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HOMOTOPY COHERENT NERVES OF ENRICHED CATEGORIES

LYNE MOSER, NIMA RASEKH, AND MARTINA ROVELLI

ABSTRACT. We study several flavors of homotopy coherent nerves for enriched categories, in the
form of right Quillen functors valued in simplicial objects. In particular, we extract explicit
models for the (Segal) Reedy-injective fibrant replacement of the ordinary nerve of an enriched
category. In the case of interest of categories enriched over complete Segal ©,,_1-spaces, we also
provide an explicit completion for its ordinary nerve. This is then used to obtain a direct Quillen
equivalence between categories enriched over complete Segal ©,,_1-spaces and complete Segal

©,-spaces.
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INTRODUCTION

I. Enriching over an co-category. Many techniques in higher category theory involve the study
of categories enriched in some sense over a monoidal co-category. Often, the monoidal co-categories
are in fact cartesian closed oo-categories, namely they admit finite products and have internal homs.
Examples of interest include enriching over the oco-category of spectra with the smash product, the
cartesian closed oo-category of spaces, or the cartesian closed oo-category of (n — 1)-categories.
Enriching over those in a suitable sense leads, respectively, to the notion of spectral co-categories,
oo-categories, and n-categories. Above all, our motivating example is the cartesian closed oo-
category of (0o, n — 1)-categories, for n > 1. The procedure of enriching over (oo, n — 1)-categories
defines (0o, n)-categories.

Traditionally, there are (at least) two ways to produce categories enriched in some sense in a
cartesian closed oo-category M.

(1) One can first consider the co-category M2"" of simplicial objects in M, and localize to obtain

the oo-category MSAC? of Segal objects in M. This would be considered a way to produce
the oco-category of categories internal to M. If then M allows for a notion of completeness
(including an appropriate constantness condition), one can further localize to obtain the co-
category Mé:gp,comp of complete Segal objects in M.

(2) If M can be presented using a nice model category M (meaning ezcellent in the sense of
§A.3]), there is a model structure M-Cat on the category of categories strictly enriched over M,
in which weak equivalences are homotopically essentially surjective functors that are local weak
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equivalences. One can then consider its underlying oco-category [M-Cat]. This co-category
ends up being equivalent to the co-category CatM of co-categories enriched over M obtained
through the machinery from |[GH15|, as shown in [Haul5|.

The expectation is that the co-categories M?egcomp and [M-Cat] obtained by implementing the
two viewpoints should be equivalent in cases of interest. Thanks to a zigzag of Quillen equivalences
due to Bergner-Rezk [BR13,[BR20], we know this is the case for our major application, namely
when M = Cat,... .1 is the oco-category of (0o, n — 1)-categories, which can be presented by Rezk’s
model category for complete Segal ©,,_;-spaces [Rez10]. In this case, the oco-category MSAezcomp
arises as the collection of (0o, n)-categories presented by complete Segal objects in a model of
(00, n — 1)-categories, while the co-category [M-Cat] arises as the collection of (oo, n)-categories
presented by categories strictly enriched in a model of (oo, n — 1)-categories. Such a comparison
in a different framework is also treated in |[GH15| §6].

In the scope of our research program, we are after an explicit equivalence between the homotopy
theories of MSAcogp,comp and [M-Cat], even induced by a direct Quillen equivalence between the
corresponding model structures MsAe(;comp and M-Cat, at least when M is a cartesian closed
model of (co,n — 1)-categories for some n > 1, e.g. the said model category on ©,,_1-spaces by
Rezk. We explain in Section [[V] how such a direct Quillen equivalence is important towards the
goal of defining a consistent theory of (weighted) limits and colimits valued in an (oo, n)-category
presented by different models.

In this paper, we construct a Quillen equivalence between categories enriched over complete
Segal O,,_1-spaces and Rezk’s model structure for Segal complete ©,-spaces [Rezl0] tailored to
our scopes. Upon completion of this manuscript we learned that, using different techniques, Gindi
constructed in |Gin21] a Quillen equivalence between a model category of enriched categories and
a certain model structure on O,,-sets, which is based on work by Oury [Ourl0]. The two Quillen
equivalences share similarities at the pointset level, and are possibly directly comparable. However,
making a precise statement about their relationship at the homotopical level would at least require
understanding how the model structure considered by Gindi compares with Ara’s model structure
for n-quasi-categories [Arald], which is to our knowledge an open problem. Currently, this has
been addressed for n = 2 by Maehara [Mae20], and we did not investigate further the case of
general n. More ideas on this discussion can be found at |Ginl9].

II. The ordinary nerve of enriched categories. We now turn to describing how to relate
M-Cat to MA™ and its localizations MSAe(;; and MSAe(:;comp' There is a naive way to try and encode
explicitly the enriched categorical information into a simplicial direction via a nerve construction,
which we recall in Section[} Precisely, given an M-enriched category C, one can form an object NC
of MA™ given in component 0 by the set (NC)o := ObC of objects of C and in component m > 1

by the object

(1) (NC)p := H Home (co, ¢1) x Home(c1,¢2) X ... X Home(¢pm—1,Cm),
€0,C1,---,cm €0ObC

where Home(—, —) denotes the hom object functor of C, taking values in M.

To see that this formula gives a well-defined functor of co-categories, for convenience we focus
on the situation where M is presented by a cartesian closed localization M = sSetgop of a model
category of ©-shaped space-valued diagrams at a set S C sSet®”". There is evidence that this
framework is not too restrictiveﬂ and it covers the majority of situations of interest for many pur-
poses. For example, the co-category M = Cat (.. 1y of (00, n — 1)-categories fits in this framework

1Indeed7 Dugger’s theorem [Dug01, Theorem 1.1] guarantees that any locally presentable co-category can be
presented by the left Bousfield localization of a model structures on simplicial presheaves valued in spaces. Also,
Nikolaus—Sagave |[NS17, Theorem 1.1] show that presentably symmetric monoidal co-category is presented by a
symmetric monoidal model category.
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with © being Joyal’s cell category ©,_; from |[Joy97] and M = sSe?fg)"’1 being Rezk’s model
structure for complete Segal ©,,_;-spaces from [Rez10]. Alternatively, © could be taken to be the
category tA and M = sSetngop the model structure for saturated (n — 1)-precomplicial spaces
from [OR20].

In this context, one can easily obtain the following, that we state as Proposition [I.3.6]

Proposition. With M, ©, and S as above, the nerve defines right adjoint functors of co-categories

N: [MCat]oo = M>"  and N: [M-Cat]os — M&ir,

that are induced by right Quillen functors

N: sSet” -Cat — (sSetg)op)ﬁrz and N: sSet®”" -Cat — (sSetgop)ﬁrj}’seg.

However, this implementation has two issues.

(1) The functor N is bad for computations in several regards, related to the fact that NC is
essentially never injectively fibrant. Hence this requires to work with the projective model

structure Mﬁr(:; to present the co-category M2™ | as opposed to the much more manageable
injective model structure Mﬁ;p. To mention one consequent limitation, the formula for the
left adjoint is completely unexplicit (at the level of model categories it involves an unknown
projective cofibrant replacement).

(2) When M allows for a notion of completeness (e.g. when M = Caf (. ,._1), the functor NC
is generally not complete. Meaning, it does not define a functor valued in the oo-category

In this paper, we propose two variants of the construction NC — given by the homotopy coherent
nerve JC and the complete homotopy coherent nerve H°C — that in cases of interest remedy the
issues (1) and (2), respectively.

ITI. The (complete) homotopy coherent nerve of enriched categories. The main reason
behind the technical issue (1) is caused by the fact that the formula (i) for (NC),, is in a sense too
strict. To give a rough intuition, a point in (INC)2 consists of a pair of composable morphisms in C,
as opposed to a pair of composable morphisms in C with a specified choice of a (weak) composite.

Inspired by the classical homotopy coherent nerve by Cordier—Porter |[CP86|, we propose in
Section [2] a homotopy coherent variant 9C for NC, and prove in Theorems and the
following.

Theorem A. With M, © and S as above, the homotopy coherent nerve defines right adjoint
functors of co-categories

N: [MLCat]oo = M2 and N [M-Cat]oe — ME.,

which are induced by right Quillen functors

N: sSet” -Cat — (sSetg)Dp)ﬁ;p and N: sSetS " -Cat — (sSetg)Dp)@CO;.

When M models certain collections of higher categorical structures, there is a notion of complete-
ness for Segal objects, that encodes the fact that the objects form a space, which is determined by
the higher structure. It then also makes sense to localize Mé:; to obtain the co-category Mézcomp
of complete Segal objects in M.

op

When M = Cat,., ,._. is presented by Rezk’s model structure 88615(6;;11,1)7 the homotopy coherent
nerve NC is generally not complete. Indeed, the component (MC) is just the set ObC of objects
of C, rather than the underlying space of the (oo, n)-category C. To correct this issue, we propose
in Section [3] an explicit completion MN°C of NC, and prove in Theorem [3.6.2] the following.
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Theorem B. For n > 1, the complete homotopy coherent nerve defines an equivalence of co-
categories

ne: [SSet(oo iy -Cat) o (Gat(m,n_l))Aop

Seg,comp
which is induced by a right Quillen equwalence

€ sSet(m WLy -Cat — (sSet( m )RS

oco,n—1)

Our proof relies on the fact that n is at least 2. However, the analog statement does hold
for n = 1, as we treat in Section [3:2] It can be deduced by combining the Quillen equivalence
— given by the homotopy coherent nerve — between Kan-enriched categories and quasi-categories
from [Joy07, Theorem 2.10] (or [Lur09, Theorem 2.2.5.1] and [DS11| Corollary 8.2]) with the Quillen
equivalence between quasi-categories and complete Segal spaces from |[JTO07, Theorem 4.12].

The underlying co-categories of SSet(oc .L1y-Cat and sSet(oo . are known to be abstractly equiv-
alent, as the model structures are connected by a zigzag of three Quillen equivalences. As a direct
consequence of our result, however, we establish as Corollary the following direct and explicit
comparison.

Corollary. Forn > 1, there is a direct right Quillen equivalence

dy 0N sSet(oc aiyy-Cat — sSetr

(co,m)*

For n = 2 one could achieve a similar comparison combining work by Gindi [Gin21] and Maehara
[Mae20|, but for general n we believe no such comparison exists in the literature.

IV. Limits in an (oo, n)-category across different models. The correct notion of a (weighted)
limit for diagrams valued in an (oo, n)-category presented by an enriched category over a model of
(00, n — 1)-categories is already established as part of a more general pattern, see [Shu06].

However, even for the case n = 1, it is notably harder to work with enriched categories rather
than other models based on presheaves. In that case, instead of studying limits for diagrams valued
in a category strictly enriched over spaces, one prefers to use the notion of limit for diagrams valued
in the corresponding quasi-category, as defined by Joyal in |Joy02].

In this context, the existence of the direct Quillen equivalence between the two models of
(00, 1)-categories given by the homotopy coherent nerve M: sSet .. ,-Cat — Set(oo 1, by Cordier—
Porter [CP86] was heavily exploited in [RV20,[Rov21| to show that, given a (fibrant) sSet . o~
enriched category C, the limit of a diagram X — NC agrees with the limit of the corresponding
diagram €X — C. The complete homotopy coherent nerve M¢: sSet ., ,,-Cat — sSet(oc 1, could
also be used to obtain a further comparison with the notion of limits for diagrams valued in an
(00, 1)-category presented by a complete Segal space — as studied in [Ras17].

In a similar vein, in our research program, we plan to define the notion of (weighted) limit
for diagrams valued in (0o, n)-categories presented by a complete Segal object in complete Segal
©,,—1-spaces. Then we will deduce definitions for diagrams valued in an (oo, n)-category presented
by a complete Segal ©,,-space or an n-fold complete Segal space, and show this is done consistently
with the enriched approach using the ex%icit Quillen equivalence constructed in this paper.

More precisely, given a (fibrant) sSet(GO;’j;iU—enriched category C, we can use the explicit Quillen
equivalences from Section to represent the same (oo, n)-category as the complete Segal object
in ©,_1-spaces N°C, or as the complete Segal O,-space d,M°C. Furthermore, every diagram
X — dN°C can be represented as a diagram d* X — M°C, or as a diagram €°d* X — C. We plan
to show that the limits of all these different representations of the same diagram across different
models agree, providing a consistent theory of limits for diagrams valued in an (oo, n)-category.

The approach using the model of complete Segal objects in complete Segal ©,_1-spaces is
particularly useful to formulate a notion of (weighted) limits, since it is directly contained in a
model of “internal” categories to (oo, n — 1)-categories, namely, Segal objects in complete Segal
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©,,—1-spaces. This is already apparent when treating the strict case |GP99,,cM20}/cM22|, namely
when studying limits for diagrams valued in a 2-category. In that context, it is crucial to embed the
theory of 2-categories into that of internal categories to categories, i.e., double categories, where
more constructions become available. The upshot is that limits are for many purposes better
encoded using internal categorical structures rather than directly using (oo, n)-categories.

Acknowledgements. The paper benefited from helpful conversations with Julie Bergner and
Viktoriya Ozornova. This material is based upon work supported by the National Science Foun-
dation under Grant No. DMS-1928930 while the first and third authors participated in a program
supported by the Mathematical Sciences Research Institute. The program was held in Summer
2022 in partnership with the Universidad Nacional Auténoma de México. The third author is
grateful for support from the National Science Foundation under Grant No. DMS-2203915.

1. THE STRICT NERVE AND ITS PROPERTIES

In this section, we let © be a small category and S be a set of maps in sSet®”" such that
the model structure sSetg)op, obtained as the left Bousfield localization at S of the injective model
structure (sSet(m,O))ﬁ)Sp on the category of O-presheaves valued in the Kan-Quillen model structure
58Set ..oy, is cartesian closed.

We first recall in Section the strict (m + 1)-point suspension construction for m > 0
Yo 58et®" — $8et®"-Cat, and use it in Section to recall the strict nerve construction
N: 58Set®”-Cat — sSet®"*A™

We then study in Section the homotopical properties and limitations of the strict nerve.
Roughly speaking, we show that N is well-behaved when endowing its target category with model
structures based on the projective model structure, and not with the injective model structure.

1.1. The strict suspension construction. Many of the sSet®”" -enriched categories that feature
in this paper have the following property, so we introduce a terminology that streamlines the
exposition. We refer to an object of sSet®” as a ©-space.

Definition 1.1.1. A sSet®""-enriched category C is directed if

e its set of objects ObC is {0,1,...,m}, for some m > 0,
e for 0 < j <i <m, the hom ©-space Home (7, j) is given by

0 ifj <

Home(i, j) = {A[O] if j = i.

In particular, compositions in a directed sSet®” -enriched category C involving the above hom ©-
spaces are uniquely determined. Moreover, the value of a sSet®”"-enriched functor from a directed
sSet®”" -enriched category is also uniquely determined on these hom ©-spaces.

Definition 1.1.2. Let m > 0. For X € sSet®”", the (m + 1)-point strict suspension of X is the
directed sSet®”"-enriched category ¥,, X such that

e its set of objects Ob(%,,X) is {0,1,...,m},

e for 0 <i < j < m, the hom O-space is Homy, x(i,7) = X*U~%,

e for 0 < i < j < k <m, the composition map is given by
Homsy,  x(i,5) x Homy, x(j,k) = X <09 x X *(k=1)

Oi,j,kl lﬁ

Homy, x (i, k) = X*(*k=9)
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The construction extends canonically to a functor
Yim: s8et®”" — 58et®”" Cat.

The following propositions record some elementary properties of this construction, and are of
straightforward verification.

Proposition 1.1.3. The assignment ([m], X) — X,, X defines a functor
Ye: AP x 58et®” = 58et®” Cat.

Notice that the notation is set up so that 3y X is the terminal category [0], and 31X coincides
with the “usual” suspension traditionally denoted X, which fits into the adjunction

)y

o — o
{013/ 58et®°" -Cat L, 58et®"
Hom

where {01}/ sSet®”"-Cat denotes the category of bi-pointed sSet®” -enriched categories. For m > 1,
the iterated suspension 3,, X is built out of ¥X and [0] as follows.

Proposition 1.1.4. Form > 1 and X € sSet®”", there are natural isomorphisms in sSet®” -Cat
XX =YX H[O] Y1 X =2XX H[O] R H[O] YX,
where the right-hand side is the colimit of m copies of XX under their target or source.

Remark 1.1.5. For m > 1 there is an adjunction
ET’L
{0.1,.m}/ s Set©™ _Cat L 5Set®”" |

where {01}/ sSet®""Cat denotes the category of sSet®”"-enriched categories pointed on m + 1
objects. In particular, the functor ,,: sSet®” — {0:1m}/ s8et®™ _Cat preserves colimits.

1.2. The strict nerve. We record the following notations, used throughout the whole paper.

Notation 1.2.1. We write:

e F[m] € Set®™ for the representable at m > 0,

e O[f] € Set®” for the representable at 6 € ©,

o Alk] € sSet for the representable at k > 0,

e O[] x A[k] € s8et®”” for the representable at (6, [k]) € © x A,

o F[m] x O[] € Set®"*A™ for the representable at ([m],6) € A x O,

Fm] x ©[0] x A[k] € sSet®"*A™ for the representable at ([m], 6, [k]) € A x © x A.

All categories Set®”", Set®” | sSet, sSet®” , Set®”"*A™ are naturally included into sSet®”" *A™
and we regard all the above as objects of it without further specification.

By taking the left Kan extension of the assignment A x © x A — sSet®”"-Cat given by
([m], 8, [k]) = T (O[0] x A[k]),

we obtain an adjunction
C
o — o o
5Set®"Cat __L | sSet®"*A™
N
The right adjoint in this pair is what is traditionally considered to be the strict nerve of a
5Set®” -enriched category, which we now spell out.
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Definition 1.2.2. For a sSet®” -enriched category C, the strict nerve NC is the (A x ©)-space
given at m >0, 0 € ©, and k£ > 0 by the set

(NC) g1 = s8et®" A7 (5,,(0[0] x A[k]),C).

Alternatively, NC is given at m = 0 by (NC)p = ObC — the set of objects of C seen as an object
in s8et®”” — and at m > 1 by the object in sSet®”"

(NC)m = H Home (co, ¢1) x Home(c1,¢2) X ... X Home(¢m—1, ¢m)
€0,C15--,cm €C

= MorC Xobce Mor C Xobeg --- XObC Mor C
with the convention that MorC is the object of sSet®” given by
MorC = H Home (¢, ¢1).

C[],Clec

Remark 1.2.3. Given a sSet®”"-enriched category C and m > 1, by Proposition the Segal

map is an isomorphism in sSet®””
(NC)m = (NC)l X(NC)O e X(NC)O (NC)l

1.3. Homotopical properties of the strict nerve. We now introduce a homotopical framework,
and study the homotopical properties of the strict nerve construction N: sSet®”-Cat — sSet®””
and its limitations.

Let (sSet(ocvo))i@n;p denote the injective model structure on the category of ©-presheaves valued
in sSet (.. . Given a set S of maps in sSet®”, let sSet@”" denote the left Bousfield localization
of (sSet(ocyo))i(?];p at the set S, and assume furthermore that the set S is such that sSet9" is
cartesian closed. This is enough to guarantee that the model structure sSetgop is excellent in the
sense of [Lur09, Definition A.3.2.16]. Consequently, the category sSet®”-Cat supports the model
structure SSethp—Cat from [Lur09, Proposition A.3.2.4, Theorem A.3.2.24], whose main features
we now recall.

In the model structure s«S‘ethp—Ccuf7 a sSet®”"-enriched category C is fibrant if, for every pair of
objects ¢, ¢’ € ObC, the ©-space Home (e, ¢’) is fibrant in sSetg)op, and a sSet®”"-enriched functor
F:C—Dis:

e a weak equivalence if the induced functor Ho F': HoC — HoD between homotopy categories
is essentially surjective on objects, and for every pair of objects ¢, € Ob(C the induced map

F..: Home(c,c') = Homp(Fe, Fc')

is a weak equivalence in sSetgop,

e a fibration between fibrant objects if it the induced functor Ho F': HoC — HoD between ho-
motopy categories is an isofibration of categories, and for every pair of objects ¢,¢’ € ObC the
induced map

F..: Home(c,d') = Homp(Fe, Fc')

is a fibration in sSet§”",
e a trivial fibration if it is surjective on objects, and for every pair of objects ¢,¢’ € ObC the
induced map
F..: Home(c, ') = Homp(Fe, Fc')

a trivial fibration in sSetg)op.

We do not recall the description of the homotopy category construction HoC, since we will not
make an explicit use of it. For the purpose of this paper, all one needs to know is that if F': C — D
is bijective on objects, then Ho F': HoC — Ho D is essentially surjective on objects.
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The model structure sSet9 " -Cat is designed so that the following holds. Here {01}/ sSet@""-Cat
denotes the slice model structure, in which cofibrations, fibrations, and weak equivalences are
created by the forgetful functor to sSetgop—Cat.

Proposition 1.3.1. The adjunction

01} 68t Q™ Cat ™ 1 58etQ™

is a Quillen pair.

Proof. This follows directly from the local properties of trivial fibrations and fibrations between
fibrant objects, using the fact that trivial cofibrations are determined by their lifting properties
against fibrations between fibrant objects by [Joy08| Lemma E.2.13]. O

Let (sSet®’ p)ﬁjp and (sSeteop)ﬁroj denote the injective and projective model structures on the

category (5Set®”")A" = 5Set®" *A™ of simplicial objects in sSet9"

Notation 1.3.2. Let A — B and X — Y be two maps in a presheaf category. We denote by
(A = B)X(X —Y) the pushout-product map

(A= B)X(X -Y)=(AxY Il xx BxX = BxY).

Remark 1.3.3. We recall sets of generating (trivial) cofibrations for the injective and projective

model structures (sSet” p)ﬁjp and (SSet@Op)ﬁr(;j

e By |Hir03, Definition 11.5.33], a set of generating (trivial) cofibrations for the projective model
structure (sSet§”" )4 is given by

proj
{FIm]x (X =Y)|m>0,X =Y € J},

where J is a set of generating (trivial) cofibrations in sSet@"" .
e As a consequence of [Hir03, Corollary 15.7.2], the injective model structure (sSet§" r))mjp coin-

cides with the Reedy model structure (sSet@Dp)fA{:;)dy, so by |Hir03, Theorem 15.6.27] a set of
generating (trivial) cofibrations for (sSet§ ™ )4."

{(0F[m] = FIm)X(X -Y)|m>0,X =Y € J},

where OF[m] — F[m)] is the boundary inclusion and J is a set of generating (trivial) cofibra-
tions in sSet§"”

is given by

1.3.4. Denote by (sSeteop)SA;; and (sSeteop)g;]}Seg the left Bousfield localizations of the model

structures (sSet9” p)ﬁ]p and (sSet§ p>§rop] at the set of Segal maps

Segg = {(F[1] gy ... Upjo F[1] = F[m]) x ©[0] | m > 1, 0 € 6},
where F[1] g ... ) F[1] = F[m] is the spine inclusion.

The fibrant objects of the model structure (sSethp)IﬁZ?Seg are those (A x ©)-spaces X such

that X, is fibrant in sSetgop, for all m > 0, and the Segal map
X = X1 5k, o x5, Xa

is a weak equivalence in sSetg).Op, for all m > 1. In comparison, the fibrant objects of the model

structure (sSetgop)ﬁ;p are the Segal objects in S-local ©-spaces, as defined below.

Definition 1.3.5. An object X € sSet®” *2"" is a Segal object in S-local ©-spaces if X is fibrant
in (sSet§”)A"  and the Segal map

inj >

X — X1 x o oxP Xy
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is a weak equivalence in sSet?op, for all m > 1.

Note that the fibrancy of X in (sSetgop)ﬁ;p implies that X, is fibrant in sSet§”", for all m > 0,
and that the pullbacks appearing in the Segal maps are in fact homotopy pullbacks.

The following can be deduced using the explicit description of the generating (trivial) cofibra-

tions of (sSetgop)f;;} and [Hir03, Theorem 3.3.20(1)(a)], and we omit the proof.

Proposition 1.3.6. The adjunctions

Cc C

o S op op o — op op
58etQ” Cat 1 (sSet§ )ﬁroj and 58etQ” Cat 1 (sSet§ )ﬁroLSeg
N N

are Quillen pairs.

However, the analog statement fails when replacing the projective with the injective model
structure.

Remark 1.3.7. The adjunction
C
5Set§”" -Cat T (s8Set§™)a"
is not a Quillen pair. Indeed, given a fibrant sSetgop—enriched category C, Example shows
that the nerve NC is generally not fibrant in (sSetg?op)ﬁ;p. As a consequence, the adjunction
C

5Set§”"-Cat L (58et8”” )SAeogp
N

is also not a Quillen pair.

Ezample 1.3.8. Let X be a fibrant object in sSet§” that is non-discrete (meaning that it is
not in the image of Set®” — sSet®”"). The sSet®""-enriched category XX is by construction
fibrant in sSet9" -Cat, however its strict nerve NX.X is not fibrant in (sSetgop)ﬁ;p. To see this,
we first observe that the model structure (sSetgop)ﬁ;p is enriched over sSet@”" (see e.g. [Mos19),
Theorem 5.4]), and we denote by Hom, g, e0p xace (—, —) its hom ©-space functor. Now, the map
OF[2] — F[2] is a cofibration in (sSet?op)ﬁ;p, but the map
Homsseteoprop (F[Q], NZX) — Homsseteoprop (6F[2}, NEX)7
is isomorphic to the map
AT X T X TA[0] — A[0] T (X x X)IT (X x X)IT A[0],

induced by the diagonal map of the non-discrete O-space X. It is therefore not a fibration in

(sset(m,o))f?jp and hence also not a fibration in sSet"".

In the next section, we propose a variant of N that remedies the issues presented in Remark[1.3.7]

2. THE HOMOTOPY COHERENT NERVE AND ITS PROPERTIES

Like in the previous section, we let © be a small category and S be a set of maps in sSet®”"
such that the model structure sSet§” — obtained as a left Bousfield localization of the injective
model structure (sSet(oo,O))i(?;;p at the set .S — is cartesian closed.

We define in Section lwhat we call the homotopy coherent (m 4+ 1)-point suspension con-
struction &,,: sSet®” — sSet®” -Cat for m > 0, and use it in Section to define the homotopy
coherent nerve construction M: sSet®” -Cat — sSet®”" *A™

We then study in Section the homotopical properties of the homotopy coherent nerve —
describing in which sense it is better behaved than the strict nerve N — but also its limitations.
Roughly speaking, we show that 9t is well-behaved when endowing its target category with model
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structures (based on the injective model structure) for Segal objects, but not for complete Segal
objects. We also show that 91C provides an injective (and Segal) fibrant replacement of NC for a
fibrant sSetgop—enriched category C.

2.1. The homotopy coherent suspension construction. The following is designed to be a
homotopical version of the strict suspension construction from Section [1.1

Definition 2.1.1. Let m > 0. Given X € sSet®” | the (m~+1)-point homotopy coherent suspension
of X is the directed sSet®”"-enriched category &,,X such that

e its set of objects Ob(&6,,X) is {0,1,...,m},

e for 0 <i < j < m, the hom O-space is Homg,, x (i,7) = A[1]*U71=1D x X*x(G=),

e for 0 <i < j <k < m, the composition map is given by

HomeX(ivj) X HomeX(j, k) = A[]_]X(j*i*l) % A[]_]X(kfjfl) % XX(jfl) » XX(kf‘])
”l JW“”) x {1 x i< F=ID o
Homg,, x (i, k) = A[1]*F=i=1) x xx(k=1)

The construction extends canonically to a functor
S, s8et®”” — s8et®”" Cat.

The following proposition records some elementary properties of this construction, and are of
straightforward verification.

Proposition 2.1.2. The assignment ([m], X) — &,,X defines a functor
Ge: AP x 58et®" — 58et®” Cat.

Notice that we again have that Gy X is the terminal category [0], and that &1 X coincides with
the usual suspension X .X.

Remark 2.1.3. For m > 1 there is an adjunction
6'IIL
{0.1,.m}/ s Set ™ _Cat L 5Set®”" |

where {01}/ sSet®”" Cat denotes the category of sSet®” -enriched categories pointed on m + 1
objects. In particular, the functor &,,: sSet®” — {01}/ 589" _Cat preserves colimits.
We understand several relations between X, and &,,.
Remark 2.1.4. For m >0 and X € sSet®” | there is a natural isomorphism in sSet®”"-Cat
6 X =%, X x5, aj0] GnA0].
In particular, there is an induced map &,,X — 3,,X given by one of the projections.

This comparison map is in fact a weak equivalence in sSetgop—Cat. Indeed, for a fixed m it
admits a section (that is not natural in m) — described in the following proposition — which we
show is a weak equivalence in sSet§""-Cat.

Proposition 2.1.5. Form >0 and X € s8et®”", there is a weak equivalence in sSetgop -Cat
X = 6, X.

Proof. Let m > 0. We define a s8et®” -enriched functor £, X — &,,X between directed sSet®”" -
enriched categories as follows:

e on objects, it is the identity at {0,1,...,m},

e for 0 < ¢ < j <m, it is given by the map
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Homy,,, x (i, ) = X*0~9

l l(:l)x(jil) « id;{(]‘*i)

Home,, x (i,7) = A[1]*U=i=1 x X G-

It is straightforward to see that this data is compatible with compositions. The sSet®” -enriched
functor is by construction a weak equivalence in sSet§" -Cat since A[1] is contractible in sSet .. o),
and hence also in sSetg?)Op. ]

2.2. The homotopy coherent nerve. By taking the left Kan extension along the assignment
A x O x A — s8et®”-Cat given by

([m], 0, [k]) = & (0[0] x Alk]),
we obtain an adjunction

¢

o — ° °
$8et®”"-Cat L 5Set©"" XA
n

Spelling out the description of the right adjoint, we obtain the following.

Definition 2.2.1. For a sSet®"-enriched category C, the homotopy coherent nerve MC is the
(A x ©)-space given at m > 0, § € ©, and k > 0 by the set

(NC) ok = 5Set®" A7 (6,,(0[0] x A[K]),C).
In particular, we describe (MC),, explicitly for low values of m. For m = 0,1 we have
(MC)g =0bC and (MC); = MorC,

and for m = 2 we have
MC)2=  J] Home(co,er,c2),

co,c1,c2€C

where Home (co, ¢1, ¢2) is given by the following pullback in sSet®”".

Home (¢, c1, ¢2) Home (co, ¢z )M

|
J J(d())*

Home (cg, ¢1) x Home(eq, o) ——— Home(cg, ¢2)

OCU‘CITC'Z

2.3. Homotopical properties of the homotopy coherent nerve. We can now see that the
homotopy coherent nerve construction M: sSet®” -Cat — sSet®” has some of the homotopical
properties that the strict nerve construction N did not have (see Remark [1.3.7)).

Theorem 2.3.1. The adjunction

¢
op & ©°P\ A°P
sSetQ " Cat ; (sSets  ini
is a Quillen pair.
The proof of the proposition relies on several lemmas.

Notation 2.3.2. For X € sSet®”, we denote by 96,,X the sSet®” -enriched category given by
the canonical coequalizer in sSet®”-Cat

06,, X = coeq( H G2 X = H Gpo1X).

0<i<j<m 0<i<m
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In fact 06,,X can be computed as the directed sSet®”"-enriched category such that
e its set of objects Ob(06,,X) is {0,1,...,m},
o for 0 < i < j <m, its hom ©-space Homyg,  x(i,7) is given by

AU 5 XX0=9) if 0<j—i<m

Homae,, x (i, 7) = {a(A[ﬂX(’"”) X XXM if =05 =m,

where O(A[1]*(™~1) is the boundary of the (m — 1)-dimensional cube A[1]*(™=1) (see [Lur09,
§2.2.5] and [RV20, Notation 5.1.6]),
e composition maps are induced by those of &,, X.

It comes with a natural inclusion dx : 06,,X — &,,X. This construction extends to a functor
06,,: sSet — s8et®” -Cat.
The following lemma describes the pushout 06,,Y s, x 6., X.

Lemma 2.3.3. Let f: X — Y be a monomorphism in sSet®”" , and consider the following pushout
in sSet®” Cat.

06, X — g X

<

86mY E— 86my HGGmX GmX

Then 06,,Y g, x X is the directed 58et®”" -enriched category such that
e its set of objects Ob(06,,Y ss, x 6mX) is {0,1,...,m},
e for 0 <i<j<m, its hom ©-space Hompe,, y115s,, x .. x (1, 7) is given by

Homgpe,, v (i,7) = A[1]*U==D x y*U=9 f0<j—i<m

Homgps,, viipe,, x 6., x (0,m) if i=0,5 =m,

m

Hompe,, vie,, x&mx (1,7) = {

where Homps,, y11pe,, x6,,x(0,m) is given by the following pushout in 5Set®”

s 3Xm
L xidy

6(A[1]X(m—1)) % X xXm A[l]x(m—l) x X xXm

id x,fx’”i lsﬂx(f)
r

O(A[Xm=1) x yXm ——— Homaes,,,vllse,, x &, x (0,m)

e composition maps are induced by those of 06,,Y .

Proof. Let P be the sSet®” -enriched category whose objects, hom ©-spaces, and structure is as
described in the statement, and we show that P satisfies the universal property of the desired
pushout. For this, we show that there is a unique sSet®”"-enriched functor L: P — C making the
following diagram commute.

06, X — X e X

aGWlfJ{

06,,Y
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For 0 <i < m, we set L(i) := H(i) = K(i), for 0 < j —i < m, we set
Li,j = Hi,j: Homp(i,j) = Homagmy(i,j) — Homc(L(i),L(j)),

and we set Lg ,, to be the unique map given by the universal property of the pushout, as in the
following diagram.

X dX’"L
Hompe, x(0,m) = O(A[1]*(m=D) x X *™ ek SN A[1]<m=1) x X*™ — Homg, x (0, m)

id xfx"i va(f)
r

Homgpg,,y (0,m) = d(A[1]*(m=1) x yxm Homp (0, m)
\\\LO,’ITL

~
~

KO,m

(2%

o
Ho,m Hom¢ (L(0), L(m))

The maps L; ;, L; i, L; 1, are compatible with composition for all0 < i < j < k < m with k—i <m,
since the corresponding maps of H do. Finally, the maps Lo ;, L; m, Lo,m are also compatible with
composition for all 0 < ¢ < m by compatibility of K and H on 06,,X. Moreover, we have that
L is the unique sSet®” -enriched functor with the desired properties. This shows that P is the
pushout P = 06,,Y lss,, x ©,»X, and concludes the proof. O

Lemma 2.3.4. Let P and Q be directed sSet®”” -enriched categories such that

e they have the same set of objects ObP ={0,1,...,m} =0bQ,

o for 0 < j—i<m, they have the same hom O-spaces Homp (i, j) = Homg(4, 7).
Let F: P — Q be a sSet®”” -enriched functor such that

e on objects, it is the identity at {0,1,...,m},

e forall0 < j—i < m, the map F; j on hom ©-spaces is the identity at Homp (i, j) = Homg (4, 7).
Then the following is a pushout in sSet®”" -Cat.

Y. Homp (0, m) LN

P
EFOMJ J
Q

% Homg (0,m) ———

Moreover, if Fom is a (trivial) cofibration in sSetS”" , then F: P — Q is a (trivial) cofibration in
5SetQ” Cat.

Proof. In order to show that Q satisfies the universal property of the desired pushout, we show
that there is a unique sSet®”" -enriched functor H: Q — C making the following diagram commute.

¥ Homp(0,m) L N

P
EFOMJ J
Q.

£ Homg (0, m) ————>
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For 0 <i < m, we set H(i) = G(i), for 0 < j — i < m, we set
Hi,j = G@ji Homg(i,j) = HOm'p(i,j) — HOIHc(G(Z), G(])),
and we set
Ho = g: Homg(0,m) — Home(G(0), G(m)).

The maps H; j, Hj 1, H; ;, are compatible with composition for all0 < i < j <k <mwithk—i <m
since the corresponding maps of G do. It remains to show that Hg;, H; m, Hom are compatible
with composition for all 0 < ¢ < m. For 0 < i < m we have that the following diagram commutes,

90,i,m

Homg(0,4) x Homg(¢,m) Homg (0, m)

Homp(0,4) x Homp (4, m) Soim Homp (0, m) 9= Hom

Hy; x Hi = Goi X Gi.mJ{ G[N

Hom¢ (G(0), G(4)) x Home(G(7), G(m)) Hom¢ (G(0), G(m))

©G(0),G(1),G(m)

where the top rectangle commutes by compatibility of F' with composition, the bottom one by
compatibility of G with composition, and the right-hand triangle since G o ¢, = g © XF{ ,,. This
shows that Hy ;, H; m, Ho,m are compatible with composition for all 0 < ¢ < m. Moreover, we have
that H is the unique sSet®” -enriched functor with the desired properties. This shows that Q is
the pushout

Q=P Iy Homp (0,m) )Y HOHlQ(O, m)

The “moreover” part follows directly from the facts that, if Fy ., is a (trivial) cofibration in sSetg)Op,
then X ,, is a (trivial) cofibration in sSet@""-Cat by Proposition and that (trivial) cofibra-
tions are closed under pushout. O

The following lemmas analyze certain canonical maps of sSet®”" -enriched categories of the form
86my HGGmX G.X —=6,Y.

Lemma 2.3.5. Let f: X =Y be a (trivial) cofibration in sSetgop. Then the map
Io,m: Homps,, v1ipe,, x6,,x(0,m) — Home,, v (0,m)
is a (trivial) cofibration in sSet§" .

Proof. The map Iy, is obtained as the unique map given by the universal property of pushouts
as in the following diagram in sSet®”",

s 1Xm
L xidy

a(A[l]X(m—l)) x XXm = o A[l]x(m—l) x X Xm

r

(AN =) x Y *m ——— Hompe,, vy, x & x (0, m)
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where the pushout is given by Lemma Note that each non-dashed map of the diagram is a
monomorphism, either by definition or because it is a pushout of a monomorphism.

We first show that I ,,, is a monomorphism, hence a cofibration in sSetgop. To this end, suppose
we are given (o, ) € A[1]*(m=1) x X*™ and (7,7) € (A[1]*™~1) x Y*™ such that

(id x f*™) (0, &) = (0, fZ) = (7,7) = (1 x idy™) (7, 7) € AQPMm=D x yxm,
Then, if we consider (7,Z) € d(A[1]*(™~D) x X*™ we have that
(e xidx™) (7, @) = (0,7) and (id x f*™)(7, %) = (7, 7).

Hence (o, Z) and (7,%) define equal objects in the pushout Hompes,,vii,e,, x&,, x (0,m). Since f
and ¢ are monomorphisms, this is sufficient to conclude that Iy ., is a monomorphism.

Now, if f is a trivial cofibration in sSetgop, given that sSethp is cartesian closed, the maps
id x f*™ are also trivial cofibrations. Hence px(f) is also a trivial cofibration in sSetgop as a
pushout of such. It follows by 2-out-of-3 applied to id x f*™ = Iy, 0 x(f) that Iy, is also a
weak equivalence and hence a trivial cofibration in sSetQ™" . 0

Lemma 2.3.6. If the map f: X — Y is a (trivial) cofibration in sSetgop, then the sSet® -
enriched functor

I: 86my Hggmx GmX — GmY
is a (trivial) cofibration in sSet§" Cat.

Proof. Let f: X — Y be a (trivial) cofibration in sSet§”". Using Lemma [2.3.3] we have that the
map I satisfies the hypotheses of Lemma Then, by Lemma the induced map

Io,m: Hompes,, vii,e,, x & x (0,m) — Home,, v (0,m)
is a (trivial) cofibration in sSet§”" . Hence, we conclude from the “moreover” part of Lemma
that I: 06,,Y llss,, x ©mX — &,,Y is a (trivial) cofibration in sSetg)op—Cat. O

We can now prove the theorem.

Proof of Theorem[2.3.1l To show that € is left Quillen, it is sufficient to show that € sends gener-

ating (trivial) cofibrations of (sSetgop)ﬁ;p to (trivial) cofibrations in sSet§"" -Cat.

Recall from Remark that a generating (trivial) cofibration of (sSetgop)ﬁ;p is of the form

OF[m] x Y gpmxx Flm] x X — Flm] xY

for m > 0 and X — Y a (trivial) cofibration in sSet@”". Since € preserves colimits, this map is
sent to the sSet®” -enriched functor

C(OFm]| x Y) Heapm)x x) C(F[m] x X) — &(Fm] x Y).
We first compute €(F[m] x X):
C(Fm] x X) = €(F[m] x colimeggxar-x (O[0] x Alk]))

= &(colimeg)x ar]—x (F[m] x ©[0] x Alk])) X preserves colimits
= colimgg)x afk—x C(F[m] x O[0] x A[k]) ¢ preserves colimits
= colimgg)x afk)—x ©m(O[0] x Alk]) definition of €
& & (colimggyx afk]— x (O[0] x Alk])) Remark 2.1.3]

=2 6,X.
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Similarly, using Notation we compute €(OF[m] x X):
C(OF[m] x X) = €(coeq([p<;icjom Flm — 2] = [ocicpm Flm — 1]) x X)
= €(coeq([Tocicjam Flm =21 x X = [{ocic,, Flm — 1] x X))
= coeq([To<jcjom CF M = 2] x X) = [ljcicp, C(F[m — 1] x X))
= coeq([lp<icjcm Em—2X = [ocicyn Gm-1X)
=06, X.
All-in-all, this says that the image under € of the desired map is the map
06,Y lss,, x GmnX — 6,.Y,
which is a (trivial) cofibration in sSet?op—Cat by Lemma This concludes the proof. O
Theorem 2.3.7. The adjunction

¢
o A o o
58et@” Cat L (sSet§ lD)SAegp
N

is a Quillen pair.

Proof. Recall that (sx?e?ff.;)op)SA‘;;%p is the left Bousfield localization of (sSet(S")op)ﬁ;p with respect to

the set Segg. Since €: (sSet9 )4 — sSetQ”"-Cat is left Quillen by Theorem by [Hir03,

inj
Theorem 3.3.20(1)(a)] it is enough to show that € sends maps in Segg to weak equivalences in
sSetgop—Cat. Now recall that a map in Segg is of the form

F[1] x ©[0] Urp)xes - - - Urjgxep F1] x ©[0] — F[m] x ©[0]

for m > 1 and # € ©. Since € preserves colimits, it is sent to the sSet®” -enriched functor
C(F[1] x ©8]) e riojxeole) - - - Lerio <o) CF[1] x O[F]) — €(Fm] x O[0]).

We have that

C(F[1] x B[f]) = 6:0[0] =X0[0] and €(F[0] x O[F]) = [0],
and for m > 1 we have that

e(Fm] x Olf]) = &,(O[0]).
Using the identification from Proposition we see that the above map is a sSet®”"-enriched
functor of the form
Y00 = E0[0] H[o] e H[o] Y04 — 6,,0[4).

In fact, it is precisely the sSet®”"-enriched functor from Proposition when taking X = 0[],
which is a weak equivalence in sSet@" -Cat, as desired. O

Remark 2.3.8. Let C be a fibrant sSetgop—enriched category. There is a canonical map NC — 9MC
induced by the maps

S (010] x Afk]) — X (O[0] x A[K])
of Remark form >0, 60 € ©, and k > 0. At m = 0,1 this map induces equalities

(NC)() =O0Ob( = (MC)Q and (NC)l = Mor(C = (mC)1

Given m > 1, there is a commutative diagram in sSetgop
o h h
(NC) ——— (NC)1 XNy, - X ey, (NC):

J I

(M) ——=— (MC)1 Xy, -+ X Loy, (MO
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where the pullbacks are homotopy pullbacks because they are taken over the discrete object ObC
(see [BR13, §4.1]). Note that the horizontal maps are weak equivalences in sSet9" by Remark
and Theorem and therefore so is the left-hand map by 2-out-of-3. Since the presheaves (NC),,
and (NC),, are by Proposition and Theorem [2.3.1| fibrant in sSet@”", the map (NC),, —

(MC)y is in fact a weak equivalence in (sSet..o))ip; - This shows that NC — 91C is a weak
A°P X ©°P
inj .

equivalence in (sSet (o o))
We have then shown the following.

Proposition 2.3.9. Given a fibrant sSetgop—enriched category C, the natural canonical map

NC —NC

A°PxO°P
inj

o°r

. . op
, and so a weak equivalence in (sSet " )4

is a weak equivalence in ($Set o)) o -

We now describe the homotopical limitations of the homotopy coherent nerve 1.

Notation 2.3.10. For k > 0, let I[k] denote the contractible groupoid on k + 1 objects, i.e.,
it is the category with k + 1 objects and a unique isomorphism between any two objects. We
write E[k] € Set®™ for the nerve of I[k]. Since Set®”” is naturally included in Set®”"*2™ and
58et®""*A™ we regard E[k] as an object of those categories without further specification.

2.3.11. Denote by (sSet@”" )% the left Bousfield localization of the model structure (sSetgop)g‘eO;
at the set of constantness maps

Cste = {F[0] x (]6] — ©[¢']) | § — ¢’ € O}

Denote by (sSet™ )% the left Bousfield localization of the model structure (sSet§™)4%" at the
set of completeness maps

Cpte = {(F[0] — E[1]) x ©[0] | 6 € ©}.

We suggestively call the fibrant objects of the model structure (53@7,‘§)OP)CASOp pre-complete Segal
objects in S-local O-spaces, while the fibrant objects of the model structure (sSet?op)cA(;Sp are

complete Segal objects in S-local ©-spaces, as we now make explicit.

Definition 2.3.12. An object X € sSet®"*2" is a pre-complete Segal object in S-local ©-spaces
if X is a Segal object, as defined in Definition and the map

Xo,or — Xo,0

is a weak equivalence in sSet ..o, for all maps 6 — 6’ € ©. Such an X is called complete if, in
addition, the map

Xg— X{jeq = Homsseteoprop (E[lLX)

. . . op

is a weak equivalence in sSet§ . Here Hom,g, o000 xacr (—, —) denotes the hom ©-space functor of
©°P x A°P

sSet .

2.3.13. The first instance of this framework in the literature is the case where © is the terminal
category, and S = (). The resulting model structure (sSet@c,O))CAg; is precisely Rezk’s cartesian
closed model structure from [Rez01, Theorem 7.2], in which the fibrant objects are the complete
Segal spaces, which model (0o, 1)-categories. The idea was later generalized in |[Rez10| to the case
where O is Joyal’s cell category ©,_; from [Joy97] and S is the set S o ._1), for n > 1, which are
recursively defined as follows.

For n = 1, ©,,_; is the terminal category and S . . is the empty set, as mentioned above,
and for n > 1, ©,,_; is the wreath product A1 ©,,_5 (see e.g. [Ber07al Definition 3.1]) and the set
S(co.m_1y consists of the following monomorphisms:
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e the Segal maps
©n—1[1](01) Ujo) - - - Ujo) On—1[1](01) = ©p1[l](b1, ..., 00),

foralll>1and 64,...,0;, € ©,_»,
e the completeness map
F[0] — E[1]
seen as a map in Set®n through the inclusion Set®” — Set®"1 induced by pre-composition
along the projection ©,,_; — A given by [I](61,...,6;) — [I],
e the recursive maps
On-1[1](4) = 0,1 [1](B),
where A — B € sSet®n-2 ranges over all monomorphisms in S, , ).

oop
Note that by [Rez10, Theorem 8.1] the model structure sSet "', obtained by localizing the injec-
op
insl_1
A°P
(c0,1)

tive model structure (sSet ..0)) with respect to the set S, ., is cartesian closed. Moreover,

for n = 2, we have that sSet is again Rezk’s model structure for complete Segal spaces.

op

The resulting model structure (sSet(@oZ‘;l_l)) fg; is precisely Bergner—Rezk’s model structure from
[BR20, Theorem 5.6], in which the fibrant objects are the complete Segal objects in ©,,_1-spaces,
which model (0o, n)-categories. This notion of completeness is inspired by the one featuring in
Barwick’s definition of n-fold complete Segal spaces |[Bar05]. Complete Segal objects in a more
general setting have also been studied by Bergner—Rezk in [BR20| §5] and by the second author
in [Ras21}, §§1.4-1.5].

Proposition 2.3.14. The adjunction

¢
5SetQ" Cat ~ L (s8et@”)A”
N

is a Quillen pair.

Proof. Recall that (sSet@”")%" is the left Bousfield localization of (&Setgop)SAeogp with respect to

the set Cstg. Since €: (sSetg)op)SAe(g — 58et§"-Cat is left Quillen by Theorem by [Hir03,
Theorem 3.3.20(1)(a)] it is enough to show that € sends maps in Cste to weak equivalences in
5SetQ""-Cat. For this, recall that a map in Cste is of the form F[0] x O[] — F[0] x ©[¢'] for
a morphism 8 — 6" € ©. Such a map is sent by € to the identity at [0] and hence is a weak

equivalence in sSetgop -Cat. (|

Remark 2.3.15. Let C be a fibrant sSet©”” -enriched category. Combining Proposition and The-
orem [2.3.7] we obtain that the homotopy coherent nerve 9C provides a fibrant replacement of NC

in (&.S‘et?op)SAe(;D and in (sSet@")4".

Remark 2.3.16. The adjunction

¢
5Set§ " -Cat L (s8et9” )%
N
is not a Quillen pair. Indeed, given a fibrant sSet(gop—enriched category C, Example shows

that the homotopy coherent nerve 9C is generally not fibrant in (sSetg)Op)?gg.

Ezample 2.3.17. The sSet®” -enriched category I[1] is fibrant in sSet§"" -Cat, however its homotopy
coherent nerve MI[1] — as well as its strict nerve NI[1] — is not fibrant in (sSet@"")%s. We show
this for MI[1], and the same argument works for NI[1], given that they agree in components 0
and 1. To this end, we first observe that the model structure (sSet§" )% is simplicial as a
consequence of [Mos19, Theorem 5.4] and [Hir03| Theorem 4.1.1], and we denote by Map(—, —) its
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hom space functor. Now, the map 0: F[0] — E[1] is a trivial cofibration in (sSet@"" )%, but we
argue that the map

0": Map(E[1], [1]) — Map(F[0}, I[1]) = (NI[1])o,r = {0, 1}
can not be a trivial fibration in sSet . o). If it were, there would be a lift in the following diagram
in sSet,
OA[1] —— Map(E[1], I[1])

//7
\[ /// JO*

A} —5— NU[])o,T = {0,1}
where the top map picks two maps E[1] = NI[1] — 9[1] given by the constant map at 0 and
the component at I[1] of the canonical fibrant replacement map of Proposition respectively.
This lift could be used to produce a 1-simplex

All] ----- » Map(E[L], RI[1]) —— (NU[L))o,r = {0,1}
A1)

between 0 and 1 in the discrete space (MI[1])o,7, but this is impossible.

3. THE COMPLETE HOMOTOPY COHERENT NERVE AND ITS PROPERTIES

In this section, we specialize the results from the previous sections to the case where © is Joyal’s
cell category ©,,_1 from [Joy97| for some n > 1, and S is the set of maps S, ,._,, from §[2.3.13

n—1

orr . .
The resulting model structure sSet iy, BETEeS with Rezk’s cartesian closed model structure

on sSet®n-1 for complete Segal ©,,_1- spaces from [Rez10, Theorem 8.1]. Since this model structure
is a model for the homotopy theory of (00, n — 1)-categories (in the sense of [BSP21]) we use for it

the more approprlate notation sSet(oe s 1) Consequently, we denote by (sSet(;f nl ) CA(;); the model
op
structure (sSetS ))CACS, and by s&zt(oo .L1)-Cat the model structure sSetS B )—Cat. A special

op
feature of this setup is that the model structure (sSet(oc o 1))CACS coincides Wlth the left Bousfield

op
localization of (sSet(m e 1))AS " with respect to just the single map

{F[0] — E[1]}.

This can be established with a similar argument to that of [JFS17, Lemma 2.8]; see also [BR20,
Proposition 5.10].

In this context, we define in Section a preliminary version of a complete homotopy coherent
nerve construction 9M: sSet®»-1-Cat — Set@W 1 XA which generalizes Cordier—Porter’s nerve
from [CP86], and use it to define our preferred complete homotopy coherent nerve construction
NC: sSet®n-1-Cat — sSetOn-1%A" .

After recalling the case n = 1 from the literature in Section [3.2] we st in Section [3.3] the
homotopical properties of both nerves M and ¢, showing as Theorem 8] that 91 defines a
right Qu})l)len functor when considering on its target the model structure for complete Segal objects

. S
in sSet 7.0, for n > 1.

Afterwards, building on preliminary work and background from Sect1ons -4 and [3.5] . we show in
Sectlonthat N gives a right Quillen equivalence between 58615(co wiyy-Cat and (sSet( not )CA(;;

co,n—1)
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. . . . . err |

and that it can be used to construct a direct right Quillen equivalence d..o1 between sSet )7~ ,,-Cat
oo

and sSet 7 ,.,.

3.1. The complete homotopy coherent nerve(s). Fix n > 1. The definitions of the functors
N: s8etOn1-Cat — Set®n 12" and MN°: s8et®n-1-Cat — sSet®n 12" rely on a few preliminary
adjunctions, which we now describe.

The adjunctions

P P
A : (S and AXO,_1xA [J(_) AXO,_1 ,

@n,1 X

where p(z, [k]) = z and (o(z) = (z,[0]) for = an element of ©,,_1 or A x ©,,_1, respectively, induce
by pre-composition adjunctions

p* p*
op — op op op &< op op
5SetOn—1 J; N SetOn1 and sSetOn—1 %A J; N SetOn-1xA ,
Lo Lo

where p* are in fact the canonical inclusions.
Then, recall from Notation [2.3.10| the object E[k] € Set®n 1 *A" for k > 0. By taking the left
Kan extension of the assignment t: A X ©,,_1 X A — SetOn1 XA given by

([m), 8, [k]) = F[m] x ©,_1[6] x E[k],

we obtain an adjunction
t
Q°P op Q°P op
SetOn=1x4 ;‘, 5SetOn=1 XA
/
We define an auxiliary nerve, based on set-valued presheaves. It generalizes Cordier—Porter’s
|CP86] homotopy coherent nerve, which we recover as the case n = 1.

By taking the left Kan extension of the assignment A x ©,,_1 — sSetOn1-Cat given by
(Im],0) = S (On-1[0]),

we obtain an adjunction

&l

op — op op
$Set®n-1-Cat N SetOn—1xA™"

3

The following remark explains the relation between the functors M and 1.

Remark 3.1.1. The adjunction € 4 N is the composite of the adjunctions p* 4 ¢ and € 4 N.

5

p
“«—

¢
- o I o o o o e
N sSetOn1-Cat L, s8Set®n-1*A" L SetOn 1 xA™ ¢
N 0
By taking the left Kan extension of the assignment A x 0,1 x A — 5Set®n1-Cat given by
(Im], 0, [k]) = €(F[m] x ©,_1[0] x E[k]),
we obtain an adjunction
¢C
(e} % O (e}
sSet®n1-Cat L N 5SetOn 1 XA
m(ﬁ

Spelling out the description of the right adjoint, we obtain the following.
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Definition 3.1.2. For a sSet® 1-enriched category C, the complete homotopy coherent nerve
MNeC is the (A x O,,_1)-space given at m >0, § € ©,,_1, and k > 0 by the set

(NC) im0 = sSeteZIilXAop(@(F[m] X On-1[0] x E[k]),C).
The following remark explains the relation between the functor ¢ and N.

Remark 3.1.3. The adjunction €° 4 91° is the composite of the adjunctions ¢, 4 t' and € 4 1.

t
O°P — o °P op <— op op
Ne: s8SetOn1-Cat ___L | Set®n-1*A L 58et®n—1 XA ge
t!

3 |-l

3.2. Homotopical properties of the complete homotopy coherent nerve for n = 1. When
n = 1, we can endow Set®” with the Joyal model structure Set2 ", for (oo, 1)-categories from
[Joy08], sSet with the Kan—Quillen model structure sSet.. o, for (co,0)-categories from |Qui67],
and sSet-Cat with the resulting model structure being the Bergner model structure sSet ., q,-Cat
from [Ber07b|. With respect to these model structure, it is known (see |Joy07, Theorem 2.10],
or [Lur09, Theorem 2.2.5.1], and [DS11, Corollary 8.2]) that the discrete complete homotopy

coherent nerve N defines a Quillen equivalence between models of (oo, 1)-categories.

Theorem 3.2.1. The adjunction

(o0,1)

[
— op
58et (o 0)-Cat i Set?
N

is a Quillen equivalence.

If (8Set(on))its = sSet(Ao:i) denotes Rezk’s model structure on sSet®” for complete Segal
spaces, we then obtain that the complete homotopy coherent nerve €¢ also gives an equivalence of

models of (0o, 1)-categories.

Theorem 3.2.2 ([JT07, Theorem 4.12]). The adjunction

t
Set?A™ $SetA”"

(c0,1) % (c0,1)
t!
is a Quillen equivalence.
Corollary 3.2.3. The adjunction
€ v
sSel (o my-Cat 1 sSet,
mC

is a Quillen equivalence.

Proof. The adjunction €¢ - N° is a Quillen pair because by Remark it is the composite

t

[&
c. _ < A°P < A°P e
M sSet o o-Cat L, Set, L sSetf) 1 €
N ¢

of the Quillen equivalence € - 91 from Theorem and the Quillen equivalence ¢, - t' from
Theorem [3.2.2) O
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3.3. Homotopical properties of the complete homotopy coherent nerve for n > 1. We
now assume n > 1. Recall from § [[.3.4] and § m 2:3.11] that we considered the “space-based” model

o°or

oo o°r - o o
structures sSet oL, (sSet ot )A Y (sSet(oo L)A”, and (sSet(OQ )RS We need to define

oo, n— 1) inj >

°P O o O
“set-based” analogs of those: Set(oo 1) (Set( P Fot (Set( Pl and (Set( Oy s
P

co,n—1)/inj > oco,n—1) oco,n—1)
e°

First, we denote by Set(oo;n,l) Ara’s model structure on Set®n-1 for (n — 1)-quasi-categories
from [Arald, §5.17], which is also a model of (co,n — 1)-categories.

Theorem 3.3.1 (|Arald, Theorem 8.4]). The adjunction

¥

oo P
sSet<x 1) . Set<<>o 1)

)

is a Quillen equivalence.

3.3.2. We denote by (Set(oo e 1)) " the injective model structure on the category of simplicial

inj
objects valued in Set(oo nb)
We denote by (Set " )2 the left Bousfield localization of (Set " )A™ with respect to

(c0,m—1) (o0,n—1)/inj

the set Segg U Cste where

Seg@nﬂ = {(F[l] HF[O] . HF[O] F[l] — F[m]) X @nfl[g] ‘ m>1,0c¢ @n71}7

and
Cste, , = {F[0] X (0,-1[0] = ©,_1[0']) |0 — 0" € ©,,_1}.

We further denote by (Set(cfn1 1)5s the left Bousfield localization of (Set(of TL)AT with re-
spect to the set
Cpte, , = {(F[0] = E[1]) x ©,_1[0] | 0 € ©y,_1}.

Theorem [3.3.1] together with [Lur09, Remark A 2.8.6] and |Hir03, Theorem 3.3.20(1)(b)] im-

plies the following. In particular, since (sSet<oo nl )% is a model of (co,n)-categories, so is
oY op
(Setlnly)ecs-

Theorem 3.3.3. The adjunction between injective model structures
p*
n op &< @(:Lp_ o
(SSEt(oo ‘n.l 1))ﬁjp % (Set(oo,nlfl))ﬁjp
Lo
is a Quillen equivalence, and so the adjunctions between left Bousfield localizations

e *

P P
O, A Ao

(SSet(OO nl 1))CS 4) (‘S‘et(O;L ”1 1))<:ASO]D and (Sset(oo nl 1))CCS 4) (8615(0: nl 1))CACO§
¢ 0

are also Quillen equivalences.

Using the above Qulllen equivalences and |Hir03| Theorem 3.3.20(1)(b)], we deduce that the

model structure (Set(,}o o 1))?05 coincides with the left Bousfield localization of (Set(;nl 1>)AS " with
respect to just the map F[0] — E[1] since the analogous statement holds for the space-based model

1 A°P
structure (s&at(x L)

The adjunction ¢, - t' also gives a Quillen equivalence between the last models, and we prove
this in Appendix [A]

Theorem 3.3.4. The adjunction
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t
Q% | (pop S 071 \aop
(Set 2nmn))ecs — (sSet(enin)ees
.

is a Quillen equivalence.

We are now ready to analyze the homotopical properties of 91 when valued in the model structure
(Set " VAT

(c0,n—1)

Proposition 3.3.5. The adjunction

- el

<7
7 n—1 A°P
sSet(OM y-Cat ; (Set(oon H)5s

3

is a Quillen pair.
Proof. The adjunction € 491 is a Quillen pair because by Remark it is the composite

p*
o 9031 1 A°P © p—l A°P
N: sSet .1, -Cat # (sSet(ofjn n)as % (Set oty €
)

of the Quillen pair € 4 91 from Proposition and the Quillen pair p* < 1§ from Theorem [3.3.3]
O

Next we analyze the homotopical properties of the functor 9 when valued in the model structure
(sSet<£ TL)%s. For this, let m: © x A — A denote the projection given by w2 (6, [k]) = [k].

Then the pre-composition functor 73 : sSet — sSet®n"1 is the canonical inclusion, and the induced
base-change functor (73).: sSet-Cat — s8et®n-1-Cat is also the canonical inclusion.
Lemma 3.3.6. The adjunction

oo (7T2)

sSetm iy -Cat ,
((Wz) )+

obtained by base-change along the adjunction 75 4 (72)« is a Quillen pair.

58et (o0 0)-Cat

Proof. First note that the adjunction

5
%
sSet(oo 1) L $5€t (0.0

(m2)

is a Quillen pair. Indeed, the canonical inclusion 75 clearly preserves monomorphisms, and it
preserves weak equivalences, since a weak equivalence in sSet .. oy is in particular a weak equivalence

OOP op
in (88et (e 0))iy;  and so a weak equivalence in sSet(Q; L1y Then, by e.g. [MOR22, Proposition 4.3],

the induced adjunction by base-change

(ﬂé‘)*

sé‘et(oo oLyy-Cat N
((772)*)*

OP

88€t (oo 0y-Cat

is also a Quillen pair, as desired. O

Proposition 3.3.7. The adjunction
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— S} o
1 —1 A°P
586t(o:n y-Cat y (Set 2l y))aes

3 || el

is a Quillen pair.

Proof. Recall that the model structure (Set(x o 1))?5§ can be taken to be the left Bousfield local-

ization of (Set(ofﬂl )5S " with respect to the map F[0] — E[1]. Hence, by Proposition and
[Hir03, Theorem 3.3.20(1)(a )} 1t is enough to show that the functor € sends the map F[0 ] — E[1]

to a weak equivalence in sSe?f(o;‘ﬂ1 1-Cat. However, by Theorem we know that €(F[0] — E[1])
is a weak equivalence in sSet ., ¢-Cat between cofibrant objects. Since the inclusion functor

op —
58et (o0.0-Cat — sSetiZ;l y-Cat is left Quillen by Lemma we get that C(F[0] — E[1]) is
also a weak equivalence in &S’etio ai1)-Cat. O

We can now deduce the homotopical properties of 91¢ from those of N.

Theorem 3.3.8. The adjunction

¢
T 01 \acP
sset(oo n—1) Cat T> (SSet(OO n— 1))CCS

s a Quillen pair.
Proof. The adjunction €¢ - 9N¢ is a Quillen pair because by Remark [3.1.3] it is the composite

t
op !
C. n—1 n—1 A°P n—1 A°P . C
ne: sSet(OM n-Cat L, (Set(wn 1)eCs % (35@75(00” veos €
¢

3 |-l

of the Quillen pair € 4 91 from Proposition and the Quillen pair ¢, 4 ' from Theoremm ([

We conclude by explaining that 91°C should be thought of as a completion of MNC (as well as
NC).

(Shed
Proposition 3.3.9. Given a fibrant sSet ", -enriched category C, the natural canonical maps

NC — MNC — N“C
A°Px O
inj
Proof. Let m > 0, § € O, and k& > 0. The map A[k] — A[0] is a weak equivalence in
(sSet o)) “Om1, s0 Flm] x 0[6] x A[k] — Fm] x 0[6] x A[0] = F[m] x 0[] is also one

inj
. A°PxOP
since (sSet(o.0))

. . op
', and so weak equivalences in (sSet " )ﬁj .

(co,n—1)

are weak equivalences in (sSet(q.0))

n—1

inj is cartesian closed. By Theorems |2.3.1| and |3.3.8] the functors

AP x ©°P op
nl sSet

inj (OO n— 1)

¢, E¢: (sSet(o.0)) -Cat

are left Quillen functors, and in particular preserve weak equivalences. So there is a commutative

. . S
diagram in sSet " ,", -Cat,

C(F[m] x On_1]0] x A[K]) —— €(F[m] x ©,_1[0] x Alk])

i |

E(F[m] x ©,1[6]) ——— €(Flm] x ©,,[0))
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where the vertical maps are weak equivalences. By 2-out-of-3, we obtain that the top map is also
op
a weak equivalence in sSet /", -Cat.

Using [Cis19, Corollary 1.3.10] together with Theoremsuandm, we deduce that, for every

A°P % @°P

(cofibrant) object X € (5Set (o 0))ip; “®n=1 the canonical map €X — €°X is a weak equivalence in
AP x O

(sSet (oc.0))

inj '. By [Hov99, Corollary 1.4.4(b)], it follows that, for every sSet®n~1-enriched
category C, there is an adjoint natural canonical map 9NC — MN°C, which is a weak equivalence

op
when C is fibrant in sSet(o; L.y-Cat.
The statement follows, when combined with Proposition [2:3.9] O

Remark 3.3.10. Let C be a fibrant s&zt(oo .1 -enriched category. Combining Proposition M
and Theorem [3.3.8] we obtain that the complete homotopy coherent nerve J1°C provides a fibrant

replacement of NC and of MC in (sSet(oo nl 1))CA5§.

3.4. The known Quillen equivalences of models of (co,n)-categories. For n > 1, we let
d: A x ©,_1 — O, be the diagonal functor given by d([m],8) = [m](6,...,6). It induces by
pre_compc)sition a functor d*: sSetgzp — SS@teﬂp_lXAop Wthh admits a rlght adjoint d*

Theorem 3.4.1 ([BR20, Corollary 7.1)). The adjunction
d*
op S oo
(sSet(oo nl 1))<:ACS d;> sSet .l

«
is a Quillen equivalence.

We now consider the full subcategory PCat(sSet@?fl) of sSetOn-1 XA spanned by the objects

W € s8et®n-1*2"" such that Wy is discrete, meaning that Wy lies in the image of Set — sSetOn1,
o @OP

There is a “projective-like” model structure on PCat(sSetenpfl), denoted by PCat(sSet /" 1))Ses

and constructed in [BR13, Theorem 6.12]. The inclusion I: PCat(sSet®n-1) — sSet®n-1*A" has
a right adjoint R.
The following is a combination of [BR20, Theorem 9.6] with [BR13, Proposition 7.1].

Theorem 3.4.2. The adjunction
@OI)_ O %
(sSet 0 0)E0s 4>R PCat(sSet(oo l1)Seg

is a Quillen equivalence.

Finally, the strict nerve construction N: sSetOn1-Cat — sSet®n- 172" restricts to a functor

N: s8et®n1-Cat — PCat(sSet®n1) since (NC)o is discrete, for every sSet®n-1-enriched cate-
gory C.

Theorem 3.4.3 ([BR13| Theorem 7.6]). The adjunction
C
< op
sSet(OC”n1 1, -Cat N PCat(sSet(o; 2L1))Seg
N

is a Quillen equivalence.

3.5. Recognizing cells in models of (0o, n)-categories. For 0 < j < n, we denote by C; the
j-cell, which can be seen as an n-category and an object of ©,.

Barwick—Schommer-Pries identify what it means for an object of a model of (0o, n)-categories
(in the sense of Barwick—Schommer-Pries [BSP21]) to be a representative for the j-cell.

For instance, the j-cells in sSet ", , have been identified by Barwick and Schommer-Pries.

(OO n)
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Proposition 3.5.1 ([BSP21, §13]). For 0 < j < n, the ©,-space ©,[C;] is a representative of the
g-cell in sSet((i;“il),

This notion is useful to apply the following criterion to establish that a given Quillen pair is a
Quillen equivalence between models of (oo, n)-categories.

Proposition 3.5.2 ([BSP21, Proposition 15.10]). Let M and N be model categories that are
models for (co,n)-categories, and L: M = N: R a Quillen pair between them. Then the Quillen
pair (L, R) is a Quillen equivalence if and only if the derived functor of L sends j-cells to j-cells
for all0 < j <n.

The following helps one identify cells through a known left Quillen equivalence. The proof is
analogous to [BOR21, Lemma 3.2], where the case n = 2 is treated.

Remark 3.5.3. Let F: M — N be a left Quillen equivalence between models of (0o, n)-categories,
and let X be a cofibrant object in M. Then X is a j-cell in M for some 0 < j < n if and only if
F(X) is a j-cell in V.

We recalled in the prev1ous subsection that there is a zig zag of Quillen equivalences relating

op
the model structures (sSet(w L 1))?05 and sSet(oc .L1)-Cat, which we now use to identify the cell
representatives.

To identify the j-cells in (sSet(eof,;yl_l))CAgg , we use the Quillen equivalence of Theorem
Proposition 3 5 4. For 0 < j < n, the (A X ©,,_1)-space d*(©,[C}]) is a representative of the

1 )A‘)F’

j-cell in (sSet(oo Py o

Proof. Let 0 < j < n. We know that 6,[C}] is cofibrant in 3‘5‘675(9\,):};)7 as all objects are cofibrant,

and by Proposition it is a representative of the j-cell in sSet(x - S0, by Proposition
its derived image d*(@ [C;]) under the left Quillen equivalence d* is a representative of the j-cell

(sSet(oo nl 0)oes - O
Lemma 3.5.5. For j = 0 we have that d*(©,[0]) = F[0], and for 1 < j < n we have that the
(A x ©,_1)-space d*(0,[C;]) can be computed as the following pushout in sSet®n-1*A" .

@n,l[Cj,l] I @n,l[Cj,ﬂ e F[l] X @n,l[Cj,l]

| |

F[0] 11 F[0] d*(6,(C5])

Proof. We compute the (m, §)-component of d*(0,,[C;]) for m > 0 and 6 € ©,,_;:

(@ (On[Cj]))m, ( (On[1(C5-1)))m.0
On([ml(0;....,0),[1](Cj-1))

||2

HZ

= A([ml, [0]) ITA([m], [0]) TL(A™([m], [1]) x ©n-1(0,C;-1))
= (F[0] TLF[0] TT (A™([m], [1]) x ©n-1[Cj-1]))m.0,
where A"([m], [1]) denotes the set of non-constant maps from [m] to [1] in A. Observe that this
is precisely the (m, #)-component of the given pushout. (I

op
To identify the j-cells in PCat(sSetiZ’;l, 1))Seg, We use the Quillen equivalence of Theorem
Note that d*(©,[C}]) lies in the image of I: PCat(sSet®n1) s s8et®n-1*2"  and hence we can
sec it as an object in PCat(sSetn-1).
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Lemma 3.5.6. For 0 < j <n, the object d*(0,[C;]) is cofibrant in PCat(sSet?;;f_l))seg.

Proof. For j = 0, the fact that the unique map @ — F[0] = d*(©,-1[Co]) is a cofibration in

op
PCat(sSet(@;;l,U)Seg, namely that d*(0,,_1[Cy]) is cofibrant, is mentioned in the proof of [BR13,
Lemma 6.5].

Now let 1 < j < n. For every m > 0 and every coﬁbratlon A— Bin sSet(oo .11y, by [BR13, §6.2]
the map A,,) — By is a cofibration in PCat(sSet<02 ,Ll 1))seg. For the reader’s convenience, we

X AP

recall that Ap,) is defined as the following pushout in 5Set®n1

J y

[ FIO] ————— Ay

In particular, by Lemma [3:5.5] we have an isomorphism

O,[C;p) = d* 0, -1[Cy].

Since ©,,_1[C}] is cofibrant in sSet(oo 1), then the map
FOJILF[0] = Oy = ©,[Ci]n) = d*0,1[C)]

op

is a cofibration in PCat(sSet(@o;L);,il))seg. Since F'[0] is cofibrant in PCat(sSet(@;L);,il))seg, then so is
op
F[0] IT F'[0] and we conclude that d*©,,_1[C}] is cofibrant in PCat(sSet(@OZ;l,l))ng. O

Proposition 3.5.7. For 0 < j < n, the object d*(©,[C;]) is a representative of the j-cell in
’PCat(sSet(@o:;f,l))Seg.

- : . e,
Proof. Let 0 < j <n. By Lemmaﬂwe have that d*(©,[C};]) is cofibrant in PCat(sSet 0,11, )Seg-
So its derived image under the left Quillen equivalence I is Id*(©,[C;]) = d*(0,[C;]), which is

@Op 0
a representative of the j-cell in (sSet" ", )%« by Proposition Hence we conclude by Re-
mark that d*(©,[C}]) is a representative of the j-cell in ’PCat(sSet(o; i) Seg - O

C_) op
To identify the j-cells in sSet 7!, -Cat, we use the Quillen equivalence of Theorem

o°r
Proposition 3.5.8. The terminal category [0] is a representative of the 0-cell in sSet )", -Cat,
and, for 1 < j < n, the sSet® -enriched category X(0,,_1[C;_1]) is a representative of the j-cell

mn sSet -Cat.

(oon 1)

Proof. Let 0 < j <n. By Lemmawe have that d*(©,[C}]) is coﬁbrant in PCat(sSet(m wi1))Segs

and by Proposition|3.5.7it is a representative of the j-cell in PCat(sSet(O; wi1))Seg- S0, by Proposi-
tion L its derived image ¢(d*(O,, [C’j])) under the left Quillen equivalence ¢ from Theorem [3.4.3]

is a representative of the j-cell in sSet(@D; niyy-Cat.
When j = 0, it is straightforward to see that ¢(d*(0,[0])) = ¢(F[0]) = [0], and we now prove
that for 1 < j < n there is an isomorphism
c(d*(0a[C5])) = X(On-1[Cj1])-
Let 1 < j < n. Since c preserves pushouts, then by Lemma c(d*(©,[C;])) can be computed
as the following pushout in sSet®n1-Cat.
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(051 [Cj1] H O, 1[C)1]) —— c(F[1] x On_1[Cj-1])

| |

c(F[0] T F[0]) c(d*(On[C5]))

Since the left-hand map is the isomorphism
(01 [C)-1] 11 ©,_1[C;1]) = [0] 11 [0] = c(F[0] 11 F[0),
the right-hand map gives an isomorphism
o(d* (0a[C)))) = e(F[1] X ©,-1[C51]) = (O,-1[Cs1)),
where the last isomorphism holds by definition of ¢. This concludes the proof. O

3.6. New Quillen equivalence of models of (co,n)-categories. The goal of this subsection
is to show that the functor ¢ defines a Quillen equivalence for n > 1.

Lemma 3.6.1. For 1 < j <n, there is an isomorphism in 5SetOn1 Cat
€(d"(On]C5])) = X(On-1[Cj-1]).
Proof. For 1 < j < n, since €¢ preserves pushouts, then by Lemma €°(d*(0,]C}])) can be

computed as the following pushout in sSetOn1-Cat.

€(Op1[Cj1] T On1[C)1]) — C(F[1] x On_1[Cj-1])

| |

¢ (F[O] I F[O]) ———————— €°(d"(0.[C}]))

The left-hand map is the isomorphism
€0, -1[Cj1] 1O, 1 [C;1]) = [0] T [0] = &°(F[0] 1T F[0])
so the right-hand map yields an isomorphism
€ (d*(On[C])) = C(F1] x On1[Cj-1),
where the right-hand side can be computed as
C(F[] X ©p1[Cja]) = €(F[A] X On1[Cj1]) = 61(On1[C)-1]) = E(On-1[Cj1])

by definition of €¢. This concludes the proof. O
Theorem 3.6.2. For n > 1, the adjunction
Q:C
QP —] op o
sSet(OQ aenCat L (58615(0o )R
RI

is a Quillen equivalence.

Proof. We show that the derived functor of €¢ sends j-cells to j-cells, for all 0 < j < n. Since €°
is left Quillen by Theorem [3.3.8] it then follows from Proposition that the functor €€ is a left
Quillen equivalence, as desired.

By Lemma and Proposition [3.5.7, we know that d*(©,,[C}]) is cofibrant in (sSet( Pl) s

oco,n—1)

and that it is a j- cell For j =0, we have that €¢ sends the 0 cell d*(©,[0]) = F[0] to the terminal

category [0], which is by Proposition a O-cell in sSet(oZn1 y-Cat. For 1 < j <n, Lemma
shows that €° sends the j-cell d*(0,, [C’ ]) to the sSet®n~1-enriched category %(6,,_ 1[Cj-1]), Wthh

is by Proposition a j-cell in sSet<w niy)-Cat. |
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Combining Remark Proposition [3.3.5) and Theorem we also obtain that 91 is a
Quillen equivalence.

Corollary 3.6.3. Forn > 1, the adjunction

el

o, ¢ 01 yacP
sSet .1, -Cat , (Set, )aS

co,n—1)

3|

is a Quillen equivalence.

Combining Theorems @ and 3.6.2] we also obtain a direct Quillen equivalence between the

model categories sSet ", -Cat and sSet(oo -

(oco,n—1)

Corollary 3.6.4. The adjunction

CCod* oo
&S'et(o:;ﬂ1 1 -Cat ﬁ sSet
o C

is a Quillen equivalence.

APPENDIX A. SET- VS SPACE-BASED MODEL STRUCTURES FOR (00, n)-CATEGORIES

Recall from Section the functor £: A X ©,_; x A — SetOn -1 %A given by
([m], 8, [k]) — Flm] x ©,,_1[0] x E[k],
and the induced adjunction
]
op (5} <— O °P o
SetOn—1 XA T L | s8etOn-1 XA

#

obtained by left Kan extending along ¢. The goal of this appendix is to show — in Appendix [A-3] -
that this gives a Quillen equivalence
t

%
(Setm nl 1>)cAcog —> (536t<oo nl 1))?CO§
t!

between the model structures (Set tl)5s and (sSet( " l)5s introduced in §|3 3. 2|and §|2 3. 11|7

(o0, m—1) co,n—1)

respectively. To this end, we first study point-set propert1es of the adJunctlon ty ¢ in Apie

dix and the enrichment of the model structure (Set(ol L 1))Csp over Set®”" in Appendix

(o0, 1)

A.1. Auxiliary adjunctions. To better understand the adjunction #, - #', we make use of the
auxiliary adjunction x; - &' from [JT07, §2], and study how they compare.
By left Kan extending along the assignment x: A — Set®” given by

[k] — E[k] = NI[k]
from Notation [2.3.10) we obtain an adjunction

Ry

SetA™ L sSet,
I{l

The following is |[Joy08| Theorem 6.22] (also re-stated as [JT07, Theorem 1.19]).
Theorem A.1.1. The adjunction

K
AP
Set i, 1y L 58et (0 .0)
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is a Quillen pair.
The following notations are inspired by the notations used in [JT07, §2].
Notation A.1.2. We denote by
o (—)O(=): Set®=1*A™ x sSet — s8Set®n-1*A" the bi-functor sending a pair (A4, K) to the
product A x K € sSetG"p*lXAopa
o A\(—): sSetOn 1 XA s sSet the right adjoint of the functor AO(=): sSet — sSetOn 1 XA
for A € Set®n-1xA"
o A (—): Set® P XA — Set®” the right adjoint of A x (—): Set®” — Set®n1*A"  for
A € Set®n-a XA,

The following lemmas are analog statements to the ones of [JT07, Lemma 2.11].

Lemma A.1.3. Let A € Set® "2 gnd K € sSet. There is a natural isomorphism in
Set O XA

t(AOK) = A x k(K).
Proof. Write
A= colimaxe, )4 Flm] x ©,_1[0] and K = colima x A[k].
We have the following natural isomorphisms:

t(ADK) = t)((colimaxe, )4 F[m] x ©,_1[0]) x (colima x A[k]))

= ty(colimaxe, )4 colimayx (F[m] x ©,_1[0] x Alk])) X preserves colimits
= colimaxe, )14 colima x ti(F[m] x ©,_1[0] x Alk]) t; preserves colimits
= colimiaxe, ;)14 colima x (F[m] x ©,_1[0] x E[k]) t, on representables
= (colimiaxe, ,)1a(F[m] x ©,_1[0])) x (colima x E[k]) X preserves colimits
= (colimiaxe, ) a(F[m] x ©,_1[0])) x (colimax mA[k]) riAlk] & E[K]
2 (colimaxe, ;) a(F[m] x @n 1[6])) x ki(colimax Alk]) K1 preserves colimits
>~ A x k(K).
as desired. ]

Lemma A.1.4. Let A, X € Set®n 1A% Then there is a natural isomorphism in sSet
A\H(X) =2 KA X).

Proof. We have a square of adjunctions

where the diagram of left adjoint functors commutes up to isomorphism by Lemma Hence,
the diagram of right adjoints also commutes up to isomorphism, yielding the desired result. ]
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A.2. Auxiliary homotopical facts Let (sSet(o;‘ nl 1))é§p and (Set?g;f_l))é;p denote the left
Bousfield localizations of (sSet(m W 1))1%1;;, and (Set(oo e 1))ﬁ;p7
set Segg, _, UCptg, .

The following is a consequence of Theorem and [Hir03, Theorem 3.3.20(1)(b)].

respectively, with respect to the

Proposition A.2.1. The adjunction

5

P
pov

(sSetont)As _> (Setor )AL

is a Quillen equivalence.

The reason that we consider these model structures — rather than their localizations at Cstg,,_,

@ZP_l A°P o1 A°P . . .
(sSet 2t 1))acs and (Set(oo wi1y)sog — is that unlike the latter, the former are cartesian closed, as
we now record.

.\ 0% op 0% | op ,
Proposition A.2.2. The model structures (sSet(ocynl_l))éS and (Set(ocynl_n)és are cartesian
closed.

Proof. Tt is Shown as [BR20, Proposition 5.9] that the model structure (sSet( "l)8s s cartesian

co,m—1)

closed. For (Set< rot )é;p, this follows from |Aral4, Proposition 2.8] applied to the left Quillen

ocnl)

equivalence p*: (Set " )8y — (sSet " )&s  from Proposition which preserves binary

(o0,n—1) (oo,mn—1)
products and creates weak equivalences. O
Let m: A x ©,-1 — A denote the prOJectlon given by mi([m],0) = [m]. Then the pre-
composition functor 7} : Set®” — Se O XA s the canonical inclusion.

Lemma A.2.3. The adjunction

@(:171 A°P A°P
(Set (om0 Cs f Seticeny
1 )%

is a Quillen pair.

Proof. The canonical inclusion 7}, being also a right adjoint, preserves monomorphisms, namely
cofibrations. To show that it is left Quillen, by [Joy08, Proposition E.2.14 and Theorem 5.22] it is
enough to show that the inner horn inclusions
L'[m] — F[m]
for m > 1 and 0 < t < m, and either inclusion
F[0] — E[1]

are trivial cofibrations in (Set(oc nl H)as -

However, by [JT07, Lemma 3.5] the map Lf[m] — F[m] is in the saturated class of monomor-
phisms generated by the inclusions F[1] Hp ... Hpg) F[1] = F[m] € Segg,_, for m > 1, so it is

op
also a trivial cofibration in (Set(;jnl 1)8s . Clearly, the map F[0] — E[1] € Cptg__, is a trivial
op
cofibration in (S(ﬁf(oo 0)As ”. This concludes the proof. |

Proposition A.2.4. The model structure (Set(oc”nl 1))C§p s enriched over Set(AOz; with Set®™ -
enriched hom functor given by (=) M (=).

Proof. This follows directly from Proposition and Lemma using [GMMO19, Proposi-
tion 3.8]. 0
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A.3. The Quillen equivalence. We are now ready to study the homotopical properties of the
adjunction ¢, 4 ¢t

o . opP op op op .
Proposition A.3.1. The functor t;: sSet®n—1*2"" — SetOn=1*2" preserves monomorphisms.

Proof. Tt is enough to show that ¢, sends pushout-product maps
(A = B)X(0A[k] — A[k])

with A — B a monomorphism in Set®n XA and k > 0 to monomorphisms in SetOn 1 xA™ By

Lemma [A.1.3] the image under ¢ of the above map is given by
t((A — B)X(0A[K] — A[K])) = (A — B)xr(0A[k] — Alk]).
By Theorem the functor k| preserves monomorphisms. Hence the above map is a pushout-

product of two monomorphisms, and so it is a monomorphism as well. O

Remark A.3.2. Let A € Set® 12" and Y € sSet® 12" There is a natural isomorphism
in sSet
A\Y = Map(4,Y),

where Map(—, —) denotes the hom space functor of sSet®n-
Px ey

o1 XA . Furthermore, if Y is a fibrant

"~' then the same hom space computes the derived mapping space

A\Y Map” (AY).

object in (sSet(oo,O))

inj

Lemma A.3.3. If X is a fibrant object in (Set?j%in)é;p, and A — B is a (trivial) cofibration in
(Set(o;’n1 1))é§p, then the induced map between mapping spaces

Map(B, t' (X)) — Map(A, t'(X))
is a (trivial) ﬁbmtion in $Set (o0.0)-

Proof. Let X € (Set e )45~ be fibrant. First note that, since (Set(oo L)AsT s enrlched over

(co,n—1
Set(Aoo 1, by Proposition [A.2.4] then for every (trivial) cofibration A — B in (Set(oo nl 1))é§p7 the

1nduced map B h X — A M X is a (trivial) fibration in Set(oo - Then, since the functor
K Se?ﬁﬁc 1) — 88€t .0y 18 right Quillen by Theorem 1} the induced map

(B X) = k'(AhX)
is a (trivial) fibration in sSet .. oy. By Lemma|A.1.4] the above map is isomorphic to the map
B\t'(X) — A\t'(X)

and by Remark to the map
Map(B, (X)) = Map(4, t'(X)),
which are therefore also (trivial) fibrations in sSet .. .o)- O

op
A°PxO7P
inj

Lemma A.3.4. A map X — Y s a fibration in (sSet w0 0))

o XAP

Y if and only if, for every

monomorphism A — B in SetOn , the induced map

Map(37 X) - Map(A7 X) X Map(A,Y) Map(B7 Y)

A°PxOP
inj

n—1

is a fibration in $sSet ..oy In particular, an object X is fibrant in (sSet w0 o) if and only
if, for every monomorphism A — B in Set@‘;;‘lle°P7 the induced map
Map(B, X) — Map(4, X)

s a fibration in sSet .. q)-
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Proof. As a consequence of [Hir03, Corollary 15.7.2], we have that the injective model structure

A°PxOP A°PxOP
(88€t (00.0) )inj coincides with the Reedy model structure (sSet ., 0>)Reedy . In particular

by [Hir03, Theorem 15.3.4(1)], a map X — Y is a fibration in (sSet(m7o))ﬁ; xon
for all m > 0 and 0 € ©,,_1, the induced map

n—1

' if and only if,

Map(F[m] x ©,_1[6], X)

!

Map(9(F[m] x ©,_1[0]), X) XMap(a(Fim]x0n_1[0]),y) Map(F[m] x ©,_1[0],Y")

is a fibration in sSet (.. o), where
8(F[m] X @n_l[e}) = 8F[m] X @n_l[ﬁ] H(‘}F[m]xc’?@n,l[e],X F[m] X 8(9”_1[9]

This holds if and only if, for every monomorphism A — B in SetOn 1 XA

Map(B, X) — Map(A, X) X Map(A,Y) Map(B,Y)

is a fibration in sSet .. . Indeed, the direct implication follows from the fact that for all m > 0
and 6 € ©,,_; the pushout-product

(OF[m] — F[m])x(90-1[0] — ©n_1[0])
X A°P

, the induced map

is a monomorphism in SetOn1 . The converse implication follows from the fact that the model

op op
AP xO)" |

structure (sSet(..0)) is simplicial (see e.g. [Mos19, Theorem 5.4]). O

inj

@Op (o}
Proposition A.3.5. The functor t': (Set( P)AST = (sSet1h1))AsT preserves fibrant objects.

co,n—1)

Proof. By applying Lemma 3| to specific monomorphisms A — B, we get that t'(X) is fibrant
op
in (S‘S’et(@"’1 )45 Indeed, by taklng A — B to be

oco,n—1)
P XACP

e a generic monomorphism in SetOn” , we get that

Map(B,tI(X)) — Map(4, (X))
is a fibration in sSet. ), which combined with Lemma shows that t!(X ) is fibrant in
(sSetwc,O))ﬁ;pX@?_l’
e the trivial cofibration F[m] x C — F[m] x D in (Setif%l,l))ﬁjp with m > 0 and C — D a
monomorphism in S, ,_;), we get that
Map™ (F[m] x D, #' (X)) — Map™ (F[m] x C, (X))

o
is a trivial fibration in sSet .. o), which shows that ¢'(X),, is fibrant in sSet " ,,",, for all m > 0,
o°P o
and so t'(X) is fibrant in (sSet< I Fv

oo,n—1)/inj 7
e the trivial cofibration (F[1]Hgjo ... g F[1]) X ©p_1[0] = F[m] x ©,_1[0] in (Set((z:;l_l))égp
with m > 1 and 0 € ©,,_1, we get that

Map®) (Flm] x O8], (X)) — Map® (F[1] W . Wi FIL) x -], /(X))

n 1 A°P
0o,n— 1))Seg )

e the trivial cofibration F[0] x ©,_1[0] — E[1] X ©,,_1[0] in ((S’(zt(o:,nl,l))Aop with § € ©,,_1, we
get that

is a trivial fibration in sSet (., o), which shows that #'(X) is fibrant in (s&at(

Map" (B[1] x On-1[6],#(X)) = Map" (F[0] x On1[6] #(X))

n—1 )AOP

is a trivial fibration in sSet (..o, which shows that #'(X) is fibrant in (sSet(oo win))Cs -
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This concludes the proof. O

Proposition A.3.6. The functor t': (‘S'et(o(’fn1 H)as — (sSet(O; L))8s preserves fibrations be-
tween fibrant objects.

Proof. Let f: X — Y be a fibration in (Set(;nl H)e ;p between fibrant objects. By Proposi-
op op .

tion A.3.5|7 the objects t'(X) and #(Y) are fibrant in (sSetif;l,l))éS . By constructlon of the

left Bousfield localization, it follows that ¢'(f): #'(X) — (V) is a fibration in (sSet " &g

(oc0,n—1)
A°P x|

inj We show that ¢'(f) is a fibration in

if and only if it is a fibration in (sSet ..0))
(sSet (o, 0))AOPX@(’?’I.
Since (Set(o;n 1))€§p is enriched over Set(oo 1, by Proposition for every monomorphism
A — B in Set®»1*2" the map
BhX = ANX xany BAY

is a fibration in Set(oo - As K Set(m 1y —> 88et w0y is right Quillen by Theorem we get
that the map

inj

K(BMHNX =AM X xany BAY)
is a fibration in sSet ., . By Lemma the above map is isomorphic to the map
B\H(X) = AVE(X) %41 p(y) B\E(Y)
and by Remark to the map
Map(B, t'(X)) = Map(A, ' (X)) Xntap(a,e(v)) Map(B, t'(Y)),
which is therefore also a ﬁbration in sSet(oc,O). By Lemma this shows that t'(f): t'(X) —

e°r
#(Y) is a fibration in (s«S‘et(m,O))mJ "X , as desired. O
Theorem A.3.7. The adjunction
t
(S A°P % e°r. A©°P

(Setoontn)Cs — (sSet .l .t0))es
K

is a Quillen equivalence.

Proof. Using [Joy08, Proposition E.2.14], it follows from Propositions and that ¢, 4 t'
is a Quillen pair. By Lemma the composite of left adjoints
t p*
(Set(;nl Dae L, (SSet(og )as ;, (Set<o;‘ WL)ag sid
t!

is the identity. Hence, by Proposition [A:2.1] and 2-out-of-3 for Quillen equivalences, we conclude
that ¢, 4 t' is also a Quillen equivalence. O

We finally obtain the desired result as a direct consequence of the above theorem and [Hir03|
Theorem 3.3.20(1)(b)].

Theorem 3.3.4. The adjunction
t
oo op op
(Setwc,nl—l))cAcs 4|> (586t<oo nl 1))?‘08
t

is a Quillen equivalence.
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