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REDUCTION OF L,-ALGEBRAS OF OBSERVABLES ON
MULTISYMPLECTIC MANIFOLDS

CASEY BLACKER, ANTONIO MICHELE MITI, AND LEONID RYVKIN

ABSTRACT. We introduce a novel symplectic reduction scheme for C°°(M,w) that extends in a
straightforward manner to the multisymplectic setting. Specifically, we exhibit a reduction of the
Lo.-algebra of observables on a premultisymplectic manifold (M, w) in the presence of a compat-
ible Lie algebra action g ~ M and subset N C M. In the symplectic setting, this reproduces
the Dirac, Sniatycki-Weinstein, and Arms-Cushman-Gotay reduced Poisson algebra whenever the
Marsden—Weinstein quotient exists. We examine our construction in the context of various exam-
ples, including multicotangent bundles and multiphase spaces, and conclude with a discussion of
applications to classical field theories and quantization.
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INTRODUCTION

It is well known that under suitable regularity conditions a symplectic Hamiltonian action G ~
(M,w) with moment map p : M — g* determines a canonical symplectic structure on the reduced
space My = p~1(0)/G [MWT74, Mey73]. By association, we may consider the Poisson algebra
C>(M,w) to reduce to C°°(My,wp). It turns out that the conditions under which the existence of
(Mo, wp) is ensured are more restrictive than those admitting a natural analogue of C*°(My,wp). A
symplectic observable reduction scheme is a procedure for defining a reduced algebra of observables
C*°(M,w)p without assuming the existence of (M, wp).

In this paper, we adapt these ideas to the multisymplectic setting, that is, to the setting of a
smooth manifold M equipped with a closed and nondegenerate (n + 1)-form w € Q**'(M). In
particular, given a multisymplectic Hamiltonian action G ~ (M,w) and an associated covariant
moment map g € Q""1(M, g*), we reduce the L,.-algebra of observables Hamy,(M,w) to obtain a
reduced space Hamy, (M, w)o that canonically includes in Hamq (M, wg) whenever the geometric
reduced space (My,wp) exists. In fact, our construction is rather more general than this. We define
a reduction of Hamy (M, w) with respect to any Lie algebra action g ~ M and subset N C M
satisfying mild compatibility conditions.

2020 Mathematics Subject Classification. 53D05, 53D20, 70505, 70510 .
Key words and phrases. Loo-algebras, multisymplectic manifolds, moment maps.
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In the symplectic (i.e. I-plectic) setting, our construction agrees with the Dirac, Sniatycki-
Weinstein, and Arms—Cushman—Gotay reduction schemes whenever the Marsden—Weinstein reduced
space (My,wp) exists and, in this situation, returns the Poisson algebra C'*°(Mjy, wy). However, we
emphasize that even in the symplectic case our construction is distinct from each of these reduction
schemes.

We now review a few terminological conventions of symplectic reduction that carry over in a
natural way to the multisymplectic setting:

e A reduction scheme is said to be geometric when it produces a reduced symplectic manifold
(Mo,w()).

e It is said to be algebraic, or observable, when it returns a reduced space of observables
C*°(M,w)p, without necessarily exhibiting an underlying reduced symplectic manifold.

In mechanical terms, the former is a reduction of states, while the latter is a reduction of observables.

Every reduction scheme we consider involves in an essential way a subset N C M. Traditionally,
N is the vanishing locus of a family of constraint functions ¢, € C°°(M). Such a scheme may
additionally utilize an action G ~ M, historically encoding a group of symmetries of a generalized
momentum phase space. This brings us to a second distinction:

e We call a reduction scheme constraints-based when it takes as input an admissible subset
NCM.

e We call a constraints-based reduction scheme symmetry-based if it additionally takes as
input a compatible Lie group action G ~ (M, w).

Finally, we make a distinction based on the smoothness conditions imposed on the constraint set
N C M:

e A reduction scheme is reqular when the constraint set N C M is required to be a smoothly

embedded submanifold.

e Otherwise, it is singular.

For example, the Marsden—Weinstein reduction is a regular symmetry-based geometric reduction
scheme, while the Arms—Cushman—Gotay reduction is a singular geometric symmetry-based scheme.

In Table [1| we indicate a few instances of symplectic reduction schemes, arranged according to
the classification above.

constraints-based symmetry-based
geometric 3 B . Marsden—Weinstein [MWT74]
reduction Arms-Gotay-Jennings [AG.I) Arms-Cushman-Gotay [ACGI]] |
observ?lble Dirac [Di64] Sniatycki-Weinstein [SW83|
reduction Lo [

TABLE 1. Some well-known symplectic reduction schemes.

Reduction has its origins in mechanics, specifically in the problem of reducing the degrees of
freedom of a mechanical system with symmetries. In this regard, it is rooted in the work of Euler
and Lagrange on motions of the rigid body. We refer to [MWO0Il [CMRO1] for a historical review.
The manifestation of these ideas in symplectic geometry is the celebrated Marsden—Weinstein—-Meyer
theorem [MWT74l [Mey73|, which we review in Subsection

Insofar as it is possible to formally extend the symplectic formalism to continuous physical sys-
tems, by defining a presymplectic structure on the infinite-dimensional space of solutions of the field
equations, such a procedure encounters various technicalities, not least, from a mathematical per-
spective, those arising from considerations of infinite-dimensional manifolds. The covariant formal-
ism avoids these issues by working not with a space of solutions, but rather on a finite-dimensional
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multiphase space associated to the configuration bundle. We refer to [Kij73, I(GIMM98|, [GIM04, H12]
for background on the mathematical physics that precipitated much of the development of the mul-
tisymplectic formalism.

The underlying ideas of symplectic reduction have been extended throughout differential geome-
try. Indeed, the range of adaptations includes Poisson manifolds [MR86), Wil02], contact structures
[dLIV19L Wil02], cosymplectic manifolds [AIb89], polysymplectic manifolds [MRRSVn15|, higher
Poisson structures [BMARI9|, Courant algebroids and generalized complex structures [BCGO7,
SX08, [Vai07], and quasi-Hamiltonian G-spaces [AMMO98].

The question of multisymplectic reduction is first addressed in [Sni04], where an extension of the
Marsden—Weinstein quotient is defined for multiphase spaces associated to classical field theories.
The prospect of a general multisymplectic reduction procedure is given in [MWOI), [OR04] and a
more thorough examination in [EEMLRRI1S|. Building on this work, a reduction for general mul-
tisymplectic Hamiltonian G-spaces is proposed in [Bla21]. We note that an interesting alternative
perspective, reflecting a mechanical notion of reduction and distinct from the Marsden—Weinstein
quotient in the symplectic setting, appears in [dLGR™22, Definition 4.2].

While the smooth functions on a symplectic manifold naturally possess the structure of a Poisson
algebra, the space of observables Hamy, (M, w) on an n-plectic manifold (M,w) exhibits the rather
more technical structure of an Ly,-algebra, or homotopy Lie algebra. The L..-algebra structure of
Hamy (M, w) was first identified in [Rogl2] and has since become an object of interest in its own
right, for example, in its role in the construction of homotopy moment maps |[CEFRZ16, [FLGZ15,
S716l, Her1§].

Summary and results. We define a symmetry-based observable reduction scheme in the multi-
symplectic setting. The parameters of the reduction consist of a suitably compatible (pre-)multisymplectic
manifold (M, w), constraint set N C M, and Lie algebra action g ~ M. The result is an L-algebra
Ham oo (M, w) N .

Key features of this reduction include:

e The reduction is applicable for any subset N C M, without conditions on smoothness or
type of singularity.

e The action g ~ M is required to preserve N in a weak sense: It is the ideal of functions
vanishing on IV, rather than N itself, that must be preserved.

e The action need not preserve w: It suffices for w to satisfy a strictly weaker condition of
reductbility.

The reduction naturally applies to constraint sets N C M induced by covariant moment maps,
and hence also induces a symmetry-based observable reduction scheme that interacts with geometric
multisymplectic reduction. Perhaps surprisingly, our construction exhibits novel behavior even in
the symplectic setting.

The paper is organized as follows:

We begin in Section [I] with a review of classical symplectic reduction with respect to a moment
map, and a survey of three approaches to the observable reduction of symplectic manifolds. In
addition to contextualizing our reduction scheme in terms of symplectic predecessors, this exposition
will serve as a reference in Subsection [4.1] for comparison with our new multisymplectic reduction
scheme.

In Sectionwe provide a brief review of multisymplectic geometry, including (pre-)multisymplectic
manifolds (M, w), and their observable L.-algebras Hamoo (M, w). We conclude this section by re-
viewing covariant moment maps and geometric multisymplectic reduction.

In Section [3] we present our main construction. Here we introduce the notions of reducibility
for differential forms, vector fields, and multisymplectic observables. We prove that the space of
reducible observables Ham, (M ,w)[N] is an Lo-algebra and show that the space of observables
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Iyam,. (N) that should vanish after reduction is an L-ideal. Hence their quotient is a well-defined
Loo-algebra:

Definition 3.21. The reduction of Hamy (M, w) with respect to g ~ (N C M) is the Lo-algebra
Hamoo(M,w)[N}
IHamoo (N)

We then turn to symmetry-based multisymplectic observable reduction. We show that the level
sets of a covariant moment map give admissible initial data for our reduction procedure and compare
the reduced space of observables with the geometric reduction (My,wy). Whenever the latter exists,
we have:

RIRES

Hamoo (M, w)n =

Theorem 3.38. The geometric reduction map
TN+ Hamoo (M, w)(n) — Hameo (My, wi)
(v,a) — (vN,an)
a — ay
is a strict Loo-morphism with kernel Inam. (N). In particular, there is a natural inclusion of Leo-
algebras

Hamoo (M, w)in)  7x
Hamo (M, = <
Moy = =7 )

In Section[d we turn to interesting and illuminating classes of examples of reduction. We first look
at the important special case of symplectic manifolds. First, we show that our reduction scheme
applied to the Poisson algebra C°°(M,w) is canonically Poisson.

Hamoo(MN,wN).

Theorem 4.1. If g ~ M is tangent to N C M, and if the symplectic structure w € Q%*(M) is
reducible, then the reduction Loo(M,w)n inherits a natural Poisson structure from C*°(M,w).

We then establish that, while the Loo-reduction procedure is distinct from the Dirac, Sniatycki—
Weinstein, and Arms—Cushman—Gotay schemes, the all coincide whenever the Marsden—Weinstein
quotient exists:

Theorem 4.13. Let G ~(M,w) be a symplectic Hamiltonian action and suppose that 0 € g* is
a regular value of the moment map p : M — g*. If G ~ M is free and proper, then the [Loo],
[SW], [D], and [ACG] reductions are equal. In particular, each is isomorphic to the Poisson algebra
C*°(Moy,wo) of smooth functions on the Marsden—Weinstein reduced space.

In Subsection [.2] we compute the Lo-reduction for a simple but illustrative example in which
the symplectic form is merely reducible but not invariant.

In Subsections [£.3] and [£.4] we consider the celebrated examples of multicotangent bundles and
multiphase spaces, which underlie the covariant Hamiltonian approach to classical field theories.
Even in this natural and motivating setting, a complete description of the reduced space appears
to be highly nontrivial. In spite of this, we show that a particular natural class of observables
associated to the underlying covariant configuration bundle is always reducible:

Theorem 4.17. If v € X(M) preserves X4(E), the C*°(M)-module generated by the fundamen-
tal distribution g, and if v € X(E) is (E — X)-projectable, then (,150) € Ham® (ATT*E,w) is
reducible.

Our theoretical development is supplemented in Subsection [4.5] with explicit computations of
reducible observables for a particular scalar field theory.
4



We conclude in Section [5] with a discussion of three topics for future development. First, we
consider the setting of spaces of connections under the action of a gauge group, following [CFRZ16,
Section 10]. Second, we consider the application of our work to the historical source for multisym-
plectic geometry, classical field theory. Finally, we consider the extension of our methods and results
to multisymplectic quantization.

Notation and conventions. Our sign conventions are chosen to be broadly consistent with
[CFRZ16].

All manifolds are assumed to be C'°° and paracompact. We denote by G ~ M the smooth action
of a Lie group on a manifold. Except where explicitly stated otherwise, all actions are on the left.
Induced actions on spaces of forms G ~ (M) are given in the usual manner by inverse pullback.
The induced infinitesimal action g ~ M is the assignment of fundamental vector fields

o g — X(M)
§— ¢

where q
£, = 3 P (—t&)x o Vx € M.
Consequently, { — £ is a Lie algebra homomorphism. We write Z¢ and ¢ for Z¢ and ¢ throughout.

On a pre-n-plectic manifold (M,w), a Hamiltonian form o € Q"~1(M) and any associated Hamil-
tonian vector field v, € X(M) are related by the identity daw = —¢,,w. The relation between a w
and a premultisymplectic potential § € Q"(M) is w = d#.

The Leibniz bracket on Qﬁ;}l(l\/f ,w) is given by {«, f} = %, 6. In particular, in the symplectic
setting the Poisson bracket is {f,h} = w(vy,vs). Consequently, the assignment of Hamiltonian
vector fields C*°(M,w) — X(M) is a Lie algebra homomorphism.

We denote by a¢ = (a,§) the contraction of a g*-valued form o € Q(M, g*) with an element
¢ € g. Consequently, adZaC = —q¢ ] Where ad” : g ~ g* is the coadjoint action.

A comprehensive glossary of symbols is provided in Table
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1. REDUCTION OF OBSERVABLES IN THE SYMPLECTIC SETTING

Fix a smooth manifold M and an arbitrary closed subset N C M. We often refer to N as a
constraint set since, in the context of time-evolving mechanical systems, it can be interpreted as
the subspace of the phase space consisting of Cauchy data admissible by the physical constraints.

A (constraints-based) reduction scheme of (M,w) with respect to N is a procedure yielding a
symplectic structure on a certain smooth quotient of N (geometric reduction) or a certain Poisson
algebra (observable reduction). The latter could be eventually interpreted as representing the alge-
bra of “smooth functions” over a certain topological space; however, it can happen that the reduced
Poisson algebra does not arise from a symplectic structure on the reduced space. Hence, while a
geometric reduction always implies an observable reduction, the converse is not true in general.

5



symbol meaning reference
C>(M,w) Poisson algebra of observables

Iy constraints ideal in C*°(M)

1, momentum ideal

N(S) normalizer of S C C°(M,w)

Fy first-class function set

O(N) Dirac observables

S¢ fixed-point set of G ~ S

w (pre)multisymplectic form

n covariant moment map

1L comoment map

X(M,w) multisymplectic vector fields

Xham(M,w) Hamiltonian vector fields

Loo(M,w) associated Loo-algebra

c(k) total Koszul sign

Ik kth multibracket of Lo (M, w)

Hamoo (M, w) L -algebra of observables

I kth multibracket of Hama (M, w)

{,} Leibniz bracket on Q' 1 (M, w)

0 multisymplectic potential subsec.
(Mg, we) reduction of (M,w) at level ¢

Xn(M) vector fields tangent to NV def.
Ix(N) vanishing ideal in X(M) def.

g (N C M) action tangent to N def.
Io(N) vanishing de Rham ideal def.
Q(M)(n reducible forms def.
X(M)n reducible vector fields def.
Xq(M) fundamental submodule def.
Ham (M, w)(n) reducible observables def.
Tnam, (V) vanishing observable ideal def.
Hamo(M,w)n  Loo-reduction along N def. 3.
Hamoo(M,w)y  Loo-reduction at level ¢ def. [3.26
g fundamental distribution

TN geometric reduction map

(My,wn) reduction of (M,w) along N

[Hamoo, R] residue defect

Q Casimir functions def.
A]fT*E multiphase space subsec.

TABLE 2. Index of notation.



Our main interest will be the reduction with respect to symmetries (i.e. symmetry-based). In
this case, we will be concerned with constraint sets induced by Hamiltonian group actions, namely
N = p~1(0) with : M — g* a moment map associated to the action.

When p~1(0) € M is not a submanifold, or when the action G ~ p~1(0) fails to be free and
proper, the reduced space (Mp,wp) prescribed by the Marsden—Weinstein reduction theorem may
not exist.

One approach to addressing this pathology is to turn our attention from the underlying symplectic
space (M,w) to the Poisson algebra of observables C*°(M,w). As we shall see, there are various
natural constructions of a reduced space of observables even in the absence of a reduced space of
points. We will designate such constructions observable reduction schemes.

This section reviews some well-known approaches to reduction in the symplectic (1-plectic) set-
ting, namely the Marsden—Weinstein [MW74], Sniatycki-Weinstein [SW83|, Dirac [Dir64], Arms-—
Cushman-Gotay [ACG91], and Arms—Gotay—Jennings [AGJ90] reduction schemes.

Throughout this section, (M,w) denotes a symplectic manifold and C°°(M,w) the associated
Poisson algebra, that is the (unital, associative, commutative) algebra of smooth functions C*°(M)
endowed with the Lie bracket {-,-} given by

{flva} = w(vavfz) = ‘val (f2)

for any f; € C*°(M) with associated Hamiltonian vector field vy,. We note that this bracket is
indeed Poisson: in addition to the Jacobi identity it satisfies the Leibniz rule,

{h’fl f2} = {h’fl}f2+f1{h7f2}
for all h, fi1, fo € C*°(M).

1.1. Reduction of symplectic manifolds. Before turning to observable reduction schemes, we
first recall the original Marsden—Weinstein reduction theorem for symplectic Hamiltonian actions

IMWT4].

Let G ~ M be the action of a Lie group on a symplectic manifold (M, w). We call this a symplectic
action when w is preserved by G, and it is in this setting that the action may additionally admit a
moment map.

Definition 1.1. A moment map for G ~(M,w) is a smooth map p : M — g* such that
i. dpg = —ew for all £ € g,
il. p: M — g*is G-equivariant,

where p¢ = (u,§) is the contraction on g* ® g and where G ~ g* is the coadjoint action.
By inverting the order of arguments, the moment map induces a Lie algebra homomorphism

fp: g — C®°(M,w)
§— pe

Thus, every moment map encodes a comoment map, defined as follows.

Definition 1.2. A comoment map for G ~(M,w) is a linear map i : g — C*°(M,w) satisfying

Lodpa(g) = —tew
ii. p(l€, ¢]) = {n(&), n(Q)}
forall £,¢ € g.

Remark 1.3. Condition ii. of Definition expresses the equivariance of p with respect to G ~ M
and the coadjoint action G ~ g*. This property implies that g is a Lie algebra homomorphism
(condition ii. of Definition . The converse is true when G is a connected group.
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Remark 1.4 (comoment maps as lifts). An action admitting a moment map acts infinitesimally
by Hamiltonian vector fields. The comoment map assigns to each £ € g a Hamiltonian function
pe € C°(M) associated to the fundamental field §. In this setting, G ~ M is said to be a
Hamiltonian action.

More algebraically, i is a lift in the category of Lie algebras of the fundamental action £ — £ by
the assignment of Hamiltonian vector fields f — vy. a

C*(M,w) o

g— X(M) va

{r— ¢

The Marsden—Weinstein symplectic reduction scheme is a rule that associates to each suitably
compatible

i. symplectic Hamiltonian action G ~ (M, w),
ii. moment map p: M — g*, and
iii. element A € g*,

a reduced symplectic manifold (M, wy).

Theorem 1.5 (Marsden—Weinsten symplectic reduction [MWT4], see also [Mey73|). Consider a
symplectic action on the symplectic manifold (M,w), with moment map p: M — g*. Let A € g*
be a reqular value of p, denote by N = p~1()\) the corresponding smoothly embedded level set.
Assume also the action of the isotropy subgroup G restricted to N to be free and proper, denote
as My = pu~Y(\)/Gy the corresponding quotient manifold. Then there is a unique symplectic form
wy € Q%(M,y) satisfying j*w = m*wy, where j : p~Y(\) — M is the embedding of N in M and
7w Y(N) — M)y, is the canonical quotient.

Definition 1.6. The symplectic manifold (M), w)) provided by Theorem is called the Marsden—
Weinstein symplectic reduction of (M,w) with respect to the Hamiltonian action G ~ (M, w).

1.2. Smooth structures on singular sets. In rough strokes, the Marsden—Weinstein reduction
is a two-step process:

i. first, we restrict to a constraint set N C M,
ii. then, we descend to the quotient N/G.

At each stage, we rely on the assumption that N C M is a smoothly embedded submanifold.

Several alternative reduction procedures have been introduced to account for the less well-behaved
situation where N is not smooth but is, for example, the preimage of a singular value of a moment
map (hence the name singular reductions).

To avoid the technicalities of making sense of smoothness in the singular setting, is convenient
to adopt a more algebraic viewpoint.

Let M be a smooth manifold and N C M an arbitrary subset. The algebra of smooth functions
that vanish on IV is instrumental in giving an algebraic characterization of the arbitrary subset V.

Definition 1.7 (constraints ideal). We define a constraint to be a smooth function vanishing on
the constraint set N. The space of such functions defines an associative algebra ideal in C*°(M),

IN:{feCOO(M)‘f\N:O} .
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An application of a smooth version of Urysohn’s lemma provides that Iy determines the closure
of the subset N C M. Specifically, p € N if and only if h(p) = 0 for every h € Iy. In particular,
denoting by N the closure of N, we have that Iy = I.

Finally, observe that when M is endowed with a symplectic structure w, the associative ideal
In € C°°(M) is not generally a Lie subalgebra of C*°(M,w).

Remark 1.8. There are several ways to specify a notion of smoothness for a possibly singular subset
N of the manifold M. For instance, arbitrary constraint sets could be framed as smooth varieties
[ACGOIT], §6], as Sikorski’s differential spaces [Sik72al [Sik72b] (see |CS01, §3] for a quick review and
[Stall] for a more comprehensive account), or as stratified spaces [SLI1|. All of these frameworks
pass by prescribing what is the algebra of smooth functions on the subset N C M, namely given
by the algebra of Whitney [Whi34] smooth function

C®(N) = (M) /Iy .

Note that, when N C M is smoothly embedded, C°°(N) can be interpreted as the algebra of smooth
functions in the usual sense thus the above identification can be interpreted as the isomorphism
induced by restriction map C*° (M) — C*°(N) (with kernel given by Ix).

Similarly, given a smooth action G~ M, the algebra of smooth functions on the orbit spaces
M/G and N/G can be given as

C®(M/G)=C>®(M)Y,  C®(M/G)=C>(M)/I§ .

In Section we will extend this reasoning to differential forms and fields as a way to introduce
the notion of tangency along the singular set V.

1.3. [SW] reduction. The Sniatycki-Weinstein reduction is a symmetry-based observable reduc-
tion scheme defined for any singular constraint set [SW83).

Such a procedure is guaranteed to produce a reduced Poisson algebra out of the regular Poisson
structure naturally associated with the symplectic manifold on which the group acts. Furthermore,
in the case in which a geometric reduction does exist, such reduced Poisson algebra coincides with
the canonical Poisson structure associated with the geometrically reduced symplectic manifold.

Let (M,w) be a symplectic manifold and G a connected Lie group with Lie algebra g and dual
g*. Consider a Hamiltonian action G ~(M,w) with moment map u: M — g*.

The [SW] reduction procedure is based on the ideal generated by the momenta .

Definition 1.9 (momentum ideal). The momentum ideal is the associative ideal I, C C°°(M)
generated by the momenta p¢ for any { € g. Namely

n
b= = { S

Remark 1.10 (momenta as constraints). We call N = p~1(0) the constraints locus of the moment
map p. This is a subset of M, in general not a smooth submanifold, defined as the zero-level set of
all possible momenta (regarded as constraints). In general, I,, includes in the ideal Iy C C°°(M)
of smooth functions vanishing along N, see Lemma below.

Lemma 1.11. [, C C*®(M,w) is a G-stable Poisson subalgebra.

n >0, fiECoo(M), & € g, 1<i<n} .

Proof. Every element of I, is a linear combination of products fue for f € C°°(M) and £ € g. Two
applications of the Leibniz rule yield

{fue, huct = fh{pe, uct +q
for some g € I,,. Since the equivariance of y is equivalent to the condition {j¢, pic} = pe o, see e.g.

[dS08| §22.1], we conclude that the Poisson bracket lies in ,,.
9



For x € M, we have
(9-pe) () = pelg™ - x) = pg-1.(x)
where the second equality follows from the equivariance of p. Therefore, G preserves I,,. O
Remark 1.12. Observe that the G-invariant Poisson subalgebra I, need not be a Lie algebra ideal

with respect to the Poisson bracket. On the other hand, if we restrict to the Poisson subalgebra of
G-invariant functions C*(M)% it follows that IMG =1, N C>®(M)% is a Poisson ideal since

{pe,,hy = Le,h =0 Yhe O®(M)C .

From Lemma it follows that the action of G on C°°(M) induces an action on the quotient
algebra C°°(M)/I,, such that the projection algebra morphism p : C*°(M) — C*(M)/I, is G-
equivariant.

Theorem 1.13 (Sniatycki-Weinsten reduction [SW83|). Consider a Hamiltonian action on the
symplectic manifold (M,w) and let u : M — g* be the corresponding moment map. Denote by

N = pu=1(0) the constraint set given as the zero locus of the moment map. The space of G-invariant

elements of the quotient algebra C*°(M)/I,, denoted as (COO(M)/LL)G, forms a Poisson algebra
together with the binary operator obtained by pushing forward the Poisson structure of C°°(M,w)
by the canonical projection p : C*°(M,w) — C*(M)/1,,. Furthermore, we have an isomorphism of

Poisson algebrasﬂ
Ce()\“ L NI
I, I,
where N'(1,,) is the Lie algebra normalizer of I, in C*°(M,w), that is,
(1) N(I) = {fec=M) | {f,1,} S L.}

Definition 1.14. The Poisson algebra (C’OO(M)/I#)G of Theorem is called the Sniatycki-
Weinstein reduction of C*°(M,w) with respect to the Hamiltonian action G ~(M,w).

Remark 1.15 (observable reduction at nonzero orbits). In the case of the [MW] reduction, the shifting
trick of Guillemin and Sternberg [GS90| establishes the equivalence of the geometric reduction at
any A € g* with the reduction at 0 for a suitably modified symplectic Hamiltonian action constructed
out of the coadjoint orbit of A. A similar equivalence has been extended in [Arm96] to the case of
not necessarily free and proper actions. We thus restrict our attention to the observable reduction
at 0 € g without loss of meaningful generality.

1.4. [D] reduction. The Dirac reduction is a constraints-based observable reduction scheme de-
fined on singular constraint sets satisfying a so-called first class condition. Let (M,w) be a sym-
plectic manifold.

Definition 1.16 (first class function). The function f € C°°(M) is said to be first class if its
Poisson bracket with any constraint vanishes on N. That is, the set of first class functions is

Fy = {feC"O(M) {f,IN}gIN}.

Equivalently, Fy is the Lie algebra normalizer of the subspace Iy C C*°(M). By virtue of the
Jacobi identity, it follows that Fi is a Poisson subalgebra of C°°(M,w). Elements of Fiy N Iy are
called first class constraints. Those constraints that not are first class are said to be second class.

Definition 1.17 (first class constraint set). A closed subset N C M is said to be a first class set
if every associated constraint is first class, i.e. if Iy C Fy.

LObserve that the quotient on the left-hand side is meant in the sense of associative algebras while the one on the
right-hand side is a quotient in the category of Lie algebras.
10



According to the Dirac’s theory of constraints [Dir64] (see also [Sni83|), it is useful to consider a
certain subclass of well behaved functions.

Definition 1.18 (Dirac observable). We call a function f € C°°(M) a Dirac observable if its
Poisson bracket with any first class constraint vanishes on N. Formally, the set of Dirac observables
is

ON)={feC>*M) | {f,FnnIn}CIN}.

Remark 1.19. In general, Fiy C O(N) and O(N) is not a Lie subalgebra of C°°(M). When N is
first class, O(N) = Fl, in particular Dirac observables form a Poisson subalgebra of C*°(M).

Theorem 1.20 (Dirac reduction (|[Dir64],]JAGJ90, Prop. 3.1))). Consider a first class constraint
set N. The quotient associative algebra O(N)/In forms a Poisson algebra together with the binary
operator

(WL} = [(h kY] ¥Rk € O(V),
obtained by pushing-forward the Poisson structure of O(N) along the canonical projection [-] :
O(N) — O(N)/Iy .

Definition 1.21. The Poisson algebra O(N)/Iy obtained by Theorem is called the Dirac
reduction of C°°(M,w) with respect to N.

Such a reduction can be interpreted geometrically regarding the above Poisson algebra as the set
of “smooth” functions on the reduced topological space N/ ~ where ¢ ~ p if and only if h(q) = h(p)
for all Dirac observables h. That means that states ¢,p € N are identified whenever they cannot
be distinguished by means of the measurable quantities of O(N).

Assume that N is the zero locus of a moment map p associated to a certain group action G ~ M.
We can consider at the same time the associative ideal generated by momenta I, = <,u§>zsess' and
the ideal of vanishing functions on V. In general I, # Iy, more precisely we have the following
chain of inclusions.

Lemma 1.22. Let p: M — g* be a moment map for the symplectic action G ~(M,w). Denote by
N = p~1(0) the zero locus of the moment map and by I, and Iy the ideals of Definitions and
respectively. We have the following diagram in the category of vector spaces

1
///’///7 N Q\\\‘\(Qsé’o
w”// Zd‘;a\/\‘\\)
Ce(M)E N1y - I, < Fynly O(N)

(2, T r

(Pois.)J:ideaz %QZ@.) //,/’ !

Co(M)G s N(I) N(Ix) = Fy |

(M, w) (M)

where solid (resp. dashed) arrows denote Poisson (resp. associative) algebra morphisms.

Proof. According to Lemma I, € C>®(M,w) is a Poisson subalgebra. By the definition of

the normalizer, N'(I,) is the largest Lie subalgebra of C*°(M,w) such that I, € N(I,) is a Lie

algebra ideal. The Jacobi identity yields { Fy, Fx} C Fi, from which it follows that Fy is a Poisson

subalgebra. Similarly, Fiy N1y is a Lie ideal in Fiy = A'(Iy). The assumption N = ;~1(0) provides

that I, is a Poisson subalgebra of first order constraints. By construction, Iy is an associative ideal

and both F and Iy lie in O(N). The proof that I, C Fiv is an inclusion of Poisson algebras can
11



be found in [AGJ90, Prop. 5.1]. The property of C>(M)% to be a Lie subalgebra follows from the
Jacobi identity for the Poisson bracket of C°°(M). The commutation of the uppermost square is
the trivial pullback given by the intersection operation in the category of vector spaces. O

We remark that some of the above inclusions are generally strict, for example, it is possible that
I, # Fn NIy # In (see [AGJ90, §7]).

Proposition 1.23 ([SW]| vs. [D]). If the hypotheses of Theorems (md hold, and if I,, = Iy,
then the Sniatycki-Weinstein and Dirac reduced Poisson algebras coincide.

Proof. Consider a Hamiltonian group action G ~(M,w) with moment map p. When N = p~1(0)
is first class, the diagram of Lemma [T.22] condenses to the following open square in the category of
Poisson algebras:

N(1,.)
Iu

I, — N(1,) >

J

Iy —— Fy =0(N) ——— 2@

In
In light of the equality Fx = N (Iy), the rows above are identical when I, = I. g

Remark 1.24 (on the technical condition I, = Iy). As discussed in [SW83, Thm. 1] and [AGJ90,
Cor. 6.2], when 0 is a weekly regular point, the momentum ideal and the constraint ideal with
respect to N = p~1(0) coincide. In particular, when N C M is a smoothly embedded submanifold
we have that I, = Iy.

Understanding the relationship between Iy and I, in general is a nontrivial problem in C°
algebraic geometry. The special case of compact group actions is discussed in [AGJ90l §5,86]. The
case of free actions on paracompact manifolds is discussed in [Sni05, Lem. 2].

1.5. [ACG] reduction. The Arms—Cushman-Gotay reduction is another symmetry-based observ-
able reduction scheme defined on singular constraint sets [ACG91]. For any subset S C C*>°(M),
we denote by S¢ the subspace of G-fixed elements.

Definition 1.25. The Poisson algebra C>(M)%/I§ is called the Arms—Cushman—Gotay reduction
of C*(M,w) with respect to the Hamiltonian action G ~(M,w).

Remark 1.26. Despite introducing the ACG reduction exclusively in terms of observables, this
scheme also admits a suitable interpretation as a geometric reduction of the symplectic space.
Namely, the ACG reduction is isomorphic to the unique Poisson structure induced on the space of
smooth functions on the variety N/G, interpreting C*°(N/G) as in Remark from C*°(M) by
the following commutative diagram of suitably smooth mappings

N—M

| o

N/G —— M/G

see [ACGI1l Thm. 1| for further details. In the case of proper action, the latter Poisson struc-
ture is proved to be non degenerate [ACG91, Thm2|. Hence, according to this interpretation, the
ACG reduction scheme has been introduced as the universal symplectic reduction of the symplectic
manifold (M, w).

Proposition 1.27 (JACG] vs. [SW] (JAGI90, Thm. 6.1])). Consider an Hamiltonian group action
G (M,w). When IMG = Iﬁ, there is a natural embedding of the ACG reduced Poisson algebra into

the SW reduction. When N (I,,) = C°°(M)% +1,,, there is a natural surjection from the SW reduced
12



Poisson algebra to the ACG reduction. If both conditions applies, the two reduced Poisson algebras
are isomorphic.

Proof. When we consider a Hamiltonian group action G ~(M,w) and a constraint set N = p~1(0),
i.e. when Theorem [1.13| applies, we have the following commutative diagram in the category of
Poisson algebras, where the dashed arrows indicate morphisms of associative algebras only.

> (M)
o0 B A A
IM (asso.) ideal /EM) > IN
J
’ ce(MN\Y . N
P N ©
Iy (Lie) ideal N(I“) ”< I, ) I,
J
—‘ v oo
1G = (0)° p L C®ONE (M),
M (Lie) ideal

I$ I,

[ ] !

- C>(M)¢
I§ Co(M)E —F— ;)
N

(Lie) ideal

The top two squares encode the definition of the [SW| reduced Poisson algebra and the observation
that I, is a normal Lie subalgebra of p~! (C‘”(M)/I,‘,)G], where p is the canonical projection on the
quotient (see [SW83, Lem. 2] or Theorem above). The preimage

N(IH) = {f € C®(M) ‘ {fafu} - IH}
is the Lie algebra normalizer of I, in C°°(M,w). We denoted by IE the intersection of the momen-
tum ideal with the vector space of G-invariant smooth functions. Observe that C>°(M)% C N (1,,).
The middle two squares encode the second isomorphism theorem for Lie algebras. Finally, the bot-
tom two squares express the relation between the two quotients computed with respect to an ideal

I and a certain smaller ideal I’ C I.
Overall we end up with the following morphisms of Poisson algebras

Coo(M)G’

[SW] <~ 19

— [ACG]
where the left (resp. right) mapping is an isomorphism when N(1,,) & C*®(M)% + I, (resp. IE =
I$). O

Remark 1.28. When the acting group G is compact, we can make use of the averaging trick to
conclude that (COO(M)/I#)G = COO(M)G/IE (see [AGIJ90, Prop. 5.12] or |Sni05, Prop. 5] for
details) hence N (I,) = C*(M )G+ T . and Proposition applies. In the case of compact group
action the ACG reduction coincide with the Arms-Gotay—Jennings reduction [AGJ90, Thm. 6.1]
with respect to the zero-level set of a moment map. The latter, in its more general incarnation,
is a purely constraints-based reduction scheme defined on singular sets that satisfy mild technical

conditions. For example, the constraint set N must be strongly isotropic and locally conical (see
[AGJI0, §3] for further details).

Remark 1.29. In |Sni05] can be found a more general account of symplectic observables reduction
schemes by framing them as two-steps procedures akin to the Marsden—Weinstein theorem. In
13



particular, taking N = p~1(\) for a possibly nonzero A € g*, and denoting by I,, the associative
ideal generated by {u¢ — A}¢eq, we obtain the commutative square

ot ()
e (5p0)

where the solid (resp. dashed) arrows denote Poisson (resp. associative) morphisms, the top-right
node encodes the SW reduction, and the bottom-left node gives the ACG reduction (see Remarks
1 to 3 and Equation (11) in [Sni05] for complete details).

2. REVIEW OF MULTISYMPLECTIC GEOMETRY

In this section we provide relevant background on multisymplectic geometry. Our aim is to define
the associated Loo-algebra Lo, (M, w) and the Loo-algebra of observables Hams, (M, w), and to recall
the geometric multisymplectic reduction procedure of Theorem

2.1. Multisymplectic manifolds and the L..,-algebra of observables. Fix a smooth manifold
M.

Definition 2.1 (multisymplectic manifold [CID99]). A pre-n-plectic structure on M is a closed (n+
1)-form w € Q"1 (M). Without reference to the degree n + 1, we say that w is a premultisymplectic
structure on M. If additionally w is nondegenerate in the sense that

W TM —— AVT*M
V ———— LyW

is an inclusion of vector bundles, then we call w an n-plectic or a multisymplectic structure on M.

Symplectic manifolds, manifolds equipped with volume forms, multicotangent bundles, and mul-
tiphase spaces, which we will discuss in the sequel, are all examples of multisymplectic manifolds.
Multisymplectic manifolds form a category with morphisms given as follows.

Definition 2.2. A multisymplectic map is a smooth map of multisymplectic manifolds ¥ : (M, w) —
(M', ') such that U*w' = w. A multisymplectomorphism is a multisymplectic diffeomorphism.

The multisymplectomorphisms thus comprise the global symmetry group of (M,w). The infini-
tesimal symmetries are given as follows.

Definition 2.3. We say that v € X(M) is a multisymplectic vector field when Z,w = 0. We denote
the space of multisymplectic vector fields by X(M,w).

Observe that v is multisymplectic precisely when di,w = Z,w = 0, that is, precisely when t,w is
closed. As in the symplectic setting, we distinguish those vector fields v for which ¢,w is exact.

Definition 2.4. Counsider a pre-n-plectic manifold (M, w). We say that v € X(M) is a Hamiltonian
vector field when da = —,w for some a € Q"~1(M). In this case, we say that « is a Hamiltonian
form associated to v, and we write Xham (M, w) and Q] L(M,w) for the spaces of Hamiltonian vector
fields and forms, respectively.

Remark 2.5. The identity da + t,w = 0 is known as the Hamilton-De Donder—Weyl (HDDW)
equation (see e.g. [Hel04, RW19| and references therein).
14



Remark 2.6. When w is multisymplectic, the vector field v associated to « is unique. In this case,
we say that v is the Hamiltonian vector field associated to .

Observe that
X(M,w)={veX(M) | tw e Q}(M)}
Xham(M,w) = {v € X(M) | tyw € Q4 (M)},

from which it follows that Hamiltonian vector fields are multisymplectic. Moreover, nondegeneracy

implies that a Hamiltonian vector field v € Xpam(M,w) associated to a particular o € Q)7 1(M, w)
is unique. Given v € Xpam(M,w), an associated Hamiltonian form « is determined up to closed
forms.

The space Qﬁ;rrll(M ,w) is not generally a Poisson algebra. However, it can be extended to

Q1 (M,w) ® Q="2(M)[n—1], which possesses a natural Le.-algebra structure. When w is de-

ham
generate there are in fact two distinct constructions, Lo (M,w) and Ham (M, w).

Definition 2.7 (JRogl2l Thm. 5.2|, see also [BFLS98]). Given a pre-n-plectic manifold (M, w), the
associated Log-algebra Loo(M,w) = (L, {lx}r>1) comprises

e the underlying graded vector space L, where

QN (M,w)  ifi=0

) ham )
(2) L' = < Qi+ ifl-n<i<-1
0 otherwise,
e 1+ 1 nontrivial multibrackets {Ij : L"* — L}1<x<pny1, given by

0 if || =0

La) = . |al
da if o] < -1,

and, for 2< k<n+1, as

S(k)e(vay, A+ ANvg,) w if o] =0for 1 <i<k
0 otherwise.

lk(al,...,ak) = {

In the above equation, v,, denotes any Hamiltonian vector field associated to oy, € Q”_l(M W)

ham
k(k+1) -, . . .
and (k) = —(—1) 2 is the total Koszul sign. Note that we contract multivector fields according
to the rule
UVay At AVay) W= lug, - bug, W = W(Vags -, Vags s " 50)-

Definition 2.8 (Le-algebra of observables (JCFRZ16) 4.7])). The Lo -algebra of observables Hamoo (M, w) =
(Ham, {lx}x>1) associated to the pre-n-plectic manifold (M,w) consists of

e the underlying graded vector space Ham, where

{(v,a) | do = —t,w} € Xpam(M,w) & Q- L(M, w) ifi=0

Ham’ = { Q"1+ ()1) if1-n<i<-—1
0 otherwise,

e 1+ 1 nontrivial multibrackets {Zk : Ham"F — Ham}i<i<n+1, where

0 if |a] =0
h(a)=<(0,da)  if]a] = —1
da if la| < —1
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where
ZQ((U17al)a EER) (U27 OQ)) = ([U17U2]a g(k)[’(vl A UZ) w)
and where, for 3 <k <n+1,

(01, 01), -5 (v, 1)) = s(R)e(vr A+ Awg) w
for (vy, 1), .., (vg, ag) € Ham® and Ij, = 0 otherwise.

Remark 2.9. We briefly outline some basic definitions in homotopy algebras, tailoring the exposition
to our purposes and referring to [LM95| and [Laz14l §3] for further background material.

Recall that a Loo-algebra consists of a graded vector space L together with homogeneous, graded
skew-symmetric, multilinear maps Ay : L®* — L (with k > 1) satisfying the so-called higher Jacobi
relations, see [LM95, Def. 2.1]. We denote collectively as A the collection {Aj}x>1 of all multilinear
maps, also called multibrackets.

Given two Luo-algebras (L, A) and (M, u), a strict Loo-morphism 1 : (L, \) — (M, p) is a graded
map from L to M such that p 0®¥ = 1po )y, for each k > 1. In particular, Lo -subalgebra of (L, \)
is a graded vector subspace V' such that the injection map j : V < L is a strict Loo-morphism
(V,{ A\t 0%} k>1) — (L, \). Both the kernel and the image of a strict Loo-morphism are the kernel
and the image of the underlying graded map endowed with the L.-algebra structure inherited from
its domain and codomain.

A (strict) Loo-ideal of (L, \) is a graded vector subspace I C L for which A\g(x,y1,...,yx—1) € I
for every x € I, y; € L, and k > 1. In particular, I C L is an Ly.-subalgebra. Moreover, there is
a natural correspondence between strict Loo-ideals I C L and kernels of strict Ls.-morphisms
Yr : L — L/I. Tt is readily shown that the linear quotient L/I inherits the multibrackets
Apyre(yl, oo Toe]) = (s - - yw)] for any [y;] € L/1.

Expanding on this, given a short exact sequence in the category of L,-algebras with strict Loo-
morphisms,

0O-N—-MSL->0,

we have that N = ker 7 is an ideal and that 7 induces an isomorphism 7 : M/N = L. That is, the
first isomorphism theorem for Lie algebras generalizes in a straightforward manner to the setting of
strict Loo-morphisms.

We emphasize here that this discussion applies only to the case of strict Loo-morphisms. We do
not consider non-strict Loo-morphisms — including, prominently, homotopy moment maps — at any
point in this paper.

2.2. Covariant moment maps and multisymplectic reduction. In addition to extending to
an Loo-algebra, the space Qﬁa_nll(M ,w) possesses a natural Leibniz algebra structure. Compatibil-
ity conditions in terms of this structure are invoked in the geometric multisymplectic reduction

procedure.

Definition 2.10 (Leibniz algebra [Lod93]). A (left) Leibniz algebra comprises a vector space V and
a bilinear map {,} : V x V — V satisfying the Leibniz equation

{a. {B,7}} = {a, B}, v} +{B, {7},
for any o, 5,7 € V.

Definition 2.11 (Leibniz algebra of observables). The space Q" (M, w) of Hamiltonian forms on
a multisymplectic manifold (M, w) possesses a natural Leibniz bracket {, }, given by

{017,3} = 2.8
for o, B € Q" Y (M, w).

ham
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When (M, w) is premultisymplectic, there is no Leibniz algebra structure on Qﬁ;ni(M ,w), however

there still is one on Ham®(M,w), given by
{(u,a), (v,8)} = ([u,v], ZuB).

Remark 2.12 (on the two notions of higher observables). It is shown in [Dehl17, Prop. 5.2] that a
certain natural extension of the Leibniz algebra of Definition [2.11] incorporating all forms of degree
strictly less than n — 1, and the construction of Definition [2.7] are equivalent as weak Lo-algebras
at least up to the 3-plectic case. The 2-plectic case was previously established in [BHR10].

Definition 2.13. A covariant moment map for G ~(M,w) is a differential form p € Q"~1(M, g*)
such that

i dpe = —ew for all £ € g,

ii. p: A" 'TM — g* is G-equivariant,

where p1e = (1, §) is the contraction on g* ® g and where G ~ g* is the coadjoint action.
As in the symplectic case, there is an attendant notion of a comoment map.

Definition 2.14. A (covariant) comoment map for G ~(M,w) is a linear map i : g — Q21 (M, w)
satisfying

i dp(€) = —tew

ii. ([ ) = {A(&), i)}
for all £,¢ € g.

In parallel with the symplectic case, ji is a lift in the category of Leibniz algebras of the action
g ~ M by the assignment of Hamiltonian vector fields.
QM) o

ham

-
’

£ pe

’

g— X(M) va

{—8
To each moment map p € Q" 1(M,w) there is an associated comoment map

it g — QL)

ham
§ — g

and conversely when G is connected.
We identify one class of covariant moment map, to which we return in Subsection [4.3]

Lemma 2.15 ([CERZIG, §8.1]). If 6 € Q*(M) is a G-invariant potential for w, then & — pe = 1¢6
defines a covariant moment map for G ~ (M,w).

The main result we wish to recall in this subsection is as follows.

Theorem 2.16 (geometric multisymplectic reduction [Bla21l Thm. 1]). Let (M,w,G,u) be a n-
plectic Hamiltonian G-space with covariant moment map p, let ¢ € Q" ~1(M,g*) be a closed form,
and let My = p=1(¢)/Gy. If p=(¢) C M is an embedded submanifold and G acts freely on p='(¢),
then there is a unique, closed wy € Q"1 (My) satisfying j*w = T wy, where j : p=(¢p) — M is the
inclusion and m: =1 (¢) — My is the quotient.
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FIGURE 1. Auxiliary spaces in the construction of Hameo (M, w) .

In the above theorem, we write ;= !(¢) for the equalizer {x € M |y, = ¢} of u and ¢. Note
that if ¢ is identified with its image in A"~!T*M ® g*, then = '(¢) is indeed the preimage.

The notion of covariant moment map turns out to be the right prerequisite for geometric reduction
in the multisymplectic setting. Perhaps unexpectedly, this is also the case for L..-reduction, as we
will see in the following section.

3. REDUCTION OF Luo(M,w) AND Hamy (M, w)

In this section we present our main construction: The reduction of the L.,-algebra of observables
Hamo (M, w) along a subset N C M by an admissible action g ~ M. We define this L.-algebra in
terms of a network of auxiliary spaces, as indicated in Figure[I] As we aim for maximal generality,
with the mildest possible geometric conditions, these intermediate spaces possess a rather algebraic
character. Lemma [3.30] recharacterizes these spaces in a sufficiently regular setting.

In Subsection we show that in the I-plectic setting our reduced Loo-algebra Hamqo (M, w)g
coincides with the Poisson algebra of observables C°°(My,wy) on the symplectic reduced space
when the conditions of the Marsden—Weinstein reduction theorem are met.

3.1. Preliminaries. Fix a subset N C M. Recall that the I denotes the ideal of functions
vanishing on N.
18



Definition 3.1. We say that a vector field v € X(M) is tangent to N when u Iy C Iy. The space
of vector fields tangent to N is denoted

XvM)={ueX(M) |uly C Iy}
and the space of vector fields vanishing along N is written
Ix(N) = {u e X(M) | uC™(M) C IN}.
We say that u,v € X(M) are equal along N whenever u — v € Ix(N).

Definition 3.2. We say that the Lie algebra action g ~ M is tangent to N when { € X(M) is
tangent to N for all £. In this case, we write g ~ (N C M).

Remark 3.3. If g ~ M is induced by an action G ~ M preserving N C M, then g ~ M is tangent
to N. Indeed, G ~ (N € M) implies that every integral curve v of £ € X(M) that meets N at any
point remains on N. In particular, each f € Iy vanishes along «y so that {f = 0 along N.

Lemma 3.4. Xy(M) C X(M) is a Lie subalgebra and Ix(N) C Xn(M) is a Lie ideal.

Proof. Ifu,v € Xn(M) then viy C Iy yields u(viy) C Iy. Likewise v(uly) C Iy, and we conclude
that [u,v] In C Iy.
If additionally v € Ix(NN), then a similar argument yields [u, v] C*°(M) C Iy. O

Note that our characterization of tangency is distinctly algebraic. In general, any vector field
whose flow preserves N is tangent to IV, however, there can be vector fields tangent to NV that do
not preserve N. Let us illustrate this with a few examples.

Remark 3.5. Let N C M be any subset. Since Iy = Iy, any vector field tangent to the closure N
is tangent to N. In particular, when N C M is dense (e.g. N =Q C R = M), Iy = {0} and all
vector fields on M are tangent to V.

Example 3.6. Even when N is closed, there can be vector fields which are tangent to N but whose
flows do not preserve N. Let N = (—00,0] € R = M. Then Iy is the space of functions whose
support is in N. Applying a vector field to a function cannot increase the support, so any vector
field is tangent to N. In particular the vector field 9,, the flow of which does not preserve N.

Remark 3.7. We have chosen the algebraic notion of tangency since it is better adapted for the
context of observable reduction. We could alternatively work with vector fields v € X(M) that are
geometrically tangent to N in the sense that the flow of v locally preserves N. However, this space
is less convenient from a technical standpoint. Indeed, merely to see that the commutator of two
geometrically tangent vector fields is again geometrically tangent is far from obvious and follows
from [Sus73]. This said, we note that both notions of tangency coincide when N C M is a closed
embedded submanifold.

Definition 3.8. Define the vanishing de Rham ideal of N to be the differential ideal In(N) C Q(M)
generated by all a € Q¥(M), k > 0, for which
a(ul,...,uk) ely
whenever uy,...,u; € Xy (M).
As with the case for vector fields, we say that o € Q(M) vanishes along N whenever a € Ig(N),
and that o, 8 € Q(M) are equal along N whenever a — 8 € Ig(N).

It is easy to show that Ig(N) C Q(M) is an ideal with respect to the wedge product. We now
show that it is closed under the exterior derivative.

Lemma 3.9. For all v € Xn(M), the space Ig(N) is closed under i. i, 4. d and iii. %Z,.
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Proof. Fix a homogeneous element a € Io(N) of degree k, and suppose that ug,...,u; € X(M) are
tangent to V.

i. The identity ¢y, ... tuy,to @ = 0 on N is immediate.
ii. We have
da(ug, ..., ux) = Z(—l)iui a(ug, ..., Uiy ..., Uk)
i
+ Z(—l)"”a([ui,uj],uo, oy Uy Ty ),
1<J
where each term in the first sum vanishes on N as a(ug, ..., U;,...,u) € Iy and the same

happens for each term in the second sum by Lemma [3.4]
iii. This follows from i., ii. and the identity %, = di, + d.

With the notation of Definition consider a Lie algebra action g ~ (N C M).

Definition 3.10. We call a € Q(M) a reducible form with respect to g ~ (N C M) when
i. Zra€ Ig(N), and
ii. PLAS IQ(N),

for every £ € g. We write Q(M )[ ) for the space of reducible forms.

Lemma 3.11. Q(M)y is closed under d.

Proof. Fix a reducible form o € QF(M). Since Io(N) is closed under d by Lemma it follows
that
ZLeda = dZa
and
teda = Zea — digar
both lie in Io(N). O

Definition 3.12. We say that v € X(M) is a reducible vector field with respect to g ~ (N C M)
when

i. v is tangent to N, and

ii. [0,€] € Xy(M) + Ix(N) for all € € g.
where X4(M) denotes the C°°(M)-submodule of X(M) generated by the fundamental vector fields
¢ for all £ € g. We denote the space of reducible vector fields by X(M )y

We note that condition ii. of Definition [3.12|is equivalent to
i [v,§] € X4(M) along N for all £ € g.

Remark 3.13. More algebraically, v is reducible when it preserves both Iy and X4(M) + Ix(N).
The latter space may be understood as a generalization of the space of vector fields tangent to the
fundamental distribution g = {{_[{ € g, x € M} along N. Indeed, in the setting of free actions,
I'(g) and X4(M) coincide.

Lemma 3.14. X(M)y) € X(M) is a Lie subalgebra.

Proof. Let u,v € X(M)y]. Lemma asserts that [u,v] is tangent to N, and it remains only
to establish condition ii. of Definition . Thus fix £ € g and consider the identity [[u,v],&] =
[[u,&], v] + [u, [v,€]]. Condition ii. now follows if u satisfies

[u, Xg(M) + Ix(N)] C Xg(M) + Ix(N),

and similarly for v. We proceed in two steps:
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e First we establish [u, Xg(M)] € Xg(M) + Ix(N). Let w = Zle fi€, for some & € g. We

have
k

k
[, w] = [u, 30,6, ] =Y [u, fig) = filu uf)g, .
=1 =1
Terms of the form f[u,{ ] evidently lie in the C*°(M)-module Xy(M) + Ix(N), while those
of type (uf)§, lie in Xq(M).

e Now we show [u, Ix(N)] C X4(M) + Ix(N). Here we apply the fact that [Xn (M), Ix(N)] C
Ix(N). This follows as for any f € C®(M), u € Xy(M), and w € Ix(N), we have
[u,w]f =vwf —wuf € ul, —wC>®(M) C Iy.

O

Lemma 3.15. Xy(M) + Ix(N) € X(M)n) is a Lie ideal.

Proof. First note that the inclusion does indeed obtain. Since Lemmas [3.4] and [3.14] imply that
Ix(N) C X(M)y) is a Lie ideal, it suffices to show that [X(M )y}, X4(M)] € ( )+ Ix(N). Thus
let v € X(M)n), f € C®(M), and £ € g. We have

[/vaé] = f[vvé] + (vf)é € %Q(M) =+ I.'{(N)
since [v,&] € Xg(M) + Ix(NN) by Definition E since Xg(M)+ Ix(N) is closed under multiplication

by C*°(M), and since (vf){ € Xg(M). The result follows as this inclusion extends to arbitrary
terms }, fi{, € Xy(M) by linearity. O

3.2. Reducible observables. Suppose that g ~ (N C M) and that the premultisymplectic form
w € Q"H(M) is reducible.

Definition 3.16. We will say that a € Ham<(M,w) is a reducible observable with respect to
~ (N C M) whenever « is a reducible form, and that (v,a) € Ham® (M,w) is a reducible
observable whenever

i. v is a reducible vector field, and
ii. « is a reducible form.

We denote the space of reducible observables by Hamu (M, w) -
Even when the form is multisymplectic, conditions i. and ii. are independent.

Example 3.17. Let M = R? w = dx Ady Adz. Let N = {z = 0}. Let g be the 1-dimensional
abelian Lie algebra acting by £ = 0,. The vector fields tangent to N are C>°(R3)-generated by
20,0y, 0y. The form a = yzdy is reducible, since £y, a and 15, are multiples of z. However, its
Hamiltonian vector field v, = y0;, is not reducible, since [0y, va] = 0, which does not lie in X4(M).

Lemma 3.18. Hamq, (M, w)(y] is an Loo-subalgebra of Hamy (M, w).
Proof. Lemma implies that Hamu (M, w)(y) is closed under .

Now suppose that (vi,ay),. .., (vg, ax) € Ham? (M, w)(n]> that ugi1,. . unt1 € Xn(M), and
that £ € g. We have

bupgr ™" bugyy Leboy by W = (Lew) (U1, - oo, Uy U 1, -+, Un g 1)
+w([§,v1],v2, . Uk Uy 1y - Unt)
+w(1)17~"7[§7vk]7uk+17"'7un+1)

eIy
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since [£,v;] € Xg(M) + Ix(NN) and w is reducible, and
bupgr " bggn LE Ly~ bW € In

since w is reducible. Thus, Hame (M, w) [y is closed under I for k> 3.
Finally, as [v1, vo] is a Hamiltonian vector field for iy, pp,w, and as [v1, v9] is reducible by Lemma
3.14} we conclude that Hamu, (M, w)n) is closed under . O

3.3. Loo-reduction of the space of observables. Again suppose g ~ (N C M) and that the
premultisymplectic form w € Q"1 (M) is reducible.

Definition 3.19. The vanishing observable ideal Iyam,, (N) € Hamoo (M, w)(yy is linearly generated
by the subspace

Io(N) N Q<""Y(M) € HamZ (M, w)

and all pairs (v,a) € Hamgo(M,w)[N] for which

ii. a € In(N).

Lemma 3.20. Iyam,, (N) is an Loo-ideal of Hamyo (M, w)(n-

Proof. As Lemma [3.4] asserts that Io(N) is closed under d, it follows that Jam_ (/) is closed under
ly.

Fix £k > 3. If 01,...,01 € Hamgo(M,w)[N] with 0; = (v, q5), if 01 € Igam (N), and if
Uk+15-++Un+1 € %N(M)ﬂ then

by " " Luk+llk(01,---,0k) = —G(k) tupyr " bupsr bog by dog € Iy

since vy, ..., vx € Xy (M) and since day € Io(N) by Lemma [3.4]
Now take k = 2. For any 01,02 € Ham? (M,w) with o1 € Iyam, (N), Lemma provides
[v1,v2] € Xg(M) + Ix(N) from which ls(o1,02) € Iam.. (IV), as required. O

Thus we arrive at the following commutative diagram of graded vector spaces, where for a graded
vector space V' we write V[k] for the kth desuspension.

Loo-ideal Loo-morph.

IHamoo(N) € Hamoo(M,w)[N} Hamoo(M,w)

| I I

(Fa(N)) In—1) @ (Xe(M) + Ix(N)) — (M) ) [1=1] & XMy — (M) ) [n=1] & X(M)

We now present our main construction.
Definition 3.21. The reduction of Hamy, (M, w) with respect to g ~ (N C M) is the Loo-algebra

Hamoo(M,w)[N}

Hamoo (M, w)n = T (V)
aMoo
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Consolidating the foregoing development, the graded vector space underlying the reduced Lo-
algebra Hamq (M, w)y is explicitly given in degree 0 by

Lyw = —do
teae € Io(N)

(,v) € QL (M) B X(M) | Za € Ig(N)
ZLeveXg+1Ix(N) VEeg
veXy(M)

Low = —dao
(a,v) e I (M) D X(M) | aclg(N)
veXg+ Ix(N)

An analogous procedure applies in the setting of the associated Loo-algebra Loo (M, w).

Hamgo(M,w)N =

Definition 3.22. We define Loo(M,w)n] € Loo(M,w) and I, (N) C Loo(M,w) to be the respec-
tive images of Hamoo (M, w)[n] and Ijam,, (V) under the natural projection
Hamyo (M, w) = Loo(M,w)
(v,a) = «
B =B

for |(v,a)| = 0 and [ < 0. That is, & € LI (M, w)[n] precisely when there exists a v € X(M)
for which (v, ) € Hamuo(M,w)(n), and similarly for Iyam,, (V). Straightforward adaptations of
the results above show that Loo(M,w)n) € Loo(M,w) is an Loc-subalgebra and that I (N) C
Loo(M,w)|n) is an Leo-ideal. The reduction of Loo(M,w) with respect to g ~ (N C M) is the
Loo-algebra

Loo(Ma W) [N]
Lo (M, =
Wl =7, )
Remark 3.23. We note that Lemmas and yield a reduced complex of forms
QM)
Q M)y = ———
WOy = o)
while Lemmas and provide a reduced space of vector fields
X(M)n
X(M)y =

= X, 00) + (V)
Remark 3.24. When w is multisymplectic, the strict Lo,-morphism
Loo(M,w) — Hamuo (M, w)

a = (Va, )

B — B
for o] = 0 and |B] < 0, is inverse to the natural projection of Definition and exhibits the
isomorphism Lo (M,w) = Hamy (M, w), and in particular induces an identification Lo (M, w)n] =
Hamoo(M,w)[N].

However, even when w is multisymplectic, it is not generally true that Lo, (M, w)ny = Hamyo (M, w)n.
This results from the fact that the differential form components of distinct elements (vq, ), (vg, ) €
Ham?_ (MM, w)n) may be identified in Hamy (M, w)y, while the vector field components remain dis-
tinct. That is, [a] = [B] € Q(M)n while [v,] # [vg] € X(M)n, so that [a] = [f] € Loo(M,w)n
while [(va, )] # [(vs, B)] € Hamoo (M, w) N .

We return to this topic in Remark
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Remark 3.25. When g = 0 and N C M and subset, our reduction scheme defines a restriction of
Hamo (M, w) to an arbitrary subset N C M. Indeed, in this setting the conditions that g ~ (N C
M) and that w is reducible are trivially satisfied. We note that the details of this multisymplectic
restriction are prefigured in [SZ16, Lemma 3.2].

As another boundary case, when N = M and g ~ M is any action with g C kerw, where we
recall that g = {éx |£ € g, x € M}, we obtain a quotient of Hams(M,w). Note that the conditions
here are admissible only in the strictly premultisymplectic setting.

3.4. Loo-reduction with respect to a covariant moment map. In Subsection [2.2|we considered
the geometric reduction of an n-plectic manifold (M, w) with respect to a Hamiltonian action G' ~
(M,w) with moment map p € Q"~1(M, g*) and a closed form ¢ € Q" 1(M,g*). Our aim in this
subsection is to apply our observable reduction scheme to this setting.
We approach the problem in slightly greater generality. Fix a pre-n-plectic manifold (M,w), a

premultisymplectic action g ~ (M, w), a form pu € Q" 1(M, g*) satisfying

iodpe = —tew,

. Zeue = e,
for all £,¢ € g, and a closed form ¢ € Q" 1(M, g*). Consider the action g ~ Q" 1(M, g*) given by

§-a=YLa+ Adia
and write
9o ={§ €9 | Led¢ = dpe,q V¢ € 9}

for the isotropy subalgebra of ¢.

Definition 3.26. The reduction of Ham (M,w) with respect to the Hamiltonian action g ~
(M,w), moment map u € Q(M, g*), and level ¢ € Q¢ (M, g*), is the reduction of Hamy, (M, w) with
respect to gg (11 (¢) € M). We write Hamoo (M, w) g = Hamoo (M, w) ,-1(4)-

Our task is now to show that this construction is well-defined.
Lemma 3.27. The action g5 ~ M is tangent to p=1(¢).

Proof. When g4 ~ M is induced by the action of a connected Lie group G4 ~ M, the equivariance
condition
Ze(n— )¢ = (=g
for all £, ¢ € g4 implies
(971 (1= 0)¢ = (1~ F)adye
for all g € G. In particular, G4 preserves u=1(¢) = {x € M | (u— ¢), = 0} and the result follows
by Remark

When there is no group action, the above argument still holds since Lie’s second fundamental
theorem (see e.g. [Leel2, Thm. 20.22|) provides that we may always integrate g, ~ M to a local
Lie group action, and this is sufficient for our purposes here. O

Lemma 3.28. The presymplectic form w is reducible with respect to g (/fl(qﬁ) C M)

Proof. Fix { € gq. Since g ~ M is premultisymplectic, the equality Zzw = 0 trivially implies
Zew € Io(n™'(9))-

It remains to show that tew € In(u~1(¢)). By construction, u — ¢ = 0 at every point of p~1(¢)
and thus, in particular, (u — ¢)¢ € Io(N). As Lemma [3.9| provides that In(u!(¢)) is closed under
d, it follows that

tew = dpg = d(p — @) € Io(n™ ().
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We conclude from Lemmas [3.27 and [3.28] that Definition [3.26] is indeed well-defined.

Proposition 3.29. For every £ € g4, we have pig—¢¢ € Io(p=(9)) and (&, pe—de) € Tnam.. (1 ().

Proof. First note that £ and p¢ — ¢¢ comprise a Hamiltonian pair as d(p — ¢)¢ = dpe = tew.
We showed that (1 — @)e € Io(u~'(¢)) in the proof of Lemma and that £ is tangent to
1~ (¢) in Lemma [3.27, The result follows as £ is clearly an element of Xq(M) + Ix(n'(¢)). O

3.5. Comparing geometric and L.,-reduction. The aim of this section is to compare the L -
reduction procedure to the multisymplectic reduction scheme of Theorem In particular, we
exhibit a natural inclusion of the Lao-reduction Hams, (M, w)y into the Lo-algebra of observables
Hamoo (M, wy) associated to the reduced space (Mg, wg).

In fact, we will work in greater generality than the setting of Theorem [2 For the extent of this
subsectlon, fix a pre-n-plectic manifold (M, w), a connected Lie group G, a smooth action G ~ M,
and a G-invariant closed embedded submanifold j : N < M such that w is reducible and G ~ N
is free and proper.

The inclusion j : N < M and the projection 7 : N — N/G each induce maps on the de Rham
complex as depicted below.

N7t M QN) « L (M)
N/G Q(N/G)

We are now in a position to recast the auxiliary spaces of Figure [1]in a more geometric fashion.

Lemma 3. 30 We have

i. Xy(M) ={veX(M) | vy €X(N)},

it. Ix(N {UEZ{ )’v]N—O}

iii. Io(N )-{aEQ( ) | 7*a =0},

iv. Xy(N) = I(g),
where v|y =voj € L'(j*TM) is the restriction of v € X(M) to N, and where

g={§ |£€9, 7€ N} CTN

is the fundamental distribution.

Proof. (i.-iii.) As N C M is an embedded submanifold, it suffices to consider R1™ N C RdmM and
the result now follows by a direct computation.

(iv.) Since the action is free, the fundamental vector fields associated to a basis of g are linearly
independent at every point. This implies that X; is a regular foliation and hence generated by its
associated distribution. O

Recall that a € Q(N) is said to be g-basic when it is both g-invariant and g-horizontal. That is,

- tea =10
Qbas(N)_{aeﬂ(N) ggaz& vgeg}'
We now show that, since GG is connected, the g-basic forms on N are precisely those induced by
m: N — N/G.

Lemma 3.31. For free and proper actions G ~ N, there is an isomorphism of de Rham complexes
Q(N/G) = Qpas(N).

Proof. An application of [Tul7, Thm. 31.12| to the surjective submersion 7 : N — N/G provided
by the quotient manifold theorem, yields im 7* = Qp,5(N). O
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In particular, given o« € Q(M )[N], we have that j*« is g-basic, and hence there corresponds a
unique ay € Q(N/G) for which j*a = 7*ay. Likewise, the connectedness of G provides that
reducible vector fields are projectable along @ : N — N/G, and thus we may assign to each
v € X(M)[n) a unique vy = mi(v|n) € X(N/G).

Definition 3.32. Put My = N/G. The geometric reduction map on forms is
TN : Q(M)[N} — Q(MN)
o ——— an

and on vector fields is
TN :{(M)[N] — %(MN)
UV —— VN

Remark 3.33. As the equality j*a = 7*ay implies j*da = 7*d(ay), it follows that d(ay) = (da)nw,
and consequently that ry : a +— an is a map of chain complexes. Similarly, as vy f = v|ny(7* f) for
all f € C>®(Mpy), the map ry : v — 7. (v|n) is easily seen to be a Lie algebra homomorphism.

As 7* preserves d the form wy € Q"1 (My) is closed, and the following definition arises naturally.
This will be our generalization of the geometric reduced spaces (Mg, wgy) of Theorem

Definition 3.34. The geometric reduction of (M,w) is the premultisymplectic manifold (My,wy).

Our aim now is to construct a strict Lso-morphism 7y : Hamoo(M,oJ)[N] — Hamyo(Mpy,wpn) on
the level of observables in such a way that ker vy = Iyam_ (IV), so that rn descends to an inclusion

N : Hamoo(M,w)N — Hamoo(MN,wN) .
Lemma 3.35. There is a short exact sequence of chain complezxes
0— IQ(N) — Q(M)[N] T—N> Q(MN) — 0.

Proof. If a € Q(M)[N}, then an = 0 precisely when j*a = 7*ay = 0 by Lemma and j*a =0
precisely when o € Io(N) by Lemma [3.30, Thus ker vy = Ig(V).

The surjectivity of 7y is follows from the isomorphism 7* : Q(N/G) = Qpas(M) and the surjec-
tivity of j* : Q(M) — Q(N). O

Lemma 3.36. There is a short exact sequence of Lie algebras
0 — Xg(M) + Ix(N) < X(M) 5] =5 X(My) — 0.
Proof. Lemma [3:30] yields
kerry = {v € X(M) | v|y is vertical w.r.t. N — N/G} = X4(M) + Ix(N)
and surjectivity obtains as any vector field on N/G may be lifted to N and extended to M. O
We now show that the reduction maps 7y of Lemmas [3.35] and [3.36] preserve Hamiltonian pairs.

Lemma 3.37. If (a,v) is a reducible Hamiltonian pair on (M,w), then (an,vn) is a Hamiltonian
pair on (Mpy,wn).

Proof. This follows from the identity
T (LoyWN) = Ly|yJ W = j" (tow) = j*(—da) = 7*(—day)
and the injectivity of 7* : Q(N/G) = Qpas(NV). O

We thus obtain our desired geometric reduction map on observables.
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Theorem 3.38. The geometric reduction map

TN : HamOO(M,w)[N] — Hamoo (Mpy,wn)

(v,a) — (vN,an)
o — ON

is a strict Loo-morphism with kernel Inam. (N). In particular, there is a natural inclusion of Leo-
algebras

Hamoo (M, w)n  7n
IHamoo (N)
Proof. Lemmas and together yield ker rn = Ijam, (IN), and it remains to show that 7y is

a strict Loo-morphism.
For k >3 and o!,...,0"% € Ham? (M, w)ny, with o = (o, v"), we have

Hamoo (M, w) N =

> Hamoo (Mpy,wn).

™l (on, - on) = s(k) Lk - byl WN
=G(k) tor|y - Loty JW
=5 (s(k) tyk - - tyw)
="l . .., 0",
from which we obtain
b(ON, .. ok) =l(o, ... 0"

by the injectivity of 7* : Q(INV / ) = Qpas(N). The case k = 2 follows similarly, with the additional
observation that [vk,v%] = [ 02N
For k =1 and a € Ham3’ (M, w)[n, We have

7T* il(a]v) = dj*Oé = j*da = 7T* l~1(a)N
and we conclude that rpy is a strict Loo-morphism. ]

Remark 3.39. In this regular setting, we may define the reduced space Hamo (M,w)n to be the
quotient Hamy (M, w)(n]/ kerry or, equivalently, to be the image of ry in Hame(My,wy). The
merit of Definition is that it applies even in the singular case in which the geometric reduction
map ry of smooth manifolds fails to exist.

We will call 7y : Hamoo(M,w)n — Hamqo(My,wpn) the canonical embedding. The following
corollary is immediate.

Corollary 3.40. Let (M,w,G, ) be a n-plectic Hamiltonian G-space with covariant moment map
w, let ¢ € QVH(M, g*) be a closed form, and let My = =1 ($)/Gy. If p=1(¢) € M is an embedded

submanifold, and if G acts freely on u~'(¢), then there is a natural inclusion

Tg : Hamoo (M, w)y — Hamoo (M, wy)
o] — o4

of Loo-algebras of observables.
Remark 3.41. A similar argument to that of Theorem yields a natural inclusion

TN Loo(M,w)N — Loo(Mpy,wn).
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Recalling the discussion of Remark we see that when both (M,w) and (My,wy) are multi-
symplectic, the strict Loo-morphism

PN [Loo (M, w)n] — T [Hamoo (M, w) |
an — (Vay,an)
Bn — BN
for |an| =0 and |Bn| < 0, provides the natural identification Loo(M,w)y = Hameo (M, w)n.
Lemmas [3:35] and [3.30] respectively yield isomorphisms
TN : Q(M)N = Q(MN)
and
TN X(M)y = X(My),

where Q(M)xn and X(M )y are the reduced spaces of Remark
As no such isomorphism is guaranteed on the level of observables, it is natural to inquire into the
relation between L.-reduction and the association of observables functor

Hamy : (M,w) — Hamy (M, w).

This question motivates the following definition, which heuristically measures the extent to which
these procedures fail to commute.

Definition 3.42. The residue defect of of G ~ (M,w) with respect to N C M is the cokernel

Hamoo(MN,wN)
im?“N

cokerry =

of the geometric reduction map ry : Hamoo(M,w)[N] — Hamoo (Mpy,wn).

As Lemmas and ensure that r]ffo surjects onto Ham;O(M N,wn), we may identify
[Hameo, R] with the component coker rQ, = Ham% (My,wy)/im 7%, on Hamiltonian pairs.

The residue defect of G ~ (M,w) with respect to N C M measures the extent to which the
reduced space (My,wy) exhibits observables that are not induced from (My,wny).

We will establish in Theorem that in the suitably regular symplectic setting we have
[Hamoo, R] = 0. In the n-plectic case with n > 1, the determination appears to be highly non-
trivial.

4. APPLICATIONS AND EXAMPLES

In this section we investigate our reduction formalism in the setting of various natural examples.

4.1. Lo,-reduction in the 1-plectic case. In this subsection, we discuss how definition the L..-
reduction scheme manifests in the 1-plectic, i.e. symplectic, setting.
Let (M,w) be a symplectic manifold, be N C M be a closed subset, and consider a Lie algebra
action g (N C M). The auxiliary spaces of the L.-reduction scheme are:
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Loo(M,w) = C>(M)

T ¢fely vEeg
LOO(M,LL})[N} = fECOO(M) UthIN Vh € Iy
3) [vf,€] € Xg(M) along N, V€ cg
§feln VEeg
_ 00 UthIN Yh € Iy
() e | Whe
v € Xg(M) along N

A particular feature of the symplectic setting is that the space Loo(M,w) = C°°(M) naturally
possesses the structure of an associative algebra with respect to which the [y bracket is a Poisson
structure. We now show that this structure descends to the reduced space Lo (M, w) .

Theorem 4.1. If g ~ M is tangent to N C M, and if the symplectic structure w € Q*(M) is
reducible, then the reduction Loo(M,w)n inherits a natural Poisson structure from C*°(M,w).

Proof. Since Iy is an associative ideal in C°°(M), it follows that I1, (N) = Loo(M,w)n) N IN
is an associative ideal in Loo(M,w)[n). Moreover, we have previously established that I (N) C
Loo(M,w)(n] is an Lec-ideal (see Definition and Lemma , and thus, in particular, an
ideal with respect to the [y bracket. The result follows as these two facts together imply that
I (N) C Loo(M,w)(y) is a Poisson ideal. O

Thus, in the presence of the additional hypothesis that g ~ (N C M) and w is a reducible 2-form,
Diagram [3] is in the category of Poisson algebras.

Remark 4.2. Observe that if v € Xpam(M,w) then vy € Ix(N) precisely when {f,C*(M)} =
v C®(M) C In.

Definition 4.3. We define the space of Casimir functions along N to be
(4) Q={fecxmn | {f,C*(M)} CIn} .
That is, in light of Remark [4.2]
feQ < wvyelx(N).
Lemma 4.4 (properties of Q). The subspace Q enjoys the following properties:

i. @ CC®(M,w) is a Poisson subalgebra (but not an associative or Lie ideal),
1. Q C Fy is a Lie ideal,
iii. QN In is an associative ideal in C*°(M) and a Poisson ideal in Fy .

Proof. This follows from an easy verification that
{fh,C=(M)} = f{h, C™ (M)} + h{f,C™ (M)}
and
{{5,h}, (M)} = {{h, C= (M)}, f} = {{f, CF (M)}, h}
lie in Iy whenever f € Q or QN Iy and h € C*°(M), Fy or Q, depending on the statement to be
proved. O
We now specialize to the case where the action G ~(M,w) is Hamiltonian, with moment map

w:M — g*.
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Theorem 4.5. Fiz a symplectic Hamiltonian action G ~(M,w) with moment map p : M — g*
and put N = p=(0). Then
LOO(M7CL))[N] =FynQ
I (N) =1, + (NN Q)

where I,,, Fiy are given by Deﬁnition and respectively, N'(1,,) is the Lie algebra normalizer
of 1, inside of C* (M), Q is given in Equation (4), and

(5) o' ={rec=m
Furthermore, the reduced Poisson algebra is

Loo(M,w)ny  FnNQ
Proof. Consider f € Loo(M,w)(n). By the very definition of Poisson bracket, the first condition
(see Diagram (3)) in the definition of Loo(M,w)n) reads as Z¢f = {ug, f} € Iy for any £ € g.
Hence the Jacobi identity implies that {I,, f} C Iy. Similarly the second condition implies that
Zysh = {f,h} € Iy for any h € Iy, hence {f,In} C Iy, ie. f is a first order function. In

particular, since I, C I, the latter condition implies the former one. The third condition implies
that for any & € g there exist two families g; € C*°(M) and &; € g such that

[vf, €] = Zgi &, along N.

{fimeyel, +Q \7569} :

The left-hand side can be recast as [vf,&] = [vf, vy] = vy, since according to our conventions
the comoment map, the assignment of Hamiltonian vector fields, and the infinitesimal action are
each Lie algebra morphism (see Remark . From the expression of the Hamiltonian vector of the
product of two functions, we have

D96 = D 9ine, = V%08, — D Hitsi-

where the last term vanishes along N = p~!(0). According to Remark equality along N implies

U{faie} — V%, gi¢, € Tx(N),
from which {f, ue} —3_; 9:€, € Q and so
Introducing Q' as in Equation , the latter implies that

LOO(M,W)[N] =FynN Q/.
Consider now f € I, (N). The fourth condition in Diagram ({3|) implies the existence of two families
gi € C°(M) and &; € g such that, along N,

v = Zgi Upy = UZZQZMZ - Z%,Ugi s
(2 (2

where p; = pg,. By a similar argument as that of Remark we obtain f € I, + Q. In other
terms,

ILOO(N) = LOO(M,OJ)[N] N (IH + In N Q) .
The last claim follows by noting that both I, and Iy N Q lie inside Fy NIy N Q' (see Lemma

16). O

Lemma 4.6 (properties of Q). The subspace Q' enjoys the following properties:
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i. @ is an associative subalgebra of C*°(M),
i. FnNQ = {f € Fy ‘ {f. 1.} C1,+ QﬂIN} and it is a Poisson subalgebra of C*°(M,w),

wi. I, = N(I,) — Q' as associative algebras,
w. INNQ — FxNIyNQ — Q as associative algebras,
v. I+ InNQ is a Poisson ideal inside of Q' N Fy.

Proof. i. Consider f, g in Q'. By the distributive property of the Poisson bracket, we have for

any £ € g that
{fg.puet e @ {Q u}cQ I, +(IynQ)-Q CI,+INNQ

where in the last inclusion we employed Lemma [4.4]

ii. The equality expresses the fact that the defining condition for @' may be given in terms of
I,,. This follows from the fact that f € Fy implies {f, e} C In, and from the fact that
QNIy C C*®(M) is an associative ideal by statement iii. of Lemma[4.4] As the intersection
of the associative algebra Q' and the Poisson algebra Fl it is, in particular, a Poisson
algebra.

iii. The inclusion is immediate as N'(I,) is a Lie algebra normalizer.

iv. Clearly Iy N Q includes in Iy N Fy. To prove the inclusion in Q' notice first that {(Iy N
Q),1,} € Iy. The Jacobi identity implies that {(Iy N Q),I,} lies in Q since

{{IN N Q,IM},COO(M)} c {{IN no, COO(M)},IM} + {{IM,COO(M)},IN N Q} C Iy
by the definition of Q and the inclusion I, C Fy (see [AGJ90, Prop. 5.1]). O

Remark 4.7. Observe that F comprises precisely those functions with Hamiltonian vector field
tangent to V. Thus we see from statement ii. of Lemma that the reducible observables in the
symplectic case consists of those functions in Fy that satisfy a slightly stronger condition of being
preserved along N. Specifically, for any f € Q' N Fy and £ € g, the Lie derivative Z¢f € Iy is a
linear combination of an element I, and a constraint with Hamiltonian vector field vanishing along

N.

We proceed now to compare the Lo,-reduction procedure with the symplectic reduction schemes
surveyed in Section[l] In Table [d.1]are summarized the working hypothesis required by the different
procedures.

reduction hypothesis
scheme action G ~ M constraint set N w € N2(M)
AGJ none “well behaved’ﬂ symplectic
D none first class symplectic
presymplectic

L any g-stable roducible
SW Hamiltonian N =~ 1(0) symplectic
ACG Hamiltonian N =~ 10) symplectic

Hamiltonian N = u~1(0) ) .

MW free and proper on p~1(0) 0 regular value for p symplectic

Let us focus on the symmetry-based observables reductions, that is, we assume N = p~1(0) for a
moment map p. In this case, both the [SW], the [ACG]|, and the L.,-reduction schemes apply. In
particular, we have the following morphisms of Poisson algebra.

%E.g. strongly coisotropic and locally conical, see [AGJ90, Prop. 3.3].
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Proposition 4.8 ([Lo| vs. [SW]). Fiz a symplectic Hamiltonian action G ~(M,w) with moment
map v M — g*, and put N = p=(0). When N (1) < Fn we have a canonical Poisson morphism
from the [SW/ reduction to the Loo-reduction. When Iy N Q < I, the Loo-reduction embeds into
the [SW] reduction. When I, = Iy, the [SW] and [Loo| reduced spaces are isomorphic.

Proof. According to Section N = ;~1(0) implies that w is reducible. First observe that under the
above hypothesis the [SW] and [Ls| reductions are well-defined. We exhibit all pertinent relations
between the considered spaces in the following diagram commutative diagram in the category of
Poisson algebra.

c y o Ny
I'u (Lie.) ideal . N(IM) 7 IHM
‘ . o NUu)NF
Iy (Lie.) ideal N(Iﬂ) NEy v ‘}u .
N NI )NF
I'u‘ + IN n Q 4 N(I'u’) (Lie.) ideal N(I'LL) n FN v [u“!‘IquQﬁ./\z/\"(Iu)

J I I

c / . _9'NF
L+IyNQ Q'NFy ¥ TotInng

(Lie.) ideal

where the rightmost bottom arrow is given by the second isomorphism theorem of Lie algebras.
This induces the following diagram at the level of quotient spaces, where dashed arrow denotes
morphisms of associative algebras (not Poisson) as in Lemma [1.22]

N(IM)QFN( N(IM)Q 777777777777777777 }g
1, I, 1, \\\\\
\ \\\»
N(IM)HFN . Q' NFy o R L
I+ InNQONN(,) I,+InNQ I,+1InNQ

where we identify the [SW] reduction in the middle of the first row (see Theorem and the
|Loo] reduction in the middle of the second row (see Theorem [4.5)). The latter diagram means that
the two considered reduction schemes yield different Poisson algebras in general and they posses a
nontrivial intersection inside of the associative algebra Q'/(I, 4+ In N Q).

When Fy < N (1), the top left horizontal arrow in the previous diagram is an isomorphism and
we obtain the sought map. Similarly, when Ix N Q < I,, we have that FyNQ' = N (I,) N Fy, hence
the two bottom Poisson map are indeed identifications. Finally, the condition I, = Iy implies the
previous two; hence, the two reduced Poisson algebras coincide. O

Proposition 4.9 ([L| vs. [ACG]). Consider a symplectic Hamiltonian action G ~(M,w) with
moment map p : M — g*. Assume that N = p~1(0) where p is a moment map associated to the
action. If I,, = Iy, then the [ACG] reduction naturally embeds in the [Lo| reduced algebra. If

moreover Fy = C®(M)% + Iy, then the [ACG] and [Loo] reductions are isomorphic.
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Proof. We indicate the relevant relations between all spaces in following commutative diagram in
the category of Poisson algebras.

o C>(M)¢
1§ - — y C°(M)Y » ;G )
N

j | ]

) (M) NF
ISNFy s O®(M)% N Fy , O N Fy
(Lie.) ideal Iﬁ N FN

A )
| !
)

: C®(M)“NEF
IS+I§NQ ———— C®°(M)“NFy , ) N

ie.) ideal i G G
: | (Lie.) ideal [ IG+1IyNQ
1 Q' NFy
I INNQ —+«—— 5 O NF »
ptInnQ (Lie.) ideal Q N I,+1InNnQ

where the top and bottom squares encode the second Lie algebra isomorphism theorem. The
inclusion of C*(M) in Q' follows from C=(M)% C N(I,). The inclusion of I,¢ + Iy“ N Q C
INY N Fy follows from the inclusion of I, and Q in Fy (JAGJ90, Prop. 5.1] and Lemma . Note
that the bottom right object coincides with the [L| reduction (see Theorem , and the top right
object corresponds to the [ACG] reduction introduced in Definition The first claim follows by
noticing that the rightmost two top vertical arrows are indeed identifications whenever I, = Iy. If,
moreover, Fiy = C®(M)% + Iy, the bottom right vertical arrow yields an isomorphism. O

Remark 4.10. Note that the inclusion claimed in Proposition [4.9| follows also when C*°(M)% < Q,
i.e. if the Hamiltonian vector field associated to any G-invariant smooth function vanishes along N.

When the constraint set N = p~1(0) is also first class, it is possible to compare the [Ls]| and [D]
reduction schemes.

Proposition 4.11 ([L| vs. [D]). Let G ~ (M,w) be a symplectic Hamiltonian action with moment
map p: M — g*. Further assume that N = u=1(0) is first class. There is a natural mapping from
the Loo-reduced Poisson algebra to the [D] reduction. If Iy = I, + In N Q then the [D] and [Loo/
reduced spaces coincide.

Proof. The relevant mappings are indicated in the following commutative diagram in the category
of Poisson algebras

Q' NFn
I,+InNQ —— O NF »
pt N Q (Lie.) ideal QNFy Li+IvNQ
~ Q/ N FN
/ AN
0@ Gy @ 0N * TN 0
hd [ FN
IN ‘ (Lie.) ideal FN ’ IN
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The top and the bottom embody the [Lo| and [D] reductions. The two bottom squares encode
the second isomorphism theorem of Lie algebras. In the case that Iy = I, + Iy N Q, we have
in particular that @ N Fy = Fly, hence the three Poisson algebras in the rightmost column are
identified. O

Remark 4.12. Although the L.,-reduction procedure draw its original inspiration from the [SW]
scheme, from the proof of Proposition and the simple observation that O(N) 2 Fy N Q'
transpires how the L.-reduction is rather a refinement of the [D]| reduction. More specifically,
such a refinement is obtained by considering the subset of Dirac’s observables consisting of suitably
locally preserved first-class functions and dividing out by a subset of functions vanishing on N.
These choices, in particular, imply that this construction yields a Poisson algebra regardless of the
condition of being N a first-class constraint.

The laxer relationship with the [SW] reduction is unsurprising as that scheme relies fundamentally
on the associative structure of C°°(M) which, in principle, does not carry to Hamu (M, w).

An observable reduction scheme cannot be considered entirely satisfactory if it were not to agree
with the [MW]| reduction in the presence of a regular constraint set. Crucially, all the reduction
schemes mentioned in Sectionsatisfy this compatibility property (see [SW83, Thm. 1] and [AGJ90,
Prop. 3.6] for further details). More formally, under the hypotheses of the Marsden—Weinstein
reduction theorem, the reduced Poisson algebra C°°(M,w)q is isomorphic to the Poisson algebra
C*°(Mp,wp) on the reduced symplectic manifold.

Theorem 4.13. Let G ~(M,w) be a symplectic Hamiltonian action and suppose that 0 € g* is
a regular value of the moment map p : M — g*. If G ~ M is free and proper, then the [Loo],
[SW], [D], and [ACG] reductions are equal. In particular, each is isomorphic to the Poisson algebra
C>®(My,wo) of smooth functions on the Marsden—Weinstein reduced space.

Proof. First observe that the above hypothesis coincide with those of and hence the [MW]|
geometric reduction is well defined. Let us denote by (M, wp) the symplectic manifold obtained by
the Marsden—Weinstein reduction procedure. The regular value condition guarantees that p~1(0) is
an embedded submanifold of M. In particular, we have I, = Iy (see [SW83, Thm. 1] and [AGJ90,
Prop. 5.12] for details). According to Propositions [4.8) and [£.11] the latter condition implies that the
[Loo], [SW] and [D] reduction schemes yield the same Poisson algebra. In particular, all of them
coincide with C°°(My,wp) in virtue of [SW83, Thm. 1]. The isomorphism between the latter and
the [ACG] reduction is given in [Sni05, Thm. 1]. O

The following diagram subsumes the relationship between the considered reduction schemes.

! |
: FNQQ/ ! FNW(IH)
| Tu+Inn0 € Tu
! 1
[Loo | reduction \[
T |
C=(M)C L (Cc=an\Y
I¢ | Iy :
Lo [ !
| P .
} [SW] reduction
R 4
J I I G
COO(M)GPIFN l\ COO(M)G 7: ,,,,,,,, 3 (g)
IG+IGN0 TOIg N

[ACG] reduction

As before, the dashed (resp. solid) arrows indicate morphisms of associative (resp. Poisson) algebras.
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4.2. The coordinate cross in R?. Let us consider an elementary example in which the L.-
reduction of a symplectic manifold is possible even though the action fails to preserve the symplectic
form.

Consider the plane M = R? and the union of the coordinate axes N = {(x,y)|zy = 0}. The
vanishing ideal is Iy = zy - C°°(M). We consider the vector field £ = x0, + yd, as the action of
a one-dimensional abelian Lie algebra on M. The vector fields tangent to N are generated by x0,
and ydy. In particular w = da A dy is reducible, as it is closed and as t¢w = xdy — ydx vanishes on
N when contracted with xd, or yd,.

As described in the preceding section, the reduction is the quotient
{f ‘ (S %N(M),féf e Iy, [§, vf] € %g(M) + Ix(N)}

{f|f € IN,Uf S %E(M) +Ix(N)}

We first consider the denominator. Since f € I, we have f = xyh for some smooth function h.
Thus df = y(h + x%)dx + x(h + yg—Z)dy, from which vy = y(h + x%)f)y —x(h + y%)@x. Such
expressions are required to lie in X4(M) + Ix(IN). Now, the equality of ideals Ix(N) = InX(M)
in this example yields vy = h(ydy — x0,) up to an element of Ix(N). As multiples of zy in
h are redundant, we arrive at a decomposition h(z,y) = h° + zh*(z) + yh¥(y) + xyh"™*. Then
vy = (h® + zh®(x) + yh¥(y))(yd, — 20,). Multiplying and removing all multiples of zy, we obtain

vp = h0(ydy — 20,) + y*hY (y)dy, — x*h* ()0,

Since x and y are fully decoupled, there are no terms in Ix(N). It remains to check when this lies
in X4(M). This requires that h° h® and h¥ be identically zero, so that h(z,y) = zyh™(z,y) and
thus f = (zy)2h"(z,y) for some smooth function A" (z,y).

Now for the numerator. Since multiples of (2)? vanish in the quotient, we introduce the ansatz

F@y) = O +af™(z) + yfY(y) + zyf~" (@) + 2y (y).

Taking exterior derivatives gives
df = (f*(@) + 2(f*) (@) + y % (@) + zy(f1) (@) + 9. (y)) da

+(fY () + y () () + 2 f1 (y) + 2y (F9) (y) + 2 f1 (@) dy.
Before calculating v¢, let us look at £ f = df(&).

df(§) = zf*(x) + xz(fx)/(fv) + xyfxyl’”(x) + :zQy(f””y'm)’(;c) + xyfxyly(y)
+y () + 97 (1Y) () + 2y ™ (y) + 2 (£ (y) + 2y 21 (@)

As this function lies in Iy, it follows that f* and fY must vanish. In terms of our expression for f,

vi = (uf™ (@) + 2y (f1) (@) + g 2 () 0y — (@1 (y) + ay(FY) (y) + 2 [ () 0y

Since Xn(M) is generated by x0, and yd,, it follows that vy € Xy(M). We now turn to the
commutator [{,vf]. Since { preserves Iy, it also preserves Ix(N) = InX(M). We may thus

disregard all terms which are multiples of zy and write
(& vr] = P (F) (9)0y — 2 (f (2)) 0,
This is a multiple of £ precisely when (feuly)! = (fovl*)" = 0, that is, precisely when f*¥!¥ and f*¥l®
are constant. Thus, up to elements in the denominator, f takes the form
£ = £y

for arbitrary constants f°, ¥ € R. In particular, the reduced Lso-algebra is isomorphic to the
abelian Lie algebra R2.
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4.3. Multicotangent bundles. As a precursor to the primary example of multiphase spaces, let
us examine the intermediate construction of multicotangent bundles.

Fix a manifold E. The nth multicotangent bundle of E is the manifold M = A"T*E. As T*FE
carries a canonical 1-form, so A"T*E carries a canonical n-form 6 € Q™(M). Explicitly,

Op(v1, ..., vn) = n(mev1, ..., Tiy)

where n € A"T*E, vy,...,v, € T,A"T*"E, and 7 : A"T*E — F is the projection. Local coordinates
(ei)i<n on U C E, induce local coordinates (es,p!) on MU C M, where [ =1<i1 <...<i,<n
is a multiindex of length n, and where p’ represents the coefficient of de; = de;; A --- Ade;,. In
these terms,
0=>plde; =3 pldey A---Adey,.

The canonical multisymplectic structure on A"T*E is w = df. Note that any diffeomorphism ) of
E naturally extends to a diffeomorphism ¥ = (1)~1)* of A®T*E. On the infinitesimal level, this
induces an inclusion of Lie algebras

X(E) — X(A"T*E)
(T )]

called the prolongation map along © : A"T*E — E. From *6 = 6 for all diffeomorphisms ¥ :
E — E, we easily derive .50 = 0 for all vector fields v € X(E), whence tyw + degf = 0 so that
¥ is a Hamiltonian vector field for 130 € Q" 1(A"T*E). In particular, any smooth action g ~ F
prolongs to a @-preserving action g ~ A™T*E and thus Lemma [2.15| provides a canonical moment
map p € QY (A"T*E, g*) according to pg = ¢f.
From
a€puH0) <= 140, =0 <= tg, =0

we obtain the 0-level set x~1(0) C A"T*E as the annihilator
N=p0)={a€A"T*E | 13, a =0} .

Notwithstanding the apparent difficulty of computing the full reduced space of observables, certain
elements are always present.

Proposition 4.14. If v € X(E) preserves X4(E), then (9, 130) € HamY (A"T*E,w) is reducible.

Proof. More formally, our condition on v is that [v,X4(E)] C X4(FE). For the reducibility of o €
X (M), we must check two conditions.

First we show that [0,{] € Xg(M) + Ix(N) for all £ € g. We will use the fact that [0,£] is the
Hamiltonian vector field of L5610, and that [0, {] is the prolongation of the vector field [v, & ] cX(B).
By hypothesis, [v,gE] => fi€, for some f; € C®(F) and ¢; € g, from which U gl = ZfiLgie.
We have

(D fig,8) =D fideg,b; +dfi A1
At every point x € E, each term f;di,0; is related by the injective map v +— 1,w to f;(;; while, at
every point x € N = {z | (¢0 = 0 V(}, each term df; A t¢,0 vanishes. Therefore, the injectivity of
v Lpw yields [3,€] € Xg(M) + Ix(N).

Second, we establish that © is tangent to N. In fact, this is true even in the stronger sense that
the flow W; of ¥ preserves NV, that is, that n € N implies W¢(n) € N. We will show that (.¢0)g,, =0
if and only if W (¢¢0), = 0. Since ¥, preserves 6 this is equivalent to (1(y,), ), = 0. Denote by ¢
the flow of v on E and observe that 6 depends only on (t;).¢ = m.(¥;),¢. Invoking our hypothesis
that [v, X4(F)] C X4(E), we note that v, preserves X4(E), and hence that (1;).{ (n) 18 2 linear

7

combination of fundamental vectors of g. This provides (¢(g,),¢f)y, from which we obtain (1¢6)w,-
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For the reducibility of 1360, we require that tet50 € Ig(N) and that ZLei6 = [Ze, 1510 = 1 50 €

Io(N) for all £ € g. The first containment is an immediate consequence of the equality N = {a €
A'"T*E | lg, O = 0}. The second follows from this characterization of N and the from the property

that [¢, 7] € Xg(M) + Ix(N). 0

4.4. Multiphase spaces. We now consider multiphase spaces, arguably the foremost class of exam-
ples of multisymplectic manifolds, playing an essential role in the covariant Hamiltonian description
of first-order classical field theories. See [H12, [Kij73] for a shorter exposition and [GIMM98], [GIM04]
for a comprehensive treatment.

The multiphase space associated to a surjective submersion 7 : £ — ¥ is

ANT*E={ne A"T*E | tytyn =0 Yu,v € Ty E} .

Traditionally, we consider > to embody the independent variables of a classical field theory, and the
fiber directions of F/ the dependent variables.

When the dimension of ¥ is sufficiently great, AT7T™* E is a multisymplectic submanifold of A"T™E
and inherits the constructions of Subsection [£.3]

We begin with the extension of vector fields. As it is not generally true that the prolongation
of v € X(E) to A'T*E is tangent to AJT*E, our first task is to identify those v € X(M) that do
prolong to ATT*E.

Lemma 4.15. Ifv € X(E) is (E — X)-projectable, then the prolongation © € X(A"T*E) is tangent
to ATT*E.
Proof. Suppose v € X(F) projects along 7 : E — ¥ to some w € X(X). Then there are smooth
families of diffeomorphisms (¥;); and (¢4); such that v = %\Ifth:o, w = %¢t|t=0a and

moW, =1 o,

Since v = %\Il*_t\t:o it suffices to show that each U} preserves ATT*E. To see this is so, fix t € R,
put U =W, let o € ATT*E and u, v’ € Tyer E, and observe that

Lyl (P ) = UF (L yty, ) = 0.

Note that the last equality follows as & € ATT*E, and as m. W, u = ¢, (mu) = 0 provides W, u, U, u' €
Toert. E. O

Lemma 4.16. If v € X(E) is (E — X)-projectable, then v € X(AYT*E) is a Hamiltonian vector
field for 150 € Q"N ART*E).

Proof. This is a straightforward consequence of Lemma and the expository review of Subsection
4.3l O

We now again turn our attention to the canonical moment map induced by 6 = | AT*E €
Q" (ATT*E) for the action G ~ ATT*E lifted from G ~ (E — X). If G ~ ATT*E lifts the action
G ~ (E — %), then it is easy to show that G preserves 6.

For the zero level set of the moment map, the same argument as with the multicotangent bundles
applies and we obtain

N=p"0)={a € ANIT*E | 13 a =0}

We thus arrive at a natural class of reducible observables on ATT*E.

Theorem 4.17. If v € X(M) preserves X4(E), and if v € X(E) is (E — X)-projectable, then
(,150) € Ham®_ (APT*E, w) is reducible.

Proof. In light of Lemma this follows by similar argument as Proposition 4.14 ([l
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4.5. 2-dimensional scalar fields. Let us consider a concrete example of a multiphase space for
a field theory with configuration bundle E = R? — ¥ = R? possessing two independent variables
(01,02) and one dependent variable ¢. In this setting, a general element of the multicotangent
bundle A2T*E has the form

pdoy Adoy + ptdoy A dg 4 p? dos A dg.

and we take (o1,09,q,p,p',p?) as our preferred coordinates on A?T*E. The multiphase space
A2T*E in this setting is equal to the multicotangent bundle.
The canonical 2-form on the multiphase space is given by

0 = pdoy Adoy + p'doydg + pPdoadg

and the multisymplectic form by w = d6.

Let us now fix an infinitesimal action by g = R on E, generated by the vector field v = (¢)?9, €
X(E). Via natural prolongation, this action induces a multisymplectic action on M = A2T*E, given
by V = (q)%0,— 2q(p18p1 —|—p28p2). By construction, € is an invariant potential of w, hence it induces
a covariant moment map.

Let us now apply the reduction procedure. Since g is one-dimensional and the action on M is
generated by V, we can set N = {z | (1y/0), = 0}. Since 11,0 = ¢*(p'doy + p?dos), this means that
N = {q =0} U {p! = p? = 0} is the intersection of two vector spaces of unequal dimensions. Let
us describe the spaces relevant for reduction, where we use (---) to denote the C*°(M)-span of a
collection of elements.

o In = (ep'qp?)
%N(M) = <q8q7 plap]' 5 601 5 6027 8p>
Ix(N) =In - X(M).
Io(N)! = Iy - (doy,dos, dp) + (p*,p*)dg + ¢ - (dp',dp?).

Using this, we can try to determine the reduction. In degree 0, the reduction is given by

{f12v(f)eln}
In '
avoid possible confusion, note that here ¢? denotes the square of ¢, rather than an index.) The

second and third term are always in Iy, so we can concentrate on the first one. There the condition
implies that f has to take the form

f= 100" p) +a' f + a*f?,
where f!, f2 are arbitrary functions and f is a function of o;,p’,p. Since the second and third
term lie in the denominator, the reduction in degree 0 will be isomorphic to the space of possible
functions f°.

Even in this relatively elementary case, calculating the full reduction is very difficult. There is,
however, a class of observables for which the calculations are tractable: namely, 1-forms of the type
0(v) for v € X(E). All such forms are observables by the construction of the multiphase space, and
their Hamiltonian vector fields are prolongations w € X(M) of w. A general vector field w on E
has the form w = w'd,, + w?d,, + w9, for arbitrary functions w!, w?, w? of o1,09,q. Since the
multiphase space here is equal to the multicotangent bundle, we need only to check the condition
[v,w] € X4(F). We obtain

The condition in the numerator means that qu—flc — qpl{?—g1 — qug—{; € Iy. (To

ow' ow?
2 2

[U,'LU] = [q 8q,’l)] =q 8—(]801 + 67(1
For this to lie in X4(E), w', w? must be independent of ¢ and w? must be a multiple of ¢. A
lengthy calculation shows that an observable of the form (i360,w) reduces to zero, if and only if

w! = w? = 0 and w? is a multiple of ¢?>. So we have a subspace in the reduction that is isomorphic

to {(taf, W) | w = w'(o1,02)05, + W20y, (01,02) + q?(01,02)0y}
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5. OUTLOOK

We briefly consider three natural directions in which to extend our research.

5.1. Moduli spaces of flat connections. Let P — M be G-principal bundle over a compact
manifold M™ admitting a flat connection, let G = AdP be the gauge group, let A be the space of
connections on P, let

N={Ac A|Fy=0}
be the subspace of flat connections, and let M = N/G be the moduli space of flat connections. Given
any invariant polynomial ¢ € S"*1(g*)%, it is shown in [CFRZ16, Section 10] that the assignment

w‘](vlw--avk) ’_>/ Q(@A/\Ul /\"'/\Uk), V1,y...,V € Ql(M,adP) ~TiA
M

defines a presymplectic form on A, where we identify X(A) with a space of suitably smooth maps
v:A— QYM,adP) as A is an QY(M,adP)-affine space, and moreover that M arises as the
geometric multisymplectic reduction of G ~ (N C A). This extends a classic observation of
Atiyah-Bott [AB83| Section 9] in the case in which M is a surface. In each case, the there is an
associated moment map derived from the curvature F : A — Q2(M, adP).

It would be interesting to rigorously adapt our framework to this infinite-dimensional setting. In
particular, it would be interesting to identify suitable analogues of the auxiliary spaces of Section [3]
and to examine the reduced L.-algebra in particular examples.

5.2. Classical field theories. One of the original motivations behind the development of multi-
symplectic geometry was the search for a rigorous mathematical framework for prequantum field
theories. The driving principle was to look for a suitable extension of the geometric mechanics’
framework, based on symplectic geometry (see [AMOS§|), from point-like particles with a finite set
of configuration coordinates to systems with infinite denumerable degrees of freedom.

Cornerstones of the former are the philosophy of encoding phase spaces as cotangent bundles of
configuration manifolds and the fact that cotangent bundles are canonically symplectic. Extending
such ideas to classical field theories led to the introduction of multiphase spaces, as touched on in
Section .41

At present, the application of recent developments in the theory of multisymplectic observables,
moment maps, and reduction to its motivating subject of classical mechanics remains broadly un-
derdeveloped.

A natural next step that could follow from the present work would be to provide a more explicit
characterization of the reducible observables in the specific case of multiphase spaces. In other
terms, the latter would imply the displaying a multisymplectic analogue of the so-called cotangent
bundle reduction, see [MMOT0T7, [OR06]. Although it is essentially a matter of restricting general
constructions to a peculiar class, essentially comprising fibered spaces with an exact multisymplectic
form as sketched in sections[4.3]and [£.4] such results could foster new applications of multisymplectic
methods to the realm of the mathematical physics of continuous and field-like systems.

However, it should be clear from the example given in Section [£.5] that carrying out all computa-
tions required to display all reducible observables explicitly is a daunting task. Accomplishing this
merely for the prototypical model of the free scalar field on the Minkowski space-time would be a
nontrivial result, particularly if it were to enable to retrieve geometrically the mechanical momenta
usually introduced through variational methods in the physics literature.

5.3. Quantization. In the symplectic setting, a quantization procedure is an assignment to ad-
missible symplectic manifolds (M, w) equipped with additional data, of a Hilbert space H(M,w).
When (M,w) comes equipped with a compatible G-action, the H(M,w) inherits the structure of a
G-representation.
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Unsurprisingly, multisymplectic setting is more exotic. We refer to [Sch21] for a general exposition
and present below the prequantization construction of [FRS14) [FRS16].

Definition 5.1 ([FRS14]). The cochain complex of sheaves
CX(—UL) =5 (=) S Q) B - Q=) 5 (=) = o

with C*°(—;U(1)) in degree 0, will be called the Deligne complex and will be denoted by the symbol
Q(l)Del-

Definition 5.2 ([FRS14]). The n-stack of principal U(1)-n-bundles (or (n —1)-bundle gerbes) with
connection B"U(1)conn is the n-stack presented via the Dold-Kan construction to the presheaf
U (1)%21 [n] regarded as a presheaf of chain complexes concentrated in nonnegative degree.

Definition 5.3 ([FRS14]). Let (M,w) be a pre-n-plectic manifold. A prequantization of (M,w) is
a lift

BnU(l)conn

n+1l/_
M 5 " (=)a

The key observation is that this prequantization construction is given purely in terms of dif-
ferential forms on M, a class of spaces for which we have just proposed a very general reduction
scheme (see Remark . Consequently, given a subset N C M and compatible action g ~ M, a
candidate construction for a reduced prequantization that immediately suggests itself is the termwise
reduction € — Qp of the Deligne complex with respect to g ~ M along N.

Specializing to the 2-plectic setting, in [SW21] the prequantization of (M,w) is realized in the
framework of bundle gerbes, and in [Rogll] in terms of Courant algebroids. In each case, it would
be interesting to adapt our reduction apparatus to reduce these prequantizations along a subset
N C M by an action g ~ (N € M). A rich field, further quantization schemes are proposed by
Barron and Seralejahi [BS17|, Barron and Shafiee [BS19|, and by de Bellis, Samann, and Szabo
[DSS10l [DSS11].

Several natural questions arise. For example, it would be interesting to identify and investigate a
[@Q, R] = 0 “quantization commutes with reduction” conjecture. Additionally, it is shown in [FRS14]
that Hamoo (M, w) is suitably equivalent to the infinitesimal symmetries of a prequantization of
(M,w). It would be interesting to compare the reduction of a prequantization of (M,w) with the
Loo-reduction of its space of infinitesimal symmetries Hamqo (M, w).
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