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A QUILLEN ADJUNCTION BETWEEN
GLOBULAR AND COMPLICIAL APPROACHES TO
(00,n)-CATEGORIES

VIKTORIYA OZORNOVA AND MARTINA ROVELLI

ABsTrRACT. We prove the compatibility between the suspension construction and the
complicial nerve of w-categories. As a motivating application, we produce a Quillen
pair between the models of (0o, n)-categories given by Rezk’s complete Segal ©,,-spaces
and Verity’s n-complicial sets.

INTRODUCTION

Category theory has become a ubiquitous language in mathematics. However, it has
its limitations and needs to be extended in two ways. On the one hand, many category-
like objects turn out to have further composable structure, which we like to refer to as
higher morphisms. On the other hand, many category-like structures satisfy the axioms
for composition only in a weak sense, which is oftentimes witnessed by the presence of
higher coherence morphisms.

As it has become apparent in the last two decades, the right way to capture both phe-
nomena at once is the language of (oo, n)-categories. While this is the nickname for a
general idea, several mathematical objects are used to make this idea precise, each with
its own advantages and disadvantages. Amongst those, there are Verity’s n-complicial sets
[Ver08b), Ver17, Riel8| [OR20Dbl RV22], Rezk’s complete Segal ©,,-spaces [Rez10], Bergner—
Rezk’s categories enriched over an appropriate model of (co,n — 1)-categories [BR13,
BR20], Ara’s n-quasi-categories [Arald]|, and Campion-Doherty—Kapulkin—-Maehara’s n-
comical sets [CKM20l, [DKM21].

Many equivalences amongst those models have been established, combining work by
Bergner—Rezk [BR13| [BR20|, Ara [Aral4], Barwick—Schommer—Pries [BSP21|, Campion—
Doherty—Kapulkin-Maehara [CKM20, [DKM21]. Thanks to these contributions, it is
known that there are at most two equivalence classes of models of (0o, n)-categories. This
paper is a step towards connecting the two — a priori distinct — connected components,
thus unifying the notion of an (oo, n)-category.

More precisely, in this paper we work towards establishing that the homotopy theory
msSet (,n) of n-complicial sets is equivalent to the homotopy theory sSet( O n) of complete
Segal ©,,-spaces are equivalent. The fact that complicial sets should be the appropriate
model for weak higher categories, and therefore be equivalent to other established models

of (00, n)-categories, was conjectured more than three decades ago (see e.g. [Str87, [Verl7l
BSP21]) and has only been proven [Lur09, (GHLI9] for n < 2 in 2019.

2020 Mathematics Subject Classification. 18N65; 55U35; 18N50; 55U10.
Key words and phrases. (oo, n)-categories, n-categories, complicial sets, complete Segal ©,-spaces,
suspension of n-categories, complicial nerve.
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2 VIKTORIYA OZORNOVA AND MARTINA ROVELLI

The model of n-complicial sets has the virtue to be based on simplicial sets with mark-
ing, very close in nature to the well-understood world of simplicial sets. By contrast, the
model of complete Segal ©,,-spaces gives a more direct access to globular compositions
and other higher categorical operations.

Partially generalizing joint work of the authors with Bergner [BOR2I], we construct an

adjunction between the model categories sSet?Oan) and msSet (o n), and show in Theo-

rem that it is a Quillen pair, obtaining the following.

Theorem A. There is an adjunction of co-categories between the oo-category of complete
Segal ©,,-spaces and the oco-category of n-complicial sets.

We designed these functors to translate appropriately the theory of complete Segal
O, -spaces into that of n-complicial sets, and our Quillen adjunction is conjecturally a
Quillen equivalence. In particular, its version for n = 2 is exactly realizing the equiva-
lence presented in [BOR2I]. Consequently, the resulting adjunction of co-categories is the
first explicitly constructed candidate to implement the desired equivalence of homotopy
theories.

In order to prove Theorem [A] it is necessary to understand how two basic higher-
categorical constructions — the wedge and the two-point suspension — are implemented
in the worlds of n-complicial sets and complete Segal ©,-spaces. Both are inherently
present in the model of complete Segal ©,,-spaces, but are more subtle when working with
complicial sets.

We have already studied the wedge construction for n-complicial sets in [OR20a], and
we refer the reader to loc. cit. for the definition and a detailed treatment. In this paper, we
focus on developing the analogous study for the two-point suspension of complicial sets.
Roughly speaking, given an n-dimensional category C, its two-point suspension 3C is an
(n+1)-dimensional category with two objects and a single interesting hom given precisely
by C. The assignment ¥ can be considered as a left adjoint to the functor picking from an
(n + 1)-category with distinguished objects z,y the n-category of morphisms from z to y.

The two-point suspension of strict n-categories naturally defines a functor ¥: nCat —
(n + 1)Cat, and there is also a candidate counterpart to the two-point-suspension for
complicial sets, incarnated by a functor ¥: msSet (oo n) — MmsSet(oony1)- The crucial
ingredient for Theorem [A] that we establish as Theorem [3.:22] is that that the suspension
construction is compatible with a natural way of regarding a strict n-category as an (0o, n)-
category, given by the Roberts-Street nerve N®S: nCat — msSet.

Theorem B. If C admits an algebraic model in an appropriate sense, then NESYC is
equivalent to YINRSC in the model structure for n-complicial sets.

Here, the precise condition on C requires it to be obtained from an (augmented directed)
chain complex via Steiner’s functor v: adCh — wCat (see [Ste04l [AM20]).

The theorem has also impact beyond the construction of the Quillen adjunction above.
In particular, it is also used in work by Loubaton [Lou22|, who gives a criterion to identify
self-equivalences on the oco-category of n-complicial sets.
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1. STEINER’S AUGMENTED DIRECTED CHAIN COMPLEXES

We recall the basic definitions around Steiner’s augmented directed chain complexes, as
well as some constructions based on augmented directed chain complexes: the suspension,
tensor product, and the total dual, as well as the main properties that we use later in
the paper and relevant examples. Most of the material is drawn from [Ste04] (see also

[AM20)).

1.1. Augmented directed chain complexes. By a chain complexr C we will always
mean an N-graded chain complex of abelian groups with homological indexing, that is, a
family (Cy)q>0 of abelian groups, together with maps 9,: Cyqy1 — Cy satisfying 0,0,41 =
0. We also assume that, whenever occurring, C_; = 0, and dy = 0.

Given chain complexes C and C, a chain map or morphism of chain complezes ¢: C —
C consists of a family of homomorphisms (¢,: C; — Cy)4>0 that commutes with the
differentials in the sense that ,¢,11 = ¢,0, for every ¢ > 0.

An augmented chain complex is a pair (C, ¢) of a chain complex C' and an augmentation,
namely a map e: Cy — Z such that edy = 0.

An augmented chain map ¢: (C,e) — (C,Z) between augmented chain complexes (C, ¢)
and (C,Z) consists of a chain map ¢: C — C that is moreover compatible with the
augmentations, namely such that g¢y = €.

We recall the enhancement of augmented chain complexes developed by Steiner [Ste04]

§2].
Definition 1.1 ([Ste04, Def. 2.2]). An augmented directed complez is a triple (C,C7,¢)

where (C,¢) is an augmented chain complex and C = (Cf)g>0 is a collection of com-
mutative monoids, where C;‘ is a submonoid of C; called the positivity submonoid of
Cy.

A morphism of augmented directed chain complexes, or an augmented directed chain
map ¢: (C,CFe) — (C, 6+,E) between augmented directed chain complexes (C,C7,¢)
and (C, U+7E) is an augmented chain map ¢: (C,e) — (C,Z) that moreover preserves the
positivity submonoids, namely such that

¢(CH T,
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for all ¢ > 0.

We denote by adCh the category of augmented directed chain complexes and maps of
chain complexes that preserve the augmentation and the positivity submonoids.

Remark 1.2. The category adCh is cocomplete, colimits are computed degreewise, and
epimorphisms are detected pointwise in the category Ab of abelian groups and the category
cMon of commutative monoids, which are both cocomplete. That is, the forgetful functor

adCh — T (Ab x cMon)
q=>0

given by C — (Cy, C’; )g>0 creates colimits (and in particular epimorphisms).

Remark 1.3. Consider the following left adjoint functors.

(1) The free abelian group functor on a set and the free commutative monoid functor on
a set,

Z]—]: Set — Ab and N[—]: Set — cMon,

given by X +— Z[X] and X — N[X]. The right adjoint functors are the forgetful
functors.

(2) The free abelian group functor on a pointed set and the free commutative monoid
functor on a pointed set,

Z[-]: Set. — Ab and N[—]: Set, — cMon,

given by (X, zg) — Z[X \ {zo}] and (X, z¢) — N[X \ {z¢}]. The right adjoint functors
are the forgetful functors that retain the identity as a base point.
(3) The functor that freely adds a base point to a set,

(—)+: Set — Set.,

given by X +— (X II {*}, %). The right adjoint functor is the functor that forgets the
base point.
Being left adjoint functors, they all preserve colimits (and in particular epimorphisms).
Notation 1.4. Let m > —1 and ¢ > —1. We denote
o by A[m], = Cat([q], [m]) the set of ¢g-simplices of the standard simplexﬂ A[m]. A generic
g-simplex in A[m] is of the form
[a] = [ag, a1, ..., aq4]

with 0 < ap < a1 < ... <ay <m. We say that ¢ is the length |a| of [a].
e by B[m], C A[m|, the set of non-degenerate g-simplices of A[m], namely those simplices
for which 0 <ap < a1 < ... <ag <m.

e by O[m|, = Z[B[m],] = Z([[T;i]) the abelian group freely generated by non-degenerate
g-simplices of A[m]. The generic element of O[m], is a formal sum

Cc = Z C[a] . [a]
[ale B[m]q
where c[q) € Z.

e follow the convention that [—1] is the empty category, and A[—1] is the initial simplicial set, which
is levelwise empty.
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(m]
e by O[m]/ = N[B[m],] =N (%) the abelian monoid freely generated by non-degenerate

g-simplices of A[m]. The generic element of O[m]] is one for which ¢y € N.

There are canonical inclusions A[m], 2 B[m], € O[m]} € O[m],.

The augmented directed chain complex O[m] is the algebraic model of the m-oriental
O[m], in a sense that will be made precise in Example

Ezample 1.5 (|Ste04, Ex. 3.8]). For m > —1, we consider the augmented directed chain
complex O[m] with the following structure.

e For ¢ > 0 the abelian group of ¢-chains is given by O[m],.

e For ¢ > 0 the commutative monoid of positive ¢-chains is given by O[m)]
e For ¢ > —1 the differential 9,: O[m],4+1 — O[m], is given by

+
q-

8q[a] :8q[ao,...,aq,aq+1]
q+ ) N
= Z:O(—l)l . [ao, ey Gy .,Clq+1] S O[m]q

e The augmentation map ¢: O[m]y — Z is given by
gla] =1€Z.

Later in the paper, we will make use of the following dual construction for an augmented
directed chain complex.

Definition 1.6 (JAM20, §2.18]). Let C' be an augmented directed complex. The total
dual C° of C' is the augmented directed complex with the following structure

e For ¢ > 1 the abelian group of g-chains is given by Cg = Cy;

e For ¢ > 1 the commutative monoid of positive chains is given by (CO);]|r = C;‘ ;

e For g > 1, the differential 3qco : Cqg — CF_y is given by 81100 (c) = —85(6).

e The augmentation e©°: C — Z is given by € (a) = £ (a).

This construction defines an involution (—)°: adCh — adCh.

1.2. Suspension of augmented directed chain complexes. We define a two-point

suspension for augmented directed chain complexes. This is the construction that Steiner
denotes V (1, C) in [Ste07D] §5ﬂ

Definition 1.7. Let C be an augmented directed chain complex. The suspension of C' is
the augmented directed chain complex X C with the following structure:

e For ¢ > 0, the abelian group (XC'), of g-chains is given by

_fzZ[L,T] ifg=0,
(EC)Q o { qul if q > 1.

e For ¢ > 0, the commutative monoid (EC’)ZJIr of positive g-chains is given by

N[L,T] ifq=0,
()7 = { cr,  ifg>1

e For ¢ > 0, the differential 9;: (£C)q — (£C)4—1 is given by

eCe) (T—1)=—=e%c)- L+e%c)- T ifg=0,
90(a) {ag_(l)@( )= (o) @7 ia=0

2This is different from the one-point suspension considered by Ara—Maltsiniotis in [AM20], §6.3].
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e The augmentation > : (XC)y — Z is given by
9L =1=¢"°T.

The augmented directed chain complex ©C' comes with a map YO[-1] — XC so it

can be naturally regarded as an object of =01/ gdCh. The following is a consequence of
[Ste07h, Theorem 5.6].

Proposition 1.8. The suspension functor ¥: adCh — B0/ gach is fully faithful.

1.3. Tensor product of augmented directed chain complexes. We consider the
tensor product of abelian groups ®: Ab x Ab — Ab, as well as the (less known) tensor
product of commutative monoids ® : eMonxcMon — cMon. See e.g. [Gol99, Chapter 16]
for more details on this construction. We will mostly use instances of the tensor product
of free abelian groups and free commutative monoids, which is described by the following
remark.

Remark 1.9. Recall the functors from Remark .3

(1) The free abelian group functor Z[—]: (Set, x) — (Ab,®) and the free commutative
monoid functor N[—]: (Set, x) — (cMon,®) is strong monoidal, namely, there are
natural bijections

ZIX]|®Z[Y] 2 Z[X x Y] and N[X]®N[Y]=N[X x Y],
for any X and Y sets. In particular, the tensor product of free abelian groups,
resp. commutative monoids, is a free abelian group, resp. free commutative monoid.
It follows that also the free abelian group functor Z[—]: (Set., Xx) — (Ab, ®) and the
free commutative monoid functor N[—]: (Set, x) — (cMon, ®) is strong monoidal
(2) The free abelian group functor Z[—]: (Set,II) — (Ab,®) and the free commutative
monoid functor N[—]: (Set, IT) — (cMon, @) is strong monoidal.

Definition 1.10 ([Ste04, Example 3.10]). Let C' and D be augmented directed chain
complexes. The tensor product of C' and D is the augmented directed chain complex
C ® D with the following structure:

e For ¢ > 0, the abelian group (C ® D), of g-chains is given by
(C® D), = @ Cy ® Dy.
k+t=q
e For ¢ > 0, the commutative monoid (C' ® D);r of positive g-chains is given by
(CeD)f= P ¢ eDf
k+t=q
e For ¢ > 0, the differential 95®": (C' ® D), — (C @ D)4 is given by
0P (c@d) = 0% D+ (1)l 9Pd
e The augmentation e“®P: (C ® D)y = Cy ® Dy — 7Z is given by
9P (c@d) =% Pd.

The construction defines a functor ®: adCh x adCh — adCh.
We now unpack tensor product of orientals.

Ezxample 1.11. Let k,¢ > 0.
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e For ¢ > 0, the abelian group (O[k] ® O[{]°), of ¢-chains is given by
q

(O[K] EBO L =Pz[BlK) @ EBZ[[ ® z(d)

=0
e For ¢ > 0, the commutative monoid (O[k] ® O[(]°)} of positive q—chams is given by

(Olk] ® 0[¢°); = GB O @0l = B @ N(BlA, ] = DN & NG
i i=0 i=0
e For ¢ > 0, the differential 05 R@oH* : (Olk] @ O[)°)g+1 — (O[k] ® O[£]°), is given by
M=l (a] @ [b]) := 0™ [a] @ [b] + (~1)"*/[a] © 971" [b]
e The augmentation e?F1®CU° : (O[k] @ O[(]°)o = O[k]o @ O[f]§ — Z is given by
eOMEOU" ([a] @ [b]) = M ([a]) - O (b)) = 1- 1 =1
Recall the functor (—)4: Set — Set,, which is the left adjoint to the forgetful functor.

Remark 1.12. For q > 0, there is a canonical map of pointed sets

<[k +[q1}+é])+ “f((ﬁ) ) ([q[ljr]»

that splits a subset of [k+14¢] into its [k]-part and [¢]-part, using the base point whenever
any of them is empty. This induces a map of abelian groups

¢g: Ok +1+ 0, =z("w™) —>€BZ 1) @ zla=) = 50K @ 0[0°),

and commutative monoids

1 q ]
6g: O+ 1+ 0+ 2 NCW™) @N(m) & Nlu™) 2= $(0[k] © 0[°)7 .
r=0
Explicitly, ¢o: O[k + 1+ £]o — X (O[k] ® O[(])°),, is given by
i [ L if0<a” <k,
¢o(la”]) { T ifk+1<a’<k+1+2

For g > 0, the map ¢4: Ok + 1+ {]; — X (O[k] ® O[{]°), is given by

m . [ [al@ ()R], witha C[0,k].a" C [k +1,m], [a] > 0,]a’| > 0,
dq(la2]) = { 0 else.
Proposition 1.13. Let k,¢ > 0. There is a map of augmented directed chain complexes
(1.14) ¢:Olk+1+/4] — X (Ok]®0[{°).

given degreewise by the maps ¢, described in Remark[1.13,

Proof. Given a C [0,k], and a’ C [k + 1,n], with |a] > 0 and |a’| > 0, which is the only
case of interest, we obtain
([a] ® () [a’]
(

9¢([a,a’]) ]

[a] @ (s°)F[a'] + (—1)!* ! [a] @ O(s°) ! [a]

(9([a,a]))

as desired. [l

I
S QO Q
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For k,¢ > 0, the maps from Proposition together with other canonical maps, can
be used to build a commutative diagram

Ok & O[f]° —— Ok +1+1

(1.15) l l

0[0] @ O[0]° —— X(O[k] @ O[¢]°).

Proposition 1.16. Let k,£ > 0. The diagram (1.15)) induces a natural isomorphism of
augmented directed chain complexes

S(Olk] @ O¢]°) = (O[0) & O[O]")O[k]gomoO[k +1+4].

Proof. There are pushout squares of abelian groups and of commutative monoids:

zZk @ 7l = glk+1+4 N @ N =, NlE+1+4
| | o] |

Here, the left vertical maps are the sums of the canonical map that folds the first k& + 1
copies of Z and the one that folds the last £+ 1 copies of Z. This means that (1.15]) induces
a pushout of abelian groups (resp., commutative monoids):

(O[K] @ 0[0)°)§F ——— Ok + 1+ 4"

(1.17) l l

o[0]5" @ (0[0]°)5” —— B(Olk] @ 0[°).

G{g) ' ([q —[?— })

Let ¢ > 0. Vandermonde’s identity

Ck +[;1+£]) > C{l;]]) ' ([q [i]i]) B (E) i ([[SD P

i=—1 %

—1

=}

Il
=]

can be equivalently expressed as a pushout of pointed sets

(o), v (@, ——— ),

[d]

| l

0 —— V() (),

Here, the cocomponents of the top horizontal map are the canonical, and the right vertical
map is the one from Remark By Remark 2)7 we then obtain a pushouts of abelian
groups and of commutative monoids:

[ [k+1+2]) [k] [e] [k+1+l]>
la]

Z([[I;]]) @Z( ) R Z( ld] N([Q]) @N([q]) E— N( la]

J l and J l
000 — &z g 20) 050 — @ NED & NG ),
r=0 r=0
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This means that (1.15) induces a pushout of abelian groups (resp. commutative monoids):

(O[] & 0[(°)F) ——— Ok + 1 + 4"

(1.18) l l

ol0]5” @ (0[0]°)5") —— (0[K] @ O[¢]°)".

Combining (1.17)) and (T.18]), by Remark [1.2] we obtain the desired pushout of augmented
directed chain complexes ([1.15). O

Proposition 1.19. Let k,¢ > 0. The map
Olk+1+¢ = X (Olk] ® O[£]°)
from Proposition[1.13 is an epimorphism of augmented directed chain complexes.

Proof. Using the explicit computations from Proposition [1.16| we see that for every ¢ > 0
the canonical map

(OK) @ 014°)" — (0[0] ® O[0]°)
is an epimorphism of abelian groups (resp. commutative monoids). By Remark the
canonical map

Olk] @ O[¢]° — 0O]0] ® O[0]°

is then an epimorphism of augmented directed chain complexes. Given that epimorphisms
are closed under pushout, by Proposition the map

Ok +1+€ — % (O[k] ® O[(]°)

from Proposition [I.13] is then an epimorphism of augmented directed chain complexes,
too. (]

We can understand how to map orientals into suspensions:

Proposition 1.20. Form > 1 and C' an augmented directed chain complex, the map from
Proposition[1.13 induces a natural bijection

[T adcn(Olk) @ O[°, C) =+ adCh(O[m], SC).
k+1+4=m,
ke>—1
Proof. For any x: O[m] — X.C we set
E=#{0<i<m|z([i])=L}—-1land L:=m—1—k.

and construct a corresponding preimage Z: O[k] ® O[¢{]° — C.
Let k = —1 (resp. k = m). Then we take

Z: 0O[-1]® O[m] 2 O[-1] = C, resp. Z: O[m] ® O]-1] =2 O[-1] = C

to be the trivial map.
Let 0 < k < m — 1. By Proposition the function

20 I eden©R@o00°,Cc) = ] UV adch(2(O[k @ O[°), £C)
k+1+4=m k+1+4=m
0<k,e k>0
is bijective, so x can be uniquely identified with the suspension map

Sa: D(0[k] ® O[f]°) — £C
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under XO[—1]. By composing with the map

H B0 dCh(S(O[K] @ O[4°), £C) — adCh(O[m], £C)

k+1+6=m
k,£>0

induced by Proposition which is is injective by Proposition [I.8] Xz can be uniquely
identified with a map of the form

: Ok ® Of]° — C.

It is a straightforward verification that the assignment x — Z defines the inverse for the
desired bijection. O

2. w-CATEGORIES AND ALGEBRAIC MODELS

We recall the basic definitions around w-categories, as well as some constructions based
on w-categories: the w-categorical suspension, the tensor product, the total dual, and
Steiner’s linearization, as well as the main properties that we use later in the paper, and
relevant examples.

2.1. w-categories. While we refer the reader to e.g. [Str87] for a traditional approach to
the definition of an w-category, we briefly recall the main features here.

The data of an w-category C consists of a collection of sets C,, for ¢ > 0, where Cy is
called the set of objects of C and C, for ¢ > 0 is the set of g-cells or cells of dimension ¢
of C, together with:

e source and target operators sq,t,: C, — C4 for all p > ¢ > 0;

e identity operators id,: C, — C4 for all ¢ > p > 0;

e composition operators *,: Cq x¢c, Cq — C4 defined for all ¢ > p > 0 and all pairs of
g-cells (g, f) for which s,(g) =t f.

We say that C is an w-category if for all r > ¢ > p > 0 the triple (C,,Cq,C,) together
with all the relevant source, target, identity and composition operators is a 2-category. In
particular,

(2.1) spSqf = spf and tptef =tpf
for any r-cell f of C and r > ¢ > p.

An w-functor F': C — D between w-categories C and D is a collection of maps Fy,: C; —
D, for ¢ > 0 that preserves source, target, identity, and composition operators. We denote
by wCat the category of (small) w-categories and w-functors.

A cell in an w-category C is said to be trivial if it is the identity of a cell of lower
dimension. For m > 0, an m-category is an w-category in which all g-cells are trivial for
q > n, and an n-functor is an w-functor between n-categories. We denote by nCat the
(full) subcategory of wCat given by n-categories and n-functors.

Ezample 2.2. For m > —1, the m-oriental O[m] from [Stx87], [Ste07al, Theorem 3.2] or
[AM20l §7.2] is an m-category, and in particular an w-category. The reader who is not

familiar with the original definition can also take the formula from Example 2.10] as the
definition of O[m).

Definition 2.3 (JAM20, §1.8]). Let C be an w-category. The total dual of C is the w-
category C° with the following structure.

e The set of g-cells C7 is C; == C,
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The source map s,: C; — C; is given by sgof = tgf for all p > ¢ > 0;

e The target map ¢,: C; — C; is given by tg f= sgf for all p > ¢ > 0;

e The composition map *,: C; Xcs C; — Cg is given by f *go g=g *g fforallg>p>0
e The identity map id,: C3 — CC is given by idS f =1idS f for all ¢ > p > 0;

The construction defines a functor (—)°: wCat — wCat.

2.2. Suspension of w-categories. The following is a variantﬂ of the construction treated
in [AM20], §B.6.5]. When the input is an ordinary 1-category C, the suspension agrees with
the one that we previously considered in [OR20a].

Definition 2.4. Let C be an w-category. The suspension of C is the w-category ¥C with
the following structure.

o The set of g-cells (XC), is
(3C)g ={L, T}UCy—1, with (2C)o:={L, T}

The source map s,: XC, — (2C), for ¢ > 1 is given by

s;Cf =55 0f, sfL=1, s°T=T, with sf= L.
The target map t,: £C, — (XC), for ¢ > 1 is given by

tCf=tC_1f, £°L=1, £°T=T, with °f=T.
The identity map id,: 3C, — (XC), is given by

)¢ f=idS f, i L =1, id°T=T.

The composition map x,: 3XC; X (s¢), (XC)q — (XC), is given by

gC f=gx5_ 1 f
Regarding >.C as an w-category bipointed on L and T, the construction defines a functor
3 wCat — wCaty «.

2.3. Steiner’s functors. We briefly recall Steiner’s adjoint pair that relates w-categories
and augmented directed chain complexes. For a more detailed treatment, see [Ste04]
Definition 2.8] or [AM20, §2.4].

Definition 2.5. Let C be an augmented directed chain complex. A Steiner table in C' is

a matrix
. Ty e Tgly Ty
i oowi af
such that, for « = 4+, — and 0 < p < g, the following hold:
(1) x5 belongs to Cf;
(2) () =a)f | —x,  for 0<p<g;
(3) e(@g) = 1;

(4) z, ==

Definition 2.6 ([Ste04] Definition 2.8], [AM20, §2]). Let C' be an augmented directed

chain complex. The w-categorical realization of C is the w-category vC' is defined as
follows.

?’Precisely, what we present in Definition is the composite of the one used in [AM20] §B.6.5] with
the total dual from [AM20], §1.8].
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o The set (vC), of g-cells is given by

8 8
R R
~

s R o N .7 R . |
a\ .+ + + ] + +
Ty - Tpq Ty Tg .- Tgg

—

s Ty o0 Ty g T, (%o e Ty
a\ .+ + ] T\t +
Ty - Ty Ty 7 I

Ju

+
x )
+

xq

e The composition map x,: (vC)4 X (,cy, (¥C)q = (¥C), is given by

TR 7 W (T P TA
+ + ) Pt + + ]
Zg Tgq Ty Yo Yg—1 Yq
Zo Tp—1 Yp Tpt1 +yp+1 Zq +yq—
+ + ot + + 4t
T Ty 1 Ty Tpy T Ypi Tq + Y,

P

e The identity map id,: (vC), — (vC), is given by
d Ty ... T, T, _ zy ... T,y x, 0 0 0... 0

Ned o2ty 2f ) \ey o2t 2b 00 0.0

0
q+1

The construction extends to a functor v: adCh — wCat.

Definition 2.7. Let C be an w-category. The linearization of C is the augmented directed
chain complex AC defined as follows.

o The abelian group (AC), of g-chains of AC is the quotient of Z[C,] given by
z(c,) |
(lwxpylq —[2lg — [Wlg | .y € Cosp < @)
e The positivity submonoid (AC); is the submonoid of (AC), generated by the collection

of elements [f], for f a g-cell of C.
o The differential map 0y: (AC)q+1 — (AC)4 is determined by the condition on generators

f € C, given by

(2.8) (XC), =

94([flg+1) = [taflg — [sqflas
e The augmentation map £: (AC)g — Z is determined by the condition on generators
x € Cy given by
e([z]o) = 1.
The construction extends to a functor A: wCat — adCh.

Theorem 2.9 ([Ste04] §2]). The functors v and X\ form an adjoint pair
A wCat = adCh: v.
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In other words, for any w-category C and any augmented directed chain complex C there
is a natural bijection
adCh(\C,C) = wCat(C,vC).

Ezample 2.10 ([Ste07al Theorem 3.2]). For m > 0, there is an isomorphism of augmented
directed chain complexes

AO[m] = O[m]
and an isomorphism of w-categories

O[m] = vO[m).
Lemma 2.11 (JAM20, Proposition 2.19]). Let C be an augmented directed chain complex
and C an w-category.

(1) There is a natural isomorphism of w-categories
v(C°) = (vC)°.

(2) There is a natural isomorphism of augmented directed chain complezes
A(C°) = (XC)°.

2.4. Steiner’s functors and suspension.

Lemma 2.12. For an augmented chain complex C, there is a natural isomorphism

vC =2 YuC.

Proof. The prototypical element of both (vXC), and (XvC), is can be expressed as a

table of the form
. Lozy ooomly my
- + + +
T zg .o oml, xy,y

One can check that this identification is compatible with source, target, identity and
composition operations, and the desired isomorphism of w-categories follows. O

2.5. Tensor product of w-categories. The statement of the following theorem relies on
the notion of a strong Steiner w-category, a.k.a. w-category that admits a strongly loop-free
atomic basis. Those are particularly nice w-categories that are in a sense “free” and “loop-
free” and we refer the reader to [Ste04) [AM20, [AGOR22| for an account on strong Steiner
w-categories. There is also a notion of a strong Steiner compler, a.k.a. augmented directed
chain complex that admits a strongly loop-free and unital basis, which correspond in a
precise sense to strong Steiner w-categories under the adjunction (A, v). For the purpose
of this paper, it is sufficient to know the following.
e For every m > 0 the m-oriental O[m] is a strong Steiner w-category (as shown in [Ste04]
Example 3.8]), and so it its total dual O[m]° (which can be verified directly).
e For every m > 0 the m-cell is a strong Steiner w-category (as shown in [Ste04] Example
3.9]).
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e For any strong Steiner w-category C, the unit of the adjunction from Theorem is an
isomorphism of w-categories n¢: C = vAC (as shown in [Ste04] Theorem 5.11]).

e For any strong Steiner complex C, the counit of the adjunction from Theorem [2.9]is an
isomorphism of augmented directed chain complexes ec: AvC = C (as shown in [Ste04]
Theorem 5.11]).

e For any strong Steiner w-category C, the augmented directed chain complex AC is a
strong Steiner complex (as shown in [Ste04] Theorem 5.11]).

e For any strong Steiner complex C, the w-category vC' is a strong Steiner w-category (as
shown in [Ste04, Theorem 5.11]).

e For any strong Steiner complex C' and C the augmented directed chain complex C ® C
is a strong Steiner complex (as shown in [AM20, Proposition A.3]).

e for any strong Steiner complexes C' and C there is a natural isomorphism of augmented
directed chain complexes vC ®@ vC = v(C ® C) (as shown in [AM20, Theorem A.15]).

Theorem 2.13 (JAM20, Theorem A.15]). There exists a unique — up to unique monoidal
isomorphism — monoidal structure ®: wCat X wCat — wCat on wCat, called the tensor
product of w-categories, such that

o for any strong Steiner w-categories C and C the tensor product C @ C is the w-category
C®C:=v(A\C®XC);

e the functor — ® — commutes with colimits in each variable.

Proposition 2.14. The linearization functor defines a strong monoidal functor A: (wCat, ®) —

(adCh,®). That is, for any w-categories C and C there is a natural isomorphism of aug-
mented directed chain complezes

AMC®C) =N ®AC.
Proof. First, we observe that for any strong Steiner w-categories C and C we have
MC®C) =AM @ vAC)
=~ \(AC ® AC)
= AC® AC.
so the desired isomorphism holds for strong Steiner w-categories. Since any w-category is a
colimit of strong Steiner w-categories (as cells are in particular strong Steiner w-categories),

and the functors A(— ® —), (A=) ® (A—): wCat X wCat — wCat commute with colimits in
both variables, the desired isomorphism follows. O

We can understand tensor product of orientals:

Ezxample 2.15. Let k,¢ > —1. Have isomorphism of w-categories
Okl ® O[¢)° vO[k] ® (vO[{])° Example 2.10]
vO[k] @ v(O[¢]°) Lemma 1)
v(O[k] ® O[¢)°)  Theorem 213
and of augmented directed chain complexes
MOkl ® O)°) = NOk] ® \(O[{)°) Proposition 2.14]
~ NO[k] ® (\O[(])° Lemma2.11](2)
=~ Ok]l®O0[g° Example [2.10

Can understand the suspension of tensor product of orientals:

J

i1
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Remark 2.16. Let k,¢ > 0. Applying v to the square (|1.15)) — and evoking Examples
and and Lemma [2.12)) — we obtain the diagram of w-categories

Olk] ® O[(° —— Ok +1+1]

(2.17) i i

O[0] ® O[0] —— Z(O[k] ® O[¢]°).
In particular, the map
(2.18) Olk +1+/{) — S(Ok] @ O[)°).

is induced by (1.13)).

Proposition 2.19. Let k,£ > —1. The diagram (2.17) induces a natural isomorphism of
w-categories

S(OK] @ 01°) = (010 © O10F) | 11 Olk+1+ 4.

Proof. Consider the commutative diagram of augmented directed chain complexes on the
left, and the induced commutative diagram of w-categories on the right:

Ok] @ O[f]° —— Ok + 1+ 4] Okl @ O[] —— Ok + 1+
0[0] @ 0[0]° —— S(O[K] ® O[¢]°) O[0] ® O[0]° —— S(O[k] @ O[¢°).

The square on the left is a pushout by (1.15)) and, as an application of [Lou21l, Théoréme 3.1.5],
so is the pushout on the right. O

Can understand how to map orientals into suspension w-categories:

Proposition 2.20. Form > 1 and C an w-category of the form C = vC, there is a natural
bijection
[T wcat(ok] @ 0lf)°,¢) = weat(O[m], 5C).
k+1+4=m
E£>—1
Proof. There’s a natural bijection

[[wCat(O[k] ® O[¢]°,C) = HwCat(O[k]@O[@]O,VC)

kb ,
> J] adCh(A(Olk] @ O[]°),C) Theorem
k.t
>~ []adCh(O[k] ® O[¢]°,C) Example
k.t

and a natural bijection

wCat(O[m],xC) wCat(O[m], XvC)
wCat(Olm],vXC) Lemma
adCh(AO[m],XC) Theorem

adCh(O[m],£C)  Example 2.10]

1R 1R 1R
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They fit into a commutative diagram of sets

wCat(O[m], XC) < [[wCat(E(O[k] @ O[€]°),EC) - [[wCat(O[k] ® O[(]°,C)
k

T Ty

adCh(O[m], £C) + [] adCh(L(O[k] ® O[()°),£C) & 11 adCh(O[k] ® O[¢]°,C)

so we obtain two equal bijections of the desired form. O

IR

3. COMPLICIAL SETS AND COMPLICIAL NERVE OF w-CATEGORIES

We recall the basic definitions around simplicial sets with marking and n-complicial
sets, as well as some constructions based on simplicial sets with marking: the suspension
and the complicial nerve, as well as the main properties that we use later in the paper,
and relevant examples. The study of the homotopy theory of complicial sets originated
with [VerO8b, [Ver17|, and continued with [RieI8| [OR20al, [OR20bl [RV22].

3.1. Complicial sets. We recall the main facts about complicial sets that will be used
in this paper.

Definition 3.1. A simplicial set with marking is a pair (X,tX) where X is a simplicial
set, and tX = [[,,~; tXm C [1,,>1 Xm is a collection of subsets of simplices of X, called
marked simplices, which have positive dimension that contain all degenerate simplices of
X.

We denote by msSet the category of simplicial sets with marking and marking-preserving
simplicial maps.

Remark 3.2. The category msSet is cocomplete, and colimits are computed degreewise (a
simplex is marked in a colimit if it admits a marked representative).

Definition 3.3. A sub-simplicial set with marking X of a simplicial set with marking Y
is regqular if a simplex of X is marked in X precisely when it is marked in Y.

Notation 3.4. We denote

e by A¥[m], for 0 < k < m, the standard m-simplex in which a non-degenerate simplex
is marked if and only if it contains the vertices {k — 1,k,k + 1} N [m];

e by A¥[m]’, for 0 < k < m, the standard m-simplex with marking obtained from A¥[m)]
by additionally marking the (k — 1)-st and (k + 1)-st face of A[m];

e by A¥[m]", for 0 < k < m, the standard m-simplex with marking obtained from A¥[m]’
by additionally marking the k-th face of A[m];

e by A*[m], for 0 < k < m, the regular sub-simplicial set of A*[m] with marking whose
simplicial set is the k-horn A*[m].

e by A[3]; the standard 3-simplex with the maximal marking.

o by A[3]eq the standard 3-simplex in which the 1-simplices [0,2] and [1, 3] are marked,
as well as all simplices in dimension 2 or higher.
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The following class of maps plays a role in the model structure on msSet for (oo, n)-
categories, with n € NU {oo}.
Definition 3.5. Let n € NU {oc0}.
(1) For m > 1 and 0 < k < m, the complicial inner horn extension is the inclusion

A¥[m] — AF[m).
(2) For m > 2 and 0 < k < m, the complicial thinness extension is the inclusion
AFim] — AF[m]”.
(3) For m > n, the triviality extension is the inclusion
A[m] — A[m];.
(4) For m > —1, the complicial saturation extension is the inclusionﬁ
A[3]eq x Alm] — A[3]y x Alm].
We fix the following terminology (cf. [VerO8bl Def. 15]).

Definition 3.6. A map of simplicial sets with marking X — Y is a complicial inner
anodyne extension if it can be written as a retract of a transfinite composition of pushouts
of maps of type (1) and (2) from Definition

Remark 3.7. One can prove with standard model categorical techniques the following
formal properties of complicial inner anodyne extensions.

(1) The underlying simplicial map of a complicial inner anodyne extension is an inner
anodyne extension of simplicial sets.

(2) The class of complicial inner anodyne extensions is closed under transfinite composition
and pushouts.

Lemma 3.8 (JOR20a, Lemma 1.12]). For m > 2 and 0 < k < m, let A¥[m]’" denote the
regular subset of AF[m]" whose underlying simplicial set is given by the k-horn A¥[m]. The
inclusion
AR[m)" — A*[m]”
18 a complicial inner anodyne extension.
The category msSet hosts a model for (oo, n)-categories.

Definition 3.9. An n-complicial set is a simplicial set that has the right lifting property
with respect to all maps of type (1)-(4) from Definition

Theorem 3.10 ([OR20D, Theorem 1.25]). Let n € N U {oco}.  The category msSet
supports a cartesian closed model structure msSet (s n), that we call the model structure
for (0o, n)-categories, where

e the fibrant objects are precisely the saturated n-complicial sets,

o the cofibrations are precisely the monomorphisms (of underlying simplicial sets),

e all complicial anodyne extensions are weak equivalences.

Remark 3.11. Other model structures are sometimes considered on msSet, for instance
those from [VerO8b, Theorem 100] and [Riel8l Examples 3.33-3.36]. But in all the afore-
mentioned model structures complicial inner anodyne extensions are weak equivalences.

4The reader can find the join of simplicial sets with marking x: msSet X msSet — msSet in [VerO8b),
§3.1], but it will not be needed explicitly in this paper.
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3.2. Suspension of complicial sets. We now define the suspension of simplicial sets
with marking.

Definition 3.12 (JOR20al Definition 2.6]). Let X be a simplicial set with marking. The
suspension L.X of X is the simplicial set with marking defined as follows.

e The set (XX),, of m-simplices is given by
(1,7} if m =0,

_ m—1
EX)m =9 (LT U'T X ifm=o0.
k=0

e The face map d;: (¥X),, = (XX),,—1 satisfies
d; Ll =1Land d;T =TT,
and restricts to the map X C (XX),, — (XX),,—1 given by

)_ dix € Xp_1 C (EX)m_l if0<i< k,
V= 2€ Xp C(SX)m ifk+1<i<m,

e The degeneracy map s;: (XX),, — (XX )41 satisfies
siLl=1and s;T =T,
and restricts to the map X C (¥X),, = (XX )m+1 given by

( )_ Si$€Xk+1 Q(EX)m+1 lfOS’LSk,
ST 2 e Xk C(SX)n ifk+1<i<m.

e The set t(XX),, of marked k-simplices is given by

di(

t(EX ) = ]_[ tX 5.
k=0

Regarding XX as a simplicial set with marking bipointed on 1 and T, the construction
defines a functor X: msSet — msSet, ..

Remark 3.13. The set (X)) of non-degenerate m-simplices of XX for m > 0 is contained
in the set of the non-degenerate (m — 1)-simplices of X, namely

(X)) C X,,_1.

As a special case of the slice model structures, constructed e.g. in [Hir21], we also obtain
model structure (msSet (oo n+1))«,» ON the category msSet, . of bi-pointed simplicial sets
with marking.

Lemma 3.14 (JOR20a, Lemma 2.7]). The marked suspension defines a left Quillen functor
¥ msSet (oo,n) = (M5Set (00,n41) )5

3.3. Complicial nerve of w-categories. The geometry of orientals is such that the
construction m +— O[m] defines a cosimplicial object Ofe] in wCat, and in particular
it makes sense to define the nerve construction N: wCat — sSet originally due to Street
[Str87]. The Street nerve can be endowed with the following marking, originally considered
by Roberts in unpublished work and Street in [Str87]|, further studied by Verity in [Ver08al,
and later discussed by Riehl in [Riel8|, obtaining a functor N®5: wCat — msSet.

Definition 3.15. Let C be an w-category. The Roberts—Street nerve of C is the simplicial
set with marking defined as follows:
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o The set of m-simplices is the set of w-functors O[m] — C, namely
N,,C = wCat(Olm)],C),

e the simplicial structure is induced by the geometry of orientals.

e an m-simplex of NC is marked in N®SC if and only if the corresponding w-functor
O[m] — C sends the unique non-trivial m-cell ([0,1,...,m]) of O[m] to a trivial m-cell
of C, namely

x €t(NC)y, < z([0,1,...,m])) =1id,
where ([0,1,...,m]) denotes the top non-identity m-cell of O[m].
The construction extends to a functor N®S: wCat — msSet.

In particular, in the Street nerve of an n-category C all simplices in dimension at least
n + 1 are marked.

3.4. Complicial nerve and suspension. We describe a comparison map between SNRSC
and NRSYC, which we will show to be furthermore a weak equivalence for an w-category
of the form C = vC.
The simplicial sets have the same sets of 0-simplices, namely
(ENBSC)g = {L, T} = (N®%C),,
and we now analyze the set of m-simplices for m > 0.
Remark 3.16. We have the following description for the set (NXC),, of m-simplices of
N3C:
(NXC)y, = wCat(O]m], XC).
Moreover,
x € t(NXC)pm, & z({[0,1,...,m])) =1id.
If furthermore C = vC, by Theorem 2.9 and Propositions [I.13] and [2:20] we also obtain the
“algebraic” descriptions of (N3C),:

(NXC)p = wCat(O[m],2C) —— ]  wCat(Ok] ® O[F°,C)

k4+144=m,

[ k>—1
adCh(O[m],£C) —— [I  adCh(O[k] ® O[(°,C)
k+1+4=m,
k>—1

Moreover,
x € t(NXC), = z([0,...,k]®][0,...£]) =0.

Recall the bijection from Proposition [2.20] which we use in the following definition.

Definition 3.17. Let C be an w-category and « € (NXC),,. We say that the m-simplex
x if of type k if

x € wCat(O[k] ® O[(]°,C) C (NXC) .
Remark 3.18. Let C be an w-category and x € (NXC),,. The following are equivalent.
(1) The simplex x is the degeneracy of a O-simplex, namely = = s7' L or x = s{*.L.
(2) The simplex z has type —1 or m.
If the equivalent conditions are met, we say that x is totally degenerate.
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Remark 3.19. Combining results from previous sections, we have the following equivalent
descriptions for the set of m-simplices of X NC:

m—1 m—1
(ENC)p 2= {sg' L, sg' THIL [T (NC)x = {si L, sp' THIT [ wCat (O[], C).
k=0 k=0

Moreover, for a non-totally degenerate simplex x, we have
x € t(EN,C) =3 E<m—1orz(([0,1,...,k])) =id.
If furthermore C = vC', by Theorem also get the “algebraic” descriptions:

m—1 m—1
(ENC)p Z{spL,sg T I (NC)re =2 {syg*L,s*T} I [] wCat(O[k],C)
k=0 k=0
m—1
> Lt L, s T [ adCh(O[E], C).
k=0
Moreover,

x €LENC)m, &= kE<m—1orz([0,...,k]) =0.

The canonical map(s) from either (1.14) or (2.17)) then induce a canonical natural map
(XNC)m — (NXC), which assembles into a map XNC — NXC.

Proposition 3.20. For any w-category of the form C = vC, either of the maps Proposi-
tion[1.13 or Proposition [2.20 induces:
(1) a natural inclusion of simplicial sets

YNC — NXC;
(2) a natural reqular inclusion of simplicial sets with marking
ENRSC — NBSxC.

Proof. At the level of simplicial sets, both inclusions act as follows:
e they are identities on O-simplices, namely they send the O-simplex L to L and the
0-simplex T to T, and
o referring to the identifications Remarks and they act on an (m + 1)-simplex
y: Olk] = C of Z(NC) as
[y: Olk] = C] — [O[m] — L(O[k] ® O[¢]°) — L(O[k] ® O[0]) = X(O[k]) RN C].

From this explicit description, we see that both maps are inclusions, and that the second
one is regular, namely, a non-degenerate (m + 1)-simplex of ¥NC is marked in SNRSC if
and only if the corresponding m-simplex of NC is marked in N®SC. ]

Remark 3.21. Given an w-category of the form C = vC, the map from Proposition [3.20
can be seen as induced by the canonical map

NRSCx AJ0] — NRS(C % A[0])
from [GOR2I| Theorem 5.2].

NESC % AJ0] —— NES(Cx A0])

| |

We now prove that the comparison map is a weak equivalence if C = vC.
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Theorem 3.22. Let C be an w-category of the form C = vC.

(1) The inclusion from Proposition|5.2((1) is an inner anodyne extension, and in partic-
ular a weak equivalence in the Joyal model structure sSet (oo 1)

YNC —— NXC.

(2) The inclusion from Proposition|3.20(1) is a complicial inner anodyne extension, and
in particular a weak equivalence in the model stmctumﬂ msSet (oo n)-

LNRSC <= NRSyc,
The proof is given in the coming subsections.

3.5. Proof of Theorem Given an w-category C = vC, by Remark we know
that the non-degenerate m-simplices of NXC for m > 1 are all of the form

z: Okl@O[]° = C “ z: Okl ® O[¢]° — C,
for some k,¢ > 0 with m = k + 1 + £. Each such simplex has the following features:
e the dimension m =k + 1+ /¢,

e the type k, which was defined in Definition [3:17}
e the suspect index 7, which will be defined in Definition [3.23]

The goal is to filter the inclusion(s) from Proposition by a sequence of anodyne
extensions TNRSC = X, C X; € ... C X,, € ... C N®5%(C, where the inclusions are
regular and the underlying simplicial set of X,, contains Xy, all the simplices of NRS¥C
of dimension less than m as well as all m + 1-simplices that are suspect, a notion that we’ll
give in Lemma [3:25] and can be computed as

E=#{0<i<m|z([@]) =L} -1

To this end, we will filter the inclusion X,,_; C X,, again via a sequence of anodyne
extensions, as X,,_1 = Y,,_1 C Y, 2 C... CY; CYy =X, where Y, contains X,,_1,
all the simplices of NRSYC of dimension m and type at least k as well as all suspect
simplices of dimension m and type at least k — 1. Perhaps surprisingly, to show that the
inclusions Y41 C Y) are anodyne, we will construct a further filtration Y;41 = Wy C
Wy C ... C Wi_1 € Wi =Y, and show then that all the inclusions W,_; C W, are
anodyne by exhibiting them as a pushout of a sum of anodyne extensions.

Definition 3.23. Let £ > 0,k > 0and m = k+ 1+ ¢. Let z: Olk] ® O[(]° — C be a
non-totally degenerate (k + 14 ¢)-simplex of NXC. The suspect index of x is the minimal
integer 0 < r < k — if existing — so that the following two conditions hold.
(SuspInd 1) Whenever a C [r, k], a’ C [0,7 — 1], b C [0, /], with |a| > 0, |a’| > 0, |b] > 0,
we have
z([a’,a] ® [0,b]) =0
(SuspInd 2) Whenever a C [r, k], b C [0, 4], with [b| > 1, we have
z(la] @ [b]) = 0.
If there is no integer r for which the conditions hold, we say that the suspect index of x is
k+1.

The following are direct consequences of [Stel2], Proposition 3.4].

5The same map is also a weak equivalences in the model structures mentioned in Remark
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Lemma 3.24. Let z: O[k] ® O[{]° — C be a non-totally degenerate (k+ 1+ £)-simplex of

NYC. For 0 <i<k—1 the following are equivalent:

(1) Whenever a’ C [0,i — 1], a C [i + 2,k], with |a] > —1, |a’| > —1,|b|] > 0 we have
z([a',4,i+ 1,a] ® [b]) = 0.

(2) The (k+1+{)-simplex x: Olk] @ O[€]° — C of (NXC)kt1+¢ is degenerate at i.

Fork+1<i<m—1=k+{ the following are equivalent:

(1) Whenever a C [0,k], b’ C [0,i — (k+1)—1],b C [i — (k+ 1) + 2,4], with |a] > 0,
[b’| > —1,|b| > —1, we have z([a] ® [b',i — (k+1),i — (k+ 1)+ 1,b]) = 0.

(2) The (k+1+£)-simplex x: Olk] @ O[€]° — C of (NXC)kt1+¢ is degenerate at i.

Lemma 3.25. Let y: O[k+1]QO[{]° — C be a non-totally degenerate (k + 2+ £)-simplex

of NXC of suspect index r. The following are equivalent:

(1) Whenever a' C [0,r — 2], a C [r 4+ 1,m], with |a| > —1, |a’| > —1, we have y([a’,r —
1,r,a] @[0]) = 0.

(2) The (k + 1)-simplex y([-] ® [0]): Ok + 1] — C of (NC)p+1 is degenerate at r — 1.

If the equivalent conditions are satisfied, we say that y is a suspect simplex.

We analyze the faces of a suspect simplex.

Lemma 3.26. Let y: Ok + 1] ® O[{]° — C be a suspect simplex of NXC suspect index r.

Then, if d;y is not degenerate, we have that d;y is

(Face 1) of suspect index at mostr —1 if 0 <i <r—2

(Face 2) of suspect index at mostr — 1 ifi=r —1,

(Face 3) either of suspect index at most r — 1 or suspect of dimension m and suspect index
rifr+1<i<k+1,

(Face 4) of type k+1 ifk+2<i<(k+1)+1+l=m+1.

Proof. We distinguish several cases, which correspond to the different cases appearing in
the statement.

(Face 1) Let 0 < i <7 —2. Whenever a’ C [0, — 2],a C [r — 1,k], with |a| > 0, |a’| >0,
|b| > 0, we have d[a’] C [0, — 1], d’[a] C [r,k + 1] so that

(diy)([a’,a] ® [0,b]) = y(d'[a’,a] ® [0, b]) = 0,

yielding that |(SuspInd 1)|holds for r — 1 and d;y. Whenever a C [r — 1, k], with |a] > 0,
|b| > 1, we have d'[a] C [r,k + 1] and so

(diy)([a] ® [b]) = y(d'[a] ® [b]) =0,
yielding that [(SuspInd 2)| holds for r — 1 and d;y. So the suspect index of d;y is at most
r—1.
(Face 2) Let i = r — 1. Whenever a’ C [0, — 2],a C [r — 1,k], with |a] > 0, |a’| > 0,
|b| > 0, we have d"~1[a’] C [0,r — 1], d""*[a] C [r,k + 1] so that

(diy)([a/a a] & [Oa b]) = y(di[a/a a] ® [Oa b]) =0,

yielding that |(SuspInd 1) holds for » — 1 and d;y. Whenever a C [r — 1,k] , with |a|] > 0,
|b| > 1, we have d"'a C [r,k + 1] and so

(diy)([a] ® [b]) = y(d'[a] ® [b]) =0,

yielding that [(SuspInd 2)| holds for » — 1 and d;y. So the suspect index of d;y is at most
r—1.
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(Face 3) Let 4+ 1 < i <k+ 1. Whenever a’ C [0,r — 1],a C [r, k], with |a| > 0, |a’| >0,
|b| > 0, we have
(diy)([a] @ [b]) = 0,
yielding that |(SuspInd 1) holds for r and d;y.
Moreover, whenever |a| > 0, a C [r, k], with |b| > 1, we have
(diy)([a] ® [b]) = 0,

yielding that [(SuspIlnd 2)[ holds for r and d;y. So the suspect index of d;y is at most 7.
To see that the simplex is suspect in the case that the suspect index is exactly r, we

observe that for any a’ C [0, — 2],a C [r — 1, k], with |a] > —1, |a’| > —1 we have
(diy)([a',7 — 1,7,a] @ [0]) = y(d'[a’,r — 1,7,a] @ [0]) = 0.
(Face 4) The last case is clear since the face operator acts on the second coordinate. [

Lemma 3.27. Let x be a non-degenerate non-suspect simplex of suspect index r. There
is a simplex T: O[k + 1] ® O[f]° — C defined by the following formulas:

(P1) Z(d"[a] ® [b]) = z([a] ® [b]) if |a| > —1,[b] > —1,

(P2) #([r,a] ® [b]) = =(s"~"[r,a] @ [0]) if la| > —1;

(P3) z([a',r] ® [b]) = z([a'] ® [0, b]) if|a’l > 0,[b| > 1;

(P4) z([a’,r] @ [b]) = z([a'] ® [0,]) + ([, r — 1] @ [0]) i [a’| > 0;

(P5) z([a/,r,a] ® [b]) = x(s""L[a’,r,a] @ [0]) if |a| > 0,|a’| > 0;

(P6) z[a’,r,a]® [b] =0 if [a| > 0,]a’| > —1,[b| > 1;
(P7) Z([r)®[b]) =0 if [b] > 1.

The proof consists of a careful (and tedious) analysis of all possible cases, and is post-
poned until Section

Remark 3.28. Given a non-degenerate non-suspect simplex x of suspect index r, by con-
struction we have d,.(Z) = x.

We record the following features of .

Lemma 3.29. If x is a non-suspect simplex of NXC with dimension m =k + 14 £, type
k and suspect index r, then the simplex T is a suspect simplex of dimension m + 1, type
k41 and suspect index r.

Proof. By construction, the simplex z is a suspect simplex of dimension m, type k& and
suspect index at most . We now prove the suspect index of T is exactly 7.

Assume by contradiction that the suspect index of z is at most » — 1. Then, whenever
a’ C[0,r—2],aC[r—1,k|, we have d"[a] C [r — 1, k], so that

x([alaa] ®[0,b]) = i(dr[al7a] ®[0,b])) =0,
yielding that|(SuspInd 1)|holds for r —1 and z. Also, whenever a C [r —1, k], with |a] > 0,
and |b| > 1, we have
a([a] ® [b]) = z(d"[a] ® [b]) = 0,

yielding that |(SuspInd 2)| holds for » — 1 and z. This would thus imply that x is also of
suspect index at most r — 1, contrary to the assumption. (]

Lemma 3.30. Let x be a non-suspect simplex of NX.C. If x is non-degenerate, then X is
non-degenerate.
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Proof. Let x be a simplex of dimension m, type k& and suspect index r. Assume that
T = s;z is degenerate at some 0 < ¢ < m, and deduce a contradiction by distinguishing
several cases.
e If i =r —1, we can prove that x would be of suspect index at most r — 1, contradicting

the assumption. Since Z is degenerate at r — 1, we have x = d,.T = d,_1 7.

We check first that then the condition for » — 1 and z. Assume a’ C
[0,r —2],a C [r — 1,k], with |a|] > 0, |a’| > 0, |b| > 0. If a does not contain r — 1, then
we have
2([a,a] @ [0,b]) = 0
since x has suspect index r. If a contains » — 1 and at least one further element, then
we have
z([a’,r,a] ®[0,b]) =0
since x has suspect index r > r — 1. Finally, if a = [r — 1], we have

z(fa’,r =1 ®[0,b]) = dr_1%([a’,r — 1] ®[0,b])
= z([a,7]®]0,b]) =0.
This yields the condition [[SuspInd 1)|for » — 1 and z.
For |(SuspInd 2)| we observe that, whenever a C [r, k], we have

([r —1,a] @ [b]) = Z([r,a] @ [b]) = 0.
This yields the condition |(SuspInd 2)|for » — 1 and x.

e If i = r, we can prove that z would be suspect, contradicting the assumption. Indeed,
we observe that
x([a’,r—1,ra]®[0]) = az(s"td"i([a',r — 1,7, 4] )
= z(d~Y[a’',r —1,r,a] @ [0]
= (sp2)(d""Y([a’,r —1,r,a] ® [0]) Assumption
=0 Lemma 3.25]
so that x would be indeed suspect. This yields the desired contradiction.
e If i £ 7 — 1,7, we can prove that x would be degenerate, contradicting the assumption.
Indeed, we would obtain

® [0]
)

e dF —doss— si—idrz fr+1<i<k+1+1
ST T sidez, HO0<i<r—2
contrary to the assumption that x is non-degenerate.

This concludes the proof. ([l

The following shows that the values of a suspect simplex y are enforced by those of its
face d,y.

Lemma 3.31. Let y: Ok + 1] ® O[f]° — C be a suspect simplex of NXC with suspect
mdex r.

(S1) y([d"a] ® [b]) = d,y([a] ® [b]) if [a| > —=1,|b| > —1,

(82) y([r,a] @ [b]) = d,y(s""[r,a] @ [0]) if la| > —1;

(S3) y([a',r] @ [b]) = d,y([a'] ® [0, b]) if [a’l > 0,[b| > 1;

(S4) y([a’,r] @ [b]) = dry([a'] @ [0,0]) + dry([a’,r — 1] @ [0]) if |a’| = 0O;

(S5) y([a’,r,a] @ [b]) = d,y(s""L[a’,r,a] @ [0]) if la| > 0,]a’| > 0;

(S6) y([a’,r,a] @ [b]) =0 if la| > 0,]a’| = —1,[b[ > 1;
(S7) y([rl®[b]) =0 if [b] > 1.
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Proof. We now show that a suspect m-simplex y: O[k+1]®0O[{]° — C of suspect index r is
already completely specified by d..y, in the way described more precisely by the statement.

(S1) The value of y in this case is by definition of simplicial structure of NXC.
(S2) We prove the formula for y([r,a] ® [b]) in this case. We observe that

0 = 9y([r,a] ©0,b]) (SuspInd 2)
= y([a]©10,b]) - y([r,0a] ©[0,])
(=)l ([, al © [0]) — (~1) =y ((r, 8] @ [b)
= (=DRFYy(ra) @ [0) — (-1 y(ra @ b)) [Suspnd 2)
= y([r,a] @ 0]) —y([r,a] @ [b]) _
= y(d"s"[r,a] @ [0]) — y([r,a] @ [b]) Lemma B.27]

The desired formula follows.
(S3) We prove the formula for y([a’, 7]®[b]) in this case. If b contains 0, the term vanishes
and the formula follows by |(Susplnd 1)l If b does not contain 0, we have

0 = ay([a’,r] @0, b]) (Susplnd 1)
= (-] ®[0,b)
(D) Ty ([, r]

(—1) 1y [a — 1)l 2y (o, ] © [b]) (Susplnd 1j(Susplnd 2]

0 1
y([@]®[0,b]) — y(la’,r] @ [b])

The desired formula follows.
(S4) We prove the formula for y([a’,] ® [b]) in this case. If b = 0, the formula follows
from Lemma [3:25] If b > 0, we have

0 = oy([a’,r] @ [0,0]) (SuspInd 1)
= ()1 y([a @ [0,0]) + y([9a',7] © [0,b])
=Dy ([l r] @ [0]) + (- D)1 Byl ] @ [0])
= (DR y(a]@0,b)
b

(=D 2y ([, ] @ [0]) + () 1y ([, 1] 9 [0)) [Suspnd D)(Susplnd 2]
= y/[]@0,b]) —y([a',r] @ [b]) +y([a’,r] @ [0])
= y([@]®[0,0]) —y([a',r] @ [b]) + y(fa',r — 1] ©[0])  LemmaB.25

The desired formula follows.
(S5) We prove the formula for y([a’,r,a] ® [b]) in this case. If b = 0, then the equality
follows from Lemma [3:25] If b > 0, we have

0 = 6y([a’,r,a]®[0, ]) (Susplnd 1))
= y([0a',r,a] ©[0,0]) + (= Dl +y((a’,a]  [0,0])
H(=D)¥ 2y ([, r, 0a] @ [0,B]) + (1) I+l ([, r, a] @ [0])
—(-nl 'HHa'y([ r,a @ [b])
= (—plRIHFRy(a, ra) @ [0]) - (—1) Rl (a’, ra) @ B])  [SuspInd Di(Suspind 2)
= y([a',r.a]® [0]) —y([a’,r a] @ [b])
= y([a',ra]®[0]) - dy(s"'[a’,r,a] @ [0]) Lemma [3.25]

The desired formula follows.
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(S6) We prove that y([a’,r, a] ® [b]) necessarily vanishes. If b contains 0, this is a special

case of [(SuspInd 1)l If b does not contain 0, we have
0 = oy([a’,r,a]®]0,b]) (Susplnd 1)|
= y([0a’,r,a] ® [0,b]) + (=11 T1y([a’,a] © [0, b])
+(=1)®' 2y ([, r, 0a] @ [0, b])
+H(=1) Ry ([l a) @ [b]) + (—1) @ 2 FlRly ([ r,a) @ [0, 8°b))
= ()R, 7, 9a) @ [0, b]) + (—1) 2y ([al, r, a] @ [b]) (Susplad T(Susphud 7]
If |]a] > 0, the desired vanishing follows directly from If |]a| = 0, the desired
vanishing follows from |[(S3)| which we have treated before.

(S7) The fact that y([r] ® [b]) vanishes in this case can be seen applying [(SuspInd 2)| for
y and 7.

This concludes the proof. O

Lemma 3.32. Let y: Olk + 1] ® O[¢]° — C be a non-degenerate suspect simplex of NX.C
with suspect index r. Then the face d,y is a simplex of dimension m, type k and suspect
index 1.

We record the following features of d,y.

Proof. The value of the dimension and type of d,y are immediate from the definitions.

We now show that d.,.y is of suspect index r. It is straightforward from the construction
that the suspect index of d,y is at most 7. Assuming for contradiction the suspect index
of d,y to be at most r — 1, we show that the suspect index of y would be also at most
r — 1, contrary to the assumptions.

One can show that the conditions [(SuspInd 1)[and |(SuspInd 2)|hold for y and r — 1. If
[a] contains r, this follows from [(SuspInd 1)| and |(SuspInd 2)| If [a] does not contain r,
this follows from |(S7)| of Lemma |3.31}

Finally, we show that d,.y is a non-suspect simplex. Assuming for contradiction that d,.y
is suspect, we show using the characterization from Lemma [3:24] that then y is degenerate
at r, contrary to the assumptions. To this end, we need to show that y([a’,r,r+1,a]®[b])
vanishes. If |b| > 1, this term vanishes by If |b| = 0 and |a’| = —1, then this term
vanishes by using the assumption that d,y is suspect with suspect index r. If |b| =0
and |a’| > 0, this term vanishes by using the assumption that d,.y is suspect. O

Lemma 3.33. Let y be a suspect simplex of NXC with suspect index r. If y is non-
degenerate, then the face d,y is a non-degenerate simplez.

Proof. Let k + 1 be the type of y. Assuming for contradiction that d,y is degenerate, we
show that y itself has to be degenerate at some 0 < i < k + £. Notice that the case i = k
cannot happen, because it would violate the type property from Lemma [3.32]

e If 0 <i<r—1, we use Lemma to show that y is degenerate at i. The fact that
y([a',i,i+ 1,a] @ [b])

vanishes is by definition when r does not occur in [a]. Otherwise, it can be deduced from
the formulas[(S3)] [(S4)] [(S5)} [(S6)} together with the assumption that d,.y is degenerate
at 4.

e If i =r — 1, we use Lemma to show that y is degenerate at r. The fact that

y([a',r,r+1,a] ® [b])
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vanishes can be deduced from the formulas|(S2),|{(S5)}[(S6)| together with the assumption
that d,y is degenerate at » — 1 in the formulation from Lemma
o If r <i <k, we use Lemma [3.24] to show that y is degenerate at i + 1. The fact that

y([a’,i+ 1,7+ 2,a] ® [b]).

vanishes can be deduced from the formulas together with the assumption
that d,y is degenerate at ¢ in the formulation from Lemma
o If k+1<i<k+{, we use Lemma [3.:24] to show that y is degenerate at i + 1. The fact
that
y(la) ® b])
vanishes follows from the formulas from Lemma [3:31] together with the fact that d,y is
degenerate at ¢ in the formulation from Lemma [3:24]

This concludes the proof. (Il

We can now establish a correspondence between the suspect and non-suspect simplices
of N3C.

Proposition 3.34. Let C be a 1-category and m > 0. Recall the inclusion XNC — NXC

from Proposition [3.20,

(i) The non-degenerate (m + 1)-simplices in XNC, regarded as a simplicial subset of NXC,
are contained in the (m + 1)-simplices of type m.

(i) The non-degenerate (m + 1)-simplices in NXC that do not belong to XNC are non-
degenerate (m + 1)-simplices of type 0 < k < m — 1 and suspect index 1 <r < k+ 1.

(iii) The r-th face map gives a bijective correspondence between the non-degenerate suspect
(m+1)-simplices T in XNC\ XNC of type 1 <k <m —1 and suspect index 1 <r < k+1
and the non-degenerate non-suspect m-simplices x of type 0 < k —1 < m — 2 and suspect
index 1 <r <k+1.

Proof. The first two statements can be verified by direct inspection. For the third state-
ment, we observe that the assignment (—) from Lemma is an inverse for the function
d, with the given domain and codomain. Indeed, Lemmas|[3.32]and [3:33|show that y — d,y
is a well-defined function, Lemmas and show that x — 7 is a well-defined func-
tion, Remark shows that d,7 = z, and the formulas from Lemmas [3.27 and

O

together imply that d,y = y.

We now prove the theorem.

Proof of Theorem[3.29. We prove (2), and (1) follows then by applying the forgetful func-
tor from marked simplicial sets to simplicial sets. In order to show that the inclusion
YNRSC — NBSYC is a complicial inner anodyne extension, we will realize it as a transfi-
nite composite of intermediate complicial inner anodyne extensions

SNBSS C = X) =5 Xyg - Xy = Xy > - NBSYCL

For m > 2, we let X,, be the smallest regular subsimplicial set of NRSY.C containing
Xm—1, all m-simplices of NXC, as well as the suspect (m + 1)-simplices of NXC. Note
that X; already contains all non-degenerate 1-simplices of NX.C and that there are no
non-degenerate suspect 2-simplices. Moreover, by Proposition the subsimplicial set
X1 contains all non-degenerate (m + 1)-simplices of type m. We see that the difference
between X,, 1 and X,, are the non-degenerate non-suspect m-simplices of type at most
m — 2 and the non-degenerate suspect (m + 1)-simplices of type at most m — 1.
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In order to show that the inclusion X,, 1 < X,, is a complicial inner anodyne exten-
sion for all d > 2, we realize it as a composite of intermediate complicial inner anodyne
extensions

Xpaa=Y,—=>Y,1—=9... =2 —>Y—>...=>Y =X,.

For 1 < k < m, let Y} be the smallest regular subset of X,, containing Yy, as well as
all non-degenerate suspect (m + 1)-simplices & of NXC of type k and all non-degenerate
non-suspect m-simplices of type k — 1. Note that Y,,, already contains all non-degenerate
m-simplices of type m — 1 and that any suspect (m + 1)-simplex of type m is necessarily
a degeneracy of a m-simplex of type m — 1 and thus can be checked to be also already in
Y,,. We see using Lemma [3.26 and Proposition [3:34) that the difference between Y}, and
Y41 are the non-degenerate suspect (m + 1)-simplices of type k and possibly some of their
faces (precisely those that are neither suspect nor of type k or higher).

In order to show that the inclusion Y;11 < Y} is a complicial inner anodyne extension
for 1 < kK < m — 1, we realize it as a filtration made by intermediate complicial inner
anodyne extensions

Yk+1 =Wog—>Wi—...oW,_1—>W,— ... W,=Y.

For 0 < r < k, we let W, be the smallest regular simplicial subset of Y} containing W,._;
as well as all suspect (m + 1)-simplices of NRSYC of type k and suspect index 7, namely
those x for which each i-th row constant for r < i < k. Note that any m-simplex of suspect
index 0 is either degenerate or of type m — 1 and thus can be checked to be already in
X1 C Wy. We see using Lemma and Proposition that the difference between
W,._1 and W, are the non-degenerate suspect (m + 1)-simplices Z of type k and suspect
index 7 and the non-degenerate non-suspect m-simplices x of type k —1 and suspect index
r. There is a bijective correspondence between the (m + 1)- and m-simplices mentioned
above, as shown in Proposition [3.34]
We now record some relevant properties of the (m + 1)-simplices T as above.

e We argue by induction and using Lemma that the r-horn of Z belongs to W,._1; in
particular, the r-horn defines a map of (underlying) simplicial sets

Ar[m + 1] — Wr—1~

Indeed, using Lemma we see that the a-th face of z is already in W,._; for a # r

since it is either a degeneracy of a simplex of smaller dimension or:

O if 0 < a <r—2, the face d,x is of suspect index at most r — 1, and in particular it
belongs to W,._1.

& if a = r—1, the face d,x has suspect index at most r — 1, and in particular it belongs
to Wr—l'

O if r4+1 < a <k, the face d,x is either of suspect index at most r — 1 or suspect of
dimension m and suspect index r; in either case, it belongs to W,._;.

S ifk+1<a<m-+1, the face d,T is of type k + 1, and in particular it belongs to
Yir1 CSWe_yt.

e We argue that the r-th horn of T defines a map of simplicial sets

A[m+1] = W,_,

with marking.
Let [a”] be a marked p-simplex of A"[m + 1], namely [a] contains the vertices {r —
1,7,r 4+ 1} N [m + 1]. If the simplex Z([a”]) is totally degenerate, it is in particular
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marked, so we will exclude this case for the rest of the discussion. By definition of the
suspect index, we have 0 < r < k+1. Note that » = 0 would imply = s+1dg112 using
that ¢ > 0, the characterization Lemma [3.24] and |(SuspInd 1) Thus, we can assume
0<r<k+1<k+1+4+¢=m+ 1. In particular, {r — 1,r,7 + 1} C [m +1].

If r <k, using or |(P5)| we have
2([a")) =z([a',r —1,7,r +1,a] ® [b]) =0,
so Z([a"']) is marked by Remark If instead r = k + 1, then using |(SuspInd 1) we

obtain

z([a',r —1,7]®[0,b]) = 0,
so Z([a”]) is marked by Remark In total, we see that such a face is necessarily
marked. Since this holds for all faces as above, we indeed obtain a map of simplicial
sets with marking
Ar[m + 1] — W,_1.
e If furthermore x is marked, we argue that the r-th horn of z defines a map of simplicial
sets with marking
A'm+1] = W,_q,
with the simplicial set with marking A"[m + 1]’ defined in Lemma
We show that the (r — 1)-st face is marked using Remark Ifr <k, since £ >1
we can use and obtain
Z(0,....r—1,....k+1]®[0,...,4) =0,
so the (r — 1)-st face is marked in this case. If r = k + 1, by [(P7)| or |(P3)| we obtain
Z(0,... kk+1®[0,...,4) =0

so the (r — 1)-st face is marked in this case.
We show that the (r 4 1)-st face is marked using Remark If r <k, since £ > 1,

we can use or to obtain that
Z(0,....r+1,....k+1®]0,...,4) =0.

so the (k 4 1)-st face is marked in this case. If r = k + 1, using |(P3)| and the fact that
2 is marked we obtain

z([0,...,k+ 1@ [1,...,) ==(0,...,k]®[0,1,...,£]) = 0.
So the (k 4 1)-st face is marked in this case.

By filling all r-horns of suspect (m + 1)-simplices Z of W,., we then obtain their r-th face
x, which was missing in W,._1, as well as the suspect (m + 1)-simplex Z itself. This can
be rephrased by saying that there is a pushout square

[TA"[m + 1 I [JA" [m + 1) —— [JA"[m + 1] T [JA" [m + 1)”

non-marked marked non-marked marked
Wr_1 W,.

Since the involved horn inclusions are in fact inner horn inclusions, the inclusions of simpli-
cial sets with marking A"[m+1] — A"[m+1] and A"[m+1]" — A"[m+1]" are complicial
inner anodyne extensions by Lemma [3.8
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It follows that the inclusion W,_q — W, for any 1 < r < m—j, the inclusion Y;_; — Y;
for any 1 < j < m, the inclusion Y;_; < Y} for any 1 < j < m, the inclusion X,,_; —
X,, for any m > 1, and the inclusion XN®SC — NBSYC are complicial inner anodyne
extensions, as desired. O

4. ©,-SPACES AND QUILLEN PAIR WITH COMPLICIAL SETS

In this section we apply Theorem to produce an explicit Quillen adjunction between
the model structure of n-complicial sets, and the model structure for complete Segal ©,,-
spaces, which we first recall.

4.1. ©,-spaces. We recall the main facts about ©,,-spaces that will be used in this paper.

Remark 4.1. Let n > 0. The suspension functor 3: wCat — wCat, . restricts and core-
stricts to a functor 3: (n — 1)Cat — nCat, .

Let ©,, denote Joyal’s cell category from [Joy97], which is by [Ber02, IMZ01] a full
subcategory of nCat. By definition, ©g is the terminal category, ©; is the ordinal category
A, and O,, is for n > 0 the full subcategory of nCat whose generic object is obtained as a
pushout of n-categories

0 =[kl0,...,0,] =30, IX0-11 ... 1136,
o fo]  [o]
for k>0 and 64,...,0, € O, _1.

For n > 0, there is a full inclusion ©,,_; — ©,,, and whenever needed we will regard

any object of ©,_1 as an object of ©,, without further specification.

Definition 4.2. Let > 0. A O,-space (resp. O,-set) is a presheaf W: ©O%® — sSet
(resp. W: OSP — Set).

For n > 0, we denote by sSet®n (resp. Set®n) the category of ©,-spaces (resp. ©,,-
sets).

Remark 4.3. The categories sSet® and Set®» are cocomplete, and colimits are computed
componentwise.

For n > 0 the canonical inclusion Set — sSet of sets as discrete simplicial sets induces a
canonical inclusion Set®% — sSet® , which preserves limits and colimits. In particular,
we often regard ©,,-sets as discrete ©,,-spaces without further specification.

For any object 6 in ©,,, we denote by ©,,[0] the ©,,-set represented by 6 via the Yoneda
embedding ©,, < Set®" .

Remark 4.4. As a special case of [Araldl §3.1], given any ©,-set A and any space B one
can consider the ©,-space AX B, which is defined levelwise as the simplicial set

(AgB)e = A9 x B.
The construction extends to a bifunctor

X: Set®n x sSet — sSet®n

that preserves colimits in each variable.
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4.2. Suspension of 0,-spaces.

Remark 4.5. Let n > 0. The suspension functor X: wCat — wCat restricts and corestricts
to a functor X: ©,,_1 — O,,.

As discussed in [Rez10, Remark 4.5] and in [Rez10, Lemma 11.10], the following functor
agrees with the functor V[1] from [Rez10l § 4.4].

Definition 4.6. Let n > 0, and 6 € ©,_1. The suspension of the representable presheaf
©,,—1[0] is the (discrete) ©,-space

¥0,[0] = 6,[26].
The enriched left Kan extension of the functor ©,,_1 — ©,, < sSet® defines a functor
Y sSet®n1 - sSetS:p.

4.3. The adjunction. Let us begin by defining the functor that we use to make our
comparison.

Construction 4.7. Let n > 0. The functor ©, x A C sSet®% — msSet given by
(0,[4) — (0, x A)[B, (] = ©,[0] K A[f] — N®30 x Al(]*.
induces an adjunction
L,: s8et®" = msSet : R,.
4.4. The Quillen pair before localizing.

Proposition 4.8. Letn > 0. The category sSet®» supports the projective model structure
op

58615(@02,”) where the fibrant objects are precisely the projectively fibrant presheaves and the

cofibrations are precisely the projective cofibrations.

Remark 4.9. Let n > 0. Combining [Hir03, Theorem 11.6.1, Definition. 11.5.33, Definition
11.5.25], we know that

(1) a set of generating cofibrations for the projective model structure on sSet®= is given
by all maps of the form

On[f] KOA] — ©,[0] R A[f] for § € O, and £ > 0;

and
(2) a set of generating acyclic cofibrations for the projective model structure on 5Set O
is given by all maps of the form

0,0 RA*[)] - ©,0|RA[] for e, and0<k<L.
The following can be proven similarly to [BOR21), Lemma 1.27].
Proposition 4.10. Let > 0. The functor
(—)ﬁ: 58et (o0,0) = M5Set (00,n)
is left Quillen.
Proposition 4.11. Let n > 0. The functor

P

L, : sSetG;)‘

proj —* msSet (oo,n)

is left Quillen.
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We include the proof for the reader’s convenience, but the argument is the evident
generalization of the 2-dimensional case treated in [BOR21) Proposition 2.2].

Proof. We want to show that the functor L, preserves cofibrations and acyclic cofibra-
tions. Using the facts that (—)* commutes with colimits, which is a consequence of Propo-
sition and that the box product X preserves colimits in each variable, which was
recalled in Remark [£.4] we see that

(1) the image of the generic generating cofibration via L, is the map
NBS9 x 0A[()F — NBS9 x Al(]*  for € ©,, and £ > 0;

(2) the image of the generic generating acyclic cofibration via L,, is the map

NBSG x A*[0)F — NBS9 x A[()f  for§ € ©, and 0 < k < L.
Since the model structure msSet (o ) is cartesian closed by Theorem and (—)¥is a
left Quillen functor by Proposition we conclude that
(1) the map NT50 x OA[(]F — NTS9 x A[f)* is a cofibration and
(2) the map NTS9 x A¥[(]* — NBSH x A[/])* is an acyclic cofibration

It follows that L, preserves cofibrations and acyclic cofibrations, so it is a left Quillen
functor, as desired. O

4.5. The Quillen pair before localizing. We construct a variant of Rezk’s model struc-
ture from [Rez10) §11.4] (see Remark [4.15)).

Definition 4.12. Let n > 0. A map of (discrete) ©,-spaces is an elementary acyclic
cofibration if it is of one of the following kinds:

(1) For 2 < j <mn, k >1 and objects 61,...,0; of ©,_;, the j-fold k-Segality extension
YWOe,0] O ... I X0,[0k] = X0,k ..., 0]
3i—10,[0] 3i=10,[0]
(2) For 0 < j <n—1, the j-fold completeness extension

¥ 0,[0] — zﬂ‘@n[o]E ol [l]zj(an[?)]z_ o mzfen[o].

Definition 4.13. A complete Segal ©,,-space is a ©,-space that is local with respect to
all maps of type (1) and (2) from Definition [£.12]

op
@TL

By localizing the projective model structure Setproj

tion [£.12] we obtain the following.

at the class of maps from Defini-

Theorem 4.14. Let n > 0.  The category sSet® supports a cartesian closed model
op

structure sSet(@Ozﬁn) where the fibrant objects are precisely the projectively fibrant complete

Segal ©,,-spaces and the cofibrations are precisely the projective cofibrations.

Remark 4.15. The model structure from Theorem differs from Rezk’s from |[Rezl0)]

§11.4] in the following aspects:

(1) We work with localizations of the projective model structure, instead of the injective
model structure.

(2) To express the completeness extension, we use 0, [0] g, 1] ©x[3] e, 1) ©,[0] instead
of the ©,-nerve of the walking isomorphism.

However, the two model structures are Quillen equivalent (see [Rez10, §2.5-2.13,810]).
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We now show that we still have a Quillen pair after localizing the projective model
structure on sSet® .

Theorem 4.16. Let n > 0. The functor
L,: sSet@?"'p

(o0,m)

— msSet (oo n)
is left Quillen.

Proof. We prove this by induction on n > 2. The basis of the induction n = 0,1,2 are
treated in Proposition the combination of [VerO8bl, §6.5] with [JT07|, and [BOR21],
Theorem 2.4], respectively. We now assume n > 2 and that the statement is true for
n — 1. Since cofibrations are unchanged by localization, it suffices to prove that L,, pre-
serves acyclic cofibrations. We do so by proving that L, preserves all elementary acyclic
cofibrations from Definition [I.12] which we do in Propositions [£.18) and [£.19] O

The following result by Steiner will allow us to apply Theorem [3.22] to the case C = 0,
for some 0 € ©,,.

Theorem 4.17 ([Ste07h]). Let n > 0 and 0 € O,. There is an isomorphism of w-
categories
0=vT

for some augmented directed chain complex T'.

We analyze the action of L,, on the Segality extensions.

Proposition 4.18. Let n > 0. If the functor L,_1: sSet(eo’anfl) — msSet (oo,n—1) s left

Quillen, the functor Ly, : sSet® — msSet sends the j-fold Segal acyclic cofibration from
Definition[{.12,
YO,6] T ... I 90,0k = X0, k|01, .. ., 0k
£i-10,[0] £i-10,[0]

for 1 <j<n,k>1 and objects 01,...,0, of ©,_;, to a weak equivalence in msSet (oo n)-

Proof. We prove the statement by induction on j > 1, and fixed k > 1. The basis case(s)
j =11is a direct consequence of [OR20a, Theorem 4.9], and we now assume j > 1 for the
inductive step. By definition, the map
Yo, 0] I .. I YO, [0k = XIT20,[k|04, . . ., 0k
$i-20,[0]  $i-20,[0]
S
(00,n—1)

0,5 Mey] AT . A1 0,5 0] = 0,57 2[kl6y, ..., Ok).
0,%7-2[0] ©,%i-2[0]

is an acyclic cofibration in sSet This acyclic cofibration can be rewritten as

o9r
(00,77,71)

By applying to it the left Quillen functor L,_1: sSet
an acyclic cofibration in msSet (o n—1)

NBS@, %7-1[9,]

— msSet (o0,n—1) We obtain

o ... - N®0,%771h,] — NR50,%772[k|0y,..., 6.
NRS@,, %i-2(0] NRS@,,%i-2[0]

By applying to it the left Quillen functor ¥: msSet oo n—1) — (M5Set(oo,n))s,« from
Lemma we obtain an acyclic cofibration in msSet (o )

YNBSS, %716 m ... I XNB®Q,%7 1[0 — SN0, %7 2[k|6; ..., 0]
YNRSQ,, %i-2[0] SNRS@,, %i—2(0]
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Since ¥ commutes with nerve by Theorems and [4.17] we also get an acylic cofibration

NRS@,,%7(0,] ... - NBSQ,%[0;] — NB®50, %77 1k|0; ..., 04,
NRS@,%i-1[0] NRS@,%i—1[0]
which is
L,0,%7[0] iy ... 0 L,0,%0k] — L,0,% k|6 ...,04.
L,0,%i-1[0] L,0,%i-10]
This concludes the proof. O

We analyze the action of L, on the completeness extensions.

Proposition 4.19. Let n > 0. If the functor L,_1: sSet(@iin_l)

Quillen, the functor Ly, : sSet® — msSet sends the j-fold Segal acyclic cofibration from
Definition [{.12,

— msSet (oo,n—1) 5 left

% 0,[0] — zje)n[o]z, I [1]2@"[3]2 o mzj@n[o]

for 0 <j <n—1, to a weak equivalence in msSet (o n)-

Proof. We prove the statement by induction on j > 0. The basis case(s) j = 0,1 are
proven in [BOR21], Propositions 2.7, 2.9|, and we now assume j > 0 for the inductive step.
By definition, the map
YW1e,[0] = ¥i7te,0 O ¥le,B] I %'e,[0]
2i-10,[1] $i-10,[1]

op

is an acyclic cofibration in sSet(oz’nlfl). This acyclic cofibration can be rewritten as

0,3 7H0] = ©,2770] Il O, '3 I 0,270
0,59~ 1[1] O, 1]

By applying to it the left Quillen functor L,,_;: sSet?OE‘in
an acyclic cofibration in msSet (o n—1)

1y msSet (oo,n—1) We obtain

NESQ,27710] — N®%@, %710 I  NBSe,» 13 I NBe,x/ o]
n [ ];) n [ ]NRSGnZJ'—l[l] n [ ]NRS@)nEJ'—l[l] n [ ]

By applying to it the left Quillen functor ¥: msSet(oo n—1) — (M5Set(oo,n))s,« from
Lemma we obtain an acyclic cofibration in (msSet(ooyn))(*,*)

YNBSQ, ¥ 0] — ©NRSE, %710 11 YNRSYI—1e, (3] II »NRSQ, %71 0].

SNRSO, 5i-1[1] SNRSO, 5i-1[1]
Since ¥ commutes with nerve by Theorems [3.22]and we also get an acyclic cofibration
N®@,%70] — N®@,%70] 1T N®e,%[3] 11 N,

NRS@, 5] NRS@,, % [1]
which is
L,0,%7[0] < L,0,%’ [O]L@ n% ijn@nzj [3]Lne§zj[1]L"@"Zj [0].
This concludes the proof. O

With the establishment of Propositions and the proof of Theorem is now
complete.
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APPENDIX A. PROOF OF LEMMA
We now prove Lemma

Proof of Lemma[3.27 Since these cases are mutually exclusive and cover all possibilities,
this at least defines a map, and by construction we will have d,.z = x.

It is immediate that the map is directed. Observe that neither the case nor the
case can apply to a chain of dimension 0, proving that z is augmented since z is
augmented. What we need to check is that Z is a chain map.

(P1) This case is immediate since = is a chain map (and ‘not containing r in the first
component’ is preserved by the differential).
(P2) For |a| = —1, there is nothing to check. For |a| > 0, on the one hand, we have

2(0r,a] @ [b]) = z(la] ®[b] — [r,0a] ® [b])
= a(s"a] @ [b]) — a(s""![r,0a] ® [0]);
on the other hand we have
9z([r,a] @ [b]) dx(s"[r,a] @ [0])
= a(s"'[a] ®[0]) — 2(s""[r,0a] @ [0]).

From we obtain
0=0x(s""a]®[0,0]) = x(s""[0a]® [0,b])
+(—1)l2lz (s a] @ [0])
—(=Dllz(s7 [a] @ [B)).

Using |(Susplnd 2)| again, the first summand vanishes, yielding the equality of the
other two. This shows the desired equality.

(P3) For |a’| > 1, |b| > 2, on the one hand we have
z(0([a,rj @ [b])) = z([oa’,r] @ [b /
=D A @ [b] + (-~ 1+ a1 @ 0°[b])
= (02’1 @ [0,b]) + (1) *z([a'] @ [b])+
(

+(=1)l T z([a] @ [0,0°b]);
on the other hand, we have
dz(la’,r]®[b]) = O(z([a'] ®[0,b]))
= z([0a’] ©[0,b])
+(=1)* (2] @ [b])
+H(=1 1+ ([ @ [0,0°D]),

so the two expressions coincide.
For |a’| =0, |b| > 2, on the one hand we have
2(0([a",r] @ [b])) = Z([r]® [b] —[a'] @ [b] —[a,r] ® 0°[b])
= —x([a'] @ [b]) — z([a’] ® [0,0°b]);
On the other hand we have
9z([a’,r] ® [b]) d(z([a'] ® [0,b]))
—z([a] @ [b]) — z([a] @ [0,0°b]),

so the two expressions coincide.
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For |a’| > 1, |[b| = 1, on the one hand we have

z(9([a’, ] @ [bo, b1])) = 5?([33'77"]@9 bo, b1]

(D) (2] @ [bo, bi])
(1) (] @ [0, bo])
(e — 1] & [0)

on the other hand we have

ox([a’, 7] @ [bo, b1]) d(z([a'] ® [0, by, b1]))

I
=

([0] & [0, bo, bs])
+(=1)lHz([a’] @ [bo, b1])
D] [0,br)

1)

so the two expressions coincide.
For |a’| =0, |b| = 1, on the one hand we have

z(0([a’, 1] @ [bo, b1])) = 5([7“]@[50’51]—[a']®[bovbl]
—[a’, 7] @ [bo] + [a’, 7] @ [b1])
= —zla'] ® [bo, b1] — z([a’] @ [0, bo])
—a([a’,r — 1] [0]) + z([a'] ® [0, b1])
+a([a’,r — 1] @ [0]);
on the other hand we have
dz([a’,r] @ [bo, b1]) = 3(96([@’] [0, bo, b1]))
= —x([a'] ® [bo, b1] — z([a] ® [0, bo])
+x([a'] ® [0, b1]),
so the two expressions coincide.
For |a’| > 1, on the one hand we have
Fo(la, @) = F((-DHa] e b +[(0a),r] @ [b])
= ( Dl g([a] @ [b]) + 2([(9a')] @ [0,b])
+a([(0a’), r — 1] ® [0]);
on the other hand we have
dz([a’,r] ® [b]) I(z([a")] @ [0,0]) + z([a’,r — 1] @ [0]))

z([(0a )] [0,8]) — (— ) lz([a'] ® [b])
+(—Dlz(fa’] @ [0]) + z([(9a’),r — 1] @ [0])
+H(=1) (@] @ [0]);

so the two expressions coincide.
For |a’| = 0, on the one hand we have

2(9([a",r] © [b])) Z([r] @ [o] = o] © [b]
z([r — 1 ® [0]) — ('] @ [b]);
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on the other hand we have

9zl r]@[b]) = O(x([a] @ [0,0]) + F([a',r — 1] @ [0]))
= 2(['] @ [0]) — z([a] @ [b])
+z([r =1 @ [0]) — z([a'] @ [0]);

so the two expressions coincide.
For |a| > 1,]a’| > 1, on the one hand we have

z((la,ral@[b])) = w([0a’,r a] @ [b])
+(=1) 117 ([’ a] @ [b])
+(=1)* 2 ([, r, 0a] @ [b])
= z(s""'[0a’,r,a] ®[0])
H(=DR (s a' a] @ [b])
(=D 2 (s [, 7, Oa] @ [0]);

on the other hand we have

ox(la’,r,a] @ b)) = Odx(s""'[a',ral®
= ®

Observe that from |[(SuspInd 1)} we obtain

0 = Ou(s""'[a’,a] ®[0,0])

= a(s""'[0a’,a] @ [0,D])
(—D)1H (s, 8a] @ [0,b])
(~D)l (s’ a] @ [0])
—(=1) Rl (7 o a] @ [b).

++

&
&

37

The first two summands vanish by [(SuspInd 1)| again, yielding the equality of the

other two summands. This shows the desired equality.
For |a| = 0,]a’| > 1, on the one hand we have

%(a([alvﬁ CL] ® [bD) = 5([83*/7717 a] ® F)])

on the other hand we have

oz([a’,r,al @ b)) = 8m(s”*1[a’,r, a]l ® [0])
= z(s""t0a’,r,a] ®[0])

+H(=D) (s [’ a] @ [0])

(=D 2a(sm [l r] @ [0]).
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Observe that from |(SuspInd 1)l we obtain
0 = 0Jz(s""[a,q
= x(s""10a’,d]

[0,

®[0,0])
® [0,])
1 /]
1

(1) (s @] @ [0, 1)
F(- 1)1 (s ol 0] © [0]
(1) (s o a) @ [B]).

The first summand vanishes again by |(SuspInd 1)| This implies the desired equality.
For |a| > 1,]a’| = 0, on the one hand we have

2(0([a’,r,a] @ [b])) ([r,a] @ [b]) — Z([d’, a] @ [b])

+z([a’, r,0a] ® [b])
= a(s""![r,a] ®[0])
—z(s" 1[@’ al @ [b])
+a(s" " a',r,0a] @ [0]);
on the other hand we have
0z(la',r,a] @ b)) = Ox(s""ta',r,a] ®[0])
= 96(8’“_1[7“7 a| ® [0]) — a(s""[a’,a] @ [0])

Observe that from |(SuspInd 1)l we obtain

0 = 9z(s"'[a',a] ®[0,0])
= (s 1[ ] ®[0,b])
—a(s"a', 8a]®[0,b])
+(=D)R* (7 o' a] @ [0])
— (=Dl (s7 a',a] @ [b]).

The first summand vanishes again by |(SuspInd 2)|and the second by [(SuspInd 1) so
that the other two summands are equal. This implies the desired equality.

For |a| = |a’| = 0, on the one hand we have
2(0(la’,r,a] ® [b]))

|

]
—
=
L.

&
=
S~—

on the other hand we have

0z([a,r,a] ® [b])

|
Q
8
—~
Vo)
3
|
—
R

Using |(SuspInd 1)} we obtain

0 = 90z([d,a—1]®]0,b])
= 2(la-1]®][0,0])
—([a'] @ [0,])
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Now the first summand vanishes by |(SuspInd 2)| This yields the desired equality.
(P6) For |a| > 1,]a’| > 0 and |b| > 2, on the one hand we have

z(0([a',r,al® [b])) = z([0a,r,a] ®[b])
+(=1)'+1%([a’, a] ® [b])
+(=1) 23 ([a’, 7, 0a] @ [b])
+(—1)l |+2+\a|$([a ,1,a] ® 9°[b])
= (—D) (s 12, a] @ [b));
on the other hand we have
oz([a’,r,a]®[b]) = 0.
Observe that from we obtain
0 = Ox(s""'a’,a]®[0,b])
= x(s""'[0a’,a] @ [0,b])

(=D + (s 1[a’, 9a] @ [0, b]
—(—1)lIHlal+ly(s7~1a’ a] @ [b]
+(=1)lRNa (s 1a’ a] @ [0,0

+

)
)
°b]).

The first two summands as well as the last one vanish again by [(SuspInd 1) so the
third summand also needs to vanish. This yields the desired equality.
For |a| > 1,]a’| > 0 and |b| = 1, on the one hand

zo([a',r,a] ® [bo,b1]) = z([0a’,r,a] ® [by,b1])
+(= )"‘/‘*1 z([a’, a] @ [bo, b1])
( 1)|a\+2 (a’,r,8 ] [b07b1])
+(-1 )'a/‘“*'a'x( a’,r,a] ® [bo — b1])
= (=) la(sm [, a] @ by, b))
+x(s""ta',r, a] ® [0])
—a(s"Ha',r,a] @ [0]);
on the other hand, we have
oz([a’,r,a] ® [bg,b1]) = 0.

Observe that from |[(SuspInd 1)} we obtain

0 = 8xz(s" a',a] ®[0,by,b1])

= x(s""1[0a’,a] ® [0, bg, by])
(=D& +1g(s7=1[a’, 9a] @ [0, bo, by])
(=) l+lal 1z (s7=1a’ a] @ [bo, by])
+(—1)la"Hlal 15 (s7=1a’ a] @ [0, b))
(—1)lI*lal 1y (s7=1[a’ a] @ [0, by]).

The first two summands as well as the last two vanish again by |(SuspInd 1)| so the
third summand also needs to vanish. This yields the desired equality.
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For |a| = 0,]a’| > 0 and |b| > 2; on the one hand we have

z(9([a’,r,a] ® [b])) z([0a’,r, a] © [b])
+(= )"“,'+1 z([a’, a] ® [b])
+(= )"“/'+2 z([a’, r] ® [b])
(=D ([aﬂ“ al ® 9°[b])
= (1)l Hg(s7 a' a] @ [b])
+(=1) 2] ® [0, b]);
on the other hand we have
oz([a’,r,a)®[b]) = 0.
Observe that by we have

0 = ox(s"1[a’,a] ®[0,b])

— (s o] @ [0,b])
(*1)|a,|+1$(8“1[a'} ® [0, b])
*(*U'allﬂﬂﬂ(ST*l[a ;a] @ [b])
—(=1)Hla(s"al, a] @ [0,0°b)).

The first and the last summands vanish using [(SuspInd 1)| once again. This yields
the desired equality.

For |a| = 0,]a’| > 0, |b| =1, on the one hand we have

|
+ =

Z(0([a',r,a) ® [bo,b1])) = z([0a',r,a] @ [bo, b1])
)|a\+1 ([a7a ®[b07b1])
—1)= 23 ([, 7] @ [bo, ba])
(-1l 2z ([a’ﬂ“yal [bo — b1])
(1) (7 al 0] @ [bo, b))
+(— )'5‘“r2 ([a] @ [0, bo, b1])
+a(s"1al,r,a] @ [0])
—a(s"Ha',r,a] @ [0]);

Aii

on the other hand we have
oz([a’,r,a) ® [bo,b1]) = 0.

Observe that by |(SuspInd 1), we have

0 = 0Jz(s"'[a,q
= x(s""loa/, a]

[0, bo, b1])

®®
E
S
o
(=
® =
=

~Ha'l ® [0, bo, b1])
[alv CL] [bO, bl])
~'[a’,a] @10, bol)
~1a’,a] ® [0, b1]).

The first and the last two summands vanish using |(SuspInd 1)| once again. This
yields the desired equality.
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For |a| > 1,]a’| = —1, |b| > 2, on the one hand we have
z(9([r,a] @ [b])) = z([a] ® [b])
—([r, 0a] @ [b])
+(=1)1*121%(|r, a] @ 5°[b))
= a(s"![a]® [b]);
on the other hand we have
0z([r,al® [b]) = 0.
Observe that by the two results coincide.
For |a| > 1,]a’| = —1, |b| = 1, on the one hand we have
2(0([r,a] ® [bo, b1])) = Z([a] @ [bo, b1])
—Z([r, 0a] ® [bo, b1])
+(=1)IE(([r, a] @ [bo]))
—(= )1+'a‘$(3([ ;a] @ [b1]))
= (" )] ®| o,bll)
(=) Rl(s7 r,a] @ [0])
—(=D)M*lRlz(sm r,a] @ [0));
on the other hand we have
0z([r,a] ® [by,b1]) = 0.

Then [(SuspInd 2)|yields the desired equality. For |a| =0, |a’| = —1, |b|] > 2, on the
one hand we have

2(0([r,a] @ [b])) = #([a] © [b]) — Z([r] @ [b])
+(=1)'E([r, a] ® 0°[b])
= a(s""[a] ® [b]);

on the other hand we have
0z([r,a]®[b]) = 0.

Using [(Susplnd 2)| once again, we obtain the desired equality.
For |a| =0, |a’| = —1, |b| = 1; on the one hand

z(0([r,a] @ [bo, b1])) = ([a] @ [bo, b1]) — Z([r] @ [bo, ba])
+$([7“» al @ [b1]) — Z([r, a] @ [bo])
= z([s""(a)] @ [bo, b1])
+x(s" " r,a] @ [0])
—x(s" " [r,a] ® [0]);

on the other hand we have
0z([r,a) ® [bo,b1]) = 0.
Using [(SuspInd 2)| once again yields the desired equality.

(P7) In this case, all constituents can be seen to be 0 in a straightforward manner.

Since we treated all possible cases, we conclude that Z is indeed a chain map. O
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