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RELATIONS ON Mg,n AND THE NEGATIVE r-SPIN WITTEN CONJECTURE

NITIN KUMAR CHIDAMBARAM, ELBA GARCIA-FAILDE, AND ALESSANDRO GIACCHETTO

ABSTRACT. We construct and study various properties of a negative spin version of the Witten r-spin class.
By taking the top Chern class of a certain vector bundle on the moduli space of twisted spin curves that
parametrises r-th roots of the anticanonical bundle, we construct a non-semisimple cohomological field
theory (CohFT) that we call the Theta class Θr. This CohFT does not have a flat unit and its associated
Dubrovin–Frobenius manifold is nowhere semisimple. Despite this, we construct a semisimple deformation
of the Theta class, and using the Teleman reconstruction theorem, we obtain tautological relations on Mg,n.
We further consider the descendant potential of the Theta class and prove that it is the unique solution to a set
of W-algebra constraints, which implies a recursive formula for the descendant integrals. Using this result
for r = 2, we prove Norbury’s conjecture which states that the descendant potential of Θ2 coincides with
the Brézin–Gross–Witten tau function of the KdV hierarchy. Furthermore, we conjecture that the descendant
potential ofΘr is the r-BGW tau function of the r-KdV hierarchy and prove the conjecture for r = 3.
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1. INTRODUCTION AND RESULTS

One of the earliest generalisations of the famous Witten–Kontsevich theorem [Wit90; Kon92] is the so-
called Witten’s r-spin conjecture [Wit93], which states that the generating function of integrals of the
Witten r-spin class coupled with ψ-classes on Mg,n is a tau function for the r-KdV integrable hierarchy.
At the time, the Witten r-spin class was not defined. Witten sketched a construction in genus zero using
the moduli space of r-spin curves, which is the moduli space parametrising r-th roots of the canonical
bundle. The first mathematical construction appeared many years later due to Polischuk and Vaintrob
[PV01] and turned out to be remarkably intricate. Proving the Witten r-spin conjecture required the
joint effort of mathematicians in different fields [AvM92; Giv01; FSZ10].

The Witten r-spin class also encodes a lot of information concerning the cohomology ring of the moduli
space of curves Mg,n. By analysing the Dubrovin–Frobenius manifold associated to the Witten r-spin
class, Pandharipande, Pixton and Zvonkine [PPZ15] proved vanishing relations among tautological
classes in the cohomology ring of Mg,n, known as Pixton’s relations [Pix13], which explain all presently
known relations in the tautological ring.

In this paper, we are interested in a version of the Witten r-spin class for “negative” spin. More precisely,
the geometric space of interest to us is the moduli space of r-th roots of the anticanonical bundle. For an
integer r > 2, and integers ai > 0 (called primary fields), we consider the moduli space of twisted spin
curves M

r,−1
g;a which parametrizes the data of a stable curve (C, x1, . . . , xn) and a line bundle L on C such

that

L⊗r ∼= ω−1
log

(
−

n∑
i=1

aixi

)
,

where ωlog is the log canonical bundle of C. Following Chiodo [Chi08b], we take the derived pushfor-

ward of the universal line bundle associated to L from the universal curve to M
r,−1
g;a , to obtain a vector

bundle Vr,−1
g;a (defined precisely in equation (2.14)). We consider the top Chern class of Vr,−1

g;a , push it
forward along the forgetful map to Mg,n, and rescale it by a factor to obtain the Theta class Θrg,n that
lives in H∗(Mg,n). A detailed description of the Theta class is in subsection 2.2.

For every (g,n), the cohomology class Θrg,n depends on the primary fields, and hence, we can view it
as a collection of maps

Θrg,n : V
⊗n −→ H•(Mg,n,Q)

from the vector space V = Q 〈v1, v2, . . . , vr−1〉, where we view the vectors va as vectors associated to the
primary fields a. For different (g,n), these collections of maps satisfy various properties respecting the
structure of Mg,n and the natural morphisms between them. A convenient notion to keep track of these
properties is the language of cohomological field theories (CohFTs for short) introduced by Kontsevich
and Manin [KM94]. Notice that the vector associated to the primary field a = 0 is excluded from V .
This is fundamental for the CohFT properties to hold (see remark 2.8 for more details).

The structure of a CohFT equips the vector space V with a product known as the quantum product. The
quantum product turns V into a commutative associative algebra, and when this algebra is semisim-
ple, the CohFT is called semisimple. Semisimple CohFTs form a very special class of CohFTs and are
completely understood by results of Teleman [Tel12]. Non-semisimple CohFTs, on the other hand, are
rather poorly understood. Our first main result, proved in Section 2.3, is that the Theta class Θrg,n satis-
fies the axioms of a CohFT, but is not semisimple. Norbury [Nor22a] proved the following result in the
special case r = 2, and our theorem extends it to all r > 2.
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Theorem A (CohFT properties). The Theta class (Θrg,n)2g−2+n>0 is a non-semisimple CohFT of rank (r− 1)
on (V ,η), with the non-degenerate pairing defined as

η : V × V → Q , η(va, vb) = δa+b,r .

The CohFT does not admit a flat unit. On the other hand, it admits a modified unit vr−1, i.e.,

Θrg,n+1(va1 ⊗ · · · ⊗ van ⊗ vr−1) = ψn+1 · p∗Θrg,n(va1 ⊗ · · · ⊗ van) ,

where p : Mg,n+1 →Mg,n is the forgetful map that forgets the last marked point.

It is worth noting here that while the Witten r-spin class is also not semisimple, the construction of the
Theta class is significantly easier. While abundant examples of non-semisimple CohFTs can be obtained
from Gromov–Witten theory, the Theta class is the simplest example of a non-semisimple CohFT that
we are aware of.

The Theta class Θ2
g,n for r = 2 was first considered by Norbury [Nor22a] and has already seen various

applications. For example, it appears in the context of Jackiw–Teitelboim supergravity [SW20], which
in turn is related to the enumerative geometry of super Riemann surfaces [Nor20]. The moduli space of
super hyperbolic Riemann surfaces with geodesic boundaries M̂g,n(L) is a symplectic supermanifold
structure and its supervolumes can be calculated as a tautological integral [Nor20]:

Vol
(
M̂g,n(L)

)
= (−1)n 2g−1+n

∫
Mg,n

Θ2
g,n exp

(
2π2κ1 +

1
2

n∑
i=1

L2
iψi

)
.

Other applications include Gromov–Witten theory of P1 coupled to the Theta class and the Legendre
ensemble [Nor22b], and integrable hierarchies of BKP type [Ale20; Ale21].

Tautological relations. The analysis of the Witten class in [PPZ15; PPZ19] relies on the key property
that the Dubrovin–Frobenius manifold is generically semisimple. The authors work at a semisim-
ple point, use the Teleman reconstruction theorem to understand the CohFT completely, and prove
tautological relations by taking a limit back to the non-semisimple point. In contrast, the Dubrovin–
Frobenius manifold associated to the Theta class is nowhere semisimple. Thus the above line of attack
fails.

We will exploit one key difference between the Witten class and the Theta class concerning the range of
primary fields, in order to circumvent this issue. The Witten r-spin class satisfies Ramond vanishing:
this means that setting any of the primary fields a = 0 forces the class to be zero. On the other hand,
the Theta class does not vanish upon setting any of the primary fields a = 0 (although they must be
excluded for the CohFT axioms to be satisfied).

Having a non-vanishing cohomology class upon setting the primary fields to zero, allows us to deform
the Theta class along the direction v0:

Θr,ε
g,n(va1 ⊗ · · · ⊗ van) :=

∑
m>0

εm

m!
pm,∗Θ

r,ε
g,n+m(va1 ⊗ · · · ⊗ van ⊗ v

⊗m
0 ) ,

where pm : Mg,n+m →Mg,n is the map that forgets the lastmmarked points. We stress again that, as v0

is not part of the vector space underlying the Theta class, the above deformation is not a shift along any
direction of the associated Dubrovin–Frobenius manifold. Instead we view the deformed Theta class as
a family of CohFTs parametrised by ε ∈ C, which coincides with the Theta class in degree

Drg;a =
(r+ 2)(g− 1) + n+

∑n
i=1 ai

r
,

and vanishes in all degrees higher than that.

We prove that for any ε 6= 0, the deformed Theta class is semisimple and homogeneous with respect to
an Euler field. Then, we compute all the ingredients of the Teleman reconstruction theorem to find an
expression forΘr,ε in terms of tautological classes. Taking the limit ε→ 0 back to the Theta class allows
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us to produce a collection of tautological relations on Mg,n. We summarize the results of Section 3.2.4
below.

The Givental–Teleman reconstruction recipe for homogeneous CohFTs without a flat unit requires the
data of an R-matrix R(u) = Id +

∑
m>1 Rmu

m ∈ End(V)JuK, a vacuum vector v(u) ∈ VJuK, and the
degree zero part of the CohFT in question, called the topological field theorywg,n : V

⊗n → H0(Mg,n,Q).
Using Teleman’s characterisation of the R-matrix and the vacuum vector as solutions to differential
equations [Tel12], we calculate both explicitly. The R-matrix elements for the deformed Theta class are

R−1(u)ba = ε
a−b
r−1

∑
m>0

b+m≡a (mod r−1)

Pm(r,a− 1)
(

u

(1 − r)ε
r
r−1

)m
.

The coefficients Pm(r,a) first found in [PPZ19] and interpreted as coefficients of the asymptotic expan-
sion of the hyper-Airy function and its derivatives in [CCGG22], are computed recursively as{

Pm(r,a) − Pm(r,a− 1) = r
(
m− 1

2 − a
r

)
Pm−1(r,a− 1) , for a = 1, . . . , r− 2 ,

Pm(r, r− 1) = Pm(r, 0) .

The vacuum vector for the deformed Theta class is defined as

v(u)a = −ε
a+1
1−r

∑
m>0

Hm(r,a)
(

u

ε
r
r−1

)(r−1)m+r−2−a

.

The coefficientsHm(r,a) are interpreted as coefficients of the asymptotic expansion of the hyper-Scorer
functions and defined by{

Hm(r,a) = (rm+r−1−a)!
m!rm , for a = 0, . . . , r− 2 ,

Hm(r, r− 1) = Hm(r, 0) .
(1.1)

From the R-matrix and the vacuum, we can define the translation T(u) = u
(
1−R−1(u)v(u)

)
. Lastly, the

topological field theory wg,n is

wg,n(va1 ⊗ · · · ⊗ van) = (−1)nε
(r+2)(g−1)+n+

∑
i ai

r−1 (r− 1)g · δ ,

where δ equals 1 if 3g− 3 + n+
∑
i ai ≡ 0 (mod r− 1) and 0 otherwise.

Theorem B (Tautological relations). The deformed Theta class can be expressed as

Θr,ε
g,n = RTwg,n ,

and the Theta class is the term of degree d = Drg;a:

Θrg,n(va1 ⊗ · · · ⊗ van) =
[
(RTwg,n)(va1 ⊗ · · · van)

]Drg;a .

All the terms of degree d > Drg;a vanish and thus produce relations among tautological classes:[
(RTwg,n)(va1 ⊗ · · · van)

]d
= 0 ∈ H2d(Mg,n,Q) , for d > Drg;a .

We remark that our result is not valid in Chow since Teleman’s result has not been extended to Chow
field theories. However, we expect the above relations to hold in the Chow ring. Moreover, we expect
them to be implied by Pixton’s relations, although we do not have a proof of this statement. In [Jan18],
Janda proves that all tautological relations that one can obtain by taking a limit from a semisimple point
to a point on the discriminant of a Dubrovin–Frobenius manifold are implied by Pixton’s relations.
However, our relations in theorem B do not fall into this class of tautological relations, as we have
emphasised previously.

For r > 3, we provide a description of the deformed Theta class and the relations in theorem B in terms
of weighted stable graphs in proposition 3.23. When r = 2 the statement takes a very simple form,
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involving κ-classes only, and proves a conjecture of Kazarian–Norbury [KN21, conjectures 1 and 4].
More precisely, consider sm form > 0 defined uniquely via

exp

(
−
∑
m>0

smu
m

)
=
∑
k>0

(−1)k(2k+ 1)!!uk .

Corollary C (Kazarian–Norbury conjecture). We have the following vanishing relations among κ-classes:[
exp

(∑
m>0

smκm

)]d
= 0 ∈ H2d(Mg,n) , for d > 2g− 2 + n .

Moreover, in degree d = 2g− 2 + n, we get Norbury’s Theta class:

Θg,n =

[
exp

(∑
m>0

smκm

)]2g−2+n

∈ H4g−4+2n(Mg,n) .

Thus, we provide a geometric explanation for the vanishing relations among κ classes in Corollary C,
noticed and conjectured by Kazarian and Norbury [KN21].

W-constraints and integrability. Given that the Theta class is a negative spin analogue of the Witten
class, we expect it to satisfy a version of the Witten r-spin conjecture. The original formulation of the
Witten r-spin conjecture states that the descendant potential of the Witten r-spin class is the tau function
of the r-KdV hierarchy satisfying the string equation [Wit93]. An equivalent version [AvM92] states that
the descendant potential is a highest weight vector in a certain representation of a W-algebra (which is
a generalisation of the Virasoro algebra), or in other words, that the descendant potential is the unique
solution to a set of W-constraints.

A very useful tool to understand the connections between CohFTs and W-constraints is the Eynard–
Orantin topological recursion [EO07]. The topological recursion is a universal formalism that takes as
input an algebraic curve along with some extra data called a spectral curve, and recursively constructs
multidifferentials known as correlators on the underlying curve. From the spectral curve, one can build
a semisimple CohFT such that the multidifferentials can be expressed in terms of descendant integrals
of this CohFT [DOSS14]. Conversely, however, the answer to whether one can (and if so how to) obtain
a global spectral curve from a given semisimple CohFT is unanswered in general. While there is a
partial answer in [Dun+19], we note that our situation where the Dubrovin–Frobenius manifold does
not have a flat unit vector field is not covered by their results.

Nevertheless, in Section 4.2, we find a global spectral curve whose topological recursion correlators
encode the descendant theory of the Theta class.

Theorem D (Topological recursion). The CohFT associated to the 1-parameter family of spectral curves Sε on
P1 given by

x(z) =
zr

r
− εz , y(z) = −

1
z

, B(z1, z2) =
dz1dz2

(z1 − z2)2 ,

is the deformed Theta class Θr,ε. More precisely, the correlators corresponding to the spectral curve Sε are

ωg,n(z1, . . . , zn) =
r−1∑

a1,...,an=1

∫
Mg,n

Θr,ε
g,n(va1 ⊗ · · · ⊗ van)

n∏
i=1

∑
ki>0

ψkii dξ
ki,ai(zi) ,

where the dξk,a(z) are certain explicit differentials given in equation (4.34).

In order to prove the theorem, we compute the CohFT associated to this spectral curve using the pre-
scription in [DOSS14]. We find that the R-matrix and the translation T of the corresponding CohFT can
be expressed in terms of the asymptotic expansion of certain solutions of the hyper-Airy differential
equation (and the associated inhomogeneous equation):

f(r−1)(t) = (−1)r−1t f(t) ,
5



which for r = 3 reduces to the classical Airy ODE. Our computations rely on the calculation of [CCGG22]
in the context of the shifted Witten class. Finally, we match the R-matrix and translation thus obtained
with the ones we computed using Teleman’s formulae in theorem B, to finish the proof.

The fact that the R-matrix for the deformed Theta class (theorem B) essentially matches the R-matrix
for the e1-shifted Witten class studied in [PPZ19] is intriguing. From the perspective of the topological
recursion, theorem D provides an explanation for this occurrence: the function x(z) for the spectral
curve is exactly the same in both cases [CCGG22]. However, we do not know of a purely algebro-
geometric reason for this phenomenon and this deserves further investigation. On a related note, the
Dubrovin–Frobenius manifold associated to the deformed Theta class has not been studied so far in the
literature to our knowledge. Perhaps a singularity theory understanding of the Dubrovin–Frobenius
manifold could help explain why the R-matrices match.

By taking the parameter ε → 0 in the above theorem, we obtain as an immediate corollary that the
descendant integrals of the Theta class are computed by the Bouchard–Eynard topological recursion on
the r-Bessel spectral curve, which is defined on P1 by

x(z) =
zr

r
, y(z) = −

1
z

, B(z1, z2) =
dz1dz2

(z1 − z2)2 .

The Bouchard–Eynard topological recursion was analysed thoroughly in the context of higher Airy
structures in [Bor+18] and proved to be equivalent to a set of W-constraints in general. The W-algebra
we are interested in here is Wk(glr) at the self-dual level k = 1− r. Putting together the identification of
the correlators of the r-Bessel spectral curve with descendant integrals of the Theta class and the results
of [Bor+18], we get one of our main results (Theorem 5.5) which can be viewed as a direct analogue of
the Witten r-spin conjecture to negative spin:

Theorem E (W-constraints). The descendant potential of the Theta class

ZΘ
r

= exp

 ∑
g>0,n>1

2g−2+n>0

 hg−1

n!

r−1∑
a1,...,an=1

∫
Mg,n

Θrg,n (va1 ⊗ · · · ⊗ van)
n∏
i=1

∑
ki>0

ψkii (rki + ai)!(r)tai+rki


is the unique solution to the following set of W-constraints

Hik Z
Θr = 0 , for all k > −i+ 2 and i = 1, 2, . . . , r ,

where the Hik are differential operators defined in equation (5.8) that form a representation of the W−r+1(glr)

algebra.

The above statement is very powerful as it allows one to calculate any descendant integral by a recursion
on the integer 2g−2+n, i. e. a topological recursion. This theorem answers a question posed in [Bor+18],
and the result was conjectured by the first-named author along with Borot and Bouchard.

It has been observed in many cases in the literature that W-constraints (or Virasoro constraints) and
integrability properties of the corresponding solutions go hand-in-hand – examples include the Witten
r-spin conjecture [DVV91; AvM92], its extensions to singularities of type D and E [FJR13] and open
intersection theory [Ale17]. Motivated by these results, we formulate the following conjecture.

Conjecture F (r-KdV integrability). The descendant potential ZΘr is a tau function of the r-KdV integrable
hierarchy. Moreover, it coincides with the r-spin Brézin–Gross–Witten tau function.

The r-spin Brézin–Gross–Witten (r-BGW) tau function, introduced by Mironov, Morozov and Semenoff
[MMS96] and studied further in the recent work of Alexandrov and Dhara [AD22], is a generalisation
of the Brézin–Gross–Witten tau function [GW80; BG80], and corresponds to the negative spin version
of the r-spin Witten–Kontsevich tau function computing the descendant theory of Witten r-spin classes.
It can be regarded as the second constituent of complex matrix models theory [AMM09], together with
the r-Witten–Kontsevich model, and conjecture F gives an enumerative-geometric interpretation to it,
generalising a conjecture of Norbury [Nor22a] to higher spin.
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Another interesting feature of the BGW matrix integral (i.e. for r = 2) is its connection to single mono-
tone Hurwitz numbers [GGN14; Nov20] in the strong coupling limit (the so-called character phase). An
expression for such Hurwitz numbers in terms of intersection theory on the moduli space of curves was
found in [ALS16], and it involves the deformed Theta class Θ2,ε for ε = 1:

h6g;µ1,...,µn = (−1)n
n∏
i=1

(
2µi
µi

) ∫
Mg,n

Θ2,1
g,n

n∏
j=1

∑
kj>0

ψ
kj
j

(2(µj + kj) − 1)!!
(2µj − 1)!!

.

On the other hand, the connection between the BGW integral and the Theta class for ε = 0 appearing in
conjecture F is concerned with the weak coupling limit (the Kontsevich phase). Strikingly, our analysis
of the Theta class provides a family of cohomology classes that interpolates between the strong and
weak coupling limits of the BGW integral.

Note that in order to prove the conjecture, we only need to show that the r-BGW tau function is an-
nihilated by the differential operators considered in theorem E. Then the uniqueness statement in the
theorem forces the descendant potential ZΘ

r

to coincide with the r-BGW tau function. One can often
find W-constraints for any KP tau function using the formalism of Kac–Schwarz operators [KS91]. A
Kac–Schwarz operator for a tau function τ is an element of the algebra of diffeomorphisms of the circle
w1+∞ that stabilizes the point on the Sato Grassmannian corresponding to τ. A Kac–Schwarz opera-
tor directly gives an element of a W-algebra that annihilates the tau function. By finding a minimal
set of Kac–Schwarz operators that uniquely determine the tau function, one can hope to find a set of
W-constraints that uniquely characterise the tau function.

By analysing certain commutation relations of the W-algebra W−r+1(glr), and by studying certain Kac–
Schwarz operators of the r-BGW tau function, we are able to reduce the conjecture to the following
equivalent statement: conjecture F holds if and only if r-BGW tau function Zr-BGW satisfies the string
equation:

Hr−r+2 Z
r-BGW = 0 .

Finally, the string equation for r = 2 (and indeed, the full set of Virasoro constraints) is already known
thanks to [GN92], and was derived using the formalism of Kac–Schwarz operators in [Ale18]. For r = 3,
we prove the string equation using Kac–Schwarz operators. This proves conjecture F in the case of r = 2
and r = 3 (Theorem 5.23).

Theorem G. Conjecture F is true for r = 2 (Norbury’s conjecture [Nor22a]) and for r = 3.

Outline of the paper. We provide a brief outline of the paper.

• In section 2, we review the notion of CohFTs, define the (deformed) Theta classes and prove that
they form a CohFT.
• In section 3 we review the notion of Dubrovin–Frobenius manifolds, the Givental group ac-

tion on CohFTs and the Teleman reconstruction theorem. Then, we investigate the Dubrovin–
Frobenius manifold associated to the deformed Theta class, and apply the reconstruction theo-
rem to find an expression forΘr in terms of tautological classes and obtain tautological relations.
• In section 4, we review the formalism of the topological recursion and find global spectral curves

corresponding to the deformed Theta class. Then by taking the limit ε → 0, we show that the
r-Bessel curve computes descendant integrals of the Theta class.
• Lastly, in section 5, we prove that the descendant potential of the Theta class is the unique

solution to W-constraints. Then, we formulate our conjecture concerning the identification of
the r-BGW tau function and the descendant potential ZΘ

r

, and prove it for r = 2 and 3.
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do, Bertrand Eynard, Felix Janda, Danilo Lewański, Paul Norbury, Rahul Pandharipande, Sergey Shadrin
and Di Yang for many helpful discussions. We also thank Alexander Alexandrov and Saswathi Dhara
for discussions and sharing their results in [AD22] with us before posting.

7



N. K. C. has been supported by the Max-Planck-Gesellschaft. A. G. has been supported by the Institut
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2. THE THETA CLASS

In this section, we introduce the main characters of our paper – the Theta class Θr and its deformation
Θr,ε – and study their properties in detail.

2.1. Cohomological field theories. In order to make our paper as self-contained as possible, we recall
the notion of cohomological field theories (CohFTs for short), and describe some of their properties.
For an excellent introduction to CohFTs, we refer the reader to the ICM 2018 address of Pandharipande
[Pan19].

Definition 2.1. LetV be a finite dimensional Q-vector space equipped with a non-degenerate symmetric
2-form η. A cohomological field theory on (V ,η) consists of a collectionΩ = (Ωg,n)2g−2+n>0 of elements

Ωg,n ∈ H•(Mg,n)⊗ (V∗)⊗n (2.1)

satisfying the following axioms.

i) SYMMETRY. Each Ωg,n is Sn-invariant, where the action of the symmetric group Sn permutes
the marked points of Mg,n and the copies of (V∗)⊗n simultaneously.

ii) GLUING AXIOM. With respect to the gluing maps

q : Mg−1,n+2 −→Mg,n ,

r : Mg1,n1+1 ×Mg2,n2+1 −→Mg,n , g1 + g2 = g, n1 + n2 = n ,
(2.2)

we have

q∗Ωg,n(v1 ⊗ · · · ⊗ vn) = Ωg−1,n+2(v1 ⊗ · · · ⊗ vn ⊗ η†) ,

r∗Ωg,n(v1 ⊗ · · · ⊗ vn) = (Ωg1,n1+1 ⊗Ωg2,n2)

 n1⊗
i=1

vi ⊗ η† ⊗
n2⊗
j=1

vn1+j

 ,
(2.3)

where η† ∈ V⊗2 is the bivector dual to η.

Often the vector space comes with a distinguished element 1 ∈ V , that satisfies the following axiom:

iii) UNIT AXIOM. Consider the forgetful map

p : Mg,n+1 −→Mg,n . (2.4)

Then
p∗Ωg,n(v1 ⊗ · · · ⊗ vn) = Ωg,n+1(v1 ⊗ · · · ⊗ vn ⊗ 1) . (2.5)

Moreover, it is compatible with the pairing: Ω0,3(v1 ⊗ v2 ⊗ 1) = η(v1, v2).

In this case,Ω is called a cohomological field theory with the flat unit 1.

Another possibility (cf. [Nor22a]) is to substitute the unit axiom with a modified version. Suppose again
that the vector space comes with a distinguished element ν ∈ V . Then we can also ask for:

iii’) MODIFIED UNIT AXIOM. Under the forgetful map,

ψn+1 · p∗Ωg,n(v1 ⊗ · · · ⊗ vn) = Ωg,n+1(v1 ⊗ · · · ⊗ vn ⊗ ν) . (2.6)
8



In this case,Ω is called a cohomological field theory with a modified unit ν.

A CohFT determines a product • on V , called the quantum product: v1 •v2 is defined as the unique vector
in V such that for all v3 ∈ V the following holds:

η(v1 • v2, v3) = Ω0,3(v1 ⊗ v2 ⊗ v3) . (2.7)

Commutativity and associativity of • follow from (i) and (ii) respectively, and thus V equipped with the
quantum product carries the structure of a commutative associative Q-algebra. If the CohFT has a flat
unit, the quantum product is unital, with 1 ∈ V being the identity by (iii). An important class of CohFTs
are the semisimple ones: a CohFTΩ on (V ,η) is called semisimple if (V , •) is a semisimple algebra, i.e. if
there exists a basis (ei) of idempotents

ei • ej = δi,j ei , (2.8)
after an extension of the base field to C.

The degree 0 part of a CohFT

wg,n = deg0Ωg,n ∈ H0(Mg,n)⊗ (V∗)⊗n ∼= (V∗)⊗n (2.9)

is also a CohFT and is called a 2d topological field theory (TFT for short). It is uniquely determined by the
values ofw0,3 and by the pairing η (or equivalently, by the associated quantum product and the pairing
η) by a repeated application of the gluing axiom (ii).

Examples of CohFTs include the virtual fundamental class in Gromov–Witten theory [BF97], the Witten
r-spin class [PV01] and the Hodge class [Mum83].

2.2. Chiodo classes and Theta classes. An important class of CohFTs that generalise the Hodge class
are called Chiodo classes. These are defined using the moduli space of twisted spin curves, and we
refer to [Jar00; Chi08a] for details on the construction of this moduli space.

Definition 2.2. For a fixed positive integer r, and integers s,a1, . . . ,an satisfying the modular constraint
n∑
i=1

ai ≡ s(2g− 2 + n) (mod r) , (2.10)

consider the moduli space M
r,s
g;a of objects (C, x1, . . . , xn,L), where (C, x1, . . . , xn) is a stable curve of

genus gwith nmarked points, and L is a line bundle on C such that

L⊗r ∼= ω⊗slog

(
−

n∑
i=1

aixi

)
. (2.11)

Hereωlog := ω(
∑n
i=1 xi) is the log canonical bundle. This moduli space, called the moduli space of twisted

spin curves, is naturally equipped with a universal curve C
r,s
g;a and a universal line bundle Lr,s

g;a on the
universal curve:

π : C
r,s
g;a −→M

r,s
g;a , Lr,s

g;a −→ C
r,s
g;a . (2.12)

By forgetting the extra data of the line bundle L, we also have a forgetful map f : M
r,s
g;a → Mg,n to the

moduli space of stable curves.

Define the Chiodo class as

Cr,s
g,n(a1, . . . ,an) := f∗c(−R•π∗Lr,s

g;a1,...,an) ∈ H
•(Mg,n) . (2.13)

Here R•π∗Lr,s
g;a is the derived pushforward of Lr,s

g;a, and c is its total Chern class.

We note that in general the derived pushforward R•π∗Lr,s
g;a is a complex with multiple cohomology

sheaves. However, in the specific range −r+1 6 s 6 −1, an easy Riemann–Roch calculation (cf. [GLN21])
shows that R0π∗L

r,s
g;a vanishes, and the derived pushforward is an honest vector bundle on the moduli

space of twisted spin curves. Let us denote this vector bundle as

Vr,s
g,a := R1π∗L

r,s
g;a , (2.14)
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for −r+ 1 6 s 6 −1.

In [Chi08b], Chiodo computed the Chern characters of R•π∗Lr,s
g;a in terms of tautological classes. From

this formula, one can derive many interesting properties satisfied by the classCr,s
g,n. For instance, as long

as 0 6 ai < r, it forms a CohFT [LPSZ17]; it can be expressed as a sum over stable graphs [JPPZ17];
and it enjoys several properties regarding shifts in the parameters, pullback with respect to the forgetful
map, as well as string and dilaton equations [GLN21]. We recall the properties that will be useful in the
text here.

Proposition 2.3 ([LPSZ17; GLN21]). Fix g,n > 0 integers such that 2g − 2 + n > 0. Let r and s be integers
with r positive, and a1, . . . ,an integers satisfying the modular constraint a1+· · ·+an ≡ (2g−2+n)s (mod r).
Chiodo’s classes satisfy the following properties.

(1) LetW = spanQ(v0, . . . , vr−1). Then the collection of maps

Cr,s
g,n : W

⊗n −→ H•(Mg,n) , va1 ⊗ · · · ⊗ van 7−→ Cr,s
g,n(a1, . . . ,an) (2.15)

is a CohFT onW with pairing

ηC(va, vb) =
1
r
δa+b≡0 (mod r) . (2.16)

If 0 6 s < r, the CohFT admits a flat unit vs.
(2) Shift in ai:

Cr,s
g,n(a1, . . . ,ai + r, . . . ,an) =

(
1 +

ai

r
ψi

)
· Cr,s
g,n(a1, . . . ,an) . (2.17)

(3) Pullback property: for 0 6 a1, . . . ,an < r,

Cr,s
g,n+1(a1, . . . ,an, s) = p∗Cr,s

g,n(a1, . . . ,an) . (2.18)

We note that combining property 2 and then property 3 of proposition 2.3 gives the equation:

Cr,s
g,n+1(a1, . . . ,an, s+ r) =

(
1 +

s

r
ψn+1

)
· p∗Cr,s

g,n(a1, . . . ,an) . (2.19)

In the following, we will focus on the case s = −1. As we have already mentioned, in this case the
Chiodo class is the pushforward of the total Chern class of an honest vector bundle Vr,−1

g;a on the moduli
space of twisted curves. Our main interest in this paper is in the top degree of the Chiodo class. Again,
letW = spanQ(v0, . . . , vr−1), and define the collection of maps

Υrg,n : W
⊗n −→ H•(Mg,n) , (2.20)

as follows:

Υrg,n(va1 ⊗ · · · ⊗ van) := (−1)n r
2g−2+|a|+n

r f∗ctop(V
r,−1
g;a ) ∈ H•(Mg,n) , (2.21)

where we define |a| :=
∑n
i=1 ai. In other words, Υrg,n is (up to the prefactor), the top degree of Cr,−1

g,n . By
an easy Riemann–Roch calculation, we conclude that the (complex) degree of the cohomology class is

degΥrg,n(va1 ⊗ · · · ⊗ van) =
(r+ 2)(g− 1) + n+ |a|

r
. (2.22)

We consider the restriction of the maps Υrg,n to the vector subspace spanned by va for 1 6 a 6 r− 1.

Definition 2.4. Define V := spanQ(v1, . . . , vr−1), and define the Theta class Θr as the restriction

Θrg,n := Υrg,n

∣∣
V

. (2.23)

To be precise, the arguments va of the Theta class are only allowed to take values 1 6 a 6 r − 1. The
class Θrg,n has pure degree

Drg;a :=
(r+ 2)(g− 1) + n+ |a|

r
. (2.24)
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The case r = 2 coincides with the Theta class introduced by Norbury [Nor22a]: Θ2
g,n(v

⊗n
1 ) = Θg,n.

We will prove shortly that the cohomology classes Θrg,n form a CohFT. However, it is not a semisimple
cohomological field theory. When one encounters a non-semisimple CohFT, a standard trick (see for
example [PPZ15; Jan17; PPZ19]) is to pass to the associated Dubrovin–Frobenius manifold. One can
associate a CohFT to every point on the Dubrovin–Frobenius manifold (see subsection 3.1). When the
associated Dubrovin–Frobenius manifold is generically semisimple, one can shift along a semisimple
direction, to work at a semisimple point instead. Then, one can study the semisimple CohFT at that
point using the Givental–Teleman reconstruction theorem. Finally, by taking the limit back to the non-
semisimple point, one can analyse the non-semisimple CohFT of interest. However, we stress that the
Dubrovin–Frobenius manifold associated to the Theta class Θrg,n is not generically semisimple – see
remark 3.7 for details. Thus, the usual strategy fails.

To bypass this issue, we construct a family of semisimple CohFTs instead, depending on a non-zero
parameter ε, such that the limit ε→ 0 recovers the Theta class Θr.

2.3. Deformed Theta class. In this section, we define a deformation Θr,ε of the Theta class by shifting
it along the vector v0. We stress that the direction ε · v0 is not in the vector space V (where the Theta
class is defined), but in the vector space W. Hence, this is different from working at a semisimple point
of the Dubrovin–Frobenius manifold associated to the Theta class Θr.

Definition 2.5. We define the deformed Theta class Θr,ε
g,n

Θr,ε
g,n : V

⊗n −→ H•(Mg,n) (2.25)

as follows:
Θr,ε
g,n(va1 ⊗ · · · ⊗ van) :=

∑
m>0

εm

m!
pm,∗Υ

r
g,n+m(va1 ⊗ · · · ⊗ van ⊗ v

⊗m
0 ) . (2.26)

Before analysing the deformed Theta class, we need to justify that the sum in the above definition is
finite and thus the class Θr,ε

g,n is well-defined. This follows from the degree calculation

degpm,∗Υ
r
g,n+m(va1 ⊗ · · · ⊗ van ⊗ v

⊗m
0 ) =

(r+ 2)(g− 1) + n+m+ |a|

r
−m = Drg;a −

(r− 1)m
r

.

In addition, this implies that the class Θr,ε
g,n is equal to the class Θrg,n in top degree, with possibly some

correction terms in strictly smaller degree. We also note that this is analogous to the situation studied
in [PPZ15] for the shifts of the Witten r-spin class.

Proposition 2.6. The collection Θr,ε
g,n for 2g− 2+n > 0 satisfies the axioms of an (r− 1)-dimensional cohomo-

logical field theory on V with pairing
η (va, vb) = δa+b,r . (2.27)

Proof. The first axiom of a CohFT is the Sn-equivariance. This is immediate from the definition of the
deformed Theta class.

For the gluing axiom, let v = va1 ⊗ · · · ⊗ van be a generic tensor in V⊗n. We prove the statement for the
gluing map q of non-separating kind, and omit the proof for the gluing maps of separating kind as it is
completely analogous. We recall that the Chiodo classes form a CohFT (see proposition 2.3). Using the
gluing axiom for the Chiodo class and rescaling by the proper minus sign and power of r, we get

(−1)n+mr
2g−2+|a|+n+m

r q∗Cr,−1
g,n+m(v ⊗ v⊗m0 ) = (−1)n+mr

2g−2+|a|+n+m
r Cr,−1

g−1,n+m+2(v ⊗ v
⊗m
0 ⊗ η†C) .

Here ηC is the pairing of the Chiodo CohFT from equation (2.16). Now, we want to take the degree(
Drg;a + m

r

)
part of the above equation. This forces us to keep the part of the bivector η†C that is of the

form vb⊗ vc such that b+ c = r. Thus, we see that neither b nor c can be 0. We also note that the part of
the bivector η†C that survives is indeed r · η† as we defined above in equation (2.27). Putting all of this
together, we get

q∗Υrg,n+m(v ⊗ v⊗m0 ) = Υrg−1,n+m+2(v ⊗ v⊗m0 ⊗ η†) .
11



Applying
∑
m>0

εm

m! pm,∗ to the above equation and base changing yields

q∗Θr,ε
g,n(v) = Θ

r,ε
g−1,n+2(v ⊗ η

†) . �

Notice that the above proof goes through without any modification even if ε = 0. Thus, setting ε = 0
in proposition 2.6, we see that the Theta class is a cohomological field theory. Moreover, it satisfies the
modified unit axiom.

Theorem 2.7. The Theta classΘrg,n for 2g−2+n > 0 satisfies the axioms of an (r−1)-dimensional cohomological
field theory on (V ,η) and the modified unit axiom with distinguished vector vr−1:

ψn+1 · p∗Θrg,n(va1 ⊗ · · · ⊗ van) = Θrg,n+1(va1 ⊗ · · · ⊗ van ⊗ vr−1) . (2.28)

Proof. The only additional statement here is the modified unit axiom. Let v := va1 ⊗ · · · ⊗ van ∈ V⊗n
denote an arbitrary element. By taking degree Drg;a + 1 of equation (2.19) with s = −1 and rescaling by
the proper minus sign and power of r, we get

Θrg,n+1(v ⊗ vr−1) = ψn+1 · p∗Θrg,n(v) . �

The definition of the pairing in proposition 2.6 shows that the basis (va)a∈[r−1] for the (deformed) Theta
class is the flat basis. In section 4, we will also encounter the canonical basis of this CohFT, which will
be denoted (ei)i∈[r−1].

Remark 2.8. The proof of proposition 2.6 shows that the vector v0 cannot be added to the vector space
V while still ensuring that the (deformed) Theta class is a CohFT. The reason is that the proof of the
gluing axiom requires the pairing η to be such that η(va, vb) = δa+b,r. If a (or b) was zero, the 2-form
would no longer be non-degenerate. Thus, we cannot include v0 in the underlying vector space.

Remark 2.9. We also note that the argument in the proof of theorem 2.7 shows that in general the
collection of maps Υrg,n defined on the spaceW⊗n satisfies the modified unit axiom (albeit not forming
a CohFT):

Υrg,n+1(v ⊗ vr−1) = ψn+1 · p∗Υrg,n(v) (2.29)
for an arbitrary element v ∈W⊗n. This modified unit property forΥr will be used often in the following
section.

Remark 2.10. In this remark, we discuss an extension of our work to variations of the Theta class.
As mentioned before, the Chiodo class Cr,s is the (pushforward along the forgetful map of the) total
Chern class of an honest vector bundle for any s satisfying −r + 1 6 s 6 −1. In this paper, we are
always working with the case s = −1. However, it makes perfect sense to consider the following
generalisations of the Theta class for any −r+ 1 6 s 6 −1. First define

Υr,s
g,n(va1 ⊗ · · · ⊗ van) := (s− r)−(2g−2+n)r

(2g−2+n)(r−s)+|a|

r f∗ctop(V
r,s
g;a) (2.30)

for 0 6 ai 6 r − 1, and then consider its restriction to the vector space where the ai are restricted to be
1 6 ai 6 r− 1 just as in definition 2.4. Schematically,

Θr,s
g,n := Υr,s

g,n|ai 6=0 . (2.31)

Analogous to the definition of the deformed Theta class, we can define the deformedΘr,s-classes which
we denote byΘr,s,ε. Then the proof of proposition 2.6 goes through without any modification, and thus
Θr,s,ε is a CohFT. The proof of theorem 2.7 goes through as well with one minor difference – the Θr,s

classes form a (r− 1) dimensional CohFT with the modified unit being vs+r.

3. GIVENTAL–TELEMAN RECONSTRUCTION

In this section, we want to study the deformed Theta CohFT further using the techniques of the Givental–
Teleman reconstruction theorem. We will show that the deformed Theta class is semisimple and use the
Givental–Teleman reconstruction theorem in order to find an expression in terms of tautological classes.
In addition, this method will yield vanishing relations in the tautological ring.
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3.1. Dubrovin–Frobenius manifolds. We start with some generalities on Dubrovin–Frobenius manifolds
and potentials [Dub96]. We stress that our Dubrovin–Frobenius manifolds are not assumed to have a flat
unit vector field. The Dubrovin–Frobenius manifolds we are interested in will have a unit vector field
by construction (as they will come from a CohFT), but this will not be flat with respect to the metric.
This is precisely because the CohFTs that we are interested in do not have a flat unit.

Given a CohFT Ωg,n on V , we can naturally endow a formal neighbourhood of the origin in V with
the structure of a Dubrovin–Frobenius manifold by restricting to genus 0. Under certain convergence
assumptions on the genus zero part of the CohFTΩ0,n (see [Jan18] for a related general discussion in the
context of CohFTs with flat unit), we can equip a neighbourhood of V with the structure of a Dubrovin–
Frobenius manifold. To be precise, assume that we have a d-dimensional vector space V with the flat
basis v1, . . . , vd underlying our CohFTΩg,n. Then, we can define the potential F as

F(t1, . . . , td) =
∑

k1+···+kd=n
n>3

(∫
M0,n

Ω0,n(v
⊗k1
1 ⊗ · · · ⊗ v⊗kdd )

) d∏
i=1

tkii
ki!

, (3.1)

where we view ti as the dual coordinate to the basis element vi. If the sum in equation (3.1) con-
verges in a domain U ⊂ V , U inherits the structure of a Dubrovin–Frobenius manifold with flat coordi-
nates (t1, . . . , td). All the information of this Dubrovin–Frobenius manifold is encoded in the potential
F(t1, . . . , td).

We can equip the tangent space at every point p on the Dubrovin–Frobenius manifold V with an asso-
ciative algebra structure given by the quantum product,

∂i •p ∂j =
d∑

k,`=1

(
∂3F

∂ti∂tj∂tk

)∣∣∣∣
p

ηk,`∂` ,

where we introduced the following notation for the vector fields, ∂a := ∂
∂ta
∈ H0(U, TU). Here, we also

see that all terms of total degree< 3 are irrelevant in the potential, and we can drop them. In the sequel,
we will only consider the potential up to these lower degree terms.

We can often equip the Dubrovin–Frobenius manifoldUwith an additional grading using the notion of
an Euler field. An Euler field on a Dubrovin–Frobenius manifold U with flat coordinates (ti)i∈[d], is an
affine vector field E satisfying the following conditions.

• The vector field E has the form

E =
∑
i

(αiti + βi)∂i . (3.2)

• The metric η and the quantum product • are eigenfunctions of the Lie derivative LE with
weights 2 − δ and 1 respectively, where δ is a rational number called the conformal dimension.

The Euler field E on the Dubrovin–Frobenius manifold U can be used to define an action of E on the
CohFTΩg,n as follows:

(E.Ω)g,n (∂a1 ⊗ · · · ⊗ ∂an) :=

(
deg+

n∑
l=1

αal

)
Ωg,n + p∗Ωg,n+1

(
∂a1 ⊗ · · · ⊗ ∂an ⊗

∑
i

βi∂i

)
. (3.3)

Definition 3.1. We say that the CohFTΩ is homogeneous if there exists an Euler field E such that

(E.Ω)g,n =
(
(g− 1)δ+ n

)
Ωg,n . (3.4)

After this brief digression, we return to the CohFT we are interested in – the deformed Theta class Θr,ε.
As we have already mentioned, all the information of the associated Dubrovin–Frobenius manifold is
encoded in the potential. Using the definition of the deformed Theta class Θr,ε, the potential can be
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expressed as

Fε(t1, . . . , tr−1) =
∑

m+k1+···+kr−1=n
n>3

(∫
M0,n

Υr0,n(v
⊗m
0 ⊗ v⊗k1

1 ⊗ · · · ⊗ v⊗kr−1
r−1 )

)
εm

m!

r−1∏
a=1

tkaa
ka!

. (3.5)

We note that, for any term in the above sum to be non-zero, the degree of the class has to coincide with
the dimension of the moduli space: n − 3. Equivalently, this can be written as the following degree
condition:

(r− 1)m+

r−1∑
a=1

(r− 1 − a)ka = 2r− 2 . (3.6)

Although we do not have a closed form for the potential for any r, we can show that the potential
converges in the neighbourhood U of 0 in V defined as

U := { (t1, . . . , tr−1) | | tr−1| < 1 } ⊂ V . (3.7)

Lemma 3.2. The potential Fε(t1, . . . , tr−1) associated to the deformed Theta class Θr,ε defines a Dubrovin–
Frobenius manifold structure on U.

Proof. The degree condition (3.6) forces every ka with a = 1, . . . , r − 2 to be bounded by a number
that is independent of n, so that the potential is a polynomial in t1, . . . , tr−2. Thus, we only need to
understand the convergence properties of the potential in tr−1. Let us consider a term in the potential
(3.5) with fixed (m,k1, . . . ,kr−2) satisfying equation (3.6), and denote v := v⊗m0 ⊗v⊗k1

1 ⊗· · ·⊗v⊗kr−2
r−2 and

n ′ = m +
∑r−2
a=1 ka. As the degree condition is independent of kr−1 we need to analyse the following

series ∑
kr−1

(∫
M0,n′+kr−1

Υr0,n′+kr−1
(v ⊗ v⊗kr−1

r−1 )

)
εm

m!

r−1∏
a=1

tkaa
ka!

.

We can now repeatedly apply the modified unit axiom forΥr (cf. remark 2.9) and the projection formula,
together with p∗ψn+1 = κ0, to find

∑
kr−1

(∫
M0,n′

Υr0,n′(v)

)
(n ′ + kr−1 − 3)!

(n ′ − 3)!
εm

m!

r−1∏
a=1

tkaa
ka!

.

By applying the ratio test for convergence, we see that the above series is absolutely convergent for
|tr−1| < 1. �

Remark 3.3. We compute the potential explicitly in the case of r = 2 and r = 3, and present the results.
The proofs are completely straightforward calculations. For r = 2, we have

Fε(t1) =
ε2

2
log(1 − t1)

and for r = 3, we have

Fε(t1, t2) = −
t4

1

12(1 − t2)2 −
εt2

1

2(1 − t2)
+
ε2

2
log(1 − t2) .

In addition, we note that the potential for general r always contains the term ε2

2 log(1 − tr−1) as a
summand.

Our next goal is to compute the quantum product of Θr,ε. This requires only the terms of degree 3 in
t1, . . . , tr−1 in the potential and we calculate the required integrals below.
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Lemma 3.4. Assume that 0 < a,b, c 6 r − 1. Then, we have the following values for the integrals of Chiodo
classes: ∫

M0,3

Υr0,3(va ⊗ vb ⊗ vc) = −δa+b+c,r−1 ,∫
M0,4

Υr0,4(v0 ⊗ va ⊗ vb ⊗ vc) = −δa+b+c,2r−2 ,∫
M0,5

Υr0,5(v
⊗2
0 ⊗ va ⊗ vb ⊗ vc) = −2 · δa,b,c,r−1 .

(3.8)

In addition, any integral for n > 0 with at least 3 insertions of v0 vanishes:∫
M0,3+n

Υr0,3+n(v
⊗3
0 ⊗ v) = 0 (3.9)

for any n > 0 and any v ∈W⊗n.

Proof. In all three cases that we consider in equation (3.8), the degree condition (3.6) gives the Kronecker
delta conditions. Thus, we only need to compute the values of the Chiodo classes in those cases. We
can do so using the formula derived in [JPPZ17, corollary 4] from Chiodo’s results [Chi08a]. For n = 3,
with a+ b+ c = r− 1, we get

Cr,−1
0,3 (a,b, c) =

1
r

.

When n = 4, and a+ b+ c = 2r− 2, the value of the Chiodo integral is∫
M0,4

Cr,−1
0,4 (0,a,b, c) = −

1
r2 .

When n = 5 with two zero insertions, we get a + b + c = 3r − 3, which implies that a = b = c = r − 1,
and a repeated application of equation (2.19) shows that∫

M0,5

Cr,−1
0,5 (0, 0, r− 1, r− 1, r− 1) =

2
r3 .

The degree calculation (3.6) shows that as soon as we have at least three insertions of v0, the integral in
equation (3.9) vanishes. �

It is straightforward to see that the terms computed in the above lemma are the only ones that contribute
to triple derivatives of Fε(t1, . . . , tr−1) at the origin 0 ∈ U. Thus, we can compute Θr,ε

0,3 as

(
∂3Fε

∂ta∂tb∂tc

)∣∣∣∣
p=0

= Θr,ε
0,3 (va ⊗ vb ⊗ vc) =


−1 , a+ b+ c = r− 1 ,
−ε , a+ b+ c = 2r− 2 ,
−ε2 , a = b = c = r− 1 .

(3.10)

Consequently, the quantum product at the origin of U, and thus for the deformed Theta class Θr,ε, is

va • vb =


−va+b+1 , 2 6 a+ b < r− 1 ,
−εva+b+2−r , r− 1 6 a+ b < 2r− 2 ,
−ε2v1 , a+ b = 2r− 2 .

(3.11)

Proposition 3.5. The CohFT Θr,ε is semisimple if and only if ε 6= 0.

Proof. From the expression (3.11) of the quantum product, we can see that for ε = 0 we have v2
r−1 = 0.

In particular, the CohFT at ε = 0 has nilpotents, hence it is not semisimple.

For ε 6= 0, one can easily check that the following constitutes a basis of normalised idempotents:

ek = −
1

r− 1

r−1∑
a=1

θ−k(a+1)ε
a+1
1−r va , k = 1, . . . , r− 1 ,

where θ = e
2πi
r−1 . �
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As the Theta class is of pure degree, we expect that the Dubrovin–Frobenius manifold associated to it
admits an Euler field. Indeed, we have the following result for the Dubrovin–Frobenius manifold U
associated to the deformed Theta class.

Proposition 3.6. The vector field

E :=
r− 1
r
∂r−1 −

r−1∑
a=1

a

r
ta∂a (3.12)

is an Euler field for the Dubrovin–Frobenius manifold U, with conformal dimension δ = 3.

Proof. We start by checking that the vector field E is conformal, i.e. the metric η is an eigenfunction of
LE with eigenvalue 2 − δ. Indeed

(LEη)(∂a,∂b) = E
(
η(∂a,∂b)

)
− η
(
[E,∂a],∂b

)
− η
(
∂a, [E,∂b]

)
.

The first term vanishes, while the last two terms can be simplified using [E,∂k] = k
r
∂k. Thus, we find

(LEη)(∂a,∂b) = −
a+ b

r
η(∂a,∂b) = −η(∂a,∂b) ,

as η(∂a,∂b) = δa+b,r. In particular, the vector field E is conformal, with conformal dimension δ = 3.

To check the Euler property, i.e. that the quantum product • is an eigenfunction of LE with eigenvalue
1, we can use [Man99, proposition 2.2.2]: E satisfying the Euler property is equivalent to E.Fε = 0 (up to
terms of degree< 3). For simplicity of notation, let us denote v = v⊗m0 ⊗v⊗k1

1 ⊗ . . .⊗v⊗kr−1
r−1 , and assume

thatm+ |k| = m+
∑r−1
a=1 ka = n. Notice that for

∫
M0,n

Υr0,n(v) to be non-zero, the degree condition (3.6)
can be equivalently expressed as

r−1∑
a=1

aka = (r− 1)(n− 2) .

Then, due to the generalised Euler formula for quasi-homogeneous polynomials, we have

r−1∑
a=1

a

r
ta∂a

(∫
M0,n

Υr0,n(v)

)
εm

m!

r−1∏
a=1

tkaa
ka!

=
(r− 1)
r

(n− 2)
(∫

M0,n

Υr0,n(v)

)
εm

m!

r−1∏
a=1

tkaa
ka!

.

Thus, in order to prove that E.Fε = 0, we reduce to proving the following equation:

∑
n>3

m+|k|=n

∂

∂tr−1

(∫
M0,n

Υr0,n(v)

)
εm

m!

r−1∏
a=1

tkaa
ka!

=
∑
n>3

m+|k|=n

(n− 2)
(∫

M0,n

Υr0,n(v)

)
εm

m!

r−1∏
a=1

tkaa
ka!

. (3.13)

Let us start with the left-hand side of the above equation, and calculate the derivative:

∑
n>3

m+|k|=n

∂

∂tr−1

(∫
M0,n

Υr0,n(v)

)
εm

m!

r−1∏
a=1

tkaa
ka!

=
∑
n>3
|k|=n
kr−1>1

(∫
M0,n

Υr0,n(v)

)
εm

m!
t
kr−1−1
r−1

(kr−1 − 1)!

r−2∏
a=1

tkaa
ka!

=
∑
n>3

m+|k|=n

(∫
M0,n+1

Υr0,n+1(v ⊗ vr−1)

)
εm

m!
t
kr−1
r−1

kr−1!

r−2∏
a=1

tkaa
ka!

=
∑
n>3

m+|k|=n

(n− 2)
(∫

M0,n

Υr0,n(v)

)
εm

m!

r−1∏
a=1

tkaa
ka!

.

In the last equality, we applied the modified unit axiom and the projection formula, together with
p∗ψn+1 = (n− 2). Thus we have the result. �
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Remark 3.7. In this remark, we note that the calculation above proves that the Dubrovin–Frobenius
manifold U at ε = 0 is not generically semisimple. We assume that ε = 0 throughout this remark and
claim that at any point p ∈ U, the element vnil

vnil :=

r−1∑
a=1

ta∂a − ∂r−1 ∈ H0(U, TU)

is nilpotent. When ε = 0, equation (3.13) reduces to the following equation∑
n>3
|k|=n

∂

∂tr−1

(∫
M0,n

Υr0,n(v)

) r−1∏
a=1

tkaa
ka!

=
∑
n>3
|k|=n

(n− 2)
(∫

M0,n

Υr0,n(v)

) r−1∏
a=1

tkaa
ka!

,

where v = v⊗k1
1 ⊗ . . . ⊗ v⊗kr−1

r−1 . The right-hand side can be further simplified by using |k| = n and the
degree condition equation (3.6) (withm = 0) in order to get∑

n>3
|k|=n

(|k|− 2)
(∫

M0,n

Υr0,n(v)

) r−1∏
a=1

tkaa
ka!

=

r∑
a=1

(ta∂a − 2)

( ∑
n>3
|k|=n

(∫
M0,n

Υr0,n(v)

) r−1∏
a=1

tkaa
ka!

)
.

Thus, we finally get
∂r−1F

0 = (ta∂a − 2) F0 .
By successively differentiating the above equation with respect to tb and tc, and then multiplying on
the right by ∂r−c and summing over all 1 6 c 6 r− 1, we get

vnil • ∂b = 0 ,

for all 1 6 b 6 r− 1. Consequently, vnil • vnil = 0.

This Euler field E also makes the deformed Theta class a homogeneous CohFT.

Proposition 3.8. The deformed Theta class Θr,ε is a homogeneous CohFT.

Proof. We need to calculate the action of the Euler field on Θr,ε
g,n. Let us consider a specific summand of

it, say pm,∗Υ
r
g,n+m(va1 ⊗ · · · ⊗ van ⊗ v

⊗m
0 ). Again, let us use the notation v = va1 ⊗ · · · ⊗ van in order to

keep the formulas readable. Up to permutation, we can rewrite it as v = v⊗k1
1 ⊗ · · · ⊗ v⊗kr−1

r−1 . Then, we
have

E.
(
pm,∗Υ

r
g,n+m(v ⊗ v⊗m0 )

)
=

(
deg−

r−1∑
a=1

a

r
ka

)
pm,∗Υ

r
g,n+m(v ⊗ v⊗m0 ) +

r− 1
r
p∗pm,∗Υ

r
g,n+m+1(v ⊗ v⊗m0 ⊗ vr−1)

=

(
(r+ 2)(g− 1) + n+m+ |a|

r
−m−

r−1∑
i=1

a

r
ka

+
r− 1
r

(2g− 2 + n+m)

)
pm,∗Υ

r
g,n+m(v ⊗ v⊗m0 )

= (3g− 3 + n)pm,∗Υ
r
g,n+m(v ⊗ v⊗m0 ) .

Here we used once again the modified unit axiom and the projection formula. Multiplying by εm

m! and
summing over all m > 0, we get the action on the deformed Theta class, which proves the proposition.

�

3.2. Reconstruction and tautological relations. In [Giv01] Givental defined certain actions on Gromov–
Witten potentials by R-matrices and translations, and these actions were lifted to cohomological field
theories in the work of Teleman [Tel12]. A careful proof that the resulting collection of cohomology
classes satisfies the cohomological field theory axioms can be found in [PPZ15]. A description of the
orbit structure was given by Teleman in the specific case of homogeneous semisimple CohFTs. Here we
recall the basic definitions.
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3.2.1. R-matrix action. Fix a vector space V with a symmetric bilinear form η. An R-matrix is an End(V)-
valued power series that is the identity in degree 0

R(u) = Id +
∑
k>1

Rku
k , Rk ∈ End(V) , (3.14)

and satisfying the symplectic condition

R(u)R†(−u) = Id . (3.15)

Here R† is the adjoint with respect to η. The inverse matrix R−1(u) also satisfies the symplectic condition.
In particular, we can consider the V⊗2-valued power series*

E(u, v) =
Id⊗ Id − R−1(u)⊗ R−1(v)

u+ v
η† ∈ V⊗2Ju, vK . (3.16)

Definition 3.9. Consider a CohFT Ω on (V ,η), together with an R-matrix. We define a collection of
cohomology classes

RΩg,n ∈ H•(Mg,n)⊗ (V∗)⊗n (3.17)

as follows. Let Gg,n be the finite set of stable graphs of genus gwith n legs (cf. [PPZ15] for the definition
and the notation). For each Γ ∈ Gg,n, define a contribution ContΓ ∈ H•(MΓ )⊗ (V∗)⊗n by the following
construction:

• placeΩg(v),n(v) at each vertex v of Γ ,
• place R−1(ψi) at each leg i of Γ ,
• at every edge e = (h,h ′) of Γ , place E(ψh,ψh′).

Define RΩg,n to be the sum of contributions of all stable graphs, after pushforward to the moduli space
weighted by automorphism factors:

RΩg,n =
∑
Γ∈Gg,n

1
|Aut(Γ)|

ξΓ ,∗ContΓ . (3.18)

Proposition 3.10. The data RΩ = (RΩg,n)2g−2+n>0 form a CohFT on (V ,η). Moreover, the R-matrix action
on CohFTs is a left group action.

3.2.2. Translations. There is also another action on the space of CohFTs: a translation is a V-valued power
series vanishing in degree 0 and 1:

T(u) =
∑
d>1

Tdu
d+1 , Td ∈ V . (3.19)

Definition 3.11. Consider a CohFT Ω on (V ,η), together with a translation T . We define a collection of
cohomology classes

TΩg,n ∈ H•(Mg,n)⊗ (V∗)⊗n (3.20)

by setting

TΩg,n(v1 ⊗ · · · ⊗ vn) =
∑
m>0

1
m!
pm,∗Ωg,n+m

(
v1 ⊗ · · · ⊗ vn ⊗ T(ψn+1)⊗ · · · ⊗ T(ψn+m)

)
. (3.21)

Here pm : Mg,n+m → Mg,n is the map forgetting the last m marked points. Notice that the vanishing
of T in degree 0 and 1 ensures that the above sum is actually finite.

Proposition 3.12. The data TΩ = (TΩg,n)2g−2+n>0 form a CohFT on (V ,η). Moreover, translations form an
abelian group action on CohFTs.

*The reason why we use R−1 instead of R is that it defines a left action on the set of CohFTs. Beware that some authors use a
different notation.
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3.2.3. Teleman reconstruction theorem. Given a homogeneous semisimple CohFT, we can use Teleman’s
reconstruction theorem [Tel12] to determine the higher genus part starting from the genus zero part (the
topological field theory). More precisely, the theorem states the following.

Theorem 3.13 ([Tel12]). LetΩ0,n be a genus zero homogeneous semisimple CohFT. Then:

• There exists a unique homogeneous CohFTΩg,n that extendsΩ0,n in higher genera.
• The extended CohFT is obtained by first applying a translation action followed by an R-matrix action on

the topological field theory wg,n (determined byΩ0,3).
• The translation and the R-matrix are uniquely specified by the associated Dubrovin–Frobenius manifold

and the Euler field.

Let us give a summary of Teleman’s reconstruction theorem using our notations and conventions. As
Ω0,n is a CohFT on V , there is a (possibly formal) neighbourhood U of the origin in V that admits a
Dubrovin–Frobenius manifold structure. This Dubrovin–Frobenius manifold admits a (possibly non-
flat) unit vector field, denoted 1. Moreover, we assume that there is an Euler field E. Let v be a tangent
vector at a point p ∈ U on this Dubrovin–Frobenius manifold. Then, we define the Hodge grading
operator µ ∈ End(TpU) as

µ(v) := [E, v] +
(

1 −
δ

2

)
v . (3.22)

We also define the operator φ ∈ End(TpU) of quantum multiplication by the Euler field as

φ(v) := E •p v . (3.23)

The matrices Rm form > 0 satisfy the following equation

[Rm+1,φ] = (m+ µ)Rm . (3.24)

At a semisimple point of this Dubrovin–Frobenius manifold U, the above equation determines the R-
matrix uniquely starting with the initial condition R0 = Id. In order to obtain the R-matrix of theo-
rem 3.13, we will work at the origin which is semisimple by assumption.

The other piece of data required for reconstruction is called the vacuum vector of the theory, that is a vec-
tor field-valued formal power series in u denoted v(u). The vacuum satisfies the following differential
equation†

dv(u)
du

+
µ+ δ/2
u

v(u) = −
φ

u2 (v(u) − 1) , (3.25)

where 1 is the unit vector field. Again, the above equation determines the vacuum uniquely at a
semisimple point on the Dubrovin–Frobenius manifold. Using the vacuum and the R-matrix computed
at the origin of the Dubrovin–Frobenius manifold U, the translation T(u) in theorem 3.13 is defined as

T(u) = u
(
1 − R−1(u)v(u)

)
. (3.26)

Then, the Teleman reconstruction theorem states that the CohFTΩg,n is given by

Ωg,n = RTwg,n . (3.27)

3.2.4. Reconstruction of the deformed Theta class. In order to compute the ingredients of the Givental–
Teleman reconstruction procedure for the Dubrovin–Frobenius manifold associated to the deformed
Theta class Θr,ε

g,n, let us choose a slightly different basis of V :

v̂a = −ε
a+1
1−r va , ∀a ∈ [r− 1] . (3.28)

Then, the metric and the quantum product at the origin become

η(v̂a, v̂b) = ε
r+2
1−r δa+b,r , v̂a • v̂b =


v̂a+b+1 , 2 6 a+ b < r− 1 ,
v̂a+b+2−r , r− 1 6 a+ b < 2r− 2 ,
v̂1 , a+ b = 2r− 2 .

(3.29)

†We remark that the extra sign in equation (3.25) is because our definition of the Euler field has the opposite sign as compared
to [Tel12].
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Now, let us compute the topological field theory

wg,n := deg0Θ
r,ε
g,n . (3.30)

Lemma 3.14. The topological field theory wg,n of the deformed Theta class is

wg,n(v̂a1 ⊗ · · · ⊗ v̂an) = ε
r+2
r−1 (g−1)(r− 1)g · δ , (3.31)

where δ equals 1 if 3g− 3 + n+ |a| ≡ 0 (mod r− 1) and 0 otherwise.

Proof. First we compute w0,3 in the basis v̂a. This gives

w0,3(v̂a ⊗ v̂b ⊗ v̂c) = ε
r+2
1−r δa+b+c≡0 (mod r−1) .

In order to compute the topological field theory, we can restrict to a completely degenerate curve of
type (g,n) – this has 3g − 3 + n nodes and 2g − 2 + n rational components – and then use the gluing
axiom of the CohFT definition 2.1. On this degenerate curve, we need to place insertions 1 6 ai 6 r− 1
at every branch of every node such that the following conditions are satisfied:

• The definition of the pairing implies that the sum of the insertions at the two branches of the
node equal r.
• The expression of w0,3 implies that the sum of the insertions on every rational component is 0

modulo r− 1.

Such a placement is impossible unless

3g− 3 + n+ |a| ≡ 0 (mod r− 1) .

Let us assume that the above condition is satisfied. Then, choosing an insertion for one branch of one
node for every independent cycle of the dual graph of the curve fixes all the other insertions uniquely.
This choice contributes a factor of (r − 1)g. To conclude, at every rational component we have a factor
of ε

r+2
1−r , and at every node the inverse of the pairing contributes a factor of ε

r+2
r−1 . Putting all these

contributions together gives the result. �

We can calculate the Hodge grading operator on the basis (v̂a)a∈[r−1] of tangent vectors at the origin
(t1, . . . , tr−1) = (0, . . . , 0) as

µ =
1
2r


−(r− 2) 0 · · · · · · 0

0 −(r− 4) 0 0
...

. . . . . . . . .
...

0 0 r− 4 0
0 · · · · · · 0 r− 2

 , (3.32)

and the operator of quantum multiplication by the Euler field φ as

φ = −
r− 1
r
ε
r
r−1


0 · · · · · · 0 1
1 0 0 · · · 0
0 1 0 · · · 0
...

. . . . . . . . .
...

0 · · · 0 1 0

 . (3.33)

Lemma 3.15. The R-matrix elements in the basis (v̂1, . . . , v̂r−1) computed from the Teleman reconstruction
theorem for the deformed Theta class are

(R−1
m )ba =

Pm(r,a− 1)
((1 − r)ε

r
r−1 )m

, if b+m ≡ a (mod r− 1) , (3.34)

and 0 otherwise. Here the coefficients Pm(r,a) are computed recursively as{
Pm(r,a) − Pm(r,a− 1) = r

(
m− 1

2 − a
r

)
Pm−1(r,a− 1) , for a = 1, . . . , r− 2 ,

Pm(r, r− 1) = Pm(r, 0) ,
(3.35)

with initial condition P0 = 1.
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Proof. The expression for the Hodge grading operator µ and the one for the Euler field φ match the
ones in [PPZ19, section 4.5], except for a factor of −r in the latter. Thus the proof is identical to the one
presented there. �

It is intriguing that the R-matrix for the deformed Theta class essentially matches the R-matrix for the
e1-shifted Witten class studied in [PPZ19]. We do not know of a good algebro-geometric reason for this
occurrence and this deserves further investigation.

Finally, we need to compute the vacuum vector of the theory. The unit vector field at the origin is
1 = v̂r−2 for r > 3 and 1 = v̂1 for r = 2, as one can easily check from the quantum product. We define
the formal power series H(r,a;u) for a = 0, . . . , r− 1 as follows. First, define{

Hk(r,a) :=
(rk+r−1−a)!

k!rk , for a = 0, . . . , r− 2 ,
Hk(r, r− 1) := Hk(r, 0) .

(3.36)

Then we define the formal power series

H(r,a;u) :=
∑
k>0

Hk(r,a)
(

u

ε
r
r−1

)(r−1)k+r−2−a

, for a = 0, . . . , r− 1 . (3.37)

For r = 3, the above functions are related to the asymptotic expansion of the Scorer function, which are
solutions of the inhomogeneous Airy ODE.

Lemma 3.16. The vacuum in the Teleman reconstruction theorem for the deformed Theta class is

v(u) =
r−1∑
a=1

H(r,a;u)v̂a (3.38)

and thus the translation is T(u) = u
(
1 − R−1(u)v(u)

)
.

Proof. We have the following differential equation for the vacuum:

dv(u)
du

+
1
ru


r+ 1 0 · · · · · · 0

0 r+ 2 0 0
...

. . . . . . . . .
...

0 0 2r− 2 0
0 · · · · · · 0 2r− 1

v(u)

=
r− 1
ru2 ε

r
r−1


0 · · · · · · 0 1
1 0 0 · · · 0
0 1 0 · · · 0
...

. . . . . . . . .
...

0 · · · 0 1 0


(
v(u) − 1

)
,

with the initial condition v(0) = 1 = v̂r−2 for r > 3. This means that we need to check the following
equations

dH(r,a;u)
du

+
r+ a

ru
H(r,a;u) =

r− 1
ru2 ε

r
r−1
(
H(r,a− 1;u) − δa,r−2

)
,

for 1 6 a 6 r − 1, again with the convention H(r, 0;u) = H(r, r − 1;u). Let us plug in our formulae for
H(r,a;u) and compute the left-hand side of the above equation:

dH(r,a;u)
du

+
r+ a

ru
H(r,a;u) =

r− 1
r

1
ε
r
r−1

∑
k>0+δa,r−2

(rk+ r− a)!
k!rk

(
u

ε
r
r−1

)(r−1)k+r−2−a−1

=
r− 1
ru2 ε

r
r−1

∑
k>0+δa,r−2

(rk+ r− a)!
k!rk

(
u

ε
r
r−1

)(r−1)k+r−2−(a−1)

=
r− 1
ru2 ε

r
r−1
(
H(r,a− 1;u) − δa,r−2

)
.
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This proves the lemma for r > 3. For r = 2 the differential equation for the vacuum collapses to

dv(u)
du

+
3
2

v(u)
u

=
ε2

2
v(u) − v̂1

u2 ,

which is still solved by v(u) = H(2, 1;u)v̂1. �

Finally, we obtain an expression for the deformed Theta classΘr,ε
g,n in terms of tautological classes using

the Teleman reconstruction theorem. Alternatively, we can express the same class as the translation of
a CohFT (with flat unit) obtained by the action of the unit preserving R-matrix on the topological field
theory wg,n. Let us consider the following translation

T̃(u) = u
(
1 − v(u)

)
. (3.39)

Theorem 3.17. The deformed Theta class Θr,ε
g,n has the following expression in terms of tautological classes:

Θr,ε
g,n = RTwg,n = T̃(R.wg,n) , (3.40)

where we computed the topological field theory wg,n in lemma 3.14, the R-matrix in lemma 3.15 and the transla-
tion T in lemma 3.16.

Proof. The first equality follows directly from the Teleman reconstruction theorem (theorem 3.13). In
order to get the second equality, notice that

RT = T̃ + u(R 1 − 1) .

Then, by applying [PPZ15, proposition 2.9] and using the fact that translations act as an abelian group
gives

Θr,ε
g,n =

(
T̃ + u(R 1 − 1)

)
Rwg,n = T̃(R.wg,n) .

�

Remark 3.18. In this remark, we observe that the deformed Theta class can be expressed as a translation
of the shifted Witten class when r = 3. To be precise, [PPZ15] shows that the unit preserving R-matrix
action on the TFT wg,n gives the shifted Witten class. Indeed, [PPZ19, section 4], shows that

R.wg,n = (−3)
(g−1)+|a|−n

3 (−ε)2g−2+nW3,γ
g,n , (3.41)

with γ = ε(−3)−2/3e1. Thus, up to an overall factor, the deformed Theta class can be expressed as a
translation of the shifted Witten class for r = 3 using theorem 3.17:

Θ3,ε
g,n = (−3)

(g−1)+|a|−n
3 (−ε)2g−2+nT̃W3,γ

g,n . (3.42)

Remark 3.19. One can find an alternative expression in terms of tautological classes using Chiodo’s
Grothendieck–Riemann–Roch formula in [Chi08a]. It would be interesting to compare this expression
with the one that we find in theorem 3.17.

As we know that the deformed Theta class Θr,ε
g,n(va1 ⊗ · · · ⊗ van) only has terms in degrees d less than

or equal toDrg;a by construction, we get the following vanishing result in the tautological ring of Mg,n:

Corollary 3.20. The terms
[
(RTwg,n)(va1 ⊗· · ·⊗ van)

]d ∈ H2d(Mg,n) vanish for any d > Drg;a. In addition,
we have

Θrg,n(va1 ⊗ · · · ⊗ van) =
[
(RTwg,n)(va1 ⊗ · · · ⊗ van)

]Drg;a . (3.43)

For an explicit description of the reconstructed deformed Theta class in theorem 3.17 as a sum over dec-
orated stable graphs and consequently the tautological relations in corollary 3.20, see proposition 3.23.

We note that while we expect the above tautological relations to be implied by Pixton’s relations, we
do not have a proof of this result. Janda [Jan18] shows that the tautological relations one obtains by
taking the limit to the discriminant locus of a generically semisimple Dubrovin–Frobenius manifold are
implied by Pixton’s relations. While we see our relations in corollary 3.20 as morally fitting into the
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same class of relations, it is not covered by [Jan18] for the following reasons. First, as we have em-
phasised previously, our ε-deformation is not a shift to a semisimple point of a generically semisimple
Dubrovin–Frobenius manifold, but rather a family of Dubrovin–Frobenius manifolds that collapses to
a non-generically semisimple one at ε = 0. Second, loc.cit. only treats Dubrovin–Frobenius manifold
with a flat unit vector field, and our unit vector field is not flat.

As mentioned in the introduction, the construction of the (deformed) Theta class is substantially easier
than the construction of its positive r analogue – the Witten r-spin class. Thus, it could be a potentially
interesting line of investigation to ask whether our relations in corollary 3.20 imply Pixton’s relations
[Pix13]. We leave this for future work.

When r = 2, the Teleman reconstruction takes a strikingly simple form, giving tautological relations
between κ-classes and a simple expression for the Theta class studied by Norbury [Nor22a]. Both prop-
erties have been recently conjectured by Kazarian–Norbury [KN21, (1) in conjecture 1, conjecture 4].
Consider the rational numbers sm form > 0 defined uniquely via

exp

(
−
∑
m>0

smu
m

)
=
∑
k>0

(−1)k(2k+ 1)!!uk . (3.44)

Corollary 3.21 (Kazarian–Norbury conjecture). We have the following vanishing relations among κ-classes,[
exp

(∑
m>0

smκm

)]d
= 0 ∈ H2d(Mg,n) , for d > 2g− 2 + n . (3.45)

Moreover, in degree d = 2g− 2 + n, we get the Theta class:

Θg,n =

[
exp

(∑
m>0

smκm

)]2g−2+n

∈ H4g−4+2n(Mg,n) . (3.46)

Proof. When r = 2, the R-matrix computed in lemma 3.15 simplifies to R(u) = 1. The translation is then
given by lemma 3.16 as

T(u) = −
∑
k>1

(−1)k(2k+ 1)!!(−ε2)−kuk+1v̂1 .

Taking into account the TFT wg,n(v̂
⊗n
1 ) = (−ε2)2g−2 and rescaling to the basis v1, theorem 3.17 spe-

cialised to the case r = 2 gives

Θ2,ε
g,n(v

⊗n
1 ) = (−ε2)2g−2+n exp

(∑
m>0

sm(−ε2)mκm

)
,

where the sm are defined through (3.44). Now, applying corollary 3.20 gives the vanishing result (3.45)
upon setting ε =

√
−1, and the expression of Θg,n in terms of κ-classes (which is independent of ε). �

3.2.5. Deformed Theta class in terms of stable graphs. When r > 3, we can express the relations and the
expression for the Θr class as a sum of decorated stable graphs as follows. We refer to [PPZ19, section
4.6] for the analogous statement in the case of Witten classes. We denote the set of stable graphs of
genus g with n+ k legs by Gg,n+k. The first n legs are ordinary legs that carry ψ-classes, and the last k
legs are dilaton legs which carry ψ-classes that will get pushed forward to κ-classes.

Definition 3.22. Fix 0 < a1, . . . ,an 6 r − 1. Consider a stable graph Γ ∈ Gg,n+k. We define a weighting
of Γ with boundary conditions a = (a1, . . . ,an) as an assignment a to the set of half-edges

H(Γ) −→ {1, . . . , r− 1} , h 7−→ ah (3.47)

that satisfies the following conditions:

• if h and h ′ are two half-edges that are connected to form an edge, then ah + ah′ = r,
• if h corresponds to the ordinary leg marked with i ∈ { 1, . . . ,n }, then ah = ai.

We denote by WΓ (a) the set of weightings of Γ with boundary conditions a.
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Let a ∈ WΓ (a). To every vertex v, assign a formal variable γv such that γr−1
v = 1. Then, we have the

following weights associated to Γ .

For every edge e = (h,h ′) ∈ E(Γ), assign the edge weight:

∆(e) = γ
ah
v γ

ah′
v′

(
1 −
∑
m,l>0 Pm(r,ah − 1)Pl(r,ah′ − 1) (γ−1

v ψh)
m(γ−1

v′ ψh′)l

ψh +ψh′

)
, (3.48)

where v and v ′ are the vertices paired to h and h ′ respectively. To the ordinary leg marked with i ∈
{ 1, . . . ,n }, assign the ordinary-leg weight:

L(i) = γaiv
∑
m>0

Pm(r,ai − 1)(γ−1
v ψi)

m , (3.49)

where v is the vertex paired to the ordinary leg i. To the dilaton leg marked with j ∈ {n+ 1, . . . ,n+ k },
assign the dilaton-leg weight:

K(j) = ψjγ
aj
v

δaj,r−2 −
∑
m,l>0

Pm(r,aj − 1)Hl(r,aj)(1 − r)(r−1)l+r−2−ajγ−mv ψ
m+(r−1)l+r−2−aj
j

 ,

(3.50)
where v is the vertex paired to the dilaton leg j.

By {Π }γ, we denote the term of degree 0 in Π in the variables γv.

Proposition 3.23. The deformed Theta class Θr,ε
g,n(va1 ⊗· · ·⊗van) with ε = 1 can be expressed as the following

sum over decorated stable graphs:

∑
k>0

∑
Γ∈Gg,n+k

∑
a∈WΓ (a)

(−1)deg(r− 1)g−h
1(Γ)−deg

|Aut(Γ)|
ξΓ ,∗

∏
v

γ3g(v)−3+n(v)
v

∏
e

∆(e)

n∏
i=1

L(i)

n+k∏
j=n+1

K(j)


γ

.

(3.51)
In particular, the degree Drg;a part of the above mixed degree class is the expression for the class Θrg,n and the
classes in degree d > Drg;a vanish identically.

Proof. The expression is a rewriting of the R-matrix and translation action of theorem 3.17. The powers
of γ at the vertices v keep track of the conditions (mod r − 1). The basis vector va corresponds to γa,
and the pairing ηah,ah′ corresponds to

γ
ah
v γ

ah′
v′ such that ah + ah′ = r .

Adding the weight γ3g(v)−3+n(v)
v at every vertex v and extracting the coefficient of γ0

v enforces the
condition

3g(v) − 3 + n(v) +
∑
h 7→v

ah ≡ 0 (mod r− 1)

at every vertex v. The coefficient of the R-matrix R−1
m takes va to a multiple of vb such that b = a −m

(mod r − 1). Thus, we need to add a factor of γ−m everywhere the R-matrix appears. Finally, we have
removed a factor of (−1)m(r − 1)m in the denominator of the R-matrix and a factor of (r − 1)g(v) from
the topological field theory at every vertex v. These can be combined together into the factor

(−1)deg(r− 1)g−h
1(Γ)−deg

at the cost of rescaling the Hl(r,ai) by (1 − r)(r−1)l+r−2−ai . �

4. TOPOLOGICAL RECURSION AND THE SPECTRAL CURVE

Topological recursion, TR for short, is a universal procedure that associates a collection of symmetric
multidifferentials to a spectral curve, which is a curve with some extra data [EO07]. What makes TR
especially useful is its applications to enumerative geometry: many counting problems are solved by
TR, in the sense that the sought numbers are coefficients of the multidifferentials when expanded in a
specific basis [Eyn14a].
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Definition 4.1. A spectral curve S = (Σ, x,y,ω0,2) consists of

• a Riemann surface Σ (not necessarily compact or connected);
• a function x : Σ → C such that its differential dx is meromorphic and has finitely many simple

zeros α1, . . . ,αr called ramification points;
• a meromorphic function y : Σ→ C such that dy does not vanish at the zeros of dx;
• a symmetric bidifferential ω0,2 on Σ × Σ, with a double pole on the diagonal with biresidue 1,

and no other poles.

The topological recursion produces symmetric multidifferentials (also called correlators) ωg,n on Σn, de-
fined recursively on 2g− 2 + n > 0 as

ωg,n(z1, . . . , zn) :=
r∑
i=1

Res
z=αi

Ki(z1, z)
(
ωg−1,n+2(z,σi(z), z2, . . . , zn)

+

no (0, 1)∑
g1+g2=g

J1tJ2={2,...,n}

ωg1,1+|J1|(z, zJ1)ωg2,1+|J2|(σi(z), zJ2)

)
,

(4.1)

where Ki, called the topological recursion kernels, are locally defined in a neighbourhood Ui of αi as

Ki(z1, z) :=
1
2

∫z
w=σi(z)

ω0,2(z1,w)(
y(z) − y(σi(z))

)
dx(z)

, (4.2)

and σi : Ui → Ui is the Galois involution near the ramification point αi ∈ Ui. It can be shown thatωg,n

is a symmetric meromorphic multidifferential on Σn, with poles only at the ramification points.

There is an extension of the topological recursion to the case of higher ramification points, meaning that
the zeroes of dx are of higher order, known as the Bouchard–Eynard topological recursion [Bou+14].
While this version of TR will be relevant for us, we do not go into the details of this formalism in this
paper. Instead, we refer the reader to the papers [Bou+14; BE17; Bor+18], where the Bouchard–Eynard
topological recursion is defined and investigated.

4.0.1. Identification with CohFTs. When the Riemann surface underlying the spectral curve is compact,
we can represent the topological recursion correlators on a basis of auxiliary differentials with coef-
ficients given by intersection numbers on the moduli space of curves of a CohFT and ψ-classes (see
[DOSS14; Dun+19]). In this section, we will work with CohFTs over C.

We fix a global constant C ∈ C×. Choose local coordinates ζi in the neighbourhood Ui of the ramifica-
tion point αi such that ζi(αi) = 0 and x− x(αi) = −

ζ2
i

2 . Consider the auxiliary functions ξi : Σ→ C and
the associated differentials dξk,i defined as

ξi(z) :=

∫z ω0,2(ζi, ·)
dζi

∣∣∣∣
ζi=0

, dξk,i(z) := d

(
dk

dx(z)k
ξi(z)

)
. (4.3)

We also set ∆i := dy
dζi

(0) and hi := C∆i. We define a unital, semisimple TFT on V := C 〈e1, . . . , er〉 by
setting

η(ei, ej) := δi,j , 1 :=

r∑
i=1

hiei , wg,n(ei1 ⊗ · · · ⊗ ein) := δi1,...,in(h
i)−2g+2−n . (4.4)

Define the R-matrix R ∈ End(V)JuK and the translation T ∈ u2VJuK in the basis (ei) by setting

R−1(u)ji := −

√
u

2π

∫
γj

dξi e
1
u
(x−x(αj)) , (4.5)

T(u)i := uhi − C

√
u

2π

∫
γi

dy e
1
u
(x−x(αi)) . (4.6)
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Here γi is the Lefschetz thimble passing through the saddle point ai, and the equations are intended
as equalities between formal power series in u, where on the right-hand side we take the formal as-
ymptotic expansion as u → 0. Through the Givental action, we can then define a cohomological field
theory

Ωg,n := RTwg,n ∈ H•(Mg,n)⊗ (V∗)⊗n (4.7)

from the data (w,R, T). We point out that the resulting CohFT does not necessarily have a flat unit. The
link with the topological recursion correlators is given by the following result due to Dunin-Barkowski,
Orantin, Shadrin, and Spitz [DOSS14] (a different version of which, not making the connection to Co-
hFTs directly, appeared in [Eyn14b]).

Theorem 4.2 ([DOSS14]). Assume that we have a compact spectral curve (Σ, x,y,ω0,2). Then its topological
recursion correlators are given by

ωg,n(z1, . . . , zn) = C2g−2+n
r∑

i1,...,in=1

∫
Mg,n

Ωg,n(ei1 ⊗ · · · ⊗ ein)
n∏
j=1

∑
kj>0

ψ
kj
j dξ

kj,ij(zj) . (4.8)

4.1. Hyper-Airy functions. Before computing the spectral curve associated to the deformed Theta
class, we take a quick detour to study certain generalisations of Airy functions that will appear. The
well-known Airy function Ai(t) is a solution to the differential equation

u ′′(t) = tu(t) , (4.9)

and admits an integral representation and an asymptotic formula as t→∞ in the region | arg(t)| < π:

Ai(t) =
1

2πi

∫
C

e
w3

3 −twdw ∼
e−

2t3/2
3

2
√
π
t−1/4

∑
k>0

(6k)!
(2k)!(3k)!

(
−

1
576t3/2

)k
. (4.10)

Here C is the path starting at e−
π
3∞ and ending at e

π
3∞.

The generalisations of the Airy function for higher r that we are interested in are called hyper-Airy
functions, and are solutions to the differential equation

u(r−1)(t) = (−1)r−1tu(t) . (4.11)

for any r > 3. We can define r− 1 (independent) solutions via contour integrals as

Ãir,k(t) :=
θk

r−2
2

2πi

∫
C̃k

e
wr

r
−twdw , k = 0, . . . , r− 2 , (4.12)

where θ = e
2πi
r−1 and C̃k is the Lefschetz thimble passing through the critical point w = t1/(r−1)θk. The

hyper-Airy functions were studied in some detail in [CCGG22]. In particular, the reader can find a
careful description of the Lefschetz thimbles in appendix B of loc.cit.

We also consider the derivatives (and anti-derivatives) of the hyperAiry function

Ãi
(a)

r,k (t) =
θk

r−2
2

2πi

∫
C̃k

(−w)ae
wr

r
−twdw , (4.13)

where we assume that a ∈ Z. The hyper-Airy functions and their (anti-)derivatives admit an asymp-
totic expansion. In order to state this expansion, we need to recall the polynomials Pm(r,a) which
were found first in [PPZ19], and that we have already encountered in equation (3.35), and extend
their definition to the case a = −1. Precisely, the polynomials Pm(r,a) are defined recursively for
any −1 6 a 6 r− 1 as{

Pm(r,a) − Pm(r,a− 1) = r
(
m− 1

2 − a
r

)
Pm−1(r,a− 1) , for a = 1, . . . , r− 2 ,

Pm(r, 0) = Pm(r, r− 1) ,
(4.14)

with the initial condition P0 = 1.
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Proposition 4.3. The asymptotic expansions as t→∞ of the hyper-Airy function and its (anti-)derivatives, for
−1 6 a 6 r− 2 are given by

Ãi
(a)

r,k (t) ∼
(−θk)a√
2π(r− 1)

e−
r−1
r
θkt

r
r−1
t−

r−2a−2
2(r−1)

∑
m>0

Pm(r,a)
(
θ−k

t−
r
r−1

r− 1

)m
. (4.15)

Proof. First we use the steepest descent method to compute the leading behaviour. Then, using the
ODE (4.11), we find the recursion relation (4.14). It is identical to [CCGG22, lemma 3.3, proposition 3.4],
where we only note that the proof given there goes through unchanged for a = −1. �

For later convenience, let us introduce the following notation for the asymptotic expansion of the hyper-
Airy functions and their (anti-)derivatives.

Definition 4.4. Define the formal power series for −1 6 a 6 r− 1

A(a)
r (u) :=

∑
m>0

Pm(r,a)
(

u

r(r− 1)

)m
, (4.16)

so that the asymptotic expansions as t → ∞ of the hyper-Airy function and its (anti-)derivatives are
written as

Ãi
(a)

r,k (t) ∼
(−θk)a√
2π(r− 1)

e−
r−1
r
θkt

r
r−1
t−

r−2a−2
2(r−1) A(a)

r

(
θ−k rt−

r
r−1
)

. (4.17)

4.2. The spectral curve for the deformed Theta class. In this section, we will show that the descen-
dant potential of the deformed Theta class can be constructed by the topological recursion on a certain
spectral curve. To start, let us consider the following one-parameter family of spectral curves on P1:

x(z) = zr − rλr−1z , y(z) = −
1
z

, ω0,2(z1, z2) =
dz1dz2

(z1 − z2)2 , (4.18)

where λ 6= 0 . Now, we will compute all the ingredients of the Eynard–DOSS formula from theorem 4.2
for this spectral curve as explained in the previous section. The ramification points of the spectral curve
are given by x ′(z) = 0, the solutions of which are

αk := θkλ , k = 1, . . . , r− 1 , (4.19)

where θ is a primitive (r − 1)-th root of unity. The value of x at the ramification points is given by
xk := x(αk) = −(r − 1)θkλr. We will choose local coordinates ζk around the ramification point z = αk,
such that

x(z) − xk = −
ζ2
k(z)

2
, (4.20)

and we choose a branch of the square root such that

ζk(z) = −i
√
r(r− 1)(θkλ)

r−2
2 (z− αk) +O

(
(z− αk)

2) . (4.21)

Using the recipe of subsection 4.0.1, we compute ∆k = (−i
√
r(r− 1)(θkλ)

r+2
2 )−1. We choose a global

constant C = −i
√
rλ
r+2

2 , so that we get hk = θ−k r+2
2√

r−1
. Then the vector space, the pairing and the unit are

given by

V = C 〈e1, . . . , er−1〉 , η(ek, el) = δk,l , 1 =
1√
r− 1

r−1∑
k=1

θ−k
r+2

2 ek , (4.22)

and the TFT in the canonical basis (ei) is given by

wg,n(ek1 ⊗ · · · ⊗ ekn) = δk1,...,kn(r− 1)g−1+n2 θk(r+2)(g−1+n2 ) . (4.23)

Let us compute the other ingredients of the Eynard–DOSS formula.

Lemma 4.5. In the canonical basis (e1, . . . , er−1), the following holds.
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• The auxiliary functions are given by

ξkC(z) =

(
i
√
r(r− 1)(θkλ)

r−2
2

)−1

z− αk
. (4.24)

• The R-matrix elements in the canonical basis (denoted R−1
C ) are given by

R−1
C (u)ji =

1
r− 1

r−2∑
s=0

θ(i−j)
r−2s−2

2 A(s)
r

(
θ−j

u

λr

)
. (4.25)

• The coefficients of the translation in the canonical basis (denoted TC(u)) are given by

TC(u)
k =

θ−k(r+2)/2
√
r− 1

(
u− λrrθk

(
A(r−2)
r

(
θ−k

u

λr

)
− A(−1)

r

(
θ−k

u

λr

)))
. (4.26)

Proof. The calculation of the auxiliary functions and the R-matrix do not depend on y and thus are
identical to the one in [CCGG22, lemma 4.5]. Thus, we only compute the translation here.

We take the definition of the translation (we omit the subscript “C” in the proof) and integrate by parts
to get

T(u)k = uhk − i
√
ur

2π
λ
r+2

2

∫
γk

dy e
1
u
(x−xk)

= uhk + i
√
ur

2π
λ
r+2

2

∫
γk

y e
1
u
(x−xk)

dx

u
.

With the change of variables z =
(
u
r

)1/r
w and setting t = λr−1

(
u
r

) 1
r
−1, we find

T(u)k = uhk + ie−
xk
u ru

√
1

2π
t
r+2

2(r−1)

∫
C̃k

(
wr−1 − t

)
w

e
wr

r
−twdw

= uhk − ur
√

2πθ−k(r−2)/2e−xk/ut
r+2

2(r−1)

(
(−1)r−2Ãi

(r−2)
r,k (t) + tÃi

(−1)
r,k (t)

)
.

In the last line, we recognise the integral representations of the (anti-)derivatives of the hyper-Airy

functions as discussed in subsection 4.1. We plug in the asymptotic expansion of the functions Ãi
(a)

r,k (t)

for the cases a = −1 and a = r− 2 to simplify T(u) to

T(u)k = uhk −
λrr√
r− 1

θ−kr/2
(

A(r−2)
r

(
θ−k

u

λr

)
− A(−1)

r

(
θ−k

u

λr

))
.

This completes the proof. �

We have the following changes of basis between the flat one (v1, . . . , vr−1) and the canonical one (e1, . . . , er−1):

va =
1√
r− 1

r−1∑
k=1

θ−k(
r
2 −a)ek ,

ek =
1√
r− 1

r−1∑
a=1

θk(
r
2 −a)va .

(4.27)

In the following, we identify the parameter λ in the spectral curve with the deformation parameter ε in
the deformed Theta class as

λr−1 = ε , (4.28)

and carry out the change of basis computations.

Lemma 4.6. In the flat basis (v1, . . . , vr−1), the following holds.
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• The pairing and the TFT are expressed as

η(va, vb) = δa+b,r , wg,n(va1 ⊗ · · · ⊗ van) = (r− 1)g · δ , (4.29)

where δ is equal to 1 if r − 1 divides 3g − 3 + n + |a| and 0 otherwise. The unit for the TFT is given by
1 = vr−2.
• The R-matrix elements in the flat basis (denoted R−1

F ) are given by

R−1
F (u)ba =

∑
m>0

a−b≡m (mod r−1)

Pm(r,a− 1)
(

1
r(r− 1)

u

ε
r
r−1

)m
. (4.30)

• The translation is given by

TF(u) = u(1 − R−1(u)v(u)) , v(u) =
r−1∑
a=1

H
(
r,a;−

u

r

)
va , (4.31)

where we recall the formal power series H(r,a) defined in equation (3.37).

Proof. Throughout the proof, we use the parameter λ (recall the identification λr−1 = ε) for convenience.
As the computation of the pairing and the TFT is straightforward, and in any case very similar to the
computations below, we omit it.

Here is a proof for the R-matrix elements:

R−1
F (u)ba =

r−1∑
i,j=1

r−2∑
s=0

1
(r− 1)2 θ

−i( r2 −a)θj(
r
2 −b)θ(i−j)

r−2s−2
2 A(s)

r

(
θ−j

u

λr

)

=
∑
m>0

Pm(r,a− 1)
(

1
r(r− 1)

u

λr

)m 1
r− 1

r−1∑
j=1

θj(a−b−m)

=
∑
m>0

a−b≡m (mod r−1)

Pm(r,a− 1)
(

1
r(r− 1)

u

λr

)m
,

where we have only used the definition of the formal power series A(s)
r and standard sum over roots of

unity calculations.

As for the translation, we find that the coefficients of T(u) in the flat basis are given by

TF(u)
a =

r−1∑
k=1

1
r− 1

θk(
r
2 −a)θ−k(r+2)/2

(
u− λrrθk

(
A(r−2)
r

(
θ−k

u

λr

)
− A(−1)

r

(
θ−k

u

λr

)))

=

r−1∑
k=1

1
r− 1

θ−k(a+1)

(
u− λrrθk

∑
m>1

(
Pm(r, r− 2) − Pm(r,−1)

)( u

λrr(r− 1)

)m
θ−km

)

= u

(
δa,r−2 −

1
r− 1

∑
m>0

m≡−a−1 (mod r−1)

(
Pm+1(r, r− 2) − Pm+1(r,−1)

)( u

λrr(r− 1)

)m)
,

where we again plug in the definition of the formal power series A(a)
r and carry out standard sum over

roots of unity calculations. The above equation can be recast equivalently as

δa,r−2 −
TF(u)

a

u
=

1
r− 1

∑
m>0

m≡−a−1 (mod r−1)

(
Pm+1(r, r− 2) − Pm+1(r,−1)

)( u

λrr(r− 1)

)m
.

The relation (4.31), which we are trying to show, can equivalently be expressed as 1− T(u)
u

= R−1(u)v(u).
In order to prove this (in flat coordinates), we plug in the expression for Pm(r,−1) proved in lemma A.1
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into the above equation to get

δa,r−2 −
TF(u)

a

u
=

−
1

r− 1

∑
m>0

m≡−a−1 (mod r−1)

( ∑
b,c>0

b+c=r−2

′∑
i,`>0

i+(r−1)`=m+1

(1−r)b+(r−1)` (r`+ b)!
`!r`

Pi−b(r, c)

)(
u

λrr(r− 1)

)m
.

where the ′ on the sum indicates that we drop the term ` = 0 = b. Now, by using the definition of the
function H(r,a;u), we are able to simplify the above expression to∑

c,b>0
c+b=r−2

∑
i>b

i≡−a (mod r−1)

H
(
r, r− 1 − b;−

u

r

)
Pi−b(r, c)

(
u

λrr(r− 1)

)i−b
.

Here, we note that the term that we dropped in the previous expression due to the prime in the sum is
precisely the term that is required to identify H(r, r − 1;u) with H(r, 0;u) in equation (3.37). By making
the change of variables b→ r− 2 − b, and i→ i+ r− 2 − b, we get

r−2∑
b=0

∑
i>0

i≡b−a+1 (mod r−1)

H
(
r,b+ 1;−

u

r

)
Pi(r,b)

(
u

λrr(r− 1)

)i
=

r−2∑
b=0

R−1
F (u)ab+1H

(
r,b+ 1;−

u

r

)
.

This proves equation (4.31). �

Finally, we are ready to identify the deformed Theta class as the CohFT associated to a certain family of
global spectral curves. Before stating the result, it is worth remarking here that given a semisimple Co-
hFT, there is a standard procedure to construct a local spectral curve using the equivalence of [DOSS14].
This procedure immediately gives a local spectral curve for the deformed Theta class Θr,ε. However,
this is insufficient for us as we need to take the limit as ε → 0, and the local TR does not behave well
in families. In general, it is not clear whether one can construct a global spectral curve from any local
spectral curve. There is a partial answer in [Dun+19], but we note that it does not apply to our situation,
where we do not have a Dubrovin–Frobenius manifold with a flat unit vector filed.

Here is the main result of this section.

Theorem 4.7. The CohFT associated to the 1-parameter family of spectral curves Sε on P1 given by

x(z) =
zr

r
− εz , y(z) = −

1
z

, ω0,2(z1, z2) =
dz1dz2

(z1 − z2)2 , (4.32)

is the deformed Theta class Θr,ε. More precisely, the TR correlators corresponding to the spectral curve Sε are

ωg,n(z1, . . . , zn) =
r−1∑

a1,...,an=1

∫
Mg,n

Θr,ε
g,n(va1 ⊗ · · · ⊗ van)

n∏
j=1

∑
kj>0

ψ
kj
j dξ

kj,aj(zj) , (4.33)

where

ξa(z) =
zr−a−1

zr−1 − ε
, dξk,a(z) := d

((
1

(ε− zr−1)

d

dz

)k
ξa(z)

)
. (4.34)

Proof. First of all, we note that x in the spectral curve Sε is rescaled by 1
r

as compared to equation (4.18).
This gives an overall rescaling factor of r2g−2+n, as one can immediately deduce from the definition of
topological recursion (4.1).

The R-matrix and translation of lemma 4.6 correspond exactly to those computed in lemma 3.15 and
lemma 3.16 using the Teleman reconstruction theorem for the deformed Theta class, up to a scaling of
u by (−r)−1. As u is keeping track of the degrees we get a factor of (−r)−deg. The TFT computed in
lemma 4.6 differs from the one computed in lemma 3.14 (after base-changing from the v̂a basis to the
va basis) by an overall constant of λD

r
g,a .
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Thus, the CohFT associated to the spectral curve Sε is

r2g−2+nλ−D
r
g,a(−r)−deg ·Θr,ε

g,n(va1 ⊗ · · · ⊗ van) .

Now, we need to also write the basis of differentials in the flat basis. Upon changing basis from the ei
to the va, we get

r−1∑
i=1

θi(
r
2 −a)

√
r− 1

ξiC(z) = −
iλa−

r
2

√
r

zr−a−1

zr−1 − λr−1 = −
iλa−

r
2

√
r
ξa(z) .

In addition, in the definition of dξk,a(z) in equation (4.34), we have removed a factor of (−r)−1 (in
comparison to the ones obtained from the spectral curve (4.18)), and this contributes an overall factor
of (−r)−|k|. The global constant C contributes a factor of (−i

√
rλ
r+2

2 )2g−2+n.

Putting all these factors together, we see that they cancel:

r2g−2+nλ−D
r
g,a(−r)−deg

(
−

iλ−
r
2

√
r

)n
λ|a|(−r)−|k|(−i

√
rλ
r+2

2 )2g−2+n = 1 ,

where we impose the constraint deg+|k| = 3g − 3 + n in order to get a non-vanishing integral over
Mg,n. Thus, we get the result. �

Remark 4.8. Notice that the function x of the spectral curve appearing in theorem 4.7 coincides with
the function x in the spectral curve associated to the e1-shifted Witten class (see [CCGG22, theorem A,
part (2)] or [Dun+19, theorem 7.1]. This explains the fact that the R-matrix for both these CohFTs are the
same, as the R-matrix prescription of [DOSS14] depends only on the function x (and not on y).

4.3. The spectral curve for the Theta class. In this section, we will prove that the spectral curve ob-
tained by taking the limit ε→ 0 computes the descendant integrals of the (non-semisimple) CohFT Θr.
The spectral curve S0 obtained by taking the limit of the family of spectral curves Sε as ε→ 0 is

x(z) =
zr

r
, y(z) = −

1
z

, ω0,2(z1, z2) =
dz1dz2

(z1 − z2)2 . (4.35)

We will refer to this curve as the r-Bessel spectral curve. The r = 2 version is known as the Bessel curve
and was considered in [DN18; CN19].

In order to prove the result, we will use the following proposition that was proved in [CCGG22].

Proposition 4.9 ([CCGG22, proposition 5.2]). Let Sε be a family of spectral curves indexed by ε ∈ C such
that in a neighbourhood of ε = 0, they satisfy the following assumptions.

(1) Sε is defined by an algebraic equation linear in x:

Pε(x,y) = Aε(y) + xBε(y) = 0 , (4.36)

where Aε(y), Bε(y) are polynomials in y and ε.
(2) For ε 6= 0, Sε has r−1 simple ramification points, while S0 has a single ramification point of degree r−1

and is admissible in the sense of [Bor+18]. Moreover, the branch points are distinct.
(3) The multidifferentialsωg,n(ε; z1, . . . , zn) produced by topological recursion admit limits as ε→ 0:

ωg,n(z1, . . . , zn) := lim
ε→0

ωg,n(ε; z1, . . . , zn) . (4.37)

Then the multidifferentialsωg,n(z1, . . . , zn) satisfy the local Bouchard–Eynard topological recursion on the spec-
tral curve S0.

We will use the above proposition to prove the following theorem.

Theorem 4.10. The CohFT associated to the spectral curve S0 is the Theta class Θr. More precisely, the correla-
tors computed by the Bouchard–Eynard topological recursion are

ωg,n(z1, . . . , zn) =
r−1∑

a1,...,an=1

∫
Mg,n

Θrg,n(va1 ⊗ · · · ⊗ van)
n∏
j=1

∑
kj>0

ψ
kj
j dξ

kj,aj(zj) , (4.38)
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where

dξk,a(z) =
(rk+ a)!(r)

zrk+a+1 dz . (4.39)

Herem!(r) =
∏b(m−1)/rc
k=0 (m− kr) denotes the r-th factorial.

Proof. Throughout this proof, we add the argument ε to the correlators ωg,n and the basis of differen-
tials dξk,a(z) for clarity. The proof of the theorem requires two steps.

First, we need to check that the limit of the correlators constructed by TR on the curve Sε exists, and
coincides with the right-hand side of equation (4.38). This follows immediately upon taking the limit
ε → 0 to the correlators computed in theorem 4.7, i.e. equation (4.33). The limit exists by definition of
the deformed Theta class, and we only need to observe that

lim
ε→0

dξk,a(ε; z) =
(rk+ a)!(r)

zrk+a+1 dz .

The second step, which is more difficult, is to check that the limit of the correlators computed by TR
on Sε coincides with the correlators computed by TR on the limit curve S0. For this, we use [CCGG22,
proposition 5.2], which says that the above statement is true under certain assumptions. Thus, we only
need to check the assumptions there.

(1) The first assumption states that the equation defining Sε is linear in x and polynomial in y and ε.
This is clearly the case for us, as we have Pε(x,y) = rxyr − εryr−1 + (−1)r+1.

(2) The second assumption states that the curve Sε only has simple ramification points, and that S0

has a single ramification point which is admissible. This is true, as it corresponds to the case
s = r− 1 in the notation of [Bor+18] and thus satisfies the condition r = ±1 (mod s). Moreover,
the branch points are given by xk = −(r− 1)θkε

r
r−1 , which are distinct for k = 1, . . . , r− 1.

(3) The third assumption states that the limit of the correlators exists, and we have just proved it in
the first part of this proof.

This completes the proof. �

5. W-CONSTRAINTS AND INTEGRABILITY

The descendant potential of the Theta class can be expressed as the unique solution to a certain set
of W-constraints. This identification uses the equivalence of the Bouchard–Eynard topological recur-
sion with the higher Airy structures obtained in [Bor+18]. We conjecture that this set of W-constraints
equivalently characterises a certain r-KdV tau function called the r-Brézin–Gross–Witten (r-BGW) tau
function, first studied in [MMS96]. This conjecture implies that the descendant potential of Θr is an
r-KdV tau function. Finally we prove this conjecture for r = 2 and r = 3, and discuss the case of r > 3
in detail, which we reduce to a single equation known as the string equation.

5.1. W-constraints. Let us start by recalling the notion of W-algebras. In general, we can associate to
any Lie algebra g a family Wk(g) of vertex algebras called W-algebras, depending on a parameter k ∈ C

known as the level. For a general construction of W-algebras as the semi-infinite cohomology of an
affine vertex algebra associated to g, see [FF90]. A standard reference to W-algebras and their represen-
tation theory is [Ara17].

Here we are interested in a very specific W-algebra – the algebra Wk(glr) at the so-called self-dual level
k = −r + 1, and from this point onwards we work only at this level. An equivalent characterisation
of the self-dual level is that the central change c = r. A well-known presentation of this W-algebra is
constructed using the quantum Miura transformation [FL88] (also see [AM17, corollary 2.2]). The quan-
tum Miura transformation is an explicit embedding of Wk(glr) as a vertex algebra into the Heisenberg
algebra S0(glr) of rank r. At the self-dual level, the W-algebra is strongly freely generated by r fields
Ui(z), for i = 1, . . . , r, and a basis of these generators is given by the elementary symmetric polynomials
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in the r generators of the Heisenberg algebra. A detailed study of the OPEs in this basis was carried out
in [Pro15], where it is called the quadratic basis.

In [Bor+18], these W-algebras were analysed thoroughly in the context of higher Airy structures, and the
above presentation was exploited to construct certain explicit representations of Wk(glr) as differential
operators, and thereby find examples of Airy structures. For the reader’s convenience, we quickly
review some of the modules that were constructed in loc. cit.and refer the reader to [Bor+18, sections
3-4] for a complete discussion of the modules of interest.

The Heisenberg vertex algebra S0(glr) is constructed from the Cartan subalgebra h ⊂ glr of rank r.
As a vertex algebra it is defined to be freely strongly generated by r fields (sometimes called bosons),
denoted by χi(z)‡ for i = 0, . . . , r− 1:

S0(glr) =
〈
χ0(z), . . . ,χr−1(z)

〉
. (5.1)

We consider an automorphism σ in the Weyl group of the Cartan subalgebra h that acts by cyclic per-
mutation

σ : χ0 7→ χ1 7→ · · · 7→ χr−1 7→ χ0 . (5.2)

This allows us to define a σ-twisted S0(glr)-module structure on T := C(( h))[t1, t2, t3, . . .] using the fol-
lowing assignment, where β is defined as a primitive r-th root of unity,

χi(z) =
1
r

r−1∑
a=0

β−ia

 ∑
k∈a/r+Z

Ĵrkz
−k−1

 , Ĵ` =

{
 h ∂
∂t`

, ` > 0 ,
−`t−` , ` 6 0 .

(5.3)

Here we are abusing notation to denote the field associated to the representation by χi(z) (which we
originally used to denote the generating fields of the Heisenberg vertex algebra). We will refer to the ti
as times, in anticipation of the relation to the times of the r-KdV hierarchy in the next section.

The quantum Miura transform embeds the W-algebra Wk(glr) into the Heisenberg vertex algebra S0(glr)

as follows. As a vertex algebra Wk(glr) is strongly freely generated by the following fields

Ui(z) := ri−1:ei
(
χ0(z), . . . ,χr−1(z)

)
: , i = 1, . . . , r , (5.4)

where the ei denotes the elementary symmetric polynomials and the : : denotes the normal ordering of
the fields. The factor ri−1 is just a convenient rescaling. The above generators are obviously invariant
under the automorphism σ and thus the W-algebra Wk(glr) is invariant under the action of σ. Thus,
we can restrict T, which is a σ-twisted S0(glr)-module, to an honest untwisted module of the W-algebra
Wk(glr). We also denote this Wk(glr)-module by T, and the fieldsUi(z) in the representation T asWi(z).
We assume that the fieldsWi(z) have the mode expansion§

Wi(z) :=
∑
k∈Z

Wi
kz

−k−i , i = 1, . . . , r , (5.5)

and in particular theseWi
k are differential operators in the times. Later, in subsection 5.2.2, we will give

a more natural interpretation of this representation from the point of view of the algebra W1+∞.

An explicit expression for these modes Wi
k as differential operators in the times ti for i > 0 in the rep-

resentation T is easy to obtain using the state-field correspondence for twisted modules. We emphasise
that the state-field correspondence for twisted modules is different from the one for ordinary modules,
and one needs to use the so-called product formula to find the explicit expression of the modes. We
refer the reader to [Bor+18; BM13] for a detailed explanation.

‡The elements (χi)r−1
i=0 form a basis of h with the bilinear form 〈χi,χj〉 = δi,j.

§The definition of the modes of a field here differs slightly from the definition of the modes in [Bor+18] where they were
defined asWi(z) =

∑
k∈ZW

i
kz

−k−1. Here we adopt the physics convention of shifting by the conformal weight. Notice that
this difference introduces some shifts in the conditions on the sums appearing in the explicit expression of the modes in the
sequel.
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Proposition 5.1 ([Bor+18, corollary 4.7]). The modesWi
k have the explicit form

Wi
k =

1
r

bi/2c∑
j=0

 hj
i!

2jj!(i− 2j)!

∑
p2j+1,...,pi∈Z∑

l pl=rk

Ψ(j)(p2j+1,p2j+2, . . . ,pi) :
i∏

l=2j+1

Ĵpl : . (5.6)

When j = i/2, the condition
∑
l pl = rk on the sum is interpreted as the condition δk,0. Moreover, the function

Ψ(j)(a2j+1, . . . ,ai) is defined for every i > 1, 0 6 j 6 bi/2c and a2j+1, . . . ,ai ∈ Z as the following sums over
r-th roots of unity:

Ψ(j)(a2j+1, . . . ,ai) :=
1
i!

r−1∑
m1,...,mi=0
ml 6=ml′

 j∏
l′=1

βm2l′−1+m2l′

(βm2l′ − βm2l′−1)2

i∏
l=2j+1

β−mlal

 , (5.7)

where β is a primitive r-th root of unity as before.

For some examples of functions Ψ(j)(a2j+1, . . . ,ai) and some of their properties, we refer the reader to
[Bor+18, appendix A].

We do not recall the notion of Airy structures here for brevity (see [KS18; ABCO17; Bor+18]). We merely
note that in order to get an Airy structure, and thus the W-constraints associated to the r-Bessel spectral
curve that we studied in the last section, we need to perform a dilaton shift. The dilaton shift that we are
interested in here¶ is the following conjugation of the differential operatorsWi

k:

Hik := exp

(
−

Ĵr−1

(r− 1) h

)
Wi
k exp

(
Ĵr−1

(r− 1) h

)
. (5.8)

Applying the Baker–Campbell–Hausdorff formula, this amounts to a shift Ĵ−r+1 → Ĵ−r+1 − 1, and thus
we define

J̃k := Ĵk − δk,−r+1 . (5.9)
We write the differential operators Hik explicitly for i = 1, 2, 3, 4. First of all, we have for any r > 2

H1
k = J̃rk ,

H2
k =

1
2

∑
p1,p2∈Z
p1+p2=rk

(
rδr|p1,p2 − δr|p1+p2

)
: J̃p1 J̃p2 : −  h

(r2 − 1)
24

δk,0 . (5.10)

In the above equation, we denoted with δr|a1,...,an the function taking value one if r divides all ai, and
zero otherwise. When r > 3, the mode H3

k is given by

H3
k =

1
6

∑
p1,p2,p3∈Z

p1+p2+p3=rk

(
r2δr|p1,p2p3 − r(δr|p1,p2+p3 + · · · ) + 2

)
: J̃p1 J̃p2 J̃p3 : −  h

(r− 2)(r2 − 1)
24

J̃rk . (5.11)

The dots indicate other terms necessary to enforce symmetry under permutation. Finally for r > 4, we
have

H4
k =

∑
p1,p2,p3,p4∈Z

p1+p2+p3+p4=rk

(
r3δr|p1,p2,p3,p4 − r

2(δr|p1+p2,p3,p4 + · · ·
)

+ r
(
δr|p1+p2,p3+p4 + · · ·

)
+ 2r

(
δr|p1+p2+p3,p4 + · · ·

)
− 6
)
: J̃p1 J̃p2 J̃p3 J̃p4 :

−  h
∑

p1,p2∈Z
p1+p2=rk

1
3

(
r(r2 − 1)(r− 4)

12
δr|p1,p2 −

(
(r− 6)(r2 − 1)

12
+ 〈p1〉 〈p2〉

))
: J̃p1 J̃p2 :

+  h2 (r− 2)(r− 3)(r2 − 1)(5r+ 7)
5760

δk,0 . (5.12)

Here 〈a〉 is the reminder of the Euclidean division of a by r.

¶In the context of the higher Airy structures of [Bor+18, section 4.1], we are dealing with the case s = r− 1 in this paper.
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Using the formalism of higher Airy structures, it was proved in [Bor+18] that one can recast the Bouchard–
Eynard topological recursion as the unique solution to a set of W-algebra constraints. Let us make this
precise in our situation.

Theorem 5.2 ([Bor+18, theorem 5.27]). The following set of W-constraints

HikZ = 0 , for all k > −i+ 2 , i = 1, . . . , r , (5.13)

forms an Airy structure, and thus there exists a unique solution Z( h; t) of the form

Z( h; t) = exp

 ∑
g>0,n>1

2g−2+n>0

 hg−1

n!

∑
a1,...,an>0

Fg,n[a1, . . . ,an] ta1 · · · tan

 . (5.14)

with the scalars Fg,n[a1, . . . ,an] symmetric in the entries ai. In addition, the scalars Fg,n coincide with the ex-
pansion coefficients of the Bouchard–Eynard topological recursion correlators computed from the r-Bessel spectral
curve S0:

ωg,n(z1, . . . , zn) =
∑

a1,...,an>0

Fg,n[a1, . . . ,an]
n∏
i=1

dzi

zai+1
i

. (5.15)

Notice that the scalars Fg,n[a1, . . . ,an] vanish identically as soon as one of the ai ≡ 0 (mod r) (as one
can see immediately from the identification in theorem 4.10). This is consistent with the constraint
H1
kZ = ∂

∂tkr
Z = 0 for all k > 1, which implies that the 0 (mod r) times do not appear in Z.

We remark that the above result is a special case of theorem 5.27 of loc.cit. where, in the notations there,
we set s = r − 1, Φ̂ = 1 and F0,1[−a] = −δa,r−1. Combining this result with theorem 4.10, we get the
main theorem of this section. First, let us define the descendant potential of the Theta class.

Definition 5.3. The descendant potential ZΘr( h; t) of the CohFT Θr is defined as

ZΘ
r

= exp

 ∑
g>0,n>1

2g−2+n>0

 hg−1

n!

r−1∑
a1,...,an=1

∫
Mg,n

Θrg,n(va1 ⊗ · · · ⊗ van)
n∏
j=1

∑
kj>0

ψ
kj
j (rkj + aj)!(r)taj+rkj

 .

(5.16)

Remark 5.4. If we extend the definition of the Θr class to take values not only between 1 6 ai 6 r − 1,
but instead extend it to all ai > 1, we can express the descendant potential in a slightly cleaner form as

ZΘ
r

= exp

 ∑
g>0,n>1

2g−2+n>0

 hg−1

n!

∑
a1,...,an>0

∫
Mg,n

Θrg,n(va1 ⊗ · · · ⊗ van)
n∏
j=1

〈aj〉 taj

 , (5.17)

where again 〈aj〉 is again the reminder of the Euclidean division of aj by r. This is easy to deduce using
item 2 in proposition 2.3, and shows that the factors of (rkj + aj)!(r) appear naturally. We would like to
thank A. Chiodo for pointing this out to us.

Theorem 5.5. The descendant potential ZΘr is the unique solution to the following set of W-algebra constraints

Hik Z
Θr = 0 , for all k > −i+ 2 , i = 1, . . . , r , (5.18)

where we recall that the differential operators Hik were defined in equation (5.8).

Proof. The identification of the Bouchard–Eynard topological recursion on the r-Bessel spectral curve
in theorem 5.2 shows that the unique solution to the W-constraints is the Fg,n of equation (5.15). In
theorem 4.10, we proved that the topological recursion correlators on the r-Bessel spectral curve are the
descendant integrals of Θr. Thus, we have the identification,

Fg,n[a1, . . . ,an] =
∫
Mg,n

Θrg,n(va1 ⊗ · · · ⊗ van)
n∏
j=1

〈aj〉 ,

where all the ai > 0, and we are using the observation in remark 5.4. �
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Our goal is to interpret the above set of W-constraints as characterising a tau function of the r-KdV
hierarchy. To this end, we will consider a specific r-KdV tau function in subsection 5.3.1, and study its
Kac–Schwarz operators, which in turn will give us W-constraints that act by a constant on the associated
tau function. Before discussing integrability, we show that it suffices to find a very small subset of the
W-constraints appearing in theorem 5.5: the r-th reduction condition and the string equation.

Proposition 5.6. Let Z( h; t) be a function of the form

Z( h; t) = exp

 ∑
g>0,n>1

2g−2+n>0

 hg−1

n!

∑
a1,...,an>0

Φg,n[a1, . . . ,an] ta1 · · · tan

 (5.19)

satisfying the following conditions.

i) SYMMETRY. The scalars Φg,n[a1, . . . ,an] are symmetric in the entries ai.
ii) r-TH REDUCTION. There exist constants νk such that

H1
k Z = νk Z , for all k > 1 . (5.20)

iii) STRING EQUATION. There exists a constant µ such that

Hr−r+2 Z = µZ . (5.21)

Then Z coincides with the descendant potential of the Θr CohFT: Z = ZΘ
r .

Proof. We will prove that if a function satisfying the conditions of the lemma exists, it must satisfy the
full set of W-constraints appearing in theorem 5.2:

Hik Z = 0 , for all k > −i+ 2 , i = 1, . . . , r .

Once we establish this statement, the uniqueness part of theorem 5.5 implies the equivalence with the
descendant potential ZΘ

r

.

Now, we assume that a function Z satisfying the conditions of the proposition exists. We can determine
the constants νk using the commutation relations of the W−r+1(glr) algebra. The following commuta-
tion relations can be derived using the OPEs found in [Pro15] or by direct computation. For any ` > 1,
we have [

H1
m,H`n

]
=

1
r
(r− `+ 1)H`−1

m+n .

Applying the above operator to Z and choosing ` = r,m = k > 1 and n = −r+ 2, we get

0 =
[
H1
k,Hr−r+2

]
Z =

1
r
Hr−1

−r+2+k Z , for − r+ 2 + k > −r+ 3 .

Thus, we see thatHr−1
k acts by 0 on Z for k > −r+3. Now, by applying the same procedure successively

(in decreasing order) to ` = r− 1, r− 2, . . . , 2, we see that

HikZ = 0 , for all k > −i+ 2 , i = 1, . . . , r− 1 . (5.22)

Notice that the calculation for ` = 2 forces the constants νk = 0 for k > 1.

Finally, the only operators whose action we need to study are the Hrk for k > −r + 2. For this purpose,
we use the following commutation relations[

H2
m,H`n

]
= (m+ n− `m)H`m+n +

(
m+ 1

3

)
(r− `+ 2)(r− `+ 1)

2r2 H`−2
m+n

+
(r− `+ 1)

r

 ∑
i+j=m+n

(m− i):H1
iH
`−1
j :

 .

Applying the above operator to Z, choosing ` = r, m = k > 0 and n = −r + 2, together with the
constraints (5.22), we find

0 =
[
H2
k,Hr−r+2

]
Z =

(
k(1 − r) − r+ 2

)
Hr−r+2+k Z , for − r+ 2 + k > −r+ 2 .
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This proves the statement. �

Thus, our goal is now to find a candidate KP tau function, study its associated symmetries using the
Kac–Schwarz formalism, and obtain the r-th reduction constraints H1

k for k > 1 (i.e.r-KdV) as well
as the string equation Hr−r+2. This would prove that the descendant potential ZΘ

r

coincides with the
candidate r-KdV tau function. In the next section, we explain these concepts in detail.

5.2. KP and its symmetries. The Kadomtsev–Petviashvili (KP) hierarchy is an infinite set of evolution-
ary differential equations in infinitely many variables. From the works of the Kyoto school [JM83],
the space of solutions of the KP hierarchy is an infinite-dimensional Grassmannian, which is usually
Plücker embedded in a wedge-space. The Hirota equations, equivalent to the KP hierarchy, are then the
Plücker relations defining the Grassmannian inside the wedge-space.

In this section we review the basic facts about the KP hierarchy from the Sato Grassmannian point-of-
view, and introduce the concept of Kac–Schwarz operators to describe symmetries of the tau functions.
We refer to [Ale15] for further details.

5.2.1. Fock space, free fermions and tau functions. Let V = z.C[z] ⊕ CJz−1K be the infinite-dimensional
vector space of formal Laurent series in z−1, which comes with the natural decomposition V = V+⊕V−.
We define the fermionic Fock space F, or semi-infinite wedge space, to be the span of all one-sided
infinite wedge products

zk1 ∧ zk2 ∧ zk3 ∧ · · · (5.23)

such that there exists a constant c ∈ Z, called the charge, for which ki − i = c for i sufficiently large,
modulo the usual relations

zk1 ∧ · · ·∧ zki ∧ zki+1 ∧ · · · = −zk1 ∧ · · ·∧ zki+1 ∧ zki ∧ · · · . (5.24)

We call |0〉 = z0 ∧ z1 ∧ z2 ∧ · · · the vacuum. Similarly, we call its dual vector in F∗ the covacuum, and
denote it by 〈0|. The charge defines a grading F =

⊕
c∈Z Fc, and we call F0 the charge-zero sector of the

Fock space. In the following, we will be only interested in the charge zero sector.

Definition 5.7. Define the (big cell of the) Sato Grassmannian Gr as the set of all linear subspaces H ⊂ V
such that the projection p+ : H→ V+ is a linear isomorphism. The Plücker embedding Gr→ PF0 is the
standard map sending a space H to the wedge product of a basis of H.

From the above definition, we see that a point in the Sato Grassmannian corresponds to a semi-infinite
wedge representative as

Φ1 ∧Φ2 ∧Φ3 ∧ · · · , Φi ∈ V = z.C[z]⊕ CJz−1K , (5.25)

where Φi(z) = zi−1 +O(zi−2).

As in the finite-dimensional case, the Plücker embedding is given by quadratic equations. In order to
express such relations in a compact form, let us introduce the free fermionic operators ψk, ψ†k, k ∈ Z

satisfying the usual anti-commutation relations and generating an infinite dimensional Clifford algebra:{
ψk,ψ†l

}
= δk,l ,

{
ψk,ψl

}
=
{
ψ†k,ψ†l

}
= 0 . (5.26)

The operators ψ−k and ψ†k for k > 0 are called annihilation operators, while ψ−k and ψ†k for k < 0 are
called creation operators. We can collect them in generating series, called fermionic fields:

ψ(z) =
∑
k∈Z

ψk z
k , ψ†(z) =

∑
k∈Z

ψ†k z
−k . (5.27)

Define the action of the Clifford algebra on the Fock space by setting

ψk = z−k∧ , ψ†k =
∂

∂z−k
. (5.28)
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Dually, we define the action of the Clifford algebra on F∗. With respect to the vacuum |0〉, the operators
ψk with k < 0 and ψ†k with k > 0 are annihilation operators, while the operators ψ†k with k < 0 and ψk
with k > 0 are creation operators.

For any element A of the Clifford algebra, we can define its vacuum expectation value 〈A〉 as 〈0|A|0〉.
Since the (right) action on the dual Fock space is the adjoint of the (left) action on the Fock space, there is
no ambiguity in the notation. The vacuum expectation value of a quadratic expression in the fermions
is given by

〈ψkψ†l〉 = δk,lδk>0 , 〈ψkψl〉 = 〈ψ†kψ
†
l〉 = 0 . (5.29)

The quadratic equations for the Sato Grassmannian, also known as Hirota bilinear relations, can be stated
as follows.

Theorem 5.8. An element |ω〉 ∈ PF0 belongs to the image of the Plücker embedding of the Sato Grassmannian
if and only if ∮

∞ψ(z) |ω〉 ⊗ψ†(z) |ω〉dz = 0 . (5.30)

Another important property of finite-dimensional Grassmannians is that the general linear group acts
transitively on them by changing the basis, making them into homogeneous spaces. A similar phenom-
enon occurs for the Sato Grassmannian.

The Lie algebra associated to such a group action is a central extension of the bi-infinite general linear
algebra, denoted ĝl(∞). This algebra can be realised by considering normally ordered bilinear combi-
nations of fermions, sometimes referred to as bosons:

ĝl(∞) =

{ ∑
k,l∈Z

ak,l:ψkψ
†
l :

∣∣∣∣∣ ak,l 6= 0 for only finitely many values of k− l

}
, (5.31)

where :ψkψ
†
l : is defined as ψkψ

†
l − 〈ψkψ

†
l〉. Examples of elements in ĝl(∞) are the bosonic currents,

which span a Heisenberg subalgebra:

Jn =  h1/2
∑
k∈Z

:ψkψ
†
k+n : ,

[
Jm, Jn

]
=  hmδm+n,0 . (5.32)

Here we add a formal parameter  h1/2 which can be viewed as an additional grading parameter, and
work over the field C(( h1/2)).||

By exponentiating elements of ĝl(∞), we obtain the corresponding Lie group

ĜL(∞) =
{
eX
∣∣∣ X ∈ ĝl(∞)

}
(5.33)

with a natural action on F0.

Lemma 5.9. The ĜL(∞)-orbit of the vacuum |0〉 is (the cone over) the image of the Plücker embedding of the
Sato Grassmannian.

A bosonic description of the above theory is expressed in terms of tau functions. The bosonic coun-
terpart of F0 is the space CJtK of functions depending on an infinite set of auxiliary parameters t =

(t1, t2, . . . ) called the times.

Definition 5.10. Define the boson-fermion correspondence as the linear isomorphism

F0 −→ CJtK , |ω〉 7−→ 〈0|eJ+(t)|ω〉 . (5.34)

Here J+(t) =
∑
n>1

 h−1tnJn.

||There are a couple of different conventions for the use of  h as a grading parameter. Here we stick to the use of  h as used in
the formalism of Airy structures [Bor+18; KS18; ABCO17]; one could replace  h by  h2, which would replace the  hg−1 by  h2g−2

in the descendant potential ZΘ
r

.
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In this picture, a tau function of the KP hierarchy is defined as the image of an element of the Sato
Grassmannian under the boson-fermion correspondence. As such, it is well-defined up to a multiplica-
tion constant. The Hirota bilinear relations can be recast as bilinear relations satisfied by tau functions,
or alternatively as a collection of non-linear PDEs.

5.2.2. Symmetries and the W1+∞ algebra. The boson-fermion correspondence allows us to translate the
infinitesimal symmetries of the Sato Grassmannian described in terms of bosonic operators of ĝl(∞)

into differential operators that act as infinitesimal symmetries of the KP hierarchy on CJtK.

Indeed, from the commutation relations of the bosonic currents we have

〈0| eJ+(t)Jn =

{
 h ∂
∂tn
〈0| eJ+(t) , if n > 0 ,

−nt−n 〈0| eJ+(t) , if n 6 0 .
(5.35)

As a consequence, for any operatorW which is a combination of bosonic currents, there exists an oper-
ator Ŵ acting on CJtK such that

Ŵ 〈0| eJ+(t) = 〈0| eJ+(t)W . (5.36)
For the bosonic currents, we have

Ĵn =

{
 h ∂
∂tn

, if n > 0 ,
−nt−n , if n 6 0 ,

(5.37)

as was defined earlier in equation (5.3). With this identification, we can represent the transformation
given by the group multiplication in ĜL(∞) in terms of the operators acting on the space of functions of
the times: if we denote by τG the tau function corresponding to the elementG |0〉 via the boson-fermion
correspondence andW is an operator in ĝl(∞) which is a combination of bosonic currents, then

τeWG = eŴτG . (5.38)

An important subalgebra of ĝl(∞), denoted W1+∞, is the algebra generated by the elements

W(m+1)
n = − h(m+1)/2 Res

z

(
z−1:ψ(z)zm+n∂mz ψ(z) :

)
dz , m,n ∈ Z , m > 0 . (5.39)

More generally, we can associate to any element of the algebra of diffeomorphisms of the circle

w1+∞ =

{
zα
(

 h1/2 ∂

∂z

)β ∣∣∣∣∣ α,β ∈ Z, β > 0

}
, (5.40)

a bosonic operator in W1+∞ by the following assignment: for a ∈ w1+∞,

a 7−→Wa =  h1/2 Res
z=0

(
z−1 : ψ(z)aψ†(z) :

)
dz . (5.41)

With this notation, W(m+1)
k = W− hm/2zm+n∂mz

. Moreover, the commutation relations of the operators
Wa with the fermionic fields reads[

Wa,ψ(z)
]
= − h1/2aψ(z) ,

[
Wa,ψ†(z)

]
= − h1/2a∗ψ†(z) , (5.42)

where a∗ is the formal adjoint with respect to the inner product on CJzK defined by

〈f,g〉 = Res
z

(
z−1f(z)g(z)

)
dz . (5.43)

In particular, one can check that W1+∞ is a central extension of w1+∞, i.e.[
Wa,Wb

]
=W[a,b] + Ca,b , (5.44)

where Ca,b is an operator in the centre of W1+∞. In particular, we can see the existence of the Virasoro
subalgebra of W1+∞ of central charge 1. Consider the operators

Ln :=W−zn(z h1/2∂z+
n+1

2 ) =
1
2

∑
a+b=n

:JaJb : , n ∈ Z . (5.45)

It is easy to see that they satisfy the commutation relations[
Ln,Lm

]
=  h(n−m)Ln+m +

 h2

12
(n3 − n)δn+m,0 , (5.46)
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of the Virasoro algebra of central charge c = 1.

Definition 5.11. Let H = span {Φ1,Φ2, . . . } be a point in the Sato Grassmannian, and denote by τ
the corresponding tau function. An operator a ∈ w1+∞ is called a Kac–Schwarz operator for τ if the
corresponding point of the Sato Grassmannian is stabilised by a:

aH ⊂ H . (5.47)

The fundamental property of Kac–Schwarz operators is that they act as constants on the associated tau
functions [ASvM95; Ale15].

Proposition 5.12. If a ∈ w1+∞ is a Kac–Schwarz operator for τ, then

Ŵaτ = Cτ , (5.48)

for some constant C.

Example 5.13 (r-KdV hierarchy). Consider a = zr; the corresponding operator Ŵa acting on functions
of times is simply

Ĵr =  h
∂

∂tr
. (5.49)

The above proposition states that, if a point H in the Sato Grassmannian satisfies zrH ⊂ H, then the
associated tau function satisfies  h ∂

∂tr
τ = Cτ, or equivalently

 h
∂

∂tr
log(τ) = C . (5.50)

Since H is invariant under all powers of a, we obtain that the τ function is of the form

τ = e
 h−1∑

k>1 aktkr τ ′ , (5.51)

for some constants ak and with τ ′ independent of tkr. It is easy to check that τ ′ is still a KP tau function.
A tau function satisfying the above property is called a tau function of the r-KdV hierarchy (or r-th
Gel’fand–Dickey hierarchy).

5.3. r-KdV for the Theta CohFT. In this section, we first consider a specific r-KdV tau function called
the r-Brézin–Gross–Witten tau function and study the Kac–Schwarz operators associated to it. We then
study the associated W-constraints and compare them with the W-constraints characterising the descen-
dant potential of the Theta class. For r = 2 and 3, we obtain a complete match and thereby conclude
that the descendant potential ZΘ

r

is an r-KdV tau function.

5.3.1. The r-BGW tau function. The Brézin–Gross–Witten (BGW) matrix model was introduced in the
’80s in the context of lattice gauge theory [BG80; GW80]. Originally defined as an integral over the
space of unitary matrices, it can also be described as an integral** over the space of N × N Hermitian
matrices. In this paper, we are interested in the following generalisation of the BGW matrix model first
studied by Mironov–Morozov–Semenoff [MMS96], depending on a integer parameter r > 2:

Zr-BGW(Λ) =
1
CN

∫
HN

e
− h−1/2 Tr

(
M1−r
r(1−r)+ΛM+ h1/2N log(M)

)
[dM] . (5.52)

We call the above model the r-BGW matrix model. Here CN is an irrelevant normalisation factor, Λ is a
Hermitian matrix called the external field, and [dM] is the standard Lebesgue measure on HN given by

[dM] = 2−
N
2

(
N

π

)N2
2
N∏
i=1

dMi,i

∏
i<j

d<(Mi,j)d=(Mi,j) . (5.53)

Notice that the r-BGW model is very similar to the matrix integral solution to two-dimensional Wr-
gravity [AvM92] corresponding to the r-Witten–Kontsevich tau function for the r-KdV hierarchy. In-
deed, the r-BGW matrix model can be obtained by replacing r in the matrix model considered in
[AvM92] by −r, together with the addition of the log factor.

**We remark that the matrix models considered here are formal. That is, the matrix integrals are computed by Taylor expand-
ing the exponential of cubic and higher terms, then subsequently exchanging summation and integration.
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The r-BGW model is an instance of matrix models with an external field, which are known to define KP
tau functions for N→ +∞ in the times given by the Miwa parametrisation

tk :=
1
k

TrΛ−k . (5.54)

See for instance [Ale15] and references therein. The tau function can be described as a point in the Sato
Grassmannian H = span {Φ1,Φ2, . . . }, where the formal power seriesΦi are the asymptotic expansions
of some integrals defined from the matrix model. In the case of the r-BGW matrix model, we obtain the
following Φis.

Definition 5.14. Define the formal power seriesΦi as

Φi(z) = e
−S(z) Ψi

(
zr

r

)
, for i > 1 , (5.55)

where S(z) = − h−1/2 zr−1

r−1 − 1
2 log(zr−1), and the Ψi are defined via the integral representation

Ψi(x) :=  hi/2−1/4 1√
2π

∫
Γ

e
 h−1/2

(
w1−r
r(1−r)−xw

)
dw

wi
, (5.56)

where Γ is the Hankel contour.

In lemma 5.17, we prove that theΦi are formal power series that admit the right asymptotic behaviour
as z→∞:

Φi(z) ∼ z
i−1 +O(zi−2) . (5.57)

Thus, for the purposes of this article, we will take the tau function determined by H as the definition of
Zr-BGW.

Definition 5.15. Define the r-BGW tau function Zr-BGW( h; t) as the KP tau function associated to the
point H = span {Φ1,Φ2, . . . } in the Sato Grassmannian.

Before studying the Kac–Schwarz operators associated to this KP solution, let us characterise the func-
tions Ψ as a solution of the following differential equation.

Definition 5.16. We define the r-Bessel quantum curve as the r-th order differential equation given by(
(−1)rr

(
 h1/2 d

dx

)r−1

x h1/2 d

dx
− 1

)
Ψ(x) = 0 . (5.58)

Lemma 5.17. For any r > 2, the r-Bessel quantum curve is solved by the function

Ψ(x) =  h−1/4 1√
2π

∫
Γ

e
 h−1/2

(
w1−r
r(1−r)−xw

)
dw

w
, (5.59)

where Γ is the Hankel contour. Moreover, the function Ψ(x) and its (anti-)derivatives Ψi = (− h−1/2)i−1Ψ(1−i),
i ∈ Z, admit the following asymptotic expansions as x→ +∞:

Ψi(x) =  h−1/4 1√
2π

∫
Γ

e
 h−1/2

(
w1−r
r(1−r)−xw

)
dw

wi
∼ eS(z)

(
zi−1 +O

(
zi−r

))
, (5.60)

where x(z) = zr

r
and S(z) = − h−1/2 zr−1

r−1 − 1
2 log(zr−1). The solution admitting the above asymptotic expansion

is unique.

Proof. Observe that(
(−1)rr

(
 h1/2 d

dx

)r−1

x h1/2 d

dx
− 1

)
Ψ(x)

=

(
 hr/2(−1)rrx

dr

dxr
+  hr/2(−1)rr(r− 1)

dr−1

dxr−1 − 1
)
Ψ(x)

=  h−1/4

√
1

2π

∫
Γ

(
rxwr−1 −  h1/2r(r− 1)wr−2 −

1
w

)
e

 h−1/2
(
w1−r
r(1−r)−xw

)
dw

= − h1/4r

√
1

2π

∫
Γ

d

dw

(
wr−1e

 h−1/2
(
w1−r
r(1−r)−xw

))
dw = 0 .
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Hence, Ψ solves the ODE. The asymptotic behaviour of Ψi can be computed using the steepest descent
method (see for instance analogous computations in [CCGG22]). Uniqueness of the solution follows
from the fact that the ODE uniquely determines the coefficients of the asymptotic expansion. �

Observe that for r = 2, the above equation reduces to the modified Bessel equation of order zero after
the identification x = z2

2 : (
 hz2 d

2

dz2 +  hz
d

dz
− z2

)
Ψ = 0 . (5.61)

In particular, the functions Ψi(x)|x=z2/2 coincide with the modified Bessel functions of the second kind,
up to a normalisation factor:

Ψi

(
z2

2

)
=  h−1/4

√
2
π
zi−1 K1−i

(
 h−1/2z

)
. (5.62)

In line with the above remark, the ODE from lemma 5.17 for general r can be thought of as a higher
Bessel equation, and the functions Ψi as higher Bessel functions.

5.3.2. Kac–Schwarz operators for the r-BGW tau function. We would like to understand the Kac–Schwarz
operators that uniquely characterise the tau function. We start using the analysis done in [MMS96],
but the operators found there do not uniquely specify the tau function. While we are unable to find
Kac–Schwarz operators that uniquely specify the tau function and produce the W-constraints we are
looking for for general r, we do so for the cases r = 2 and r = 3. For r = 2, these were already derived
in [Ale18].

Recalling the identification x = x(z) = zr

r
, consider the following operators in w1+∞,

A := x , B := x h1/2 d

dx
, C :=  h

d

dx
x
d

dx
, (5.63)

and the following conjugated forms of them

a := e−SAeS =
zr

r
,

b := e−SBeS =
1
r

(
z h1/2 d

dz
− zr−1 −  h1/2 r− 1

2

)
,

c := e−SCeS =
1
r

(
1
zr−2

 h
d2

dz2 +  h
2 − r

zr−1

d

dz
− 2 h1/2 d

dz
+ zr−2 +  h

(r− 1)2

4
1
zr

)
.

(5.64)

Theorem 5.18. Let Zr-BGW be the r-BGW tau function. The following holds.

• r-TH REDUCTION. The operator a is Kac–Schwarz for Zr-BGW. In particular, Zr-BGW is a tau function
of the r-KdV hierarchy.
• CONSTRAINTS. The operators b and c are Kac–Schwarz for Zr-BGW.
• UNIQUENESS. When r = 2 or 3 the operators a, b and c determine the tau function uniquely.

Proof. Let us prove first that H is stabilised by the operators a, b and c. Up to conjugation by e−S and
the identification x = x(z), we can work with the operators A = x, B = x h1/2 d

dx
and C =  h d

dx
x d
dx

, and
the functions Ψi. This said, we find

AΨi =
Ψi+r

r
− i hΨi+1 ∈ H ,

using the relation

d

dw

(
e

 h−1/2
(
w1−r
r(1−r)−xw

)
1
wi

)
= e

 h−1/2
(
w1−r
r(1−r)−xw

)(  h−1/2

rwi+r
−

i

wi+1 −  h−1/2 x

wi

)
and then integrating by parts. This proves that a is Kac–Schwarz for τ. For b, it follows from  h1/2 d

dx
Ψi = −Ψi−1

that
BΨi = −AΨi−1 = −

Ψi+r−1

r
+ (i− 1) hΨi ∈ H . (5.65)
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The operator C acts as

CΨi =
Ψi+r−2

r
− (i− 1) hΨi−1 , (5.66)

and thus c is also Kac–Schwarz.

For the r-KdV statement, it follows from example 5.13.

Lastly, let us prove uniqueness for r = 2 and r = 3. For r = 2, we have

(2C− 1)Ψ1 = 0 ,

and thus the operator C determines Ψ1 uniquely. The other Ψi for i > 2 are determined by applying
B to Ψi thanks to equation (5.65). Thus all the Φi for i > 1 are uniquely determined. As for r = 3, we
instead use

(−3BC−A)Ψ1 = 0 ,
which determines Ψ1 uniquely. Now applying C repeatedly to Ψ1 determines all the other Ψi for i > 2
due to equation (5.66), and hence all theΦi for i > 1 are uniquely determined.

Note that in both cases the equation determining Ψ1 uniquely is the quantum curve. �

5.3.3. From W1+∞ to W−r+1(glr). The Kac–Schwarz operators obtained in theorem 5.18 translate im-
mediately to W-constraints on the r-BGW tau function, and we would like to compare them with the
W-constraints characterising the descendant potential ZΘ

r

of theorem 5.5. The former W-constraints are
obtained from a representation of theW1+∞ algebra, while the latter are obtained from a representation
of the W−r+1(glr)-algebra. Thus, we need to understand the relation between the two.

The algebra W1+∞, which is the central extension of the Lie algebra of diffeomorphisms of the circle,
admits the structure of a vertex algebra with Virasoro field of central charge c = 1 [FKRW95]. We have
already observed the existence of this Virasoro subalgebra in equation (5.46). Moreover, loc.cit. proves
the following isomorphisms as vertex algebras

W1+∞ ∼= W0(gl1) ∼= S0(gl1) . (5.67)

In general however, we can consider different central extensions of w1+∞ with correspondingly different
central charges c ∈ C, which we denote by Wc

1+∞. When c is an integer r > 1, [FKRW95] proves the
following isomorphism of vertex algebras

Wr
1+∞ ∼= W−r+1(glr) , (5.68)

where we recall that W−r+1(glr) also has central charge c = r. For more details on this isomorphism
(and an extension to arbitrary central charge c ∈ C) we also refer the reader to [KL19].

Our main focus is not on the central extension W1+∞ we considered so far, but rather on the central
extension Wr

1+∞ for r > 2. We are interested in a specific representation of this central extension Wr
1+∞.

The best way to present this representation of Wr
1+∞ seems to be the following [FKN92]. Consider the

Lie subalgebra of w1+∞ generated by the following elements,

mr1+∞ =

{
e−S(z)

(
x(z)α

(
 h1/2 ∂

∂x(z)

)β)
eS(z)

∣∣∣∣∣ α,β ∈ Z, β > 0

}
, (5.69)

where we recall the notation

x(z) =
zr

r
, S(z) = − h−1/2 z

r−1

r− 1
−

1
2

log(zr−1) . (5.70)

Then consider the Lie subalgebra of W1+∞ generated by the associated elements using the map (5.41).
More precisely, define

Mr
1+∞ := 〈Wa |a ∈ mr1+∞〉 . (5.71)

Then Mr
1+∞ is a representation of Wr

1+∞, and using the isomorphism (5.68) we obtain an induced rep-
resentation of W−r+1(glr). It is proved in [FKN92] that this induced representation of W−r+1(glr) coin-
cides with the one that we considered in subsection 5.1 using the twisted representation of the Heisen-
berg algebra S0(glr) in the context of higher Airy structures [Bor+18].
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Let us describe the isomorphism (5.68) in more detail:

Wr
1+∞ ∼=−−→W−r+1(glr) ,

−zl+k
(
 h1/2∂z

)l 7−→ 1
l+ 1

Res
z=0

(
zk+l

r∑
i=1

:
(
χi(z) +  h1/2∂z

)l
χi(z) :

)
.

(5.72)

The fields appearing in the right-hand side of the above equation

Ũl+1(z) :=
1

l+ 1

r∑
i=1

:
(
χi(z) +  h1/2∂z

)l
χi(z) : , 0 6 l 6 r− 1 , (5.73)

form a set of strong generators for the W−r+1(glr) vertex algebra. Let us compare them to the generating
fieldsUl+1(z) which are defined as elementary symmetric polynomials (5.4). For the first few generating
fields we get

U1(z) = Ũ1(z) ,

rU2(z) = −Ũ2(z) +
1
2
 h1/2∂Ũ1(z) +

1
2
:Ũ1Ũ1 :(z) ,

r2U3(z) = Ũ3(z) −  h1/2∂Ũ2 +
1
6
 h∂2Ũ1(z) − :Ũ1Ũ2 :(z) +

1
6
:Ũ1Ũ1Ũ1 :(z) +

1
2
:Ũ1 h1/2∂Ũ1 :(z) .

(5.74)

Using this, we can express the operators Wi
k of equation (5.6) in the representation Mr

1+∞ (or equiv-
alently appearing in the higher Airy structure based on the representation T) as W-algebra operators
corresponding to Kac–Schwarz operators.

−
1
rk
H1
k = Ŵak ,

1
rk+1H

2
k = Ŵak(b+k+1

2 ) +
1
2

∑
k1+k2=k

:Ŵak1 Ŵak2 : ,

−
1
rk+2H

3
k = Ŵak+1c+(k+1)akb+ 1

6 (k+2)(k+1)ak +
∑

k1+k2=k

:Ŵak1 Ŵak2
(
b+

k2+1
2

) :
+

1
6

∑
k1+k2+k3=k

:Ŵak1 Ŵak2 Ŵak3 : .

(5.75)

As a sanity check, it is straightforward to see that the modesWak(b+k+1
2 ) generate a Virasoro subalgebra

of central charge c = r. We have also verified equation (5.75) by direct computations of the required Ŵ
operators and comparison with the Hik (5.8).

Remark 5.19. We note that the conjugation by the summand − h−1/2 zr−1

r−1 of S(z) of the Kac–Schwarz
operators corresponds precisely to the dilaton shift in the definition of the Hik in equation (5.8).

5.3.4. Equivalence between r-BGW tau function and the descendant potential ZΘr . We are ready to formulate
the following conjecture that can be viewed as a “negative spin” version of the Witten r-spin conjecture.

Conjecture 5.20. The descendant potential ZΘr of theΘr class coincides with the r-BGW tau function, and thus
is a tau function for the r-KdV integrable hierarchy.

To recap, let us discuss the necessary steps to prove this conjecture. We know that ZΘ
r

satisfies a set of
W-constraints that characterise it uniquely. What we do not know yet is the existence of a r-KdV tau
function that also satisfies the exact same constraints. Our conjecture is that the r-BGW tau function
does satisfy these constraints.

Proposition 5.21. Conjecture 5.20 is equivalent to showing that the string equation holds, i.e.,

Hr−r+2 Z
r-BGW = µZr-BGW , (5.76)

for some constant µ ∈ C.
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Remark 5.22. We can view the above equation as specifying the initial condition for the time evolution
of the integrable hierarchy, and in this sense can be considered as a string equation in analogy with
the r-Kontsevich–Witten tau function. This is a consequence of the form of the operator Hr−r+2. In the
grading of Airy structures, we have

Hr−r+2 =  h
∂

∂t1
+O(2) , (5.77)

and thus Hr−r+2 controls the dependence on the time t1 of the solution.

Proof. First, we note that Zr-BGW admits a genus expansion of the form (5.19). Indeed, from the full
asymptotic expansion of the basis vectors Φi(z) derived in [AD22, Section 4.1], we deduce that taking
 h → 0 gives us the point z0 ∧ z1 ∧ z2 ∧ · · · on the Sato Grassmannian. This point is the origin of the
Sato Grassmannian and the tau function at this point is identically 1. Taking into account the additional
rescaling of the times in our definition of the boson-fermion correspondence by  h−1/2 in Definition 5.10,
this implies that Zr-BGW admits a genus expansion:

Z( h; t) = exp

 ∑
g>0,n>1

2g−2+n>0

 hg−1

n!

∑
a1,...,an>0

Φg,n[a1, . . . ,an] ta1 · · · tan

 .

Then, thanks to proposition 5.6, we know that showing

H1
k Z

r-BGW = νk Z
r-BGW , for all k > 1 , and Hr−r+2 Z

r-BGW = µZr-BGW , (5.78)

for some constants νk,µ ∈ C immediately implies that Zr-BGW satisfies all the required W-constraints.

The first condition that H1
k acts by a constant follows directly, as H1

k = −rkŴak from equation (5.75)
and ak, for k > 1, is a Kac–Schwarz operator. �

For r = 2, the full Virasoro constraints including the string equation were proved by [GN92; Ale18].
Alexandrov’s proof in [Ale18] uses the formalism of Kac–Schwarz operators and thus the following
proof is identical to his. While we are unable to prove this string equation for any r > 3††, we prove it
in this paper for r = 3 to obtain one of our main results.

Theorem 5.23. When r = 2 or 3, the descendant potential of theΘr class coincides with the r-BGW tau function
of the r-KdV integrable hierarchy.

Proof. Proposition 5.21 shows that we only need to prove the string equation.

For r = 2, the string equation is given by

H2
0 Z

2-BGW = µZ2-BGW .

In theorem 5.18, we showed that a and b are Kac–Schwarz operators. Thus the associated W-algebra
operators act by a constant on the tau function. By equation (5.75), we see thatH2

0 also acts by a constant.

For r = 3, the string equation is given by

H3
−1 Z

3-BGW = µZ3-BGW .

Again from theorem 5.18 we know that a, b and c are Kac–Schwarz operators. Thus, the form ofH3
−1 in

equation (5.75) immediately gives the string equation. �

The statement of the theorem above for r = 2 was conjectured by Norbury [Nor22a] where it is verified
up to O( h7).

††We also note that while [MMS96] sketches an argument to prove the string equation is true for any r, there is a gap in the
proof there that we were unable to resolve.
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We leave the proof of the string equation in general, equivalently the r-KdV conjecture 5.20, to future
work. Instead of finding a Kac–Schwarz operator that corresponds to the operatorHr−r+2, an alternative
approach to proving the string equation is to use the Ward identities for the r-BGW matrix model.

6. FUTURE WORK

In this section, we discuss a few of the many research directions that naturally arise as a consequence
of our work. We have discussed a few of these already in the text.

• GENERAL s. There is an obvious extension of our work to the case of general s. As we have
already discussed in remark 2.10, we can construct a CohFT Θr,s for −r + 1 6 s 6 −1 with the
modified unit vr+s, by taking the top Chern class of the vector bundle Vr,s

g,n up to a normalisation
factor. We can also construct analogous deformations Θr,s,ε that form CohFTs. We expect that
we can also apply the Teleman reconstruction theorem in order to obtain an expression for the
deformed classΘr,s,ε in the tautological ring, and that the topological recursion on the following
spectral curve on P1 computes the descendant integrals:

x(z) = zr − rεz, y(z) = −zs , ω0,2(z1, z2) =
dz1,dz2

(z1 − z2)2 .

We have already computed all the necessary ingredients for this identification in this paper.
However, the limit ε → 0 does not commute with the topological recursion in this case (for a
detailed discussion, see [Bor+]). Thus, we do not know if the descendant potential of Θr,s is
the unique solution to a set of W-constraints, and/or if it coincides with a tau function for the
r-KdV hierarchy. Complementarily, this means that the question posed in [Bor+18] regarding
the CohFT interpretation of the correlators of the admissible (r, s)-spectral curve for r = ±1
(mod (s+ r)) and −r+ 1 6 s 6 −1,

x(z) =
zr

r
, y(z) = −zs , ω0,2(z1, z2) =

dz1,dz2

(z1 − z2)2 ,

is still wide open for any s 6= −1. We have checked that the descendant integrals of Θr,s do
not coincide with the expansion of the correlators for low (g,n). The partition function of the
topological recursion for this curve on the other hand is the unique solution to a set of W-
constraints. We find both of these to be very interesting questions and we will return to them in
the future. We remark that, for s = −r + 1, the equivalence between W-constraints and r-KdV
was recently proved by Yang and Zhou [YZ22]. However, no enumerative description of the
associated tau function is known yet.

• INTEGRABILITY CONJECTURE. We have reduced conjecture 5.20 to a string equation for the r-
BGW tau function

Hr−r+2 Z
r-BGW = µZr-BGW ,

and proved it for r = 2 and 3. For general r > 4, one approach is to find a Kac–Schwarz operator
s such that

Ŵs = H
r
−r+2 .

We hope to address this question in future work.
• COMPARISON TO PIXTON’S RELATIONS. The relations that we have derived by our analysis of

the deformed Theta class in corollary 3.20 deserve further investigation. It is an interesting ques-
tion to ask whether these tautological relations are implied by, or even equivalent to, Pixton’s
relations [Pix13; PPZ15].

• GENERALISED KONTSEVICH GRAPHS. In [BCEG21], a proof of topological recursion for the
Witten r-spin intersection numbers was presented in terms of a Tutte recursion for generalised
Kontsevich graphs, which in turn can be interpreted as Feynman graphs for r-Witten–Kontsevich
matrix integral. It would be interesting to get an analogous description for the r-BGW integral.
Additionally, this could lead to another approach to prove conjecture 5.20.
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• A COMBINATORIAL MIRZAKHANI IDENTITY. For the special case r = 2, the aforementioned
Feynman graphs are nothing but metric ribbon graphs. The associated moduli space is isomor-
phic to the moduli space of curves and it carries a natural symplectic form which corresponds
to a specific combination of ψ-classes. In [And+20], a proof of the Witten–Kontsevich recur-
sion is derived from integrating a combinatorial analogue of Mirzakhani’s identity. Is there a
similar combinatorial description for the moduli space of super Riemann surfaces in terms of
super metric ribbon graphs? If yes, is it possible to give a new proof of the topological recursion
obtained in Theorem 5.5 for the descendant integrals of the Theta class by integrating a super
combinatorial Mirzakhani identity?

APPENDIX A. INTEGRALS OF AIRY FUNCTIONS AND SCORER FUNCTIONS

In this appendix, we consider the coefficients Pm(r,−1) and Hk(r,a) that we encountered in the calcu-
lation of the translation in section 4. The polynomials Pm(r,−1) appear in the asymptotic expansion
of an integral of the hyper-Airy function (4.13), while the coefficients for the case r = 3 appear in the
asymptotic expansion of the Scorer functions. The following lemma generalises to higher r the relations

Gi(t) = Bi(t)
∫+∞
t

Ai(s)ds+ Ai(t)
∫t

0
Bi(s)ds ,

Hi(t) = Bi(t)
∫t
−∞Ai(s)ds− Ai(t)

∫t
−∞ Bi(s)ds ,

(A.1)

between the Airy functions Ai and Bi, and the Scorer functions Gi and Hi. We do not study the above
relation directly, but merely the one appearing by taking the asymptotic expansion on both sides.

Lemma A.1. The following relation holds:

Pm(r,−1) =
∑
a,b>0

a+b=r−2

∑
i,`>0

i+(r−1)`=m

(1 − r)b+(r−1)` (r`+ b)!
`!r`

Pi−b(r,a) , (A.2)

with the convention that Pj(r,a) = 0 for j < 0.

Proof. Denote the right hand side of equation (A.2) by Qm(r,−1). In order to prove Pm(r,−1) =

Qm(r,−1) for all m, let us proceed by induction. The base case P0(r,−1) = Q0(r,−1) = 1 is easy to
verify. Assume now Pm−1(r,−1) = Qm−1(r,−1). Recall that the coefficients Pj(r,a) are defined recur-
sively by {

Pj(r,a) − Pj(r,a− 1) = r
(
j− 1

2 − a
r

)
Pj−1(r,a− 1) , for a = 0, . . . , r− 2 ,

Pj(r, 0) = Pj(r, r− 1) ,

with initial condition P0 = 1. We can now expand the definition of Qm(r,−1) by using the recursion
relations:

Qm(r,−1) =
∑
a,b>0

a+b=r−2

=:Sa,b︷ ︸︸ ︷∑
i,`>0

i+(r−1)`=m

(1 − r)b+(r−1)` (r`+ b)!
`!r`

Pi−b(r,a+ 1)

−
∑
a,b>0

a+b=r−2

∑
i,`>0

i+(r−1)`=m

(1 − r)b+(r−1)` (r`+ b)!
`!r`

r
(
i− b− 1

2 − a+1
r

)
Pi−b−1(r,a)

︸ ︷︷ ︸
=:Ta,b

.

We can now combine the terms Sa−1,b+1 with Ta,b, with the convention that the indices are considered
modulo (r− 2). We start by considering the extreme case (a,b) = (0, r− 2). We have

Sr−2,0 =
∑
i,`>0

i+(r−1)`=m

(1 − r)(r−1)` (r`)!
`!r`

Pi(r, 0) ,
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and on the other hand

T0,r−2 =
∑
i,`>0

i+(r−1)`=m

(1 − r)r−2+(r−1)` (r`+ r− 2)!
`!r`

r
(
i− r+ 3

2 − 1
r

)
Pi−r+1(r, 0)

= r(m− 1
2 )

∑
i,`>0

i+(r−1)`=m

(1 − r)r−2+(r−1)` (r`+ r− 2)!
`!r`

Pi−r+1(r, 0)

+
∑
i,`>0

i+(r−1)`=m

(1 − r)(r−1)(`+1) (r`+ r− 2)!
`!r`

(
r(`+ 1) − 1

)
Pi−r+1(r, 0) .

By performing the shift (i, `) 7→ (i + (r − 1), ` − 1) in the second sum, we obtain Sr−2,0 expect for the
term corresponding to (i, `) = (m, 0), that is Pm(r, 0):

T0,r−2 = r(m− 1
2 )

∑
i,`>0

i+(r−1)`=m

(1 − r)r−2+(r−1)` (r`+ r− 2)!
`!r`

Pi−r+1(r, 0) + Sr−2,0 − Pm(r, 0) .

All together, we find

Sr−2,0 − T0,r−2 = Pm(r, 0) − r(m− 1
2 )

∑
i,`>0

i+(r−1)`=m

(1 − r)r−2+(r−1)` (r`+ r− 2)!
`!r`

Pi−r+1(r, 0) .

The computation for (a,b) 6= (0, r− 2) is simpler, as one can simplify the expression to

Sa−1,b+1 − Ta,b = −r(m− 1
2 )

∑
i,`>0

i+(r−1)`=m

(1 − r)b+(r−1)` (r`+ b)!
`!r`

Pi−b+1(r,a) .

All together, we find

Qm(r,−1) = Pm(r, 0) − r(m− 1
2 )

∑
a,b>0

a+b=r−2

∑
i,`>0

i+(r−1)`=m

(1 − r)b+(r−1)` (r`+ b)!
`!r`

Pi−b+1(r,a) .

To conclude, by shifting i 7→ i − 1, we recognise Qm−1(r,−1) which equals Pm−1(r,−1) by induction
hypothesis:

Qm(r,−1) = Pm(r, 0) − r(m− 1
2 )Pm−1(r,−1) = Pm(r,−1) ,

where in the last equality we used the recursion relation defining Pm(r,−1). �

REFERENCES

[AvM92] M. Adler and P. van Moerbeke. “A matrix integral solution to two-dimensionalWp-gravity”. Commun. Math. Phys.
147.1 (1992), pp. 25–56. DOI: 10.1007/BF02099527.

[ASvM95] M. Adler, T. Shiota, and P. van Moerbeke. “A Lax representation for the vertex operator and the central extension”.
Commun. Math. Phys. 171.3 (1995), pp. 547–588. DOI: 10.1007/BF02104678.

[Ale15] A. Alexandrov. “Enumerative geometry, tau-functions and Heisenberg–Virasoro algebra”. Commun. Math. Phys.
338.1 (2015), pp. 195–249. DOI: 10.1007/s00220-015-2379-8. arXiv: 1404.3402 [hep-th].

[Ale17] A. Alexandrov. “Open intersection numbers and free fields”. Nucl. Phys. B 922 (2017), pp. 247–263. DOI: 10.1016/
j.nuclphysb.2017.06.019. arXiv: 1606.06712 [math-ph].

[Ale18] A. Alexandrov. “Cut-and-join description of generalized Brézin–Gross–Witten model”. Adv. Theor. Math. Phys. 22
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