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QUASI-BIALGEBRAS FROM SET-THEORETIC TYPE SOLUTIONS OF THE
YANG-BAXTER EQUATION

ANASTASIA DOIKOU, ALEXANDROS GHIONIS AND BART VLAAR

ABSTRACT. We examine classes of quantum algebras emerging from involutive, non-degenerate
set-theoretic solutions of the Yang-Baxter equation and their g-analogues. After providing some
universal results on quasi-bialgebras and admissible Drinfeld twists we show that the quantum
algebras produced from set-theoretic solutions and their g-analogues are in fact quasi-triangular
quasi-bialgebras. Specific illustrative examples compatible with our generic findings are worked out.
In the g-deformed case of set-theoretic solutions we also construct admissible Drinfeld twists similar
to the set-theoretic ones, subject to certain extra constraints dictated by the g-deformation. These
findings greatly generalize recent relevant results on set-theoretic solutions and their g-deformed
analogues.

INTRODUCTION

The primary focus in this article is the investigation of classes of quantum algebras arising from set-
theoretic solutions of the Yang-Baxter equation (YBE) [5, 41] and their ¢-deformed analogues, and
their connections to quasi-triangular quasi-bialgebras. The problem of identifying and classifying
set-theoretic solutions of the Yang-Baxter equation was first posed by Drinfield in early 90s [12] and
ever since a considerable research activity has been developed on this topic (see for instance [15, 16,
24], [1, 34, 40]). A lot of attention has been focused recently on certain algebraic structures that
generalize nilpotent rings, called braces and generate all involutive, non-degenerate solutions of the
YBE [35, 36]. Skew-braces on the other hand are used [23] to describe non-involutive set-theoretic
solutions of the YBE, and they may be instrumental in identifying universal R-matrices. This
rising research field has been particularly fertile and numerous relevant studies have been produced
over the past several years (see for instance [2, 3, 6, 7], [9]-[11], [18]-[20], [21, 22], [23, 25, 26, 30],
[37]-[39))-

Novel connections between set-theoretic solutions, quantum integrable systems and the associ-
ated quantum algebras were uncovered in [9, 10]. More precisely, quantum groups associated to
Baxterized solutions of the Yang-Baxter equation coming from braces were derived via the FRT
construction [17], new classes of quantum discrete integrable systems with periodic and open bound-
ary conditions were produced and the symmetries of these integrable systems were also identified.
Furthermore, the explicit forms of admissible twists for involutive set-theoretic solutions of the
YBE were derived and their admissibility was proven in [11]. Admissible twists for non-involutive
set-theoretic solutions coming from skew braces were also subsequently introduced in [22].

The notion of an admissible twist F, which links distinct Hopf or quasi-Hopf algebras was
originally introduced by Drinfeld in [14]. If the Hopf algebra is in addition equipped with a quasi-

triangular structure, i.e. a universal R-matrix exists, then the twisted Hopf algebra also has a
1
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quasi-triangular structure. In Drinfeld’s works such twists as well as the associated universal R-
matrices are always considered to have semi-classical limits [13, 14], i.e. they can be expressed as
formal series expansions in powers of some deformation parameter, with the leading term being the
unit element. In the analysis of [9, 10, 11] on the other hand Baxterized R-matrices coming from
set-theoretic solutions of the Yang-Baxter equation were identified, being of the form R(\) = r+ %P,
where r is the set-theoretic solution of the Yang-Baxter equation and P is the permutation operator.
Interestingly, the r-matrix in this case does not contain any free parameter (deformation parameter),
and consequently the R-matrix has no semi-classical analogue. A similar observation can be made
about the associated admissible twist [11]. This is a crucial difference between the studies in
[9, 10, 11] and Drinfeld’s analysis [14]. Moreover, whenever the notion of the twist is discussed
in Drinfeld’s original work and in the literature in general a quite restrictive action of the co-unit
on the twist is almost always assumed, i.e. (id ® €)F = (e ® id)F = 14 (A is the associated
quantum algebra). It is however worth noting that in [14] Drinfeld describes how to use certain
twists without this restricted counit action to twist quasi-bialgebras with nontrivial unit constraints
to quasi-bialgebras to trivial constraints. For our purposes here we allow quasi-bialgebras with
nontrivial unit constraints. We will further discuss this point in subsection 1.2.

It was shown in [11] that all involutive, set-theoretic solutions of the YBE can be obtained from
the permutation operator via a suitable admissible twist that was explicitly derived. The action
of the co-unit on the twist in this case was also identified and is given as (id ® ¢)F = 14 and
(e ® id)F # 14. Bearing these findings in mind, we relax in this study the restrictive condition
(id®e)F = (e®id)F = 14 and consider a general scenario, which leads to intriguing new results.
One would expect that the quantum algebra emerging from any R-matrix that satisfies the Yang-
Baxter equation would be a bialgebra. It was noted however in [11], using a special class of
set-theoretic solutions, that the corresponding quantum algebra was not co-associative and the
related associator was derived. This was indeed the first hint that set-theoretic solutions of the
YBE give rise to quasi-bialgebras. In this article we greatly extend these findings after providing
some universal results on quasi-bialgebras and admissible Drinfeld twists.

More specifically, we describe below what is achieved in each of the subsequent sections.

(1) Insection 1 we show some new results on quasi-bialgebras and general admissible Drinfelds’s
twists that lay out the main frame for studying quantum algebras arising from the set-
theoretic and ¢-deformed set-theoretic solutions of the YBE. More precisely, in subsection
1.1 before we present the main results we first recall fundamental definitions on quasi-
bialgebras and quasi-triangular quasi-bialgebras. We then show that given certain imposed
conditions the non-associative version of the YBE reduces to the familiar YBE; however
the underlying quantum algebra is still a quasi-bialgebra.

In subsection 1.2 we move on to study generic admissible twists by relaxing the conditions
(id® e)F = (e ®id)F = 14 and we also examine the consequences of such a general
choice. We then give particular emphasis on cases where the twists send a quasi-bialgebra
to a bialgebra. These cases are relevant to the findings of sections 2 and 3. An explicit
illustrative example is also worked out at the end of the subsection.

(2) In section 2 we focus on the quantum algebras emerging from involutive, non-degenerate
set-theoretic solutions of the YBE. More specifically, in subsection 2.1 we present some
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background information regarding set-theoretic solutions of the Yang-Baxter equation as
well as a brief review on the recent findings of [9] on the links between set-theoretic solutions
of the Yang-Baxter equation and quantum algebras.

In subsection 2.2 we review basic definitions and facts about the gl,, Yangian, useful for
the purposes of our analysis. We first recall the definition of the gl,, Yangian, which is most
relevant in our present investigation [13, 8]. We then recall that the Yangian is a Hopf
algebra and we comment on the action of the antipode after suitably twisting the algebra.

In subsection 2.3 we study set-theoretic solutions of the Yang-Baxter equation associated
to quasi-bialgebras. We first review some fundamental results on the admissible Drinfeld
twist for involutive, set-theoretic solution of the YBE derived in [11]. Specifically, it was
shown in [11] that Baxterized set-theoretic solutions are always coming from the gl,, Yangian
R-matrix via a suitable twist. We show here a key proposition by introducing a family
of group-like elements commuting with the Yangian R-matrix, which leads to the main
statement that the respective twisting of the gl,, Yangian yields a quasi-triangular quasi-
bialgebra in accordance to the findings of section 1. A special case of set-theoretic solution
called the Lyubashenko solution [12] is also presented as an illustrative example.

(3) In section 3 we discuss the g¢-generalizations of set-theoretic solutions. Although these
generalizations strictly speaking are not set-theoretic solutions of the Yang-Baxter equation
they are certainly inspired by the results of [10] and [11]. First, in subsection 3.1 we provide
basic definitions and information regarding the algebra qu(g/a) [13, 27, 28] and we also
comment on the action of the antipode after suitably twisting the algebra.

In subsection 3.2, motivated by the set-theoretic solutions and the associated twists [11],
we generalize results regrading the twist of the il(g/[;) R-matrix. We exploit the admissible
twists found for the set-theoretic solutions to derive generalized g-deformed solutions. The
findings of this section greatly generalize the preliminary results of [10] and produce a
generic class of solutions, i.e. the ¢-deformed alanogues of the set-theoretic solutions. The
g-analogue of Lyuabshenko’s solution, first introduced in [10], is also discussed as an example
of this construction.

1. QUASI—TRIANGULAR QUASI-BIALGEBRAS

In this section we recall fundamental definitions on quasi-bialgebras and quasi-triangular quasi-
bialgebras (see also for instance [4, 8, 14, 29, 32]), and we show various novel propositions on special
classes of quasi-bialgebras as well as on generic admissible Drinfeld twists. Particular emphasis is
given on Drinfeld twists that send a quasi-bialgebra to a bialgebra as this case is pertinent to the
findings of sections 2 and 3.

1.1. Quasi-bialgebras and the usual YBE. Before we present the main results we first recall
some fundamental definitions on quasi-bialgebras and the associated notion of quasi-triangularity.
Throughout Section 1, k is any field. Later on we will restrict to the case k = C. It is worth noting
that if A is a k-algebra then A ® A (in fact A®", Vn € N*) is a k-algebra in a natural way. If V
and W are A-modules, then V@ W is an A ® A-module and not necessarily an .A-module. The
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following definition due to Drinfeld [14] provides a general setup where the category Rep(A) of all
A-modules naturally has a tensor structure.

Definition 1.1. A quasi-bialgebra (A,A,E,(I),CT,CZ) is a unital associative algebra A over some
field k with the following algebra homomorphisms:

e the co-product A : A — A® A
e the co-unite: A —k

together with the invertible element ® € A® A ® A (the associator) and the invertible elements
c, ¢ € A (unit constraints), such that:

(1) (id® A)A(a) = <I><(A ® @'d)A(a))qu, Va € A.

2) ((id@ id® A)(b) ((A ® id® id)(I)) - (1 ® <I>) <(¢d® A® z'd)cb) (cb ® 1).
(3) (e®id)A(a) = ¢; tac; and (id® €)A(a) = ¢, tac,, Ya € A.
(4) (id@e®@id)® =c, @ c; .

In the special case where ® = 1 ® 1 ® 1 one recovers a bialgebra, i.e. co-associativity is restored.

Before we move on to the definition of a quasi-triangular quasi-bialgebra we first introduce some
useful notation. Let 0 : A® A — A® A be the “flip” map, such that a ® b — b® a Va,b € A,
then we set AlP) := g o A. A quasi-bialgebra is called cocommutative if AP) = A. We also
consider the general element A = 37, a; ® bj € A® A, then in the “index” notation we denote:
Aqp = Zj a; & bj ®1, Agg := Zj 1® a; & bj and A3 := Zj a; & 1® bj. In fact, given an algebra
A with homomorphisms A : A - A® A and € : A — k, the conditions (1)-(4) listed in the
Definition 1.1 are equivalent to the statement that the category of A-modules, equipped with the
tensor product of the category of k-linear spaces, is itself a tensor category (see e.g. [29, Proposition
XV.1.2]).

By means of the axioms of Definition 1.1 we can derive further counit formulas for the associator
and unit constraints.

Lemma 1.2. Let (A,A,e,q),cr,cl) be a quasi-bialgebra, then:
(e®id® id)® = A(cl_l)(cl@)l), (id®id®e)® = (1®c 1)Ale,) (1.1)
e(er) = €e(er) (1.2)

Proof. By applying the counit on the second and third tensor factors in axioms (2) and using axiom
(3), we obtain (1.1). Hence, applying the counit on the remaining (or third) tensor factor in axiom
(4) and using axiom (3) we obtain (1.2). O

Remark 1.3. We may define the normalized quantities ¢ = €(c; ')e; and ¢ = e(c; V), Then
(A,A,e,@,ér,él) is a quasi-bialgebra over k with €(¢;) = €(¢,) = 1; indeed the normalization of
1, ¢ leaves the quasi-bialgebra axioms invariant. Considering the latter statement we may assume,
without loss of generality, that e(c,) = e(c;) = 1. In this case axiom (4) of Definition (1.1) implies
that we may recover ¢; and ¢, from ® via

ql= (e@e®id)®, ¢ =(idRe®e)d. (1.3)

Henceforth, we will always assume that €(c,) = €(¢;) = 1 and define a quasi-bialgebra structure just
by specifying (A, A, e, ®); in particular, we impose the axioms of Definition 1.1, where ¢; and ¢,



QUASI-BIALGEBRAS FROM SET-THEORETIC TYPE SOLUTIONS OF THE YBE 5

are shorthand notations defined in (1.3). It is worth emphasizing that the common assumption for
quasi-bialgebras is ¢; = ¢, = 1 [14], so even though we have a counit-normalization here we still
discuss a more general situation (see also later in the text the relevant Corollary 1.8).

Following [14], see also [29], the notion of quasitriangularity for bialgebras extends to quasi-
bialgebras and can be defined category-theoretically. The following definition captures the equiva-
lent algebraic characterization.

Definition 1.4. A quasi-bialgebra (A, Ae, <I>) is called quasi-triangular (or braided) if an invertible
element R € A® A (universal R-matriz) exists, such that

(1) AlP)(a)R = RA(a), Va € A.

(2) (id® AR = By R13P213R12P 5.

(3) (A® id)R = ®319R13P 13, R23P123.

By employing conditions (1)-(3) of Definition 1.4 and condition (3) of Definition 1.1 one deduces
that (e®id)R = ¢; '¢; and (id@e)R = ¢, '¢c,. Moreover, by means of conditions (1)-(3) of Definition
1.4, it follows that R satisfies a non-associative version of the Yang-Baxter equation

R12P312R13P 35 Ro3 P23 = P321R23Pos; R13P213R12. (1.4)

If A is a quasi-bialgebra in Definition 1.4 then (A, Aje, D, ’R,) is a quasi-triangular quasi-bialgebra.
The quasi-bialgebra is called triangular if in addition to the conditions (1)-(3) of Definition 1.4, R
also satisfies Ro1R12 = 1.

In the special case where ® = 1® 1® 1 one recovers a quasi-triangular bialgebra. Indeed, the co-
associativity is restored (id ® A)A(a) = (A®id)A(a), and ¢, = ¢; = 1. Also, (Id® A)R = Ri3R12,
(A ®1id)R = R13Ra3, and the universal R-matrix satisfies the usual Yang-Baxter equation

R12R13R23 = RazR13R12. (1.5)

In the remainder of this paper we consider two special cases of the general algebraic setting
for quasi-triangular quasi-bialgebras as described above. This specific setup, introduced in the
following proposition, will be central in proving general key properties in this section and will be
particularly relevant to the findings of sections 2 and 3.

Proposition 1.5. Let (A,A,e,@,T\’,) be a quasi-triangular quasi-bialgebra, then the following two
statements hold:

(1) Suppose ® satisfies the condition (in the index notation) ®213R12 = R12P123, then
(id® AR = &3 R13R12, (A ® id)R = R13R23P123, (1.6)

and the universal R matriz satisfies the usual Yang-Bazter equation.
Also, (e®@id)R =¢;, (ild®e)R = cl_1 and ¢, = 14.
(2) Suppose ® satisfies the condition ®132Re3 = RozPi23, then

(id & A)R = R13R12<I>I21z,), (A X ’Ld)R = $319R13R23, (17)

and the universal R matriz satisfies the usual Yang-Bazter equation.

Also, (e® id)R =c; !, (id®e)R =c, and ¢c; = 14.
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Proof. The proof of (1.6) and (1.7) is straightforward by means of relations (2) and (3) of Definition
1.4 and the conditions of cases (1), (2) of the Proposition.

By considering case (1) of Proposition 1.5 we conclude that the modified Yang-Baxter equation
(1.4) becomes

R12R13R23P123 = RozgR13R12P123, (1.8)
and because ® is an invertible element, equation (1.8) reduces to the usual Yang-Baxter equation

(1.5). We end up to the same conclusion by considering case (2).
The remaining statements are shown as follows:

(1) We act on the second of the equations (1.6) with id ® e ® id:

(id ®eR id) ((A ® ld)R) = (id ReERQ id) (R13R23CI)123) =

('@ DRis(e, ®1) = Ri3((id ® e ®id)Ros) (er ® ¢ 1) =

Rl_31<6;1 ®1)R13(1 ®Cl> = (id@e@id)Rgg. (1.9)
We now act with € on the first position of the tensor product (1.9) and we obtain (recall
e(c)) = e(er) = 1) (e®id)R = ¢. By substituting the latter on (1.9) we conclude that
cr = 14.

Similarly, we can act on the first of equs. (1.6) with id ® id ® €, and arrive at
(id ®id® 6)7213 = (Cl_l & 1)R12(1 X CT)RI_QI,

which after acting with € on the second position of the tensor product leads to (id®e)R = cl_1

and ¢, = 14.
(2) Likewise, assuming that ®133R23 = Ra3P123 holds we show, following the logic of the proof
above, that (e @ id)R = ¢, !, (id®e)R =¢, and ¢; = 14. O

Remark 1.6. Let u € A be a group-like element, i.e. w is invertible and A(u) = u ® u, and
consequently e(u) = 1. Let also ® =1®1®@u~! and R = u~! @ u. With this choice of ® and R a
quasi-triangular quasi-bialgebra structure is defined. Indeed, the case (1) of Proposition 1.5 holds,
i.e. conditions (1.6) are satisfied and R trivially satisfies the Yang-Bazxter equation. Also, ¢, = 14,
co=u and (e®id)R =u, (id® )R = u~L.

1.2. Drinfeld twists. One of the main results on quasi-triangular (quasi-)bialgebras as shown by
Drinfeld [13, 14] is the fact that the property of being quasi-triangular (quasi-)bialgebra is preserved
by twisting (see also [31]). As far as we can tell whenever the notion of Drinfeld twist is discussed
in the literature a trivial action of the co-unit on the twist is almost always assumed. In the
following proposition we are going to relax this condition and consider the most general scenario.
In [14] (Drinfeld 1989, Section 1) it is explained how to use certain Drinfeld twists without this
restricted counit action to twist quasi-bialgebras with nontrivial unit constraints to quasi-bialgebras
to trivial constraints. For our purposes it is convenient to allow quasi-bialgebras with nontrivial
unit constraints. We come back to this point later. We are then going to discuss a specific case
that is associated to the study of quantum algebras emerging from set-theoretic solutions of the
Yang-Baxter equation corresponding also to the conditions of Proposition 1.5.
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The following result is the natural extension of Drinfeld’s result [14] on twists for quasi-bialgebras
to the case of nontrivial unit constraints. Recall that we assume that, without loss of generality,
the unit constraints are expressed in terms of the associator by means of equation (1.3).

Proposition 1.7. Let (.A, A e, <I>,T\’,) be a quasi-triangular quasi-bialgebra and let F € A® A be
an invertible element, such that

Ar(a) = FA(a)F !, Yac A (1.10)
Pr(F1)((A®idF) = (1@ F)((ido A)F)® (1.11)
Ry = FOPIRF, (1.12)

where F(oP) .= o(F). Then (.A7 Ar,e, <I>;,R]:) s also a quasi-triangular quasi-bialgebra.

Proof. Let as consider the general twist F = Zj fi ® gj. In terms of the invertible elements
vi=3 1 €(f)g5, w=)_;€(g;)fj, we have

(e®id)F =v, (d®e)F =w. (1.13)

Axioms (1)-(2) of Definition 1.1 as well as axioms of Definition 1.4 are checked as in the original

proof by Drinfeld (see also [14, 29]). For these the action of the counit on the twist is never used.

The check of these axioms is somehow tedious, but nevertheless straightforward. Let us for instance
check the axioms (1)-(3) of Definition 1.4:

e Axiom (1) of Definition 1.4: we compute
Aggp)(a)Rf = FPAlP)(g)(Flor))y=1 plor)g F=1
= FOPIRA(a)F ' =RrAx(a). (1.14)
e Axioms (2) and (3) of Definition 1.4: we compute
(id® Ar)RF = ((i[d® F)(id ® A)FCP) ((d @ A)R) ((id ® A)FHid e F1)).
It is convenient to introduce some useful notation:
Fioz = (ild® A)F, Fiz23 = (A®id)F, (1.15)

and by the quasi—bialgebra axioms ‘/—‘.21737?,12 = ng]:lg,g, ‘/—‘.17327?,23 = R23]:1723; also recall
(Rr)12 = .7:217312]:1_21. We then denote according to the index notation (id ® A)}'(OP) =
f2371, and we re-express condition (1.11) as f12f1273 = f23f1723(13123, then

([d@Ar)Rr = FaFoza((id® A)R)fl_,lz),]:z_:%l
= (Pr)ym Fa1F2,31Pas1 (o) R13ParsRio®1ys) Figg Fog'

D7) 551 (RF)13(27) 315 (RF)12(PF) 105 (1.16)

(

(

= (Pr
(
Similarly, for (Ar ® id)Rx.
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We shall now examine axioms (3)-(4) of Definition 1.1, and working out the action of the counit
on the twisted R-matrix.

e Axiom (3) of Definition 1.1: we recall (1.13) and axiom (3) of Definition 1.1, then (e ®
id)Ar(a) = (e®id) (FA(a)F ) = (¢f ) ac], where ¢ = qv™!. Similarly, (id®e)Ax(a) =
(c5)Lacl, where ¢ = c,w™!, Va € A.

e Axiom (4) of Definition 1.1: we recall that (Id®e®id)(10F) = 1®v, (ld®e®id)(F®1) =
w®1, and (Id@eid)([dRA)F = (10¢ 1) F(1oq), (id@exid)(ARid)F = (¢ '®1)F(c®1),
bearing also in mind (1.11) and the fact that (id ® € ® id)® = ¢, ® ¢; !, we deduce that
(id ® e ® id)®r = ¢ @ (¢f )7, and this concludes our proof as all the axioms of the

quasi-triangular quasi-bialgebra are satisfied.

We also examine (id ® €)Rr and (e ® id)R r, recalling (1. 12) and (1.13) we conclude that (id ®
ORr =v((id® eR)w™! and (e ® id)Rr = w( € ® id)R ) . When one of the quasi-bialgebras

is a bialgebra, e.g. set ®r = 1®1®1 (¢f ) then (e ® id)Rr = (id ® 6)72]: =1,
and consequently (id ® €)R = v~lw and (e ® 1d)R v, Recalling also that ¢ = ¢v~! and
.7: — -1

= ¢,w ™ we deduce that ¢ = v and ¢, = w.

When also ® =1® 1® 1, i.e. we are dealing with two bialgebras then we also have (e ® id)R =
(id®e)R =1 and hence v = w, and due to Axiom (3) of (quasi) bialgebras we immediately deduce
that u = 1. g

We note that in the case of a triangular quasi-bialgebra the extra condition RPR = 1 AR A
holds, and due to (1.12) we deduce that Rg?p )R; = 1l agA4, SO triangularity is also preserved.

We examine in the next Corollary a special case of the Proposition 1.7, namely the case where
the Drinfeld twist is a special pure tensor (see also [14], Dinfeld 1989).

Corollary 1.8. Let (A,A,e,@,R) be a quasi-triangular quasi-bialgebra and consider the special
twist F = ¢, ® ¢, where ¢, and ¢; are derived from ® according to Remark 1.3. Then the twisted
quasi-triangular quasi-bialgebra (A, Ar,e,Pr, 7?,;) [14], has trivial unit constraints i.e. cl]E = c]E =

14

Proof. For any quasi-triangular quasi-bialgebra (e®id)R = ¢, ¢; and (id®@€)R = cl_lcr. According
to Remark 1.3 any quasi-triangular quasi-bialgebra can be suitably counit- normalized such that
€(¢y) = €(¢) = 1. We now consider the special twist F = ¢, ® ¢;, which in the context of quasi-
triangular quasi-bialgebras is admissible. The F-twisted quasi-triangular quasi-bialgebra has an
R-matrix: Rr = (¢ ® ¢;)R(c;! @ ¢ 1), which satisfies: (e ® id)Rr = (id ® )RF = 1. The
latter statement together with axiom (3) of Definition 1.1 lead to the “trivialization” of the quasi-

bialgebra, i.e. clf =cf =14 O

Note that twists can be in general composed, i.e. if the twist F sends quasi-bialgebra A to
quasi-bialgebra B, with trivial unit constraints, and the twist G sends B to a third quasi-bialgebra
C, then the product GF is a twist as well, sending A to C. This type of factorization might make
the technicalities of describing certain admissible twists a bit easier to follow, breaking it up into
possibly more manageable building blocks. In particular, if A is an arbitrary quasi-triangular
quasi-bialgebra and C is a quasi-triangular bialgebra, then there always exist a quasi-triangular
quasi-bialgebra B with trivial unit constraints, and twists F and G such that:
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(1) F is as described in Corollary 1.8,

(2) G satisfies (e ® id)G = (id® €)G = 1,

(3) B is obtained from A by twisting with F,
(4)

4) C is obtained from B by twisting with G.

We shall be focusing henceforth on situations of twisting between a (quasi-)bialgebra and a bial-
gebra in accordance to Propositions 1.7 for the special case of (quasi-)bialgebras of 1.5, specifically
Pr=1®1®land ® #1®1&® 1. We are considering thus two specific cases that consist the ap-
propriate framework to describe the quantum algebras [9, 10] emerging from set-theoretic solutions
of the Yang-Baxter equation expressed as suitable Drinfeld twists [11] as will be discussed in the
subsequent section. We introduce now some useful notation and a worked out example appropriate
for our frame here when examining quantum algebras emerging form set-theoretic solutions of the
YBE and their g-analogues (Sections 2 and 3), compatible also with the analysis in [11].

Remark 1.9. According to Proposition 1.5 we distinguish two cases: Let (A, Ae, D, R) be a quasi-
triangular quasi-bialgebra and (.A, Ax, e, R]—‘) a quasi-triangular bialgebra and let the conditions of
Proposition 1.5 hold. We first recall the useful notation introduced in the proof of Proposition 1.7:
Fi23 = (id®A)F and Fia3 := (A®1id)F, and by the quasi-bialgebra azioms Fo1 3R12 = Ri2F12,3,
F1,32Ra3 = RazF1 23

(1) If the associator satisfies P213R12 = R12P123, we denote (index notation):
Fios = ((A®id)F)®~, (1.17)

then condition (1.11) can be re-expressed as Fiog := FozF1 23 = ]-"12]-"{‘273. Due to constraint
(1.6) we also deduce F3) sR12 = RiaFy 3. This is compatible also with the first part of
Proposition 1.5.

(2) If the associator satisfies P132Ra23 = RazP123, we denote

Flog = ((id® A)F)®, (1.18)

then condition (1.11) is re-expressed as Fioz = Fo3Fi o3 = Fr2F123. In this case, due to
constraint (1.6), we also deduce F 3Ra3 = RagF o3. This is compatible with the second
part of Proposition 1.5.

Remark 1.10. Under the conditions of Proposition 1.5 the universal R-matriz satisfies the usual
YBE, and hence the object T 23 := Ri3Ra12 satisfies the RTT relation [17):
RTo1H1T)=(1xT)(T®1)R. Also, due to the properties described in Remark 1.9:

(TF)123 = (RF)13(RF)12 = Fazi T1,23F 0. (1.19)
The above is checked as in [11] (the N-generalization also holds as described in [11]).

Before we focus on set-theoretic solutions of the YBE we will first work out a particular example
compatible with the special case of Remark 1.6.

Example 1.11. Let (.A, Ay, e, RA) be a quasi-triangular bialgebra. Let also u € AR A be a group-
like element, i.e. u is invertible and A 4(u) = u®u, and consequently e(u) =1, [Aa(u), R4 =0.

Consider also the Drinfeld twist F =1®u: R = F(Op)_lRA}" and A(a) = F1A4(a)F, a € A.
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Then (.A, A e, @,R) s a quasi-triangular quasi-bialgebra:
e d=11xu!
ec. =1 ¢ =u.
o (A®id)R = Ri13Rao3P123 and (id® A) = (132_311R13R12.
We recall the twist: F =1 ® u, we can then readily check that (e ® id)F = u, and via €(u) =1,
we conclude (id ® €)F = 1. Even though the condition (¢ ® id)F = 1, is now relazed, the twist is
still admissible, indeed this is a rather trivial statement: F satisfies the following

Flo3 = .7:12.7:;273 = .7:23.71723 (1.20)

where Fi 3 1= (id@ A)F =1Q@u®@u and Fiy 3 = (A®id)F)® ! =1®1®@u® The N-fold twist
is then defined as
Fi2..N = Foz. NnF123.N = F12.N-1F12..N-1,N, (1.21)

more specifically Flo. n =1 0u®@u’>®...® uN=L. The twist is admissible and hence the YBE is
also satisfied by R (see also [12] and Proposition 1.7).
Notice also that ®913R12 = R12P123, so Proposition 1.5 holds as well as Proposition 1.7 and

Remark 1.9, then all the axioms of Definitions 1.1 and 1.4 are satisfied, indeed:

e (ido A)A(a) =(1®10u ) ((A®id)Ae)(1®1®u), Ya € A

o Axiom 2 of Definition 1.1 is trivially satisfied.

o (c®id)A(a) =utau and (id® €)A(a) = a

¢ (i[dRe®id)®=1®@u L

e AP ()R = RA(a), Ya € A.

e (id® AR = 053, R13R12 and (A @ id)R = Ri3R12P123.
And due to Proposition 1.5 the R-matriz satisfies the Yang-Baxter equation. It is also straight-
forward to show, using that € is an algebra homomorphism, that (e ® id)R = u, (id® €)R = u~!,
as expected due to Proposition 1.5. In this example it is clear that in the quasi-bialgebra setting
Drinfeld twists do not require a counit constraint.

2. QUASI-BIALGEBRAS FROM YANGIANS

In this section we focus on the quantum algebras emerging from involutive, non-degenerate, set-
theoretic solutions of the YBE. From now on we work over the field k = C. It was shown in
[11] after identifying a suitable admissible twist that Baxterized set-theoretic solutions are always
coming from the gl,, Yangian R-matrix via the mentioned twist. We will show here that the
respective twisting of the gl,, Yangian leads to a quasi-triangular quasi-bialgebra in accordance to
the findings of section 1.

2.1. Set-theoretic solutions of the YBE. We present in this section basic background infor-
mation regarding set-theoretic solutions of the Yang-Baxter equation as well as a brief review on
the recent findings of [9] on the links between set-theoretic solutions of the Yang-Baxter equation
and quantum algebras.

Let X = {x1,X2,...,X,} be a finite set and 7 : X x X — X x X, such that

f(m'v y) = (U:C(y)77—y<$))'
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We say that 7 is non-degenerate if o, and 7, are bijective functions. Also, the solution (X,7) is
involutive: #(c4(y), 7y(x)) = (z,y), (" (z,y)) = (z,y)). We focus on non-degenerate, involutive
solutions of the set-theoretic braid equation:

(f X idx)(idX X f)(f X idx) = (idX X f)(f X idx)(idx X f)

Let V be the space of dimension equal to the cardinality of X, and with a slight abuse of
notation, let 7 also denote the matrix associated to the linearisation of # on V' = CX (see [39] for
more details), i.e. 7 is the n? x n? matrix:

r = Z €2,04(y) X ey,Ty(l‘)‘ (21)
z,yeX
where e, is the n x n matrix: (ezy)zw = 0z,20y,w. The matrix 7 : V@V — V ® V satisfies as
expected the (constant) Braid equation:

(Felv)(Ilver)(rely)=(IveF)(Fely)(Iy @7),

where Iy, the identity matrix. Note also that 7 is involutive, i.e. 72 = Iy gy .
We define also, r = P, where P = Zm’ye x €,y @€y 4 is the permutation operator; consequently
7= yex €yonly) ® €xr,(x)- The Yangian [41] is a special case: 7 =3,y €zy ® €y

We recall now the Yang-Baxter equation in the braid form in the presence of spectral parameters
AL, A2 (0=A1— Ao) :

R12(8) Raz(A\1) Ria(A2) = Raz(\2) Riz(M1) Raz(6). (2.2)

where R : V@ — V ® V and let in general R = Zj a; ® b;, then in the index notation Ry =
Zjaj®bj®fv, Rgg = ijv@)aj@bj and ng = Zjaj ®Iv®bj.

We focus henceforth on involutive, non-degenerate set-theoretic solutions of the YBE, given by
(2.1). The set-theoretic solution 7 (2.1) is a representation of the A-type Hecke algebra for ¢ = 1
(see also [9]), as 7 satisfies the braid relations and also ¥ = Iygx. The set-theoretic # provides a
representation of the A-type Hecke algebra, hence Baxterized solutions of the Yang-Baxter equation
can be derived [9]:

R()\) =N+ 1x ®Ix, (2.3)

where Ix is the identity matrix of dimension equal to the cardinality of the set X. Let also
R()\) = PR()), (recall the permutation operator P = > zy oy ® €yz), then the following proper-
ties for R-matrices coming from set-theoretic solutions were shown in [9]:

(1) Unitarity: Ri2(X) Ra1(=A) = (=A* + 1)Ixgx.
(2) Cltrotssing Unitarity: RY,(A\) R3(—\ —n) = )\(—A —n)lxgx- '
(3) R52(\) = Ra1(\), where 2 denotes transposition on the first, second space respectively.
We give a brief account on the quantum algebra emerging from Baxterized set-theoretic solutions
of the Yang-Baxter equation. Our approach on deriving the quantum group associated to set-
theoretic solutions [9, 10] is based on the FRT construction [17], which is in a sense dual to the
Hopf algebraic description [13]. Given a solution of the Yang-Baxter equation, the quantum algebra
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is defined via the fundamental relation [17](we have multiplied the familiar RTT relation with the
permutation operator):

R12(>\1 — )\2) Ll()\l) LQ()\Q) = Ll()\g) LQ()\l) RlZ()\l — )\2), (24)

where R(\) € End(C") ® End(C"), L(\) € End(C") ® A and A is the quantum algebra defined
by (2.4). We focus on solutions given by (2.3), (2.1). The defining relations of the corresponding
quantum algebra were derived in [9]:

The quantum algebra associated to the set-theoretic R-matrix (2.3), (2.1) is defined by generators
L%), z,w € X, and defining relations

n) 7 (m) (m)r(n)  _  7(m) (n+1) _ p(m+l) r(n)
LZ,sz,w LZ W Lz W Lz,ow () Lé T (W) Lz ,ow (W) Lz T (W)

oz (Z)w Tz (2),W"

The proof is based on the fundamental relation (2.4) and the form of the Baxterized set-theoretic

o0z(2),w Tz (z)

R-matrix (for the detailed proof see [9]). Recall also that in the index notation we define Ry =
R®id Al

LN =D ewd®lx®L.w(), L= > Ix®ecw®Ll.u()  (26)
z,weX z,weX

where L, ,(A) = > )\_ng?Z,) and L%) are the generators of the affine algebra A and R is given

m=0
n (2.3), (2.1). Note that the element T; 23(\) = Li3(\)L12()\), also satisfies (2.4) [17, 13], i.e it is
a tensor representation of the quantum algebra.

2.2. The Yangian Y(gl,). We now present a brief review on the gl, Yangian useful for our
purposes here. We first briefly recall the definition of the gl,, Yangian, which is most relevant in
our present investigation (for a review on Yangians see e.g. [13, 8, 33]). We also review the Yangian
as a Hopf algebra and we then comment on the action of the antipode after a suitable twist of the
algebra.

Definition 2.1. The gl,, Yangian Y(gl,), is a non-abelian algebra with generators Q((f;), p E
{1,2, e }, a,be {1, 2,.. .,n} and defining relations given below

. Qi = Qﬁfd) ~ 6aaQL})
[Qgﬂ Qf;f,)} = 0Q%) — 6,4QY
[0, @] =000 - 000 + QLN APl - JaRAINA )
also relations
o [of, )] ~[af. [al. o] -
iZqQ“b’ Qo aely]] - [eay) (ol alail]]). (2.8)

. (hzgher orders)
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It will be useful for what follows to introduce at this point the definition of a quasi-Hopf algebra
[13].
Definition 2.2. A quasi-Hopf algebra A is a quasi-bialgebra (.A,A,e, (I>) for which there exist
a, B € A and a bijective algebra anti-homomorphism S : A — A (the antipode) such that
(1) 55, 8()ahs = clw)a and 5, [55(1;) = e(w)8
where A(w) =3 f; ® hj, Vw € A.
(2) Z z;BS(y;j)az; =14 and Z S(2j)ag;BS(2;) = 1a
where ® = 3", x; @ y; @ zj and O~ =31, 35 ® §; ® 2.

Quasi-Hopf algebras generalize Hopf algebras in the same way that quasi-bialgebras generalize
bialgebras.
The Yangian ()ﬂ(g[n), Ay, €, Sy, Ry) is a quasi-triangular Hopf algebra over C equipped with:
e A coproduct Ay : Y(gl,,) — V(gl,) ® Y(gl,,) such that

Av(Qu) = Qy@1+1eqy

1 n
Av(QG) = Q@ e1+100g + 5> Q] Q) - Ql © Q). (2.9)
d=1
The I-fold co-product (I is an integer greater than 2) A(Y’) :V(gl,) — Y®W(gl,) is defined
as
AD = ido AlTAy = (ALY id)Ay. (2.10)
e A co-unit € : Y(gl,,) — C, such that
QYY) = Q) =0, (2.11)
e An antipode Sy : Y(gl,,) — Y(gl,,) such that
1
sy(Q) = -, sv(Qf) = -l +5Qf (2.12)
e Also, there exists an invertible element Ry € Y(gl,) ® Y(gl,) (the universal R-matrix),
such that

(1) RyAY(Q((fZ,)) = Agfp)(QS;))Ry.
(2) (Ay ®id)Ry = (Ry)13(Ry )23 and (id ® Ay)Ry = (Ry )13(Ry )12

We recall now Example 1.11 and we briefly discuss the notion of the antipode in the following;:

Remark 2.3. We specialize Example 1.11 to the case of the Yangian Y(gl,,), i.e. (Y(gl,), A, e, ®,R),
where ® = 1® 1 ® u™! for some group-like element u, is a quasi-triangular quasi-bialgebra. We
now want to test whether (y(g[n),A,e,q),R) is a quasi-Hopf algebra, i.e. if there exist S, «, [
such that azioms (1) and (2) in Definitio 2.2 hold.
Suppose that the group-like element u exists, then A(u) =u ® u and'

(1) S(u)au = a and uBS(u) = B, which lead to S(u) = auta~t = g~ lu=15.

(2) Bau~! =1y and aBS(u) = 1y, which lead to u = Ba and S( ) =p"ta"t
All the above equations are self-consistent. Similarly, we can show that S(u~!) = af

We now check the axioms of Definition 2.2 for the primitive elements Qg?, with a coproduct
after twisting given as A(Q[(l;)) Q((zb) R1+1R® ule(l)
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(1) S(Q((lb))a + au_lQabu = 0 and Qabﬁ + BS(u _1Q(1) ) = 0, which lead to (by requiring

also that S is an algebra anti-homomorphism): S(ng)) = —au‘ngt)ua_l and S(Qg})) =
—aQy D=1, The two latter expressions lead to [Q&),u] = 0, which is not true in general.

The axioms for the antipode restrict u to be in the center of the algebra. This is very limiting, and

in general is not true. Indeed, a simple class of such non-central group-like elements can be defined

as u = eQEzlb), where recall Qg? are primitive elements of the algebra. Also, a specific example of a
represented non-central u is used in the next subsection for a special class of set-theoretic solutions.

To conclude, we are not able to define S(Qg))) in a consistent way for a generic u by strictly
following the azxioms of Definition 2.2. A generalization on the axiomatic formulation for the
antipode in quasi-Hopf algebras with nontrivial unit constraints may be in order, however this issue
will be thoroughly studied elsewhere.

It is useful for the purposes of the present investigation to introduce the evaluation representation
m : Y(gl,) — End(C"), A € C, such that

7T/\(Q((l]i))):ea57 7T,\(Q )y = fap (2.13)

where we define f, 5 := Aegp. Let Ry : V@V toV ® V be the R-matrix associated to Yangian with
explicit form Ry (\) = 192 + /\73, where P is the permutation operator and I is the n x n identity
matrix.

We also introduce the following convenient notation:

(7, ®7T>\2)AY(ng)) Ay (eqp), (7, ®7T)\2)AY(Q( )y = Ay (fap; A1, A2), (2.14)
also, (7, @7, ) AP QY = AP (£, 15 A1, o) and AP (fo: A1y A2) = PAY (fap : Aoy A1)P, then

we explicitly express the coproducts as
Ay(eij) = AP (e ) =ei; @ T+ 1@ e,
Ay (fiji A, A2) = ey @ T+ Aol @e;j + %(ehk ® ekj — €hj © € ). (2.15)
The Yangian R-matrix satisfies the following intertwining relations:
Ry (M1 — A2)Ay (eij) = Ay (e )Ry (A1 — A2)
Ry (M — A) Ay (fi i Ay A2) = AP (fiss Aty Aa) Ry (A1 — Ag). (2.16)
Specifically, Ry = PRy is gl,, invariant, i.e. [Ry()\), Ay (ezy)] = 0.

And with this we conclude our short discussion on the gl,, Yangian, which will be useful for the
findings of the next subsection.

2.3. Set-theoretic solutions of the YBE and quasi-bialgebras. After the brief review on the
gl,, Yangian we may now move on to our main aim which is the study of set-theoretic solutions of
the Yang-Baxter equation associated to quasi-bialgebras. We first review some fundamental results
on the admissible Drinfeld twist for involutive set-theoretic solution of the YBE derived in [11] and
we use these admissible twists to produce quasi-bialgebras associated to the Yangian.

From Proposition 3.3 in [10] we can extract explicit forms for the twist F' € End(C") ® End(C")
and state the following Proposition which is Proposition 3.10 in [11].
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Proposition 2.4. ([10, 11]) Let ¥ = 3, -« €2,0:(y) © Cy,my (a) be the set-theoretic solution of the

braid YBE, P is the permutation operator and Vi, Vi, are their respective eigenvectors. Let F~1 =
2 A

S 2y Vie VI be the similarity transformation (twist), such that # = F~YPF. Then the twist can be

explicitly expressed as F' =)y €z o @V, where we define V, = ZyEX o (y)y-

For a detailed proof of the Proposition we refer the interested reader to [10] and [11]. However,
by recalling that » = Pr, and using the fact that o,, 7, are bijections, we confirm by direct
computation that (F(©P)~1F = Y reX Cyou(y) @ €xry(z) = r- This is an admissible twist as was
shown in [11] and as will be discussed later in the text.

Let the Baxterized solution of the YBE be R(A) = Ar + P. If r satisfies the YBE and ry9r9; =1
then the Baxterized R(\) matrix also satisfies the YBE. If r = Pr is the set-theoretic solution
of the YBE then, Ri2(\) = Fy,'(Ry)12(\)Fia, where Ry (\) = M + P is the Yangian R-matrix.
This immediately follows from the form Ry (\) = Al 4+ P, and the property F£1P12f12 = Pio.
Note also that the twist is not uniquely defined, for instance an alternative twist is of the form

G = Zm,yGX 67_&‘(%)727 %) €y7y, and ZI,EX €y7o.x(y) X 6CE,Ty(:E) = G511G12’ see [11]

Before we introduce the next fundamental quantities it is useful to prove the following Proposi-
tion.

Proposition 2.5. Let Ry : C" @ C" — C" @ C" be the Yangian R-matriz. Let also V, =
Y wex Cop(a)ar VN € X consist a family of group-like elements, i.e. Ay (Vy) = V, ® V, and
R(X) = Ar + P, where r is the set-theoretic solution v =3, €y o.(y) @ €z, (x)- Then

ACPY V) R(N) = ROVA(V,), (2.17)
where A(P) (V,) = PA(V,)P,
A(Vn) - Z 60'77(;1:),:3 ® Z ef’rm(n)(y)#}’Cl:O’ (218)
reX yeX

and C1 = 04, (2) (07, () () — oy(02(y))-
Proof. By Proposition 2.4 we have R(\) = (F(°P))~1 Ry (\)F, where we recall F = Y wex Coax @V
Recall also Ay (V,) =V, ®V,, then

Ay(Vn)Ry()\) = Ry()\)Ay(Vn) =

(FP) " Ay (V) Ry (V) F = (FP) T (Ry (N Ay (V) F =

ACPV,)R(A) = ROAA(V), (2.19)
where A(V,)) = F71Ay(V,)F. By recalling that F = donenn @ Vyand Vi =37 v eq (2)0 W
obtain

AVn) = (3 enn®eoy@a) (D m©@ D r0.0)( D 0@ Caoy(a)
7,2€X fex cex n,zeX

= D Co©e@cna (2.20)
¢z, zeX

Tay(e)(T) = oy(0e(2)). (2.21)
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Also, the constraint Cy = 0 holds for the twist I to be admissible, i.e. 0, (¢) (07 (n)(2)) = oy(0¢(2)),
which combined with (2.21) leads to Z = o,,(;))(Z), and thus

A(Vn) - Z 60-77(1;)7:D ® Z e“rm(n)(y)#}’Cl:O' (222)
reX yeX

Note that the constraint C7 = 0 holds so that the set-theoretic r-matrix satisfies the YBE (details
on the constraints due to YBE in the form used here, see also e.g. [11] and relevant references
therein). O

We recall that in Proposition 3.13 in [11] the following quantities were introduced:

Filas= Y Copwon@ @ nm(m) © Cormyulc—o (2.23)
z,y,neX

Fhos= Y. €oy@ron@) @ Erm)mein) @ Copon)wloro (2.24)
z,y,neX

where C1 = 04, (2)(07,(5)(¥)) — on(0z(y)). Let also 7 =3 €ro.(y) @ €y s (x), then
F12Fio 5 = Fiy s, T3k 23 = Fi 23723 (2.25)

The detailed proof of (2.25) is given in [11].

This is a straightforward, but useful comment. Recall, r = P7, where P is the permutation op-
erator. If F1*2737‘12 = 7‘12F1*273, and F 23793 = T23F1 23, then by multiplying the latter two equalities
with P from the left we conclude: F2*173T12 = 7”12F1*273, and F1732T23 = T23F1723.

A useful Corollary follows which is key in formulating our main Conjecture later.

Corollary 2.6. Consider Fy o3 and FY 5 defined in (2.23) and (2.24) respectively. Then Fi a3 =
(1d@ A)F, but Ffy 3 # (A®id)F. Also, if (V) =1, Vn € X, then (e®id)F # I and (id@e)F = I.

Proof. We recall that F' =3y ey, ®V,, then (Id®A)F =3 v en n®A(Vy). Recalling also the
form of A(V,) in (2.18) and the defintion (2.23) we conclude that F} 23 = (id ® A)F. In a similar
fashion, (A @Id)F =32, cx Aleny) @ D pex €oy(w)a 7 Fiag (2.24).

Also, we can immediately deduce that (id @ €)F' =}, .y en, = I and
(e®@id)F =3, cx €(en,y)Vy # I, which is compatible with Proposition 1.7. O

The admissibility of the twist is proven in Proposition 3.15 in [11], and is stated below:

Proposition 2.7. ([11]) Let Fi = F® I and Fog = I @ F, where F =}, cx€nn® €5 (2) 2
Let also Ffy 5 and Fy o3 defined in (2.23) and (2.24). Then

Fiog := Fial5 3 = Fogl o3. (2.26)

The proof is straightforward although tedious. By substituting the expressions for Fia, Fb3, FJ5 3
and F1 23 (recall C; = 0 holds for Fiy 3, F 23) we obtain by direct computation: FioFfy 3 = Fo3F) o3.
The explicit form the 3-twist is given from the expressions above as

F123 = 2 aye X oy (@)on(@) © Enima(n) @ Coy(ou(y)) ylcr=0, [11]
Given the findings of the first section based on Propositions 1.5, 1.7, Remark 1.9 and Corollary

2.6 we formulate the following conjecture:
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Conjecture 2.8. The element F5 3 can be expressed as Iy 5 = (A ® id)F)®~t, where ® €
End((C™)®3) is an invertible element such that ®213710 = r1o®123.

This conjecture suggests that the quantum group emerging from set-theoretic solutions of the YBE
is a quasi-bialgebra and is compatible with Propositions 1.5 and 1.7. A few comments are in
order at this point: note that the explicit expression for I, 5 is given in (2.24), then following the
statement in Conjecture 2.8 and recalling that A is an algebra homomorphism we can formally
write @71 = ((A ® id)F~1) Fy 3. Also, it was shown in [11] that [F}, 5, 712] = 0 and by definition
[(A ®id)F, hg] =0, so we conclude that ®193 should also commute with 79.

We will be discussing below the symmetries of the set-theoretic r-matrix and the corresponding
Baxterized solutions.

Corollary 2.9. Let Ry : C"@C" — C"®C" be the Yangian R—matriz and R(\) = Ar+P, where
r is the set-theoretic solution r = Zx,yeX €yu(y) ® €ary(x)- Lhen

AL (e, ) R(8) = R(O)Alezw), AL (fowi A1, A2)R(N) = RINA(fwi A1, A2) (2.27)
where § := A1 — g, and

Alezw) = Z (ez,w ® egct €o.(e),0u(¢) @ 67—5(2)’7'§(w))az(§)=0w(<)
£,¢eX

Alfowi M A2) = > (Mezw ® eee + A€o (6),00(0) @ Cre(2)sew)) 0 (€)= 0w (€):
€.eX

1
5 2 (Caonn) ®eyslumoy, @) ~ Contiw @ eiylima,, @)  (2:28)
y,geX

Moreover, the matriz R(\) = PR(\) is gl,, symmetric.

Proof. The Yangian R-matrix satisfies relations (2.16), (2.15), then R(6)A(e,.,) = AP (e, ) R(0)
and R(0)A(fzw: A1, A2) = A(Op)(fzyw; A1, A2)R(0), where R(A\) = Ar + P and r is the set-theoretic
solution r =37, v €y, () ® €z 1 (x)» 2SO

A(ez,w) =F! (ez,w RI+IT® ez,w)Fa

_ 1
A(fruws A A2) = FH(Mesw @ T+ Aol @ €, + 3 Z(ez,y ® ey — Eyw ® €24)) F\(2.29)
yeX

where we recall F = Zn,xeX ez.z ® V. Explicit computation of the latter leads to (2.28).
Also, A is an algebra homomorphism, hence A(e, ) also satisfy the gl,, algebra relations, thus

R =PRis gl, symmetric ie. [R()), A(egzy)] = 0. 0

The Lyubashenko solution. We finish this section with a discussion of a special set-theoretic
solution known as Lyubashenko’s solution that supports Conjecture 2.8. The analysis for this
special class of set-theoretic solutions is compatible with Remark 1.6 and Example 1.11.

The Lyubashenko solution is defined as

7= Z Cx.0(y) & Cy.7(x)) (230)
ryeX
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where 7, 0 : X — X are bijective functions, such that o(r(x)) = 7(o(x)) = z. Let V =
Y zex Car(z), then as was shown in [10] the special solution (2.30) can be obtained from the
permutation operator as # = (I ® V™1)P(I ® V), which leads to (2.30). Also, r = P# and the
Baxterized solution R(\) have a simple form for this class of solutions:

r=V1®V = RN =AV1@V4+P. (2.31)

Some examples of the above construction are given below:
1. o(z) =z +1, 7(x) = z — 1, where addition is modulo n (see also [39]).
2.0(x)=n+1—-2z, 7(x) =n+1-—u2x.
In both examples x € {1,...,n}.

In the case of Lyubashenko solution, we consider Example 1.11 (special case), where we set A
to be the Yangian Y(gl,), i.e. (V(gl,),A,6,®,R) (P =1®1®u"') is a quasi-triangular quasi-
bialgebra. We recall the evaluation representation my : Y(gl,,) — End(C"), such that u — V,

g(cly) €z, ng) — Aezy etc. Then the twist becomes ' = I ® V and the twisted coproducts are

A(ezﬂv) =€ ® I+1® Cr(z2),7(w)>
1
Afoyi M Az) = Mz @ T+ X2l @ ey ) +5 D (€200) @ yrtw) = Colw © €r(z) y)-

2
yeX

Recall that in this case F =1 ®V, and ® = I ® I ® V!, then we have:

Fio3:=(d®A)F=1IVeV
Fys:= ((A®id)F)<1>71 —IQI®V?

in accordance to the Conjecture 2.8. Also, the N-fold twist is Fio n = I @ VO V?®...® y&-1)
(see also relevant findings in [11]).

3. QUASI-BIALGEBRAS FROM l,(gl,,)

We will discuss in this section the g-generalizations of set-theoretic solutions. Although the situa-
tions we are going to address here strictly speaking are not set-theoretic solutions of the Yang-Baxter
equation they are certainly inspired by the results of the preceding section. After a brief review
Onilq(gﬁ;) we will consider the ¢-deformed analogues of the set-theoretic solutions via the twists
discussed in the previous section and in [11], subject to certain extra constraints. The findings of
this section greatly generalize the preliminary results of [10].

3.1. The algebra L[q(g/[;). It will be useful in what follows to recall the basic definitions regarding
the algebra ,(gl,,) [13, 27, 28]. Let

a;j = 2(51‘]’ — (51' j+1+ 0; j—1+ di1 (5]‘“ + din, 5j1), i, J € {1, o ,n} (3.1)
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be the Cartan matrix of the affine Lie algebra 5/[\ 1. Also define:

[m]q:qz__qq__lmy 1:[ ! =1
{m} S ) (3.3)
n [n]g! [m —n]g!” ' '

q

Definition 3.1. The quantum affine enveloping algebra L(q(s/[;) has the Chevalley-Serre generators
hi | . . .
e, fi,»q 2, i€ {l,...,n} obeying the defining relations:

(73 hj 2 v v;
[qi%’ qi%] =0 qh2 e; = q2a”6 q}2 q%z fj = q_%aijfj q%’
h.
q —q .
[6i7 f]} _5 ﬁ? Zaje{la--'vn} (34)
and the q deformed Serre relations
1—a;;
n 1 - aij l—a,’j—n n . .

> (=D n Xi X; xi =0, xi €{ei, fit, i#J (3.5)

n=0 q

Remark 3.2. The generators e;, fi, ¢ for i € {1,...,n} form the ilq(s/i;) algebra. Also,
¢t = gtlEi—E) e {1,...,n — 1} and ¢ = ¢FEn ) where the elements ¢ belong to
qu(g[;). Recall that uq(@) is obtained by adding to ﬂq(zﬁ,\l) the elements ¢*% i € {1,...,n} so
that q2=i=1%i belongs to the center (for more details see [27]).

We also note that (ilq (g/[;), Ag, €, 5, Rq) is a quasi-triangular Hopf algebra over C equipped with
[13]:
e A coproduct A, : ilq(gT[;) — ilq(QT[;) ®5Jq(g/[;) such that
hi hy
Ag&i)=q 2 ®&+&E®Rq2, Ez’E{ez’, fi} (3.6)
AE?) =7 0g¢t?, ie{l,... n} (3.7)
The [-fold co-product A() 1! (g[ ) — ilq(g/a)@(l) is defined as A((Jl) =(d® Aglil))Aq =
(Al ®id)A,.
e A co-unit € : #y(gl,) = C such that
e(ej) =€(f;) =0, €(¢¥)=1 (3.8)
e An antipode S : ilq(g/al) — ilq(g/[;) such that

—h;

; gy hi
Sq(q™) =q, Se(&) = —q2 &g
e There exists an invertible element R, € L[q(g/[;) ®ilq(g/a), such that it satisfies the axioms
of Definition 1.4 for  =1® 1 ® 1.

(3.9)

IFor the ;I; case in particular

aij = 2655 — 2(8i1 852 + diz 01), 4, § € {1,2} (3.2)
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We recall now Example 1.11 and we briefly discuss the notion of the antipode for L[q(g/[;). We
fist introduce a shorthand notation for the unit element of 4,(gl,): 14 := 1 )
q n

Remark 3.3. We specialize Example 1.11 to the case ofilq(g/[;), i.e. (qu(g/g),A,e,(I),R), where
® =1®1®u"! for some group-like element u, is a quasi-triangular quasi-bialgebra. We now
want to test whether (ﬂq(g[n),A,e,é,R) is a quasi-Hopf algebra, i.e. if there exist S, «, B such
that axioms (1) and (2) in Definition 2.2 hold. Suppose that the group-like element u exists, then
A(u) =u® u and:

(1) S(u)au = a and uBS(u) = B, which lead to S(u) = au=ta™t = g~lu=15.

(2) Bau=t =1, and aBS(u) = 1, which lead to u = Ba and S(u) = B~ a1t
All the above equations are self-consistent. Similarly, we can show that S(u~!) = af

We now check the axioms of Definition 2.2 for the elements e;, fj, ¢, with coproducts, after

h; h,;
twisting, given as A(§;) = q_TJ ®u_1§ju—|—§j ®u_1q7]u, & € {ej, fi} and A(¢7) = q¢% Qu g u:
(1) We consider S(¢%)au™'¢%u = a and ¢ BS(u='q¢%u) = B, which lead to (by requiring
that S is an algebra anti-homomorphism): S(¢%) = aq %a~! = p~1¢ % B. The latter
expression leads to [qu, u] = 0. Similar conclusions hold for S(§;). Indeed, from axiom (1)

h; h h; h;
of Definition 2.2 we conclude that S(&;) = —aqufj q_TJOF1 = —571617]@ q_TJﬁ, which
leads to [fj, u] =0.
As in the case of the Yangian studied in the previous section, the axioms for the antipode restrict
u to be in the center of the algebra, which in general is not true. Indeed, simple examples of such
group-like elements that are not central are given by u = ¢+ . Hence, we can not consistently

define S(w), w € ilq(g/al) for a generic u by strictly following the axioms of Definition 2.2.

It will be useful for the findings of the next subsection to recall the evaluation representation of
g (gl,) [27] (homogeneous gradation), my : U4(gl,) — End(C"), A € C:

ma(er) = eiivt, mA(fi) = eiv1i, TA(g?) = g3, e {L,...,n—1}
h

Wk(en) = 672)\671,17 77/\(fn) = 62/\61,717 7T)\(q7n) =€ 2 (310)

and we also introduce some useful notation:

(may @ ma)Ag(ej) = Aglejjr1), (may @ may)Ag(f5) = Aglejra),
jed{l,...,n—1},

(a1 ® Tay)Aglen) = Aglen1: A1, A2), (mr, @ ) Ag(fn) = Aglern; A1, A2)

(may @ A )Ag(q7) = Ag(q7), j €{1,...,n}. (3.11)

We recall also the $l,(gl,,)-invariant representation of the A-type Hecke algebra [28]:

&= Z (exvy ® ey — qisgn(xiy)ew,x ® ey,y) +ql. (3.12)
z#yeX

Indeed, the above element satisfies the braid relation (I ® g)(¢9 @ (I ®g) = (¢ I)(I®g)(g® 1)

—

as well as the Hecke constraint (g — ¢)(g + ¢~') = 0. The Baxterized l,(g!
Baxter equation is the R,(\) = e*gt — e~*g~, where g™ = Pg, g~ = Pg

,,) solution of the Yang
-1

(P the permutation
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operator). We also define AgOp) (w; A1, A2) := PA,(w; A2, A1) P, the ilq(g/[;) R,-matrix satisfies the

intertwining relations:

Ry(M = X2)Ag(¢) = ALP(QORy(M = X2) € {ejjins 415,097,
jed{l,...,n—1}
Ry(M = A2)Ag(Gas A A2) = AL (Gos My A2) Ry (M — X2), o € {ensern ). (3.13)

This brief review on ilq(gﬁ;) will be particularly useful for the findings of the subsequent subsec-
tion.

3.2. The g-analogues of set-theoretic solutions of the YBE & quasi-bialgebras. Inspired
by the set-theoretic solutions and the associated twists [11], as discussed in the previous section,
we generalize in what follows results regarding the twist of the ﬂ(g/[;) R-matrix. Note that strictly
speaking this solution is not a set-theoretic solution of the braid equation. Nevertheless, the
admissible twists found for the set-theoretic solutions can be still exploited to yield generalized
solutions based on (3.12).

We state below a basic Lemma that will lead to the main Proposition of this section associated
to admissible twists of the ilq(g/[;) R-matrix. This construction provides the g-analogue of the
R-matrices coming from set-theoretic solutions of the YBE and greatly generalizes the preliminary
results of [10].

Lemma 3.4. Let V,, = > €oy(x)ar VN € X consist a family of group-like elements, i.e.
Ag(Vy) =V, ® Vy, and let g be the U(gl,)-invariant element (3.12). Then [g, Aq(Vy)] = 0,
subject to the constraint sgn(z — y) = sgn(oy(z) — oy(y)), ¥, 2,y € X.

Proof. 1t is convenient to re-express the element g as
g=P— Y ¢ Ve, ®eyy+ql, (3.14)
z,yeX

where P is the permutation operator and I is the n x n identity matrix. It is obvious that Ay (V)
commutes with P, so it suffices to show that A4(V,) commutes with the second term of (3.14),
indeed we compute

( Z q_s‘qn(w_y)ez,x ® eyyy>( Z Con(e)€ @ eon(C)yC) = Z q_sgn(%(é)_gn(o) €an(€).£ @ oy ()€

e £CeX CEEX

(3.15)
(Y eonere @ o) ( D a7 Ve @ey,) = Y " ey o) ®ep ) (3.16)
£,CeX z,yeX (,£eX

Requiring expressions (3.15) and (3.16) to be equal we conclude that [g, Ay(V;)] = 0, Vn € X, if
and only if o, is an order-preserving permutation of X, i.e. sgn(z —y) = sgn(on(x) — an(y)),
vn,z,y € X. O

If X is finite then the identity map is the only order-preserving permutation. It is important
however to note that the condition sgn(z—y) = sgn(oy(x)—0oy(y)) possibly holds when considering
countably infinite sets. A characteristic example is demonstrated at the end of the section, where
the g-analogue of the Lyubaschenko solution is presented. A further detailed analysis of this
construction and possible generalizations will be presented in future works.



22 A. DOIKOU, A. GHIONIS AND B. VLAAR

We come now to the main proposition of this section.

Proposition 3.5. Let g be the l(gl,,)-invariant element (5.12) and F = 3 v eny @ Vyy (V) =
Y weX €oy(x)a) be the set-theoretic twist. Let also F1 23 and FY, 5 be the quantities defined in (2.23),
(2.24). We also define G = F~'gF, then provided that C;y = 0, C = 0 (Cy = o,(04(y)) —
Toy(@) (Tra(ny (1)), C = sgn(a —y) — sgn(oy (@) — oy(y)) ):

(1) [Guz, Fiy ] = [Gas. Frs] = 0.

(2) The twisted element G satisfies the braid relation and the Hecke constraint (i.e. it provides
a representation of the A-type Hecke algebra).

Proof. We showed in Lemma 3.4 that [g, Aq(Vn)] = 0, subject to the constraint C' = 0. This leads
to [G, A(V,)] =0, Vn € X, where G = F'gF and A(V,) = F'A,(V,)F, where Ag(V,) is
derived subject to C; = 0 (see Lemma 3.4).

(1) Werecall that F 23 = (id@A)F, ie. Fio3 =3, cx €nn®@A(Vy), then using (G, A(V,)] =0
we obtain, [Ggg, F1723] =0, subject to C; = C = 0.
We show now that [G12, F1*273] = 0, to achieve this we explicitly derive the form of G :

G=FlgF=7-— Z qfsgn(xf"”(y)) Crz ®eyy+ql, (3.17)
z,yeX

where # = 3" c v €20, (y)®€y 7, (). We recall also the explicit expression Fiy 3 =3, oy €ny®
ez @ €o, (0,(y))lc1=0 and we compute:

> (oot @ ymy@ —a " (o), , €yy) © €o,(0y(2)),2 T AT 3.
x:yVZeX

(2) Due to the fact that: (1) F' is an admissible Drinfeld twist, (2) [Gi2, F1*2,3} = [Gas, F1 23] =
0, and (3) g satisfies the braid relation, we conclude that G also satisfies the braid equation.
Similarly, (g — ¢)(g+q¢ 1) =0= (G- ¢)(G+q ') =0. O

Remark 3.6. The Bazterized solution R(\) = FT'R,(\)F = )G — e *G™! (recall Ry(\) =
erg—e*g7!), and hence R(\) = PR(\) = e*GT —e=*G~, which is a solution of the Yang-Baxter
equation. Moreover, by means of (3.13) and the R-matriz twist we conclude that

R = 2)A(Q) = AP OB = Xa) - CE {ejimnreiu1,677,677 ) (319)

jed{l,...n—1}

R(AL = A2)A(Gui Aty A2) = AP (G A M) RO = Aa)s Go € {ensenn}s  (3:20)
where A(a) = F71A (a)F, Va € il(g/[;) From (3.19) and recalling that R = PR we deduce

R\ — M)A = AQRM — A2) €€ {ejjt1,€j41.5,077, ¢}, (3.21)
je{l,...,n—1},

i.e. the R-matriz is ,(gl,)-invariant as is the R,-matriz.
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The ¢g-Lyubashenko solution. We focus in the end of this section on a special example, the
g-deformed analogue of Lyubashenko’s solution introduced in [10]. The analysis for this special
class of ¢ set-theoretic like solutions is compatible with Remark 1.6 and Example 1.11.

Let 7,0 : X — X be isomorprhisms, such that o(7(z)) = 7(0(z)) = r and let V.= 3" v €, (),
then by direct computation it follows that, [V®V, g] = 0 provided that sgn(z —y) = sgn(o(z) —
o(y)). We then define G = (I ® V™!) g (I ® V), which leads to

G= ), (ewy) © ey o) — ¢ T Wey, © ey,y> +al (3.22)
z,yeX
i.e. the element G is obtained from the i;(gl,)-invariant braid solution (3.12), provided that
sgn(z —y) = sgn(o(z) — o(y)) [10].
An example compatible with the construction above is: o(z) =x+ 1, 7(z) =2 — 1, © € Z (see
also [39]),

We recall Example 1.11, where we set A to be uq(ng), ie. (ilq(g/[;), A e, @, R) (@ =1®1ou1)is
a quasi-triangular quasi-bialgebra. We recall the evaluation representation my : i, (g/[;) — End(C"),
such that u — V, ej — ¢€; 11, fj = ej41,; and ¢ %3 . Then the twist becomes F' = I ® V and
the twisted coproducts are

hr(5) hj

A1) =g @ g0, A(§) =9 2 +q

s

o)

& fr(j)- (3.23)

hi = (ejj = ejr111)s Prgy = (er()r() — €ri+1)r(+1)), for & € {6j,j+la 6j+1,j}» we define
respectively: &.(;) € {eT(j)’T(jH), eT(jH)’T(j)}. We also recall that g (3.12) is ,(gl,)-invariant,

ie. [g, Aq(Y)] =0, Y ¢ {eMH, €j+1,5 qem} and the co-products A, of the algebra elements
are given in (3.6), (3.7) and (3.11). Then it follows that the element G (3.22) is also ,(gl,)
symmetric [10], i.e. [G, A(Y)] = 0, where the modified co-products are given in (3.23). Naturally
the Baxterized R-matrix is also {,(gl,,)-invariant (3.21), (3.23).

As in the case of the Yangian the admissible twist is F = I ® Vand ® = I ® I ® V7!, then we
have: F1 23 = (ld®@A)F =1®@V®V and I}, 3 = (A®id)F)® ' =I®I® V?, in accordance to
the Conjecture 2.8. Also, the N-fold twist is Fio y = I V@ V2®...@ V-1, (see also [11]).
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