mma ) ④ Tfkf .

• For Gi Glu
,

mlr ) = I
, of - is

"

unique
"

.

Use cis Wigner 's Lemma

di) Harish - chandra

Ciii) Unique tempered /generic ombgnutient .

Shape of as guru ,
and she looks like :

Glen C IR )
NY Ind

p ( De
,

④ I . I
'd

x . . . x Den,z④ I I
- d )

o ( 2 . . . . . 2 )

riffTurd pg!?!!? , ,

( De
,

④ lid x . . . x Den,z④ lid xcsgniii - d)

Glencoe )
° Ind ( za ' IP '

× . . . y zdn IBN )
Brice )

"
d explicitly determines all the

"

cusfndal parameters
"



• Purity & Strong - Purity : Go = ah

-Fadi
① tiny C Sfg ,

Miya) to ⇒
' d satisfies a purity

( ouzel) condition
.

" A E X*( Rest. I Tn ) xd )
,

' D= ( '
d

" )
, :p  , a , is pure if

F. totally red

:
Fw E I sit .

I n

+ It 'M
= w

n . jet

F - totally imaginary
I w e I ns.t.dtjon-dn.IT

,

= w A isjen , Ayr. E- se

Fact cuspidor cohomology admits a national structure .

I Cloyd)

,

.

→
F # read IOTOL)

① t ② ⇒

tiny C Sfg ,
Mina) to ⇒ d is strongly -

'

pure

i. e.
,

to '
il is pure V-2 : E  → I

, f r E Adidas )

Tf F is totally imaginary :

⇒ we z
'

'

at . I
" n

+ I ? = w

t is jen , ty : F  → a
,

t r :[ → QT cc
,

f VE Galioto ).



§§ In¥ofF#mg -purity :

F - tot . imaginary field .

, Go = a Lule .

Fo = mammal totally real subfield of F .

I at most one totally imaginary quadratic eat "

of to

curtained inside F .

F

I
CM . Case : F

,
= tot . imag . quad . earth

. of Fo inside F .

Fi = manicured CM - subfield of F .

I S2

Fo TR - can : F
, ÷Fo = mammal tot

.
real subfield off .

\

Leung :

Q
A c. X

't CResp ,@
(

Tnt
) x El is strongly . pure ,

then

F d
, C- X

't ( Rest
,

C
Tutti

) x E ) strongly . puke n 't

X = BCF, #
Cdi )

,
i. e.

,
if = IT "

XA ( Resp, @
C Tn IF I x E ) - Weigh 5

U

X Resp, @
C Tn IF I x E ) - dominant - integral

U

XFCResp, @
C Tn IF I x E )

- pure weight
U

X Resp, @
C Tn IF I x E ) - strongly . pure .

€.
F  

= tot . red oh CM Pure = Stingy - fuse .)



§ stingy.in#ohrgy :

theorem

F - totally real
,

Go = aln

A E Xt ( Tx E )
.

F Heche . stable subspace

iii. ,
I shy ,

MIE) C H : ( Sfg
.

iii.±
. )

such that A 2 : E  → a
,

ti
: :( 59g ,

MIE) ④enE = tiara C Sfg
,
Mine)

By cseuninimhh
'

city :

-

iii. C sky , it, ,⇐ ) = ⑦ iii. 69
,

MT.es

If C- Oh
,

CG
, Kf ,

d )

⇐ :

ooh : ! Ca
, Kf , d) = { If c. 6h !

I

iii. 69
,

MT.  e) Ctf ) = H
'

69
, Mirth ) }

¥ :

iii. c sky , it, ,⇐ ) = ⑦ H
'659 ,

MT.es
! !

If C- oh:{ hi Kt 'd )



Specifof phil -functions

§ 2.1 NotingEs :

theorem ( Manin
,

Shimura - 1977 )

Primitive / Eisenfom
4 C- Sk ( Point

,
w ) prim .

- Newtown

On I =

Qlfanlce
) )) - # field .

t
9=1 .

Then I UH 4) E E 't suck that

A IE m E k - i
, t Dirichlet characters ALfCm . 4 ,

th )Fey
,× ,

@Filmlily). ycx )

XL - 1) =  I  C-1)
m

is b

41-21
= San e' aint

Lls ,

qx
) = [ aH9X#

nor
' f

n= ,

MS
i

Suppose I Emc Mtl Ek - I ( k > 3)

Kf(m,4, a L UTI

Lf ( Mtl , 4 ,
X )

2in
.

'

ytcyj
-

Lls
, 4. X ) = completed L - familiar .

dit )
-

she ) . Lyle, 9. x )

÷ nutty
,

= WH ) -

" relative period
"

Em Ex
Then LCM.tl#-=lwl9 )

L Curti , 4 ,
X )



• theorem ( Shimura
,)

Let f E Sh ( Point
,

X ) , g E Se (Point , Y )

DCs
, f

, g ) = { anIftang )
ns

Lfs
, fxg ) = LN ( as -12 - h - l

, XX ) . DH . f
, g )

( finite part of the degree 4 Rankin . Selberg L - function . )

Assume late
. Suppose dem Ek - I . then

-Lffmifxg) say ,g ,
Gitis

" ' - l
. yah . uf.ci

a UftWf = it
- h

. it . gcx ) . Lf ,
f >

.

Lffmifxg
) a L2Ifm

" - l
. in

htt
. ycxlgcyg . Lf , f }

Now suppose l smcmti Eh - I

Then :

L ( m
, fxg )

¥sj
= ¥2

Suppose Lls , fxg ) = completed L - function then

Lcl , fxg ) x L ( htt
, fxg ) a  .  . .  = Lch - I

, fxg ) .



Pin-up :

Eisenstein cohomology allows one to pure

rationality results for ratios of critical values

of automorphic L - functions -

"

cohomology of arithmetic groups and L - values

have a symbiotic relationship .

"
.



§2 Antwerphicfmdom .

G connected reductive gunna .

P mammal parabolic subgroup .

P = Mp . Up .

I - cuspidor automorphic refs ? of Mp CIA ) .

L Go = umpteen reductive group -

'

Langlands duel !

t
P = parabolic uubgunp of Lao corresponding P .

Lpo= temp .

LNPtrip= lie ( Lnp)
. J Adjoint erefn of temp

.

Lnp = h
, ⑦ - . .  ① Mm multiplicity free direct mm

of refits

Els,
I

,
hi ) = Langlands L - function attached

to r & hi Kei em .

Ls ( s
,

I , hi ) = IT L ( s
. Thu , hi )

vets

u
- umami fed ans Ou - Satake parameter .

Do C-
t

To C
t

Mop Chao

Lu (

Sita
.

hi ) = det ( , - hilum . qjs )
- t

.

( NIE .
Ls

Leif
,

oh ) is attached to a

• a crypt old refs "

of a reductive grp M

. an algebraic f. d . refs "

of
L Mo . )



Enannphs-faut-mophic-L-fumdc.us .

is G= GLN

Off .  .  - 0-0×-0-0- . no .

- -

Glu Glen '

G = GLN IQ

P = Penni ) I @ . Mp = Glen x hln '
.

I  = r ⑤ r
'

T - cusp . refn of Gla

J
'

-  , ,  i , I , Glen '
.

I - www.rfied

re .
-

. I'
.

.
.

, ) ai -
-Y "

-

i.

p
!

hi
, pj E E

.

Lls , he ④ ru
'

,
h ) = II C I - aipjoris )

- '

y
.

Pls , rxr
'

, at = Rankin - Selberg L - fu .

)
a -_ even orthogonal gents .

9-0- o -
- -

of
→

Mp = Olsen ) x GL Ci ) C G = 012N -12 )

degree - 2n Standard L - function of 012ns twisted

by characters ( of Guild .



Ciii ) G = Gunn ) .

,
FA - quadratic estenson .

n . even
of - o -  . . . . O

)

ad . I *
Choo -  . - .

. .

01

Mp = Res
Elf ( Glen IE ) × all IF .

I = o ⑤ x r . cvrpidd ant . rep
"

of alum )
X . Heche character of all C AH .

Lls
,

stir ) = Lls . r④X
, As ④ h )

= Lls , Ask ) ④ X )

Twisted Asai L - function ( degree n
'

L - fn . over F.)

Liv ) G= Gz

*#

Mp = Ghz
,

LK ,
r

, hi ) = LA , r
, Syrup )

Lls ,
r , ha ) = Lls

, Wr ) .

a ) G = Eb 9 IXoeoocoo

Mp # spin Cio )

Lls ,
r ,

s ) = degree - lb attached to the

Yz - spin irreducible relph .  of Psocaoo,



552.3g Rantingfunctions

"

in.tt?..i::.T.rmmsim.

µ E XIIRest ( Tn IF ) x E )

Fg
E Wh ! ! ( ante , ME ) - strongly inner spectrum .

2 : E  → a

?

of = of ⑤ene is the finite part of a cuspidate automorphichelpsesentah.cn "
r of Gnc Aa ) = bln l AH .

Gni = Resp ,@ ( Glen . IF )

In
'

E Xtoo ( Rest , a
( Tn ' IF ) x E )

of
'

E Wh : : ( Glen ' IF , NIE ) .

" r
'

- cusp . ant . refs ? of Cini C Ha ) = Glen , ( IAF ) .

He
,

'
r x' o

' ) .

- Rankin - Selberg L - function .

God

GiticdValnesofLG,kx



Defy :

A half - integer m E Nz -12 is critical for Lls
,

2×3 ' )

if Les ( s
,

"
rx

'
r

' ) and Lcs C i - s
,

10×8 ' ) are

finite at s -

- m .

Defy :

is

ahehdth
91W µ & pi

'
: a gu , pi ) = =L

'

Lii laspirate
e So

I
=

-wipe't en
, pie  -Tutu- en

1
re .

- Indra! '
( HY IPY ④ . .

.  ④ Eri
. Epi )

Liii)

wspi
b/w µ dye

'

lliuyu ' ) .

- min { lai - g
"

- pie - pill : yEngIE j En
'

Proposition
Critical ( Lcs ,

70×3 " ) ) = { me Nz + Z I

l - l4 I
+ agu.pt Em E l4uyy + actors }

. # Critical set = l Cpr , pig .

r, Critical set is centered at tz-agu.gs 'S .



THEOREM

: CR )

of E Gh : : Chute , TIE ) , Of
'

E Loh ! : Calm ' IF . HIE )

Assume : l Cpr . gu
' ) 32 . Suppose m , me E hit ( LH ,

'
r x' r 'T )

i ) Tf L ( Mtl
,

'
r x' r

" ) = O for some 7 then itvanishes V-2

ii) CM - cease : F contains a CM - subfield ; Spa = abs .
discriminant

off .

ISF , @ I

'm "? L(m,Zx'r E ICE ) C 6-

Lcmtc ,
F x' rn )

and f VE Gdc 010 )

rfiseiai
" ? YI:?÷:,)=

Ellu.pii.rJr-E4u.guiyrj.1Sry@TI.L( m
,

" 'rx" '
r

" ) .

- ,

L ( met ,
Mr ×

Vohra )
EC . . . ) ,

If . . ) E { It } .

Ciii) If F does not contain a em subfield ,
then nn

'

is even

and
Lcm ,

'
r x' r

" )
-

E 2 CE ) C ⑤

Lcmtc ,
F x' rn )

and f VE Gdc 010 )

L ( m
,

'
r x' rn ) Lcm

,
Volo ×

Volga )✓ ( Interns
) =

ImEoJ
'

. The signatures Elp . pin ,
r ) and Elp . pin ,

r ) are complicated .

El . .
. ) . TC . . . ) =L if F itself is a cm . field .



7)

§§i#mn
:

a Moeglin
• n -

-
n' =L

,
Blasius

,
Harder

n n -

- 2
,

n' E2
,

Hida

• unitary groups : Michael Harris .

• n' = n -  
.  

: Gun ) x hun - I ) ;

kazhdan . Mazur - Schmidt
, Mahnhofsf

R
,

Grebner . Harris
. Januszewski

• n' = n : Grenier

. Groebner - Harris - Lin - Sachdeva

• Glnxhln ' IF - totally reel .  : Harder - R



Langlands
' Constant Term Theorem . a -

. GLN-

P = Pcn , n 't

Mp -

- Glnxhln '

GHA ) Q= Pcnsn ,

e
64 aid )

GHQ Catala ) )

agent
" "

g
GHA ) Tstcs ) GHAI

Indra ,
(s ,r④r ' ) - Indeed ,

C- e. ri ④ o )

Eispff) I z) = I

ftrn
)

VE 410 )
PLA )

Fact ) Ca ) = J flea ) da

Ual # QAA )

Test G) (f) la) = f f I wi
'ya ) due

g
Tells ) = XQ Tst ,uls )

j

UNIA )

~
ot vets

, Tst , (e) I fi ) =

LCS-ir.ir# fu
( C its

,

'
ru x' ru " )

Point of evaluation : atud xr
' ) = Ind

'
6. rxr

' I )
PCA) SI - I

S = - Yz 2



Hln ( saw
,

MIE )

④ at ⇒

Ip ④ to
,

 
→

HbN(2p&w
,

MI ,r=)

Hbwcaagshw.MT.ie
)

f ①

GCIAF ) ③ UAF )
(Ip =

a
Ind

play ,
( rfxof

') ¥9 a
Ind

gag ,
of'm xoftn 'D

= to

① Combinatmidleuwo# I WE WP is 't . D= w
"

. ( µ x pit is dominant

&
l C w ) = I dim Cup )

.

. for = bn tbh '
+ Iz dim ( Up ) .

② mauinfq.be : Ip ④ to split off as an

isotypicd surround from Mala saw
,

Miri
.

③

tinter
-

. Langlands : Tst
, u

( fi ) =
H-%,Fx3

. IfLfl- % , Zx '
r 'T

. Local subproblem for UE So and u c. Siam

④ Maintenance :

Image ( ti ( Saw
,

Mir ) → dp to to )

= { ( E , Trois Ces ) ) : EE Ip }
.



• ① cymofinatorialLemma :

The following three statement are equivalent :

① s = - % and I -

Nz are critical for Lte ,
2x Z ' u)

② - Is + I - LIE " E a Clair ' ) E -

Nz - I + l# ' I

2

( abelian width is bounded by the cusfsidal width
. )

③ I WE WP s 't . w
- '

. flu xp
' ) is dominant &

llw ) = I dim Cup )
.

I

• ④ MaimTechuicdTheosemcfEiscnsteinCohomdogy#
The image of Eisenstein cohomology in

Ip ④ to =

a Indhplsfxoy '

It
⑦

a Iida ( r
'

Cn ) × of . ni I

)kf" "
is like a line in a two dimensional space .

The slope of this line is a ratio of L - values .

• Image has dimension S I

Poincare '

duality for boundary cohomology

• Image has dimension 71

Base - change to Q and produce enough cohomology classes .

by using Langlands
'

theorem .

• ⑤ signatures arise fun Galois action on titdp Sfg
,

Max
, #-)



Leduff specifLe -function

§3
L_anglands#gramAutomorphicfoh

am > Motives
To make this correspondence precise we need

a working definition of motives .

what is a motive ?

✓
MB a

}g wnfparison 1- > Periods Ct
,

C
-

M - MDR

\
Me @ helots i - s Lls

,

M )

Deligne 's

Ejective
: LIO

,
M ) a ctcm )

.



§ 3.2
References :

← ( Deligne - Corvallis ;
Blasius

,
Invention es

'
87 )

A pure motive M om a of rank n with coefficients in a

number field E consists of : ( MB
,

Mdr
, Me ,

I
, Ie )

petty
MB is an E - vector space of dim n .

*
Fcs involution an Mrs C heal Frobenius )

MB = MBT ⑤ Mi5
, Iteigenstates for Fu

.*
Hodge decomposition :

MB i = ④ Mfs'T
pt9=w w -

- weight C M )
.

← ( purity )deR/• Mdr is an E - vector space of dim . n
,

* Hodge filtration I
°

-
Ea

µ
odile I

Ie
Mx is an Ex - vector space of dim n !

'

- One

* Action of aelcis CATO ) .

comparing

II
: MB Qe

,
,Q →

Mdr I
Fcs ④ CB

I
I ④ Cdr

b. or

⑦ MB ,z c- F
a

④ a

p > a
E

, 2

Mm ←→ Fb n For I ptV=w )

• Ia : MB ④ EtT Mi
.



§§ motivicL-functicus.tl
is a pure motive if rank n on Q with cuffs . in E

.

• Take 2 : E → a

Lfs
,

M
,

2) = Ipt Lp ( s . Mi 2)
, xp

Lp Ce , my = 2 ( det C I - Fnbp . t M.fr )
- '

) It  =p
- s

Artin L . function attached to Galois help ?

modulo conjectural l ( or d ) - independence .

• Lf I s . M ) - { Lfs.
M

,
2 ) )

2 : E  → E

Motivic L - fn . is an Exo a = IT a - valued fn .

7 : E -7 a

• P - factors at infinity C Serre )
- -

This ) - Eh "
Mbe ) Pels ) = a East Ms )

him = dian ( M BYE ) - Hodge numbers

Mince) = dim ( Mohsin Cee. it ) ) - eigenspau for Es Gmbib

↳ ( s ,
M

,
n ) =

I W

II rats - ki
"

. Tris . nh "" " '
. ii. a. push

" " "

we can talk about the completed L - fi .

and the functional equation .

Lls ,
M ) a LC I - s

,
Mr )



§§ Langlands Correspondence :

Automorphic am > Motives
µ C- XEOC Rest , @

C Tn ) x E )

Tf E Goh ! :( Glint,NE ) c- 3 M - Mff ) .

z : E → e Pure rank n motive our f

with coefficients in E
.

• Langlands parameters of Hodge types of MB
, ,

the repay ,

→

• Local Langlands parameter Lord halves refs ?

C→ deduced fwm Md
.

at a finite place
'

ru

• L ( s t Iz ,
To ) = L ( s

,
M , 2)

.

( References : Chzel - Ann Ashok ; CHR ] - chapter 7 . )



§§Enamf

X = smooth fugitive variety #
.

M = Hi ( x
,

E )

MB = Hirsute. ( XCE ) ,
E ) 9th

Mdk = hide Rham ( X1
,

E )

Mt = tie. ( XIE
,

Ex ) 9 collator )

trip
'
) is a pure motive of bruh I over a

.

and coefficient in R .

Lls , hyp ' ) ) = b Is - I ) .

HYP ' ) = QC - I ) .  -

"

Dual of the Tate motion "

M

Qlm ) = ④ acid

Q I - m ) = Dcm )
"

.

Tate . twists : Mcm ) = M ④ On Cm )
.

-



§§ Defer: we say
M is critical if comparison

induces he isomorphism in the bottom allow .

MB④eG Mdr ④
E

E

I It IMbt ④ Q ¥ Mdrlgo ④

¥
E

NIE : M is critical ⇒ Lcs Lo ,
m ) & Loci ,

m ) are finite

Defy : MEK,
we say

m is critical for Lls .
mi )

if M ④ Q Cm ) is critical

Lls ,
Mcm ) ) = Lls im

,
M )

Defy : Suppose M is critical ,itperiod is defined by :

Ct C M ) = det CIT )

computed wet E - bases for MBT & MDRIFO
.

ctlm ) C CE④ Q EA
.

or Elm ) = { CtlMe ) }
, :[ → a

conjecture ( Deligne Corvallis )

If LCM ,
o ) to then

A
Lto ,

M ) = Ct C M ) in CE④EDIE 't

.



§§

The_feri¥
:

I

MB ④ E

⇒
Mdr ④ Q

f & for suitable

It f
't Cm ) .

ME ④ Q
⇒

Market ④ A

C
't CM ) = det ( I

't ) .

Deligne 's Conjecture :

mdiLfm, m ) = ( I ④ ziti )Hmt Ecm ,

ED? = I 1 in CE④EVE 't

Question

Are theorems on ratios of critical values obtained

from Eisenstein cohomology compatible with

Deligne 's coyictuxe ( admitting the conjectural
correspondence in the Langlands program ) ?

Mdse :

L ( m
,

M )
= ( , ④ g)

dim l ME )
.

gym ,
Em

- land
L Curti

,
M )

for the completed L - function .



§ 3.3 when is ctcm ) = c
-

Im ) ?
I - ( Jt .

work with Deligne)

• Motivic analogue of Langlands transfer
- - - - -

Suppose S Ma } is a finite family of motives
,

Ma of it wa
.

This = ④ ME "
④ Mj ④ to

a multilinear algebra structure s on C Ma ) is a

collection of morphisms Q Co) → Thi
,

s ;
( C Ma ) )

GCS ) = f g E II all Ma ) I g . s = s }

Y = f. d . help
'

of Gcs )

Then we can construct a motive MV

(C Ma )
,

5
,

v. refn of acs ) ) 1-3 MV
.

Think of Khin as a motivic analogue of

Langlands transfer & for L - functions :

Lcs .
MN) = Lls

,
IT

,
er )

Fernand :

i ) ( M
'

,
M
" )

,
0 , GCS) = allow ) x GUM

" )
,

V = ④ - product )

Rankin - Selby L - function .

ii ) M pure motive of wt .

0 & hh 2n

S =of p : M ④ M → OL symmetric nondegenerate ,

s .

.

xthm =3 Oh }

ACCS ) = SO CM ) L - functions for even orthogonal groups.



Liii ) " Asai motives
"

or
"

Twisted tensor motives "

- -

K M is a rank n motive 1k with coffs . in E
.

¥ Then ④ M - twisted terror motive

KIF of rank nck : FT
with

weffs .
in E .

° e.g .
M = thx ) XIK

Then ¥ M is a piece in H
" " : " ]

( Res
k # Ix ) )

Let r : F  → a 4 In ; : K - s a ) be its
y ;

K

-31Centcnsims to K
. I 11

Ht(reskq.lxso.cat = Ht ( Itxn.ee ) ) Ftc

= ⑦ Q Hnrsicxnice) )
Ebi  =p

Tf D= [ K : Flor then we take the summand for

Pi  
= or ti

Eem )
B. r

= MBM ;

• if M 2--3 I - cusp .
art

. help " of Glenys .

then Lls
, ¥,M ) = Lls .

I , As ) Asai L - function .



theorem

Let M be a pure rank n motive with coefficients in E

Suppose ,
Ma 's of the form MV

, for

nuance

Ccma)
,

s
,

v ) .

Assume
,

there is no middle Hodge type ( Mbb =o . )

Z C Fis ) = centralizer of Fo . ; Z Cfa) C Gcs )

V = Vt ⑦ v
-

for the action of Fcs

Z C Fw ) → GLCVI )¥¥::
Subban a (5) is connected .

If X ! = XE then ECMYC - cm ,
E E 't

• The essence of me proof is to hook at how large is

±

Pdrltsom ( MB .
Mdr ) / Z Cfb ) .

Iwm ( Mrs
,

Mdr ) = scheme of isomorphisms LE

PER
= parabolic unbgwnp that stabilizes F

±
C Mdr .

• The ratio of XEIXE governs CTM ) le- cm )



Enamhte : IF- totally imaginary ban field .

M = pure motive of rank n our F with coeffs .  in E

Suppose M has no middle Hodge type .

Fo = mammal totally real subfield .

.

F

I
"

cm - can
"

: F
,

- totally imaginary quadratic t.ro

F . suppose IT = Fo Iff ) Deco .If2

Fo Define Df .

- Ne#D)[
F : F ' I

E EA

I
"

TR - can
"

: F.  = Fo .
( F does not contain a CM

Q subfield)
Define : Df ⇐ I

Thin :

inctcmyc.cm
,

= 4④ Df ) in ( ¥⑤ G)*/E* .



Corollary ( To this period rel "
+ Deligne 's conjecture )

Suppose m and Mtl are critical then :

LLmn.IM# c. 2 CE ) C OT

L ( Mtl ,
M

, 7 )

tf r E Gall Ela )
n

✓ ( Llm , Mi 71 r Lil 't :O " ? Df ) L(m,M#
,m,z

) = ( Tioga ) Lime , Mit )

Applying this to the case M = MCF ) ④ Mbf ')

(cuspidor width > O ⇒ no middle Hodge type . )

Ratio of L - values from{
Eisenstein cohomology

} s{ Deligne 's ajax }
Lemma :

µ÷:÷::÷:÷Tµ÷±÷T=
ammn.ec#:n

Ion

LHS = depends only the base field

RHS = halms action on the coefficients in the

unifsoteut cohomology which appeared in

boundary cohomology .

Goal : Understand Galois action on Eisenstein Cohomology

- x - .


