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Abstract

We generalize a classical reciprocity law due to Rédei using our recently developed
description of the 2-torsion of class groups of multiquadratic fields. This result is then
used to prove a variety of new reflection principles for class groups, one of which involves
a symbol similar to the spin symbol as defined in work of Friedlander, Iwaniec, Mazur
and Rubin. With these reflection principles we overcome a well-known impasse faced by
the most recent techniques available in class groups. As a first application, we prove
Stevenhagen’s conjecture on the solubility of the negative Pell equation.

1 Introduction

Integral points on conics are a classical topic of study going back to at least the ancient
Greeks. For fixed squarefree d > 0, the equation

x2 − dy2 = 1 to be solved in x, y ∈ Z

is known as Pell’s equation and features in Archimedes’ cattle problem. This equation was
extensively studied by the Indian mathematicians Brahmagupta and Bhaskara II, who gave
an algorithm to find a non-trivial solution of the equation for a given value of d.

Unbeknownst of the work of these Indian mathematicians, its study began in Europe
with Pierre de Fermat who challenged several English mathematicians to solve it for various
values of d with d = 61 being particularly notorious (the smallest non-trivial solution being
x = 1766319049 and y = 226153980). Inspired by Fermat’s inquiries, William Brouncker and
John Wallis also found an algorithm to solve Pell’s equation. Euler then misattributed their
work to John Pell and named the equation in his honor.

In this paper we shall focus on the equation

x2 − dy2 = −1 to be solved in x, y ∈ Z, (1.1)

which is known as the negative Pell equation. Unlike Pell’s equation, it is not true that there
is always a solution to equation (1.1). Indeed, for equation (1.1) to be soluble it must certainly
be soluble with x, y ∈ Q. The Hasse–Minkowski theorem then shows that equation (1.1) is
soluble with x, y ∈ Q if and only if p | d implies p ≡ 1, 2 mod 4.

*Department of Mathematics, Ann Arbor, MI 48109, USA, koymans@umich.edu
�School of Mathematics and Statistics, University Place, Glasgow G12 8SQ, UK, carlein90@gmail.com
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Inspired by this, we define D to be the set of squarefree integers d > 0 such that p | d
implies p ≡ 1, 2 mod 4 and we define D− to be the set of squarefree integers d for which
equation (1.1) is soluble. Dirichlet [14] proved that every prime number p ≡ 1 mod 4 lies in
D−. In particular, D− is an infinite set. It is well-known, see [18, Lemma 1], that d ∈ D−
if and only if the 2-Sylow subgroup of the ordinary class group of Q(

√
d) coincides with the

2-Sylow subgroup of the narrow class group. We define D(X) and D−(X) to be those d that
further satisfy d < X. We are interested in the quantity

lim
X→∞

|D−(X)|
|D(X)|

.

Nagell [37] conjectured that the limit exists and lies in the interval (0, 1). Stevenhagen
developed a heuristical model to predict the value of the above limit1. Based on this model,
he [43] conjectured that

lim
X→∞

|D−(X)|
|D(X)|

= 1− α, α =
∏
j odd

(1− 2−j) ≈ 0.41942.

Cremona–Odoni [11] studied the analogous problem in case the number of prime divisors is
equal to a fixed integer t ≥ 1, which is traditionally viewed as an easier problem2. Their
main theorem shows that, in this setting, the lim inf is bounded below by some number λt
satisfying λt ≥ α. Their method is similar to the one used by Gerth [21] to deal with the
4-rank of class groups. Blomer [4] showed that

D−(X)� X

(logX)0.62
,

which is a small logarithmic power off (namely 0.12) from the correct order of magnitude.
Fouvry and Klüners [18] were the first to make substantial progress towards Stevenhagen’s
conjecture. They showed that

α ≤ lim inf
X→∞

|D−(X)|
|D(X)|

≤ lim sup
X→∞

|D−(X)|
|D(X)|

≤ 2

3
.

One important feature of their work is that the number of prime factors is no longer treated
as fixed. The lower bound was further improved by Fouvry and Klüners [19], and later by
joint work of Chan–Koymans–Milovic–Pagano [8], who extended [41] to the family D. These
works proceeded by studying the 4-torsion and 8-torsion of the narrow class group for which
the algebraic foundations were laid by Rédei and Reichardt [38, 39, 40]. Recently, the upper
bound was further improved by the authors [29] with the main tool being a generalization of
the Rédei reciprocity law. In this paper we shall prove Stevenhagen’s conjecture.

Theorem 1.1. We have

lim
X→∞

|D−(X)|
|D(X)|

= 1− α.

1Strictly speaking, this is not true, since Stevenhagen orders the real quadratic fields by discriminants
instead of radicands. However, both the heuristical model and our proofs work for both orderings.

2In retrospect, this might in fact be the harder problem. At the time of writing the authors are unable to
prove the analogue of Stevenhagen’s conjecture when the number of prime divisors is fixed.
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Using an argument similar to [42, Corollary 7.2], one can use Theorem 8.1 to give an
explicit error term for the rate of convergence in Theorem 1.1. The implied constant is
effectively computable.

We remark that the Galois module structure of the unit group of a real quadratic field is
precisely determined by the solubility of the negative Pell equation. From this standpoint,
Theorem 1.1 can be interpreted as giving an asymptotic formula for the occurrence of a certain
Galois module structure, namely Z ⊕ Z/2Z with the action that sends (1, 0) to (−1, 1) and
fixes (0, 1). It is also worth mentioning that some interesting conjectures have recently been
proposed for the Galois module structure of the unit group of odd degree abelian extensions
of Q, see [7].

Since classical techniques in analytic number theory give an asymptotic formula for
|D(X)|, Theorem 1.1 implies an asymptotic formula for |D−(X)|. From now on we will
write Cl(K) for the narrow class group of a number field K. Our proof proceeds by study-
ing the distribution of 2Cl(Q(

√
d))[2∞] for d ∈ D. In outstanding work, Smith [42] recently

proved Gerth’s [21] extension fo the Cohen–Lenstra heuristics [9], that is

|{K im. quadr. : |DK | ≤ X, 2Cl(K)[2∞] ∼= A}|
|{K im. quadr. : |DK | ≤ X}|

=

∏∞
i=1(1− 2−i)

|Aut(A)|
(1.2)

for any finite, abelian 2-group A. Here DK denotes the discriminant of K. Earlier, Fouvry
and Klüners [16, 17] found the distribution of 2Cl(K)[4] based on work of Heath-Brown on 2-
Selmer groups [22]. Using Smith’s ideas, the authors [27] established the analogue of equation
(1.2) for cyclic fields of odd prime degree conditional on GRH. This generalizes earlier work of
Klys [25] who dealt with the analogous results of Fouvry and Klüners [16, 17] in this setting.
Smith recently announced that he has obtained an unconditional generalization of the results
in [27] to arbitrary base fields. In the process, he also obtained an excellent error term by
developing a flexible version of the large sieve.

In order to prove Theorem 1.1, it is natural to use the ideas introduced by Smith in
[42]. However, it is worth emphasizing that the method developed in [42] faces fundamental
difficulties when applied to the family D: in fact the entire set D lands in the error term
if one were to follow Smith’s methods. In the present work we introduce a number of new
techniques that allow us to overcome this impasse. As we outline below, this technological
advancement is made possible by several discoveries of independent interest.

Firstly, we establish two new types of reciprocity laws. The first reciprocity law general-
izes quadratic reciprocity and Rédei’s reciprocity law to arbitrarily high nilpotency class (a
substantially weaker version of this result can be found in [29]). The second reciprocity law
is intimately related to spins of prime ideals as defined in [20], and proves that a certain spin
symbol vanishes. At this point we make essential use of the fact that we are working with the
set D. An important guide in the proof of these laws has been our finding of a genus theory
in arbitrarily high nilpotency class [28], which generalizes the classical genus theory of Gauss
for quadratic extensions.

Secondly, we use these new reciprocity laws to deduce novel reflection principles, in which
one compares the class group structure of various fields. We expect that these new tools allow
one to attack a large number of well-known conjectures, with an articulated list at the end of
this introduction.

We now describe the four fundamental obstacles that one faces from a more technical
perspective. To explain the issues, we write 〈b, χa〉k,Q(

√
d) for the pairing Artk,Q(

√
d) (see
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Subsection 2.3 for the definition) between the character χa : GQ → F2, corresponding to the
field Q(

√
a), and the unique ideal of Q(

√
d) of norm b. Let

C = {d0} × {p1,1, p1,2} × · · · × {pk,1, pk,2}

be a product space, thought of as squarefree integers by multiplying out the coordinates.
Given divisors a and b of d0, Smith’s main algebraic result is a reflection principle of the
shape∑

d∈C
〈bπk(d), χa + χπ1(d)〉k−1,Q(

√
d) = FrobKp1,1,p1,2,...,pk−1,1,pk−1,2

/Q(pk,1)+

FrobKp1,1,p1,2,...,pk−1,1,pk−1,2
/Q(pk,2), (1.3)

where πi denotes the natural projection map, Kp1,1,p1,2,...,pk−1,1,pk−1,2
is an explicit number

field depending on p1,1, p1,2, . . . , pk−1,1, pk−1,2 and Frob(pk,i) lands in

Z(Gal(Kp1,1,p1,2,...,pk−1,1,pk−1,2
/Q)) ∼= F2

with Z(G) denoting the center of a group G. The fields Kp1,1,p1,2,...,pk−1,1,pk−1,2
are extensively

studied in [28]. To apply such a reflection principle one needs to find appropriate choices
for a and b, which is not always possible in our setting. Indeed, a first problem is that the
solubility of negative Pell is equivalent to (

√
d) being trivial in the narrow class group. This

means that we have to compute the Artin pairing with d, which is not covered by equation
(1.3). In this case one gets∑

d∈C
〈d, χa + χπ1(d)〉k,Q(

√
d) = FrobKp1,1,p1,2,...,pk,1,pk,2/Q(∞).

This is problematic, since Smith shows equidistribution of the right-hand side and then uses
ingenious combinatorics to deduce from this equidistribution of the left-hand side. To prove
equidistribution of the right-hand side, we extend a reciprocity law first presented in [29].
This reciprocity law is a generalization of the classical quadratic reciprocity law and Rédei’s
reciprocity law [39] (see Stevenhagen’s work for an extensive treatment [44] or Corsman’s
thesis [10]). Equidistribution of the right-hand side is then a consequence of the Chebotarev
density theorem.

To make matters worse, the first Artin pairing Art1,Q(
√
d) is symmetric for d ∈ D. There-

fore we would like to have a reflection principle of the shape∑
d∈C
〈a, χa〉k+1,Q(

√
d) = . . .

We first show in Theorem 5.3 that the right-hand side resembles a spin symbol, see [20] for the
precise definition of spin symbols. Then we will show in Theorem 5.5 that this particular spin
symbol is trivial. In principle this is possible by adapting the argument in [20, Section 12]
together with our description of the 2-torsion of class groups of multiquadratic fields [28]. We
have however opted for a different argument based on Massey symbols and Hilbert reciprocity.

At first sight, it may seem rather problematic that the right-hand side is identically zero.
However, we use Theorem 5.5 and a simple trick to compute∑

d∈C
〈aπ1(d) · . . . · πk−1(d), χa + χπ1(d) + · · ·+ χπk−1(d)〉k,Q(

√
d).
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This does give a reflection principle of the desired shape after an application of Theorem 3.2,
which is a strengthening of the reciprocity law from [29].

A final obstacle comes from the fact that the cube C is one dimension smaller than the
cubes appearing in [42]. This fact rules out the usual strategy of proving reflection principles,
introduced in [42], by imposing physical equalities between certain 1-cochains. To overcome
this issue, we introduce the formalism of profitable triples (see Section 4), a new method to
prove reflection principles based on our novel reciprocity law Theorem 3.2.

Once these obstacles are overcome, the rest of the proof is a straightforward adaptation
of Smith’s work. Although we shall not prove it in this paper, it is not hard to extend our
techniques to obtain the distribution of 2Cl(Q(

√
d))[2∞] in the family D.

There are several open problems where Smith’s method faces similar issues because of
symmetry properties of a certain pairing:

� show 100% non-vanishing of L(1
2 , χ) over function fields3;

� remove the assumption on rational 4-torsion points in [42, Theorem 1.1];

� show that Greenberg’s conjecture holds for the cyclotomic Z2-extension for 100% of the
real quadratic fields ordered by discriminant;

� study of the Galois module structure of the unit group for biquadratic (or more general
abelian) extensions ordered by discriminant or conductor. A conjectural framework for
odd degree abelian extensions is developed in [7];

� the strong form of Malle’s conjecture for nilpotent extensions;

� the distribution of unramified G-extensions, where G is a 2-group. Heuristics and func-
tion field results are available for odd p-groups in [5, 6, 33, 48];

� deal with the distribution of 2-parts of class groups in the family Fq(t,
√
D) with q ≡

1 mod 4;

� obtain the distribution of Cl(K)[2∞] as K varies over cyclic degree 4 extensions;

� find the distribution of Cl(K)[2∞] as K varies over quadratic extensions over Q(i) or if
K varies over biquadratic extensions containing Q(i).

It might be possible to extend our reflection principles to some of the above settings. This
could then be combined with Smith’s method. In some of the cases listed above there are
additional roots of unity. In this case it is known that also some of the higher Artin pairings
obey certain symmetry properties, see the work of Morgan–Smith [36] and Lipnowski–Sawin–
Tsimerman [32]. It would be interesting to see the interplay between Smith’s method, the
techniques presented here and the additional symmetry properties.

Finally, we will mention some other results related to the Cohen–Lenstra heuristics. There
is the classical work of Davenport–Heilbronn [13] on the first moment of Cl(K)[3] that pre-
dates the work of Cohen and Lenstra. The work of Davenport–Heilbronn was extended by
Datskovsky–Wright [12] to general number fields and to a large class of 2-extensions by Lemke

3We thank Mark Shusterman for pointing this out to the authors. We hope to study this problem further
in future joint work with Mark Shusterman.
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Oliver–Wang–Wood [31], while [3] and [45] independently gave a secondary main term over
the rational number field. There is also work of Bhargava [1, 2] on the number of S4 and
S5-extensions. Over function fields the situation is much better understood thanks to the
work of Ellenberg–Venkatesh–Westerland [15].

1.1 Notation and conventions

Throughout the paper we shall make use of the following notations.

� We use ⊆ for inclusions and ⊂ for strict inclusions.

� If n ∈ Z≥0, we define [n] := {1, . . . , n}.

� If X = X1×· · ·×Xr is a product space, we write πi : X → Xi for the natural projection
map.

� For a product space X = X1 × · · · ×Xr and S ⊆ [r], we define

Cube(X,S) =
∏
i∈S

X2
i ×

∏
i∈[r]−S

Xi.

For T ⊆ [r], we let πT be the natural projection map from Cube(X,S) to∏
i∈T∩S

X2
i ×

∏
i∈T∩([r]−S)

Xi.

We write pr1 and pr2 for the two natural projection maps from X2
i to Xi.

� Let X = X1 × · · · ×Xr, S ⊆ [r] and x̄ ∈ Cube(X,S). If T ⊆ S, then x̄(T ) is the subset
of those ȳ ∈ Cube(X,T ) such that

πi(ȳ) ∈ {pr1(πi(x̄)),pr2(πi(x̄))} for all i ∈ S − T, π[r]−(S−T )(x̄) = π[r]−(S−T )(ȳ).

� If K is a field, we write GK for its absolute Galois group.

� If K is a global field, we write ΩK for its set of places.

� For v ∈ ΩK , we write Kv for the completion of K at v. If v is finite, then we write Fv
for the residue field.

� We say that a finite place is odd if it does not lie above (2).

� If K is a local field, we write Kunr for the maximal unramified extension of K.

� We will sometimes use · and
∏

to denote the compositum of fields.

� If a ∈ Q∗, then χa : GQ → F2 is the quadratic character of GQ associated to Q(
√
a).

More generally, if K is a field of characteristic 0 and γ ∈ K∗, we will write χγ for the
associated quadratic character.

� We will often implicitly view F2 as a GQ-module with the discrete topology and the
trivial action.
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� We write Cl(K) for the narrow class group of a number field K.

� If G is a profinite group, X is a discrete topological space and φ : G→ X is a continuous
map, we define N(φ) to be the largest normal open subgroup through which φ factors;
it is an exercise to show that there exists at least one normal open subgroup through
which φ factors, so that the above definition makes sense. In case G is a Galois group,
we denote by L(φ) the field extension corresponding to N(φ), and call it the field of
definition.

� Let p be a prime. Let K/Q be a quadratic extension in which p ramifies. Then we
write UpK/Q(p) for the unique place of K above p. More generally, if a is a positive,
squarefree integer composed of primes p ramifying in K/Q, we define UpK/Q(a) to be
the unique integral ideal with norm a.

� If A is a set of quadratic characters from GQ to F2, we define Q(A) to be the fixed field
of
⋂
χ∈A ker(χ).

� We call an integer n ∈ Z squarefree if p | n implies p2 - n. In particular, squarefree
integers can be of any sign.
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2 Preliminaries

The goal of this section is to fix a number of choices used in the rest of this paper and to
introduce raw cocycles, expansion maps and Artin pairings. Fix once and for all a separable
closure Qsep of Q. We also fix, for each place v of Q, a separable closure Qsep

v of Qv. We
further choose an embedding

iv : Qsep → Qsep
v .

Such an embedding induces a continuous, injective homomorphism

i∗v : GQv → GQ.

From now on all our number fields are implicitly taken inside our fixed separable closure Qsep.
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We denote by Qpro-2 the union of all finite Galois subextensions of Qsep/Q whose degree
is a power of 2 and we write

Gpro-2
Q := Gal(Qpro-2/Q)

for the corresponding Galois group. Let πpro-2 : GQ → Gpro-2
Q be the natural projection map.

For each finite place v of Q, we let

Iv := ker(GQv → GFv) = Gal(Qsep
v /Qunr

v ).

be the inertia group at v. We denote by P the collection of odd places of Q. Let us recall the
following basic fact.

Proposition 2.1. We have

Iv(2) := πpro-2 ◦ i∗v(Iv) ∼=top.gr. Z2

for each v ∈ P.

Proof. Since v is odd, it follows from local class field theory4 that the maximal pro-2-extension
L of Qv equals

∞⋃
k=1

Qv

(
ζ2k ,

2k
√
π
)
, (2.1)

where π is a uniformizer at v. Let Ipro-2
v be the maximal pro-2-quotient of Iv. Equation (2.1)

implies that Ipro-2
v

∼=top.gr. Z2, since
∞⋃
k=1

Qv (ζ2k)

is an unramified extension of Qv containing all roots of unity ζ2k . The continuous homomor-
phism πpro-2 ◦ i∗v : Iv → Gpro-2

Q induces a continuous homomorphism f : Ipro-2
v → Gpro-2

Q with
the same image as πpro-2 ◦ i∗v. Using equation (2.1) one more time, we see that f is injective.
Indeed, take any a ∈ Q with v(a) = 1. Since ζ2 ∈ Q, the field

K :=

∞⋃
k=1

Q
(
ζ2k ,

2k
√
a
)

is a pro-2 extension of Q. Furthermore, Qv · iv(K) = L. This completes the proof.

Thanks to Proposition 2.1 there exists a topological generator of Iv(2) for each odd place
v. We make a choice σv of such a generator for the remainder of this paper. Write I2(2) :=
πpro-2 ◦ i∗2(I2) and pick σ2(1), σ2(2) ∈ I2(2) such that

χ−1(σ2(1)) = 1, χ−1(σ2(2)) = 0, χ2(σ2(1)) = 0, χ2(σ2(2)) = 1.

This is possible, since the extension Q(ζ8)/Q is totally ramified at (2).

4Alternatively, one can use an elementary argument based on [27, Proposition A.5].
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Proposition 2.2. The set

G := {σv : v ∈ P} ∪ {σ2(1), σ2(2)}

is a minimal set of topological generators of Gpro-2
Q .

Proof. We will first argue that G is a set of topological generators. Note that a subset S of a
profinite group G topologically generates G if and only if π(S) generates G in every continuous
finite quotient π : G → G. So let K/Q be a finite 2-extension. We must show that (the images
of) G generates G = Gal(K/Q).

But since G is a finite group, we know that a subset S generates if and only if it generates
modulo the Frattini subgroup Φ(G). Furthermore, Φ(G) = G2[G,G] for a finite 2-group G.
Hence it suffices to show that G generates Gal(L/Q), where L/Q is an arbitrary multiquadratic
extension. This is in turn equivalent to G generating Gal(M/Q) for every quadratic extension
M of Q, which is readily verified.

Finally, if we remove any element of G, it is not hard to find a quadratic extension M/Q
in which G does not generate. This shows the minimality claim.

From now on we denote by G this fixed choice of topological generators of Gpro-2
Q . We

shall often invoke the following basic fact.

Proposition 2.3. Let L/Q be a finite Galois subextension of Qpro-2/Q.
(a) Let v ∈ P. Then v is unramified in L/Q if and only if the image of σv in Gal(L/Q)

is the identity element. More precisely, the ramification index of v in L/Q equals

|〈projGpro-2Q →Gal(L/Q)
(σv)〉|.

(b) If (2) is unramified in L/Q, then both σ2(1) and σ2(2) have trivial image in Gal(L/Q).
More precisely, the ramification index of (2) in L/Q is divisible by

|〈projGpro-2Q →Gal(L/Q)
(σ2(1)), projGpro-2Q →Gal(L/Q)

(σ2(2))〉|.

Proof. We recall that, in general, the ramification index of v in L/Q equals

|(projGQ→Gal(L/Q) ◦ i∗v)(Iv)|.

The projection map from GQ to Gal(L/Q) factors through Gpro-2
Q . Therefore part (a) is an

immediate consequence of the definition of σv. To prove part (b) it suffices to observe that

〈projGpro-2Q →Gal(L/Q)
(σ2(1)), projGpro-2Q →Gal(L/Q)

(σ2(2))〉

is a subgroup of
(projGQ→Gal(L/Q) ◦ i∗2)(I2).

Hence the desired divisibility.

We write ΓF2(Q) := Homtop.gr.(GQ,F2) for the set of quadratic characters of Q. We now
recall some notation first introduced in [42]. Define

N :=
Q2

Z2
,
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which we endow with the discrete topology and view as a GQ-module with trivial action. For
each χ ∈ ΓF2(Q), we denote by

N(χ)

the GQ-module given by the topological abelian group N with the continuous action of GQ
defined by the formula

σ ·χ n := (−1)χ(σ) · n

for each σ ∈ GQ and n ∈ N . We now recall the basic material on raw cocycles and expansion
maps that will be used throughout this paper.

2.1 Raw cocycles

For a given χ ∈ ΓF2(Q), we denote by

Cocy(GQ, N(χ))

the group of continuous 1-cocycles from GQ to the GQ-module N(χ) defined above. In case x
is a squarefree integer, we will also use the notation N(x) := N(χx). We notice that the group
Cocy(GQ, N(χ)) is a subgroup of the group of continuous 1-cochains Mapcont(GQ, N). As such
all these groups of 1-cocycles live in the common ambient group Mapcont(GQ, N), which does
not depend on χ. This simple observation plays a crucial role in the key Proposition 2.9. For
a general continuous 1-cochain

ψ : GQ → N

and a squarefree integer x, we define for each σ, τ ∈ GQ the coboundary

dx(ψ)(σ, τ) := −ψ(στ) + (−1)χx(σ) · ψ(τ) + ψ(σ).

By definition ψ is in Cocy(GQ, N(χx)) if and only if dx(ψ) is identically zero.

Definition 2.4. Whenever we consider the group N o F2, the implicit action of F2 on N is
by −id. The same applies for N [2s] o F2 for s ∈ Z≥0.

We will now demonstrate that elements ψ of Cocy(GQ, N(χ)) are essentially the same as
certain homomorphisms from GQ to N o F2.

Proposition 2.5. Let ψ ∈ Cocy(GQ, N(χ)). Then the assignment

GQ → N(χ) o F2,

given by

σ 7→ (ψ(σ), χ(σ)),

is a continuous group homomorphism. Conversely, given a continuous 1-cochain ψ : GQ → N
such that

σ 7→ (ψ(σ), χ(σ))

is a group homomorphism from GQ to N(χ) o F2, we have that ψ ∈ Cocy(GQ, N(χ)). The
restriction of ψ to GQ(χ) is a continuous group homomorphism.

In case ψ(GQ(χ)) 6⊆ N [2], then the field of definition of ψ contains Q(χ).
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Proof. The first statement is straightforward. Since N(χ) is a trivial GQ(χ)-module, the
restriction of ψ to GQ(χ) is a 1-cocycle with the trivial action, and hence is a homomorphism.
We now prove the last claim. By assumption there exists τ ∈ GQ(χ) such that 2 · ψ(τ) 6= 0.
Let H be the largest normal open subgroup of GQ through which ψ factors and let σ ∈ H.
Then we have

ψ(σ) = ψ(id) = 0,

since a 1-cocycle vanishes on the identity element. We now deduce that

ψ(τ) = ψ(στ) = (−1)χ(σ) · ψ(τ) + ψ(σ) = (−1)χ(σ) · ψ(τ).

Since 2 · ψ(τ) 6= 0, we obtain the equality χ(σ) = 0, which shows that ker(χ) ⊇ H as
desired.

Let ψ ∈ Cocy(GQ, N(χ)). Since ψ is continuous, GQ is compact and N is discrete, the
image of ψ is finite. Then it follows from Proposition 2.5 that the restriction of ψ gives an
element of (Gab

Q(χ))
∨[2∞]. We write

Cocyunr(GQ, N(χ))

for the inverse image of Cl(Q(χ))∨[2∞] under the above restriction map. The relevance of
such 1-cocycles in this work comes from the fact that the Hilbert class field of a quadratic
field is always a generalized dihedral extension over Q. This is formalized in the following
classical proposition.

Proposition 2.6. Let χ ∈ ΓF2(Q) and let s ∈ Z≥0. Then the natural restriction map

Cocyunr(GQ, N(χ))[2s]→ Cl(Q(χ))∨[2s]

is a split surjection of abelian groups. More precisely, the kernel is isomorphic to Z/2sZ.
Furthermore,

ψ ∈ 2 · Cocyunr(GQ, N(χ))[2s+1]⇐⇒ ψ|GQ(χ)
∈ 2 · Cl(Q(χ))∨[2s+1]

for every ψ ∈ Cocyunr(GQ, N(χ))[2s].

Proof. Recall that Gal(Q(χ)/Q) acts on Cl(Q(χ))∨ by −id. This implies that all subgroups
of Cl(Q(χ))∨ are GQ-invariant, and hence define an extension that is Galois over Q. Let us
first show that the natural restriction map is surjective. Then, thanks to Proposition 2.5, it
suffices to show that the natural surjection

Gal(L/Q) � Gal(Q(χ)/Q)

splits as a semidirect product for all cyclic 2-power extensions L of Q(χ) unramified at all
finite places.

Since L/Q(χ) is unramified at all finite places, it follows that L/Q has ramification index
at most 2 at all finite places. Therefore, thanks to Proposition 2.3, every element σ ∈ G is
sent to an involution under the natural quotient map π : Gpro-2

Q → Gal(L/Q). Since G is

a set of topological generators of Gpro-2
Q (see Proposition 2.2), there exists σ ∈ G such that

χ(σ) = 1. Then π(σ) is a non-trivial involution of Gal(L/Q) that projects to the generator
of Gal(Q(χ)/Q). This yields the desired splitting.
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Furthermore, the above argument also shows that the surjection

Gal(H2∞(Q(χ))/Q)→ Gal(Q(χ)/Q)

splits as a semidirect product, where H2∞(Q(χ)) is the largest abelian 2-power extension of
Q(χ) unramified at all finite places. Fix an element σ ∈ Gal(H2∞(Q(χ))/Q) projecting to a
generator of Gal(Q(χ)/Q). Then, a simple calculation, using the semidirect product structure
of Gal(H2∞(Q(χ))/Q), shows that the elements of

ker
(
Cocyunr(GQ, N(χ))[2s]→ Cl(Q(χ))∨[2s]

)
are entirely determined by their value on σ. Conversely, the elements in the kernel can take
any desired value on σ. This identifies the kernel with N(χ)[2s], which also proves that
the surjection Cocyunr(GQ, N(χ))[2s] → Cl(Q(χ))∨[2s] is split, since Z/2sZ is injective as a
Z/2sZ-module.

The final conclusion is now a trivial consequences of such a splitting applied both to s
and to s+ 1.

Remark 2.7. If (2) is unramified in the extension L(ψ)/Q or if (2) has residue field degree
1 in the extension L(ψ)/Q, then the following stronger conclusion holds. For each cocycle
ψ ∈ Cocyunr(GQ, N(χ))[2s], we have that

ψ ∈ 2 · Cocy(GQ, N(χ))[2s+1]⇐⇒ ψ|GQ(χ)
∈ 2 · Cl(Q(χ))∨[2s+1].

A proof of this stronger claim is given during the proof of Theorem 5.10 and used again in
the proof of Theorem 5.11.

We now give the definition of raw cocycles, which is repeatedly used throughout this text.

Definition 2.8. Let χ be a non-trivial element of ΓF2(Q) and let s ∈ Z≥0. We say that a
sequence

(ψi)0≤i≤s

with ψi ∈ Cocyunr(GQ, N(χ))[2i] is a raw cocycle in case 2 ·ψi+1 = ψi for each 0 ≤ i ≤ s− 1.
If we want to stress the dependence on N(χ), we say that ψi is a raw cocycle for N(χ).

To give a raw cocycle as in Definition 2.8 is clearly the same as giving a cocycle ψs ∈
Cocyunr(GQ, N(χ)) with 2s · ψs = 0. We shall sometimes, by abuse of terminology, say that
ψs is a raw cocycle, under this identification (and with the ψi automatically defined by the
equation ψi := 2s−iψs). Furthermore, whenever the index j of ψj is negative, we use the
convention ψj = 0, which conveniently preserves the equation 2 · ψi+1 = ψi.

We now present an important combinatorial calculation. This result is taken from [42,
page 17]. We give a detailed proof for the sake of completeness. Let s ∈ Z>0 and let
(pi(1), pi(2))i∈[s] be 2s distinct primes, all of them coprime to the squarefree integer d0. Let
now

C := {p1(1), p1(2)} × . . .× {ps(1), ps(2)} × {d0}.

We will often identify a point x ∈ C with the squarefree integer d0 ·
∏
i∈[s] πi(x). Given a

finite collection of squarefree numbers H, we denote by χH the continuous 1-cochain from
GQ to F2 given by

σ 7→
∏
x∈H

χx(σ),
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where the product is the usual multiplication in F2. By abuse of notation we also view χH
as an indicator function valued in {0, 1}. For each subset T of [s], we write CT for the subset
of x ∈ C such that πi(x) = pi(2) for all i ∈ T .

Proposition 2.9. Let j ∈ Z>0 and let C be as above. Suppose that we are given a raw cocycle
ψj(x) for N(x) for each x ∈ C. Let x0 ∈ C. Then

dx0

(∑
x∈C

ψj(x)

)
(σ, τ) =

∑
∅6=T⊆[s]

χ{pi(1)pi(2):i∈T}(σ) · (−1)|T |+1+χx0 (σ) ·

∑
x∈CT

ψj−|T |(x)(τ)

 .

Remark 2.10. We emphasize that here and later in the paper the sum∑
x∈C

ψj(x)

takes place in the space Mapcont(GQ, N).

Proof. Let x ∈ C. For each σ, τ ∈ GQ we compute

dx0(ψj(x))(σ, τ) = −ψj(x)(στ) + (−1)χx0 (σ) · ψj(x)(τ) + ψj(x)(σ)

= −
(

(−1)χx(σ) · ψj(x)(τ) + ψj(x)(σ)
)

+ (−1)χx0 (σ) · ψj(x)(τ) + ψj(x)(σ)

= (−1)χx0 (σ) · (−(−1)χxx0 (σ) + 1) · ψj(x)(τ),

where the second equality follows from the definition of Cocy(GQ, N(x)).
Observe that the function from GQ to Z2 = EndZ2-mod(N) given by σ 7→ −(−1)χxx0 (σ) + 1

factors through Gal(Q({
√
pi(1)pi(2) : i ∈ [s]})/Q). The Z2-module of functions from the

finite Galois group Gal(Q({
√
pi(1)pi(2) : i ∈ [s]})/Q) to Z2 is free of rank 2s, and a basis of

functions is provided by {χ{pi(1)pi(2):i∈T}}T⊆[s]. One could proceed now by explicitly writing

down the indicator functions of elements of Gal(Q({
√
pi(1)pi(2) : i ∈ [s]})/Q) in terms of

this basis and use this to expand the function σ 7→ −(−1)χxx0 (σ) + 1 in terms of this basis.
However, in [42, page 17] one finds a shortcut to quickly obtain this expansion, which we
explain next.

We identify the projection of σ in Gal(Q({
√
pi(1)pi(2) : i ∈ [s]})/Q) with the largest

V ⊆ [s] such that χ{pi(1)pi(2):i∈V }(σ) = 1. We denote this subset by Tσ. Similarly, we identify
each x ∈ C with the subset of [s], denoted by Tx, consisting of those i ∈ [s] such that
πi(x) = pi(2). We now rewrite

−(−1)χxx0 (σ) + 1 = (−1) · (−1)|Tx∩Tσ | + 1

= (−1) · (1− 2)|Tx∩Tσ | + 1

=
∑

∅6=U⊆Tx∩Tσ

(−1)|U |+12|U |.

Hence we obtain

dx0(ψj(x))(σ, τ) = (−1)χx0 (σ) ·

 ∑
∅6=U⊆Tx∩Tσ

(−1)|U |+12|U |

 · ψj(x)(τ)

= (−1)χx0 (σ) ·

 ∑
∅6=U⊆Tx∩Tσ

(−1)|U |+1ψj−|U |(x)(τ)

 .
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We now let x vary in C and invoke the linearity of dx0 . This gives

dx0

(∑
x∈C

ψj(x)

)
(σ, τ) =

∑
x∈C

(−1)χx0 (σ) ·

 ∑
∅6=U⊆Tx∩Tσ

(−1)|U |+1ψj−|U |(x)(τ)

 .

We exchange the order of summation and observe that for a given non-empty U ⊆ [s] we
get a contribution only from those pairs (x, σ) such that U ⊆ Tx and U ⊆ Tσ. The first
containment can be rewritten as x ∈ CU . The second containment can be rewritten as
χ{pi(1)pi(2):i∈U}(σ) = 1, since this equality means, by definition of Tσ, exactly that U ⊆ Tσ.
Hence we get

dx0

(∑
x∈C

ψj(x)

)
(σ, τ) =

∑
∅6=U⊆[s]

χ{pi(1)pi(2):i∈U}(σ) · (−1)|U |+1+χx0 (σ) ·

∑
x∈CU

ψj−|U |(x)(τ)


as desired.

We will often use the following version of Proposition 2.9.

Corollary 2.11. Let j ∈ Z>0, let C be as above and let x0 ∈ C. Suppose that we are given
a raw cocycle ψj(x) for N(x) for each x ∈ C − {x0}. Then

dx0

∑
x∈C
x 6=x0

ψj(x)

 (σ, τ) =
∑

∅6=T⊆[s]

χ{pi(1)pi(2):i∈T}(σ) · (−1)|T |+1+χx0 (σ) ·

∑
x∈CT

ψj−|T |(x)(τ)

 .

Proof. Define ψj(x0) = 0 and apply Proposition 2.9.

2.2 Expansion maps

We start by recalling a definition from [28, Definition 3.21]. We write FA2 for the free F2-vector
space on the set A.

Definition 2.12. Let X ⊆ ΓF2(Q) be a linearly independent finite set and let χ0 ∈ X. An
expansion map with support X and pointer χ0 is a continuous group homomorphism

ψ : GQ → F2[FX−{χ0}
2 ] o FX−{χ0}

2

such that

� πχ ◦ ψ = χ for every χ ∈ X − {χ0}, where πχ : F2[FX−{χ0}
2 ] o FX−{χ0}

2 → F2 is the
natural projection;

� π ◦ ψ = χ0, where π : F2[FX−{χ0}
2 ] o FX−{χ0}

2 → F2 is the unique non-trivial character

that sends the subgroup {0}o FX−{χ0}
2 to 0.

An expansion map is automatically surjective, since it surjects by construction on the

quotient of F2[FX−{χ0}
2 ] oFX−{χ0}

2 by its Frattini subgroup. Although we shall not make use
of it, we mention that

F2[FX−{χ0}
2 ] o FX−{χ0}

2
∼= F2 o FX−{χ0}

2 ,
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where o is the wreath product. We will now give an alternative characterization of expansion
maps based on the material in [28, Section 3.3]. Consider the isomorphism

F2[FX−{χ0}
2 ] ∼= F2[{tx : x ∈ X − {χ0}}]/({t2x : x ∈ X − {χ0}})

obtained by sending tx to 1 · id + 1 · ex, where ex ∈ FX−{χ0}
2 is the vector that is 1 exactly on

the x-th coordinate. Observe that the collection of squarefree monomials tY :=
∏
y∈Y ty, as

Y varies through the subsets of X − {χ0}, give a basis of the F2-vector space

F2[{tx : x ∈ X − {χ0}}]/({t2x : x ∈ X − {χ0}}).

Hence projection on the monomials tY gives rise to continuous 1-cochains

φY (ψ) : GQ → F2

for every Y ⊆ X − {χ0}. These 1-cochains allow us to reconstruct ψ using the formula

ψ(g) =

 ∑
Y⊆X−{χ0}

φY (ψ)(g)tY , (χ(g))χ∈X−{χ0}

 . (2.2)

Let d : Map(GkQ,F2) → Map(Gk+1
Q ,F2) be the operator that sends a map φ ∈ Map(GkQ,F2)

to

(dφ)(g1, . . . , gk+1) = φ(g2, . . . , gk+1)+φ(g1, . . . , gk)+

k∑
i=1

φ(g1, . . . , gi−1, gigi+1, gi+2, . . . , gk+1).

From equation (2.2) and the composition law for the semidirect product we deduce that

(dφY (ψ))(g1, g2) =
∑

∅(S⊆Y
χS(g1)φY−S(ψ)(g2), (2.3)

where χS :=
∏
χ∈S χ. Equation (2.3) is just [42, equation (2.2)]. Conversely, if we have a

system of maps (φY )Y⊆X−{χ0} satisfying equation (2.3) and φ∅ = χ0, then we obtain an
expansion map ψ with support X and pointer χ0 using equation (2.2).

We now show that for each finite linearly independent set X ⊆ ΓF2(Q) and χ0 ∈ X, there
exists at most one expansion map, denoted ψ(G), with support X and pointer χ0 such that
φY (ψ(G))(σ) = 0 for all non-empty subsets Y ⊆ X−{χ0} and all σ ∈ G. Indeed, let ψ be such
an expansion map. We claim that ψ(σ) is determined for every σ ∈ G. But this follows from
equation (2.2), our assumption φY (ψ)(σ) = 0 and the fact that χ(σ) is prescribed for every
χ ∈ ΓF2(Q) and σ ∈ G. Since G is a set of topological generators of Gpro-2

Q by Proposition 2.2,
the homomorphism ψ is completely determined by its values on G. This yields the desired
uniqueness.

If there exists such an expansion map ψ(G), we write

φS;d(G)

for the 1-cochain φX−{χ0}(ψ(G)), where S is the set of squarefree integers corresponding to
the characters in X − {χ0} and d is the squarefree integer corresponding to χ0. In this way,
whenever we have a non-negative integer s, a set of squarefree integers S of cardinality s and
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a squarefree integer as+1 such that S together with as+1 spans a s + 1-dimensional space in
Q∗
Q∗2 , we have at most one 1-cochain

φS;as+1(G)

satisfying the above properties. In case we have one, we will say that φS;as+1(G) exists. We
shall refer to such 1-cochains as normalized expansion maps.

Lemma 2.13. Let s ∈ Z≥1. Let S be a set of squarefree integers of cardinality s and let
x1, x2, x3 also be squarefree integers with x1x2 = x3 in Q∗/Q∗2. Suppose that φS;xj (G) exists
for j ∈ [2]. Then φS;x3(G) exists and furthermore

φS;x3(G) = φS;x1(G) + φS;x2(G).

Now suppose that A = {a1, . . . , as}, B = {b1, . . . , bs} and C = {c1, . . . , cs} are sets of square-
free integers such that there exists j ∈ [s] with

ai = bi = ci for all i ∈ [s]− {j} and ajbj = cj in
Q∗

Q∗2
.

Let x be a squarefree integer. Suppose that φA;x(G) and φB;x(G) exist. Then φC;x(G) exists
and

φC;x(G) = φA;x(G) + φB;x(G).

Proof. Let us prove the first part, the second part being similar. We proceed by induction on
s. First suppose that s = 1 and consider

φ := φa1;x1(G) + φa1;x2(G).

It follows from equation (2.3) that

dφ(σ, τ) = χa1(σ) · χx1x2(τ) = χa1(σ) · χx3(τ)

Since φ vanishes at all σ ∈ G, we conclude that φa1;x3(G) exists. Now suppose that s > 1.
Again we consider

φ := φS;x1(G) + φS;x2(G).

It follows from equation (2.3) and the induction hypothesis that

dφ(σ, τ) =
∑

∅(T⊆S
χT (σ) · φS−T ;x3(G)(τ).

Furthermore, φ vanishes at all σ ∈ G. Therefore φS;x3(G) exists.

The following proposition examines the field of definition of φS;d in terms of φT ;d for
T ⊂ S. The proof is straightforward group theory and we leave it to the reader.

Proposition 2.14. Let X ⊆ ΓF2(Q) be a linearly independent finite set of cardinality at least
2 and let χ0 ∈ X. Let

ψ : GQ → F2[FX−{χ0}
2 ] o FX−{χ0}

2

be an expansion map with support X and pointer χ0. Then L(φX−{χ0}(ψ)) coincides with

the field (Qsep)ker(ψ). This field is a multiquadratic extension of Q(X − {χ0}) given by the
quadratic characters

{φY (ψ)|GQ(X−{χ0})
: Y ⊆ X − {χ0}}.
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Writing

M(ψ) := Q(X) ·
∏

Y (X−{χ0}

L(φY (ψ)),

we have that L(φX−{χ0}(ψ))/M(ψ) is a central F2-extension. Furthermore,

Gal(L(φX−{χ0}(ψ))/M(ψ))

equals the center of Gal(L(φX−{χ0}(ψ))/Q).

Following the notation of Proposition 2.14, we will also use the notation

M(φX−{χ0}(ψ)) := M(ψ)

in the rest of the paper. In the next proposition we give a sense of the ramification behavior
in the field of definition of a normalized expansion map.

Proposition 2.15. Let n be a positive integer. Suppose that a1, . . . , an+1 are squarefree,
pairwise coprime and not equal to 1. Suppose that ai ≡ 1 mod 8 for each i ∈ [n] and that
φ{a1,...,an};an+1

(G) exists. Then the extension

L(φ{a1,...,an};an+1
(G))/Q({

√
ai : i ∈ [n]})

is a multiquadratic extension containing Q(
√
an+1). Furthermore, the multiquadratic exten-

sion
L(φ{a1,...,an};an+1

(G))/Q({
√
ai : i ∈ [n+ 1]})

is unramified at all finite places.

Proof. We will abbreviate A = {a1, . . . , an}. Proposition 2.14 implies that the extension
L(φA;an+1(G))/Q({√ai : i ∈ [n]}) is a multiquadratic extension containing the field Q(

√
an+1).

We now focus on the ramification claims.
Let us first prove this for a place v ∈ P coprime to all the ai. Then combining equation

(2.2) with the definition of normalized expansion maps, we see that σv is sent to the identity
element of Gal(L(φA;an+1(G))/Q). Hence the extension L(φA;an+1(G))/Q is unramified at v
in view of Proposition 2.3.

Next, since ai ≡ 1 mod 8 for all i ∈ [n], it follows from equation (2.3), combined with the
definition of normalized expansion maps, that the map

φ{ai:i∈T};an+1
(G) ◦ i∗2

is an unramified quadratic character of GQ2 for each subset ∅ ⊂ T ⊆ [n], . Hence it follows
from equation (2.2) that the homomorphism ψA;an+1(G) ◦ i∗2 factors through the kernel of
(χ5, χan+1). As such, the extension L(φA;an+1(G))/Q({√ai : i ∈ [n+ 1]}) is unramified at any
place above (2).

Finally, suppose that v ∈ P divides one of the ai. Observe that, by the coprimality con-
ditions, there exists exactly one i0 ∈ [n] such that v | ai0 . It follows from the definition of
normalized expansion maps, combined with equation (2.2), that ψA;an+1(G)(σv) is an involu-
tion. Therefore Proposition 2.3 implies that the ramification index of v in L(φA;an+1(G))/Q
equals 2. Since the ramification index of v in Q({√ai : i ∈ [n+ 1]})/Q is also 2, we conclude
that any place of Q({√ai : i ∈ [n+ 1]}) above v is unramified in

L(φA;an+1(G))/Q({
√
ai : i ∈ [n+ 1]}).

This ends the proof.
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The following criterion gives an inductive procedure for creating expansion maps, see also
[42, Proposition 2.1].

Proposition 2.16. Let a1, . . . , as+1 be odd, squarefree integers that are pairwise coprime.
Assume that a1, . . . , as > 1 and as+1 6= 1. Further suppose that(

aj
p

)
= 1 (2.4)

for all distinct i, j ∈ [s + 1] and all primes p dividing ai. Then φ{ai:i∈[s]};as+1
(G) exists if

φ{ai:i∈[s]−{j}};as+1
(G) exists for all j ∈ [s] and every prime divisor p of aj splits completely in

L(φ{ai:i∈[s]−{j}};as+1
(G)).

Remark 2.17. The converse of Proposition 2.16 is also true, but we shall not need or prove
it here.

Proof. We claim that there exists a continuous 1-cochain φ : GQ → F2 such that

dφ(σ, τ) =
∑

∅⊂S⊆[s]

∏
j∈S

χaj (σ)

 · φ{ai:i∈[s]−S};as+1
(G)(τ) =: θ(σ, τ).

Once such a φ exists, we certainly have that φ(id) = 0. Since φ is continuous, this implies that
φ(σ) = 0 except for possibly finitely many σ ∈ G. Then the proposition follows by twisting φ
by the unique quadratic character χ : GQ → F2 such that φ(σ) = χ(σ) for all σ ∈ G.

To prove the claim, we first show that θ is a 2-cocycle. If ψ satisfies ψ(σ, τ) = φ1(σ) ·φ2(τ)
with φ1, φ2 : GQ → F2, then we have the formula

(dψ)(σ, τ, µ) = φ1(σ) · dφ2(τ, µ) + dφ1(σ, τ) · φ2(µ).

We combine this with the equations

d

∏
j∈T

χaj

 (σ, τ) =
∑

∅⊂S⊂T

∏
j∈S

χaj (σ)

 ·
 ∏
j∈T−S

χaj (τ)


for all T ⊆ [s] and

dφ{ai:i∈T};as+1
(G)(σ, τ) =

∑
∅⊂S⊆T

∏
j∈S

χaj (σ)

 · φ{ai:i∈T−S};as+1
(G)(τ)

for all strict subsets T of [s] to deduce that θ is indeed a 2-cocycle. Hence the claim is equiv-
alent to the class of θ vanishing in H2(GQ,F2), which is in turn equivalent to the restriction
of θ vanishing in H2(GQv ,F2) for all places v of Q by class field theory.

If v is the infinite place, then θ becomes the zero map when restricted to GR since the ai
are positive for i ∈ [s]. If v is an odd, finite place, then we distinguish two cases. If v does not
divide any of the ai, then the restriction of θ to GQv factors through the maximal unramified
extension of Qv. It follows that θ is in the image of the inflation map from

H2(Gal(Qunr
v /Qv),F2) = H2(Ẑ,F2) = 0,
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which implies that θ is trivial at such places v. Now suppose that v divides aj for some j. If
j = s+ 1, then equation (2.4) implies that θ becomes the zero map when restricted to GQv .
Therefore θ is certainly trivial in H2(GQv ,F2). Instead suppose that j ∈ [s]. Now observe
that our assumptions imply that φ{ai:i∈[s]−{j}};as+1

(G) is the zero map when restricted to GQv .
Then it follows from equation (2.4) that θ is also locally trivial at such v. We have now dealt
with all odd places and the infinite place. Then θ also vanishes locally at the unique 2-adic
place of Q by Hilbert reciprocity.

Finally, we need some additional maps that can be thought of as degenerate expansion
maps with two indices. Let a ∈ D. Then observe that

χa ∪ χa

vanishes in H2(GQ,F2). There is a unique map

φa;a(G) : GQ → F2

such that

(dφa;a(G))(σ, τ) = χa(σ) · χa(τ)

and φa;a(G) vanishes at all elements of G. If a > 1, then L(φa;a(G)) is a cyclic degree 4
extension of Q with its unique quadratic subextension equal to Q(

√
a). Indeed, one can write

Z/4Z set-theoretically as F2 × F2 with the group law given by

(x, y) ∗ (x′, y′) = (x+ x′ + yy′, y + y′).

Then the Z/4Z-character corresponding to φa;a(G) is the map

σ 7→ (φa;a(G)(σ), χa(σ)).

Take v ∈ P and suppose that v is unramified in Q(
√
a). Then the above map sends σv

to (0, 0), which is the identity. We deduce from Proposition 2.3 that all v ∈ P ramifying
in L(φa;a(G))/Q must divide a. In case v divides a, then the ramification index of v in
L(φa;a(G))/Q is 4 thanks to Proposition 2.3. The above statements also apply to v = (2) in
case 2 | a.

Suppose now that 2 does not divide a. Observe that a is then either 1 or 5 modulo 8. In
case a is 1 modulo 8, then φa;a(G) ◦ i∗2 becomes a quadratic character, and since it vanishes
on σ2(1), σ2(2) it must be an unramified quadratic character. Therefore, in this case, (2) does
not ramify in L(φa;a(G))/Q.

In case a is 5 modulo 8, then there exists φ′ : Gal(Qunr
2 /Q2) → F2 with (dφ′)(σ, τ) =

χa(σ) · χa(τ). Indeed, this 1-cochain comes from the Z/4Z-character GQ2 � Gal(Q16/Q2).
Hence φa;a(G)− φ′ is a quadratic character in ΓF2(Q2). However, it vanishes on σ2(1), σ2(2),
since each of the two 1-cochains do. Hence it must be in the span of the unramified quadratic
character of Q2. It follows that (φa;a(G), χa) is unramified at (2). We summarize our results
in the next lemma.

Lemma 2.18. Let a ∈ D be greater than 1. Then the extension L(φa;a(G))/Q is a Z/4Z-
extension of Q ramifying exactly at those places where Q(

√
a)/Q ramifies. Furthermore, the

ramification index of such places equals 4.
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2.3 The Artin pairing

Let A be a finite abelian 2-group and let s ∈ Z≥1. Denote by

A∨ := Homab.gr.

(
A,

Q2

Z2

)
the dual group. We define the pairing

〈−,−〉Arts(A) : 2s−1 ·A[2s]× 2s−1 ·A∨[2s]→ F2

by the formula

〈a, χ〉Arts(A) := ψ(a),

where ψ is any element of A∨ with 2s−1 · ψ = χ. Observe that changing the choice of ψ
amounts to taking an element of the shape ψ + ψ′ with ψ′ ∈ A∨[2s−1]. This does not affect
the resulting pairing, since a is in 2s−1 · A[2s] and thus vanishes when paired, through the
canonical duality pairing, with A∨[2s−1]. Also observe that the pairing is valued in F2, as
we claimed, since a ∈ A[2] and ψ is a group homomorphism. Thus we have shown that the
pairing does not depend on the choice of ψ and is valued in F2.

We claim that the left kernel and the right kernel of 〈−,−〉Arts(A) actually coincide with,
respectively, 2s ·A[2s+1] and 2s ·A∨[2s+1]. Indeed, a moment reflection shows that

〈−,−〉Arts(A) = 〈−,−〉Art1(2s−1·A).

In this last equality we are implicitly identifying (2s−1 · A)∨ and 2s−1 · A∨, through the
standard inclusion of (2s−1 ·A)∨ in A∨ induced by the natural surjection A� 2s−1 ·A given
by multiplication by 2s−1. Hence the claim follows from the case s = 1, which is an immediate
consequence of the duality theory of finite dimensional vector spaces over F2.

In case x is a squarefree integer different from 1 and A = Cl(Q(
√
x))[2∞], we will simply

write

〈−,−〉Arts(x) := 〈−,−〉Arts(Cl(Q(
√
x))[2∞]).

In what follows we will canonically identify Cl(Q(
√
x))[2∞] with the largest quotient of

Cl(Q(
√
x)) which is a 2-group: the natural projection map from the former to the latter

induces an isomorphism. In this way, via the Artin reciprocity map, Cl(Q(
√
x))[2∞] is iden-

tified with

Gal(H2∞(Q(
√
x))/Q(

√
x)),

where we recall that H2∞(Q(
√
x)) is the largest extension of Q(

√
x) inside Qsep that is abelian,

unramified at all finite places of Q(
√
x) and of degree a power of 2. This allows us to reinterpret

the Artin pairing 〈−,−〉Arts(x) as the Artin symbol of a 2-torsion ideal class in a cyclic degree
2s-extension of Q(

√
x) unramified at all finite places. We will repeatedly use throughout the

text this way of computing 〈−,−〉Arts(x).

3 Higher Rédei reciprocity

This section generalizes one of the central results in [29], which is a generalization of the
classical Rédei reciprocity law (in turn a generalization of quadratic reciprocity).
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3.1 Statement of the reciprocity law

Let n ∈ Z≥1 and let A ⊆ ΓF2(Q) with |A| = n. Let χ1, χ2 be two distinct elements of
ΓF2(Q)−A and put

A1 := A ∪ {χ1}, A2 := A ∪ {χ2}.

Given a finite Galois extension L/Q, we denote by Ram(L/Q) the set of places of Q that
ramify in the extension L/Q. Furthermore, for a collection of characters T ⊆ ΓF2(Q), we
recall that Q(T ) denotes the corresponding multiquadratic extension of Q.

Write ∞ for the infinite place of Q. We assume that, as χ varies in A, the n sets
Ram(Q(χ)/Q) are non-empty, pairwise disjoint and none of them contains∞ (in other words
Q(A)/Q is totally real). This forces A to be a linearly independent set of characters over F2.
Additionally, we assume that Ram(Q(χ1)/Q) and Ram(Q(χ2)/Q) are non-empty and disjoint
from ∪χ∈ARam(Q(χ)/Q), which certainly implies that χ1 is linearly independent from A, and
similarly for χ2.

Suppose that we are given two expansion maps

ψ1, ψ2 : GQ � F2[FA2 ] o FA2

with supports A1, A2 and pointers χ1, χ2 respectively. Write (φ1,B)B⊆A, (φ2,B)B⊆A for the
corresponding system of continuous 1-cochains from GQ to F2 satisfying φ1,∅ = χ1, φ2,∅ = χ2.
Thanks to Proposition 2.14, L(ψ1) and L(ψ2) are central F2-extensions of respectively M(ψ1)
and M(ψ2). We will impose some further conditions on χ1 and χ2, which we will refer to as
the coprimality constraints on the pointers.

First of all, we demand that Ram(Q(χ1)/Q) ∩Ram(Q(χ2)/Q) ⊆ {(2)}. Next we demand
that inv2(χ1 ∪ χ2) = 0 and that at least one between χ1 and χ2 vanishes on σ2(2). Finally,
we require (2) to split completely in Q(A)/Q. If all these conditions are met, we say that the
pointers satisfy the coprimality constraints.

We give one more definition before stating our reciprocity law. We remark that whenever
we have a 4-tuple as above, then for each subset T ′ ⊆ A the 1-cochains φT ′(ψ1)◦i∗2, φT ′(ψ2)◦i∗2
are quadratic characters from GQ2 to F2, as one can see by combining equation (2.3) with the
fact that (2) splits completely in Q(A)/Q.

Definition 3.1. Let (A1, A2, ψ1, ψ2) be a 4-tuple as above. We call (A1, A2, ψ1, ψ2) Rédei
admissible if the following four conditions hold

� if ∞ splits completely in Q(A1 ∪ A2)/Q, then ∞ splits completely in M(ψ1)M(ψ2)/Q
as well.

� whenever {i, j} = {1, 2} and ∞ ramifies in L(ψi)/Q, then ∞ splits completely in
M(ψj)/Q.

� whenever {i, j} = {1, 2}, if a place w of Q(A), lying above a place v ∈ P, ramifies in
the extension L(ψi)/Q(A), then v splits completely in M(ψj)/Q. Furthermore, we also
demand that v is unramified in L(ψj)/Q;

� whenever L(ψ1)L(ψ2)/Q is ramified at (2), then there exist i, j with {i, j} = {1, 2} such
that ψi is a normalized expansion map satisfying χi(σ2(2)) = 0 and φT (ψi) ◦ i∗2 = 0 for
each ∅ 6= T ( A. Furthermore, the characters χi ◦ i∗2 and φT ′(ψj) ◦ i∗2 are orthogonal
with respect to the local Hilbert pairing at (2) for each T ′ ⊆ A.
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We say that (χ1, χ2) is the pointer vector of the 4-tuple and that A is the base set of the
4-tuple.

Let (A1, A2, ψ1, ψ2) be a Rédei admissible 4-tuple with pointer vector (χ1, χ2). Then each
place v ∈ Ram(Q(χ1)/Q) ∩ P is unramified in L(ψ2)/Q. Indeed, this follows from the third
condition in Definition 3.1 combined with the fact that Ram(χ1) is disjoint from Ram(χ) for
each χ ∈ A. Consequently, it makes sense to speak of the Artin class Art(v, L(ψ2)/Q) for each
place v ∈ Ram(Q(χ1)/Q) ∩ P. Furthermore, this Artin symbol lands in Gal(L(ψ2)/M(ψ2)),
which is the center of Gal(L(ψ2)/Q) (see Proposition 2.14) of size equal to 2 and hence can
uniquely be identified with F2. Therefore Art(v, L(ψ2)/Q) is a well-defined element of F2.
Symmetrically, the same holds if we swap the roles of 1 and 2.

Next, whenever {i, j} = {1, 2} and ∞ ramifies in Q(χi)/Q, then ∞ splits completely
in M(ψj)/Q by the second condition of Definition 3.1. Consequently the Artin symbol
Art(∞, L(ψj)/Q) is also an element of the center Gal(L(ψj)/M(ψj)) and hence is a well-
defined element of F2.

Whenever (2) ramifies in L(ψ1)L(ψ2)/Q, let {i, j} = {1, 2} be as in the last condition
of Definition 3.1. Then, in case χi ◦ i∗2 = 0, (2) splits completely in M(ψi)/Q and (2) is
unramified in L(ψi)/Q. Consequently, the Artin symbol Art((2), L(ψi)/Q) is also an element
of the center Gal(L(ψi)/M(ψi)) and thus a well-defined element of F2.

Instead suppose that χi ◦ i∗2 6= 0. Then L(ψi)/Q(χi) is unramified at UpQ(χi)/Q(2), thanks
to Proposition 2.15, and this place splits completely in M(ψi)/Q(χi). Consequently, the
Artin symbol Art(UpQ(χi)/Q(2), L(ψi)/Q(χi)) is well-defined and an element of the center
Gal(L(ψi)/M(ψi)) and therefore a well-defined element of F2. By abuse of notation we will
sometimes denote this symbol as Art((2), L(ψi)/Q). Also, observe that in case χi ◦ i∗2 = χ5,
then it must be that χj(σ2(2)) = 0, thanks to the fact that χi is orthogonal to χj with respect
to the local Hilbert pairing at (2).

Finally, for a quadratic extension Q(
√
d)/Q, we put

R̃am(Q(
√
d)/Q) =

{
Ram(Q(

√
d)/Q) \ (2) if d has even 2-adic valuation

Ram(Q(
√
d)/Q) otherwise.

We can now state the reciprocity law.

Theorem 3.2. Let (A1, A2, ψ1, ψ2) be a Rédei admissible 4-tuple with pointer vector (χ1, χ2).
Then ∑

v∈R̃am(Q(χ1)/Q)

Art(v, L(ψ2)/Q) =
∑

v′∈R̃am(Q(χ2)/Q)

Art(v′, L(ψ1)/Q).

3.2 Proof of Theorem 3.2

Take a Rédei admissible 4-tuple (A1, A2, ψ1, ψ2) with pointer vector (χ1, χ2) and base set
A. We derive from equation (2.3) that the tuple of 1-cochains (φi,B)B⊆A becomes a tuple of
quadratic characters when restricted to GQ(A) for every i ∈ {1, 2}. Furthermore, it follows
directly from the definition of an expansion map that the character φi,A generates a rank 1 free
module over the ring F2[Gal(Q(A)/Q)] for every i ∈ {1, 2}, and furthermore the corresponding
Galois extension of Q equals L(ψi).

For each B ⊆ A we denote by αi,B ∈ Q(B)∗

Q(B)∗2 the unique element, provided by Kummer

theory, corresponding to the restriction of φi,B to GQ(B) (which is a quadratic character).
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Our next proposition is a generalization of the well-known connection between D4-extensions
and solution sets of certain conics, see for instance [44, Section 5], which also explains how
this phenomenon is related to Rédei symbols.

Proposition 3.3. We have for all i ∈ {1, 2} and all B ⊆ A that

NQ(A)/Q(B)(αi,A) = αi,B

as elements of Q(B)∗

Q(B)∗2 .

Proof. From the recursive formula (2.3) we see that it suffices to show that

NQ(A)/Q(A−{a})(αi,A) = αi,A−{a} in
Q(A− {a})∗

Q(A− {a})∗2

for all a ∈ A: the full proposition is then obtained by applying this repeatedly.
By Kummer theory, this is the same as showing that the co-restriction of the character φi,A

from GQ(A) to GQ(A−{a}) equals the character φi,A−{a}. To this end, let us recall the following
basic fact. Let G1 ⊆ G2 be a continuous inclusion of profinite groups with [G2 : G1] = 2. If
χ : G1 → F2 and χ′ : G2 → F2 are two continuous characters, then the co-restriction of χ to
G2 equals χ′ if and only if

χ(σ2) = χ′(σ) (3.1)

and

χ(στσ−1) + χ(τ) = χ′(τ) (3.2)

for each σ ∈ G2 −G1, τ ∈ G1. Equation (3.2) only implies that the co-restriction of χ equals
χ′ as characters of the index 2 subgroup G1. This leaves two possibilities for the character χ
from the larger group G2: the two possibilities constitute a single coset under the subgroup
generated by the character ε : G2 � G2

G1
= F2. Said differently, equation (3.2) forces the

co-restriction of χ to be in the set {χ′, χ′+ε}. These two cases can be distinguished by means
of equation (3.1).

Returning to our setup, we will now explain how equation (3.2) follows from the definition
of expansion maps as coordinates of monomials in a semidirect product. Here GQ(A) plays
the role of G1 and GQ(A−{a}) plays the role of G2. We claim that

φi,A(στσ−1) + φi,A(τ) = φi,A−{a}(τ) (3.3)

for each σ ∈ GQ(A−{a}) − GQ(A) and τ ∈ GQ(A). To prove the claim, observe that ker(ψi) is
contained in the kernel of all the quadratic characters φi,A, (1 +σ)φi,A, φi,A−{a}, since it gives
a normal extension of Q containing the kernel of the first and the third.

Hence it suffices to check equation (3.3) in the quotient given by ker(ψi) or equivalently
in im(ψi). The group ψi(GQ(A)) equals F2[FA2 ] o {0}. The character φi,A is the projection on
the monomial tA, the character φi,A−{a} is the projection on the monomial tA−{a} and σ acts
as multiplication by 1 + ta, since σ ∈ GQ(A−{a}) −GQ(A). This yields the identity

∑
T⊆A

(φi,T (στσ−1) + φi,T (σ)) · tT = (1 + σ) ·

∑
T⊆A

φi,T (τ) · tT


= ta ·

∑
T⊆A

φi,T (τ) · tT

 =
∑

T⊆A−{a}

φi,T (τ) · tT∪{a}
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for all τ ∈ F2[FA2 ]o {0}. Comparing the tA-coefficients gives precisely the desired conclusion.
It remains to check equation (3.1), which forces the norm relation to hold as characters

of the larger group GQ(A−{a}). To this end, pick σ ∈ GQ(A−{a})−GQ(A), and plug in (σ, σ) in
equation (2.3). The left hand side equals φi,A(σ2), which is the quantity we are after, while
the right hand side equals φi,A−{a}(σ). This establishes the proposition.

Our next result is a direct consequence of Proposition 3.3.

Corollary 3.4. Let i ∈ {1, 2}.

(a) Let v be a finite place of Q that splits completely in Q(A)/Q. Then v ∈ R̃am(Q(χi)/Q)
if and only if

|{w ∈ ΩQ(A) : w | v, w(αi,A) ≡ 1 mod 2}| ≡ 1 mod 2.

(b) We have ∞ ∈ R̃am(Q(χi)/Q) if and only if

|{σ : Q(A)→ R : σ(αi,A) < 0}| ≡ 1 mod 2.

Proof. We shall explain the argument for part (a) and leave part (b), which can be proven
similarly, to the reader. Recall that φi,∅ = χi for i ∈ {1, 2} and that Q(χi) = Q(

√
αi,∅). Let

us start by observing that

v ∈ R̃am(Q(χi)/Q)⇐⇒ v(αi,∅) ≡ 1 mod 2 (3.4)

for all finite places v of Q. Furthermore, Proposition 3.3, applied to B := ∅, yields

NQ(A)/Q(αi,A) = αi,∅.

Since v splits completely in Q(A) by assumption, this shows that∑
w∈ΩQ(A)

w|v

w(αi,A) ≡ v(αi,∅) mod 2. (3.5)

The corollary is now a consequence of equations (3.4) and (3.5).

We will now prove a general lemma about local fields. If K is a local field, we denote by
(−,−)K the Hilbert pairing on K∗

K∗2 . For a place v of a number field L we will write, by abuse
of notation, (−,−)v for the pairing (−,−)Lv .

Lemma 3.5. Let p be a finite place of Q and let K be a finite extension of Qp. Let α be the
unique class of K∗

K∗2 corresponding to the unramified quadratic extension K(
√
α). Then the

linear functional

(α,−)K :
K∗

K∗2
→ F2

equals the reduction of vK(−) modulo 2.

Proof. Let π be a uniformizer of K. The local Artin map θK sends π to the generator of
Gal(K(

√
α)/K), which implies that the Hilbert symbol (α, π)K is non-trivial. Since this holds

for all uniformizers, the lemma follows.
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We will make use of one final ingredient. If w is a real place of a number field L (i.e. a
place corresponding to an embedding σ : L→ R), we put

w(α) =

{
0 if σ(α) > 0
1 otherwise.

Let v be a place of Q. Suppose that that there exists a place w ∈ ΩQ(A) dividing v such that
w ramifies in L(ψ1)/Q(A). In that case we remark that Art(v, L(ψ2)/Q) is a well-defined
element of F2 (see also the remarks preceding Theorem 3.2), and similarly if we swap the
roles of 1 and 2.

Proposition 3.6. The following statements hold.

(a.1) Let v be a finite rational place and let w ∈ ΩQ(A) be a place lying above v. Suppose that
w is unramified in L(ψ1) · L(ψ2)/Q(A). Then

(α1,A, α2,A)w = 0.

(a.2) Suppose that ∞ 6∈ Ram(Q(χ1)/Q)∪Ram(Q(χ2)/Q). Then the value of (α1,A, α2,A)w is
the same for all places w ∈ ΩQ(A) lying above ∞.

(b) Suppose that (2) ramifies in L(ψ1)L(ψ2)/Q. Let {i, j} = {1, 2} be as in the fourth point
of Definition 3.1. Then

(α1,A, α2,A)w = w(αj,A) ·Art((2), L(ψi)/Q)

for every w ∈ ΩQ(A) lying above (2), where the product is taken in F2.

(c) Let {1, 2} = {i, j}. Let v be a rational place not equal to (2) and let w ∈ ΩQ(A) be a
place lying above v. Suppose that w ramifies in L(ψi)/Q(A). Then

(α1,A, α2,A)w = w(αi,A) ·Art(v, L(ψj)/Q),

where the product is taken in F2.

Proof of Proposition 3.6 part (a.1). Let v and w be as in the statement. Our assumptions
imply that the extensions L(ψ1)/Q(A) and L(ψ2)/Q(A) are unramified at all places of ΩQ(A)

above v. Now, since the fields L(ψ1), L(ψ2) are respectively equal to the Galois closure (over
Q) of the quadratic extensions Q(A)(

√
α1,A)/Q(A),Q(A)(

√
α2,A)/Q(A), it follows that the

classes of α1,A, α2,A are unramified classes in Q(A)∗w
Q(A)∗2w

. But, thanks to Lemma 3.5, the Hilbert

symbol between two unramified classes is trivial.

Proof of Proposition 3.6 part (a.2). By definition ∞ splits completely in Q(A). Since ∞ 6∈
Ram(Q(χ1)/Q)∪Ram(Q(χ2)/Q), we deduce from Definition 3.1 that ∞ splits completely in
M(ψ1)M(ψ2).

Observe that α1,A and α2,A are GQ-invariants of respectively M(ψ1)∗

M(ψ1)∗2 and M(ψ2)∗

M(ψ2)∗2 . Hence

the conjugates of αi,A are equal to αi,A times a square in M(ψi). In particular, σ(αi,A) equals
σ′(αi,A) times the square of a real number for all real embeddings σ, σ′ : Q(A)→ R. Therefore
σ(αi,A) has constantly the same sign as we vary σ : Q(A)→ R over all real embeddings. Since
the Hilbert symbol in the local field R is entirely determined by the sign of its two entries,
the result follows.
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Proof of Proposition 3.6 part (b). The inclusion i2 : Qsep → Qsep
2 provides us with a unique

place t ∈ ΩQ(A) above (2), namely the place t corresponding to the absolute value obtained
by composing i2 with the canonical absolute value of Qsep

2 . Recalling that Gal(Q(A)/Q) acts
transitively (and in this case freely) on the 2n places of ΩQ(A) above (2), it suffices to take
any element σ of Gal(Q(A)/Q), and show the desired conclusion for

(αi,A, αj,A)σ(t) = (σ−1(αi,A), σ−1(αj,A))t.

We now apply Proposition 3.3 and rewrite the right hand side as

(αi,Aγi, αj,Aγj)t = (αi,A, αj,Aγj)t(γi, αj,Aγj)t, (3.6)

where γh belongs to 〈{αh,T }T(A〉 for h ∈ {i, j}. We know that φT (ψi) ◦ i∗2 is the trivial
character, whenever ∅ 6= T ( A, by the fourth condition of Definition 3.1. It follows that γi
is in the span of αi,∅ locally at t. Since αi,∅ pairs trivially with all the αj,T by assumption,
equation (3.6) becomes

(αi,A, αj,Aγj)t = (αi,A, σ
−1(αj,A))t.

Note that the character αi,A is unramified locally at t, since ψi is a normalized expansion
map. Therefore we conclude, by means of Lemma 3.5, that this Hilbert symbol equals
t(σ−1(αj,A)) = σ(t)(αj,A) in case αi,A is the unique non-trivial unramified quadratic class at t,
and equals 0 in case αi,A is trivial. But now observe that the triviality of the unramified char-
acter αi,A locally at t precisely coincides with the triviality of the symbol Art((2), L(ψi)/Q).
Hence the result is

σ(t)(αj,A) ·Art((2), L(ψi)/Q)

as desired.

Proof of Proposition 3.6 part (c). Let us firstly suppose that v is a finite place (hence in P)
and let w ∈ ΩQ(A) be above v. Observe that L(ψj)/Q(A) is unramified at w by definition.

Furthermore, αj,A is a GQ-invariant class in
M(ψj)

∗

M(ψj)∗2
. It follows that σ(αj,A) always lands

in the same unramified class c of Q∗v
Q∗2v

as we vary over the 2n embeddings of Q(A) into Qv.

Recalling that
L(ψj) = M(ψj)

(√
αj,A

)
and that v splits completely in M(ψj)/Q by assumption, we see that c is trivial if and only
if Art(v, L(ψj)/Q) is trivial. Lemma 3.5 shows that

(αi,A, αj,A)w =

{
w(αi,A) if Art(v, L(ψj)/Q) is non-trivial
0 if Art(v, L(ψj)/Q) is trivial.

This proves part (c) in case v is finite.
It remains to treat the case where v equals the infinite place ∞ of Q. Let w ∈ ΩQ(A) be

above v. If w(αi,A) = 0, then the proposition is correct, because the Hilbert symbol (−,−)R
vanishes in case one of the two entries is positive. Finally, suppose that w(αi,A) = 1. Recalling

one more time that αj,A is a GQ-invariant class in
M(ψj)

∗

M(ψj)∗2
, we see that the sign of σ(αj,A)

does not depend on the embedding σ : Q(A) → R. Furthermore, since ∞ splits completely
in M(ψj)/Q, it follows from L(ψj) = M(ψj)(

√
αj,A) that this sign is positive if and only if

Art(∞, L(ψj)/Q) is trivial.
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We will now prove the main result of this section.

Proof of Theorem 3.2. Hilbert’s reciprocity law yields∑
w∈ΩQ(A)

(α1,A, α2,A)w = 0. (3.7)

Suppose that w ∈ ΩQ(A) does not ramify in the extension L(ψ1)L(ψ2)/Q(A). If w is a finite
place, then we obtain that (α1,A, α2,A)w = 0 thanks to Proposition 3.6 part (a.1). If w is an
infinite place, then we certainly have

∞ 6∈ R̃am(Q(χ1)/Q) ∪ R̃am(Q(χ2)/Q).

We deduce from Proposition 3.6 part (a.2) that the total contribution coming from all the
places of ΩQ(A) above ∞ equals 2n times the same number, which is 0 since n ≥ 1.

Now suppose that w ramifies in L(ψ1)L(ψ2)/Q(A). Let us first treat the case where w
ramifies in L(ψ1)/Q(A) and write v for the place of Q below w. Then thanks to Proposition
3.6, part (b) and part (c), we obtain that

(α1,A, α2,A)w = w(α1,A) ·Art(v, L(ψ2)/Q)).

By assumption v splits completely in the extension M(ψ2)/Q, so it certainly splits completely
in the extension Q(A)/Q. Corollary 3.4 shows that∑

w∈ΩQ(A)

w|v

(α1,A, α2,A)w =

{
Art(v, L(ψ2)/Q)) if v ∈ R̃am(Q(χ1)/Q)
0 otherwise.

The same conclusion holds by swapping the roles of 1 and 2. After grouping all w ∈ ΩQ(A)

lying above the same rational place v together, equation (3.7) becomes∑
v∈R̃am(Q(χ1)/Q)

Art(v, L(ψ2)/Q) +
∑

v′∈R̃am(Q(χ2)/Q)

Art(v′, L(ψ1)/Q) = 0,

which can be rewritten as∑
v∈R̃am(Q(χ1)/Q)

Art(v, L(ψ2)/Q) =
∑

v′∈R̃am(Q(χ2)/Q)

Art(v′, L(ψ1)/Q).

This completes the proof of the theorem.

4 Profitable triples

The next two sections provide a novel way to gain class group data on one point of a cube of
quadratic fields from class group data available on the other points. We will informally refer
to this as a reflection principle. Since the material is of a rather technical nature, we will
now provide an overview of what is going to unfold below, and its main differences with [42,
Theorem 2.8]. We hope in this way to provide some guiding intuition for the reader.

The key concept is that of a profitable triple. Roughly speaking, with respect to [42,
Theorem 2.8], we have less control over the raw cocycles that we encounter in our reflection
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principles. However, the rather general form of Theorem 3.2 allows us to still obtain a
reflection principle, where the relative governing fields are reasonably similar to the expansion
maps φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G) appearing in [42, Theorem 2.8].

Another novel feature is that we repeatedly invoke Theorem 3.2 during the proof of our
reflection principles, where the level of generality of Definition 3.1 allows us to have remarkably
little knowledge of the raw cocycles and expansion maps involved, but still gives sufficient
control over the relevant splitting conditions. In contrast, [42, Theorem 2.8] does not require
as input any form of reciprocity law. Although we shall not prove it here, our techniques are
able to prove a result eerily similar to [42, Theorem 2.8], except that the roles of T (wa) and
T (wb) are interchanged. We remark that in the setup of [42, Theorem 2.8] it is not at all
obvious how to achieve such a result.

Our approach might seem surprising at first, since in the reflection principles of Smith
[42] it is customary to find exact relations among raw cocycles and expansion maps and only
in a later step physically plug an Artin symbol in such relations. In contrast, in our setup of
profitable triples, we have remarkably loose control on the relations between the raw cocycles
and expansion maps. It is a crucial appeal to the reciprocity law of Theorem 3.2 that gives
the reflection principle. Most of the constraints we put on our raw cocycles are merely to
meet the conditions of Theorem 3.2 to allow such a reciprocity law to come into play.

Let s ∈ Z≥1 and let

C := {p1(1), p1(2)} × · · · × {ps(1), ps(2)} × {d0},

where (pi(1), pi(2))i∈[s] are 2s distinct, positive, odd prime numbers satisfying pi(1)pi(2) ≡
1 mod 8 for each i ∈ [s], and

∏
i∈[s] pi(1)pi(2) is coprime to the positive squarefree integer d0.

Thanks to this assumption, we can identify each element ((pi(f(i)))i∈[s], d0) of C with the
squarefree integer d0 ·

∏s
i=1 pi(f(i)), where f is any function from [s] to [2]. We denote by

x0 := d0 ·
s∏
i=1

pi(1).

For each i ∈ [s] and each h ∈ [2] we denote by Cpi(h) the subset of x ∈ C consisting of those
elements satisfying πi(x) = pi(h). More generally, for each T ⊆ [s] and for each function
f from T to {1, 2}, we denote by C(pi(f(i)))i∈T the subset of C consisting of those x such
that πi(x) = pi(f(i)) for each i ∈ T . This notation will be often invoked for the function f
constantly equal to 2, for which we give the following special notation in order to lighten up
our formulas. We denote by CT the subset of x ∈ C such that i ∈ T implies πi(x) = pi(2).

Let a be a divisor of d0. Suppose that we are given a tuple

(ψs+1(x))x∈C−{x0},

where ψs+1(x) is a raw cocycle for N(x) for each x ∈ C − {x0} satisfying

ψ1(x) = 2s · ψs+1(x) = χa. (4.1)

Remark 4.1. Observe that equation (4.1) implies that a is positive. Indeed, since s+ 1 ≥ 2,
equation (4.1) implies that χa ∪χ−x vanishes in H2(GQ,F2) for each x in C −{x0}. Since x
is positive, taking the Hilbert symbol at the unique infinite place of Q forces a > 0.

We next make a crucial definition.
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Definition 4.2. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a triple as above. We call the triple
(C,χa, (ψs+1(x))x∈C−{x0}) profitable if for each i ∈ [s]

� we have ∑
x∈CT

ψs+1−|T |(x)

 (σpi(2)) = 0

for each T ⊆ [s] containing i;

� we have ∑
x∈Cpi(2)

ψs−1(x) = 0; (4.2)

� the map φ{pj(1)pj(2):j∈[s]−{i}};pi(1)pi(2)(G) exists;

� every prime l dividing d0 splits completely in

L(φ{pj(1)pj(2):j∈[s]−{i}};pi(1)pi(2)(G))/Q;

� (2) and ∞ split completely in M(φ{pj(1)pj(2):j∈[s]−{i}};pi(1)pi(2)(G))/Q;

Remark 4.3. We claim that the second condition in Definition 4.2 implies that∑
x∈CT

ψs−|T |(x) = 0

for each ∅ 6= T ⊆ [s]. To see this, fix some j ∈ [s] and apply the operator dx0 to equation
(4.2). Then we get

∑
∅6=T⊆[s]−{i}

χ{pk(1)pk(2):k∈T}(σ) · (−1)|T |+1+χx0 (σ) ·

∑
x∈CT

ψs−|T |(x)(τ)


by Proposition 2.9. Now evaluate the resulting expression at (σ, τ) satisfying χpj(1)pj(2)(σ) = 1
and χpk(1)pk(2)(σ) = 0 for all k ∈ [s]− {i, j}. This gives∑

x∈C{i,j}

ψs−2(x) = 0.

Iterating this argument we obtain the desired conclusion.

We will often make use of the following important observation, which, informally put, says
that the various quadratic fields, corresponding to the points of C, coincide locally at (2) and
at the common ramified primes in the cube.

Proposition 4.4. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a profitable triple. Let p be a prime
divisor of d0 or let p = 2. Then we have

Qp(
√
x) = Qp(

√
x0)

for each x ∈ C. Moreover, we have for each i ∈ [s], each h ∈ [2] and all x, x′ ∈ Cpi(h)

Qpi(h)(
√
x) = Qpi(h)(

√
x′).
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Proof. The case p = 2 readily follows from the requirement that pi(1)pi(2) ≡ 1 mod 8 for
each i ∈ [s]. Every odd prime divisor p of d0 splits completely in

L(φ{pj(1)pj(2):j∈[s]−{i}};pi(1)pi(2)(G))/Q

by assumption. This certainly implies that p splits completely in Q(
√
pi(1)pi(2)) for each

i ∈ [s], which immediately gives us the desired conclusion.
Finally, take distinct indices i, j ∈ [s]. Since s + 1 ≥ 2, the map φpj(1)pj(2);pi(1)pi(2)(G)

exists. This map satisfies

(dφpj(1)pj(2);pi(1)pi(2)(G))(σ, τ) = χpj(1)pj(2)(σ)χpi(1)pi(2)(τ).

Hence the right hand side is trivial in H2(GQ,F2). Therefore it is trivial in H2(GQpi(h)
,F2)

for all h ∈ [2]. This means that pj(1)pj(2) is a square modulo pi(h), which proves the last
assertion.

Before we present the main theorem on profitable triples, we will state a useful lemma.
When we apply Lemma 4.5 later, Proposition 4.4 will guarantee that the decomposition
groups of the field Q({

√
x : x ∈ S}) are indeed cyclic.

Lemma 4.5. Let S be a set of squarefree integers all greater than 1. Assume that the decom-
position group of (2) in the field K = Q({

√
x : x ∈ S}) is cyclic. Let k ≥ 1 be an integer and

suppose that we are given raw cocycles ψk+1(x) for N(x) for each x ∈ S. Then

(i) if p does not ramify in K, p is unramified in∏
x∈S

L(ψk+1(x));

(ii) suppose that p ramifies in K. Then the ramification index of p in∏
x∈S

L(ψk+1(x))

equals 2. Now assume that all decomposition groups of K/Q are cyclic. Then, if p
ramifies in Q(

√
x) for every x ∈ S, the residue field degree of p in∏

x∈S
L(ψk(x))

equals 1.

Proof. Straightforward.

Let a profitable triple (C,χa, (ψs+1(x))x∈C−{x0}) and a subset ∅ ⊆ T ( [s] be given. To
this data we associate the map

ψT (C,χa, (ψs+1(x))x∈C−{x0}) :=
∑

x∈C[s]−T

ψ|T |+1(x).

Note that the above definition also makes sense for T = [s] in case we are further given a raw
cocycle ψs+1(x0).
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Theorem 4.6. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a profitable triple. Then there exists a raw
cocycle ψs+1(x0) for N(x0) such that the following two properties hold

� for each i ∈ [s] we have that ∑
x∈C

ψi(x) = 0; (4.3)

� the tuple
(ψT (C,χa, (ψs+1(x))x∈C−{x0}))T⊆[s]

is an expansion map ψ(C,χa, (ψs+1(x))x∈C−{x0}) with support {χpi(1)pi(2) : i ∈ [s]} ∪
{χa} and pointer χa. Furthermore, if v ∈ P ramifies in

L(ψ(C,χa, (ψs+1(x))x∈C−{x0}))/Q({
√
pi(1)pi(2) : i ∈ [s]}),

then v divides d0. The ramification index of v ∈ ΩQ is at most 2 in the extension
L(ψ(C,χa, (ψs+1(x))x∈C−{x0}))/Q. Finally, the 1-cochain

φT (ψ(C,χa, (ψs+1(x))x∈C−{x0})) ◦ i
∗
2 = ψT (C,χa, (ψs+1(x))x∈C−{x0}) ◦ i

∗
2

is a quadratic character contained in the span of {χ5, χx0} for each subset T ⊆ [s].
If (2) ramifies in Q(

√
x0)/Q, then φT (ψ(C,χa, (ψs+1(x))x∈C−{x0})) ◦ i∗2 is a quadratic

character contained in the span of {χx0} for each T ( [s].

Proof. We claim that

ψs(x0) := −
∑
x∈C
x 6=x0

ψs(x) (4.4)

is a raw cocycle for N(x0) lifting χa. Since 2s − 1 is odd, we certainly have

2s−1ψs(x0) = −
∑
x∈C
x 6=x0

2s−1ψs(x) = −
∑
x∈C
x 6=x0

χa = χa.

Furthermore, it follows from Proposition 2.9 that

dx0(ψs(x0))(σ, τ) =
∑

∅6=T⊆[s]

χ{pi(1)pi(2):i∈T}(σ) ·

∑
x∈CT

ψs−|T |(x)(τ)

 ,

which is zero term by term thanks to equation (4.2) of Definition 4.2 and Remark 4.3. This,
together with Proposition 2.5, gives a field extension corresponding to the homomorphism

GQ → N(x0)[2s] o F2, σ 7→ (ψs(x0)(σ), χx0(σ)) ,

where the generator of F2 acts by −id on N(x0). Our next goal is to show that the extension
L(ψs(x0))Q(

√
x0)/Q(

√
x0) is unramified at all finite places. By equation (4.4), we have an

inclusion

L(ψs(x0)) ⊆
∏
x∈C
x 6=x0

L(ψs(x)). (4.5)
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Then Lemma 4.5 implies that L(ψs(x0))Q(
√
x0)/Q(

√
x0) is unramified at all finite places not

lying above some pi(2).
It remains to show that L(ψs(x0))Q(

√
x0)/Q(

√
x0) is unramified for any place of Q(

√
x0)

above pi(2). Recall from Proposition 2.5 that the Galois extension L(ψs(x))Q(
√
x)/Q is given

by the homomorphism from GQ to N(x)[2s] o F2 defined by the formula

σ 7→ (ψs(x)(σ), χx(σ)).

Notice that pi(2) is unramified in the extension L(ψs(x))/Q for each x ∈ Cpi(1)−{x0}. Then
it follows from Proposition 2.3 that ψs(x)(σpi(2)) = 0 for all x ∈ Cpi(1) − {x0}. Hence, the
first condition of Definition 4.2 together with the definition of ψs(x0) implies that

(ψs(x0)(σpi(2)), χx0(σpi(2))) = id.

Invoking one more time Proposition 2.5 and Proposition 2.3, we conclude that pi(2) is unram-
ified in L(ψs(x0))/Q as desired. Since we have shown that L(ψs(x0))/Q(

√
x0) is unramified

at all finite places of Q(
√
x0), we conclude that ψs(x0) is a raw cocycle for N(x0) lifting χa,

which satisfies equation (4.3) by construction.
In order to prove the existence of ψs+1(x0) with 2ψs+1(x0) = ψs(x0) we will instead show

the equivalent statement that UpQ(
√
x0)/Q(p) splits completely in L(ψs(x0))Q(

√
x0)/Q(

√
x0)

for each prime p ramifying in Q(
√
x0)/Q (here we use the material in Subsection 2.3 and

Proposition 2.6). This is in turn equivalent to

ip(L(ψs(x0))) ⊆ Qp(
√
x0) (4.6)

for each prime p ramifying in Q(
√
x0)/Q.

Let us begin with the case that p divides d0 (or p = 2 in case x0 is 3 modulo 4). For
all such choices of p, equation (4.6) is a consequence of Lemma 4.5 and equation (4.5). We
are now left with proving the sought inclusion for pi(1) for each i ∈ [s]. First of all we
claim that ipi(1)(L(ψs(x))) ⊆ Qpi(1)(

√
x0) for each x ∈ Cpi(1) − {x0}. Indeed, the Artin

symbol of UpQ(
√
x)/Q(pi(1)) in Gal(L(ψs(x))Q(

√
x)/Q(

√
x)) vanishes thanks to the equation

2 ·ψs+1(x) = ψs(x) and the claim is a consequence of Proposition 4.4. Therefore noticing that

L(ψs(x0)) ⊆

 ∏
x∈Cpi(1)−{x0}

L(ψs(x))

L

 ∑
x∈Cpi(2)

ψs(x)

 ,

we see that it is enough to show that ipi(1)(L(
∑

x∈Cpi(2)
ψs(x))) ⊆ Qpi(1). Hence it suffices to

show that pi(1) splits completely in the extension

L

 ∑
x∈Cpi(2)

ψs(x)

 /Q.

Define C̃ := Cpi(2). We start by observing that equation (4.2) combined with Remark 4.3 and
Proposition 2.9 implies that  ∑

x∈C̃[s]−{i}−T

ψ|T |+1(x)


T⊆[s]−{i}
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is an expansion map, say E, with support set equal to {χpj(1)pj(2) : j ∈ [s]− {i}} ∪ {χa} and
pointer χa.

We claim that pi(2) splits completely in L(E). Let us first show that pi(2) is unramified
in L(E). We obtain, as an immediate consequence of equation (2.2) and the first point of
Definition 4.2, that σpi(2) is mapped to the identity element via E. Then pi(2) is indeed
unramified by Proposition 2.3. Since L(E) is contained in

∏
x∈Cpi(2)

L(ψs(x)), it follows from

Lemma 4.5 that pi(2) has residue field degree 1 in L(E) implying the claim.
We next claim that

ipi(1)

M
∑
x∈C̃

ψs(x)

 ⊆ Qpi(1) and ipi(1)

L
∑
x∈C̃

ψs(x)

 ⊆ Qunr
pi(1). (4.7)

The second containment in equation (4.7) is clear, since pi(1) is unramified in L(ψs(x)) for
every x ∈ C̃. Thanks to Proposition 2.9 the first condition is equivalent to pi(1) splitting
completely in

L

∑
x∈CT

ψs−1(x)


for every T ⊆ [s] of size 2 containing i. Let us first observe that the above field is contained
in the compositum of L(ψs(x)) for x satisfying πi(x) = pi(2). Hence

ipi(1)

L
∑
x∈CT

ψs−1(x)

 ⊆ Qunr
pi(1). (4.8)

Next observe that ∑
x∈CT

ψs−1(x) = −
∑

x∈C(pi(1),pj(2))

ψs−1(x)

thanks to equation (4.2), where T = {i, j}. It follows from Lemma 4.5 that pi(1) has residue
field degree 1 in L(

∑
x∈C(pi(1),pj(2))

ψs−1(x)). Therefore we have

ipi(1)

L
∑
x∈CT

ψs−1(x)

 ⊆ Qpi(1)(
√
x0). (4.9)

We derive from equations (4.8) and (4.9) that

ipi(1)

L
∑
x∈CT

ψs−1(x)

 ⊆ Qpi(1)(
√
x0) ∩Qunr

pi(1) = Qpi(1).

This establishes equation (4.7).
We are now in position to show that the 4-tuple

({χpj(1)pj(2) : j ∈ [s]− {i}}∪{χa}, {χpj(1)pj(2) : j ∈ [s]− {i}} ∪ {χpi(1)pi(2)}, ∑
x∈C̃[s]−{i}−T

ψ|T |+1(x)

T⊆[s]−{i}, (φ{pj(1)pj(2):j∈T};pi(1)pi(2)(G))T⊆[s]−{i})
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is Rédei admissible. From this we will derive, by an application of Theorem 3.2, the desired
splitting of pi(1). Let us start by checking the coprimality conditions among the pointers.
Observe that a and pi(1)pi(2) do not share any common prime divisor by construction. Fur-
thermore, a is positive, see Remark 4.1, and pi(1)pi(2) is obviously positive. Finally, we have
pi(1)pi(2) ≡ 1 mod 8 by assumption, hence the desired orthogonality at 2 between χa and
χpi(1)pi(2), with respect to the Hilbert pairing, is evidently satisfied.

We now check Rédei admissability. To lighten the notational burden, we denote, as in
Section 3, by ψ1 the first expansion map and by ψ2 the second expansion map appearing in
the 4-tuple above.

Let us start by examining the infinite place. It follows from Remark 4.1 that ∞ splits
completely in the field Q({

√
pk(1)pk(2) : k ∈ [s]},

√
a). Hence we need to check that ∞ splits

completely in M(ψ1)M(ψ2). The field L(ψs(x)) is totally real for each x ∈ C̃ thanks to the
equation 2 ·ψs+1(x) = ψs(x). Therefore their compositum is totally real and thus we conclude
that M(ψ1) is totally real. Regarding M(ψ2) this is explicitly prescribed in the fifth point of
Definition 4.2.

Let us now consider the place (2). It follows from the fifth condition of Definition 4.2 that
(2) splits completely in the extension L(ψ2)/Q. Therefore, in view of Definition 3.1, there is
no further condition to check for ψ1.

It remains to examine the odd places dividing d0 or places of the form pj(h) for some
j ∈ [s] and h ∈ [2]. Indeed, L(ψ1)/Q does not ramify at any other odd place by Lemma 4.5,
while Proposition 2.15 implies that L(ψ2)/Q ramifies only at primes of the form pj(h) for
j ∈ [s] and h ∈ [2]. So let us take an odd prime p dividing d0. Thanks to the fourth condition
of Definition 4.2 p splits completely in L(ψ2)/Q.

We now examine the place pj(h) with j different from i. Then we claim that each place
above pj(h) is unramified in

L(ψ1)L(ψ2)/Q({
√
pk(1)pk(2) : k ∈ [s]− {i}}).

In fact we make the stronger claim that σpj(h) has order at most 2 when projected to the Galois
groups Gal(L(ψ1)/Q) and Gal(L(ψ2)/Q). This implies the original claim, since the ramifica-
tion index of pj(h) in Q({

√
pk(1)pk(2) : k ∈ [s]−{i}})/Q already equals 2, since j is different

from i. For ψ1, observe that this holds for each individual Galois group Gal(L(ψs(x))/Q),
since the extension L(ψs(x))/Q(

√
x) is unramified for each x ∈ C̃. For ψ2, observe that

normalized expansion maps send every σ ∈ G to an involution by construction.

We are now left with the places pi(1) and pi(2). But we have already shown above
that L(ψ1)/Q is unramified at both of them, and even that pi(2) splits completely therein.
Furthermore, we have established, see equation (4.7), that pi(1) splits completely in M(ψ1)/Q.
Therefore the 4-tuple is Rédei admissible. We now apply Theorem 3.2. The relevant Artin
symbols in L(ψ2) are zero thanks to the fourth point of Definition 4.2. We have already shown
that Art(pi(2), L(ψ1)/Q) vanishes. Hence Theorem 3.2 yields that pi(1) splits completely in
the field of definition of ψ1.

Since i ∈ [s] was arbitrary, we have completed the proof that ψs(x0) pairs trivially with
Cl(Q(

√
x0))[2]. Therefore there exists ψs+1(x0) with

2 ·

(∑
x∈C

ψs+1(x)

)
= 0.
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Invoking one more time Proposition 2.9 combined with equation (4.2) and Remark 4.3, we
obtain that

ψ(C,χa, (ψs+1(x))x∈C−{x0})

is an expansion map with support {χpi(1)pi(2) : i ∈ [s]} ∪ {χa} and pointer χa.
Let us now prove the final claims concerning the ramification locus of the extension

L(ψ(C,χa, (ψs+1(x))x∈C−{x0}))/Q. First of all, recall that (2) splits completely in the field

Q({
√
pi(1)pi(2) : i ∈ [s]})/Q, because of our assumption pi(1)pi(2) ≡ 1 mod 8 for each i ∈ [s].

In view of Proposition 2.9 this also shows that the map φT (ψ(C,χa, (ψs+1(x))x∈C−{x0})) ◦ i∗2
is a character from GQ2 to F2. The other claims are now a consequence of Lemma 4.5.

From now on we will refer to the maps ψs+1(x0) and ψ(C,χa, (ψs+1(x))x∈C−{x0}) obtained
in Theorem 4.6 as, respectively, the raw cocycle and the expansion map attached to the
profitable triple (C,χa, (ψs+1(x))x∈C−{x0}).

5 Reflection principles for profitable triples

We divide our reflection principles for profitable triples in three families. The final family of
reflection principles is taken from Smith [42], and does not involve the notion of profitable
triples.

5.1 Reflection principles for ∞

We say that a squarefree integer d > 1 is special in case it has no prime divisors congruent
to 3 modulo 4. From now on we shall use the notation for s and C as given at the beginning
of Section 4. We say that C is special in case all its elements are special. Let us start by
defining −1-profitable triples. If φ{ai:i∈[s]};as+1

(G) exists, then recall that

M(φ{ai:i∈[s]};as+1
(G)) = Q({χai : i ∈ [s]})

∏
T([s]

L(φ{ai:i∈T};as+1
(G)).

Definition 5.1. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a special, profitable triple. We say that
(C,χa, (ψs+1(x))x∈C−{x0}) is a −1-profitable triple in case

� the map φ{pi(1)pi(2):i∈[s]};−1(G) exists;

� every odd prime divisor of d0 splits completely in M(φ{pi(1)pi(2):i∈[s]};−1(G))/Q;

� (
√
x) ∈ 2sCl(Q(

√
x))[2s+1] for each x ∈ C;

� the place (1 + i) of Q(i) splits completely in M(φ{pi(1)pi(2):i∈[s]};−1(G))/Q(i).

Before stating out next theorem, we remind the reader that the splitting of (
√
x) in an

unramified extension (at all finite places) of Q(
√
x) is the same as the splitting behavior of an

infinite place. Furthermore, we remind the reader of the conventions about Art(2, L(ψi)/Q)
discussed after Definition 3.1.

Theorem 5.2. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a −1-profitable triple. Then

χa ∈ 2sCl(Q(
√
x0))∨[2s+1].
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Furthermore, each odd prime number p | a splits completely in M(φ{pi(1)pi(2):i∈[s]};−1(G))/Q,
the place (1 + i) splits completely in M(φ{pi(1)pi(2):i∈[s]};−1(G))/Q(i) and∑

x∈C
〈(
√
x), χa〉Arts+1(x) =

∑
p|a

φ{pi(1)pi(2):i∈[s]};−1(G)(Frob(p)).

Proof. Since (C,χa, (ψs+1(x))x∈C−{x0}) is in particular a profitable triple, an application of
Theorem 4.6 yields

χa ∈ 2sCl(Q(
√
x0))∨[2s+1].

It is also clear that (1 + i) splits completely in M(φ{pi(1)pi(2):i∈[s]};−1(G))/Q(i) and that every
odd prime p dividing a splits completely in M(φ{pi(1)pi(2):i∈[s]};−1(G))/Q. Indeed, this is
literally the second and fourth condition in Definition 5.1.

It remains to prove the last part of the theorem. Pick a raw cocycle ψs+1(x0) as in Theorem
4.6. Let ψ(C,χa, (ψs+1(x))x∈C−{x0}) be the expansion map attached to the profitable triple.
Denote by Frob(∞) the generator of Gal(Qsep

∞ /Q∞). We claim that∑
x∈C
〈(
√
x), χa〉Arts+1(x) = ψ[s](C,χa, (ψs+1(x))x∈C−{x0})(i

∗
∞(Frob(∞))). (5.1)

Indeed, for each x ∈ C, we can write

〈(
√
x), χa〉Arts+1(x) = ψs+1(x)(i∗∞(Frob(∞))),

and hence equation (5.1) follows from the equality∑
x∈C

ψs+1(x) = ψ[s](C,χa, (ψs+1(x))x∈C−{x0}).

We now show that the 4-tuple

({χpi(1)pi(2) : i ∈ [s]} ∪ {χa}, {χpi(1)pi(2) : i ∈ [s]} ∪ {χ−1},
ψ(C,χa, (ψs+1(x))x∈C−{x0}), (φ{pi(1)pi(2):i∈T};−1(G))T⊆[s])

is Rédei admissible. Once we have completed this task, then the desired conclusion follows
at once from Theorem 3.2 combined with equation (5.1).

Let us start by examining the coprimality conditions. The coprimality condition at the
odd places is satisfied since one of the two pointers is χ−1. At ∞ we need to guarantee that
a is positive, which follows from Remark 4.1. At (2) we need to guarantee that χ−1 and χa
are orthogonal with respect to the local Hilbert pairing. Since a is special, χa is contained in
the span of {χ2, χ5} locally at 2. This last space is precisely the orthogonal complement of
〈χ−1〉 with respect to the local Hilbert pairing at 2.

It remains to check the conditions in Definition 3.1. In what follows we will denote, as
in Section 3, by ψ1 the first expansion map and by ψ2 the second expansion map of the 4-
tuple. The first condition of Definition 3.1 is trivially satisfied. Let us now check the second
condition.

Observe that ∞ certainly ramifies in Q(i)/Q. Therefore we need to check that ∞ splits
completely in M(ψ1). But the extension L(ψs(x))/Q is totally real for each x ∈ C due to the
equation 2 ·ψs+1(x) = ψs(x). Hence the desired conclusion follows immediately, since M(ψ1)
is contained in the compositum of totally real fields. We now check the third condition of
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Definition 3.1. Thanks to Theorem 4.6 and Proposition 2.15, we only need to check the odd
primes dividing d0 and those of the form pi(h) for some i ∈ [s] and some h ∈ [2].

Let p be an odd prime dividing d0. Then p splits completely in M(ψ2)/Q by the second
condition of Definition 5.1. Furthermore, p is unramified in L(ψ2)/Q by Proposition 2.15. Let
now i ∈ [s] and h ∈ [2]. In this case we claim that every place of Q({

√
pj(1)pj(2) : j ∈ [s]})

above pi(h) stays unramified in L(ψ1)L(ψ2)/Q({
√
pj(1)pj(2) : j ∈ [s]}). To see this last

claim, we use the last statement in Theorem 4.6 for ψ1 and Proposition 2.15 for ψ2.
It remains to check the fourth condition of Definition 3.1. We have χ−1(σ2(2)) = 0 by

construction of σ2(2). We will now verify that φT (ψ2) ◦ i∗2 = 0 for each ∅ ( T ( [s]. First
observe that φT (ψ2) ◦ i∗2 is a quadratic character. Since ψ2 is normalized, it follows that
φT (ψ2) ◦ i∗2 is in the span of the unramified quadratic character. But (1 + i) splits completely
in M(ψ2)/Q(i) by the fourth condition of Definition 5.1. This shows that φT (ψ2) ◦ i∗2 = 0.

Finally, we need to check for each T ⊆ [s] that the map φT (ψ1) restricts to a quadratic
character that is in the span of {χ5, χ2}, which is the orthogonal complement of 〈χ−1〉 with
respect to the local Hilbert pairing at (2). This follows from the last part of Theorem 4.6
keeping in mind that x0 is a special integer, which forces the span of {χx0 , χ5} to be contained
in the span of {χ5, χ2} locally at (2). This ends the proof that the 4-tuple is Rédei admissable,
which, as explained above, concludes the proof of the theorem.

5.2 Reflection principles for the self-pairing

We begin with two auxiliary results, which are the two fundamental steps towards the main
results of this subsection, Theorem 5.6 and Theorem 5.7. Theorem 5.3 is a result similar to
Theorem 5.2, if not a simpler one, in the sense that it does not invoke any further usage of
reciprocity than already invoked in Theorem 4.6. Instead Theorem 5.5 is a genuinely novel
result having no analogue in the previous reflection principles. It relies on Hilbert’s reciprocity
law in a critical manner.

Theorem 5.3. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a profitable triple. Suppose that

UpQ(
√
x)/Q(a) ∈ 2s · Cl(Q(

√
x))[2s+1]

for each x ∈ C. Then UpQ(
√
a)/Q(p) splits completely in M(ψ(C,χa, (ψs+1(x))x∈C−{x0})) for

each p | a. Furthermore, we have that

χa ∈ 2s · Cl(Q(
√
x0))∨[2s+1]

and∑
x∈C
〈UpQ(

√
x)/Q(a), χa〉Arts+1(x) =

∑
p|a

ψ[s](C,χa, (ψs+1(x))x∈C−{x0})(Frob(UpQ(
√
a)/Q(p))).

Proof. For each prime p | a the map ip gives us a unique prime p above p in

K := Q({
√
pi(1)pi(2) : i ∈ [s]},

√
x0).

For each x ∈ C the extension Q(
√
x) is inside K. Therefore we conclude that

KL(ψs+1(x))/K

37



is unramified at p and

〈UpQ(
√
x)/Q(a), χa〉Arts+1(x) =

∑
p|a

ψs+1(x)(Frob(p)),

since p has residue field degree 1 in K by Proposition 4.4. Summing up all the contributions,
we get ∑

p|a

ψ[s](C,χa, (ψs+1(x))x∈C−{x0})(Frob(p)).

Lemma 4.5 implies that UpQ(
√
a)/Q(p) splits completely in M(ψ(C,χa, (ψs+1(x))x∈C−{x0}))·K

for each p | a. Therefore we can rewrite

ψ[s](C,χa, (ψs+1(x))x∈C−{x0})(Frob(p))

as
ψ[s](C,χa, (ψs+1(x))x∈C−{x0})(Frob(UpQ(

√
a)/Q(p))).

We conclude that∑
x∈C
〈UpQ(

√
x)/Q(a), χa〉Arts+1(x) =

∑
p|a

ψ[s](C,χa, (ψs+1(x))x∈C−{x0})(Frob(UpQ(
√
a)/Q(p)))

as desired.

We are now going to abstract the crucial features of the cochains appearing on the right
hand side of Theorem 5.3. As an auxiliary piece of notation, we remind the standard notation
that one attaches to a finite Galois extension F/Q and to a prime number p

ep(F/Q) := #(proj(GQ → Gal(F/Q)) ◦ i∗p)(Ip),

and

fp(F/Q) :=
#(proj(GQ → Gal(F/Q)) ◦ i∗p)(GQp)

ep(F/Q)
.

Definition 5.4. Let s ∈ Z≥1. Let {a1, . . . , as+1} be pairwise coprime, special squarefree
integers greater than 1. An expansion map (φ{ai:i∈T};as+1

)T⊆[s] with support set {a1, . . . , as+1}
and pointer as+1 is said to be Pellian in case

� for each finite prime p ramifying in L(φ{ai:i∈[s]};as+1
)/Q, we have that

ep(L(φ{ai:i∈[s]};as+1
)/Q) = ep(M(φ{ai:i∈[s]};as+1

)/Q) = 2

and p is not 3 modulo 4;

� we have
fp(M(φ{ai:i∈[s]};as+1

)/Q) = 1

for each finite prime p ramifying in M(φ{ai:i∈[s]};as+1
)/Q;

� the character χai is locally trivial at 2 for all i ∈ [s];

� ∞ splits completely in M(φ{ai:i∈[s]};as+1
)/Q;
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� φ{ai:i∈T};as+1
(σ2(1)) = 0 for each T ( [s];

� all prime divisors of ai are unramified in

L(φ{aj :j∈[s]−{i}};as+1
)/Q

for each i ∈ [s].

Let p be a prime divisor of as+1. By definition of a Pellian expansion, we have that
UpQ(

√
as+1)/Q(p) is unramified in L(φ{ai:i∈[s]};as+1

) and splits completely in M(φ{ai:i∈[s]};as+1
).

Therefore we have that Frob(UpQ(
√
as+1)/Q(p)) is well-defined and lands in

Gal(L(φ{ai:i∈[s]};as+1
)/M(φ{ai:i∈[s]};as+1

)) ∼= F2.

We now give the second auxiliary result, which has some similarities with the computations
in [20, Section 12].

Theorem 5.5. Let s ∈ Z≥2. Let {a1, . . . , as+1} be pairwise coprime, special squarefree in-
tegers. Let (φ{ai:i∈T};as+1

)T⊆[s] be a Pellian expansion map with support {a1, . . . , as+1} and
pointer as+1. Then ∑

p|as+1

φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(p))) = 0.

Proof. Until specified, all intermediate assertions that we are going to make also apply to the
case s = 1.

Construction of an auxiliary 1-cochain

Let us write K := Q({ai : i ∈ [s] − {1}}). Observe that the restriction of φ{ai:i∈[s]−{1}};as+1

to GK is a quadratic character, while φ{ai:i∈[s]};as+1
restricted to GK is a 1-cochain whose

differential equals the following cup product

(dφ{ai:i∈[s]};as+1
)(σ, τ) = χa1(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)

of quadratic characters.
Thanks to the first point of Definition 5.4, the quadratic character φ{ai}i∈[s]−{1};as+1

does
not ramify at odd finite places of K not possessing a primitive 4-th root of unity. As such
the 2-cocycle

θ(σ, τ) := φ{ai:i∈[s]−{1}};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)

is locally trivial at all finite odd places of K. Furthermore, θ is trivial at all the 2s−1 infinite
places of K, in virtue of the fourth point of Definition 5.4. We now examine the places above
(2). Observe that by the third point (2) splits completely in K. Call t the unique place of K
given by i2. Then Kt = Q2.

Recall that the set of characters χ ∈ Homtop.gr.(GQ2 ,F2) with χ ∪ χ = 0 in H2(GQ2 ,F2)
forms a subspace thanks to the antisymmetry of the Hilbert symbol. Furthermore, it coincides
precisely with the space of characters vanishing at σ2(1). To see this, remark that χ2 ∪ χ2

and χ5 ∪ χ5 are trivial (since 22 = 2 + 2 and 52 = 5 + 5 · 22). Then, since both spaces are
2-dimensional, they must coincide.
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Now, thanks to the fifth condition in Definition 5.4, we see that

invt(φ{ai:i∈[s]−{1}};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)) = 0.

We now show it for all the other places above (2). Take any ρ ∈ Gal(K/Q). Observe that

invρ(t)(φ{ai:i∈[s]−{1}};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)) =

invt(φ{ai:i∈[s]−{1}};as+1
(ρσρ−1) · φ{ai:i∈[s]−{1}};as+1

(ρτρ−1)).

Invoking Proposition 3.3, we see that φ{ai:i∈[s]−{1}};as+1
(ρσρ−1) is in the span of

{φ{ai:i∈T};as+1
: T ⊆ [s]− {1}}.

However, invoking again the fifth condition of Definition 5.4, we see that each φ{ai:i∈T};as+1

is in the subspace of χ ∈ Homtop.gr.(GKt ,F2) with

invt(χ ∪ χ) = 0.

Therefore we conclude that

invt(φ{ai:i∈[s]−{1}};as+1
(ρσρ−1) · φ{ai:i∈[s]−{1}};as+1

(ρτρ−1)) = 0

and hence
invρ(t)(φ{ai:i∈[s]−{1}};as+1

(σ) · φ{ai:i∈[s]−{1}};as+1
(τ)) = 0.

We have proved that θ vanishes locally at all places above (2) as well. Hence we have
completed the proof that the class of θ is locally trivial at all places of K. Therefore there
exists a 1-cochain φ̃ : GK → F2 with

(dφ̃)(σ, τ) = θ(σ, τ) = φ{ai:i∈[s]−{1}};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ).

The possible choices of the cochain φ̃ form a coset under Homtop.gr.(GK ,F2). We are going

to make a choice of φ̃ that will simplify the coming discussion. Since χa1 is a character that
ramifies at some place, we can always choose a set S1(K) of odd prime ideals of OK spanning
Cl(K)
2Cl(K) such that χa1 is locally trivial at each of them.

Let us call S(K) the set of places of K that are in S1(K) or lie above (2) or ∞. We
now claim that we can always make a choice of φ̃ such that L(φ̃)/K is unramified outside of
S(K) and the places where L(φ{ai:i∈[s]−{1}};as+1

)/K ramifies. Indeed, start with one cochain

φ̃1 : GK → F2 such that

(dφ̃1)(σ, τ) = θ(σ, τ) = φ{ai:i∈[s]−{1}};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ).

Suppose first that the field extension L(φ̃1)/K ramifies at some place p outside of S(K) and
the set of places where L(φ{ai:i∈[s]−{1}};as+1

)/K ramifies. By definition of S(K) we can find
an ideal J entirely supported in S(K) such that pJ = (γp) · I2 for some integral ideal I of OK
and some non-zero element γp of K.

Observe that the quadratic character χγp ramifies at p and its ramification locus is con-

tained in {p}∪S(K). Furthermore, writing φ̃2 = φ̃1 +χγp , we see that L(φ̃2)/K is unramified

at p. Since L(φ̃1)/K ramifies at finitely many places, we get a 1-cochain φ̃ with the claimed
properties by iterating this procedure. In what follows we consider this choice of φ̃.
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Construction of a 2-cocycle

A quick calculation shows that

θ̃(σ, τ) := φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ) + χa1(σ) · φ̃(τ)

is a 2-cocycle, giving a class in H2(GK ,F2). Hence Hilbert reciprocity yields∑
v∈ΩK

invv(θ̃) = 0.

We next calculate for each v ∈ ΩK the value of invv(θ̃).

The infinite places

Observe that χa1 is locally trivial at any infinite place, since a1 > 0. Furthermore, thanks
to the fourth condition in Definition 5.4, we see that φ{ai:i∈[s]−{1}};as+1

is also locally trivial

at each infinite place. We therefore conclude that the 2-cocycle θ̃ becomes literally the zero
map when restricted to each decomposition group of an archimedean place of K. Hence
invv(θ̃) = 0 for each infinite place v of K.

Places above as+1

We distinguish two cases. Let first p be an odd prime factor of as+1. Clearly, p ramifies in
L(φ{ai:i∈[s]};as+1

)/Q. It follows that p splits completely in K(
√
a1) thanks to the first and

the second condition of Definition 5.4. Let p be one of the 2s−1 places of ΩK lying above p.
Then χa1 is locally trivial at p, thanks to the just mentioned splitting of p in K(

√
a1). We

conclude that φ{ai:i∈[s]};as+1
and φ{ai:i∈[s]−{1}};as+1

are both quadratic characters locally at p.

Therefore, locally at p, the 2-cocycle θ̃ becomes the cup product

φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ).

This shows that

invp(θ̃) = invp(φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)).

It follows from the first and the second condition in Definition 5.4 that the set

{φ{ai:i∈T};as+1
: T ( [s]}

spans the 1-dimensional space generated by χas+1 locally at p. From this we deduce that

φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(p))) = 0

if and only if φ{ai:i∈[s]};as+1
lands in the space generated by χas+1 . In case φ{ai:i∈[s]−{1}};as+1

is locally trivial at p, we evidently get

invp(φ{ai:i∈[s]};as+1
(σ) ∪ φ{ai:i∈[s]−{1}};as+1

(τ)) = 0.

Otherwise, φ{ai:i∈[s]−{1}};as+1
is non-trivial locally at p and hence equals χas+1 locally at p.

Then we get

invp(φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)) = φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(p))).
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Indeed, the above Hilbert symbol vanishes if and only if φ{ai:i∈[s]};as+1
is in the space generated

by the non-trivial character χas+1 , which, as we argued, is also decided by the Artin symbol.
Finally, Corollary 3.4 implies that the total contribution of the places above p is precisely

φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(p))).

Suppose now that 2 divides as+1. We explain why the above argument works in this case as
well. Thanks to the first and the second condition in Definition 5.4, we know that

{φ{ai:i∈T};as+1
|i∗2(GQ2

) : T ⊆ [s]}

spans a space that is at most 2-dimensional, containing χas+1 and reaching dimension 2 if and
only if χ5 is therein. Again the symbol φ{ai:i∈[s]};as+1

(Frob(UpQ(
√
as+1)/Q(2))) detects whether

the dimension is 2 and likewise for the Hilbert symbol

invp(φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)) = φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(2)))

in case φ{ai:i∈[s]−{1}};as+1
is non-trivial locally at p. With these small differences, the rest of

the proof is identical and one reaches again the conclusion that the final contribution above
(2) is

φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(2))).

Hence we conclude that the total contribution from the places above the prime divisors of
as+1 is ∑

p|as+1

φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(p))).

The remaining places not dividing a1

Suppose that v is a finite place of K above a prime q such that the residue field Fv is a
non-trivial extension of Fq. We claim that

invv(θ̃) = 0. (5.2)

Observe that q is unramified in L(φ{ai:i∈[s]};as+1
)/Q by the first and second condition of

Definition 5.4. By our assumption on v, we have F∗q ⊆ F∗2v . Then the character χai is locally
trivial at v for all i ∈ [s], and therefore φ{ai:i∈[s]};as+1

(σ) and φ{ai:i∈[s]−{1}};as+1
(τ) are both

quadratic characters locally at v. Hence θ̃ becomes the cup product

φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)

of two unramified characters, which proves the claimed equation (5.2).
We are left with the finite places v with residue field degree one in K and not dividing

as+1. Write q for the place of Q below v. Let us first consider v such that q is unramified in
L(φ{ai:i∈[s]};as+1

)/Q. Then q splits completely in K.

First suppose that v ramifies in L(φ̃)/K. Then, by our choice of S(K) if q is odd, and
by the third condition of Definition 5.4 in case q = 2, we have that χa1 is trivial locally at q.
Since q splits completely in K, we conclude that χa1 is also locally trivial at v. Therefore at
all such places we are left with the cup product of two unramified characters and thus we get
that the Hilbert symbol is trivial.
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Next suppose that v is unramified in L(φ̃)/K. For each such v we have that the restriction
of θ̃ to GKv is in the image of the inflation

inf : H2(Gal(Kunr
v /Kv),F2)→ H2(GKv ,F2).

But we know that Gal(Kunr
v /Kv) ∼= Ẑ and H2(Ẑ,F2) = 0, since any central extension of Ẑ is

clearly trivial. We conclude that
invv(θ̃) = 0

in this case.
Hence we have proved that the contribution from all the places above finite rational primes

q unramified in L(φ{ai:i∈[s]};as+1
)/Q is pointwise 0. We now turn to the ramified places.

Among the remaining places, let us first examine those v for which q does not divide a1.
It follows from the second condition of Definition 5.4 that χa1 is locally trivial at such places.
Hence we are left with

φ{ai:i∈[s]};as+1
(σ) · φ{ai:i∈[s]−{1}};as+1

(τ)

locally at v. Let us further suppose that q does not ramify in K/Q. Then it must split
completely in K/Q. Now for each of the 2s−1 places above q where the quadratic character
φ{ai:i∈[s]−{1}};as+1

of GK ramifies, the invariant map is zero if fq(L(φ{ai:i∈[s]};as+1
)/Q) = 1

and non-zero if fq(L(φ{ai:i∈[s]};as+1
)/Q) = 2. Since q does not divide as+1, there is an even

number of places above q ramifying in φ{ai:i∈[s]−{1}};as+1
in virtue of Corollary 3.4. Therefore

the total contribution from such places is trivial.
In case s ≥ 2, we still need to deal with the places q not dividing a1 but dividing ai for

some i ∈ [s]− {1}. Take a place v above q and observe that both characters

φ{ai:i∈[s]};as+1
, φ{ai:i∈[s]−{1}};as+1

have even valuation at v, thanks to the first condition in Definition 5.4. Therefore the Hilbert
symbol is trivial also in this case.

Places dividing a1

We are now left with the v such that q divides a1. Indeed, we have shown that the total
contribution from all the other places not dividing as+1 is trivial. Take now such a prime q
dividing a1. Observe that all the characters

φ{ai:i∈[s]−{1}};as+1

are locally trivial at v, thanks to the second and fifth condition of Definition 5.4. In particular
φ̃ becomes a quadratic character locally at v and θ̃ becomes the cup product

χa1(σ) · φ̃(τ).

Furthermore, v is unramified in the cyclic degree 4 extension L(φ̃)/K and splits in the unique
quadratic subextension given by φ{ai:i∈[s]−{1}};as+1

. Let us call

ψ̃ : GK � Z/4Z

the continuous epimorphism given by

σ 7→ (φ̃(σ), φ{ai:i∈[s]−{1}};as+1
(σ)),
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where Z/4Z is represented as F2 × F2 with the product law

(a1, b1) ∗ (a2, b2) = (a1 + a2 + b1b2, b1 + b2).

We have that the total contribution from places above q dividing a1 is∑
v∈ΩK
v|q

ψ̃(Frob(v)).

This is precisely the same as
(NK/Q(ψ̃))(Frob(q)).

Now NK/Q(ψ̃) is a cyclic degree 4 character of GQ lifting the quadratic character χas+1 , thanks
to Proposition 3.3. As such it can be given by

σ 7→ (φas+1;as+1(G)(σ) + χ(σ), χas+1(σ)),

thanks to Lemma 2.18.

Study of the character χ

We claim that χ is a quadratic character that only ramifies at primes that split completely
in Q(

√
a1). Indeed, observe that all the primes ramifying in K split completely in Q(

√
a1).

Furthermore, L(ψ̃)/K ramifies only at places of K that split completely in Q(
√
a1) by con-

struction of S(K), and the same is true for all the conjugates of ψ̃. Therefore the field of
definition L(φas+1;as+1(G) + χ)/Q can ramify only at places where χa1 is locally trivial.

We will now show how this implies that χ has the desired property. By assumption
the places (2) and ∞ split completely in Q(

√
a1)/Q, so we can focus entirely on the odd

primes. We show that if an odd prime p ramifies in Q(χ)/Q, then it must also ramify in
L(φas+1;as+1(G) +χ)/Q, and thus, as we argued above, p must split completely in Q(

√
a1)/Q.

Observe that, by definition, we have that

φas+1;as+1(G)(σp) = 0,

and, by Proposition 2.3, we have that χ(σp) = 1. It follows that

σp 7→ (1, χas+1(σp)) 6= (0, 0).

Therefore by Proposition 2.3 we conclude that p ramifies in L(φas+1;as+1(G) + χ)/Q, which
establishes the claim.

End of proof

What we have proven so far applies also to the Pellian expansion map φa1;as+1 , since we have
not made use that s ≥ 2 yet. But now we have∑
p|as+1

φ{ai:i∈[s]};as+1
(Frob(UpQ(

√
as+1)/Q(p))) =

∑
q|a1

(φas+1;as+1(G) + χ)(Frob(q))

=
∑
p|as+1

φa1;as+1(Frob(UpQ(
√
as+1)/Q(p))) = 0,
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where the first equality follows from the above analysis for φ{ai:i∈[s]};as+1
, the second equality

follows from the above analysis for φa1;as+1 (i.e. the case s = 1) and the last equality follows
from s ≥ 2 and the first two conditions of Definition 5.4.

The following results are the main theorems of this subsection.

Theorem 5.6. Let s ∈ Z≥2. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a −1-profitable triple. Suppose
that UpQ(

√
x)/Q(a) ∈ 2s · Cl(Q(

√
x))[2s+1] for each x ∈ C. Then we also have that

χa ∈ 2s · Cl(Q(
√
x))∨[2s+1]

and ∑
x∈C
〈UpQ(

√
x)/Q(a), χa〉Arts+1(x) = 0.

Proof. This is now a straightforward combination of Theorem 5.3 and Theorem 5.5.

Theorem 5.7. Let s ∈ Z≥2. Let (C,χa, (ψs+1(x))x∈C−{x0}) be a −1-profitable triple. Suppose
that UpQ(

√
x)/Q(a) ∈ 2s · Cl(Q(

√
x))[2s+1] for each x ∈ C. Then we also have that

χa ∈ 2s · Cl(Q(
√
x))∨[2s+1]

and ∑
x∈C

〈
(
√
x)

UpQ(
√
x)/Q(a)

, χx
a

〉
Arts+1(x)

=
∑
p|a

φ{pi(1)pi(2):i∈[s]};−1(G)(Frob(p)).

Proof. Observe that〈
(
√
x)

UpQ(
√
x)/Q(a)

, χx
a

〉
Arts+1(x)

=
〈

(
√
x) ·UpQ(

√
x)/Q(a), χa

〉
Arts+1(x)

=
〈

UpQ(
√
x)/Q(a), χa

〉
Arts+1(x)

+
〈
(
√
x), χa

〉
Arts+1(x)

.

Hence the conclusion follows upon combining Theorem 5.2 and Theorem 5.6.

5.3 Standard reflection principles

We now establish the more classical reflection principles. Some of our arguments are different,
but the material of this subsection is based on [42]. We include it here with proofs in order
to keep our work self-contained.

Let s be a positive integer and let

C := {p1(1), p1(2)} × · · · × {ps(1), ps(2)} × {ps+1(1), ps+1(2)} × {d0},

where {p1(1), p1(2), . . . , ps+1(1), ps+1(2)} is a set of 2s+2 distinct prime numbers, each of them
coprime with the positive squarefree integer d0. Furthermore, we demand that pi(1)pi(2) ≡
1 mod 8 and that pi(1)pi(2) is a square modulo every odd prime factor of d0 for every i ∈ [s].
Let a be a divisor of d0. As at the beginning of Section 4, we identify points in C with
squarefree integers. We write

x0 := d0 ·
s+1∏
i=1

pi(1).
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Suppose that we have for each x ∈ C −{x0} a raw cocycle ψs+1(x) for N(x) such that either

2s · ψs+1(x) = χa

for each x ∈ C − {x0}, or
2s · ψs+1(x) = χπs+1(x)a

for each x ∈ C − {x0}, where we recall that πs+1 is the projection on the s+ 1-th coordinate
of C. For convenience, the first case will be referred to as being of type 1, while the second
case is said to be of type 2. We now make the two key definitions of this subsection. We begin
with the notion of minimal triples.

Definition 5.8. Suppose that (C, (ψs+1(x))x∈C−{x0}, χa) is a triple of type 1. We say that
the triple is a minimal triple in case for each non-empty subset T ⊆ [s+ 1] we have that∑

x∈CT

ψs−|T |+1(x) = 0. (5.3)

We next turn to the notion of governing triples.

Definition 5.9. Suppose that (C, (ψs+1(x))x∈C−{x0}, χa) is a triple of type 2. We say that
the triple is a governing triple in case

� for each T ⊆ [s] the map φ{pi(1)pi(2):i∈T};ps+1(1)ps+1(2)(G) exists;

� for each non-empty T ⊆ [s], we have∑
x∈CT

ψs−|T |+1(x) = φ{pi(1)pi(2):i∈[s]−T};ps+1(1)ps+1(2)(G);

� for each T ⊆ [s+ 1] with s+ 1 ∈ T , we have∑
x∈CT

ψs−|T |+1(x) = 0.

We can now give the two main results of this subsection. We start with the one on minimal
triples.

Theorem 5.10. Let (C, (ψs+1(x))x∈C−{x0}, χa) be a minimal triple. Then

χa ∈ 2s · Cl(Q(
√
x0))∨[2s+1].

Moreover, we have the following results.

(i) Let b | d0 (resp. b | 2d0 in case Q(
√
x0)/Q ramifies at 2) be such that

UpQ(
√
x)/Q(b) ∈ 2s · Cl(Q(

√
x))[2s+1]

for each x ∈ C. Then ∑
x∈C
〈UpQ(

√
x)/Q(b), χa〉Arts+1(x) = 0.
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(ii) Instead suppose that
UpQ(

√
x)/Q(x) ∈ 2s · Cl(Q(

√
x))[2s+1]

for each x ∈ C. Then ∑
x∈C
〈UpQ(

√
x)/Q(x), χa〉Arts+1(x) = 0.

Proof. Let us start by proving that χa ∈ 2s · Cl(Q(
√
x0))∨[2s+1]. To this end, consider the

1-cochain ψs+1(x0) : GQ → N [2s+1] defined by

ψs+1(x0) := −
∑

x∈C:x 6=x0

ψs+1(x).

We will show that ψs+1(x0) is a 1-cocycle for N(x0) with 2s · ψs+1(x0) = χa. This last
assertion follows immediately from

2s · ψs+1(x0) = −(2s − 1) · χa = χa.

Let us next prove that ψs+1(x0) : GQ → N(x0)[2s+1] is in fact a 1-cocycle. Thanks to
Proposition 2.9 we have that

(dx0ψs+1(x0))(σ, τ) =
∑

∅6=T⊆[s+1]

χ{pi(1)pi(2):i∈T}(σ) · (−1)|T |+1+χx0 (σ)

∑
x∈CT

ψs−|T |+1(x)(τ)


= 0,

where the last equation follows from our assumption∑
x∈CT

ψs−|T |+1(x) = 0,

see equation (5.3).
In particular it follows that ψs(x0) := 2 ·ψs+1(x0) is a 1-cocycle with values in N(x0)[2s].

We claim that ψs(x0) once restricted to GQ(
√
x0) naturally lands in Cl(Q(

√
x0))∨[2s], i.e. that

it yields a cyclic degree 2s extension of Q(
√
x0) unramified at all finite places. Let us first

consider a prime p that does not ramify in Q(
√
x) for any x ∈ C. Then we simply observe

that

L(ψs(x0)) ⊆
∏

x∈C−{x0}

L(ψs(x)). (5.4)

Lemma 4.5 and equation (5.4) give the desired conclusion in this case.
We now consider the case of a prime p ramifying in Q(

√
x) for every x ∈ C or of the

form pi(1) for some i ∈ [s+ 1]. Since p has ramification index 2 in
∏
x∈C−{x0} L(ψs(x))/Q by

Lemma 4.5 and since p ramifies in Q(
√
x0)/Q, this case is also okay. We finally consider the

case of an odd prime of the form pi(2) for some i ∈ [s + 1]. Then we deduce from equation
(5.3) that ∑

x∈Cpi(2)

ψs(x) = 0,
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which shows that
ψs(x0) = −

∑
x∈C−{x0}
πi(x)=pi(1)

ψs(x).

It follows that L(ψs(x0)) ·Q(
√
x0) is contained in the compositum

Q(
√
x0) ·

 ∏
x∈C−{x0}
π(x)=pi(1)

L(ψs(x))

 .

The prime pi(2) visibly does not ramify in the above field, since Q(
√
x) is unramified at pi(2)

for each x with πi(x) = pi(1) and L(ψs(x)) ·Q(
√
x)/Q(

√
x) is unramified at all finite places of

Q(
√
x). This establishes the claim, since every place of Q either equals pi(1) or pi(2) for some

i ∈ [s+ 1], or ramifies in Q(
√
x) for every x ∈ C, or is unramified in Q(

√
x) for all x ∈ C.

We now prove that there exists a raw cocycle ψ′s+1(x0) with 2 · ψ′s+1(x) = ψs(x0). This
is equivalent to showing that UpQ(

√
x0)/Q(p) has trivial Artin symbol in Gal(L(ψs(x0)) ·

Q(
√
x0)/Q(

√
x0)) for each prime p ramifying in Q(

√
x0)/Q.

Let us first prove this for an odd prime p. Then, necessarily, p divides x0. We are going
to show that the mere existence of the lift ψs+1(x0), which itself is not guaranteed to be
unramified, guarantees the existence of an unramified lift of ψs(x0). Thanks to the shape of
the tame local Galois group, we see that (ψs+1(x0), χx0) ◦ i∗p induces a homomorphism

Z2 o pZ2 → N(x0)[2s+1] o F2.

This homomorphism factors through the subgroup 2 · Z2 o pZ2 , since the order of the image
of σp equals exactly 2. Indeed, elements with non-trivial second coordinate in the dihedral
group N(x0)[2s+1]oF2 are all involutions and clearly χx0(σp) = 1. Hence (ψs+1(x0), χx0) ◦ i∗p
induces a homomorphism F2× pZ2 → N(x0)[2s+1]oF2, which surjects on the F2 component.
This forces the restriction of the homomorphism to GQp(

√
x0) to land in N(x0)[2], since no

other element of N(x0) commutes with an element of the shape (n, 1). But hence, when we
project to N(x0)[2s] o F2, we obtain that

ψs(x0)(Frob(UpQ(
√
x0)/Q(p))) = 0

as desired.
It remains to prove that UpQ(

√
x0)/Q(2) splits completely in L(ψs(x0)) · Q(

√
x0)/Q(

√
x0)

in case (2) ramifies in Q(
√
x0)/Q. Recalling that pi(1)pi(2) ≡ 1 mod 8 for each i ∈ [s+ 1] we

find that (2) ramifies in Q(
√
x)/Q for every x ∈ C. Hence, the equation 2 ·ψs+1(x) = ψs(x) in

Cl(Q(
√
x))∨ implies that ψs(x) pairs trivially with the 2-torsion class UpQ(

√
x)/Q(2) for each

x ∈ C − {x0}. Therefore, keeping in mind that Q2(
√
x) = Q2(

√
x0), we have that

i2(L(ψs(x)) ·Q(
√
x)) ⊆ Q2(

√
x0),

for each x in C − {x0}, which implies

i2(L(ψs(x0)) ·Q(
√
x0)) ⊆ Q2(

√
x0)

due to the inclusion (5.4). This means exactly that UpQ(
√
x0)/Q(2) splits completely in

L(ψs(x0)) ·Q(
√
x0)/Q(

√
x0). This concludes our examination at (2).
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We deduce the existence of a raw cocycle ψ′s+1(x) satisfying 2 · ψ′s+1(x) = ψs(x). In
particular, we have shown that χa ∈ 2s · Cl(Q(

√
x0))∨[2s+1], which is the first part of the

theorem. We now proceed with the proof of (i). The proof of (ii) is similar and is omitted.
First of all notice that

χ := ψ′s+1(x0)− ψs+1(x0)

is a quadratic character. Indeed, χ is a 1-cocycle valued in N(x0)[2] = F2, equipped with the
only possible GQ-action, namely the trivial one. As we shall see, this observation will allow
us to replace ψ′s+1(x0) with ψs+1(x0) for the purpose of evaluating the Artin pairing. To take
advantage of this, let us rewrite each of the Artin pairings as an Artin symbol taken from the
same field extension.

To this end, fix x ∈ C and a prime divisor p of b. The map ip gives a unique place above
p in

K := Q({
√
pi(1)pi(2) : i ∈ [s+ 1]},

√
x0).

Let us denote this place of K as p. Observe that the extension

L(ψs+1(x)) ·K/K

is abelian and unramified at p. Hence the Artin symbol of p in this extension is a well-defined
element of its Galois group. We claim that

〈UpQ(
√
x)/Q(b), χa〉 =

∑
p|b

ψs+1(x)|GK (Frob(p)).

Indeed, pi(1)pi(2) is a square modulo each odd prime divisor p of b for all i ∈ [s+ 1]. Hence
the residue field of p in L(ψs+1(x)) · K coincides with the residue field of p in L(ψs+1(x)).
This implies that

ψs+1(x)|GK (Frob(p)) = ψs+1(x)|GQ(
√
x)

(Frob(UpQ(
√
x)/Q(p))).

Hence our claim follows from the definition of the Artin pairing. Therefore we conclude that

∑
x∈C
〈UpQ(

√
x)/Q(b), χa〉Arts+1(x) =

∑
p|b

ψ′s+1(x0)(Frob(p)) +
∑
x∈C
x 6=x0

ψs+1(x)(Frob(p))

 .

Recalling that χ = ψ′s+1(x0)− ψs+1(x0) and recalling the definition of ψs+1(x0) we conclude
that ∑

x∈C
〈UpQ(

√
x)/Q(b), χa〉Arts+1(x) =

∑
p|b

χ|GK (Frob(p)).

Hence it suffices to show that ∑
p|b

χ|GK (Frob(p)) = 0.

To this end we will conduct a more careful study of the character χ. First of all observe that

i2(L(ψs+1(x0)) · L(ψ′s+1(x0))) ⊆ Q2(
√

5,
√
x0).
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Therefore, since Q(χ) ⊆ L(ψs+1(x0)) · L(ψ′s+1(x0)), we conclude that at least one of χ and
χ + χx0 is unramified at (2). Let us pick one such character unramified at (2) and call this
choice χ′. We now claim that

χ′ :=
∑

i∈[s+1]
h∈[2]

λi,hχpi(h)∗ +
∑
l|d0
l 6=2

λlχl∗ ,

where the various λi,h and λl are in F2 and n∗ is the unique integer satisfying |n∗| = n and
n∗ ≡ 1 mod 4. Indeed, the character χ′ is unramified at (2) and χ′ certainly does not ramify
at any odd prime not dividing p1(1)p1(2) . . . ps+1(1)ps+1(2) · d0, since

Q(χ′) ⊆ L(ψs+1(x0)) · L(ψ′s+1(x0)) ·Q(
√
x0).

This establishes the claim. Hence it suffices to prove that∑
p|b

χx0 |GK (Frob(p)) = 0

and ∑
p|b

χt∗ |GK (Frob(p)) = 0

for each odd prime t dividing p1(1)p1(2) . . . ps+1(1)ps+1(2) · d0. The first equation is trivial,
since χx0 is identically 0 when restricted to GK . Let us show the second equation. Each p
dividing b splits completely in Q(

√
pi(1)pi(2)) for each i ∈ [s+ 1]. It follows that

χt∗ |GK (Frob(p)) = χt∗ |GQ(
√
x)

(Frob(UpQ(
√
x)/Q(p))),

where x is any element of C with t | x. This yields∑
p|b

χt∗ |GK (Frob(p)) = 〈UpQ(
√
x)/Q(b), χt∗〉1 = 0,

where the last equality follows from our assumption UpQ(
√
x)/Q(b) ∈ 2 · Cl(Q(

√
x)).

We now turn to the main result on governing triples. The proof is similar to the one given
for Theorem 5.10, however there are a few technical differences. Below we report only the
steps in the proof where the argument differs.

Theorem 5.11. Let (C, (ψs+1(x))x∈C−{x0}, χa) be a governing triple. Then

χps+1(1)·a ∈ 2s · Cl(Q(
√
x0))∨[2s+1].

Suppose that b | d0 is such that

UpQ(
√
x)/Q(b) ∈ 2s · Cl(Q(

√
x))[2s+1]

for each x ∈ C. Then every p | b splits completely in M(φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G))/Q,
is unramified in L(φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G))/Q and∑

x∈C
〈UpQ(

√
x)/Q(b), χa〉Arts+1(x) =

∑
p|b

φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G)(Frob(p)).

50



Proof. We start by showing that χps+1(1)·a ∈ 2s · Cl(Q(
√
x0))∨[2s+1]. Consider the 1-cochain

ψs+1(x0) := φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G)−
∑
x∈C
x 6=x0

ψs+1(x).

We have

2s · ψs+1(x0) = 2s · φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G)−
∑
x∈C
x 6=x0

χπs+1(x)·a

= 0− χps+1(1)·a = χps+1(1)·a,

since the 1-cochain φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G) is valued in F2 and s ≥ 1. Let us next
prove that ψs+1(x0) : GQ → N(x0)[2s+1] is in fact a 1-cocycle for N(x0). Thanks to Proposi-
tion 2.9 we have that

(dx0ψs+1(x0))(σ, τ) =
∑

∅6=T⊆[s+1]
s+16∈T

χ{pi(1)pi(2):i∈T}(σ)·

(−1)|T |+1+χx0 (σ)

∑
x∈CT

ψs−|T |+1(x)(τ)

− φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G)(τ)

 ,

where we have used the third condition of Definition 5.9 to remove the terms with s+ 1 ∈ T .
It follows from the second condition of Definition 5.9 that the above expression is identically
zero.

Certainly, ψs(x0) := 2 · ψs+1(x0) is a 1-cocycle with values in N(x0)[2s]. We claim that
ψs(x0) once restricted to GQ(

√
x0) naturally lands in Cl(Q(

√
x0))∨[2s] so that it yields a cyclic

degree 2s extension of Q(
√
x0) unramified at all finite places. Following the proof of Theorem

5.10, we obtain the claim for all places lying above (2), all odd primes dividing d0 and all odd
primes not dividing any x ∈ C.

It remains to treat the places lying above a prime of the form pj(h) with j ∈ [s+ 1] and
h ∈ [2]. Let us begin with the case j ∈ [s] and h = 2. Then we can rewrite ψs(x0) as

−
∑

x∈Cpj(2)

ψs(x)−
∑

x∈Cpj(1)−{x0}

ψs(x).

We now invoke the second condition of Definition 5.9, with T := {j}, and we get

ψs(x0) = φ{pi(1)pi(2):i∈[s]−{j}};ps+1(1)ps+1(2)(G)−
∑

x∈Cpj(1)−{x0}

ψs(x).

By construction of the 1-cochain φ{pi(1)pi(2):i∈[s]−{j}};ps+1(1)ps+1(2)(G) and by our assumption
j ∈ [s] we deduce that

φ{pi(1)pi(2):i∈[s]−{j}};ps+1(1)ps+1(2)(G)(σpj(2)) = 0.

Now notice that ∑
x∈Cpj(1)−{x0}

ψs(x)(σpj(2)) = 0,
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since every individual field L(ψs(x))/Q is unramified above pj(2) for each x ∈ Cpj(1). This
demonstrates that the homomorphism (ψs(x0), χx0) maps σpj(2) to the identity and therefore
pj(2) is unramified in the extension L(ψs(x0))/Q by Proposition 2.3.

We now consider j = s+ 1 and h = 2. We still rewrite ψs(x0) as

−
∑

x∈Cpj(2)

ψs(x)−
∑

x∈Cpj(1)−{x0}

ψs(x),

but this time we invoke the third condition of Definition 5.9 with T = {s+ 1} to obtain that

ψs(x0) = −
∑

x∈Cpj(1)−{x0}

ψs(x).

The field of definition of ψs(x0) is contained in∏
x∈Cps+1(1)

−{x0}

L(ψs(x)).

The prime ps+1(2) is unramified in the above field, since ps+1(2) is unramified in Q(
√
x)/Q for

each x ∈ Cps+1(1) and furthermore L(ψs(x))Q(
√
x)/Q(

√
x) is unramified at all finite places.

We finally consider the primes of the form pj(1) for some j ∈ [s+ 1]. We observe that

L(ψs(x0)) ⊆
∏

x∈C−{x0}

L(ψs(x))

and that σpj(1) has order at most 2 in Gal(L(ψs(x))/Q) for each x in C − {x0}. Hence it
has order at most 2 in Gal(L(ψs(x0))/Q), which, by means of Proposition 2.3, implies that
the ramification index of pj(1) in L(ψs(x0))Q(

√
x0)/Q is exactly 2. But the prime pj(1)

ramifies in the extension Q(
√
x0)/Q and therefore the place UpQ(

√
x0)/Q(pj(1)) is unramified

in L(ψs(x0))Q(
√
x0)/Q(

√
x0). We have now verified that ψs(x0) restricts to an unramified

character of GQ(
√
x0).

At this point we follow the argument in the proof of Theorem 5.10 to deduce that ψs(x0)
is in 2 · Cl(Q(

√
x0))∨. Indeed, all that we used in that proof was the existence of a lift

(by multiplication of 2) of ψs(x0) in the space of cocycles from GQ to N(x0), which, of
course, is also available in this proof (namely ψs+1(x0)). Let ψ′s+1(x0) be a raw cocycle with
2 · ψ′s+1(x0) = ψs(x0). The examination of the quadratic character

χ := ψ′s+1(x0)− ψs+1(x0)

can be reproduced almost verbatim also in this argument with the only difference being that
we invoke Proposition 2.15 to control the ramification coming from the 1-cochain

φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G).

We now justify the claim that each prime p dividing b splits completely in the extension

M(φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G))/Q

and is unramified in the extension

L(φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G))/Q.
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This last conclusion is just Proposition 2.15. In order to show that p splits completely in
M(φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G)), we invoke the second condition of Definition 5.9. Then
we see that it suffices to show that

ip(L(ψs(x))) ⊆ Qp(
√
x0) (5.5)

for each x in C − {x0}. Indeed, this forces

ip(M(φ{pi(1)pi(2):i∈[s]};ps+1(1)ps+1(2)(G))) ⊆ Qunr
p ∩Qp(

√
x0) = Qp

as we want. But equation (5.5) follows from Lemma 4.5. From here onwards, the rest of the
proof is identical to the proof of Theorem 5.10.

6 Combinatorial results

In this section we recall for the reader’s convenience the main combinatorial results from
Smith’s work [42, Section 3-4].

6.1 Additive systems

One of the key tools in Smith’s work is the notion of an additive system. It provides a
convenient abstract framework for our algebraic results.

Definition 6.1. Let X1, . . . , Xr be non-empty finite sets, let X = X1×· · ·×Xr and let S ⊆ [r].
An additive system on (X,S) is a tuple (CT , C

acc
T , FT , AT )T⊆S, indexed by the subsets T ⊆ S,

satisfying the following properties

� we have CT ⊆ Cacc
T ⊆ Cube(X,T ), FT : CT → AT is a function and AT is a finite

F2-vector space;

� we have
Cacc
T = {x̄ ∈ CT : FT (x̄) = 0}

and furthermore

CT = {x̄ ∈ Cube(X,T ) : x̄(T − {i}) ⊆ Cacc
T−{i} for all i ∈ T}

for all ∅ 6= T ⊆ S;

� suppose that x̄1, x̄2, x̄3 ∈ CT and suppose that there exists i ∈ T and p1, p2, p3 ∈ Xi such
that

π[r]−{i}(x̄1) = π[r]−{i}(x̄2) = π[r]−{i}(x̄3)

and
πi(x̄1) = (p1, p2), πi(x̄2) = (p2, p3), πi(x̄3) = (p1, p3).

Then we have

FT (x̄1) + FT (x̄2) = FT (x̄3). (6.1)

The most important feature of additive systems is that we have good control over the
density of Cacc

S .
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Proposition 6.2. Take non-empty finite sets X1, . . . , Xr, take X = X1×· · ·×Xr and take a
subset S ⊆ [r]. Let (CT , C

acc
T , FT , AT )T⊆S be an additive system on (X,S) such that |AT | ≤ a

for all T ⊆ S, and write δ for the density of Cacc
∅ in X. Then we have

|Cacc
S |

|Cube(X,S)|
≥ δ2|S| · a−3|S| .

Proof. This is first proven in [42, Proposition 3.2] and reproven in [30, Proposition 2.2].

6.2 Ramsey theory

The following result allows us to find structured subsets of any Y ⊆ X provided that Y has
sufficiently large density in X.

Lemma 6.3. Take non-empty finite sets X1, . . . , Xr and take X = X1 × · · · ×Xr. Suppose
that Y is a subset of X of cardinality at least δ · |X|. We further assume that 2−r−1 > δ > 0
and we let b ≥ 1 be an integer satisfying

b ≤
(

log mini∈[r] |Xi|
5 log δ−1

)1/(r−1)

.

Then there exist subsets Zi ⊆ Xi with |Zi| = b for all i ∈ [r] such that

Z1 × · · · × Zr ⊆ Y.

Proof. This is [42, Lemma 4.1], where their d is our r and their r is our b.

Remark 6.4. As Smith [42, p. 6] already remarks, this lemma is sharp up to a change of
constant. Indeed, take a random subset Y of [2N ]r. Then the probability that Y contains a
given product set Z1 × · · · × Zr, where |Zi| = b for each i ∈ [r], equals (1/2)b

r
. There are at

most 2Nrb such sets Z1 × · · · × Zr. Hence we see that, as soon as b > (rN)1/(r−1), a random
subset Y of [2N ]r fails the conclusion of the lemma with positive probability.

We now state Smith’s main combinatorial result. It provides the crucial connection be-
tween our equidistribution results based on the Chebotarev density theorem and the reflection
principles. Let X = X1 × · · · ×Xr and let S ⊆ [r]. Define

V = Map(X,F2), W = Map(Cube(X,S),F2).

We say that x̄ ∈ Cube(X,S) is degenerate if there exists i ∈ S with

pr1(πi(x̄)) = pr2(πi(x̄)).

We define Σ : V →W to be the linear map given by

ΣF (x̄) =

{ ∑
x∈x̄(∅) F (x) if x̄ is not degenerate

0 if x̄ is degenerate.

We denote the image of Σ by Add(X,S). More generally, we define for a subset Y ⊆ X a
map from Map(Y,F2) to Map(Cube(X,S),F2) by

ΣF (x̄) =

{ ∑
x∈x̄(∅) F (x) if x̄ is not degenerate and x̄(∅) ⊆ Y

0 if x̄ is degenerate.

By abuse of notation, we will also denote this map by Σ.
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Lemma 6.5. Let X1, . . . , Xr be finite, non-empty sets, let X = X1×· · ·×Xr and let S ⊆ [r].
Then

dimF2 Add(X,S) =
∏
i∈S

(|Xi| − 1) ·
∏

i∈[r]−S

|Xi|.

Proof. This follows from [27, Proposition 9.3] by taking l = 2.

Given an additive system A = (CT , C
acc
T , FT , AT )T⊆S on (X,S), we set

C(A) :=
⋂
i∈S

{
x̄ ∈ Cube(X,S) : x̄(S − {i}) ∩ Cacc

S−{i} 6= ∅
}
.

We say that A is (a, S)-acceptable if |AT | ≤ a for all T ⊆ S and x̄ ∈ C(A) implies x̄(∅) ⊆ Cacc
∅ .

Proposition 6.6. There exists an absolute constant A > 0 such that the following holds.
Take non-empty finite sets X1, . . . , Xr, take X = X1 × · · · ×Xr and take S ⊆ [r]. Let a ≥ 2
and ε > 0 be such that ε < a−1 and

log min
i∈S
|Xi| ≥ A · 6r · log ε−1.

Then there exists g ∈ Add(X,S) such that for all (a, S)-acceptable additive systems

A = (CT , C
acc
T , FT , AT )T⊆S

on (X,S) and for all F : Cacc
∅ → F2 satisfying ΣF (x̄) = g(x̄) for all x̄ ∈ C(A), we have

|Cacc
∅ |
2
− ε · |X| ≤ |F−1(0)| ≤

|Cacc
∅ |
2

+ ε · |X|.

Proof. This is [42, Proposition 4.4].

6.3 Galois groups

In this subsection we describe the structure of some important Galois groups that we shall
encounter later. To do so, we will introduce some notation. If X1, . . . , Xr are non-empty,
finite sets of odd prime numbers, we write K(X1 × · · · ×Xr) for the compositum of Q(

√
p)

with p lying in some Xj . If x̄ ∈ Cube(X,S) and d 6= 1 is an integer coprime to all elements
of X, then we say that the expansion map

φx̄;d

exists if x̄ is degenerate or if the expansion map

φ{pr1(πi(x̄))·pr2(πi(x̄)):i∈S};d(G)

exists. In case x̄ is degenerate, we define the field of definition of φx̄;d to be Q. The coming
results are very similar to [42, Proposition 2.4].
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Lemma 6.7. Let r ∈ Z≥1. Take non-empty, disjoint, finite sets of odd prime numbers
X1, . . . , Xr with product X. Let i ∈ [r] and suppose that the map φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄))

exists for all x̄ ∈ Cube(X, [r]). For S ⊆ [r]− {i} write

MS := K(X)
∏

x̄∈Cube(X,S∪{i})

L(φπS(x̄);pr1(πi(x̄))pr2(πi(x̄))).

Then we have

log2

 ∏
S⊆[r]−{i}
|S|=j+1

MS :
∏

S′⊆[r]−{i}
|S′|=j

MS′

 =
∑

S⊆[r]−{i}
|S|=j+1

∏
k∈S∪{i}

(|Xk| − 1).

for all integers 0 ≤ j ≤ r − 2.

Proof. Write

Mj :=
∏

S′⊆[r]−{i}
|S′|=j

MS′ .

Let S ⊆ [r]− {i} with |S| = j + 1. Note that

φπS(x̄);pr1(πi(x̄))pr2(πi(x̄))

is a quadratic character when restricted to Mj and gives a central F2-extension of Gal(Mj/Q)
by Proposition 2.14. Enumerate Xk as {pk,1, . . . , pk,|Xk|} and define

Tk,l = {pk,l, pk,l+1}

for l ∈ [|Xk| − 1]. For T ⊆ [r]− {i}, let Basis(X,T ) be the set of x̄ ∈ Cube(X,T ∪ {i}) such
that for every k ∈ T ∪ {i} there is some l satisfying

{pr1(πk(x̄)), pr2(πk(x̄))} = Tk,l.

It follows from Proposition 2.14 that⋃
S⊆[r]−{i}
|S|=j+1

⋃
x̄∈Basis(X,S)

{φπS(x̄);pr1(πi(x̄))pr2(πi(x̄))}

generates the dual of Gal(Mj+1/Mj). We claim that the above characters are also linearly
independent, which clearly implies the lemma. Here we caution the reader that two distinct
elements x̄1, x̄2 ∈ Basis(X,S) can give rise to the same character. This happens precisely
when

{pr1(πk(x̄1)),pr2(πk(x̄1))} = {pr1(πk(x̄2)), pr2(πk(x̄2))}

for all k ∈ S ∪ {i}. This defines an equivalence relation on Basis(X,S), which we denote by
∼. To prove the claim, let cx̄ ∈ F2 be such that∑

S⊆[r]−{i}
|S|=j+1

∑
x̄∈Basis(X,S)/∼

cx̄ · φπS(x̄);pr1(πi(x̄))pr2(πi(x̄))(σ) = 0 (6.2)
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for all σ ∈ GMj . We define the operator βj by

βjφ = φ([σ1, [σ2, [. . . [σj+1, σj+2]]]])

for φ ∈ Map(GMj ,F2) and σ1, . . . , σj+2 ∈ GQ. This is well-defined, since the nilpotency
degree of Gal(Mj/Q) is j + 1. Writing φ for φπS(x̄);pr1(πi(x̄))pr2(πi(x̄)), we compute

φ([σ, τ ]) = φ(στ) + φ(τσ) + dφ([σ, τ ], τσ)

= φ(στ) + φ(τσ)

= dφ(σ, τ) + dφ(τ, σ),

where the second equality uses equation (2.3) and the fact that quadratic characters vanish
on commutators. Utilizing equation (2.3) again and inducting on j yields

βjφπS(x̄);pr1(πi(x̄))pr2(πi(x̄)) =
∑

f :[j+2]→S∪{i}
f is a bijection

f(j+1)=i or f(j+2)=i

∏
1≤k≤j+2

χpr1(πf(k)(x̄))pr2(πf(k)(x̄))(σk),

where we again use that dφ(τ, σ) = 0 if τ is a commutator. Hence βj induces a homomorphism
from Gal(Mj+1/Mj)

∨ to the set of bilinear maps from Gal(K(X)/Q)j+2 to F2. Observe that
the bilinear maps(σ1, . . . , σj+2) 7→

∏
1≤m≤j+2

χpkm,lm ·pkm,lm+1
(σm)


k1∈[r],...,kj+2∈[r],l1∈[|Xk1 |−1],...,lj+2∈[|Xkj+2

]−1]

are linearly independent. Therefore, applying βj to equation (6.2), we see that cx̄ = 0, which
completes the proof.

Lemma 6.8. Let r ∈ Z≥1 be given. Let X1, . . . , Xr be non-empty, disjoint, finite sets of odd
prime numbers, let X be their product and let i ∈ [r]. Assume that the map

φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄))

exists for all x̄ ∈ Cube(X, [r]). Write

M◦(X) := K(X)
∏

S⊂[r]−{i}

∏
x̄∈Cube(X,S∪{i})

L(φπS(x̄);pr1(πi(x̄))pr2(πi(x̄)))

Then we have

[M◦(X) : K(X)] =
∏

∅⊂S⊂[r]−{i}

2
∏
j∈S∪{i}(|Xj |−1). (6.3)

Also let Y1, . . . , Yr be non-empty, disjoint, finite sets of odd prime numbers and let Y be their
product. Assume that the map φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄)) exists for all x̄ ∈ Cube(Y, [r]).

Suppose that |Xj ∩Yj | = 1 for all j ∈ [r] and Xj ∩Yk = ∅ for distinct j and k. Then we have

M◦(X) ∩M◦(Y ) = Q(
√
p1, . . . ,

√
pr),

where pj is the unique element of Xj ∩ Yj.

57



Proof. Equation (6.3) follows immediately from Lemma 6.7. For the second part, ⊇ is obvious,
so it remains to prove ⊆. But the arguments from Lemma 6.7 imply that M◦(X)/K(X)K(Y )
and M◦(Y )/K(X)K(Y ) are disjoint extensions. Then M◦(X) ∩ M◦(Y ) is a subfield of
K(X)K(Y ) only ramified at 2 and p1, . . . , pr. This readily implies ⊆.

Lemma 6.9. Take an integer r ∈ Z≥2. Let X1, . . . , Xr be non-empty, disjoint, finite sets of
odd prime numbers, let X be their product and let i ∈ [r]. Suppose that the map

φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄))

exists for all x̄ ∈ Cube(X, [r]). Write

M◦ := K(X)
∏

S⊂[r]−{i}

∏
x̄∈Cube(X,S∪{i})

L(φπS(x̄);pr1(πi(x̄))pr2(πi(x̄)))

and
M := K(X)

∏
x̄∈Cube(X,[r])

L(φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄))).

Then the map f , that sends σ ∈ Gal(M/M◦) to the function gσ in Add(X, [r]) given by

x̄ 7→ φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄))(σ),

is a group isomorphism.

Proof. First of all, we have to check that f is well-defined, that is gσ ∈ Add(X, [r]). This
follows from Proposition 2.14. Next recall that

φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄))

is a quadratic character when restricted to GM◦ . Since σ fixes M◦, it follows that f is a group
homomorphism.

Furthermore, φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄)) gives a central F2-extension of Gal(M◦/Q) by
Proposition 2.14, and hence the restrictions of the φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄)) to GM◦ together

generate the dual of Gal(M/M◦). This shows that f is injective. Since r ≥ 2, we deduce from
Lemma 6.7 that

|Gal(M/M◦)| = 2
∏
j∈[r](|Xj |−1).

Therefore our lemma follows from Lemma 6.5.

Finally, we will need a version of the above lemmata in case the pointer is an arbitrary
fixed squarefree integer d 6= 1.

Lemma 6.10. Let r ∈ Z≥1 be given. Let X1, . . . , Xr be non-empty, disjoint, finite sets of
odd prime numbers and write X = X1 × · · · × Xr. Also suppose that d 6= 1 is a squarefree
integer coprime with all the primes in X. Suppose that the map

φx̄;d

exists for all x̄ ∈ Cube(X, [r]). Write

M◦(X) :=
∏
i∈[r]

∏
x̄∈Cube(X,[r])

L(φπ[r]−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄)))×
∏
T⊂[r]

∏
x̄∈Cube(X,T )

L(φx̄;d)
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and

M(X) := M◦(X)
∏

x̄∈Cube(X,[r])

L(φx̄;d).

Then we have

[M(X) : M◦(X)] = 2
∏
j∈[r](|Xj |−1)

and

[M◦(X) : K(X)] =
∏

∅⊂S⊂[r]

2
∏
j∈S(|Xj |−1) ·

∏
(i,S)

{i}⊂S⊆[r]
i 6=max(S)

2
∏
j∈S(|Xj |−1).

Furthermore, the map f , that sends σ ∈ Gal(M(X)/M◦(X)) to gσ ∈ Add(X, [r]) given by

x̄ 7→ φx̄;d(σ),

is a group isomorphism between Gal(M(X)/M◦(X)) and Add(X, [r]). Finally, let Y1, . . . , Yr
satisfy the same conditions as X1, . . . , Xr and write Y for their product. We also assume that
|Xj ∩ Yj | = 1 for all j ∈ [r] and Xj ∩ Yk = ∅ for distinct j and k. Then

M◦(X) ∩M◦(Y ) = Q(
√
p1, . . . ,

√
pr,
√
d),

where pj is the unique element of Xj ∩ Yj.

Proof. The proof proceeds among the same lines as for the other lemmata presented in this
subsection. The condition i 6= max(S) is imposed because we have the relation∑

i∈S
φπS−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄)) = χ{pr1(πj(x̄))pr2(πj(x̄)):j∈S}

for all |S| ≥ 1. Using the operator β|S|−2 one sees that there are no further relations, since
for every ∅ ( T ( S, there exists a bijection f : [|S|]→ S such that

|{i ∈ T : f(|S| − 1) = i or f(|S|) = i}|

is odd.

7 Equidistribution of the first Artin pairing

In this section we will recall and reprove some important results from [8, Section 4-5], which
are directly based on [42, Section 5-6] of Smith’s work. Although most of the material in this
section is rather similar to [8, Section 4-5] and [42, Section 5-6], we have simplified some of
the proofs.

The main theorem of this section is Theorem 7.13, which improves on earlier work of
Fouvry and Klüners [18]. In [18, Corollary 2] one finds the limiting distribution5 of the 4-
rank of special discriminants. Here we give an error term and prove that the implied constant
is effectively computable. It is worth mentioning that the work in [8, Theorem 5.15] also

5We remark that Fouvry and Klüners proceed by computing the moments of the 4-rank, while we do not.
In particular there is no direct analogue of their [18, Theorem 3] in our work.
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provides an error term, but there it was not shown that the implied constant is effectively
computable.

From now on X1, . . . , Xr denote disjoint, non-empty sets of prime numbers (always equal
to 1 or 2 modulo 4) and we let X = X1×· · ·×Xr be the corresponding product space. There
is an injection from X to D by sending x = (x1, . . . , xr) ∈ X to x1 · . . . · xr. We shall often
implicitly think of elements of X as squarefree integers in this way.

7.1 Prime divisors

Let us first consider some desirable properties of elements in D.

Definition 7.1. Let N ≥ 101000 and let d ∈ D. Write p1, . . . , pr for the prime divisors of d
ordered such that

p1 < · · · < pr.

Put
D1 := e(log logN)1/10 , C0 :=

√
log log logN.

We say that d ∈ D is N -nice if the following three properties are all satisfied

� pi > D1 implies 2pi < pi+1;

� we have ∣∣∣∣12 log log pi − i
∣∣∣∣ < C

1/5
0 max(i, C0)4/5 for all 1 ≤ i < r

3
; (7.1)

� there exists some i satisfying r1/2

2 < i < r
2 and

log pi ≥ (log log pi)
2 · log log logN ·

i−1∑
j=1

log pj .

Define Dr(N) to be the subset of d ∈ D(N) with ω(d) = r, where ω(d) equals the number of
distinct prime divisors of d.

Theorem 7.2. We have ⋃
|r− 1

2
log logN |≥(log logN)2/3

|Dr(N)| � |D(N)|
(log logN)1/100

. (7.2)

Furthermore, for all A > 0, there exist C1, C2, N0 > 0 such that for all r ≤ A log logN and
all N ≥ N0

C1N

logN
·

(1
2 log logN)r−1

(r − 1)!
≤ |Dr(N)| ≤ C2N

logN
·

(1
2 log logN)r−1

(r − 1)!
. (7.3)

Now suppose that r satisfies ∣∣∣∣r − 1

2
log logN

∣∣∣∣ < (log logN)2/3. (7.4)

Then we also have

|{d ∈ Dr(N) : d is not N -nice}|
|Dr(N)|

� 1

e(log log logN)1/4
.

Proof. Equation (7.2) follows from the Erdős–Kac theorem, while equation (7.3) can be found
on [8, p. 13]. The second part is [8, Theorem 4.1], which is based on [42, Theorem 5.4].
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7.2 Preboxes and Legendre symbols

We will now introduce the notion of preboxes. Their usefulness lies in the simplicity of
their definition, which makes preboxes suitable for inductive arguments. Later on we shall
define the similar, but more stringent, notion of boxes, which will be the objects we naturally
encounter in our final section.

Definition 7.3. A prebox is a pair (X,P ), where P,X1, . . . , Xr are disjoint sets of primes
all 1 or 2 modulo 4 and X = X1 × · · · ×Xr. We assume that there exist real numbers

2 < s1 < t1 < · · · < sr < tr

such that Xi ⊆ (si, ti] for all i ∈ [r] and P ⊆ (1, s1].

Recall that the first Artin pairing of d ∈ D is determined by the quadratic behavior
between the prime divisors of d. This prompts the following definition. Write ι for the unique
group isomorphism from F2 to {±1}.

Definition 7.4. Let (X,P ) be a prebox. Define

Mr = {(i, j) : i, j ∈ [r], i < j}, Mr,P := [r]× P.

Let Mr ⊆ Mr and Mr,P ⊆ Mr,P and let a : Mr tMr,P → F2, where t denotes disjoint
union. Then we define X(a) to be the subset of (x1, . . . , xr) ∈ X satisfying(

xi
xj

)
= ι(a(i, j)) for all (i, j) ∈Mr and

(
xi
p

)
= ι(a(i, p)) for all (i, p) ∈Mr,P .

Our aim is to prove an equidistribution statement for X(a) for certain desirable preboxes.
One undesirable property is the presence of a Siegel zero, which we define now.

Definition 7.5. For a real number 0.5 > c > 0, we define S(c) to be the (conjecturally empty)
set of squarefree integers d such that L(s, χd) has a real zero in the region

1− c

log(|d|+ 4)
≤ s ≤ 1.

List the elements of S(c) as d1, d2, . . . in such a way that |d1| ≤ |d2| ≤ . . . . By Landau’s
theorem, there exists a sufficiently small cLandau > 0 such that |di|2 ≤ |di+1|. We fix such a
cLandau for the remainder of the paper.

Let (X,P ) be a prebox. We say that (X,P ) is Siegel-free above a real number t > 0 if
there does not exist some |di| > t and some x ∈ X such that di divides x

∏
p∈P p.

Our next proposition is the first of a series of two on equidistribution of Legendre symbols.
In our first result we shall avoid some delicate issues with small primes by making extra
assumptions on the map a : Mr t Mr,P → F2 and the Xi, see equation (7.5). Later we
shall see how to deal with the small primes. The next proposition is directly based on [42,
Proposition 6.3]. Watkins [46] observed that A can be effectively computed by using an
effective lower bound for Siegel zeroes.
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Proposition 7.6. Let c1, c2, c3, c4, c5, c6, c7, c8 > 0 be real numbers such that

c3 > 1, c5 > 3, c6 > 1,
1

8
> c8 +

c7 log 2

2
+

1

c1
+
c2c4

2
.

There exists an effectively computable constant A > 0, depending only on the real numbers
c1, c2, c3, c4, c5, c6, c7, c8, such that the following holds.

Let (X,P ) be a prebox with s1 > A. Assume that (X,P ) is Siegel-free above some real
number t satisfying s1 > t > A. Take subsets Mr ⊆ Mr and Mr,P ⊆ Mr,P and take
a : Mr tMr,P → F2. Suppose that 1 ≤ k ≤ r is an integer such that (i, p) ∈ Mr,P implies
i > k. Furthermore, we assume that

Xi =

{
p ∈ (si, ti] : p ≡ 1 mod 4 and

(
p

p′

)
= ι(a(i, p′)) for all (i, p′) ∈Mr,P

}
(7.5)

for all i > k. Moreover, we assume that

(i) |P | ≤ log ti − i for all i ∈ [r];

(ii) t1 > rc1 and tk < et
c2
1 ;

(iii) we have

|Xi| ≥
2c3i · ti

(log ti)c4

for all i ∈ [r];

(iv) if k 6= r, we assume that

tk+1 > max
(
e(log t1)c5 , et

c6
)

;

(v) we assume that k ≤ dc7 log t1e. Furthermore, we assume that for all i ≤ r and all
i+ c7 log ti ≤ j ≤ r that

tj > e(log ti)
c5
.

Then we have ∣∣∣∣|X(a)| − |X|
2|Mr|

∣∣∣∣ ≤ r|X|
t
c8+1/c1
1 · 2|Mr|

≤ |X|
tc81 · 2|Mr|

.

Proof. The last inequality follows immediately from our assumption (ii). We will prove the
first inequality by induction on r. For r = 1 we have k = 1 andMr = Mr =Mr,P = Mr,P =
∅. We conclude that X(a) = X, so the inequality holds. Now suppose that r > 1.

Let x1 ∈ X1 and let 2 ≤ i ≤ r be an integer. We define

Xi(a, x1) :=

{
p ∈ Xi :

(
x1

p

)
= ι(a(1, i))

}
if (1, i) ∈Mr. It will be convenient to set Xi(a, x1) := Xi in case (1, i) 6∈ Mr. We claim that∣∣∣∣|Xi(a, x1)| − 1

2
|Xi|

∣∣∣∣ ≤ |Xi|
t1

(7.6)
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for all i > k with (1, i) ∈Mr, provided that we pick A sufficiently large. Define

K := Q(
√
−1,
√
x1, {
√
p : p ∈ P}).

Let χ : Gal(K/Q)→ {±1} be a non-trivial character. Then there exists a squarefree integer
D 6= 1 such that χ factors through Q(

√
D). Therefore the Chebotarev density theorem gives

the estimate ∑
si<p<ti

χ(Frobp)� tβi + ti · e
−c log ti√

log ti+log |D| · (log ti|D|)4 (7.7)

for some absolute constant c > 0, see for example [24, Theorem 5.13]. We have the effective
lower bound

1− β �ε
1

|D|1/2+ε

for every ε > 0. Furthermore, by the Siegel-free assumption we have |D| ≤ t in this case.
Then assumption (iv) together with c6 > 1 implies

1− β �ε
1

|D|1/2+ε
≥ 1

t1/2+ε
� 1

(log ti)1/2
, (7.8)

if we pick ε sufficiently small in terms of c6. Now observe that

log |D| � (|P |+ 2) log t1 � (log t1)2 � (log ti)
2/c5 (7.9)

by assumption (i) and (iv). Plugging equations (7.8) and (7.9) in equation (7.7) we obtain∑
si<p<ti

χ(Frobp)�
ti

e(log ti)1/3
,

where we used that c5 > 3. We conclude that∣∣∣∣|Xi(a, x1)| − 1

2
|Xi|

∣∣∣∣� [K : Q] · ti
e(log ti)1/3

.

Since [K : Q]� t1 < e(log ti)
1/c5 and since c5 > 3, we deduce from assumption (iii) that∣∣∣∣|Xi(a, x1)| − 1

2
|Xi|

∣∣∣∣ ≤ |Xi|
t1

upon taking A sufficiently large. This establishes equation (7.6).
Next consider the case 1 < i ≤ k and suppose that (1, i) ∈ Mr. Choose real numbers c9

and c10 such that

c9 + c10 <
1

4
− c2c4, c9 > c7 log 2 + c8 +

1

c1
, c10 > c8 +

1

c1
.

Note that there exist such real numbers, since

1

8
> c8 +

c7 log 2

2
+

1

c1
+
c2c4

2
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by assumption. Call x1 ∈ X1 bad if there exists (1, i) ∈Mr with∣∣∣∣|Xi(a, x1)| − 1

2
|Xi|

∣∣∣∣ ≥ |Xi|
tc101

,

which implies i ≤ k by equation (7.6). Write Xbad
1 for the subset of x1 ∈ X1 that are bad.

We claim that

|Xbad
1 | ≤ k · |X1|

tc91
. (7.10)

The large sieve implies that for all ε > 0

∑
x1∈X1

∣∣∣∣∣∣
∑
xi∈Xi

(
x1

xi

)∣∣∣∣∣∣�ε ti · t3/4+ε
1 ,

see for example [42, Proposition 6.6]. Then we get

∑
x1∈X1

∣∣∣∣∣∣
∑
xi∈Xi

(
x1

xi

)∣∣∣∣∣∣�ε
|X1| · |Xi|
t
1/4−c2c4−ε
1

(7.11)

thanks to assumptions (ii) and (iii). Now fix 0 < ε < 1/4−c2c4−c9−c10. Applying equation
(7.11) with ε/2 and taking A sufficiently large in terms of ε/2, we get

∑
x1∈X1

∣∣∣∣∣∣
∑
xi∈Xi

(
x1

xi

)∣∣∣∣∣∣ ≤ |X1| · |Xi|
t
−1/4+c2c4+ε
1

.

This quickly implies equation (7.10), therefore establishing the claim. We now split X(a)
depending on x1

∣∣∣∣|X(a)| − |X|
2|Mr|

∣∣∣∣ ≤ ∑
x1∈Xbad

1

∑
x∈X(a)
π1(x)=x1

1 +

∣∣∣∣∣∣∣∣
 ∑
x1 6∈Xbad

1

∑
x∈X(a)
π1(x)=x1

1

− |X|
2|Mr|

∣∣∣∣∣∣∣∣ . (7.12)

To deal with the first term, fix some x1 ∈ Xbad
1 . We move x1 to P and apply the induction

hypothesis to the prebox

(X2 × · · · ×Xk ×Xk+1(a, x1)× · · · ×Xr(a, x1), P ∪ {x1}).

Write kold for the current value of k and knew for the value of k to which we apply the induction
hypothesis. Then we take knew ≥ kold − 1 to be the smallest integer such that

tknew+2 > max(e(log t2)c5 , et
c6

).

We take knew = r − 1 if no such integer exists. Assumptions (i) and (ii) are satisfied, since

et
c2
2 > e(log t2)c5
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for A sufficiently large. Furthermore, assumption (iii) follows from c3 > 1 and our bounds on
Xi if we take A sufficiently large. Meanwhile assumption (iv) holds by construction of knew.
To check assumption (v), we distinguish two cases. If knew = kold − 1, then assumption (v)
holds. Otherwise note that

knew + 2 ≤ 2 + dc7 log t2e

and hence knew ≤ dc7 log t2e as desired. Having checked all the conditions, we apply the
induction hypothesis, which leads to the bound∑

x∈X(a)
π1(x)=x1

1 ≤ 2−|Mr|+k+1 · |X|
|X1|

for A sufficiently large, since (1 + 2
t1

)r − 1 is small by assumption (ii) and the inequality
c1 > 8. Therefore we deduce that∑

x∈X(a)

π1(x)∈Xbad
1

1 ≤ k · 2−|Mr|+k+1 · |X|
tc91
≤ |X|
t
c8+1/c1
1 · 2|Mr|+2

, (7.13)

thanks to assumption (v) and the choice of c9. Next we turn our attention to bounding∣∣∣∣∣∣∣∣
 ∑
x1 6∈Xbad

1

∑
x∈X(a)
π1(x)=x1

1

− |X|
2|Mr|

∣∣∣∣∣∣∣∣ .
We move x1 to P and apply the induction hypothesis to the prebox

(X2(a, x1)× · · · ×Xk(a, x1)×Xk+1(a, x1)× · · · ×Xr(a, x1), P ∪ {x1}).

Since x1 6∈ Xbad
1 , we see that all the assumptions are satisfied. Let M be the number of

pairs of the shape (1, j) in Mr. Writing X(x1) for the above product space, the induction
hypothesis shows that ∣∣∣∣|X(x1)(a)| − |X(x1)|

2|Mr|−M

∣∣∣∣ ≤ (r − 1)|X(x1)|
t
c8+1/c1
1 · 2|Mr|−M

, (7.14)

where we have implicitly restricted a in the obvious way. Using that x1 6∈ Xbad
1 once more,

we see that ∣∣∣∣2M |X(x1)| − |X|
|X1|

∣∣∣∣ ≤ |X||X1|
·

((
1 +

2

tc101

)k
·
(

1 +
2

t1

)r
− 1

)

≤ |X|
100 · tc8+1/c1

1 · |X1|
(7.15)

for A sufficiently large, where we used that r < t
1/c1
1 , k ≤ dc7 log t1e and c10 > c8 + 1/c1. We

obtain from equations (7.14) and (7.15)∣∣∣∣|X(x1)(a)| − |X|
2|Mr| · |X1|

∣∣∣∣ ≤ (r − 1/2)|X|
t
c8+1/c1
1 · 2|Mr| · |X1|

.
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We conclude that ∣∣∣∣∣∣∣∣
 ∑
x1 6∈Xbad

1

∑
x∈X(a)
π1(x)=x1

1

− |X|
2|Mr|

∣∣∣∣∣∣∣∣ ≤
(r − 1/4)|X|
t
c8+1/c1
1 · 2|Mr|

. (7.16)

Inserting equations (7.13) and (7.16) in equation (7.12) finishes the proof of the induction
step.

Our next goal is to deal with the small primes. We shall only be able to achieve savings
by introducing some extra averaging. Write Pr for the set of permutations of [r] and write
Pr(k) for the σ ∈ Pr such that σ(i) = i for all i > k. Given a : Mr tMr,P → F2, we will use
the convention that a(j, i) equals a(i, j) for j > i. We then define σ(a) to be

σ(a)(i, j) := a(σ−1(i), σ−1(j)), σ(a)(i, p) := a(σ−1(i), p).

Given integers k1 ≥ k0 ≥ 0, we define Xtrun
k0,k1

(σ, a) to be the set of x = (x1, . . . , xr) ∈ X such
that(

xi
xj

)
= ι(a(σ−1(i), σ−1(j))) for all i, j ∈ [k1] with σ−1(i) < σ−1(j) and min(i, j) ≤ k0

and furthermore (
xi
p

)
= ι(a(σ−1(i), p)) for all (i, p) ∈ [k1]× P.

We remark that the number of distinct elements i, j ∈ [k1] with σ−1(i) < σ−1(j) and
min(i, j) ≤ k0 equals

C(k0, k1) :=
1

2
(k2

0 − k0) + k0(k1 − k0).

In particular, this number does not depend on σ. Roughly speaking, Xtrun
k0,k1

(σ, a) imposes
the conditions of σ(a) on the small primes. This makes it possible to apply Proposition 7.6
to Xtrun

k0,k1
(σ, a). The next entirely combinatorial lemma offers a convenient tool to reduce to

Xtrun
k0,k1

(σ, a), see also [42, Proposition 6.7] for a similar result.

Lemma 7.7. Let (X,P ) be a prebox. Let 0 ≤ k0 ≤ k1 ≤ k2 ≤ r be integers such that

2k0+|P |+1k2
1 < k2.

Then we have for all x ∈ X

∑
a:MrtMr,P→F2

(
k2!

2C(k0,k1)+k1|P |
− |{σ ∈ Pr(k2) : x ∈ Xtrun

k0,k1(σ, a)}|
)2

≤

2k0+|P |+1 · k2
1

k2
· 2−2C(k0,k1)−2k1|P |+|MrtMr,P | · (k2!)2.

Proof. Write

B(x, a) := {σ ∈ Pr(k2) : x ∈ Xtrun
k0,k1(σ, a)}.
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We start by computing∑
a:MrtMr,P→F2

|B(x, a)| =
∑

σ∈Pr(k2)

|{a : Mr tMr,P → F2 : x ∈ Xtrun
k0,k1(σ, a)}|

=
∑

σ∈Pr(k2)

2|MrtMr,P |

2C(k0,k1)+k1|P |
= k2! · 2|MrtMr,P |

2C(k0,k1)+k1|P |
. (7.17)

Next, we compute∑
a:MrtMr,P→F2

|B(x, a)|2 =
∑

σ1,σ2∈Pr(k2)

|{a : MrtMr,P → F2 : x ∈ Xtrun
k0,k1(σ1, a)∩Xtrun

k0,k1(σ2, a)}|.

For now we fix σ1, σ2 ∈ Pr(k2) and we aim to bound

N(σ1, σ2) := |{a : Mr tMr,P → F2 : x ∈ Xtrun
k0,k1(σ1, a) ∩Xtrun

k0,k1(σ2, a)}|.

We introduce the quantities

Ik1,k2(σ1, σ2) := |{i ∈ [k2] : σ1(i) ≤ k1, σ2(i) ≤ k1}|

and

S(σ1, σ2) := {(i, j) ∈Mr : (σ1(i), σ1(j)), (σ2(i), σ2(j)) ∈ [k0]× [k1] ∪ [k1]× [k0]}

and

T (σ1, σ2) := {(i, p) ∈Mr,P : σ1(i) ∈ [k1], σ2(i) ∈ [k1]}.

Then x ∈ Xtrun
k0,k1

(σ1, a) ∩Xtrun
k0,k1

(σ2, a) gives at least

2C(k0, k1) + 2k1|P | − |S(σ1, σ2)| − |T (σ1, σ2)|

conditions on a. But we have the upper bounds

|S(σ1, σ2)| ≤ Ik1,k2(σ1, σ2) · k0, |T (σ1, σ2)| ≤ Ik1,k2(σ1, σ2) · |P |.

The first upper bound comes from the injective map

S(σ1, σ2)→ {i ∈ [k2] : σ1(i) ≤ k1, σ2(i) ≤ k1} × [k0]

given by

(i, j) 7→ (σ−1
1 (max(σ1(i), σ1(j))),min(σ1(i), σ1(j))),

while the second upper bound is straightforward. This yields the bound

N(σ1, σ2) ≤ 2|MrtMr,P |

22C(k0,k1)+2k1|P |−Ik1,k2 (σ1,σ2)·(k0+|P |) .

Having bounded N(σ1, σ2), we next fix some I ≤ k1. We will bound the number of pairs
(σ1, σ2) ∈ Pr(k2)× Pr(k2) with

Ik1,k2(σ1, σ2) = I.
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There are
(
k2
I

)
ways to pick the indices that map to [k1] under σ1 and σ2. Once we have

picked these indices, we can extend them to a pair (σ1, σ2) ∈ Pr(k2)× Pr(k2) in at most(
k1!

(k1 − I)!
· (k2 − I)!

)2

ways. Indeed, suppose that B ⊆ [k2] is the set of indices mapping to [k1] under σ1 and σ2, so
that |B| = I. Then there are

k1! · (k1!− 1) · . . . · (k1!− I + 1)

possibilities for σ1 to send B to [k1], and similarly for σ2. Furthermore, there are at most
(k2 − I)! choices where σ1 can send the indices in [k2] \B, and similarly for σ2. We conclude
that the total number of pairs (σ1, σ2) with given Ik1,k2(σ1, σ2) = I is bounded by(

k2

I

)
·
(

k1!

(k1 − I)!
· (k2 − I)!

)2

≤ k2!2 ·
(

k1!

(k1 − I)!

)2

· (k2 − I)!

k2!
≤ k2!2 ·

(
k2

1

k2

)I
.

We deduce that∑
a:MrtMr,P→F2

|B(x, a)|2 =
∑

σ1,σ2∈Pr(k2)

|{a : Mr tMr,P → F2 : x ∈ Xtrun
k0,k1(σ1, a) ∩Xtrun

k0,k1(σ2, a)}|

=
∑

σ1,σ2∈Pr(k2)

N(σ1, σ2)

≤ k2!2 ·
∑
I≥0

(
k2

1

k2

)I
· 2|MrtMr,P |

22C(k0,k1)+2k1|P |−I·(k0+|P |)

= (k2!)2 · 2|MrtMr,P |

22C(k0,k1)+2k1|P |
· k2

k2 − 2k0+|P |k2
1

, (7.18)

where the last equality uses that
2k0+|P |+1k2

1 < k2,

so the geometric series converges. The lemma follows upon combining equations (7.17) and
(7.18) with the inequality 2k0+|P |+1k2

1 < k2.

We will now deal with the small primes. The coming proposition is directly based on [42,
Theorem 6.4].

Proposition 7.8. Take real numbers c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12 satisfying

c3 > 1, c5 > 3, c6 > 1,
1

8
> c8 +

c7 log 2

2
+

1

c1
+
c2c4

2
,

c10 log 2 + 2c11 + 2c12 < 1, c11 + c12 < c9.

There exists an effectively computable constant A > 0, depending only on the real numbers
c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12, such that the following holds.

Let (X,P ) be a prebox such that Xi equals the set of primes in the interval (si, ti] that are
1 or 2 modulo 4. Let 0 ≤ k0 < k1 < k2 ≤ r be integers such that k2 > A. We assume that
(X,P ) is Siegel-free above some real number t satisfying sk0+1 > t > A. Moreover, suppose
that
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(i) |P | ≤ log ti − i for all k0 < i ≤ r;

(ii) tk0+1 > rc1 and tk1 < e
t
c2
k0+1;

(iii) we have

|Xi| ≥
2|P |+c3i · kc92 · ti

(log ti)c4

for all k0 < i ≤ r;

(iv) we assume that

tk1+1 > max
(
e(log tk0+1)c5 , et

c6
)

;

(v) we assume that k1−k0 ≤ dc7 log tk0+1e. Furthermore, we assume that for all k0 < i ≤ r
and all i+ c7 log ti ≤ j ≤ r that

tj > e(log ti)
c5

;

(vi) k0 + |P | < c10 log k2 and log k1 < c11 log k2.

Then we have

∑
a:MrtMr,P→F2

∣∣∣∣∣∣ k2! · |X|
2|MrtMr,P |

−
∑

σ∈Pr(k2)

|X(σ(a))|

∣∣∣∣∣∣ ≤ k2! · |X| · (k−c122 + t−c8k0+1).

Proof. We readily reduce to the case where |Xi| = 1 for i ∈ [k0]. Henceforth we shall assume
that Xi = {xi} for i ∈ [k0]. It follows from the triangle inequality that

∑
a:MrtMr,P→F2

∣∣∣∣∣∣ k2! · |X|
2|MrtMr,P |

−
∑

σ∈Pr(k2)

|X(σ(a))|

∣∣∣∣∣∣
is bounded by

∑
a:MrtMr,P→F2

∣∣∣∣∣∣ k2! · |X|
2|MrtMr,P |

−
∑

σ∈Pr(k2)

|Xtrun
k0,k1

(σ, a)|
2|MrtMr,P |−C(k0,k1)−k1|P |

∣∣∣∣∣∣+∑
σ∈Pr(k2)

∑
a:MrtMr,P→F2

∣∣∣∣∣ |Xtrun
k0,k1

(σ, a)|
2|MrtMr,P |−C(k0,k1)−k1|P |

− |X(σ(a))|

∣∣∣∣∣ .
By the triangle inequality the first sum is at most

2C(k0,k1)+k1|P |

2|MrtMr,P |

∑
a:MrtMr,P→F2

∑
x∈X

∣∣∣∣ k2!

2C(k0,k1)+k1|P |
− |{σ ∈ Pr(k2) : x ∈ Xtrun

k0,k1(σ, a)}|
∣∣∣∣ .

An application of Lemma 7.7 and the Cauchy–Schwarz inequality shows that the above is
bounded by (

2k0+|P |+1 · k2
1

k2

)1/2

· k2! · |X| ≤ k2! · |X|
2 · kc122

, (7.19)
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where the last inequality follows for sufficient A from assumption (vi) and c10 log 2 + 2c11 +
2c12 < 1. Let us now consider the second sum. Fix σ ∈ Pr(k2) and a : Mr tMr,P → F2. We
aim to bound each ∣∣∣∣∣ |Xtrun

k0,k1
(σ, a)|

2|MrtMr,P |−C(k0,k1)−k1|P |
− |X(σ(a))|

∣∣∣∣∣
individually. Without loss of generality we may assume that(

xi
xj

)
= ι(a(σ−1(i), σ−1(j))) for all distinct i, j ∈ [k0],

since otherwise X(σ(a)) and Xtrun
k0,k1

(σ, a) are empty. If i > k0, define Xtrim
i (σ, a) to be the

subset of xi ∈ Xi such that(
xi
p

)
= ι(a(σ−1(i), p)) for all p ∈ P,

(
xi
xj

)
= ι(a(σ−1(i), σ−1(j))) for all j ∈ [k0].

We turn Xtrun
k0,k1

(σ, a) in a prebox (X ′, P ′) by taking P ′ to be the union of the primes x1, . . . , xk0
with P and by taking X ′ = X ′1 × · · · ×X ′r−k0 , where

X ′i =

{
Xtrim
i+k0

(σ, a) if i ∈ [k1 − k0]

Xi+k0 if i > k1 − k0.

It follows from the Chebotarev density theorem that∣∣∣∣|Xtrim
i (σ, a)| − |Xi|

2k0+|P |

∣∣∣∣ ≤ |Xi|
tk0+1

(7.20)

for all i > k1. Therefore, in case

|X ′i| ≥
|Xi+k0 |

2k0+|P | · kc92

for all i ∈ [r − k0],

we apply Proposition 7.6 to (X ′′, P ′′) := (Xtrim
k0+1(σ, a) × · · · × Xtrim

r (σ, a), P ′) to obtain the
bound ∣∣∣∣∣ |X ′′|

2
(r−k0)(r−k0−1)

2

− |X(σ(a))|

∣∣∣∣∣ ≤ |X ′′|
2 · tc8k0+1 · 2|MrtMr,P |−C(k0,k1)−k1|P |

,

where we save an extra factor 2 by taking the c8 of Proposition 7.6 slightly smaller than our
c8. This implies∣∣∣∣∣ |Xtrun

k0,k1
(σ, a)|

2|MrtMr,P |−C(k0,k1)−k1|P |
− |X(σ(a))|

∣∣∣∣∣ ≤ |Xtrun
k0,k1

(σ, a)|
tc8k0+1 · 2|MrtMr,P |−C(k0,k1)−k1|P |

(7.21)

thanks to equation (7.20). Instead suppose that

|X ′i| <
|Xi+k0 |

2k0+|P | · kc92

for some i ∈ [r− k0]. Then certainly i must be in [k1 − k0], and we call the pair (σ, a) bad at
i. For every given σ ∈ Pr(k2) and j ∈ [k1 − k0], we define an equivalence relation on the set
of maps a : Mr tMr,P → F2 by declaring a ∼σ,j a′ if

a(σ−1(j′), σ−1(j + k0)) = a′(σ−1(j′), σ−1(j + k0)) for all j′ ∈ [k0]
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and
a(σ−1(j + k0), p) = a′(σ−1(j + k0), p) for all p ∈ P.

If the pair (σ, a) is bad at j and if a′ ∼σ,j a, then (σ, a′) is also bad at j. The trivial bound
yields that in a given equivalence class represented by a′

∑
a:MrtMr,P→F2

(σ,a) bad
a∼σ,ja′

∣∣∣∣∣ |Xtrun
k0,k1

(σ, a)|
2|MrtMr,P |−C(k0,k1)−k1|P |

− |X(σ(a))|

∣∣∣∣∣ ≤ |X|
2k0+|P | · kc92

.

Since there are at most 2k0+|P | equivalence classes and at most k1 · k2! equivalence relations
∼σ,j , we get after summing over all σ and all j

∑
σ∈Pr(k2)

∑
a:MrtMr,P→F2

(σ,a) bad

∣∣∣∣∣ |Xtrun
k0,k1

(σ, a)|
2|MrtMr,P |−C(k0,k1)−k1|P |

− |X(σ(a))|

∣∣∣∣∣ ≤ k1 · k2! · |X|
kc92

≤ k2! · |X|
2 · kc122

(7.22)

thanks to assumption (vi) and the inequality c11 + c12 < c9. Furthermore, equation (7.21)
implies that

∑
σ∈Pr(k2)

∑
a:MrtMr,P→F2

(σ,a) not bad

∣∣∣∣∣ |Xtrun
k0,k1

(σ, a)|
2|MrtMr,P |−C(k0,k1)−k1|P |

− |X(σ(a))|

∣∣∣∣∣ ≤ k2! · |X|
tc8k0+1

, (7.23)

since for a given σ the sets Xtrun
k0,k1

(σ, a) partition X and there are

2|MrtMr,P |−C(k0,k1)−k1|P |

maps a : Mr tMr,P → F2 with the same Xtrun
k0,k1

(σ, a). Adding the bounds from equations
(7.19), (7.22) and (7.23), we get the proposition.

7.3 Boxes

We are now ready to define boxes. We recall that

D1 = e(log logN)1/10 .

Also define
DSiegel := e(log logN)1/100 .

Definition 7.9. Let N ≥ 101000, let r be a positive integer and let 0 ≤ k ≤ r. Let t =
(p1, . . . , pk, sk+1, . . . , sr), where the pi are prime numbers congruent to 1 or 2 modulo 4 and
the sj are real numbers satisfying

p1 < · · · < pk < D1, D1 ≤ sk+1 < · · · < sr, si <
2

3
si+1 for all k < i < r.

To t we associate a product space X(t) = X1 × · · · ×Xr as follows
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� for 1 ≤ i ≤ k we have Xi = {pi};

� for all k < i ≤ r we have that Xi consists of the prime numbers (1 or 2 modulo 4) in
the interval (

si, si ·
(

1 +
1

Ccompr

)]
,

where 100 ≤ Ccompr ≤ (logN)100 is a real number. If N is sufficiently large, then the sets Xi

are disjoint and non-empty, so that we may naturally view X(t) as a subset of D. We call a
product space X = X1 × · · · ×Xr a (N, k, r)-box if there is some t such that X = X(t) and
X ⊆ D(N). We say that X is an excellent (N, k, r)-box if additionally there is d ∈ X that is
N -nice and{

α
∏
i∈S

πi(x) : x ∈ X,S ⊆ [r], α ∈ {1,−1},

∣∣∣∣∣α∏
i∈S

πi(x)

∣∣∣∣∣ > DSiegel

}
∩ S(cLandau) = ∅.

The next proposition is [42, Proposition 6.9], although our proof is more similar to the
one appearing in Watkins [46].

Theorem 7.10. Let N ≥ 101000 be a real number and let r be a positive integer satisfying
equation (7.4). Let V,W ⊆ Dr(N) and let ε > 0 be such that

|W | > (1− ε) · |Dr(N)|.

Suppose that
||V ∩X| − δ · |X|| ≤ ε · |X|

for all integers k and all (N, k, r)-boxes X such that X ∩W 6= ∅. Then

|V | = δ · |Dr(N)|+O

(ε+
1

e(log log logN)1/4

)
· |Dr(N)|+

∣∣∣∣∣∣Dr(N)−Dr

 N(
1 + 1

Ccompr

)r
∣∣∣∣∣∣
 .

Proof. Define

ei = D1 ·
(

1 +
1

Ccompr

)i
.

Let C be the collection of product spaces X = X1× · · ·×Xr that are (N, k, r)-boxes for some
integer k such that

si ∈ {e0, e1, e2, . . . }

for all k+ 1 ≤ i ≤ r and such that X ∩W 6= ∅. If we take distinct X,Y ∈ C, then we see that
X ∩ Y = ∅. Furthermore, in case d ∈ Dr(N) is not in some product space X ∈ C, then we
see that d fails the first condition of Definition 7.1 (and hence d is not N -nice) or d 6∈W or

d ≥ N
(

1 +
1

Ccompr

)−r
.

Write Dbad
r (N) for this set of d. Then we have

||V | − δ · |Dr(N)|| ≤ 2 · |Dbad
r (N)|+

∑
X∈C
||V ∩X| − δ · |X|| .
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The latter term is bounded by ε · |Dr(N)| thanks to our assumption

||V ∩X| − δ · |X|| ≤ ε · |X|.

Furthermore, it follows from Theorem 7.2 and

|W | > (1− ε) · |Dr(N)|

that

|Dbad
r (N)| �

(
ε+

1

e(log log logN)1/4

)
· |Dr(N)|+

∣∣∣∣∣Dr(N)−Dr

(
N

(
1 +

1

Ccompr

)−r)∣∣∣∣∣ .
This gives the theorem.

Remark 7.11. If (logN)1−ε ≥ Ccompr ≥ r1+ε, then one can show that∣∣∣∣∣Dr(N)−Dr

(
N

(
1 +

1

Ccompr

)−r)∣∣∣∣∣�ε
|Dr(N)|
rε

,

and hence we get a genuine error term in Theorem 7.10. However, since we have the luxury
to also average over r later on, we have opted to use the trivial bound

∑
r

∣∣∣∣∣Dr(N)−Dr

(
N

(
1 +

1

Ccompr

)−r)∣∣∣∣∣ ≤ |D(N)| −

∣∣∣∣∣D
(
N

(
1 +

1

Ccompr

)−r)∣∣∣∣∣
and the classical asymptotic formula

|D(N)| = CN√
logN

·
(

1 +O

(
1

logN

))
for some C > 0.

From now on we shall take

Ccompr := (log logN)50.

We remark that Theorem 7.10 works equally well for the set of odd or even radicands, or in
fact any congruence conditions on our radicands. Keeping this in mind, we see that all our
proofs also work if we order by the discriminant instead. We will now deal with Siegel zeroes,
see also [42, Proposition 6.10].

Proposition 7.12. Let N ≥ t ≥ 101000 be real numbers and let r be a positive integer
satisfying equation (7.4). Let f1, f2, f3, . . . be a sequence of squarefree integers greater than t
such that fi+1 > f2

i . Define

W (fi) := {x ∈ Dr(N) : there is a (N, k, r)-box X and x′ ∈ X such that fi | x′ and x ∈ X}.

Suppose that logN ≥ (log t)3. Then∣∣∣∣∣∣
⋃
i≥1

W (fi)

∣∣∣∣∣∣� |Dr(N)|
log t

.
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Proof. We factor fi = p1 · . . . · pm. Suppose that x ∈ W (fi). Then there exist prime factors
q1, . . . , qm of x such that

pi = qi for pi < D1,
pi
2
< qi < 2pi for pi ≥ D1.

First suppose that fi < N2/3. Since r satisfies equation (7.4), it follows from equation (7.3)
that

|W (fi)| ≤
∣∣∣∣Dr−m(2mN

fi

)∣∣∣∣ · ∏
pi≥D1

|{qi prime : pi/2 < qi < 2pi}|

≤ Cm · |Dr(N)|
fi

·
∏

pi≥D1

pi
log pi

� |Dr(N)|
log fi

for some absolute constant C > 0. Since fi > t2
i
, we deduce that∣∣∣∣∣∣∣∣

⋃
i≥1

fi<N
2/3

W (fi)

∣∣∣∣∣∣∣∣�
|Dr(N)|

log t
.

Next suppose that fi ≥ N2/3. Since fi+1 ≥ N4/3, it follows that W (fj) is empty for j ≥ i+ 1.
Therefore it remains to bound |W (fi)|. We have

|W (fi)| ≤
N

fi
·
∏

pi≥D1

|{qi prime : pi/2 < qi < 2pi}|

≤ N

fi
·
∏

pi≥D1

2pi
log pi

� N

log fi
� N

logN

for N sufficiently large. A final appeal to equation (7.3) shows that this is within the error
term thanks to our assumption logN ≥ (log t)3.

We can now prove the main result of this section. Let D2,n be the set of d ∈ D such that
rk4Cl(Q(

√
d)) = n. Write PSym(r, n) for the probability that a symmetric r × r matrix with

coefficients in F2 has kernel of dimension n with respect to the uniform probability measure.

Theorem 7.13. Let N ≥ 101000 be a real number and let n ≥ 0 be an integer. Then we have

|D2,n ∩ D(N)|
|D(N)|

= lim
s→∞

PSym(s, n) +O

(
1

e(log log logN)1/4

)
.

The implied constant is effectively computable.

Better error terms are available in the literature, see [8, 42, 46], with the best result due
to Watkins [46]. One can also find the above result in earlier work of Fouvry and Klüners
[18], albeit without an error term. We have not yet used (and will not use in this section) the
third point in the definition of N -nice. Similarly, one can pick C0 substantially larger than
we did for the purposes of this section. The improvements available in the literature come
from a better upper bound in Theorem 7.2 in this more relaxed setting.
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Proof. By Remark 7.11 and by equation (7.2) it suffices to show that

|D2,n ∩ Dr(N)|
|Dr(N)|

= lim
s→∞

PSym(s, n) +O

(
1

e(log log logN)1/4

)
+

O

(∣∣∣∣∣Dr(N)−Dr

(
N

(
1 +

1

Ccompr

)−r)∣∣∣∣∣
)

with r satisfying equation (7.4). By the explicit formulas in [34], we readily bound the
difference

PSym(r − 1, n)− lim
s→∞

PSym(s, n).

We apply Theorem 7.10 with W equal to the largest subset of the N -nice elements in Dr(N)
disjoint form the W (di) with |di| > DSiegel, see Definition 7.5 for the definition of di. It follows
from Theorem 7.2 and Proposition 7.12 with t = DSiegel that

|Dr(N)| − |W | � |Dr(N)|
e(log log logN)1/4

.

Hence it suffices to show that

|D2,n ∩X|
|X|

= PSym(r − 1, n) +O

(
1

e(log log logN)1/4

)
(7.24)

for every (N, k, r)-excellent box X. We apply Proposition 7.8 to (X,∅) with

(c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12) =

(
100,

1

109
, 5, 106, 5, 5,

1

100
,

1

100
, 5,

1

5
,
1

5
,
1

5

)
,

k0 = k, k1 the smallest integer such that

tk1+1 > max(e(log tk+1)5 , et
5
)

and k2 = r. It follows from equations (7.1) and (7.4) that all the conditions of Proposition
7.8 are satisfied for N sufficiently large. We conclude that∑

a:Mr→F2

∣∣∣∣∣ r! · |X|2r(r−1)/2
−
∑
σ∈Pr

|X(σ(a))|

∣∣∣∣∣ ≤ r! · |X| · (r−1/5 + t
−1/100
k+1 ) (7.25)

for N sufficiently large. To a : Mr → F2 we associate a matrix A(a) as follows: the (i, j)-th
entry of A(a) equals a(i, j) if i 6= j and

a(i, i) =
∑
k 6=i

a(i, k). (7.26)

Then A(a) is a symmetric r × r matrix with row sum zero. In this way we have created a
bijection between maps Mr → F2 and symmetric r × r matrices with row sum zero. Write
A′(a) for the matrix obtained form A(a) by dropping the last column and last row of A(a).
Then we get a bijection between maps Mr → F2 and symmetric (r− 1)× (r− 1) matrices. If
x ∈ X(a), then we have

rk4Cl(Q(
√
x)) = −1 + dimF2 ker(A(a)) = dimF2 ker(A′(a)) (7.27)

thanks to classical work of Rédei. Since we have

dimF2 ker(A(a)) = dimF2 ker(A(σ(a))),

equation (7.24) follows from equations (7.25) and (7.27).
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8 Proof of Theorem 1.1

Let Dk,n be the set of d ∈ D such that rk2kCl(Q(
√
d)) = n and furthermore (

√
d) ∈

2k−1Cl(Q(
√
d)). Define Dk,n(N) for the subset of d ∈ Dk,n with d < N . We write P (m,n, j)

for the probability that a m× n matrix, chosen uniformly at random with coefficients in F2,
has right kernel of rank j. Let AComb > 0 be a choice of real number such that Proposition
6.6 holds. Define

c =
1

AComb · 1010
.

In this section we shall establish the following theorem.

Theorem 8.1. There are real numbers A,N0 > 0 such that for all reals N > N0, all integers
m ≥ 2 and all sequences of integers n2, . . . , nm+1 ≥ 0∣∣∣∣∣

∣∣∣∣∣
m+1⋂
i=2

Di,ni(N)

∣∣∣∣∣− P (nm, nm, nm+1)

2nm
·

∣∣∣∣∣
m⋂
i=2

Di,ni(N)

∣∣∣∣∣
∣∣∣∣∣ ≤ A · |D(N)|

(log log log logN)
c

m26m
.

We remark that the m = 2 case of the above theorem was already established in [8,
Theorem 6.1]. Therefore it remains to prove Theorem 8.1 for m ≥ 3. It is perhaps worth
emphasizing once more that from the 16-rank onwards, the class group behaves rather dif-
ferently than for the 8-rank. This leads to substantial differences between the reflection
principles presented here and those in [8].

The assumption m ≥ 3 means then that we do not have to reprove some of the results
from [8]. We will use this assumption in particular when applying Theorem 5.6 (we remark
that m = 3 corresponds to s = 2). Note that Theorem 5.6 is not correct when s = 1, which
shows the qualatitive difference between the 16-rank and the 8-rank. This is certainly related
to the fact that there are no governing fields for the 16-rank, while there are governing fields
for the 8-rank. For a precise statement, see [26, Theorem 3], which builds on earlier work in
[20].

The error term from [8] was later substantially improved by Watkins [47]. Let us now
show that Theorem 8.1 implies Theorem 1.1. The argument is very similar to the material in
[29, Appendix A].

Proof that Theorem 8.1 implies Theorem 1.1. We will show that [43, Conjecture 3.4(i)] and
[43, Conjecture 3.4(ii)] hold. Then, as already argued immediately after [43, Conjecture 3.4],
we get Theorem 1.1. We also remark that [43, Conjecture 3.4(ii)] follows from the results of
Fouvry–Klüners [18, Corollary 2] (or, alternatively, our Theorem 7.13), so it remains to verify
[43, Conjecture 3.4(i)]. Define for every integer m ∈ Z≥0 the quantities

P−2 (m) = lim inf
X→∞

|D−(X) ∩D2,m(X)|
|D2,m(X)|

, P+
2 (m) = lim sup

X→∞

|D−(X) ∩D2,m(X)|
|D2,m(X)|

.

The content of [43, Conjecture 3.4(i)] is that

P−2 (m) = P+
2 (m) =

1

2m+1 − 1
. (8.1)

It follows from Theorem 8.1 that P−2 (m) = P+
2 (m) for all m, and hence

P2(m) = lim
X→∞

|D−(X) ∩D2,m(X)|
|D2,m(X)|
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exists. From the Markov chain behavior in Theorem 8.1, we similarly deduce that

P3(m,n) = lim
X→∞

|D−(X) ∩D2,m(X) ∩D3,n(X)|
|D2,m(X) ∩D3,n(X)|

exists and equals P2(n) for all pairs of integers m ≥ n ≥ 0. Now consider the identity

|D−(X) ∩D2,m(X)|
|D2,m(X)|

=

m∑
n=0

|D−(X) ∩D2,m(X) ∩D3,n(X)|
|D2,m(X) ∩D3,n(X)|

· |D2,m(X) ∩D3,n(X)|
|D2,m(X)|

.

Taking X →∞, we obtain

P2(m) =
m∑
n=0

P3(m,n) · P (m,m, n)

2m
=

m∑
n=0

P2(n) · P (m,m, n)

2m
. (8.2)

We recall the identity [29, eq. (A.2)]

1

2m+1 − 1
=

m∑
n=0

1

2n+1 − 1
· P (m,m, n)

2m
.

Together with equation (8.2) and P2(0) = 1, this implies equation (8.1).

8.1 Boxes

To prove Theorem 8.1, we are going to cover D(N) by boxes X with some desirable properties.

Theorem 8.2. There are real numbers A,N0 > 0 such that for all reals N > N0, all integers
m ≥ 3, all sequences of integers n2, . . . , nm+1 ≥ 0, all integers r satisfying equation (7.4), all
integers 0 ≤ k ≤ r and all excellent (N, k, r)-boxes X∣∣∣∣∣
∣∣∣∣∣X ∩

m+1⋂
i=2

Di,ni(N)

∣∣∣∣∣− P (nm, nm, nm+1)

2nm
·

∣∣∣∣∣X ∩
m⋂
i=2

Di,ni(N)

∣∣∣∣∣
∣∣∣∣∣ ≤ A · |X|

(log log log logN)
c

m26m
.

Proof that Theorem 8.2 implies Theorem 8.1. By equation (7.2) of Theorem 7.2 we have⋃
|r− 1

2
log logN |≥(log logN)2/3

|Dr(N)| � N

(log logN)1/100
.

Hence, by Remark 7.11, it suffices to prove that there exist real numbers A′, N0 > 0 such that∣∣∣∣∣
∣∣∣∣∣Dr(N) ∩

m+1⋂
i=2

Di,ni(N)

∣∣∣∣∣− P (nm, nm, nm+1)

2nm
·

∣∣∣∣∣Dr(N) ∩
m⋂
i=2

Di,ni(N)

∣∣∣∣∣
∣∣∣∣∣

≤ A′ · |Dr(N)|
(log log log logN)

c
m26m

+A′ ·

∣∣∣∣∣Dr(N)−Dr

(
N

(
1 +

1

Ccompr

)−r)∣∣∣∣∣
for all real numbers N > N0 and all positive integers r satisfying equation (7.4). Now apply
Theorem 7.10 twice with

V = Dr(N) ∩
m+1⋂
i=2

Di,ni(N) and V ′ = Dr(N) ∩
m⋂
i=2

Di,ni(N)
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and with W the maximal subset of Dr(N) that intersects trivially with all the W (di) for
di > DSiegel and also intersects trivially with the set

{d ∈ Dr(N) : d is not N -nice}.

To apply Theorem 7.10, we need a lower bound for |W | and a good estimate for |V ∩ X|
and |V ′ ∩X| for boxes X that intersect W non-trivially (note that such boxes are (N, k, r)-
excellent). From Theorem 7.2 and Proposition 7.12 we get the required lower bound for W .
Let X be a box that intersects W non-trivially. Repeated application of Theorem 8.2 yields∣∣∣∣∣|V ∩X| −

(
m∏
i=2

P (ni, ni, ni+1)

2ni

)
· |X ∩D2,n2(N)|

∣∣∣∣∣ ≤
m∑
i=2

A · |X|
(log log log logN)

c

i26i

≤ 2A · |X|
(log log log logN)

c
m26m

for N sufficiently large, and similarly for |V ′ ∩X|. Here we used that

(log log log logN)
c

m26m ≥ 2,

which we may always assume, since otherwise Theorem 8.1 is trivially true. Inserting the
estimate for |X ∩D2,n2(N)| from equation (7.24) shows that∣∣∣∣∣|V ∩X| −

(
m∏
i=2

P (ni, ni, ni+1)

2ni

)
· PSym(r − 1, n2) · |X|

∣∣∣∣∣ ≤ 3A · |X|
(log log log logN)

c
m26m

for N sufficiently large, and likewise for |V ′ ∩ X|. This finishes the proof of the reduction
step.

8.2 Genericity

We will split X as the union over X(a) and then prove equidistribution for most a. If X

is an excellent (N, k, r)-box, then there exists x ∈ X and an integer kgap satisfying r1/2

2 <
kgap + 1 < r

2 and

log xkgap+1 ≥ (log log xkgap+1)2 · log log logN ·
kgap∑
j=1

log xj , (8.3)

where x = (x1, . . . , xr). From now on fix such a choice of kgap.

Definition 8.3. Let X = X1 × · · · ×Xr be a product space, let S ⊆ [r] and let Q ∈
∏
i∈S Xi.

We say that Q is a-consistent with a : Mr tMr,∅ → F2 if(
πi(Q)

πj(Q)

)
= ι(a(i, j)) for all distinct i, j ∈ S.

We define X(a,Q) to be the subset of x ∈ X(a) for which πS(x) = Q. Finally, given j ∈ [r]−S,
let Xj(a,Q) be the subset of p ∈ Xj with(

πi(Q)

p

)
= ι(a(i, j))

for all i ∈ S.
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Definition 8.4. Let r be a positive integer and let a : Mr tMr,∅ → F2. Recall that we have
associated to a : Mr t Mr,∅ → F2 a r × r matrix that we call A(a), see equation (7.26).
The left and right kernel of A(a) are naturally subspaces of Fr2, and viewed as such they
coincide and contain the element R := (1, . . . , 1). Let us call this subspace Va,2. We say that
a : Mr tMr,∅ → F2 is (N,m)-generic for a box X if

� putting

nmax :=

⌊√
10c

m26m
log log log log logN

⌋
,

we have

dimVa,2 ≤ nmax; (8.4)

� we have for all j > k

|Xj(a,Q)| ≥ |Xj |
(log sk+1)100

, (8.5)

where Q is the unique element of X1 × · · · ×Xk. Furthermore, Q is a-consistent;

� setting αpre to be the number of integers i satisfying kgap/2 ≤ i ≤ kgap, we have for all
elements w ∈ Va,2 \ 〈R〉 and all j ∈ F2∣∣∣∣∣∣∣∣{i ∈ [r] :

kgap

2
≤ i ≤ kgap and πi(w) = j

}∣∣∣∣− αpre

2

∣∣∣∣ ≤ kgap

log log logN
(8.6)

and ∣∣∣∣|{i ∈ [r] : kgap < i ≤ 2kgap and πi(w) = j}| − kgap

2

∣∣∣∣ ≤ kgap

log log logN
. (8.7)

Equation (8.6) and equation (8.7) give us very fine control over Va,2 as the following lemma
shows, see also [8, Lemma 6.9].

Lemma 8.5. Suppose that a : Mr tMr,∅ → F2 is (N,m)-generic for a box X. Suppose that
w1, . . . , wd, R ∈ Va,2 are linearly independent. Then we have for all v ∈ Fd2∣∣∣∣∣∣∣∣{i ∈ [r] :

kgap

2
≤ i ≤ kgap and πi(wj) = πj(v) for all 1 ≤ j ≤ d

}∣∣∣∣− αpre

2d

∣∣∣∣ ≤ 3d · kgap

log log logN

and similarly∣∣∣∣|{i ∈ [r] : kgap < i ≤ 2kgap and πi(wj) = πj(v) for all 1 ≤ j ≤ d}| − kgap

2d

∣∣∣∣ ≤ 3d · kgap

log log logN
.

Proof. Let us prove the first part by induction on d, the second part follows using the same
argument. For d = 0 the statement follows immediately from the definition of αpre, while for
d = 1 the statement falls as a consequence of equation (8.6). Now suppose that d > 1 and
define for w ∈ Fd2

f(w) =

∣∣∣∣{i ∈ [r] :
kgap

2
≤ i ≤ kgap and πi(wj) = πj(w) for all 1 ≤ j ≤ d

}∣∣∣∣ .
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Let v ∈ Fd2 be given and define v1,v2,v3 as the unique unordered triple of distinct vectors
that have the same projection as v on the first d− 2 coordinates but are not equal to v. We
have the inequalities

2
∣∣∣f(v)− αpre

2d

∣∣∣ ≤ ∣∣∣∣∣
(

3∑
i=1

f(v) + f(vi)

)
− 3αpre

2d−1

∣∣∣∣∣+

∣∣∣∣∣ αpre

2d−2
− f(v)−

3∑
i=1

f(vi)

∣∣∣∣∣
≤

(
3∑
i=1

∣∣∣f(v) + f(vi)−
αpre

2d−1

∣∣∣)+

∣∣∣∣∣ αpre

2d−2
− f(v)−

3∑
i=1

f(vi)

∣∣∣∣∣
≤ (3 · 3d−1 + 3d−2) · kgap

log log logN
,

where the last inequality follows from the induction hypothesis applied to w1, . . . , wd−2 and
w1, . . . , wd−2, w with w ∈ {wd−1, wd, wd−1 + wd}.

Instead of controlling the 2k-ranks of the narrow class group, we will control the full Artin
pairing of the narrow class group, which is a finer invariant than just the sequence of 2k-ranks.
We will make this precise in our next definition.

Definition 8.6. Let X be a box and let a : Mr tMr,∅ → F2. A sequence of bilinear pairings
{Arti : Ai ×Bi → F2}2≤i<m, is called valid if

� A2 = B2 = Va,2;

� the left kernel of Arti is Ai+1 and the right kernel of Arti is Bi+1 for 2 ≤ i < m− 1;

� R is in the right kernel of Arti for 2 ≤ i < m.

The sequence is called Pellian if furthermore R is in the left kernel of Arti for all 2 ≤ i < m.
For such a sequence of bilinear pairings, we define Am to be the left kernel of Artm−1 and Bm
to be the right kernel of Artm−1.

Meanwhile for x ∈ X, we get for every integer k ≥ 1 a pairing

Artk,x : 2k−1Cl(Q(
√
x))[2k]× 2k−1Cl∨(Q(

√
x))[2k]→ F2,

see Subsection 2.3. Genus theory gives natural surjections Fr2 → Cl(Q(
√
x))[2] and Fr2 →

Cl∨(Q(
√
x))[2]. More explicitly, the map Fr2 → Cl(Q(

√
x))[2] is given by

(e1, . . . , er) 7→ UpQ(
√
x)/Q

(
r∏
i=1

peii

)

and the map Fr2 → Cl∨(Q(
√
x))[2] is given by

(e1, . . . , er) 7→
r∑
i=1

eiχpi ,

where x = p1 · . . . · pr with p1 < · · · < pr. Pulling back, this induces a pairing

Fr2 × Fr2 → F2,
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and for x ∈ X(a) the left and right kernel both equal Va,2. Then we get natural surjections
Va,2 → 2Cl(Q(

√
x))[4] and Va,2 → 2Cl∨(Q(

√
x))[4] and hence a pairing

Va,2 × Va,2 → F2.

Continuing this process gives for each x ∈ X(a) a valid sequence of Artin pairings, which we
will also call Artk,x. Furthermore, the negative Pell equation is soluble for x if and only if its
sequence of Artin pairings is Pellian.

We then define for a sequence of valid Artin pairings {Arti}2≤i<m

X(a, {Arti}2≤i<m) := {x ∈ X(a) : the Artin pairing of x equals {Arti}2≤i<m} .

We will now reduce to the case where a : Mr tMr,∅ → F2 is (N,m)-generic for X and the
first m− 1 Artin pairings are given. The next theorem essentially says that the Artin pairing
is a random pairing on Am ×Bm except that R must always be in the right kernel.

Theorem 8.7. There are real numbers A,N0 > 0 such that for all reals N > N0, all integers
m ≥ 3, all integers r satisfying equation (7.4), all integers 0 ≤ k ≤ r, all excellent (N, k, r)-
boxes X, all (N,m)-generic a : MrtMr,∅ → F2 for X, all Pellian sequences of Artin pairings
{Artk}2≤k<m and all Artin pairings Artm : Am ×Bm → F2 with R in the right kernel∣∣∣∣|X(a, {Artk}2≤k≤m)| − |X(a, {Artk}2≤k<m)|

2dimF2 Am·(−1+dimF2 Am)

∣∣∣∣ ≤ A · |X(a)|
(log log log logN)

100c
m6m

.

Proof that Theorem 8.7 implies Theorem 8.2. We claim that there exists an absolute constant
A′ > 0 such that ∑

a:MrtMr,∅→F2

a not (N,m)-generic

|X(a)| ≤ A′ · |X| · 2
−2c log log log log logN

m26m . (8.8)

As a first step, we estimate ∑
a:MrtMr,∅→F2

(8.5) fails for some j>k

|X(a)|. (8.9)

For every j > k we define an equivalence relation ∼j by setting a ∼j a′ if and only if
a(i, j) = a′(i, j) for all 1 ≤ i ≤ k. Note that if a ∼j a′, then equation (8.5) fails for a if and
only if it fails for a′. By our choice of C0, D1 and equation (7.1), we see that

k ≤ 1

5
log log logN

for N sufficiently large. Hence ∼j has at most

2k ≤ 2
1
5

log log logN

equivalence classes. Furthermore, in a given equivalence class we have the trivial bound∣∣∣∣∣∣∣∣∣∣∣
⋃
a∼ja′

|Xj(a′,Q)|≤ |X|
(log sk+1)

100

X(a)

∣∣∣∣∣∣∣∣∣∣∣
≤ |X|

(log sk+1)100
.
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Summing over all j > k and summing over all equivalence classes gives the desired estimate
for equation (8.9).

We return to bounding equation (8.8), and thanks to our upper bound for equation (8.9),
it suffices to bound the union of |X(a)| for a failing equation (8.4), equation (8.6) or equation
(8.7). If σ is a permutation of [r], then we recall that

σ(a)(i, j) = a(σ−1(i), σ−1(j)).

Note that a satisfies equation (8.4) if and only if σ(a) does.

Take k2 to be the largest integer smaller than kgap/2 and suppose that σ is a permutation
of [r] fixing all indices greater than k2: recall that Pr(k2) denotes the set of such permutations.
For any such permutation σ, we have that a satisfies equation (8.6) if and only if σ(a) does,
and similarly for equation (8.7). We apply Proposition 7.8 to obtain

∑
a:MrtMr,∅→F2

∣∣∣∣∣∣ k2! · |X|
2|Mr|+|Mr,∅|

−
∑

σ∈Pr(k2)

|X(σ(a))|

∣∣∣∣∣∣ ≤ k2! · |X|
kb12

≤ k2! · |X|
(log logN)b1b2

(8.10)

for some absolute constants b1, b2 > 0. Here we used equation (7.4) to obtain the lower bound
k2 ≥ (log logN)b2 for N sufficiently large. We will now give an upper bound for

|{a : Mr tMr,∅ → F2 : a fails equation (8.4) or (8.6) or (8.7)}|
|{a : Mr tMr,∅ → F2}|

. (8.11)

Note that this is an entirely combinatorial problem about certain symmetric r × r matrices.
Once this is done, equation (8.10) will give the desired upper bound for equation (8.8).

After dropping a row and a column from A(a), we see that A(a) is a random symmetric
matrix. By the explicit formulas for the number of symmetric matrices with a given rank in
[34], we see that the proportion of a : Mr tMr,∅ → F2 with dimF2 Va,2 > nmax is bounded by

O
(

2
−2c log log log log logN

m26m

)
,

which disposes with the a failing equation (8.4).

Next we bound the proportion of a : Mr tMr,∅ → F2 failing equation (8.6), a similar
argument works for equation (8.7). The proportion of w ∈ Fr2 with∣∣∣∣∣∣∣∣{i ∈ [r] :

kgap

2
≤ i ≤ kgap and πi(w) = j

}∣∣∣∣− αpre

2

∣∣∣∣ > kgap

log log logN
(8.12)

is bounded by

O
(
e−(log log logN)−2·kgap

)
thanks to Hoeffding’s inequality. For any given w ∈ Fr2 \ 〈R〉 we have that the proportion of
a : Mr tMr,∅ → F2 with w ∈ Va,2 is bounded by O(2−r). Using this for all w ∈ Fr2 \ 〈R〉
satisfying equation (8.12) then shows that the proportion of a : Mr t Mr,∅ → F2 failing
equation (8.6) is also bounded by

O
(
e−(log log logN)−2·kgap

)
.
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Since kgap > r1/2/2, it follows from equation (7.4) that this fits in the error term. We conclude
that equation (8.11) is bounded by

A1 · 2
−2c log log log log logN

m26m

for some absolute constant A1 > 0. Then equation (8.10) implies that there exists an absolute
constant A2 > 0 such that∑

a:MrtMr,∅→F2

a not (N,m)-generic

|X(a)| ≤ A2 · |X| · 2
−2c log log log log logN

m26m .

Therefore we have established the claimed equation (8.8). To complete the proof of the
reduction step, we split X as the union over X(a), removing all a that are not (N,m)-
generic. For the a that are (N,m)-generic, we split each X(a) over all sequences of Artin
pairings and use Theorem 8.7. Observe that there are at most

2m(dimF2 Va,2)2 ≤ 2mn
2
max

sequences of Artin pairings. By the choice of nmax, we complete the proof of the reduction
step.

The next reduction step is a straightforward application of orthogonality of characters.

Theorem 8.8. There are real numbers A,N0 > 0 such that for all reals N > N0, all
integers m ≥ 3, all integers r satisfying equation (7.4), all integers 0 ≤ k ≤ r, all ex-
cellent (N, k, r)-boxes X, all (N,m)-generic a : Mr t Mr,∅ → F2 for X, all Pellian se-
quences of Artin pairings {Artk}2≤k<m and all non-trivial linear maps F : {Am × Bm →
F2 bilinear with R in the right kernel} → F2∣∣∣∣∣∣

∑
x∈X(a,{Artk}2≤k<m)

ι(F (Artm,x))

∣∣∣∣∣∣ ≤ A · |X(a)|
(log log log logN)

100c
m6m

.

The plan is to fix all but m or m+ 1 indices of the box X, and then apply the algebraic
and combinatorial results from Sections 5 and 6. The indices of the box that we do not fix
are called variable indices. We now lay out exactly what properties we demand from these
variable indices as a function of F .

Definition 8.9. Define for 2 ≤ i ≤ m

Ci := Ai ∩Bi, di := −1 + dimF2 Ci, ni := −1 + dimF2 Ai.

Pick a basis v1, . . . , vnm , R of Am and a basis w1, . . . , wnm , R of Bm such that

vi = wi for all 1 ≤ i ≤ dm.

Hence v1, . . . , vdm , R is a basis of Cm. We extend the basis w1, . . . , wnm , R of Bm to a basis

w1, . . . , wn2 , R
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of Va,2 such that w1, . . . , wni , R is a basis of Bi for all 2 ≤ i ≤ m. Write Mat(a, b,K) for
the set of a × b matrices over a field K. Using our basis, Artm,x is naturally an element of
Mat(nm + 1, nm + 1,F2). More precisely, the entry (i, j) of the associated matrix is

Artm,x(vi, wj)

for i, j ∈ [nm], and we use the last row and column for the pairing with R. Since R is in
the right kernel of Artm,x, we shall from now on implicitly view Artm,x also as an element of
Mat(nm + 1, nm,F2).

Let Ej3,j4 be the matrix with a 1 on the entry (j3, j4) and 0 everywhere else. Define Fj1,j2 :
Mat(nm+1, nm,F2)→ F2 be the unique linear map that sends the matrix Ej3,j4 to 1 if and only
if j1 = j3 and j2 = j4. Then we can write write any linear map F : Mat(nm+1, nm,F2)→ F2

as
F =

∑
1≤j1≤nm+1

1≤j2≤nm

cj1,j2Fj1,j2 , cj1,j2 ∈ F2.

For every non-trivial map F , we pick a pair (j1, j2) satisfying cj1,j2 = 1 according to the
following rules. In case there exists (j1, j2) such that cj1,j2 = 1, such that j1 ≤ nm and such
that one of the following three conditions is satisfied

� nm ≥ j1 > dm or

� nm ≥ j2 > dm or

� 1 ≤ j1, j2 ≤ dm and cj2,j1 = 0,

then we fix such a choice of (j1, j2). We say that we are in case I. If there is no such pair
(j1, j2), but we have cnm+1,j = 1 for some j, then we fix a choice of (j1, j2) = (nm + 1, j) and
we say that we are in case II. Again if there is no such pair (j1, j2), but we have cj,j = 1
for some j, then we fix (j1, j2) = (j, j) and we say that we are in case III. Finally, in the
remaining cases we fix a pair (j1, j2) with j1 6= j2 and cj1,j2 = cj2,j1 = 1 and we say that we
are in case IV . Observe that we can always find such a pair (j1, j2) since F is assumed to be
non-trivial.

We say that a subset S of the integers is a set of variable indices for a non-trivial linear
map F : Mat(nm + 1, nm,F2)→ F2 if the following properties are satisfied

� if we are in case I, then we demand that S contains m + 1 elements of which m − 1
elements are contained in

{kgap/2 ≤ i ≤ kgap} ∩
n2⋂
l=1

{i ∈ [r] : πi(wl) = 0},

one element is contained in the intersection of {kgap/2 ≤ i ≤ kgap} with⋂
1≤l≤nm

j2≤dm⇒l 6=j2

{i ∈ [r] : πi(vl) = 0} ∩
⋂

1≤l≤nm
l 6=j2

{i ∈ [r] : πi(wl) = 0} ∩ {i ∈ [r] : πi(wj2) = 1},

and one element is contained in the intersection of {kgap < i ≤ 2kgap} with⋂
1≤l≤nm
l 6=j1

{i ∈ [r] : πi(vl) = 0} ∩
⋂

1≤l≤nm
j1≤dm⇒l 6=j1

{i ∈ [r] : πi(wl) = 0} ∩ {i ∈ [r] : πi(vj1) = 1};
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� if we are in case II, then we pick S such that |S| = m, of which m− 1 are contained in

{kgap/2 ≤ i ≤ kgap} ∩
n2⋂
l=1

{i ∈ [r] : πi(wl) = 0}

and one element is contained in the intersection of {kgap < i ≤ 2kgap} with⋂
1≤l≤nm

j2≤dm⇒l 6=j2

{i ∈ [r] : πi(vl) = 0} ∩
⋂

1≤l≤nm
l 6=j2

{i ∈ [r] : πi(wl) = 0} ∩ {i ∈ [r] : πi(wj2) = 1};

� if we are in case III, recall that j = j1 = j2. We choose S such that |S| = m, of which
m− 1 are contained in

{kgap/2 ≤ i ≤ kgap} ∩
n2⋂
l=1
l 6=j

{i ∈ [r] : πi(wl) = 0} ∩ {i ∈ [r] : πi(wj) = 1},

and one element is contained in

{kgap < i ≤ 2kgap} ∩
nm⋂
l=1

{i ∈ [r] : πi(vl) = πi(wl) = 0};

� if we are in case IV , then we pick S such that |S| = m, of which m − 1 are contained
in

{kgap/2 ≤ i ≤ kgap} ∩
n2⋂
l=1
l 6=j2

{i ∈ [r] : πi(wl) = 0} ∩ {i ∈ [r] : πi(wj2) = 1},

and one element is contained in the intersection of {kgap < i ≤ 2kgap} with

nm⋂
l=1
l 6=j1

{i ∈ [r] : πi(vl) = πi(wl) = 0} ∩ {i ∈ [r] : πi(vj1) = 1}.

Define iCheb to be the unique element of S ∩ {kgap < i ≤ 2kgap}.

Note that we may always assume that

m < log log log log log logN, (8.13)

since otherwise Theorem 8.1 is trivially true. Then Lemma 8.5 shows that for every non-
trivial bilinear map F we can find a set of variable indices S for F , provided that we take
N sufficiently large. For the final reduction step of this subsection, we fix all primes before
kgap except those in S. For a point Q ∈

∏
i∈[kgap]−S Xi, define X(a,Q, {Artk}2≤k<m) to be

the subset of x ∈ X(a, {Artk}2≤k<m) for which π[kgap]−S(x) = Q.

Theorem 8.10. There are real numbers A,N0 > 0 such that for all reals N > N0, all integers
m ≥ 3, all integers r satisfying equation (7.4), all integers 0 ≤ k ≤ r, all excellent (N, k, r)-
boxes X, all (N,m)-generic a : MrtMr,∅ → F2 for X, all Pellian sequences of Artin pairings
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{Artk}2≤k<m, all non-trivial linear maps F : Mat(nm + 1, nm,F2) → F2, all variable indices
S for F and all a-consistent Q ∈

∏
i∈[kgap]−S Xi such that

|Xj(a,Q)| ≥ 4−m·kgap · |Xj | (8.14)

for all j ∈ S ∩ [kgap], we have∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)

ι(F (Artm,x))

∣∣∣∣∣∣ ≤ A · |X(a,Q)|
(log log log logN)

100c
m6m

.

Proof that Theorem 8.10 implies Theorem 8.8. First, we use the triangle inequality∣∣∣∣∣∣
∑

x∈X(a,{Artk}2≤k<m)

ι(F (Artm,x))

∣∣∣∣∣∣ ≤
∑

Q∈
∏
i∈[kgap]−S Xi

∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)

ι(F (Artm,x))

∣∣∣∣∣∣ .
In caseQ satisfies equation (8.14), the desired upper bound follows immediately from Theorem
8.10. It remains to bound

∑
Q∈

∏
i∈[kgap]−S Xi

Q fails equation (8.14)

∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)

ι(F (Artm,x))

∣∣∣∣∣∣ ≤
∑

Q∈
∏
i∈[kgap]−S Xi

Q fails equation (8.14)

|X(a,Q)|.

Let Q′ be the unique element of X1 × · · · ×Xk and let X ′ be the product space∏
i∈[kgap]−S−[k]

Xi(a,Q
′).

We apply Proposition 7.6 to (X ′, Q′) to deduce that the number of a-consistent elements
Q ∈

∏
i∈[kgap]−S Xi(a,Q

′) is bounded by

2 · |X ′|

2
(kgap−|S|−k)(kgap−|S|−k−1)

2

.

Note that condition (iii) of Proposition 7.6 is satisfied thanks to equation (8.5). Let us now
bound |X(a,Q)| for each individual Q. Since Q fails equation (8.14), we have

∏
i∈S∩[kgap]

|Xi(a,Q)| ≤
∏
i∈S∩[kgap] |Xi|

4m·kgap
≤
∏
i∈S∩[kgap] |Xi(a,Q

′)|
4m·kgap

· (log sk+1)100m.

Therefore

|X(a,Q)| ≤
∏
i∈S |Xi(a,Q

′)|
4m·kgap

· (log sk+1)100m · max
P∈

∏
i∈S Xi

X(a, P ×Q).

But for i > kgap, we apply the Chebotarev density theorem to obtain

|Xi(a, P ×Q)| = |Xi(a,Q
′)|

2kgap−k
·
(

1 +O
(
e−kgap

))
.
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We apply Proposition 7.6 to

(X,P )←

 ∏
i∈[r]−[kgap]

Xi(a, P ×Q),∅

 , k ← r − kgap

to deduce that∣∣∣∣∣|X(a, P ×Q)| −
∏
i>kgap

|Xi(a, P ×Q)|

2
(r−kgap)(r−kgap−1)

2

∣∣∣∣∣ ≤
∏
i>kgap

|Xi(a, P ×Q)|

logN · 2
(r−kgap)(r−kgap−1)

2

.

We conclude that∑
Q∈

∏
i∈[kgap]−S Xi

Q fails equation (8.14)

|X(a,Q)| ≤

4 · (log sk+1)100m ·
∏
i∈[r]−[k] |Xi(a,Q

′)|

2
(kgap−k−|S|)(kgap−k−|S|−1)

2 · 4m·kgap · 2(kgap−k)·(r−kgap)+
(r−kgap)(r−kgap−1)

2

. (8.15)

A final application of Proposition 7.6 to the prebox ∏
i∈[r]−[k]

Xi(a,Q
′), Q′


shows that

2|X(a)| ≥
∏
i∈[r]−[k] |Xi(a,Q

′)|
2(r−k)(r−k−1)

. (8.16)

The proposition follows from equations (8.15) and (8.16).

8.3 A second moment computation

We have now arrived at a critical point of the proof. We have a rather unstructured set
X(a,Q, {Artk}2≤k<m). To make matters even worse, we do not know yet that the expansion
maps exist to apply our algebraic theorems. We will cover X(a,Q, {Artk}2≤k<m) by small
product spaces and then use a second moment trick to reduce to such product spaces. We
will then be able to apply the algebraic and combinatorial results from the previous sections.

Definition 8.11. Let N , m, k, r, X, a, Q, {Artk}2≤k<m, F and S be as above. Put

Mbox :=
⌊
(log log log logN)

1
5(m+1)

⌋
.

It follows from equation (8.13) that Mbox ≥ 2 for sufficiently large N . Define

S′ := S ∩ [kgap],

so that S = S′ ∪ {iCheb}. Let Zi ⊆ Xi for i ∈ S′ and put

Z :=
∏
i∈S′

Zi.

We say that Z is a great product space if
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� |Zi| = Mbox for all i ∈ S′;

� Zi ⊆ Xi(a,Q) for all i ∈ S′;

� we have for all z ∈ Z and all distinct i, j ∈ S′(
πi(z)

πj(z)

)
= ι(a(i, j));

� if we are in case I, let ichar be the unique index in S′ with πichar(wj2) = 1. Then we
want that for all subsets T ⊆ S′ − {ichar}, all z̄ ∈ Cube(Z, T ∪ {ichar}), there exists an
expansion map φπT (z̄);pr1(πichar (z̄))pr2(πichar (z̄)), in which all primes in Q, (2) and ∞ split

completely in case T ⊂ S′ − {ichar}. We put

M◦(Z) :=
∏

T⊂S′−{ichar}

∏
z̄∈Cube(Z,T∪ichar)

L(φπT (z̄);pr1(πichar (z̄))pr2(πichar (z̄)))

and

M(Z) :=
∏

z̄∈Cube(Z,S′)

L(φπS′−{ichar}(z̄);pr1(πichar (z̄))pr2(πichar (z̄)));

� if we are in case II, III or IV , we demand that for all subsets T ⊆ S′, all z̄ ∈
Cube(Z, T ) and all i ∈ T , there exists an expansion map φπT−{i}(z̄);pr1(πi(z̄))pr2(πi(z̄)) in

which all primes in Q, (2) and ∞ split completely. Furthermore, for all subsets T ⊆ S′,
all z̄ ∈ Cube(Z, T ), there exists an expansion map φπT (z̄);−1, in which all odd primes in
Q and UpQ(i)/Q(2) split completely in case T ⊂ S′. Set

M◦(Z) :=
∏
i∈S′

∏
z̄∈Cube(Z,S′)

L(φπS′−{i}(z̄);pr1(πi(z̄))pr2(πi(z̄)))×
∏
T⊂S′

∏
z̄∈Cube(Z,T )

L(φπT (z̄);−1)

and

M(Z) :=
∏

z̄∈Cube(Z,S′)

L(φπS′ (z̄);−1).

For i > kgap, define Xi(a,Q,M◦(Z)) to be those primes p ∈ Xi(a,Q) that split completely in
M◦(Z) and (

z

p

)
= ι(a(j, i)) for all j ∈ S′ and all z ∈ Zj .

This is equivalent to Frobp landing in a given central element of the Galois group of the
compositum of M◦(Z) and Q(

√
z) with z equal to −1, a prime in Q or a prime in Zj for

some j ∈ S′. If Z is a great product space, we define

Z̃ := Q× Z ×
∏

i>kgap

Xi(a,Q,M◦(Z)).

The following lemma constructs an additive system that will aid us in producing expansion
maps. Define

Xpre :=
∏
i∈S′

Xi(a,Q).
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Lemma 8.12. Let W ⊆ Xpre. Then there exists an additive system (CT , C
acc
T , FT , AT )T⊆S′

on (Xpre, S
′) with the following properties

� Cacc
∅ = W ;

� |AT | ≤ 2(|S′|+100)·(kgap+|S′|+100) for all T ⊆ S′;

� suppose that we are in case I. If x̄ ∈ Cacc
S′ , then there exists an expansion map

φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄)).

Furthermore, for ichar ∈ T ⊂ S′ and x̄ ∈ Cacc
T , there exists an expansion map

φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))

in which all primes in Q, all primes in πS′−T (x̄), (2) and ∞ split completely;

� suppose that we are in case II, III or IV . If x̄ ∈ Cacc
S′ , then φπS′ (x̄);−1 exists. Fur-

thermore, all odd primes in Q, all primes in πS′−T (x̄) and UpQ(i)/Q(2) split completely
in φπT (x̄);−1 for all T ⊂ S′ and x̄ ∈ Cacc

T . Finally, we demand that for all T ⊆ S′, all
x̄ ∈ Cacc

T and all i ∈ T , there exists an expansion map φπT−{i}(x̄);pr1(πi(x̄))pr2(πi(x̄)) in

which all primes in Q, all primes in πS′−T (x̄), (2) and ∞ split completely.

Proof. Let us deal with case I, the other cases being analogous. Take C∅ = W and take F∅
to be the zero map. We will now inductively construct the maps FT for T a non-empty subset
of S′, which determine the additive system. If T = {i}, we let F{i} be the map that sends
x̄ ∈ C{i} to

ι−1

(
pr1(πi(x̄))pr2(πi(x̄))

q

)
,

where q runs over all prime divisors of Q, all primes in πj(x̄) for j 6= i and the prime (2).
Now suppose that |T | > 1. If ichar 6∈ T , we let FT be the zero map. So suppose that ichar ∈ T
and take x̄ ∈ CT . From the induction hypothesis it follows that for all T ′ ⊂ T there exists an
expansion map

φπT ′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))

in which all primes in Q, all primes in πS′−T ′(x̄), (2) and ∞ split completely. In particular,
it follows from Proposition 2.16 that

φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))

exists. Furthermore, we know that the Frobenius symbol of a prime in Q, a prime in πS′−T (x̄),
(2) or ∞ lands in

Z(Gal(L(φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄)))/Q)) ∼= F2.

Indeed, recall that L(φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))) is a central F2-extension of

Q
({√

pr1(πi(x̄))pr2(πi(x̄)) : i ∈ T
})
·
∏
T ′⊂T

L(φπT ′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄)))
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by Proposition 2.14. Now let FT be the map that sends x̄ ∈ CT to

φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(q)),

where q is a prime divisor of Q, a prime in πS′−T (x̄), (2) or ∞. Since Frob(q) lands in the
center, it follows from Lemma 2.13 that FT satisfies equation (6.1).

Our next theorem is our final reduction step. We will reduce to spaces of the shape
X(a,Q, {Artk}2≤k<m) ∩ Z̃ with Z a great product space.

Theorem 8.13. There are real numbers A,N0 > 0 such that for all reals N > N0, all integers
m ≥ 3, all integers r satisfying equation (7.4), all integers 0 ≤ k ≤ r, all excellent (N, k, r)-
boxes X, all (N,m)-generic a : MrtMr,∅ → F2 for X, all Pellian sequences of Artin pairings
{Artk}2≤k<m, all non-trivial linear maps F : Mat(nm + 1, nm,F2) → F2, all variable indices
S for F , all a-consistent Q ∈

∏
i∈[kgap]−S Xi and all great product spaces Z∣∣∣∣∣∣∣

∑
x∈X(a,Q,{Artk}2≤k<m)∩Z̃

ι(F (Artm,x))

∣∣∣∣∣∣∣ ≤
A · |X(a,Q) ∩ Z̃|

(log log log logN)
100c
m6m

.

Proof that Theorem 8.13 implies Theorem 8.10. We set

R :=

⌊
ee

kgap
5

⌋
and we let Zpre be those z ∈ Xpre satisfying(

πi(z)

πj(z)

)
= ι(a(i, j)) for all distinct i, j ∈ S′.

Choose a sequence Z1, . . . , Zt of maximal length satisfying the following properties

� each Zi ⊆ Zpre is a great product space;

� we have that |Zi ∩ Zj | ≤ 1 for all distinct i, j ∈ [t];

� every z ∈ Zpre is in at most R of the Zi.

Define Zpre,bad to be the subset of z ∈ Zpre that are in less than R of the Zi and write δ for
the density of Zpre,bad in Xpre.

As a first step we aim to upper bound δ. By a straightforward greedy algorithm we can
find a subset W of Zpre,bad of density at least δ/RMm

box such that |W ∩ Zi| ≤ 1 for all i ∈ [t].
We apply Proposition 6.2 with the additive system from Lemma 8.12 with W equal to Cacc

∅ .
This shows that the density of Cacc

S′ in Cube(Xpre, S
′) is at least

δ′ :=

(
δ

2(|S′|+100)·(kgap+|S′|+100)RMm
box

)3m

.

Now given x0 ∈W , we define

W (x0) = {x ∈W : c(x0, x) ∈ Cacc
S′ },
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where c(x0, x) is the unique x̄ ∈ Cube(Xpre, S
′) such that

pr1(πi(x̄)) = πi(x0), pr2(πi(x̄)) = πi(x).

There is a natural injective map from Cacc
S′ to the disjoint union of the W (x0) as x0 runs

through W . This map sends x̄ to the unique pair (w, x0) ∈W ×W satisfying

πi(w) = pr1(πi(x̄)) for all i ∈ S′, πi(x0) = pr2(πi(x̄)) for all i ∈ S′.

Hence we deduce that
|Cacc
S′ | ≤ |Xpre| · max

x0∈W
|W (x0)|,

so that there exists x0 such that the density of W (x0) in Xpre is at least δ′. Fix such a x0.
Now if we were to find subsets Wi ⊆ Xi(a,Q) such that |Wi| = Mbox and∏

i∈S′
Wi ⊆W (x0),

we could extend the sequence Z1, . . . , Zt to a longer sequence. Since this is impossible by our
choice of Z1, . . . , Zt, we apply the contrapositive of Lemma 6.3 to deduce that

5Mm
box >

log mini∈S′ |Xi(a,Q)|
log δ′−1

.

It follows from equation (8.14) and equation (7.1) that

|Xi(a,Q)| ≥ ee
3
10 kgap

for N sufficiently large. We conclude that

δ ≤ e−
1
4
ekgap (8.17)

for N sufficiently large. Now we split

∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)

ι(F (Artm,x))

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣∣

∑
x∈X(a,Q,{Artk}2≤k<m)

πS′ (x)6∈Zpre,bad

ι(F (Artm,x))

∣∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣∣
∑

x∈X(a,Q)
πS′ (x)∈Zpre,bad

1

∣∣∣∣∣∣∣∣∣ (8.18)

with the latter sum fitting in the error term by equation (8.17) and two applications of
Proposition 7.6 (namely to X(a,Q) and to the subset of X(a,Q) projecting to a given element
in Zpre, bad). So it remains to deal with the former sum.

Now for x ∈ X(a,Q) with πS′(x) 6∈ Zpre,bad, we write Λ(x) for the number of i ∈ [t] for

which x ∈ Z̃i. We will compute the first and second moment of Λ(x), and then use this to
bring Theorem 8.13 into play. We have∑

x∈X(a,Q)
πS′ (x)6∈Zpre,bad

Λ(x) =
∑
z∈Zpre

z 6∈Zpre,bad

∑
x∈X(a,Q)
πS′ (x)=z

∑
i∈[t]

1
x∈Z̃i

=
∑
z∈Zpre

z 6∈Zpre,bad

∑
i∈[t]

|X(a,Q) ∩ Z̃i ∩ π−1
S′ (z)|. (8.19)
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Fix some z ∈ Zpre \ Zpre,bad. Define

L(Q) := Q({
√
−1} ∪ {

√
πj(z) : j ∈ S′} ∪ {

√
πj(Q) : j ∈ [kgap]− S′}).

Write d(Mbox,m) for the degree of L(Q)M◦(Z̃i) over L(Q). Crucially, d(Mbox,m) does not
depend on i by Lemma 6.8 and Lemma 6.10. Since our box X is Siegel-less, the Chebotarev
density theorem [42, Proposition 6.5] yields for i > kgap

|Xi(a,Q,M◦(Z))| = |Xi(a,Q× {z})|
d(Mbox,m)

(
1 +O

(
e−2kgap

))
.

Here we use equation (8.3) and a well-known result of Heilbronn [23] to deal with potential
Siegel zeroes. It follows from two applications of Proposition 7.6 to the preboxes ∏

i∈[r]−[kgap]

Xi(a,Q× {z}),∅

 ,

 ∏
i∈[r]−[kgap]

Xi(a,Q,M◦(Z)),∅


that

|X(a,Q) ∩ Z̃i ∩ π−1
S′ (z)| = 1z∈Zi ·

|X(a,Q) ∩ π−1
S′ (z)|

d(Mbox,m)r−kgap

(
1 +O

(
e−kgap

))
.

Continuing the computation in equation (8.19) gives

∑
x∈X(a,Q)

πS′ (x)6∈Zpre,bad

Λ(x) =
R|X(a,Q)|

d(Mbox,m)r−kgap

(
1 +O

(
e−kgap

))
, (8.20)

since every z ∈ Zpre \Zpre,bad is in precisely R of the Zi. Having computed the first moment,
we now consider the second moment ∑

x∈X(a,Q)
πS′ (x)6∈Zpre,bad

Λ(x)2.

For distinct i and j, we see that the assumption |Zi ∩Zj | ≤ 1 gives that L(Q)M◦(Z̃i)M◦(Z̃j)
has degree d(Mbox,m)2 over L(Q) by Lemma 6.8 and Lemma 6.10. Then, following the first
moment computation, we obtain

∑
x∈X(a,Q)

πS′ (x)6∈Zpre,bad

Λ(x)2 =
R2|X(a,Q)|

d(Mbox,m)2(r−kgap)

(
1 +O

(
e−kgap

))
. (8.21)

It follows from equation (8.20), equation (8.21) and Chebyshev’s inequality that outside a set
of density O(e−kgap/2) in the set of x ∈ X(a,Q) satisfying πS′(x) 6∈ Zpre,bad, we have that

∣∣∣∣Λ(x)− R

d(Mbox,m)r−kgap

∣∣∣∣ ≤ Re
−kgap

4

d(Mbox,m)r−kgap
. (8.22)
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Recalling equation (8.18), it suffices to bound∣∣∣∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)
πS′ (x)6∈Zpre,bad

ι(F (Artm,x))

∣∣∣∣∣∣∣∣∣ .
By the triangle inequality this is bounded by

d(Mbox,m)r−kgap

R
·

∣∣∣∣∣∣∣
∑
i∈[t]

∑
x∈X(a,Q,{Artk}2≤k<m)∩Z̃i

ι(F (Artm,x))

∣∣∣∣∣∣∣+∣∣∣∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)
πS′ (x) 6∈Zpre,bad

ι(F (Artm,x))− d(Mbox,m)r−kgap

R

∑
i∈[t]

∑
x∈X(a,Q,{Artk}2≤k<m)∩Z̃i

ι(F (Artm,x))

∣∣∣∣∣∣∣∣∣ .
(8.23)

It follows from Theorem 8.13 that the former sum is bounded by

A · d(Mbox,m)r−kgap

R · (log log log logN)
100c
m6m

·
∑
i∈[t]

|X(a,Q) ∩ Z̃i|.

Now observe that∑
i∈[t]

|X(a,Q) ∩ Z̃i| ≤
∑

x∈X(a,Q)
πS′ (x)6∈Zpre,bad

Λ(x) +
∑

x∈X(a,Q)
πS′ (x)∈Zpre,bad

R.

To bound the first term above, we use equation (8.20). For the second term, we use equation
(8.17) and the argument immediately following equation (8.18).

Finally, to deal with the latter sum in equation (8.23), we first take care of the points
projecting to an element in Zpre,bad. Then it remains to bound∣∣∣∣∣∣∣∣∣

∑
x∈X(a,Q,{Artk}2≤k<m)

πS′ (x)6∈Zpre,bad

ι(F (Artm,x))− d(Mbox,m)r−kgap

R

∑
i∈[t]

∑
x∈X(a,Q,{Artk}2≤k<m)∩Z̃i

πS′ (x) 6∈Zpre,bad

ι(F (Artm,x))

∣∣∣∣∣∣∣∣∣ ,
which is at most ∑

x∈X(a,Q,{Artk}2≤k<m)
πS′ (x)6∈Zpre,bad

∣∣∣∣1− d(Mbox,m)r−kgap

R
· Λ(x)

∣∣∣∣ .
We split the above sum depending on whether x satisfies equation (8.22). To deal with the x
failing equation (8.22), we use the trivial bound Λ(x) ≤ R. This completes the proof.
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8.4 Finishing the proof

It remains to prove Theorem 8.13. The main technical input that we need is an additive
system as in Proposition 6.6, which we will construct in the first part of the proof.

Proof of Theorem 8.13. For every non-zero v ∈ Va,2 and for every x ∈ X(a,Q), we choose a
raw cocycle (ψi(x, v))0≤i≤t(x,v) such that

ψ1(x, v) =
∑

1≤j≤r
πj(v)=1

χπj(x)

with t(x, v) maximal among the set of such raw cocycles. Recall that we fixed a basis

w1, . . . , wn2 , R

of Va,2 such that
w1, . . . , wni , R

is a basis of Bi for all 2 ≤ i ≤ m, where we recall that ni := −1 + dimF2 Bi (we also set
n1 := n2). We also remind the reader that we fixed a pair of integers (j1, j2) associated to
the linear map F : Mat(nm + 1, nm,F2)→ F2.

Desired properties of an additive system

We start the proof by constructing an additive system A = (CT , C
acc
T , FT , AT )T⊆S on (Z̃, S)

such that

(a) Cacc
∅ = X(a,Q, {Artk}2≤k<m) ∩ Z̃;

(b) A is (2(nmax+10)(nmax+2m+10), S)-acceptable;

(c) suppose that we are in case I. Then we have for all x̄ ∈ C(A)

(ΣF ′)(x̄) = φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(pr1(πiCheb
(x̄))))+

φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(pr2(πiCheb
(x̄)))),

where F ′ : X(a,Q, {Artk}2≤k<m) ∩ Z̃ → F2 is the function that sends x to F (Artm,x).
If we are in case II, III or IV , then we have

(ΣF ′)(x̄) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄))));

(d) suppose that we are in case I. Let |T | < m and let 1 ≤ j ≤ n|T |+1. Denote byW the set
{j1, j2} if j1 ≤ dm and {j2} otherwise. Then we further demand that x̄ ∈ Cacc

T implies
that

� if T ⊆ S′ − {ichar} or j ≤ nm, we have∑
x∈x̄(∅)

ψ|T |(x,wj) = 0 (8.24)

for j 6∈ W;
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� if ichar ∈ T , we have∑
x∈x̄(∅)

ψ|T |(x,wj2) = φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄)); (8.25)

� if ichar 6∈ T , we have ∑
x∈x̄(∅)

ψ|T |(x,wj2) = 0; (8.26)

� if iCheb 6∈ T and j1 ∈ W, we have∑
x∈x̄(∅)

ψ|T |(x,wj1) = 0; (8.27)

� if T 6= ∅, we have ∑
x∈x̄(∅)

ψ|T |+1(x,wj)(σπi(x̄)) = 0 (8.28)

for all i ∈ S − T .

If we are in case II, III or IV , take ∅ ⊆ T ⊂ S and 1 ≤ j ≤ n|T |+1. Now suppose that
we are in case II. Then x̄ ∈ Cacc

T implies that

� if T ⊆ S′ or j ≤ nm, we have ∑
x∈x̄(∅)

ψ|T |(x,wj) = 0

for j 6= j2;

� if T 6= ∅, we have ∑
x∈x̄(∅)

ψ|T |+1(x,wj)(σπi(x̄)) = 0

for j 6= j2 and all i ∈ S − T ;

� if iCheb 6∈ T , we have ∑
x∈x̄(∅)

ψ|T |(x,wj2) = 0;

� if iCheb 6∈ T and T 6= ∅, we have∑
x∈x̄(∅)

ψ|T |+1(x,wj2)(σπi(x̄)) = 0

for all i ∈ S − T .

Next we deal with case III. In this case we demand that x̄ ∈ Cacc
T implies that

� if T ⊆ S′ or j ≤ nm, we have ∑
x∈x̄(∅)

ψ|T |(x,wj) = 0

for j 6= j2;
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� if T 6= ∅, we have ∑
x∈x̄(∅)

ψ|T |+1(x,wj)(σπi(x̄)) = 0

for j 6= j2 and all i ∈ S − T ;

� if iCheb 6∈ T , we have ∑
x∈x̄(∅)

ψ|T |(x,wj2 +R) = 0;

� if iCheb 6∈ T and T 6= ∅, we have∑
x∈x̄(∅)

ψ|T |+1(x,wj2 +R)(σπi(x̄)) = 0

for all i ∈ S − T .

Finally, suppose that we are in case IV . Then we will ensure that x̄ ∈ Cacc
T implies that

� if T ⊆ S′ or j ≤ nm, we have ∑
x∈x̄(∅)

ψ|T |(x,wj) = 0

for j 6∈ {j1, j2}. Furthermore, we have∑
x∈x̄(∅)

ψ|T |(x,wj1 + wj2 +R) = 0;

� if T 6= ∅, we have ∑
x∈x̄(∅)

ψ|T |+1(x,wj)(σπi(x̄)) = 0

for j 6∈ {j1, j2} and all i ∈ S − T , and furthermore∑
x∈x̄(∅)

ψ|T |+1(x,wj1 + wj2 +R)(σπi(x̄)) = 0

for all i ∈ S − T ;

� if iCheb 6∈ T , we have ∑
x∈x̄(∅)

ψ|T |(x,wj1) = 0

and ∑
x∈x̄(∅)

ψ|T |(x,wj2 +R) = 0;

� if iCheb 6∈ T and T 6= ∅, we have∑
x∈x̄(∅)

ψ|T |+1(x,wj1)(σπi(x̄)) = 0

for all i ∈ S − T and ∑
x∈x̄(∅)

ψ|T |+1(x,wj2 +R)(σπi(x̄)) = 0

for all i ∈ S − T .
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To achieve this, we will first put

Cacc
∅ := X(a,Q, {Artk}2≤k<m) ∩ Z̃,

so that A indeed satisfies property (a). Observe that an additive system A is completely
determined by Cacc

∅ and the maps FT . Our goal is now to construct the maps FT : CT → AT
(with |AT | ≤ 2(nmax+10)(nmax+2m+10)) such that property (d) holds. We will then show that A
also satisfies properties (b) and (c).

Construction of the additive system

In order to construct FT , we will suppose that we are in case I with the other cases being
similar and we proceed by induction on |T |. If T = ∅ or if |T | ≥ m, we let FT be the zero
map. Let 0 < |T | < m and let 1 ≤ j ≤ n|T |+1. We assume that T ⊆ S′ − {ichar} if j > nm.
Now take x̄ ∈ CT and define

ψ(x̄, j) :=


∑

x∈x̄(∅)

ψ|T |(x,wj) if j 6= j2 or ichar 6∈ T

φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄)) +
∑

x∈x̄(∅)

ψ|T |(x,wj) if j = j2 and ichar ∈ T

for j 6= j1. Further define

ψ(x̄, j1) :=


∑

x∈x̄(∅)

ψ|T |(x,wj1) if iCheb 6∈ T or j1 6∈ W

0 if iCheb ∈ T and j1 ∈ W.

A priori ψ(x̄, j) is a 1-cochain from GQ with values in N . But since x̄ ∈ CT , it follows from
Proposition 2.9 that

dψ(x̄, j) = 0,

so ψ(x̄, j) is a quadratic character. Furthermore, using once more that x̄ ∈ CT , we find that

ψ(x̄, j)(σp) = 0 (8.29)

for all p ∈ {pr1(πi(x̄)), pr2(πi(x̄))} and all i ∈ T provided that |T | ≥ 2. In case |T | = 1,
we may directly verify equation (8.29). It follows that ψ(x̄, j) is an unramified quadratic
character of Q(

√
x) for all x ∈ x̄(∅). Take a prime p = πj(x̄) with j ∈ [r]−T . We claim that

the place UpQ(
√
x)/Q(p) splits completely in the extension L(ψ(x̄, j))Q(

√
x)/Q(

√
x). Since

j ≤ n|T |+1, UpQ(
√
x)/Q(p) certainly splits completely in L(ψ|T |(x,wj))Q(

√
x)/Q(

√
x) for every

x ∈ x̄(∅), and p splits completely in

L(φπT−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄)))/Q

by assumption. This clearly implies the claim.
If N is sufficiently large, it follows from equation (8.7) that there exists an injective map

f : [n2]→ [r]− S − {1} such that

πf(i)(wj) = 1⇐⇒ i = j

for all i, j ∈ [n2]. Similarly, there exists i0 ∈ [r]− S − {1} such that

πi0(wj) = 0 for all j ∈ [n2].

97



Choose a point x0 ∈ x̄(∅). Define FT,1 to be the map that sends x̄ to the tuple(
ψ(x̄, j)(Frob(UpQ(

√
x0)/Q(πi(x0))))

)
1≤j≤n|T |+1,i∈T

,

define FT,2 to be the map that sends x̄ to the tuple((
ψ(x̄, j)(σπi0 (x0))

)
1≤j≤n|T |+1

,
(
ψ(x̄, j)(σπf(i)(x0))

)
1≤j≤n|T |+1,i∈[n2]

)
and finally define FT,3 to be the map that sends x̄ to the tuple ∑

x∈x̄(∅)

ψ|T |+1(x,wj)(σπi(x0))


1≤j≤n|T |+1,i∈S−T

.

Since πf(i)(x0), πi0(x0) and πi(x0) (for i ∈ S − T ) do not depend on the choice of x0 ∈ x̄(∅),
one readily verifies that FT,2 and FT,3 satisfy equation (6.1). We will now argue that FT,1 also
satisfies equation (6.1). To this end, observe that x̄(∅) ⊆ X(a) by our choice of Cacc

∅ . From
this we deduce that FT,1 also does not depend on the choice of x0. Then FT,1 also satisfies
equation (6.1). Finally, we define FT to be the map

(FT,1, FT,2, FT,3)

in case T ⊆ S′ − {ichar}. In case T is not a subset of S′ − {ichar}, we define FT in the same
way, except that j runs up to nm instead of n|T |+1 in the definitions of FT,1 and FT,2. Having
constructed the map FT , we will now verify that Cacc

T satisfies property (d).

Verification of property (d)

Let x̄ ∈ Cacc
T , so that x̄ ∈ CT and FT (x̄) = 0. In particular FT,3(x̄) = 0, so equation (8.28)

holds. Therefore it remains to establish that x̄ satisfies equations (8.24), (8.25), (8.26) and
(8.27), which is equivalent to showing that ψ(x̄, j) = 0 for all 1 ≤ j ≤ n|T |+1. In case |T | = 1,
this follows from our choice of variable indices. So henceforth we will assume that |T | > 1.

In order to show that ψ(x̄, j) = 0, we first observe that L(ψ(x̄, j))Q(
√
x)/Q(

√
x) is an

unramified extension for every x ∈ x̄(∅). Indeed, this is a consequence of the vanishing of
FT ′,3(ȳ) for all ∅ ⊂ T ′ ⊂ T and all ȳ ∈ x̄(T ′): it is at this point that we make essential use
of the assumption |T | > 1.

Next we claim that ψ(x̄, j) ∈ Va,2. Let x ∈ x̄(∅) and let p = πi(x) for some i ∈ [r].
We have to show that UpQ(

√
x)/Q(p) splits completely in L(ψ(x̄, j))Q(

√
x)/Q(

√
x). In case

i ∈ [r] − T , we have already established this, while for i ∈ T this follows from the vanishing
of FT,1(x̄). This establishes the claim.

We are now ready to prove that ψ(x̄, j) = 0. Indeed, since ψ(x̄, j) ∈ Va,2, we can write
ψ(x̄, j) as a linear combination of R and the elements wk. But FT,2(x̄) = 0 implies that
ψ(x̄, j) vanishes on σπi0 (x) for all x ∈ x̄(∅), so ψ(x̄, j) must in fact be a linear combination
of the elements wk. Using once more that FT,2(x̄) = 0 and the definition of the injection
f : [n2]→ [r]− S − {1}, we conclude that ψ(x̄, j) = 0.

So far we have constructed an additive system A satisfying properties (a) and (d) such
that |AT | ≤ 2(nmax+10)(nmax+2m+10). We will now show that this implies properties (b) and
(c), and we will do so case by case.
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Verification of property (b) and (c) in case I

We start with case I. Take x̄ ∈ C(A). If x̄ ∈ C(A) is degenerate, then property (b) and (c)
hold. So suppose that x̄ is not degenerate. By definition of C(A), it follows that

x̄(S − {i}) ∩ Cacc
S−{i} 6= ∅.

Fix for every i ∈ S an element z̄i in the intersection x̄(S −{i})∩Cacc
S−{i}. Then there exists a

unique x0 ∈ x̄(∅) such that x0 6∈ z̄i(∅) for all i. For all x1 ∈ x̄(∅) with x1 6= x0, we see that
there exists i ∈ S such that x1 ∈ z̄i(∅). In particular, we deduce that x1 ∈ Cacc

∅ . Therefore it
is enough to show that x0 ∈ Cacc

∅ to conclude that A is (2(nmax+10)(nmax+2m+10), S)-acceptable,
i.e. property (b) holds.

To start, we see that x0 ∈ X(a). We will show that

Arti,x0 = Arti

for all 2 ≤ i < m by induction on i. Since i < m and |S| = m + 1, we can pick a subset T
of S such that |T | = i and T does not contain iCheb or ichar. We apply Theorem 5.10 to any
element ȳ in x̄(T ) containing x0. Since z̄j ∈ Cacc

S−{j} for all j ∈ T , it follows that

(ȳ(∅), (ψ|T |(x,wk))x∈ȳ(∅)−{x0}, χ(wk))

is a minimal triple for all 1 ≤ k ≤ n|T |, where χ(wk) = ψ1(x,wk) for any choice of x ∈ ȳ(∅).
We emphasize that ψ1(x,wk) does not depend on the choice of x ∈ ȳ(∅) by our choice of
variable indices and our choice of T . Now take an element b ∈ A|T |. If there does not exist
l ∈ T with πl(b) = 1, then we deduce from Theorem 5.10 that

Arti,x0(b, wk) = Arti(b, wk).

Now suppose that there exists l ∈ T with πl(b) = 1. By our choice of variable indices, we see
that there does not exist l ∈ T with πl(b + R) = 1. Therefore it follows from the previous
case that

Arti,x0(b+R,wk) = Arti(b+R,wk).

But Theorem 5.10 yields

Arti,x0(R,wk) = Arti(R,wk),

so A is (2(nmax+10)(nmax+2m+10), S)-acceptable in case I.
We will now show that property (c) holds in case I. Let x̄ ∈ C(A) and let ȳ ∈ x̄(S −

{iCheb}). It follows from Theorem 5.10 and Theorem 5.11 that

∑
y∈ȳ(∅)

Artm,y(vl, wk) =


0 if k 6= j2∑
1≤i≤r
πi(vl)=1

φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(πi(ȳ))) if k = j2

for all 1 ≤ k, l ≤ nm, where we impose the additional condition l 6= j2 if j2 ≤ dm. Now suppose
that l = j2 with j2 ≤ dm. Then Theorem 5.10, applied to the cube ȳ ∈ x̄(S − {ichar}), gives∑

y∈ȳ(∅)

Artm,y(vj2 , wk) = 0
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for all 1 ≤ k ≤ nm, where we impose that k 6= j1 if j1 ≤ dm. Using the above equations for
both choices of ȳ, we obtain the identity∑

x∈x̄(∅)

Artm,x(vl, wk) = 0 (8.30)

for all pairs (l, k) satisfying (l, k) 6∈ {(j1, j2), (j2, j1)} if j1, j2 ≤ dm and all pairs (l, k) 6= (j1, j2)
otherwise. We also get the identity∑

x∈x̄(∅)

Artm,x(vj1 , wj2) = φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(pr1(πiCheb
(x̄))))+

φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(pr2(πiCheb
(x̄)))). (8.31)

We now apply part (ii) of Theorem 5.10 to a cube ȳ ∈ x̄(S − {iCheb}). This yields∑
y∈ȳ(∅)

Artm,y(R,wk) = 0 (8.32)

if k 6= j2. Similarly, part (ii) of Theorem 5.10 gives for ȳ ∈ x̄(S − {ichar})∑
y∈ȳ(∅)

Artm,y(R,wj2) = 0. (8.33)

Adding up equation (8.32) and equation (8.33) for the two choices of ȳ, we conclude that∑
x∈x̄(∅)

Artm,x(R,wk) = 0 (8.34)

for all 1 ≤ k ≤ nm. Equation (8.30, (8.31) and (8.34) and the shape of F imply that

(ΣF ′)(x̄) = φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(pr1(πiCheb
(x̄))))+

φπS′−{ichar}(x̄);pr1(πichar (x̄))pr2(πichar (x̄))(Frob(pr2(πiCheb
(x̄))))

as desired.

Verification of property (b) and (c) in case II

We will now deal with case II. We will start with property (b) and adapt the notation from
case I. So let x̄ ∈ C(A) and let x0 be the element of x̄(∅) not in any of the z̄i(∅) (for the
definition of z̄i, see case I). We have to show that

Arti,x0 = Arti

for all 2 ≤ i < m. Since |S| = m in this case, we can find a subset T of S with |T | = i and
iCheb 6∈ T . Take ȳ ∈ x̄(T ). Then

(ȳ(∅), (ψ|T |(x,wk))x∈ȳ(∅)−{x0}, χ(wk))

is a minimal triple for all 1 ≤ k ≤ n|T |. Proceeding as in case I gives

Arti,x0 = Arti.
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Our next task is to verify property (c) in case II. Take x̄ ∈ C(A). By construction of the
variable indices, we know that

F =
∑

1≤j3≤nm+1
1≤j4≤nm

cj3,j4Fj3,j4 , cj3,j4 ∈ F2,

where cj3,j4 satisfies

� cj3,j4 = cj4,j3 for all 1 ≤ j3, j4 ≤ nm;

� cj3,j4 = 0 if nm ≥ j3 > dm or nm ≥ j4 > dm;

� cnm+1,j2 = 1.

We deduce from Theorem 5.10 that∑
x∈x̄(∅)

Artm,x(vl, wk) =

{
0 for all l 6= j2 and all k 6= j2 if j2 ≤ dm
0 for all k 6= j2 if j2 > dm.

Let ȳ ∈ x̄(S − {iCheb}). Theorem 5.2 implies that∑
y∈ȳ(∅)

Artm,y(R,wk) =
∑

1≤i≤r
πi(wk)=1

φπS′ (x̄);−1(Frob(πi(ȳ))).

Therefore we get ∑
x∈x̄(∅)

Artm,x(R,wk) = 0 (8.35)

if k 6= j2 and∑
x∈x̄(∅)

Artm,x(R,wk) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄))))

(8.36)

if k = j2. Now suppose that j2 ≤ dm. Then, since m ≥ 3, we apply Theorem 5.6 twice to
obtain ∑

x∈x̄(∅)

Artm,x(wj2 , wj2) = 0. (8.37)

Since we are working with pairings valued in F2, we have the identity

Artm,x(vl, wj2)+Artm,x(wj2 , vl) = Artm,x(vl, vl)+Artm,x(wj2 , wj2)+Artm,x(vl+wj2 , vl+wj2)

for all l ≤ dm. Six applications of Theorem 5.6 show that∑
x∈x̄(∅)

Artm,x(vl, wj2) + Artm,x(wj2 , vl) = 0 (8.38)

for all l ≤ dm. It follows from equations (8.35), (8.36), (8.37), (8.38) and the properties of
cj3,j4 that

(ΣF ′)(x̄) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄))))

as desired.
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Verification of property (b) and (c) in case III

We will now treat case III. Let us verify property (b) first. In case III we can expand F as

F =
∑

1≤j3≤nm+1
1≤j4≤nm

cj3,j4Fj3,j4 , cj3,j4 ∈ F2,

where cj3,j4 satisfies

� cj3,j4 = cj4,j3 for all 1 ≤ j3, j4 ≤ nm;

� cj3,j4 = 0 if j3 > dm or j4 > dm;

� cnm+1,k = 0 for all 1 ≤ k ≤ nm;

� cj2,j2 = 1.

Take x̄ ∈ C(A) and define x0 to be the unique element of x̄(∅) outside of all the z̄i(∅). Again
we have to show that

Arti,x0 = Arti

for all 2 ≤ i < m. Because |S| = m, there exists a subset T of S with |T | = i and iCheb 6∈ T .
Fix a choice of ȳ ∈ x̄(T ) containing x0. We now apply Theorem 5.10 to the minimal triple

(ȳ(∅), (ψ|T |(x,wk))x∈ȳ(∅)−{x0}, χ(wk))

for k 6= j2 and the minimal triple

(ȳ(∅), (ψ|T |(x,wj2 +R))x∈ȳ(∅)−{x0}, χ(wj2 +R)),

where χ(wj2 +R) = ψ1(y, wj2 +R) for any choice of y ∈ ȳ(∅). Note that this does not depend
on the choice of y precisely by our choice of variable indices. This gives property (b).

As for property (c), take x̄ ∈ C(A) and take ȳ ∈ x̄(S − {iCheb}). Theorem 5.7 yields∑
y∈ȳ(∅)

Artm,y(wj2 , wj2) =
∑

1≤i≤r
πi(wj2+R)=1

φπS′ (x̄);−1(Frob(πi(ȳ))).

We conclude that∑
x∈x̄(∅)

Artm,x(wj2 , wj2) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄)))).

(8.39)

Take some l ≤ dm satisfying l 6= j2. Using Theorem 5.6 twice, we obtain∑
x∈x̄(∅)

Artm,x(vl, vl) = 0. (8.40)

Following the argument that led to equation (8.39), we show in a completely analogous fashion
that∑

x∈x̄(∅)

Artm,x(vl + wj2 , vl + wj2) =

φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄)))) (8.41)
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for all l ≤ dm with l 6= j2. Recalling the identity

Artm,x(vl, wj2)+Artm,x(wj2 , vl) = Artm,x(vl, vl)+Artm,x(wj2 , wj2)+Artm,x(vl+wj2 , vl+wj2),

we get from equations (8.39), (8.40) and (8.41)∑
x∈x̄(∅)

Artm,x(vl, wj2) + Artm,x(wj2 , vl) = 0. (8.42)

If we take k and l both not equal to j2, then we have the equality∑
x∈x̄(∅)

Artm,x(vl, wk) + Artm,x(wk, vl) = 0 (8.43)

as a consequence of Theorem 5.10. From the shape of F and equations (8.39), (8.42) and
(8.43), we conclude that

(ΣF ′)(x̄) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄)))),

which finishes the proof of property (c) in case III.

Verification of property (b) and (c) in case IV

Finally, we deal with case IV . In case IV we can expand F as

F =
∑

1≤j3≤nm+1
1≤j4≤nm

cj3,j4Fj3,j4 , cj3,j4 ∈ F2,

where cj3,j4 satisfies

� cj3,j4 = cj4,j3 for all 1 ≤ j3, j4 ≤ nm;

� cj3,j4 = 0 if j3 > dm or j4 > dm;

� cnm+1,k = 0 for all 1 ≤ k ≤ nm;

� ck,k = 0 for all 1 ≤ k ≤ dm;

� cj1,j2 = 1.

Suppose that we are given x̄ ∈ C(A). Then let x0 be the unique element of x̄(∅) outside of
all the z̄i(∅). For property (b), we need to establish that

Arti,x0 = Arti

for all 2 ≤ i < m. We will proceed as in case III. Because |S| = m, we may and will choose
a subset T of S with |T | = i and iCheb 6∈ T . Take ȳ ∈ x̄(T ) containing x0. Now we are in the
position to apply Theorem 5.10 to the minimal triple

(ȳ(∅), (ψ|T |(x,wk))x∈ȳ(∅)−{x0}, χ(wk))

for k 6= j2 and the minimal triple

(ȳ(∅), (ψ|T |(x,wj2 +R))x∈ȳ(∅)−{x0}, χ(wj2 +R)),
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where χ(wj2 + R) = ψ1(y, wj2 + R) for any choice of y ∈ ȳ(∅). This yields property (b) in
case IV .

It remains to deal with property (c). Let l and k be distinct and bounded by dm. If
{l, k} = {j1, j2}, then Theorem 5.10 yields (applied to the character χ(wj2 + vj1 +R))∑

x∈x̄(∅)

Artm,x(wj2 + vj1 , wj2 + vj1) = 0.

Now suppose that {l, k} 6= {j1, j2}. It follows from Theorem 5.6 and Theorem 5.7 that∑
x∈x̄(∅)

Artm,x(wk + vl, wk + vl) = 0

if j2 6∈ {k, l} and∑
x∈x̄(∅)

Artm,x(wk + vl, wk + vl) =

φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄))))

otherwise. Furthermore, we deduce from Theorem 5.6 and Theorem 5.7 that∑
x∈x̄(∅)

Artm,x(wk, wk) = 0

if k 6= j2 and∑
x∈x̄(∅)

Artm,x(wj2 , wj2) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄)))).

Using the identity

Artm,x(vl, wk) + Artm,x(wk, vl) = Artm,x(vl, vl) + Artm,x(wk, wk) + Artm,x(vl + wk, vl + wk)

once more, this shows that

(ΣF ′)(x̄) = φπS′ (x̄);−1(Frob(pr1(πiCheb
(x̄)))) + φπS′ (x̄);−1(Frob(pr2(πiCheb

(x̄))))

as desired.

End of proof

The final step of the proof is very similar to the proof of Proposition 8.5 in Smith [42]. Let σ ∈
Gal(M◦(Z)M(Z)/M◦(Z)). Define Xi(a,Q,M◦(Z), σ) to be the subset of p ∈ Xi(a,Q,M◦(Z))
such that Frob(p) = σ. This is well-defined, since Gal(M◦(Z)M(Z)/M◦(Z)) is a central
subgroup of Gal(M◦(Z)M(Z)/Q). We apply the Chebotarev density theorem [42, Proposition
6.5] to the extension L(Q)M◦(Z)M(Z)/Q to deduce that

|Xi(a,Q,M◦(Z), σ)| = |Xi(a,Q,M◦(Z))|
2(Mbox−1)|S′|

·
(

1 +O(e−kgap)
)

(8.44)
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for i > kgap, where we deal with potential Siegel zeroes by appealing to [23] and where we
used Lemma 6.7 and Lemma 6.10 to compute the size of Gal(M◦(Z)M(Z)/M◦(Z)).

Given an element
Qpost ∈

∏
i∈[r]−[kgap]
i 6=iCheb

Xi(a,Q,M◦(Z)),

we define Z̃(Qpost) to be the subset of x ∈ Z̃ such that π[r]−[kgap]−{iCheb}(x) = Qpost. We
call Qpost unevenly distributed over the Chebotarev classes if there exists an element σ ∈
Gal(M◦(Z)M(Z)/M◦(Z)) such that∣∣∣∣|XiCheb

(a,Q×Qpost,M◦(Z), σ)| − |XiCheb
(a,Q×Qpost,M◦(Z))|

2(Mbox−1)|S′|

∣∣∣∣ ≥
|XiCheb

(a,Q×Qpost,M◦(Z))|
e0.5kgap · 2(Mbox−1)|S′|

,

and we call Qpost evenly distributed otherwise. The sets Z̃(Qpost) cover Z̃, and we will make

one more reduction step by reducing to the sets Z̃(Qpost) with Qpost evenly distributed over
the Chebotarev classes. To complete this reduction step, we need to bound∣∣∣∣∣∣∣

∑
Qpost uneven

∑
x∈X(a,Q,{Artk}2≤k<m)∩Z̃(Qpost)

ι(F (Artm,x))

∣∣∣∣∣∣∣ ≤
|Z| · |XiCheb

(a,Q,M◦(Z))| ·
∑

Qpost uneven

1. (8.45)

We say that an element

Qj,post ∈
∏

i∈[j]−[kgap]
i 6=iCheb

Xi(a,Q,M◦(Z))

is an evenly distributed candidate if the following two conditions are satisfied

� j − 1 > kgap implies that π[j−1]−[kgap](Qj,post) is an evenly distributed candidate;

� j 6= iCheb implies that∣∣∣∣∣∣
∑

p∈XiCheb
(a,Q×Qj−1,post,M◦(Z),σ)

(
p

πj(Qj,post)

)∣∣∣∣∣∣ ≤ |XiCheb
(a,Q×Qj−1,post,M◦(Z), σ)|

|Xkgap+1(a,Q,M◦(Z))|1/100

for all σ ∈ Gal(M◦(Z)M(Z)/M◦(Z)).

If Qpost = Qr,post is an evenly distributed candidate, then equation (8.44) and a direct compu-
tation show that Qpost is evenly distributed over the Chebotarev classes provided that we take
N0 sufficiently large. We will now repeatedly apply the large sieve, as for example presented
in [42, Proposition 6.6]. This yields that the number of Qpost, that are not evenly distributed
candidates, is bounded by ∏

i∈[r]−[kgap]
i 6=iCheb

|Xi(a,Q,M◦(Z))|

|Xkgap+1(a,Q,M◦(Z))|1/100
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if we take N0 sufficiently large. In particular, we conclude that equation (8.45) is upper
bounded by

|Z| ·
∏
i∈[r]−[kgap] |Xi(a,Q,M◦(Z))|

|Xkgap+1(a,Q,M◦(Z))|1/100
.

Note that Proposition 7.6 allows us to calculate the size of X(a,Q) ∩ Z̃. Then we see that

|Z| ·
∏
i∈[r]−[kgap] |Xi(a,Q,M◦(Z))|

|Xkgap+1(a,Q,M◦(Z))|1/100
≤ |X(a,Q) ∩ Z̃|
|Xkgap+1(a,Q,M◦(Z))|1/1000

,

which fits in the error term. Therefore it suffices to show that there exists A > 0 such that∣∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)∩Z̃(Qpost)

ι(F (Artm,x))

∣∣∣∣∣∣∣ ≤
A · |X(a,Q) ∩ Z̃(Qpost)|
(log log log logN)

100c
m6m

(8.46)

for every Qpost evenly distributed over the Chebotarev classes.
We are now ready to use our combinatorial results from Section 6. We remark that the

space

X(a,Q) ∩ Z̃(Qpost)

is just the product

Z ×XiCheb
(a,Q×Qpost,M◦(Z)).

We now formally apply Proposition 6.6 to the product set Z × [Mbox] and

a = 2(nmax+10)(nmax+2m+10), ε =
1

(log log log logN)
100c
m6m

.

We observe that ε < a−1 and logMbox ≥ AComb · 6m+1 · log ε−1 by definition of c.
Denote by g0 ∈ Add(Z × [Mbox], S) the function guaranteed by Proposition 6.6. Here

we implicitly index the space Z × [Mbox] by S in the obvious way. To primes p1, . . . , pMbox

we associate the element gp1,...,pMbox
∈ Add(Z × [Mbox], S) by mapping a cube (z̄, (i, j)) ∈

Cube(Z × [Mbox], S) to

φπS′−{ichar}(z̄);pr1(πichar (z̄))pr2(πichar (z̄))(Frob(pi))+φπS′−{ichar}(z̄);pr1(πichar (z̄))pr2(πichar (z̄))(Frob(pj))

in case I and

φz̄;−1(Frob(pi)) + φz̄;−1(Frob(pj))

in case II, III or IV . Our goal is now to partition XiCheb
(a,Q×Qpost,M◦(Z)) as

XiCheb
(a,Q×Qpost,M◦(Z)) = L ∪

t⋃
i=1

Ai, (8.47)

where each Ai = {pi,1, . . . , pi,Mbox
} is an ordered set (so it comes with a map [Mbox]→ Ai) of

size Mbox satisfying

gpi,1,...,pi,Mbox
= g0

and where |L| is small.
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To this end pick any element p1 ∈ XiCheb
(a,Q×Qpost,M◦(Z)). We claim that we can find

p2, . . . , pMbox
with

gp1,...,pMbox
= g0.

So fix 2 ≤ j ≤Mbox and consider the additive function

g0(z̄, (1, j))− φπS′−{ichar}(z̄);pr1(πichar (z̄))pr2(πichar (z̄))(Frob(p1)) ∈ Add(Z, S′)

in case I and consider the additive function

g0(z̄, (1, j))− φz̄;−1(Frob(p1)) ∈ Add(Z, S′)

in case II, III or IV . By Lemma 6.9 and Lemma 6.10, there exists a unique element
σ ∈ Gal(M◦(Z)M(Z)/M◦(Z)) such that

g0(z̄, (1, j))− φπS′−{ichar}(z̄);pr1(πichar (z̄))pr2(πichar (z̄))(Frob(p1)) =

φπS′−{ichar}(z̄);pr1(πichar (z̄))pr2(πichar (z̄))(σ)

in case I and
g0(z̄, (1, j))− φz̄;−1(Frob(p1)) = φz̄;−1(σ)

in case II, III or IV . Now pick pj such that Frob(pj) = σ. Note that σ implicitly depends
on our choice of p1. In fact, σ is a fixed linear shift of Frob(p1). Using additivity in the last
coordinate, we directly check that

gp1,...,pMbox
= g0.

Since Qpost is evenly distributed in the Chebotarev classes, we can repeatedly use the above
procedure to get a partition as in equation (8.47) with

|L| ≤ |XiCheb
(a,Q×Qpost,M◦(Z))|

e0.25kgap

provided that we take N0 sufficiently large. From this, we obtain that∣∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)∩Z̃(Qpost)∩(Z×L)

ι(F (Artm,x))

∣∣∣∣∣∣∣ ≤
|Z| · |XiCheb

(a,Q×Qpost,M◦(Z))|
e0.25kgap

.

(8.48)

Let Ai be the additive system on Z × [Mbox] obtained by restricting A to Z × Ai and then
using the map [Mbox]→ Ai (coming from the fact that Ai was an ordered set). By properties
(b) and (c) of A, it follows that Ai is (a, S)-acceptable and that

(ΣF ′)(x̄) = g0(x̄)

for all x̄ ∈ C(Ai). By the defining property of g0, see Proposition 6.6, this implies that∣∣∣∣∣∣∣
∑

x∈X(a,Q,{Artk}2≤k<m)∩Z̃(Qpost)∩(Z×Ai)

ι(F (Artm,x))

∣∣∣∣∣∣∣ ≤ ε · |Z ×Ai|. (8.49)

Equation (8.46) now falls as a consequence of equations (8.47), (8.48) and (8.49), which
completes the proof.
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[40] L. Rédei and H. Reichardt. Die Anzahl der durch 4 teilbaren Invarianten der Klassen-
gruppe eines beliebigen quadratischen Zahlkörpers. J. reine angew. Math. 170:69-74,
1934.

[41] A. Smith. Governing fields and statistics for 4-Selmer groups, 8-class groups. arXiv
preprint, 1607.07860.

[42] A. Smith. 2∞-Selmer Groups, 2∞-class groups, and Goldfeld’s conjecture. arXiv preprint,
1702.02325v2.

[43] P. Stevenhagen. The number of real quadratic fields having units of negative norm.
Experiment. Math. 2:121-136, 1993.

[44] P. Stevenhagen. Redei reciprocity, governing fields, and negative Pell. Math. Proc. Camb.
Philos. Soc., To Appear, DOI: 10.1017/S0305004121000335.

[45] T. Taniguchi and F. Thorne. Secondary terms in counting functions for cubic fields. Duke
Math. J. 162:2451-2508, 2013.

[46] M. Watkins. Distribution of the 2-Selmer rank under twisting. http://magma.maths.
usyd.edu.au/~watkins/papers/Smith2Selmer.pdf, retrieved 19 April 2021.

[47] M. Watkins. Notes on 4-Selmer and 8-class ranks. http://magma.maths.usyd.edu.au/

~watkins/papers/Smith4Selmer.pdf, retrieved 19 April 2021.

[48] M.M. Wood. Nonabelian Cohen-Lenstra moments. With an appendix by the author and
Philip Matchett Wood. Duke Math. J. 168(3):377–427, 2019.

110

http://magma.maths.usyd.edu.au/~watkins/papers/Smith2Selmer.pdf
http://magma.maths.usyd.edu.au/~watkins/papers/Smith2Selmer.pdf
http://magma.maths.usyd.edu.au/~watkins/papers/Smith4Selmer.pdf
http://magma.maths.usyd.edu.au/~watkins/papers/Smith4Selmer.pdf

	54_Koymans_cover

