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Abstract. Let I' be an affine group acting properly discontinuously on R™, n < 5. Then
I' contains a free non-commutative group if and only if the semisimple part of the Zariski

closure of I' contains SO(2, 1) as a normal subgroup.

1 Introduction

Let X be a topological space and let I' be a subgroup of the group of homeomorphisms of
X. A subgroup I is said to act properly discontinuously on X if for every compact subset
K of X theset {g € T': gKk N K # 0} is finite. A subgroup T is called crystallographic
if I acts properly discontinuously on X and the orbit space X/T" is compact. Recall that
a torsion free affine group I' acts properly discontinuously on R™ if and only if T" is the
fundamental group of a complete locally flat affine manifold M. Obviously, M = R"/T". In
1964 L. Auslander conjectured that if I' is an affine group acting properly discontinuously
on R™ and R™/T" is compact then T is virtually solvable.

In 1977 J.Milnor asked if the fundamental group m(M) of a complete locally flat affine

manifold M contains a free non-commutative subgroup?



The Tits” alternative implies, that if the answer to Milnor’s question is negative then
the fundamental group m(M) is virtually solvable. Thus the answer to Milnor’s question
negatively means that the Auslander conjecture is true without the assumption that M
is compact. This is obviously true for n = 1 and is not difficult to prove for n = 2.

In 1983 Margulis showed that for n = 3 the answer to Milnor’s question is positive
by constructing a free (non-commutative) discrete subgroup of the affine group that acts
properly discontinuously on R? and leaves a quadratic form of signature (2,1) invariant.
Moreover, the linear part of I' is Zariski dense in SO(2,1). Actually, this example came
as a surprise and is sometimes called ”the Margulis phenomenon”.

The aim of this paper is to prove the following theorem.

Main Theorem Let I" be an affine group acting properly discontinuously on R™, n < 5.

Then T' contains a free subgroup if and only if the semisimple part of the Zariski closure

of I' contains SO(2,1) as a normal subgroup.

Let us give a short description of the proof. It easily follows from [M1], that if the
semisimple part of the Zariski closure of " contains SO(2,1) as a normal subgroup then
I' contains a free subgroup. The difficult part is to show that if the Zariski closure of the
linear part of I" does not contain SO(2,1) as a normal subgroup then I' does not contains
a free subgroup. For the proof, we look at the semisimple parts S of the Zariski closure
of I', where I' is an affine group acting properly discontinuously in dimension at most
5 and S does not contain SO(2,1) as a normal subgroup. We give a complete list and
can exclude all cases except one, based on our earlier work [AMS3]. The remaining case,
SLy(R) x SO(3) is dealt with in section 3.

We remark that there exists a affine group I' which acts properly discontinuously on R®
and contains a free subgroup such that the semisimple part of the Zariski closure of T’
does not contain SO(2,1) as a normal subgroup [DGK].

The authors would like to thank several institutions for their support during the prepara-



tion of this paper: Bielefeld University, Bar-Ilan University, Yale University, Max Planck
Institute for Mathematics (Bonn). Without all these supports, the paper whose authors

live on three different continents could not have seen the light of day.

2  Linear parts of affine groups groups acting prop-

erly discontinuously

2.1. Notation and terminology. In this section we introduce the terminology we will

use throughout the paper. Let V' =R" n > 1, and let GL(V) be the group of all linear
transformations of the vector space V. Let Aff(R™) be the group of affine transformations
of the affine space R". Since the group Aff(R™) is the semidirect product GL(V) x V
every element g € Aff(R") is a pair g = (I(g),v,) where l(g) € GL(V),v, € V. The linear
transformation [(g) is called the linear part of g and v, is called a translational vector.
Let [{(g)] be the matrix of [(g) and let [v,] be the coordinates of v, in the same basis.

Then we obtain a group isomorphism

between Aff(R™) and a subgroup of GL,1(R).
Denote by [ the natural homomorphism [ : Aff(R") — GL(V'). The set {(X) where X C
Aff(R™) is called the linear part of X.

Let I" be an affine group and let GG be the Zariski closure of I'. Let S be a semisimple
part of GG. Clearly, S is a semisimple part of the connected component of the linear part

[(G) of G. The goal of this section is to give a complete list of all possible non- trivial
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semisimple subgroups S, S < GL(V'), which might be a semisimple part of an affine group
which acts properly discontinuously. The semisimple subgroups of [(G), which occur in

our list have to fulfill the following assumptions(P1), (P2) and (P3) below.
(P1) S < GL(V), dimV <5.

(P2) S does not contain SO(2,1) as a normal subgroup

(P3) Ewvery element g € 1(G)° has one as an eigenvalue.

The motivations for (P1) and (P2) are obvious. The justification for (P3) follows from
Proposition 2.2 [AMS1] that says: if I" acts properly discontinuously then every element
of the connected component [(G)? of I(G) has one as an eigenvalue.

2.2. Linear parts and decompositions. Let [(G) be a subgroup of GL(V)

dim V < 5. Let 1V} be the maximal subspace in V' such that S acts trivially on V;. Let V}
be the unique S—invariant subspace such that V' =V, & V;.

Case 1 Assume that for every regular element s € S the restriction s|y, does not

have 1 as an eigenvalue. Thus Vj # 0. Consider the inclusion is : S — GL(V}) as a
representation of the semisimple Lie group S.

Assume first that S is a simple group. It follows from [AMS4] that all possible semisimple
parts of G which have property (P2) are:

(1) S=SL(R),Vi=R,2<1<52<n<5l<n,
(2) = Spa(R),V1 =R*
(3) 8 =5SLy(0(C)), Vs =R

where o : C — M,(R) is the standard embedding.
Suppose that the group S is semisimple, but not simple. It follows from [AMS4] that all

possible semisimple parts in this case that have property (P3) are:
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(4) S = SLy(R) x SLy(R),V; = R* n = 5.

Case 2. Assume that for every regular element s € S the restriction s|y; has 1 as an

eigenvalue. It follows from [AMS4, 2.4, 2.5 | that in this case
(1) §=50(3,2),dimV; =5
(2) S=50(4,1),dimV; = 5.
(3) S=50(3) x SLy(R), n = 5.

Case 1 and 2 give us a complete list of all possible semisimple parts of G that have
properties (P1),(P2) and (P3).
Our strategy is to show case by case that none of the semisimple groups listed in Case

1 and Case 2 is a semisimple part of G. Thus, S = 1 and I'" is virtually solvable.

3  The dynamaics of the action of an affine group

We recall here some basic definitions and notions of the dynamics of the action of an affine
group (see. [AMS1]. [AMS2]). Let I" be an affine group acting properly discontinuously
on R™. Let G be the Zariski closure of I'. Obviously, I' acts properly discontinuously if
a subgroup of I' of finite index acts properly discontinuously. Therefore from now on we
will assume that the linear part I[(G) of G is a connected algebraic group.

Let g € G. Let I(g) be a semisimple element of {(G). Then R™ is the direct sum of
At (g), A= (g) and A%(g), where AT (g) (resp. A (g), A%(g)) is the subspace of R™ such
that all eigenvalues of the restriction I(g) |a+(g) have modulus > 1 (resp. I(g) |a-(g) have
modulus < 1, and {(g) | 40(4) have modulus 1). Set D*(g) = AT (g) ® A%(g) and D~ (g) =
A= (g) ® A%g). Clearly, D~(g) = D" (g7 ') and D~(g) N D*(g) = A%g). Let ||. || and d
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denote the norm and metric on R™ corresponding to an inner product on R™. Let ||g||_ be
the norm of the restriction g|a-). Set ||g]|+ = [l¢"||- and put s(g) = max{||g||+, |lg]|-}-
Obviously, s(g) = s(g7"). Let g € GL(V). Set V) = {v € V; gv = v}. Let G be a subgroup

of GL(V'). A semisimple element g € G is called regular in G if
dim V) = min{dim V’| t € G,t semisimple }

Let us remark that the set of regular elements of an algebraic group is Zariski open.

Let g € G be a semisimple element. such that
dim(A°(g)) = min{dim A°(#)|t € G, t semisimple,}

then ¢ is called R-regular in GG. Let G be an affine group, G <AffR". An affine trans-
formation g € G is called regular (respectively R-regular) if [(g) is a regular (respectively
R-regular) element of [(G).

Our definition of R-regular element slightly differs from that of [P] were it was first
introduced. Note that the set of R-regular elements in an algebraic group G need not
be Zariski open in GG. Nevertheless under some conditions a Zariski dense subgroup of an
algebraic group G contains an R-regular element [P],[AMS1],[AMS4]. For example this is
true if G = SO(B) where B is a non degenerate form of signature (p, ¢) and I' is a Zariski
dense subgroup of G. Note that in case p = 2,¢ = 1 every hyperbolic element is regular
and R-regular.

The metric || .|| on R™ induces the standard metric d on the projective space P = P(R")

by the formula (see [T]).

o _ v Aw]l

d([v], [w])

= = sin Z(v, w)
[v][[[w]]

for any two points [v], [w] € P where v,w are non-zero vectors in R". Let X,Y be two
closed subset of P. Set and d(X,Y) = mingex yey c/l\(x, y) and d(X,Y) = max mingey ey (/1\(17, Y).

We can and will consider a linear subspace W # {0} of R™as a closed subset of P.
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A hyperbolic element g is called € —hyperbolic if d(A*(g), A=(g)) > €. There exists a

positive constant $(¢) such that for every e -hyperbolic element g and n € Z, we have

s(g") <s(e)s(g)".

Two hyperbolic elements g and h are called transversal if D% (g) N A=(h) = D~ (g) N
AT (h) =Dt (h)N A (g9) = D~ (h) N A" (g) = {0}. Two transversal elements g and h are
called e-transversal if d(D*(g), A=(h)) >, d(D~(g), AT(h)) >, d(D"(h),A (g)) > &,
d(D~(h), A*(g)) > e. Obviously, g and h are transversal (resp. e-transversal) if and only
if g~! and h~! are transversal (resp. e-transversal). Two transversal elements g and h are
called wvery transversal if g and h™! are transversal. Therefore if g and h are very

I are transversal.

transversal then h and g~
For any g € G there exists an eigenvector vector v,v € A%g) such that I(g)v = v by
Proposition 2.2 [AMS3]. Hence for any semisimple element g of G there exists a g-
invariant line L,. The restriction of g to L, is the translation by a non- zero vector ¢,.
Let us note that for a given g € G all such lines are parallel and the vector ¢, does not
depend on the choice of L,. We take for g the g-invariant line L, closest to the origin.
Let us define the following affine subspaces: E = D*(g) + Ly, E; = D™ (g) + Ly,

E’; NE, = C,. Let p € Ly be a point. Then t, = ]@ Clearly t, = —t;-1, Ly = Lj1.
Let s be an affine transformation such that ¢t; = 0. Then L, = I(s)L,, t, = I(s)t, for h =
sgs~'. We denote by o(g) the restriction of g to C,,.

Let g be an e-hyperbolic element of G. Assume that » € E and y € L, such that
Ty € D~ (g). Then there exists a constant c(e) such that for n € Z,n > 0, we have
d(g"(x), 9" (y)) < c(e)s(g)"d(z, y)-

Let {go, h1,- .., hm} C G be e-hyperbolic elements, pairwise very e— transversal. Set
s = max{s(go),s(h1),...,5(hm)} and sy = s/2. Let g, = hit - bt go, 1 <dp <m,

ik # igr1,np € Z,1 <k < (I—1),and My = |nq| + -+ + |ng|]. From Lemma 1.3 [AMS2]



follows then that there exists a constant s(¢) < 1 such that if sy < s(e),

s(ge) < sp'™! (1)
d(A™(gi-1), A" (g0)) < S5 (2)
d(A () A™(90)) < 550 3)
d(A* o), A* () < 5 (4)

d(A™ (ge), AT (h) U A~ (b)) = 5.1 # i (5)
d(A" (g1). A™(90)) > </2 (6)

It is well known that there exists a positive constant s;(¢) such that for sy < s1(¢) the
group (G generated by g, h1, ..., hy, is free with free generators go, h1, ..., h,,. There is
a choice of gg, hy, ..., h,, such that the group generated by g, h1, ..., h,, is Zariski dense
in G. The proof is based on the so-called Ping-Pong Lemma. For details see [AMS1],
[AMS2].

Let gy € R™ be the origin. Let ¢, be the point of Cy, such that d(qo,q,) = d(qo,Cy,). Set
dg, = d(qe, 9eqe). From Lemma 1.6 [AMS2] follows that there exist constants sy(e), di(e)

and ds(e) such that for sy < min{s(e), s2(¢)} we have

d(qo, Cy,) < di(€) (7)

and

dg, < dy(e)| M| (8)

The identification procedure. Let g and h be two hyperbolic, transversal elements
of G. Following [AMS2, chapter 3 | we consider the following subspaces and projections.
Let Cp, = E N E; and Cy, = E, NES. Set m, : Cyp — Cp, along A™(h) o
Ch — Chyg along AT(h), n; : Chy — C,y along A™(g) and 7} : Cy — Cyp Define
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the following transformation 6(gh) of Cyj as o(gh) = w}o(g)w, m;o(h)m;, . Obviously,

o(g"h™) = 7 }o(g)"r, mio(h)"m, for positive n,m € Z.

The reasons for this definition are the following. The map o(¢g"h™) of Cy ) approximates
g"h™ in the following sense. For positive integers n,m such that n — oo, m — oo we
have E;Zlhm — E; and E;lhm — E, . Therefore Cynpm — Cy . For a given g € C,j, and
G = 0(g™h™)q for every positive numbers ¢ such that ¢, — 0, there exists d, o > 0,

dr — 0, positive numbers Ny, N — oo and g € U(q,dx) such that for ng,my > N
we have d(o(g™h™)q, g™h™*q;.) < €. We can thus approximate g"h™ for certain points

near C, j, by the orthogonal map o(g"h™) for sufficiently big n,m.

Let {go,h1,...,hm} C G be e-hyperbolic elements, pairwise very e—transversal.
and let go = h;f - B o go, 1 < i < my iy #F dp,me € 2,1 < k< (1= 1),
and My, = |nq| + -+ + |ng|. Set o(g,) = W}:lﬁ(hze)m;l ...W}Z15(h?11)7r,;17r$5(go)7rg:) =
Wf:lﬁ(hi[)”f ... 0(hy ), mro(go)my, and let mp = ’/T;Zl Ty - .W}—Zl’/T;)’/T;).

From now on we will assume that I' is an affine group such that the linear part {(T")
is Zariski dense in SLy(R) x SO(3). Hence I(G) = SLy(R) x SO(3). In this case for a
R-regular element g € G we have dim A" (g) = dim A~ (g) = 1, dim A%(g) = 3 and the
restriction [(g) |40 € SO(3). Let V; and V5 be two [(G)-invariant subspaces of R® such
that R®> = Vi &V, and [(Q)]y; = SLe(R) and I[(G)]y, = SO(3). Denote by 7; the map m; :
[(T)) = U(G)|y,,i =1,2. Let g € SO(3) be an element of infinite order. Then there exists
an eigenvector vy(g) € R? with eigenvalue 1. Let V(g) be the one- dimensional subspace
of R? spanned by vy(g). Let p, be the set V(g) N S% Let g, h € SO(3) be two elements of
infinite order which do not commute. Let P be the subspace of R? spanned by v,(g) and
vo(h). Obviously, dim P = 2.

Lemma 3.1 Let g,h € SO(3) be two non-commuting elements of infinite order. Let

g(t) and h(s) be the one parameter subgroups, such that ¢g(1) = g and h(1) = h. Let P
be the subspace of R? spanned by vy(g) and vg(h). Then for every vector v € R*\ P there
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exist t,s € R, ¢, s > 0 such that g(t)h(s)v = v.
Proof Let o be the reflection in P. Then there exist two rotations g(¢) and h(s) such

that h(s)v = ov and g(t)ov = v. Thus, g(t)h(s)v = v.
Let v,,% € I' be two R-regular elements. Denote by Vi(m(l(72*v;))) the space
spanned by vo(m(I(7;'75))) and put pem) = Vo(ma(l(v:'95))) N S

Proposition 3.2. There exist two very transversal hyperbolic elements v,,7, € T' such

that the set {p(nm),n,m € Z,n > 0,m > 0}, is dense in S

Proof. Let v, and 7, be two very transversal elements. Then the group I'; generated

by {(7,) and [(7;) contains the free group generated by [(7?) and [}') for some enough
big n. Let us show that the group generated by ma(l(7,)) and m2(l(75)) is dense in SO(3).
Indeed, if the subgroup generated by m(l(7,)) and m2(l(,)) is not dense in SO(3) then
it is virtually abelian. Therefore there exists G; a subgroup of finite index in G and
nonzero vector v,v € Vs such that my(l(g))v = v for every g € G;. Assume that V] is
[(G)-invariant. Then L,, and L, are parallel. Hence by the same arguments we use in
the proof of Proposition 2.9, [AMS3] we conclude that I" does not act properly discontinu-
ously. Assume that V3 is [(G)-invariant. Since the restriction I(G)ly, is virtually abelian,
the infinite group [G1, G1] acts trivially on V5. Hence [G, G1] has a fixed point fixed point
in R® that is impossible because an infinite subgroup I' N G acts properly discontinu-
ously. Thus we will assume that elements m5(I(7,)) and m2(l(75)) fulfill the requirements
of Lemma 3.1. Let 7, = m(7,) and 7, = m2(7) and 7, (t) and 7(t) be one parameter
subgroups such that 7,(1) = 7, and 7,(1) = 7. The semigroup generated by 7, ( resp.
) is dense in 75 (t) (resp. 75(t)). Therefore by lemma 3.1 the set p(, ) is dense in S2.

Remark 2 1t is obvious that for very transversal elements v, and 7, we have A1 (y24;") —
AT (va), AT (" ™) = AT (w) A (e ) = A7 (w), A ("% ") = AT (1),
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Ejg,,ygn — Eﬁ and Ev_g,ygn — B, E;ra_n%_m — B~ and E;l_n%_m — E,Jyra when m,n — oo.
There exist € and a set of e-hyperbolic, pairwise very e-transversal elements {vo, 71, ..., Ym} C
', such that the group generated by the set {l{(7o),{(71),1(72) ..., l(vm)} is a free Zariski
dense subgroup of [(G) freely generated by{l(y0),1(71),.-.,l(vm)} ( see [AMS1, Propo-
sition 3.7] ). Denote by T’y the group generated by the set {71,...,%.} and put T',, =
Loy, n € Z,n > 0. Recall that any element v € I';,,n > 1, is ¢/2-hyperbolic.

Let go be the point of origin. By (8) that there exists a constant d* = d(e) such that

dr = max {d(q,C,),y€,,n>1} <d". (11)

ne€Z,n>0

By our definition above, d., = d(g,,vq,), where ¢, € C, such that d(q, C,) = d(qo, ¢,)-
Obviously {~f,n € Z} NIy = (. Thus we have ', N T, = 0 for n # m. Since T" acts
properly discontinuously, from (11) follows that for every I',, there exists an element ~,, €
I',, such that d,, = min{d,,,y € I',}. Set d,, = d.,,,.

Set Iy ={m,m >0,meZ|d,, < M}
Lemma 3.3 . For every M € Z, M > 0 the set Iy = {m,m > 0,m € Z|d,, < M} is

finite.
Proof. Suppose that there exists a positive number M such that the set I, = {m,m >
0,m € Z|d,, < M} is infinite. It is obvious that d(qo, Ym@-,,) < dr + M Hence for all
Ym, m € Ipy we have B(qo,dr + M) N7, B(qo, dr + M) # (). This is a contradiction since
I' acts properly discontinuously.

From Lemma 3.3 follows that there exists an infinite sequence {7V, ¥m € '} such
that d,, = d,,, — oo when m — oo.

Remark 3 Recall that A™(v,,) — A7 () and B — E- when m — oco. Since the

projective space is compact we can and will assume that there are two subspaces A™T and
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E* such that A*(v,,) - A" and E — E* when m — oo,

Proposition 3.4. If [(I') is Zariski dense in SLy(R) x SO(3) then I' does not act

properly discontinuously.
Proof. Our proof follows the same strategy that we used in the proof of [Lemma 5.1
AMS2.] Namely, we will show that there exists a constant C' = C(¢) such that if d,,, >
C there exist an element ~ of the group generated by ~,,7v, € 'y and positive number ¢
such that dy,, < d,, = d,. Since, 4" € T'y we will have ~*y,, € T',,. This will contradict
the definition d,,, = min{d,,y € I';,}.

Using the notations from Remark 3 we set Ef = C, @ A", Cs(n,m) = Ef N E,

n,m)’

where Ynm) = 7% and Cspnm = (A7 (70) @ C) N E;L(nym), Crnmy = E;(n,m) n(C,, &
A7) Let us set the following projections 7y : Cspm — C,, along A= (v,), 75 : C,, —

: C

Y(n,m)

Cs(n,m) along AT, 7 1 Cs(n,m) — O, along A™(Y(nm)) and Tt

’Y(nvm) (n’m)

N
Csnm- Since elements 7y, m), Vs are e-transversal and e-hyperbolic all these projections
are L(e)— Lipschitz. From Proposition 3.2 follows that for every positive  there exist a
finite subset S* C {y74;",n,m € Z} such that IT = {p(m), 107" € S*} is a §-net of the
sphere S? C R3. Namely, for every vector of norm one in V5 there exists an element v €

S* such that |sin Z(v, 7,)| < 6. We choose 6 such that
6L(c) < 1/4 (12)
Let gsnm be a point in Cy, , such that 7 (@sn.m) = gs- Then
G (k) = Ty 0(V0m)) T iy T 0(6)TS (ds,mm) € Clogam

and

ﬂ-’;(n7m)ﬂ-:0(’ys)(q5) - ﬂ—;(n,m)ﬂ-;_(qs) = ﬂ;(n7m)ﬂ-:—rysqs - 7T'y(n7m)7r;’_(q5) = W;(n,m)ﬂ-:_ (/ysqs - qs)

Set m : Cspm — CVf“n,mﬂs along A% ((,,7s) ® A7 (Y, ¥s)- Let a1 = T (gs,nm),
G2 = wk(yfnm)%ql). Then ¢, = 'yé“mm)fysql It is easy to see that if the scalar product
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(Tv(mﬁn),ﬂ's,n’m(ﬁys)) > 0 then the scalar product (TW(_mﬂ_n),7Ts7_n’_m(7'%)) < 0. Thus we
can and will assume that we take an element 7, ,) € S* such that the scalar product
is negative. Using the same argument we used in the proof of Lemma 5.7 [AMS2] we
conclude from (12) that there exists an element v,y € S*, a positive number k = k(vs),

and constants ¢(¢) and ¢(S*) such that we have

1 *
den,mﬂs < Zd% +c(e) + ¢(S7)

Therefore if d,, > 2[c(e) + ¢(S*)] then dvf < d.,. Since Y(nm) € 'y this contradicts

m) s

the definition of d,, and proves the proposition.

4 The main theorem.
Main theorem. Let I" be an affine group acting properly discontinuously on the affine

space R", n < 5. Then I' does not contain a free non- abelian subgroup if and only if the

Zariski closure G of ' does not contain SO(2,1) as a normal subgroup.

Proof. . Let G be the Zariski closure of I'. Assume that I" acts properly discontinuously
and the semisimple part of G is not trivial. Then the possible cases for the linear realiza-
tion of I(G) are listed in Case 1, (1) -(4) and Case 2, (1)-(3). By the same arguments we
used in [AMS 3, Proposition 3.6] we conclude that Case 1, (1) -(4) are impossible. Let
[(G) be as in Case 2. If I(G) = SO(3,2) then by [AMS1] I does not act properly dis-
continuously. Assume that [(G) = SO(4,1). Then G leaves invariant a form of signature
p =4,qg = 1. Then T" does not act properly discontinuously by [AMS2] since p — ¢ > 2.
In case 2 (3) I' does not act properly discontinuously by Proposition 3.4. This proves the

statement. ]

Corollary. Let I' be a crystallographic group, I' < AffR",n < 5. Then T' is virtually
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solvable.

Proof. Let G be the Zariski closure of I'. Assume that [(G) does not contain SO(2,1)
as a normal subgroup,. Then I" does not contain a free subgroup by our Main Theorem.
Thus by the Tits alternative, I' is virtually solvable. Assume that [(G) contains SO(2,1)
as a normal subgroup. Then the space R® is the direct sum of two [(G)—invariant subspace
R’ =V, @ V,,dimV; = 3, dim Vs = 2. Then the real rank of every simple subgroup of
[(G) is < 1. Hence T' is virtually solvable [S],[To].
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