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Programm der Mathematischen Arbejtstagung 1380 (I)

Freitag, den 13.6.:

17.00 - 18,00 Uhr: M.F. Atiyah: Vector Bundles on Riemann Surfaces

Samstag, den 14.6.:

10.00 - 11.00 Uhr: A. Xatok: Counting closed geodesics on surfaces

12,00 - 13,00 Uhr:

-

R. Bott: BEquivariant Morse theory

17.00 - 18.00 Uhr: K. Ribet: Mazur and Wiles (cyclotomic fields)

Sonntag, den 15,6.:

10.00 = 11,00 Uhzr: A. Borel: L2 cohcmology of arithmetic groups

12.00 -~ 13,00 Uhr: 1. Bakelman: Topological methods in the theory of
Monge-hmpére equations

16.45 - 17.00 Uhr: Festlegung der nichsten Vortrige

17.00 - 18.00 Uhr: H. King: Topology of real algebraic varieties

Die Vortrige finden alle im vGgrofen HSrsaal" (Wegelerstr. 10) statt. Erfrischungs-
pausen mit Tee: Samstag und Sonntag 11.15-12.00 Uhx vor dem Grofen Hdrsaal, nachmit-
tags ab 15.30 Uhr im Diskussionsraum BeringstraBe 1. Die Post liegt wahrend der
Teepausen aus. Tischtennis im Keller des Hauses BeringstraBe 4. Den Tagungsbelitrag
bitte an Frau Gerber (SFB-Biro Beringstr. 4) bezahlen. Alle Tagungsteilnehmer mdgen
gsich bitte in die Teilnehmerliste eintragen. Teilnehmerlisten und andere Informatio-
nen liegen vor dem Diskussionsraum BeringstraBe | aus.

Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum Empfang des
Rektors eingeladen. Zeit: Freitag, den 13.6., 20.00 Uhr. Ort: Festsaal der Uni-

versitat (Hauptgebiude), Eingang von der StraBe "Am Hof" durch das Tor gegeniber
Buchhandlung R&hrscheid.
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Montag, den 16.6.:

10.15 - 11.15 Uhr: J. Milnor: Groups of polynomial growth (Gromov's work)

12,45 - ca. 20.00 Uhr: Ausflug nach Bad Breisig/Bad Hénningen. Abfahrt pinktlich
um 12.45 Uhr mit Motorschiff "Carmen Silva" am Alten Zoll.

Dienstag, den 17.6.:

10.00 = 11,00 Uhr: Y.-t. Siu: Andreotti-Fraenkel conjecture
12.00 - 13.00 Uhx: M. Artin: Mori's work

16.45 - 17,00 Uhr: Festlegung der restlichen Vortrage

17.00 - 18,00 Uhr: B. Gross: L-series of elliptic curves

Die Vortrige finden alle im "GroBen H8rsaal" (WegelerstraBe 10} statt.

Erfrischungspausen mit Tee: Dienstag vormittags 11.15 - 12,00 Uhr vor dem
GroBen Hdrsaal, nachmittags ab 15.30 Uhr im Diskussionsraum Beringstrafe 1.

Dle Post liegt wahrend der Teepausen aus.
Tischtennis im Keller des Hauses BeringstraBe 4.
Den Tagungsbeitrag bitte an Frau Gerber (SFB-Biro, Beringstrafe 4) bezahlen.

Alle Tagungsteilnehmer mSgen sich bitte in die Teilnehmerliste eintragen.

Teilnehmerlisten und andere Informationen liegen vor dem Diskussionsraum
BeringstraBe 1 aus.
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Programm der Mathematischen Arbeitstaqung 1980 (IIT)

Mittwoch, den 18.6.:

10.15 - 11.15 Uhr: F. Takens: Turbulence and strange attractors
12,00 - 13.00 Uhr: W. Ziller: Periodic motions in Hamiltonian systems
i7.00 - 18.00 Uhr: P. Slodowy: Simple groups over €({(t)) and

simple-elliptic singularities

Donnerstag, den 19.6.:

10.15 - 11.1% Uhr: S. Kudla: Geodesic cycles and the Weil representation
12.00 ~ 13.00 Uhr: D. Epstein: A theorem of Thurston with applications
to group actions and foliations

16.45 - 17.45 Uhr: F. Adams: Recent work on homotopy theory

Die Referenten werden nochmals gebeten, ihre Kurzfassungen bis Mittwoch,
16.30 Uhr bei Herrn Schwermer abzugeben, da wir den Tagungsbericht allen
Tellnehmern noch vor ihrer Abreise aushindigen m&chten.

Die Vortrige finden alle im “Grofen HArsaal" (WegelerstraBe 10) statt.

Erfrischungspausen mit Teé: Mittwoch und Donnerstag vormittags von 11,15-12.00
ODhr vor dem GroBen HOrsaal, nachmittags ab 15.30 Uhr im Diskussionsraum
Beringstrafle 1.

Die Post liegt wdhrend der Teepausen aus.

Tischtennis im Keller des Hauses Beringstrafe 4.
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As was described in the actual talk, Mazuf and Wiles .
are in the process of settling mang of the classical problems;
in the theory of crclotomic fields, by & method which uses
jacobian varieties of modular curves. Their work is not yet
available even in preprint fore, but 2 good idea of the
technigques involved can be had by consulting Wiles ‘sarticle
in the current volume of Inventiones Math. (which is .?58).
The first use of msdular curves in the theory of cyclbtomic
fields was made in an article in Inventiones Math (1976) by
Ribet. Finally, a discussafgdffkﬁﬁe "main conjecture" of
Ivasawa theory (noy proved TorYtotally real abelian fields)
is contained in Coates s artlcle in the Durham Number Theory
Conference volume, A. Frdhlich, ed.

In the remainder of this abstract, I will state what
vas reférred to in the talk as the twisted main theorem for

Q(r& ). This is the result which is proved directly, and
pP
vhich ifiplies (using arguments from commutative glgebra)

the main conjecture of Iwvasawa theory and its many conse-
quences, '

So let p be an odd prime. For n20, let Kn be the field obtained
by adioining to @ the group of pn+l @ty roots of unity. Let K be
the union of these fields, i.e., the field of p-power roots of unity.
Set G = Gal(K /2) = (Z/pn+1Z) and let T‘ = Gal(ﬁ’/Kn), for each n.

Let A be the p primary part of the idesl class group of K for each n,
and let An denote the odd part of this group (the -1 elgenspaCe under

the action of complex conjugation). For each n, the natural maep An'“’An+l

i injecti " - y i A . We must
induces an injection An"’Ah+}' Let A, be the union of the A
consider the twist A;ll) of A_ , defined to be the tensor product

A; ®Ep Lim (/-Lpn).

We consider this as a Gal(ﬁ_/Q}-module by having the Galois group act




A,
e d

AL
T

[UIEinlo IEErats:
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AT AR

on both factors. Then for each n, we define
-4
B = A (1) 7.
This is & priori a module for the Galpis group Gn’ but in fgct ve
see that complex conjugation in G_ acts trivially, so it mekes sense
to consider Bn as a module for Gn, the Galois group f{over @) of the
real subfield of K . Accordihg-to a theorem of Coates (Ann of Math,

71971), B is in fact isomorphic to the p-primary part of the group K (r),
where R is the ring of integers of the real subfield of K .

Let us . fix n, and set R to be the group ring zp[:cn ] . Then B

mey be viewed as an R-module.
Twisted Main Theorem. The Fitting ideal of the R-module Bn is eontained
in the twisted Stidpkberger ideal of R. '

Ve w1ll close this abstract by deflnlng the two ideals in question.
First, the Stieckelberffideal. For get} , let Cé be the character—
istic function of g, viewed as a funct1on on ¥, pericdic mod pn 1. The

twisted Stlckelberger element is the sum Z L(- 1,£ g = € RGQ .
- g'EG
The twisted Stickelberger ideal is the set of elements of R whlch qre

R-multiples of this sum.
Now, for Fitting ideals. Let R be any commutative ring with 1, and led
M be a finifely generated torsion R-module. Choose a surjection
d:RY—y M,
It al,...,aq are elements of the kernel of 4 (each considered as rovw
vectors), we may concatenate them together to meke a q by q matrix.
The Fitting ideel of M is the ideal of R generated by the determinants

of all such matrices.
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'Wlxue Wix) = O kW(x) € L (G) f(p) >0

d

"B The {unc#’m $lx, 2,p) J“ﬁﬂﬂ‘i‘
the condilrun

0 s ¢(x, 2,p) s w(x)-Rlp)
where

(3)

-

in. G x RxR™
Aescribeod above.

A,
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wl""lblﬂ- whqu,l.b w  each rao«nf x € G eut

VL r++A
th,—u/vu'.f&s-rm%, Fr'om, +he conedit=ume K€

2
we prove (_vu*a n,on.-‘ﬁrcwa.e%.)bht Hois

o 7 undcfotom
| w@Mvauw o BCm[x) oonVu-gu,\ o ony funehan

2, (0 e WL (6), Tho e operator A WIG@> WG
v - wrwfac.’t'. From the C—omr:a.cw 0{ He optiadut

solutvom  of He Sorvehlet protlem (18)-(15) we prove
that. the s s 4 & confnwous.

Thtrefore owr Hasrem & ﬁ—ruw,{ by mtans
of fhe Sehauder /h—{‘;'ha'/o&_

a0 € C(Exke?) and @y 2O
G xRxR™  then the Somchlet  protlem

(18) = (16) ALes on§ ne /Wa/rped doturrnw,
When  the conditiom ¥ 20 & hot Jfublilled
then  Hoe dirichlot potoblem  can tave m anel

?;;jm clnf“m‘fc. remLes oﬁ gencrolized dodihvons
C‘-arf-o}fonof:'nj examples can Be  consfructeo

gj Mt eens 9{ the Krosmoselski Heorems of
Lexed poinks (tee [27).
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| T.lu' Aame ‘Hp—qfug.,ccql methods can Be wred
Complicated Morgge - Fompare  equakions :
A=) 3D e e a7, )
. . =4 o

‘.l"":z{"‘(l( fr e
+ @P(x,2,22)

t

whse A et n Q@ pf(hcgpfa m e o»ﬁ 'H-e Dfder‘

k of o(e.‘:'“l‘c'jll.(‘\u (23,

The \Mvh.gc~ﬁmp:.r-c equaions  cund  opadaderd
o-re Q-P{-’El'.cal ¥or the o-?\"aa:m\\,a @ RACeTL erdr -
\m-a'i'bb 0-?. CV»..&ML'M” ol Q,_W &e&'y‘_‘c
e,c‘v.n:_e.)n‘m o ol ,g\,_r e |aroo£o£exfs+wu, Hheusfons
o{. Hin ettua;(-cm[szfv]we— |proved Ha sJ-«L.'IrLé Hasteme
'e.»-r %w«ral Jloptve equations alyo G.a s
of the Mo e - Ampare  operotuifae 19). |

This leedure oo Loarcd on He rowmlts of

V\Ma wor 1L,

R?,Qe,r'e.hceﬁ,
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What do the solutions of real polynomial equations look like
to a topologist?

More particularly, we say V < R® is a real algebraic set if
V = p '(0) for some polynomial map p: R"~> X, pe p;'oblem
I wish to discuss is the cheracterization of real algebraic sets
up to homeomorphism. In other words, what are heccesary and sufficient
conditions for a topological space to be homeomorphic to a real

algebraic set. ( A reference for elementary topologiesal properties

of real algebyaic sets is [Wl).

Let Vo R" be & real elgebraic set. Then there is a real
algebraic set QVC YV 50 that V¥ _8\! is a smooth manifolti and
dim V ‘>dimiv. The points of ZV are called singular and those
of V 2 ere called nonsingular or sréooth. For example if
V= {z =X +y25 then é',v ie the origin.

The first step is to understand nonsingular algebraic sets,
i.e. those V with f.v empty. In the 1930's Seifert showed
that any compact perallelizable manifold is diffeomorphic to a
nonsingular component of & real algebraic setf S] . The proof was
as follows, If M" is a compact paralellizseble manifold it can

. . + . .
be imbedded in some R© k so that it has & neighborhood T and a

smooth funetion f: T—aRk so 0 is & regular value of £ and
f-1(0) =M, Then extend £ to B*° and approximate by a
polynomial p. Then because O is a regular value of f, p_i(O)l\ T
is a slightly jiggled copy of f  (O)

In the 1950 s Nash showed that any compact manifold is
diffeomorphic to a nonsingular component of a real aslgebraic set{{ N}

The basic idea is similar to Seifert s, except that to clessify the

——————————'—'-'-"""—'-""-"-"'L
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normal bundle of M, f must map to the canonical bundle over the
Grassmanian. Then approximate f by something algebraic and mess
around a bit to finally get M = nonsingular algebraic subset of

R RY, (The RR™ 1is an artifact of the messing around you must do.)
Finally in the Tols , Tognoli proved that one can get rid of the

extra components, so every compact smooth manifold is diffeomorphie
to & nonsingular resl algebraic set [ T1\.

So compact nonsingular real algebraic sets are classified up to
diffeomorphism,

What about singular algebraic sets?

The previous results
depended on the

fact that locally a submanifold of R” is the zero set
of & smooth function f which has zero a3 a regular value. So if you
perturb £, the zero sets are isotopiec. If you have a singular space
this is no longer the case., For instance, the cone =z =x2+y2 if we

approximaete by gz =x"+y +& ve get something muech different.

oo
a

In the 60{3 Kuiper had the ideas of getting around this in

certein circumstances by alweys approximating with something with

the same high order Taylor expansion polynomial at s simgular pOint-i:Kl
This meant that if you knew of polynomials p;* (Rn,O)‘J9(Rk,0)

with an isolated singularity at O, then eny space which had isolated

singularities which looked like the singularities of some p;1(0)19

wes homeomorphic to a real algebraic set, This method produced lots

of examples but could not hope to classify real algebraic sets, since

for instence it depended on knowing examples of polynomials p;

The idea of Akbulut and myself was to take a cue from the

algebraic resolution of singularities. In a naive form, resolution of

singularities says that for every real algebraic set V there is &
nonsingular real algebraic et W and a proper polynomial function
f: WV so that - . ) .

f!f 1(v_gv) : f (V-‘fv) "»’V-zv is a

@lffeonorphiam. One cen also 'specity that £ '(€,) is & union
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of codimension one closed submanifolds of V in general position.
For instance, the cone 2=x2+y2 is resolved to a cylinder and
the map f crushes a cirele to a point.

Qur idea was to take a'fopological space X, see if there is
some sort of topblogical resolution f:Y-»X. Now Y is a smooth

manifold so one can use Seifert-Nash~Tognoli to approximate it by

a nonsingular elgebraic set W. Them i{ one has been careful, W can be

be blown down algebraicly to a real algebreic set V whiceh is
homeomorphic to X. '

It seems likely that this epproach will allow s complete
topological characterization of real algebraic sets. At the
moment, these are some of our results.

I) (Characterization of real algebraic sets with isolated
singularities) A topological spece X is homeomorphic to a real
algebraic set V with 2:v finite iff X is homeomorphic to the
interior of a compact smooth manifold with some smooth codimension
zero submanifolds crushed to points. [}“fll

II) The interior of any compact PL manifold is homeomorphic
to 8 resal elgebraic set. [AKA}

ITI) (Characterization of homotopy types of real algebraie
sets) X is homotopy equivalent to an real algebraic set iff
X is homotopy equivalent to a finite complex. LAR}]

IV) ({Characterization of real algebraic sets of dimension £ 2)
X is homeomorphic to a compact real alg. set of dimension <€ 2
iff X is homeomorphic to a polyhedron in which every simplex is
properly contained in an even number of closed simplices. (This
result wes proved independently by Benedetti and ? by the same
methods ).

V) (A1l knots are mlgebraic) Given a knot (or even & link)

KC=S3 there is an algebraic set V'CIRh so that for all sufficiently

small €>0, { 853, tSaf\V ) is diffeomorphic to (S3,K). (Here

S
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£8° 1is the sphere of radius £ around O0.)

VI} X is homeo. to a real alg. set iff X is locally compact
and the one point compactificetion of X is homeo. to a resl alg. set.EAM]

As an illustration I will give a sketch of a proof of I).
First of all, by VI) it is sufficient to prove the result with X and V
compact. Next, one can show the comdition on X is equivalent to the
condition that X is homeomorphie to a smooth compact boundaryless
manifold M with unions of closed codimension one submanifolds in
geheral position crushed to points. (The proof in one direction needs a
little trick.-‘) Now by resclution of singularities, if V is a compact
algebraic set with Sv finite then there is a compact smooth manifold
Wand amep f:W->V so f is a diffeomorphism over V- Z'.v and

f—1(2V) = & union of closed codimension one submanifolds in
general position. Thus V is homeomorphic to W with these closed
codimer}sion_ one submanifolds crushed to points.

Conversely, teke a compact smooth boundaryless manifold M and
let Mi < M i=1,...,k be codimension one closed submanifolds
in general position. For simplicity, I will sketch a proof that
M/y Mi is homeomorphic to a reesl algebraie set V with £v = g point.
Let U, be R" with O blown up. Let U, be U, with a point in the
inverse image of O blown up. Let 'rr1:ll1'9Rn and '51-2:U2--9U.I be
the blowup maps. Then (Tr1°772)*1(0) = two ecodimension one submenifolds
of U2 in general position. Take a point in their intersection and
blow up U2 at this point to get U3. Do this k times and we get a Uk
and a polynomial map -IT:Uk—-?Rn so that 11‘_1(0) is a union of
k codimension one submanifolds of Uk in general position, call them
Sl""’sk' Now imbed M in Uk s¢ that M(\Si = Mi and M is in
general position with the Si’s. Approximate M by a nonsingular algebraic-
set Wc ka R™. fThen by general position T (W) is homecmorphic to
(M) which is homeomorphie to X.
that (W) =

Unfortunately there is no guarantee
an algebraic set but by a very simple trick you can
find an algebraic set homeomorphic to T {W).

L e bR AR AR e e
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Cne can apply geometric methods in order'to.find periodie
motions in hamiltonian systems of certain type. One needs to require
that the hamiltonian H: T"M—»R is convex on each cofiber( pr>0).
The Jacobi metric is then a Finsler metric and one tries to find
closed geodesics or brake orbits of this Finsler metric. We call
such hamiltonians convex end say that H is even if H(q,p)=H(q,—p).

The following theorems fit in this framework:

Theorem (Birkhoff 1917). Any convex hamiltonian on s nas one

periodic orbit.

Theorem (Fet-Lusternik 1951). Any convex hamiltonian on & compact

manifold M has one periodic orbit.

If thé hamiltonian H is convex and even we define the potential
function V(gq)=H(q,0) as in the classical case. The motion is then
restricted to __the set ME=V-1(-¢,E] . If ME has no boundary the above
theorems apply and if M.E has boundary we have:

Theorem (Seifert 1947)., If M, is homeomorphic to & disc there
.exists & brake orbit gf energy E.

Theorem (Gluck-Ziller 1980), 1If ME is compact there exists a
breke orbit of energy E. '

If ME contains a nondegenerate critical point one can find
a2 homoclinic or heteroclinic orbit by these methods.
In special situations one can show that there exists seversal

periodic orbits:
Theorem (Klingenberg 1968). If the sectional curvature satisfies

% <K <1 then the metric has dim M closed geodesics.

In joint work with Ballmann and Thorbergsson I was able to show
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that this theorem has & generalization to convex hamiltonians,even
without any evenness assumption. _ ' '
Theorem (Ekeland-Lascry 1979}, If H: R°Z—5>R  has a convex and
compact energy hypersurface Hq(E) such that
B(1) . H"(E) € B(VZ)

then there exist n periodiec orbits of energy E.

One hopes that both theorems are true for arbitrary convex
hamiltonians. | |
In certain cases one can slso make statements about stability
proprties of the periodic orbits obtained by these methods,
Let ¢ be & closed geodesic on s” obtained by Birkhoff’s method.

Theorem {Ballmann-Thorbergsson-Ziller 1980).
(1) 1f )}( K41 <then ¢ is nonhyperboliec, i.e. cne
eigenvalue of the linearized Poincare map satifies pzl*=t,
(2) 1r %(K:‘H then ¢ is elliptiec, i.e. all eigenvalues -
satisfy 121= 1 and the linearized Poincard map splits

into 2-dimensional rotations or blocks (L —:) .

Using the Birkhoff-Lewis fixedpoint f{heorem and the theorem of
Kolmogorov-Arnold Moser this implies thatq metrie with ﬁ < K& 1
has genericelly infinitely many closed geodesics and that e metric
with % < K%£1 has generically a positive measure of invariant tori
in the tangent bundle on which the geodesic flow is quasi-periodic,
in particular the geodesie flow is not ergodie.
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