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PRINCIPAL MINORS OF GAUSSIAN ORTHOGONAL ENSEMBLE

RENJIE FENG, GANG TIAN, DONGYI WEI, AND DONG YAO

ABSTRACT. In this paper, we prove that the fluctuation of the extreme process of the maxima
of all the largest eigenvalues of m x m principal minors (with fixed m) of the classical Gaussian
orthogonal ensemble (GOE) of size n X n is given by the Gumbel distribution as n tends to
infinity. We also derive the joint distribution of such maximal eigenvalue and the correspond-
ing eigenvector in the large m limit, which will imply that these two random variables are
asymptotically independent.

1. INTRODUCTION

Random matrix theory is a classical topic in probability which has applications to a variety
of fields, such as statistics [4], high energy physics [7], wireless communication networks [8], deep
neutral network [17], compressed sensing [19] and so forth.

Motivated by high-dimensional statistics and signal processing, the authors in [9] derived the
growth order of the maxima of all the largest eigenvalues of the principal minors of the classical
random matrices of GOE and Wishart matrices, where the results have applications for the
construction of the compressed sensing matrices as in [19].

In this paper, we further study the fluctuation of such maxima for the GOE case. Our main
result is that the fluctuation is given by the Gumbel distribution with some Poisson structure
involved in the limit, and we also derive the limiting joint distribution of such maxima and its
corresponding eigenvector which indicates that these two random variables are asymptotically
independent.

The Gaussian orthogonal ensemble (GOE) is the Gaussian measure defined on the space of
real symmetric matrices, i.e., G = (gij)1<i,j<n I8 & symmetric matrix whose upper triangular
entries are independent real Gaussian variables with the following distribution

4 Ne(0,2) if i = j;
g { Ng(0,1) if i < j.
Let M (G) > Aa(G) > -+ > A (G) be eigenvalues of GOE, then the distribution of these
eigenvalues is invariant under the orthogonal group action and the joint density is

(1) 7 H ST (=),

1<J

r+,/2)
_ on(n+1)/4 n/2 —1
2) Zy =2 (27) | | <ETE]

is the partition function. And the limit of the emplrlcal measure of these eigenvalues is given by
the classical semicircle law [1].

Let’s first introduce some notations in order to present our main results. Given symmetric
matrices G = (gij)1<i<j<n sampled from GOE, for o C {1,--- ,n} with cardinality |a| = m €
Z, we denote Go = (gij)ijea as the principal minors of G of size m x m, then G, is also
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2 RENJIE FENG, GANG TIAN, DONGYI WEI, AND DONG YAO

symmetric. Let A\1(Gq) > A2(Go) > -+ > A\ (Gy) be the ordered eigenvalues of G,. Now we
define the extreme process of the maxima of all the largest eigenvalues of the principal minors as

T = M (Ga).
" e r, 5 a1 (G

In [9], the authors studied the asymptotic properties of T}, ,, and proved that under the assump-
n 1/3 .
tion that m fixed or m — 400 with m = 0((1 n) )7 it holds

Inlnn

n—2Vmlnn —0

in probability as n — 4oc.
In this paper, we further derive the fluctuation of 75, ,, when m is fixed as n tends to infinity.
Our first result is the following

Theorem 1. For GOE, we have the following convergence in distribution
Ti’n —4mlnn —2(m—2)Ilnlnn Ly
as n — +o0o for fired m, where the random variable Y has the Gumbel distribution function
Fy(y) = exp(—cme %), yeR.

(2m)(m-2/2K,
(m—1)!123/2T(14+m/2)’

(3) Sm::{xESml N % < Vkjm, VB C L, -,m}wz’thV1§|6|:k<m}

JjEB

Here, the constant ¢, = where K, = u(Sy,) is the probability of the event

under the uniform distribution p on the unit sphere S™~1. In particular, ¢, = ﬁ and cg =

f—&—iarcsm( ) /4

Our proof for Theorem 1 can imply the joint distribution of the maxima of the largest eigen-
values of principal minors and its corresponding eigenvector. To be more precise, given n, let
v* € S™~1 be the unit eigenvector corresponding to the largest eigenvalue of the principal minor
that attains the maxima 75, ,. By symmetry, —v* is also the corresponding eigenvector. Now
we have the following limit for the joint distribution of (T3, ., v*).

Theorem 2. Given any y € R and symmetric Borel set Q C S™~! such that —Q = Q, let
y2, =4mInn+2(m — 2)Inlnn +y, then the joint distribution satisfies
(4) P(Topn > ym,v" € Q) = (1 = Fy (y))v(Q)

as n — 400, which implies that T, , and v* are asymptotically independent. Here, v is the
uniform distribution on Sy, i.e.,

V(@) = QN SEm)/1(Sm)-

Let ay, ..., a, be i.i.d. Gaussian random variables Ng(0,2), for the extreme process
M, := max{ai, ..., an},
let
a, = 2VInn

and Inlnn + In(4r)
nilnn + In(4m
b, =2VInn — .
2vInn

Then for any y € R, the following classical result holds (Theorem 1.5.3 in [14])
lim Pla, (M, —b,) <y|= e "’

n—-+oo
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One can check that Theorem 1 for Tﬁn when m = 1 is equivalent to this classical result for M,,. In
this sense, our result is fundamental which can be considered as a natural generalization of such
classical result for the extreme process of the scalar-valued random variables to the matrix-valued
random variables (with correlations).

One motivation to study the maxima of the largest eigenvalues of principle minors is from
the study of compressed sensing, where one has to recover an input vector f from the corrupted
measurements y = Af +e. Here, A is a coding matrix and e is an arbitrary and unknown vector
of errors. The famous result by Candes-Tao [19] is that if the coding matrix A satisfies the
restricted isometry property (Definition 1.1 in [19]), then the input f is the unique solution to
some ¢1-minimization problem provided that the support S (the number of nonzero entries) of
errors e is not too large. Therefore, one of the major goals in compressed sensing is to construct
the coding matrix A that satisfies the restricted isometry property. In Section 3 of [19], Candes-
Tao proved that the Gaussian random matrices A can satisfy such property with overwhelming
probability, and they can derive the estimate about the support S via the probabilistic estimate
on the maxima of the largest eigenvalues of principle minors of Wishart matrices A7 A. A simple
proof based on the concentration measure theory is present in [5]. In this article, we only deal
with the GOE case, but it seems that the method can be applied to the Wishart case and it’s
expected that some Gumbel fluctuation will be observed as well, which can imply better estimates
on S. We would like to postpone the Wishart case for further investigate.

Another motivation is that the extreme process of the maxima of the largest eigenvalues of
principal minors may provide a model that interpolates between the Gumbel distribution in the
Poisson regime and the Tracy-Widom law in the random matrix regime.

It’s well-known that for GOE, the largest eigenvalue T, , when m = n in our setting is
asymptotic to 24/n, and its fluctuation is given by the Tracy-Widom law,

Fi(y)= lim P ((Tn’n — 2\/ﬁ)n1/6 < y) ,

n—-+o0o

where F(y) can be expressed in term of the Painlevé equation [1].

This together with our main result Theorem 1 indicate that there may exist several transi-
tions from the Gumbel distribution to the Tracy-Widom law when m is increasing with n. There
are some other models that have such phenomena. In [13], Johansson studied a family of de-
terminantal processes whose edge behavior interpolates between a Poisson process with density
e~® and the Airy kernel point process. This process can be obtained as a scaling limit of a
grand canonical version of the random MNS-models [16]. Therefore, it provides a model that the
largest eigenvalue has a density transition from the Gumbel distribution to the Tracy-Widom
law. Another important model is provided by the (Gaussian) random band matrices. It’s also
conjectured that there is a transition from the Poisson regime to the random matrix regime
while the band width has different critical growth orders, the results in [18] almost confirm this
conjecture at the spectral edge of some random band matrices.

Our proof of Theorem 1 is based on Lemma 1, which roughly states that if some random
variables are weakly correlated, then the point processes constructed via these random variables
have a chance to converge to the Poisson processes. In our case when m is fixed or a very slowly
varying function of n, the principal minors of size m x m are weakly correlated with each other as
n large enough, therefore, one can expect that the point process of the largest eigenvalues of these
principal minors converges to some Poisson point process, and thus some Gumbel distribution
for the extreme process of the maxima of these largest eigenvalues will be observed in the limit.
But this is not the case if m is a rapid varying function of n such as m = y/n, and the arguments
in this article will not work, especially, the Poisson limit will not hold any more. Here, we would
like to propose some natural questions such as the descriptions of the intermediate phases and
the critical growth orders of m corresponding to these phases.
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It’s worth mentioning that there are many other contexts about the (principal) minors of
random matrices, and we list few of them as follows. In [10], Diaconis conjectured that the
size of minors of the random matrices sampled from the orthogonal group O(n) with the Haar
measure such that the minors can be approximated by independent standard normals is of order
o(y/n), which can be considered as a generalization of the classical Poincaré-Borel Lemma. The
conjecture is solved in [12] and we refer to [15] for more details and other relevant results. In
[6, 20] and the reference therein, the authors studied the principal minor assignment problems
of the determinantal point processes with applications in graph theory and machine learning
theory. In statistical physics, the matrix minor process constructed via eigenvalues of minors
of random matrices will form an interlacing particle system. For example, the minor process of
the Gaussian unitary ensemble is a determinantal point process [11]. One can find some other
random matrix minor processes in [2].

Notation. In this paper, ¢, C and C’ stand for positive constants, but their values may change
from line to line. For simplicity, the notation a,, ~ b, means lim,_, 1 a,/b, = 1.

2. PROOF OF THEOREM 1

In this section, we will prove Theorem 1 by assuming some technical lemmas where the proofs
of these lemmas are postponed to §3.

The proof of Theorem 1 is based on Lemma 1 with the proof given in [3] by the Stein-Chen
method. It provides a criteria to prove the convergence of the total number of occurrences of the
point process to the Poisson distribution, and thus it provides a method to derive the distribution
for some extreme processes.

Lemma 1. Let I be an index set, and for a € I, let X, be a Bernoulli random wvariable with
Pa=P(X,=1)=1-P(X, =0). For each € I, let N, be a subset of I with o € N, that is,
a€ N, CI. Let

S=> Xo, A=ES =) pa € (0,+),

acl acl
let Z be the Poisson random variable with intensity EZ = X\, then it holds that

I1£(S) = L(Z)|| < 2(by + b2 + b3),
and the probability of no occurrence has the estimate
IP(S =0) — e
=P(X,=0,Vacl)—e?|
<min(1, \71)(by + by + b3).

Here, ||L(S) — L(Z)|| is the total variation distance between the distributions S and Z, and

bi=>_ > paps,

acl BEN,

bo=2, D ElXaXs)
a€el a#BEN,

b3 = ZEUE[XOCIO(X/B’ﬁ ¢ Na)] _pa|7
acl

and o(Xg, B & Ng) is the o-algebra generated by {Xp,8 & Nu}. In particular, if X, is indepen-
dent of {Xp,B & Ny} for each a, then bs = 0.
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One may think of N, as a ‘neighborhood of dependence’ for « such that X, is independent or
nearly independent of all of X for 5 ¢ N,. And Lemma 1 indicates that when by, by and b3 are
all small enough, then S which is the total number of occurrences tends to a Poisson distribution.

2.1. Proof of Theorem 1. Given any ¢ X £ symmetric matrix S, we rearrange the eigenvalues
of S in descending order A1(S) > -+ > Ag(S), and we denote

(5) |S|? := Tr S*
and
(6) X(S) = [(M(9)2 + [8]%) /2]

For fixed m > 2, we define the index set
I, ={acC{l, - ,n}|al =m}
and the neighborhood set
No={f€l,:anB#0} for a €I,
Throughout the article, for any fixed real number y, we define
yi:=4klnn+2kInlnn, yp >0, 1<k <m

and
y2, =4mInn +2(m —2)Inlnn + vy, y, > 0.

For symmetric matrices G = (¢s5)1<i<j<n sampled from GOE, for o € I,,, where |a| = m, we
denote G = (9ij)i,jea as the principal minor of size m x m and we define the event

(7) Ao ={N(Ga) > g Xi(Ga) Sy, V1< <m, BCa, || =k].
Recall the definition of T}, ,, in §1, we first have
0 <P(Naer,, AS) —P(Tomn < Ym)
< P(A\[(Gg) > yy for some S € I}, 1 <k <m)

m—1

Now we need the following lemma and we postpone its proof to the next section.

Lemma 2. For fized k > 1, there exists a constant C > 0 (depending on k) so that for all x > 1,

©) P(IG,... ,k}|2 > 2?) < C’a;k(k+1)/2726712/4,
(10) ]P()‘l(G{l,k}) > (E) < ka7267$2/4’
(11) PO (Gr ay) > 7) < Cab=2e"/4,

Using (11) we have

m—1 m—
(12) Z (k) (MG, 53) > Un) Z Fyp—2 e /4 < C/lan.

k=1 k=1
Combining this with (8) we get
(13) 0 <P(Nuer,, AS) —P(Tomn < ym) < C/lun,

m



6 RENJIE FENG, GANG TIAN, DONGYI WEI, AND DONG YAO
and thus we have

(14) lim P(Thpn < yYm) = ngr}rloo P(Naer,, AS).

n—-+o0o

Therefore, it’s enough to derive the limit of P(Nyer,, AS) to prove Theorem 1. By Lemma 1, we
have

(15) IP(Naer,, AG) = €| < bn + bn2,

o= ()P0
= ()2 o
2= T:_ll < > < > (:1_—72) P(A{L o e imy DAL e 2m—k})-

Using (10) we have

where

]P)(A{L ) < P()‘l(G{l ) > Z/m) < Cym 26 Vi /4 < Cn™™.
And thus we have

bt < CPP™'P(Agy, . y)? < O,

which tends to 0 in the limit.

It remains to find the limit of ¢,, and show that b,, » tends to 0 in order to complete the proof
of Theorem 1.

Let a={1,--- ,m},y={m—-k+1,--- m},{(={m—k+1,--- ,2m — k}, then aN{ =7,
|a| = |¢| = m and |y| = k. By rearranging the indices, we have
P(Af1 e e m} VA o eymt 1, 2m—k} )
=P(Af1,ooimy N Afm—kt1, 2m—k})
<P(A\1(Ga) > Yms M(Ge) > Ym,
M(Gavy) S Ym—iy M(Govy) < Ym—k, A(GH) < yi)
=E[P(A\1(Ga) > Yms AM(Ge) > Yms A(Garny) < Ym—ks M (Gory) < Ym—kl|G)
X 1oxi @) <un]
=E[P(A\1(Ga) > ym, Ai(Gavy) < Ym—1lGy) a6 <pet):
The following lemma will imply that b, » tends to 0 as n — +oc.

Lemma 3. Fora € I,, yCa, |v|=k, 1<k<m, B=a\vy, z>1, 6,4 €(0,1), then there
are some constants C and C' (depending on m, 6 and 0') such that

(16) P(A(Ga) > 2|Gp, Go)Liar (@) <(1-8)2 A1 (Gy)<(1—6")a)

<Cz @/ (A (Gp) + 1) + 2/ (X[ (Gy) + 1)Hm =R~ lem (@ Ai{Ga) (e =21 ()72
and
(17) P()q(Ga) >, )\T(Gﬁ) < (1 - 5>x|G’Y)1{>\T(Gw)S(1*5’)I}

SO/xmfk72(x/(/\>1r(G’Y) + 1))k(mfk)fle((>\1‘(G,Y))szQ)/4'
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By assuming Lemma 3, we have
EP(AM(Ga) > Ym, )‘T(Ga\'y) < ym*k|G’Y)21{)\f(Gv)§yk}]
SCE[ (/AL (G,) + D)2l G021 1 <)

(18) =: CE[f(A1(G4))1(xs (G <un)]

where we define

(19) F(E) = g2 2K (g /(4 1) 22 >,

Integration by parts, we have

o) E(F(M(G)Lag(e.<m / FOP(G,) > t)dt
fr)PAL(Gy) > yi) + f(0).

Note that

(21) f'(t) = =(2k(m — k) = 2)(t + 1) f(t) + t£(t) < f(2).

Hence, using (11) for ¢ > 1 and (21), we have

Y PP, >

0
(22) < / i+ F OB (G) > 1)t

y
< Orélta<X1 f(t) + C/ * tyTQnm—Qk_4(ym/(t + 1))2k(m_k)_2e(t2_y”zn)/th_Qe_tz/‘ldt,
- 1

Therefore, by (20) we further have

E(f(AT(Gy)1xs(6.)<yn) < 201352(1]"( )

(23) - - o 2
+O/ by (g [ (4 1)) 2R R =2 2k =2 4 gy

We now separate this integration into 1 < t < y/2 and y;/2 < t < yg. For 1 < t < y;/2 the

integrand is bounded by
Oy 2=k, 2k(m—F)= 1,y /16-y;,/2
m )
where we used the fact that yi < y,, for n large enough. For y/2 < t < yi, we can bound the

int db
integrand by 2m—k—6, t>/4—y2, /2
Cym te o

where we used the fact that y,,/yx < 24/m/k as n large enough. Therefore, as n large enough,
we have

" P OBOI(Gs) > )t
1

Yk /2 ) Yk )
<y kB v /2 / 2Rm—F) = 1eyk/16dt+/ tel* /4 gy
(24) 1 yk/2

Scygnm—k—6e—yil/2 (ygf(m—k)eyi/lfi + ey,f/4)

L 2 2
<Cy2mh=6 Ut /A= /2,

2k(m—k)

where in the last inequality we used the fact that vy, ¢=3:/16 can be bounded from above

uniformly for all n.
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The definition of f(¢) in (19) and the fact that y,,,/yx ~ /m/k imply

(25) max f(t) < yglm—%—ﬁlygf(m—k)—2e(1—yfn)/2 < Cyglm—k—ﬁeyi/él—yil/?
0<t<1 - -

as n large enough. It follows from (18), (23), (24) and (25) that

E[P(A1(Ga) > Ym, /\I(Ga\'y) < ym—k|G’Y)21{)\T(Gv)§yk}]

(26) <Cy2m—h—0gui /A=y, /2

as n large enough. Therefore, we have

m—1
n\/n—k\/n—m
bn,Q < <k‘) ( > ( >P(A{1,-~,k,~~-,m} r_]A{1,~-,k:,m+1,~~-,Zm—k})

m—k)\m—k
k=1
m—1
< nzm_kP(A{L--- my VAL kmet 1, 2m—k)})
k=1
(27) m—1
<C n2mfky72nm7k766yi/4fy72n/2
k=1
m—1
<C ygnm—k—ﬁ(lnn)k/Z—m—o—Q < C(lnn)_l,
k=1

which tends to 0 as n — +o0.
The following lemma gives the limit of ¢,,.

Lemma 4. We have the limit

(28) lim ¢, = cpe ¥4,
n—-+oo

where
(2m)D2K,,
“m = G — 112820 (1 + m)2)’

where K, is the constant defined in Theorem 1.

By assuming Lemma 4, by (15) together with the facts that b, 1 — 0 and b, 2 — 0, we can
conclude that

lim P(NaerAS) = exp(—cme /%),

n—-+4oo

By (14), this further implies

lim P(Tpn < Ym) = exp(—cmefy“),

n—-+oo

which proves Theorem 1.

3. PROOFS OF LEMMAS

In this section, we will prove Lemma 2, Lemma 3 and Lemma 4, and thus we complete the
proof of Theorem 1.
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3.1. Proof of Lemma 2.

Proof. We simply have the following estimates. For s € R, there are some constants C,C’ > 0
depending on s such that for all z > 1 we have

+oo
(29) / r®exp(—r)dr < Cx®exp(—x)
and

—+o00
(30) / r* exp(—r?/2)dr < C'z* " exp(—x?/2).
Now let g1, ..., g¢ be £ independent Ng(0,1) random variables, then for all ¢ > 1, we have
¢

(31) (Y g7 > t) < Ot/ Vexp(—t/2),

i=1

where C' > 0 only depends on ¢. The proof of (31) follows if we combine the estimate (29) and
the fact that the probability density of the chi-squared distribution x2(¢) := Zle g? with ¢
degrees of freedom is given by
1 0)2-1_—2)2
2t2r(ej2)" ¢

Lemma 2 holds obviously when k£ = 1 (note that g;; d Nr(0,2)), and thus in the followings we
consider the case when k > 2. By the definition of the principal minor, G1,.. r = (gij)1<ij<k 18
also sampled from GOE. Now let g;; = g;; if 7 # 7 and gij/\/i otherwise, then g;;,1 <i<j <k
are i.i.d. Ng(0,1) random variables. To prove (9), we note that by definition,

k
Gh kP =Te(GY ) = Z 95 =2 Z s

i,j=1 1<i<j<k
therefore, by (29) and (31) we have
P(|Gy.. i? > 2?) = ]P’( Z glzj > $2/2) < CxhE+D/2-2,—a? /4
1<i<j<k

This proves (9). To prove (10), by formula (1), the joint density of eigenvalues A; > -+ > Ay of
G{L"' kY is

k 2
Jk()‘l,'--a)\k):i H (Ai*Aj)eXp <2:l;1/\1> .

Ly 4
1<i<j<k

Note that if Ay > = > 1, we have Ay — A; < (A +1)(JA\;] + 1) < 2A1(|Aj] + 1), and thus we have
(32) [T Gi-x <o IT v+ IT v =),

1<i<j<k 2<i<k 2<i<j<k

which further implies

/ Ty AR)dAy - dy, < c/ M= exp(=A\2/4)d\
A1>x T

k
XA H (JAil +1) H (Ai — Aj) exp (—Z’TAZZ> dg -+ - d)y,

00> Ag > > A >—00 2<i<k 2<i<j<k

which is bounded from above by C’'2%~2 exp(—2/4) by (30), thereby proving (10).
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Now we prove (11). By definition of Aj(G1,.. k), we have

vy

PN (Gh,... k) > )

[V2z]+1 k
< > P <2A% > (20— (y+1)%)4, ¥ <Y N < (y+1)2>

1=2

By the fact Ay — Xj < (|A1] +1)(|Aj] + 1) for all 2 < j <k, we first have

(33) [T dv=x<ciul+0=" ITT i+ T v=p.

1<i<j<k 2<i<k 2<i<j<k

Then by the inequality of arithmetic and geometric means, for Zf:z A7 > 1, we have

IT (xi+1 IT a2 < IT anl+n T (xl+ 130

2<i<k 2<i<j<k 2<i<k 2<i<j<k
34 _ k(k—1)/2 _
s )T (VT AN
< | 27 Lui=2 1M < <C Z)\Z )
- k/2 - k/2 - ~ v

Therefore, for > 1, combining (33) and (34), we can bound I as follows

/ Je(As e Ap)dAg - dAy < C/ (IMa] + D exp(=AT /4)dh
Ko AZ>232>2 0

=2

5 k(k—1)/4 &
X / (Z A?) exp (— ZA§/4> dXg - - - d)p.
b, A2>272 i—2

=2

1=2 "¢

The first integral is bounded. Using the polar coordinate to the second integral, and by (30) we
have the bound

(35) I, < C/ rRE=D/2 exp(—r2 J4)rF=2dr < C2R*+D/273 exp(—22/2),
7‘>\/§:1:

which can be further bounded by C'z*~2 exp(—x2/4) for > 1 by choosing C’ large enough.
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Now we estimate I; for z > 1. For the case 22 — (y + 1)2/2 > 1, by (30) and (32), we have

1P><2A2 (222 — (y+ 1)), o* <ZA2 y+1)>

=2

<C M| exp(—A2/4)d\
AZ>22—(y+1)2/2>1

IT i+ T Gi=A)ew( Z/\/4 )dAs -

X
/>\2>--->/\k:(y+1)2>2f2 A2 9li<h 2<i<j<k
<Cx* 2 exp(—(a” — (y+1)%/2)/4)
k
<[ N +D TT O+ I D exp(= D0 X2 /a)dxs - dx,
RF=1:(y+1)2>30F_, A2>y? 291_'£k zgggk ;

We denote the last integral as

Ap(y) = IT nt+0 T (Xl + A exp(- ZA%M

/R’*‘I:(y+1)2>252 AP2y? oci<k 2<i<j<k
For the case 72 — (y +1)?/2 < 1, by (33) and the arguments as above, we simply have

k
]P’(Q/\Q (22% — (y+ 1))y, o° <Z>\2 y+1)>

<O [ (Ml 1" exp(=2 /)N ) (o)
<CAg(y)
<Oz % exp(—(2® — (y +1)°/2)/4) Au(y)

for x > 1. Therefore, in both cases, by the polar coordinate, we further have the upper bound,
]P’<2>\2 (22 — (y+ 1)y, v <Z)\2 (y+1) )

§C$k72efm2/4 / 1+ 7")’@717"(’“71)(1“2)/27"]“72 exp((r +1)2/8 — 12 /4)dr
y+1>r>y

By taking the summation, I3 can be bounded from above by

[fmj—i—l
I <C2* Zexp(—z?/4) / (1 4 )k tp=DE=2/20k=2 oy (1 1) /8 — 12 /4)dr
0

+oo
<CzF—2 exp(—x2/4)/ s = C'aF 2 exp(—2?/4).
0
This will complete the proof of (11) by the estimates of I; and I5. |
3.2. Proof of Lemma 3.

Proof. We first prove (16). We claim that (16) is equivalent to the following statement: for any
6 >0, x > 1, there exists a constant C' depending on §, such that

(36) P(M(Ga) > 2|Gp, Gy)Lins (@) <(1-8)2,35(G)<(1-8)x}
<Cx Ha/(N(Gp) + 1) + 2/ (A5(G,) + 1))Fm=h)= Le=(z=A1(Gp))(z=A1(G4))/2
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The implication that (16) = (36) is trivial. We now show that (36) implies (16). For any

0,8 € (0,1), we define 6 = min{d, ¢'}. (36) implies that there exists a constant C'() such that

(37) P(A(Ga) > #|Gp, Gy )Lix: (@) <(1-8)an1 (Go)<(1— 6)m}
<Cx*1(x/()\I(G5)+1)+x/(/\*(G )+ ))k(m k)=1,—(x—=X1(Gp))(z=A1(G~))/2

(37) implies (16) since

{M(Gp) < (1= 0)2.21(Gy) < (1= )} < {A1(Gr) < (1= 0), X (G5) < (1= D)ar .

This completes the proof of the equivalence between (16) and (36). We now prove (36). Without
loss of generality, we may assume

a={1,....m},y={1,...,k},B={k+1,...,m}.

Since Gz and G are both symmetric matrices sampled from GOE (independently), we can find
orthogonal matrices U and U’ such that

UGsU' =X, U'GU" =
where the diagonal matrices

)\1(Gﬁ) Al(Gv)
)\2(Gﬁ) )‘2(Gv)
Ae(Gg) | Ak(G)

O oo (" )= %)

where V is an £ X k matrix with i.i.d. Ng(0,1) entries.
Given any 1 x m vector v, we decompose it as

where £ :=m — k.
It follows that

vV = (paq>7 P= (pla"'apf>7 q= (q17"'7Qk)7

then we have

V(X V)V —Z/\ G/gpl—f'z)\ qJ+QZZPzUzJQJ

=1 j=1

For simplicity, we use P* to denote the conditional probability (conditional on Gg and G). By
Rayleigh quotient, for x > 1, we have

P*(A(Ga) > )

J4

=P* EI(p,q);éOZ (Gﬁ Di +Z>‘ q] +2Zsz’UzgquIZp +:L‘qu

=1 Jj=1 1=1 j=1

=P* | d(p,q) # 0, 222plquj>2xf (Gg) leerf

=1 5=1
We define the event
Q= {Xi(Gy) < (1-0)2, X (G,) < (1= 0},

For the rest of the proof, all the arguments are restricted on the event  and = > 1.
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On Q, by the definition A*(A) for any symmetric matrix A in (6), we simply have 2 +v/2(1 —
8z > z—Ni(Gg) > x—XN;(Gg) > dz > 0and z+v2(1-0)x > 2—X;(G,) > 2—A}(G,) > éz > 0.
Therefore, on € it holds that

(38) zij = (x — M(Gp))(x — N;(G)) € [0%2%, (V2 — V26 + 1)%2?].

We denote
_ 7 v 'Ui-
pi = T — )\l(Gﬁ)p'L7 qj — xr — )\j(G»Y)q]', Uij = \/ZL
¥}

Using Cauchy-Schwartz inequality we have

¢k
QZZ@T}U%‘ <2
i=1 j=1

Therefore, we further have the probabilistic estimate of A\;(G,) as

P*(A1(Go) > x)

Lk L k
=P* (3B, @) #0.2> D> pivid; = > pr+ YT
i=1 j=1 i=1 Jj=1
Lk
< (L) 2
i=1 j=1

If k = ¢ =1, on the event , by (30) for Gaussian random variable vy; we have

P*(0f; 2 1) = P*(vf; > 2n1) <

exp(—211/2)

211
(39) < & exp(—(r = M(Ga))a — M (G-))/2)
< & b~ — Xi(Ga))(w — Xi(G2))/2),

where we have used the fact that z;; > 6222, This will imply (36) in the case m =2, k = £ = 1.
Now we consider the case k£ > 2 or £ > 2. We define

min 4 21(Gs)=A2(Gs) Al(Gw)*/\z(Gw)} if 0,k > 2

( ) :E(f)\g)(Gﬁ) ’ I*)\Q(G.Y)
— ) M(Gs)—x2(G : .
KR = W ifk= ]_7;6 Z 2,

On the event 2, one can show that

(1—=0)z — A2(Gp) < (1-90)x
r—X(Gg) T z—(

(—V2(1-d)x) _ (1+v2)(1-4) _ <1
VR0 eVEL=e)

(40) 0<k<
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Note that
" ¢
2 =
;; K ;; (z—A Gﬁ )‘](G“/

Y . i
iz @ AilGe G'y))

(i ])76(1 1)

where we used the fact that
(x—)\l(Gﬁ))(x—M -\ (Gg) = —M(G 7
(= Xi(Gp))(x — A4( - =X (Gp)’ w— Xa(G

_ {AlGﬁ — X2(Gp) I(G'y A2 (G )}
$—)\2(G3) ’ a)‘—)\2< )

S(:U—Al(aﬁ) @ —M(G (”” (1-#)

for (i,7) # (1,1). Hence, by (31) we can conclude the following bounds on the event 2
P*(M(Go) > )

4 k
o (Y3 )
<P* [ vf, + (1 - K) Z vl > 2’11)
)

(41) (i) #(1,1
¢k
<P* ZZ v > 2
: j:
1

SC’ZH “exp(—211/2)
<Cz* 2 exp(—(z — M (Gp))(z — M(G))/2),

where in the last step we used (38), and C' is a constant depending on ¢ and m.

We now consider the case when one of the following two conditions holds.

Condition 1: A\j(Gg) <1 or Aj(G,) < 1. Under this condition, since A\1(Gg) < A\j(Gg) and
M (Gy) < M (G,), we have

¢
P (Z vz 1) < C2* 2 exp(— (2 — Nj(Gp))(x — Ni(G,))/2),

i=1 j=1

which further yields the bound (36) by the assumption A}(Gg) <1 or AJ(G,) < 1.

Condition 2: max{|\;(Gg)|,2 < i < £} > |\ (Gp)|/2 or max{\)\( D2 < i < k} >
[A1(G4)| /2. If condition 1 fails (i.e., A](Gg) > 1 and A{(G,) > 1) and condition 2 holds (say,
max{|\;(Gg)|,2 <@ < £} > |A1(Gg)| /2), then we have

¢

* 2
A (Gp) — Mi(Gp) = 508 Z(GQ) +(G () P Cflill((gi))) = O\ (Gp).
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In this case, on 2 we have
(z = AL(Gp)) (@ = AL(Gy)) < (z — Mi(Gp))(z — AL(Gy)) — (A1(Gp) — Ai(G))dx
(z = M(Gp))(z — Ai(G)) — C'A[(Gg)ox

(2 — M (Gs)) (@ — M (G,) — C'ée.

(42)

ININ A

Using (41), we have
P*(Ai(Ga) > ) < Ca 2 exp(—(x — A[(Gp)) (2 — A[(G5))/2) exp(—C'61).
This can be further bounded from above by
ke—1
exp(—(z — A1 (Gg))(x — A1 (G,))/2),
) (~(@ = M (G)) (@~ X(G))/2)

x n x
1+ M(Gg) 14X}

this is because on € it holds

C'ox) < C ! e 1 1 .
exp(—C'dx) < (m) = (1+)\T(G5)+1+/\T(Gv))

for > 1 by choosing C' large enough. Note that the constant C' > 0 only depends on m and 4§,
and does not depend on (the conditional) Aj(Gg) and Aj(G,).

As a summary, we have verified (36) when either of the two conditions is satisfied. Now we
assume that both conditions fail so that A\[(Gg) > 1, A\{(G,) > 1, max{|\;(Gp)|,2 < i < £} <
|A1(G3)| /2 and max{|\;(G,)|,2 < i <k} < |A\i(G4)| /2. Then there exists a constant ¢ > 0 such
that

Cx_l(

M (Gp) — Aa(Gp) > A1 (Gp) > c and A\ (G4) — X2(Gy) > AT (G4) > ¢
Therefore, by definition of «, (40) and the assumptions Aj(Gg) > 1, A\j(G,) > 1, we have

M(Gs) _M(Gy) = gmm{X{(Gﬂ)H /\T(G'y)"‘l}
=X (Gp) x—A2(Gy) ) T = X2(Gp) x—A2(Gy) )

(43) 1>c(;2/fzcmin{ 5

By the fact that 0 < 0z < 2 — A2(Gg), 7 — Xa(G,) <z + v/2(1 — 6)x on Q, we further have
(MO0 1 G +1y
T )

(44) cs > k> Csmin )
T

which implies
1 1 1
45 -<C +
) <% (st @)
for some constant C' > 0 that depends on m and §. Note that the probability density function
p(t) for v?, is exp(—t/2)/V/27t, recall (41), we have

P (iivfj z 1)

i=1 j=1

<p* (v%l +(1—-k) Z v?j > 211)

(4,9)#(1,1)

_ [ exp(=(zn — 1)/2) P+ ((1 —R) Z vf > t) dt +P*(vf; > z11)

0 2m(z1 = 1) (5.0)(1,1)

<Cexp(—211/2) (\/% + Ozu 3‘%1@* ((1 —K) Y vl > t) dt) ;

(4,5)#(1,1)
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—z11/2
where we have used P* (v}, > 211) < Ce

by (31). By (31) again, we have

(Mfl)/Zfl

P*{ (1—x) 1 - n P (2(1t—m))

(2, J)#(l )

< Cotlkt=D/2-1 gy <2(1t>) ’
— K

where in the last inequality we used the fact that 1 — k > 1 — ¢s > 0 by (40). It follows that
‘

<Cexp(—z11/2) (

<C’exp(—2z11/2) (

HM»

211 t(k@ 3)/

[ e sita))

211/2 t
4(kE=3)/2 LN, I
/ FPLTo1 —r)
KZ11 ) Z11 1 dt
].—Ii le/Q \/le—t
(ke—1)/2
2
C/exp( 231111/ ( < ) / SM=3)/2 ()
0

+z§1 )/Qexp(— KZH)).

Note that the integration of s(k¢=3)/2 exp(—s) converges since k¢ > 2, and thus the second term
can be bounded from above by ¢(1/x) ~1/2 For the third term, the global maxima of the
function x(*¢=1)/2¢=52/4 i5 obtained at the point z = c'/k, here ¢’ depends on k, ¢, and thus
the third term can be bounded from above by C(1/k)*¢~1/2 where C' depends on § and m.
Therefore, on 2 we have

(kz 3)/

+C(1/H)(k€—1)/2 + C(l/n)(’“‘{_l)ﬂ)
<cre®(Eu/2) (/) FD72 41 /m) M0/ 4 C(1 /) HD/2) [since 1< 1/x]
(1/,{) (ke—1)/2

EPZD) (1 e

kl—1
<o (ST e TE) | SR NG = (G)/2) [ (8. 645

This proves (36), and thus we complete the proof of (16).
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We now prove (17) using (11) and (16). By convexity of the function s — s*("™=%)=1 for s > 0,
we have

Nz /(N (Gg) + 1) + 2/ (N[(Gy) + 1))F(m=k)=1o=(@=A1(Gs))(2=A1(G))/2
<Cz 7Y (z/(N[(Gp) + 1))km=R)—1e=(@=A1(Gs)(@=A1(G))/2

+ Cx Nz /(N(G,) + 1))km=k) 1= (@=A1(Gs)) (2=A1(G))/2
=13+ Iy.

(46)

Let E be the conditional expectation with respect to G, and ¢ := m — k as before, and we define

Ft) =27 x/(t+ 1) Texp(—(z — t)(z — A[(G,))/2)
and
h(t) = 7' (@/(A\[(Gy) + 1) exp(—(z — t)(x — A[(G,))/2).
We define the event
QO = {\(G,) < (1— )z}
Using (16) and (46), we have
P(M(Ga) > 7, X}(Gp) < (1= 6)2|G)1rs (@)<(1—02)
=E[E (1(x,(Ga)>e, 3 (Ga)<(1-0)2}|G5: Gy) |Gl (6 <(1-6)a)
=E[E (1(x,(Ga)>a1G8, Gr) 1ias (@) <1-0)0y Lirs (64) <(1-000} GA 1 as (65) < (1-0)0)
an SCE(r'(@/(Ni(@) + 1) 2/ (A (Gy) + 1)
xexp (— (z = A (Gp)) (@ — AT(Gw))/2)1{A;(Gﬁ)§(1—6)z})19/
<CE(I311x;(0)<(1-8)21) 1y + CE(Lil (x5 (60 <(1-5)03) Lo
<C(B(/ (N (Ca)1pen<asu)ler + ERNI(Go) 1@ <(-9))ler ).

Note that Gg and G, are independent, therefore, \j(G) and A\{(G,) are independent as well.
Hence for any ¢t > 0, P(A\j(Gg) > t) is equal to unconditional probability P(A\;(Gg) > t). Then
using integration by parts, we have

N (1-6)x
uy  BUOIGED ) = [ FOPOIGS) >

— f((1 = 8)z)P(A(Gp) > (1 = 8)x) + f(0).

On the event Q' = {A\}(G,) < (1 —¢")z}, one has

f1t) <

<
%(x/(t + 1) exp(—(z — t)(z = X{(G4))/2).

Therefore, we have

| roR0i@s) > 0t < 54 exp(—(a = 1 = X(G)/2)
(19)

A _1)2
:;W161/4exp<<AT<Gw>2—w2>/4>exp(‘(( s 1>).

On the event €', we have x — A\{(G,) > ¢’x. Therefore, for C' large enough, one has

(50) exp <_ ((il? - )\T(f"/)) - 1)2> < Cexp(—5/2x2/8).
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It further follows from (49) and (50) that for x > 1, there exists C' large enough such that

(51) / F P (Gp) > t)dt < Ca'2exp(((A\[(G4))? — 2%)/4).

If (1 —0)x <1, then we trivially have

(52) /(1_6” fIOPA(Gp) > t)dt < /1 - < O exp((M(GH))? — 2%) /4).
Now we consoider the case when (1 — §)x > 1.0 Recall (11) in Lemma 2, we have

(53) P(\(Gp) > t) < Ct*"2exp(—t2/4), t > 1,

this implies that
(1-9)
[ FOPOIGs) > e < Ox' 2 expl(X(G7) - %))
(54) ' (1-9)z
X /1 (@/(t+ 1)) exp(—(t = (x = A{(G4)))?/4)dt
where we have used the identity
—(z —t)(x = M(G,))/2 — t*/4
(= (= A{(Gy)))? I MN(GH))?  w(z = A(Gy))

4 4 2
__ (=@ X(G))? L ((Gy)? e
4 4 '

On ', we have,

(1-6)z
/1 (/(t+1)* Lexp(—(t — (x = A(G,)))? /4)dt
/min{5/m/2,(1—5)w}

= 2L exp(—(8") 222 /16)dt
(55) o (—(0")*z*/16)
(1=8)= 2 1 \ke—1
+/ S+—)  e(=(t = (r = A{(G,)))*/4)dt
min{8'z/2,(1—8)z} (5' 1—5) (=t~ ( 1(G4))7/4)

<Cx exp(—(8")%2%/16)+C < C'.
Combining (51), (54) and (55), for (1 — )z > 1, we have

w0 [ roreiGa > na= [ or [T ot epi() -y,
By (52)(? the above estimate is actually true for all > 1 on €. We also have
(57) £(0) = a2 exp(—a (2 — A(G,))/2) < Oz exp((A{(G,))? — 27) /4)
for C large enough, this is because on Q' we have

—z(z = X[(G))/2 = (N(G4))? = 2®) /4 = —(x = A{(G,))?/4 < —5"%a”.
Combining (48), (56) and (57), on Q' we get
(58) E(fON(Ga)1ias@m<(1-)21) < Oz 2 exp((A[(G4))? — 2%) /4).

On ', for & > 1, it holds that z/(A{(G,) +1) > z/((1 —6")x + 1) > 1/(2 — ¢'), therefore, we
further have the upper bound,

(59) E(f(A(Ga)1prs(cay<(i—6)a}) < C'a'2(x/(AT(G4) + 1)L exp(((A1(G4))* — 2°)/4).
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We can similarly control the conditional expectation of h(A}(Gg))1iar(cs)<(1-5)2}- Analo-
gously to (48), we have

B (1-9)z
E(h(AT(Gs)1irs (@a)<1-0)c}) =/0 W (P(AT(Gp) > t)dt

—h((1=98)z)P(A\](Gg) > (1 —&)x) + h(0).
On the event Q' = {A\}(G,) < (1 —¢")z}, one has

(60)

W) < 5/ (G) + 1) expl(—( — 1)z — A (G1))/2).
We basically repeat the proofs of (56) and (57) to get
(61)  E(hN(Go))Lixi(an<tsm)) < O 2w/ (Ni(Gr) + 1)1 exp((A(G4))? — 22)/4).
Then (17) follows from (47), (59) and (61) (recall that £ = m — k). O
3.3. Proof of Lemma 4.
Proof. By the definition of A, in (7) with o = {1,2,...,m}, we have

P(Ag12,...m})
(62)  =P(M(Ga) > ym; A (Gp) <wyr, V1<k<m, BCa, |B|=k)
=P(A\1(Ga) > ym)P(AT(GB) <y, V1I<k<m, 8Ca |B]=kM(Ga)> Ym)

Lemma 4 follows from the following two limits,

(63) lim P\ (Ga) > o) /[m2”F™2/D(1 4 m/2) -y e v/ = 1
n—r—+00

and

(64)  lim PA(Gp) Syw, V1< k<m, fCa, 5= kM (Ga) > ym) = K,

where K, is the constant defined in Theorem 1. Indeed, (62), (63), (64) and the definition of
Ym imply that

. . n
lim ¢, = lim (m)IP’(A{L‘.,,m})

n—-+o0o n—-+oo

= hr}rl n'™ /m! (mQ*(ler)/Q/F(l +m/2) - y$*2e’yi/4)Km
n—-+0oo
m—2(] 7(m72)/2K
lim Ym_(nn) m_—y/4
n=too (m — 11272 T'(1 4+ m/2)
_ (2m)(m_2)/2Km e—y/4
m— )PP +m/2)°

as desired.
We first prove (63). By formula (1) for G, where |a| = m, we have

P(/\l (Ga) > ym)

1 P!

@ SR | QT
m JA1 > SAn A > Ym 1<i<j<m
1

- e M/4g(A)dA,
Zm A1 >Ym
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where we denote

— 3 N2/
g(\1) = / e = IT = Mildra- - drn.
A1>> A, 1<i<j<m
We claim that
(66) lim  g(\)/A\" 1 Z1) = 1.

A] — 400

Dividing into two cases A, > —v/ A1 and A, < —v/ A1, g(\1) is bounded from above by
M V)™ T = A)e 25 A 4dn - d)y,

2<i<j<m

(A — Aj)e” S My - d,

/,\2>~~>>\m>—m
Y
>\2>"'>>\m,>\m<*m 1<i<j<m
= I5 + 16-
Note that I is further bounded from above by (A; + v/A1)™ 1Z,,_1. For Is, we note that

II ci=x< I (nl+0an+D) < H\AIH

1<i<j<m 1<i<j<m

Therefore, we can bound Iz from above by

(M + D™ A (Pl 1) (- )
WL<_ 1

x ( [ el 1yt exp(—xz/zl)cuz)m_? .

For A; large enough, (68) can be further bounded from above by (using (30))
O/ ? exp(= Ay /4) < O/

Combining the estimates for I5 and Is we get

g(A1) € Znmoa (A + VA)™ T+ O
for A1 large enough. It follows that

(68)

A
lim sup ggﬂii < Zm-1-

A1 —+o0 1

For the lower bound, for all Ay > 1 we have

-E
g(M) = (M — \/ﬂ)m*/ e = I = Aldra--dn,

mZA2>"'>A 2<i<j<m
It follows that
A P!
i inf ¢ 2> liminf/ e i=t II = Xldra--drhm = Zp.
A1 —+o00 )\T A1=400 S AT N> > A

2<i<j<m

Then (66) follows from the upper and lower bounds.
Therefore, as n — 400, i.e., ¥y, — +00, we have

(69) / e M/ Ag(A\)dAy ~ Zm,l/ e M/
)\1>ym

A1 >Ym
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Standard results for the upper incomplete Gamma function imply

/ e_)\%/4)\717171d)\1 _ / €_s2m_18(m_2)/2d8
A1 >Ym

52y, /4
(70) ~ Qm—le—yfn/4(y72n/4)(m—2)/2
= 267?’72“/4347”,}72.
Combining (65), (69) and (70) we get

P()\l (Ga) > ym)

Nmel / e—)\f/4)\m71dA1
ZnL A1 >Ym !
(71) "’(Zrnfl/Zm)21/2_26_‘11;2"/4

:m(27r)—1/2r(3/2)/r(1 +m/2) - 21_m/2y;’i_2€_y§1/4
=m2= (2 D1+ m/2) -y e/,

This completes the proof of (63).
Now we prove (64). We define the following two auxiliary events:

B = {ym < M(Ga) <y +1,02(Ga) < VI0glogn, A(Ga) > —/loglogn |
and
Dy = {ym < M(Ga) < ym + 1}.
Then it holds that
B, C D, C {Al(Ga) > ym}.
We first show that
(72) lim P(Buy|A1(Ga) > ym) = 1.

n—-+4oo

Note that (72) follows if we can prove the following two limits,

(73) nEToo P(Du|M(Go) > ym) =1
and
(74) nglfoo P(B.|Ds) = 1.

By (63), we find that
P()\l(GQ) > Ym + 1) .

noteo POW(Ga) > ym)

which implies (73). We now prove (74) by finding a sequence of numbers €, — 0 such that for n
large enough it holds that

P(A2(Go) > Vloglogn or A\, (Go) < —v/loglogn|D,,) <.
P(X2(Ga) < 1, A (Gy) > 0|Dy) -

(75)

Indeed, (75) implies that
(76) P(A2(Ga) > /loglogn or A\, (Gy) < —y/loglogn|D,,) < _n

e+ 17
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which converges to 0 as n — 400, and thus this yields (74). To prove (75), we divide the set
{)\2 (Ga) > Vloglogn or A\, (Ga) < —v/log logn} as the union of two disjoint subsets S; U S, as

follows. On the subset S := {)\m(Ga) < —+/loglog n}, if we condition on D, we have

II ai=x)

1<i<j<m
(77) <O+ AmD)™ (Ao + A ) DO =2/2
<CNPT A ™ (PAg] 4 D) Dm=2)/2 ) (m=1)(m=2)/2
=CNP 1 A |2 (0| 4 1) Dm=2)/2,

On the subset Sy = {)\Q(GQ) > loglogn, A\, (Gy) > —\/loglogn}, if we condition on D,
where A\1(G,) ~ 2v/mlogn, then we easily have the upper bound

[T =) <oapiagr D=2z,

1<i<j<m

It follows that the left hand side of (75) can be bounded from above by the summation of

UL AP e AN [ g Pl 7702 (ol £ 1) D022 SN g,

m+1 m—1,— — S m 2
00— D 1A oy o Tacragen O~ A SE /40y i

Ym

and
Ym+1 \m—1_— )2
C[me )‘1 e A1/4d)\1] f)\2>x/loglogn,)\m>—x/log10gn
[f.vj}:H()‘l o 1)m_1€7)\%/4d)‘1] f1>A2>-~>>\m>0 H2§i<j§m()‘i - )‘j)e_ 2 )‘?/4d)\2 cdAm

The above summation can be further bounded from above by

)\;mfz)(mfl)/%— T A AdNg - d,,

o / o] D2 exp(— A2, /4)d A
Am<—vloglogn

+ / MDD exp(— A f4)dAs)
A2>+/loglogn

=€y

as n large enough. Clearly it holds that €, — 0 since y/loglogn — +oco. This completes the
proof of (75) and thus the proof of (72).
Now we are ready to prove (64). We define the event

Ho={X(Gp) Sy, V1<k<m, BCa, |8 =k}.

Using (72), we see that (64) is equivalent to
(78) lim P(Ha|Bo) = K.

n—-+oo

To prove (78) we need to use the fact that

Go LU diag(M, - A)U
where |a| = m and

U Luo(m))
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is sampled from the uniform measure on the orthogonal group O(m) which is independent of
(A1, Am) and

A5 Am) 2 (A(Ga)s-+ s Am(Ga)).
Given any

X = UTdiag(Ala T 7>\m)U; U S O(m), )\1 Z e Z )\ma
by definition it holds

A(X) = A, M(X)2 =21+ A0/2

Let \] = /Y A = VX2 - A (X), X1 = UTdiag(A\1,0,--,0)U, X := X — X,
then we have |X2|( Tr( 2)) = A\ (X). For 8 C a={1,--- ,m} we have
(79) AT(Xp) = AT((X1)p)| < [(X2)p| < [ Xaf = A (X).

Here, by the Lipschitz continuity of eigenvalues for symmetric matrices (see Corollary A.6 in [1]),
we can further derive the fact that

[A(4) = A(B)| < |A - B.
Since (X7)g is a matrix of rank at most 1, we have
(80) M((X1)g) = (T((X)))2 = [l Y i,
kep
here u = (uy,- - ,up,) is the first row of U. Note that u has the uniform distribution on the unit
sphere S™~1. By (79) and (80), we have
(81) Xi(Xg) = Il Y- ud| < AT (X)),
kep
Now we replace X by G,. On the event B, we have
A (Go) < y/mloglogn and  ym < A1 < ym + 1,
which together with (81) imply

(82) Ym Zui — v/mloglogn < A\(Gg) < (ym + 1) Zui + v/mloglogn

kep kep

for all g C a.
By (82) and the fact that the first row u of the orthogonal group are independent of the
eigenvalues \;(Gq),1 < i < m, we have

5 _ yr —vmloglogn
D ui < X

BCalBl=Fk
P Ym + 1
(83) <P(H,|B.)
Tog1
P (30t < S YIOERER 5
kep

This together with the facts that y, ~ 2v/klogn and y,,, ~ 2y/mlogn as n — +oo imply

lim P(Ha|Ba) =P Y uj <k/mVBea, B =k|,

n—-+4+oo ks
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which is exactly the definition of K,,,. This proves (78), and hence (64). Therefore, we complete
the proof of Lemma 4. O

4. PROOF OF THEOREM 2

Now we prove Theorem 2. As before, for G = (gi;)1<i<j<n sampled from GOE, we denote
Go = (9ij)i,jca as the principal minor of size m x m for o C {1,...,n} with |a| = m and I, is
the collection of all such . Let v1(G,) be the eigenvector of the largest eigenvalue of G, and
v* € S™~! be the eigenvector of the largest eigenvalue of the principal sub-matrix that attains
the maximal eigenvalue T}, ,, i.e., we have

a* = argmax,c; A (Ga)

and

(84) V" = v1(Ggr).

As in §3.3, we recall the definition of the event

(85) Hy = {\i(Gp) <y, V1 <k <m, BCa,|B| = k}.

We define the random variable & as follows. If the event U,er,, Ho holds, then we set
&= argmax,cr,. i, holdsM(Ga)-

Otherwise, we set & to be {1,...,m}. We now set

(86) 0= A1 (Ga).

In other words, v is the eigenvector of the largest eigenvalue of the principal sub-matrix G, that
achieves the maximal eigenvalue under the constraint that H, is true. By (8) and (12), we have

lim P(Nacr, Ha) = 1.

n—-+oo

On the event Nyer,, Ho we clearly have & = o* and © = v* since the constraint for & doesn’t have
any effect. Recall the definition of A, in (7) where A, = Ho N {A1(Go) > Ym}, o0 Naer,, Ha,
the two events {Ty,.n, > ym} and Uger,, Ao coincide. In other words, for symmetric @), we have

(87) (maefm,Hoz) N {TG,m,n Z Yms ”U* S Q} = (maeija) N {Uaeija,’lA) c Q} .
It follows that
|P(Tm,n > ynuv* € Q) - ]P)(erelonmﬁ € Q)|
(88) = UPJ ((maelmHa)c N {Tm,n Z Ym» v* € Q}) —-P ((maelmHa)c N (UaEIonm U € Q))|
<2P ((maelmHa)c) )
which converges to 0 as n — +o0o0. Hence, (4) is equivalent to the limit
(59) P(Uner, Aas € Q) = (1~ Fy (4))v(Q)

All of the rest is to prove this convergence. Now we define four quantities

ki(a) = P(Ay,v1(Ga) € Q;Va # a, Ay fails or A\(Gor) < M\1(Ga)),

ka(a) = P(Ay,v1(Ga) € Q;Va Na =0, Ay fails or A\ (Gor) < M (Ga)),
(90) k3(a) = P(Ay;Va! # a, Ay fails or A\ (Gor) < M(Gh)),

ki(a) =P(Ay; Vo' Na =0, Ay fails or A\ (Gyr) < A1(Ga))-
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We note that
P (Uael Aom@ € Q)

=) P(Aq,v1(Ga) € Q;Va' # a, Ay fails or A1 (Gar) < M (Ga))
(91) OCeIm

=Y ki(a)
a€Ely,

In fact ki(c),...,ka(c) don’t depend on the specific choice of a. Recall the definition of b, o
and (27), we have

(92) dim > P(Aa N Ar) = lim by =0.
a,a’ €l ;ana’ #£)

By the definition of k; (a) and ks () together with the union bound we have

(93) > Jki(a) a)| < ) P (AN (Uarrazsdar)) < > P(Ay N Ay).
acl,, a€cl,, a,a’ €l ;anNa’ £0

Combining (91), (92) and (93) we see that

(94) lim

n—-+4oo

P(Uaer, A, € Q) — Y ka(a)

aEly,

We can similarly show that

(95) im P(Uaer, Aa) = Y ka(e)| < lim Y7 |ks(a) — ka(a)] = 0.
aclny, a€l,,

Recall that we have already shown

(96) P(Uael,”A ) —1-— Fy<y)

in the proof of Theorem 1 as n — +oc0. Hence, combining (95) and (96) we have

(97) A 3 bl =1- ()

The advantage of introducing ko () is that, we have the conditional probability
P(v1(Gq) € QAn; Vo' Na =0, Ay fails or A\ (Gor) < M(Gy))
=P(v1(Ga) € QlAa),
since G, is independent of {G, : &’ Na = @}. Consequently, we have
ko(a) =P(An; Vo Na =0, Ay fails or A\ (Gor) < M\1(Ga))
(99) X P(v1(Ga) € QlAn; Vo' Na =0, Ay fails or A\ (Gor) < A\1(Ga))
=P(v1(Ga) € Q|An)ka(c).

Clearly the term P(v1(Go) € Q|As) is the same for all « € I,,,. Let oy = {1,...,m}. Then we
have

(100) Y k(@)= Y P(0i(Ga) € QAa)ka(a) = P(11(Ga,) € Ql4a,) Y ka(a)

a€ly, acly, aEly,

(98)

Let u be sampled from the uniform distribution on the unit sphere S™~!. Inspecting the
proof of (64) in §3.3, especially (72) and (83), we have

(101) lim P(Hu,v1(Ga) € QM (Ga) > ym) =Pue S, NQ),

n—-+oo
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where S,,, has been defined in (3).
By the fact Ay = Ho N {A1(Go) > yYm}, we have

(102)

lim P(v1(Ga,) € QAq,)

n—+4oo
— lim ]P)(Haavl(Ga) € Q|)\1(Ga) > ym)
n—-+oo P(Hap\l(Ga) > ym)
PlueS,nQ)
T PueSn)
=v(Q),

where v is the uniform distribution on the set S,,.
Combining (94), (97), (100) and (102) we get

lim P (Uper, Aa,d € Q)

n—-+oo

=i, 2 ka(e)

(103) acln

— lim P(01(Gay) € Qlday) 3 Ka(a)

n—-+o0o
acl,,

v(Q)(1 = Fy(y)):

This proves (89), and thus the proof of Theorem 2.
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