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Donnerstag, den 16.6.1988

16.00 - 17.00 Uhr

Freitag, den 17.6

.1988

10.15 - 11,15 Uhr

12.00 - 13.00 Uhr

17.00 -~ 18.00 Uhr

.1988

Samstag, den 18.6
10,00 ~ 10.15 Uhr
10.15 - 11.15 Uhr
12,00 - 13.00 Uhr
17.00 - 18.00 Uhr

M.F. ATIYAH: Topological quantum field theory

A. SUSLIN: K-theory of fields

G. MARGULIS: Minima of indefinite quadratic
forms
A. PARSHIN: Inequalities for algebraic surfaces

and connections with number theory

Festlegung der nichsten Vortrége

J. BISMUT: Quillen metrics and degenerating
Riemann surfaces

K. RUBIN: Finiteness of the Shafarevich group
{Kolyvagin's work)

R. THOM: Animal organization as a stratified

space

Die Vortr&ge finden alle im “Grofien Hirsaal®, WegelerstraBe 10, statt.

Exfrischungspausen mit Tee: Freitag und Samstag 11.15 - 12,00 Uhr und
16.00 - 17.00 Uhr vor dem GroBen H&rsaal.

Teilnehmentisten und Informationen liegen vor dem GroBen Hdrsaal aus.
Alle Teilnehmer mbgen sich bitte in die Teilnehmerlisten eintragen.

Post liegt wdhrend der Teepausen aus.

Den Tagungsbeitrng bitte wihrend der Teepausen vor dem GroBen H&rsaal

bezahlen.

Alle Tagungsteilnehmer mit ihren Damen ocder Herren sind herzlich zum
Empgang des Rektors eingeladen. Zeit: Donnerstag, den 16.6., 20.00 Uhr.
Ort: Festsaal der Universitdt, Hauptgebdude; Eingang von der StraBe "Am
Hof" durch das Tor gegeniber Buchhandlung Réhrscheid.
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Sonntag, den 19.6.1988

10.15 - 11.15 Uhr W. BALLMANN: Dirichlet problem at «

12.00 - 13.00 Uhr - D. KOTSCHICK: Differentiable classification of
algebraic surfaces '

17.00 - 18.00 Uhr J. FRANKE: Chow categories

Montag, den 20.6.1988

10.30 - 10.45 Ghr Festlegung der né&chsten Vortrige
10.45 - 11.45 Uhr G. WUSTHOLZ: Tate conjecture by transcendence
. theory
13.00 Uhr Schiffsausflug nach Andernach. Abfahrt um 13.00 Uhr

mit Motorschiff "Carmen Sylva", Ablegestelle Alter
Zoll, Rickkehr ca. 20.00 Uhr.

Dienstag, den 21.6.1988

10.15 - 11.15 Uhr Y. . NAMIKAWA: Conformal field theory on Riemann

surfaces

Die Vortrdge finden alle im "Grofen Hérnsaal", WegelerstraBe 10, statt.

Engnischungdpausen mit Tee: Sonntag und Dienstag, 11.15 - 12.00 Uhz und
16.00 - 17.00 Uhr vor dem GroBen Hérsaal.

Tellnehmerlisten und Informaticnen liegen vor dem GroRen Hdrsaal aus.
Alle Teilnehmer mdgen sich bitte in die Teilnehmerlisten eintragen.

Post liegt w&hrend der Teepausen aus.

Den Tagungsbeiinag bitte wahrend der Teepausen vor dem GroBen Hérsaal
bezahlen.
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Dienstag, den 21.6.1988

12.00 - 13.00 Uhr J.~M. FONTAINE: Semi-stable Galois representations

17.00 - 18,00 Uhr J. LEITERER: Extension of CR cohomology. Deformation

of vector bundles on pseudoconvex manifolds with
-2 convex holes

Mittwoch, den 22.6.1988

10.15 = 11.15 Uhr. R. HAIN: A trilogarithm
12,00 - 13.00 Uhr K. GROVE: Bounding homotopy types by geometry
15.00 = 16.00 Uhr J. HUBBARD: Iteration of cubic polynomials

Die Vortrdge finden alle im "Grofen Horsaal", WegelerstraBe 10, statt.

Engrnischungspausen mit Tee: Dienstag, 16.00 - 17.00 Uhr vor dem GroBen
Horsaalj Mittwoch, 11.15 - 12.00 Uhr vor dem Grofen Horsaal.

Infomationen liegen vor dem GroBen Hirsaal aus.
Post liegt wihrend der Teepausen aus.

Den Tagungsbeitrag bitte wihrend der Teepausen vor dem GroBen Horsaal
bezahlen. -
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afegx Zhat fox a feelod £ . KolF)=Z, M (F)=F
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Titel: Kolyvagin's work on Mordell-Weil groups and Tate-Shafarevich groups
Autor:  Karl Rubin
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Let E be an elliptic curve defined over Q, and assume that E is modular: for some integer N
there is a nonconstant map defined over Q
n: Xo(N) = E
which we may assume sends the cusp o= to 0. Here Xy(N) is the modular curve whose points
correspond to pairs (A, C) where A is an elliptic curve and C is a cyclic subgroup of A of
order N. It follows that the L-function of E, L(E, s) =.Eann's, has an analytic continuation to
all of C and satisfies a functional equation s — 2-s. We will further assume that the sign in this
functional equation is +1. _
Fix an imaginary quadratic field K in which all primes dividing N split, and fix an ideal t
of K suchthat @/t = Z/NZ. Let x; be the pointin Xg(N)(C) corresponding to the pair
(C/Ok, wl/Og.
Fix an embedding of Q into C; then the theory of complex multiplication shows that
x; € Xo(N)(H) where H denotes the Hilbert class field of K. Define y, =n(x,) € E(H) and
y = Tryxy, € EX).

Théorem. (Kolyvagin) Suppose E and y are as above. If y has infinite order in E(K)
then E(Q) and Ulgy, are finite.

To relate this result to the Birch and Swinnerton-Dyer conjecture one needs the following:

Theorem. (Gross and Zagier) With E and y as above, y has infinite order in E(K) if and
only if I(E, 1) 20 and L°(E, xg, 1) #0, where Yy is the quadratic character attached to K.

Analytic Conjecture. Forany E as above, there exists at least one imaginary quadratic field

K, in which all primes dividing N split, such that L'(E, ¢, 1) #0.
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This analytic conjecture, as yet unproved, together with the theorems of Kolyvagin and Gross and

Zagier, would imply:
(*) For any modular elliptic curve E, if L(E, 1) #0 then E(Q) and gy are finite.

Assertion (*) is known for elliptic curves with complex multiplication, by theorems of Coates and
Wiles (for E(Q)) and Rubin (for Wlgy).

Sketch of the proof of Kolyvagin's theorem. Fix a prime number £ satisfying
(i) £42hg, where hg is the class number of K,
(i) forall v, £ #H'(Q,"/Q,, EQ,"™)),
(iii) E has no subgroup of order £ rational over Q,
(iv) ye ZE(K).
Note that these conditions eliminate only finitely many primes £. For any completion Q, of Q

we have the diagram

E(Q)/IE(Q) < HYQ,Ep
J d res,
E(Qv)/’tE(Qv) - HI(QV’ E})

and we define the Selmer group S™ and the Z£-torsion in the Tate-Shafarevich group, L ,, by

S® = M res, 1(image E(Q,)), 0 — E(QY/2EQ) — S¥ - 11, - 0.

For se S write s, for the inverse image of res,(s) in E(Q,)/2E(Q,). We will sketch the

proof that for £ as above, S =0. To complete the proof of Kolyvagin's theorem it is then

necessary to show that for the finitely many primes we have left out, S“™ is bounded

independent of n; this is proved using the same ideas and is not significantly more difficult.
We will show S® =0 by showing that for s e S™ and for a large set of primes p,

sp =0. Our main tool is the following, which is proved using the local Tate pairings.
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Proposition 1. Suppose p is a prime such that #{E(Q,),] = £, and suppose there exists a
cohomology class c, € HY(Q, E), satisfying

() forall v#p, res/cy) =0,

(i) resy(cy) # 0.

. Then for every se s, s, =0.

It remains now to construct such a cohomology class ¢, for sufficiently many p, which
Kolyvagin does using Heegner points. Write t for the complex conjugation on Q indiiced by
our embedding of Q into C.

Lemma 2. Suppose p is a prime not a’iw"din’g AN and Frobp(K(E 2/Q) =1{t]. Then
@ 2la, and 2|p+1,
(ii) p remains primein K,

(i) HEQp = 2.

Proof. The first assertion follows by comparing the characteristic polynomials of Frobenius and

T acting on E,, namely T2- a,T +p and T2 - 1, respectively; the other two statements are

clear.

Fix a prime p as in the lemma, and let &, be the order of conductor p in Ok. Let x; be
the point in Xy(N)(C) corresponding to the pair
(C/0,, (uﬂcpp)-l/(yp).
The theory of complex multiplication shows that x,& X(N)(K[p]) where K[p] denotes the
ring class field of K modulo p. The field K[p] is a cyclic extension of H of degree p+1,
totally ramified at p and unramified everywhere else, and T acts on Gal(X[p]/K) by -1. Define
¥p =(xp) € E(K[p]). The only facts about Heegner point which we will need are contained in

the following proposition.

PropOSition 3. 1) TrK[p]/H(yp) = ale
i) There exist ¢ € Gal(K[p)/K) and we E(Q),, such that Yo' =-ypP+w, yr=-y+w.
iii) For any prime p of Klp] above p, y,"™ =y, e E(Fpg), where ~ denotes reduction

modulo p.
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Proof. The first two assertions come from the action of the Hecke operators Tp and wy,
respectively, on x; and x,. The third statement holds because the elliptic curves corresponding
to the points x; and x, are related by a p-isogeny, which modulo p reduces to the Frobenius

map.

Since 2 |p+1 and H"hK, there is a unique extension K* of K of degree £ in K[p], and
K’/K is totally ramified at p and unramified at all other primes. Define
z = Trgpx-(yp) - (a/£)y € E(K). '
By (i) of Proposition 3, Trg-x(z) =0. Therefore (fixing a generator of Gal(K'/K)) z gives rise
to a cohomology class

¢, € HI(K/K) € H!(K, E),.

P

Proposition 4. i) c, € Hl(K-, E) ; = HY(Q, E),, where + denotes the fixed space
under Gal(K/Q).

ii) rcsv(cp) =0 forall v#p.

1ii) 'rcsp(cp) =0 ifandonlyif ye £E(Kp).

Proof. By (ii) of Proposition 3, z¥=-z (modulo (c-1, £)), and 7 also acts by -1 on
Gal(K/K), so ¢t = Cpr For v#p, since K/K is unramified at v,

res,(c,) € HY(Q,"/Q,, E(Q,™)), = 0
by assumption (ii) on £. For the third statement, one checks that resp(cp) =0 if and only if
z=0 in E(F,2). Using (ii) and (iii) of Proposition 3 one sees that z=0 in }E(F ,2 if and only if
y€ ,EE(FPQ), or equivalently if and only if y € £E(K)).

Corollary 5. Suppose p*ZN, Frobp(K(E Q) =[1], and y ¢ /EE(KP). Then for all
s € S(j), sp = 0.

It remains only to show that we have found enough primes p with sp =0 to force s tobe

0. This is done using that y ¢ LE(K) and that E has no subgroup of order £ rational over Q.
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Titel: pifferentiable classification of algebraic surfaces

Autor: Dieter Kotschick

Adresse:Mathematical Institute, 24 - 29 St. Giles, Oxford,
OXa1 3LB

This talk gave a survey of the diffeomorphism clessification of

algebraic surfaces, using methods from gauge theory. For reasons

of time only results on simply - connected surfaces were discusseq

For the non - simply - connected case see (HK) and the references
' quoted there.

§1. Donaldson invariants for smooth 4-manifolds

Let X be a smooth, compact, oriented, connected and simply -
connected Riemannian 4-manifold. Consider G-bundles E~—X , where
G is SU(2) or SO(3). These are classified by characteristic

classes Cy and Py VW, respectively. In the latter case wé:p1

mod 4 must be satisfied.

Define k=c2 and k=-%p1 respectively. Let

A = (irreducible connections on E) and

§.= Aut(E) be the gauge groupof E . Define

@=Re .

The curvature F of a connection is decomposed into self-dual and
anti-self-dual (ASD) parts under the action of the Hodge operator
defined by the metric. If the self-dual part vanishes, the connecH
tion is called ASD. Let

ME = (gauge equivalence classes of ASD connections on E)

The method of Donaldson defining differential topological inva-
riants of X using the moduli spaces ME proceeds as follows:
There is a universal bundlé E_»(F;,*}(X .Define '

2
st Hy(X,Z) —H (&,2)
1
a v -3p,(E)/a
by the usual slant product. Now try to evaluate
<%u(al)uhl.ty4ad) , [MELI).
This can only be nonzero if dim(ME) is even. The deformation

theory of Atiyah - Hitchin - Singer gives the following virtual
dimension:
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dim(ME) = 8k - 3(1+b;)

For manifolds with an indefinite intersection form and a generic

metric ME will be a smooth manifold of this dimension, which is

even iff b; = 1+2p . This 'is always true for algebraic surfaces:
p = pg , the geometric genus. However, the following problems
remain: '

1. The moduli spaces are not compact in general, so they do not
carry a fundamental class in the obvious way.

2. The moduli spaces depend on the metric g

There are two ways to deal with the first problem:

a) Compactify ME by introducing “correction terms” at infinity.

b) Donaldson's "dimension counting argument”, which shows that the
intersection of ME with representatives of/u(ai) is compact if
k)—§(1+p) , where p is as above.

As for the second problem, we have to analyze how ME(t) behaves for

& 1l-parameter family of metrics g(t) . This shows that for b;z 3

there is no essential dependence on the metric. For b;=1 this is no

longer true, because g{(t) in general conteins metrics for which -
reducible ASD connections occur. In this case the invariants de-
fined by the above procedure are more complicated, because they
take into account the change in Mg(t).

kk
Here is a survey of the possible invariants:

.. +_ _F
b2—1 b2>/"3
§ Donaldson's '~ invariant Mong's invariant for G=SU(2),
g for G=SU(2) , k=1 k=2
} (D2) ( (M)
4 (Applications in (D2),
cf.- (FM1),(0V1) and other
a) papers on M40.)
g i Polynomial invariants de- Donaldson polynomials
E pending on the metric. (D4)
' . ‘ (K1) (Applications in (D4), (FMM),
(?gsé;c?tlons in (K1,2), (FM2).)
. R
s

q€8yn* (H”(X,2))
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The lower part of the diagram contains invariants coming from both,
G=SU(2) or SO(3) . In the latter cese it sometime happens that the

ME is a priori compact, giving simple invariants.

§2. Applications to algebraic surfaces

The I"- invariant was used to prove the following:

Theoreml a)‘(D2) The Dolgachev surface D is not diffeomorphic to

2.3
the nine-fold blow-up of CP(2)."
b) (FM1),(0v1) If the Dolgachev surfaces D and D .

2,q 2.9
are diffeomorphic, then gq=q' .

All the surfaces in this theorem are of course homeomorphic by the
result of Freedman. a) provided the first counterexample to the 4-
dimensional h-cobordism conjecture. Part b) shows that the under-
lying topological manifold carries infinitely many distinct smooth
structures. -

The only example o0f a simply-connected surface with q:pg:O which is
not a Dolgachev surface, is the Barlow surface, which is a minimal
surface of general type homeomorphic to the 8-fold blow-up of CP(2)
The "Barlow surface resisted evaluation of the M -invariant, but

using the simple invariants mentioned at the end of §1. one proves:

| Theorem2 (a) (K2) The Barlow surface is not diffeomorphic to the
8-fold blow-up of CP(2).

(b) (Ov2) The blown-up Barlow surface is not diFfeom&rphic
to any of the Dolgachev surfaces.

Moreover, these S0(3) invariants are used in (OV2) to give a simple
proof of Theoreml ,. thus showing that the invariants in the lower
left-hand box gobble up the results proved using the M -invariant.
We will see something similar in the other half of the diagram.
Mong (M) has proved some partial results about the diffeomorphism
type of the homotopy K3-surfaces. More complete results are obtaineg
using the polynomial invariants in the lower right-hand box (FM2).

Theorem A (D4) If an algebraic surface decomposes as a smooth con-

nected sum X,+X, thenone of the X, has a negative-definitg
intersection”form.
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Note that such decompositions may arise from blowirgup. Donaldson
conjectured that this is the only possibility. He proved Theorem A
from first principles using the polynomial invariants in the lower
right-hand box of the diagram on page 2 . As it seems to be very
hard to get more precise results from first principles, and because
the stable-bundle interpretation of ASD connectionsgives a natural

algebraic-geometric tool, Donaldson suggests the following

Programme: Find algebraic-geometric formulae for the polynomial

invariants of algebrat surfaces.

We. list some results in this direction, most of them due to

Friedman and Morgan.

Theorem3 (FMM} Let S be a simply-connected algebraic surface with
pg7() and with a big monodromy group. Then for all k suf-
ficiently large the polynomial qk(S) is a polynomial in
KS and the intersection form QS considered as an element
of H?(S,Z)®H%(5,2).

The condition of large monodromy is verified for complete intersec-
tions, elliptic surfaces, and some abelian coverihgs of CP(1)xCP(1)]
The latter give infinitely many pairs of homeomorphic but non-

diffeomorphic surfaces of general type.

Theorem4 (FMM) Let S, S' be surfaces as in Theorem3 . Suppose that
pg(S):p ($') is even. Let f:5—-»S' be an orientation pre-
serving diffeomorphism. Then f'KS. = akg for some a€MN.
If S=S' or if KS#O, then a=+/-1 |

Theorem5 (FM2) Suppose that S,S' are simply-connected elliptic
surfaces with pg>-0 . If they are diffeomorphic, then
p (S)=pg(8') and pq=p'q’', where the p,q are the multipli-

g
cities of the multiple fibres.

This result is stable under blowing up. Note that it has many con-
sequences, for example for homotopy K3 surfaces.
Now the Enriques-Kodaira clessification together with Theorems 1

and 5 give:
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{Theorem6 (FM2) The forgetful map
(alg. surfaces mod deformation) ——7

(smooth 4-mfds. mod diffeomorphism)

is finite-to-one.

These Theorems are just the tip of the iceberg. There are many more,
about blow-ups, selfdiffeomorphisms of surfaces, and so on.

All these Theorems are evidence for the following conjecture of Van
de Ven:

Conjecture: Algebraic surfaces of different Kodaire dimension are

never diffeomorphic.

Re ferences

plex algebraic surfaces and stable vector bundles. (Proc. London
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(J. Diff. Geo. 26 (1987). 141-168)

M-manifold topology. (3. Diff. Geo. 26 (1987), 397-428)
ces with finite fundamental group I (IHES preprint 1988)

(submitted to Inventiones)
(M) K.C. Mong: Oxford thesis 1988

structures on certain algebraic surfaces. (Invent. math. 86 (1986),

557-370)
[(Ov2) C. Okonek & A. Van de Ven: M-type-invariants associated with

PU(2)-bundles and the differentiable structure of Barlow's surfacs.
(submitted to Inventiones)

b f the canonical classes of certain algebraic surfaces. (Bull. AMS
(New Series) 17 (1987), 283-286)
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[(FM1)} R. Friedman & J.W. Morgan: On the diffeomorphism types of
certain algebraic surfaces I. (J. Diff. Geo. 27 (1988), 297-369)
(FM2) R. Fiedman & J.W. Morgan: Algebraic Surfaces and 4-manifolds:

Some Conjectures and Speculations. (Bull. AMS (New Series) 18 (1988)
1-19) and:

surfaces (preprint)
Nice surveys are in (FM2), (HK) and in Donaldson‘s 1986 ICM talk.

Acknowledgements: I would like to thank Simon Donaldson and Sir

Michael Atiysh for their help. Matthias Weber kindly helped me to
write up the lecture.
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ITERATION OF POLYNOMIALS.

John H. Hubbard

Department of Mathematics, White Hall,
Cornell University, Ithaca, N.Y. 14853

The iteration of complex analytic functions was begun by P. Fatou and G.
Julia in about 1915-1920. It then went into a coma, from which it emerged
in about 1980, and has been growing ever since. :

The simplest analytic functions to iterate are the polynomials, and the object
of this talk will be to describe the main results in this field.

There have been many contributors, listed here in random order:

A. Douady, W. Thurston, D. Sullivan, J. Milnor, B. Branner, B. Mandelbrot, M.
Shishikura, H. Brolin, Ushiki, Tan Lel, R. Devaney, L. Keen, L. Goldberg, C.
McMullen, F. von Haeseler, H.-O. Peitgen, J. Guckenheimer, P. Lavaurs, M.
Hermann, J.-C. Yoccoz, P. Sentenac, Lyubich, Eremenko, Jakobsen, J. Kotus,
M. Rees, P. Blanchard, B. Wittner, Y. Fisher, B. Bielefeld, and no doubt others
which | have forgotten.

Generallties. When iterating a polynomial P(z) of degree d > 1, the main
object of interest is the filled in Julia set

Kp={Z|

P'"(z)| remains bounded } ;

more precisely, we wish to know whether Kp is connected, if not what its
connected components look like, do they have any interior, etc. Answers to
such questions usually involve periodic points, i.e numbers 2z such that
P*™z) = z for some n ; the smallest number for which this occurs is the
period of the point. Periodic points come in three flavors:

attractive it |(P)(2)| <1
indifferent if [(P*M*(2)| = 1 ;
repelling if |(P'“)'(z)| >1 ;

the names should be self explanatory. An attractive periodic point has a
basin, the set of points which are attracted to it, and an immediate basin, the
union of the connected components containing the cycle.

A fundamental principle in this study, discovered by Fatou, is that the first
thing to ask about a polynomial is:
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What are the orbits of the critical points?
Fatou proved the following.

Theorem 1. Every attractive periodic point must have a critical
point In Its Immediate basin.

This shows for instance that a polynomial of degree d can have at most d-1
attractive cycles in all, and in particular a quadratic polynomial can have at
most 1; considering that it has approximately 2¥/k cuycles of period k, this
is rather surprizing. Fatou's proof uses the hyperbolic metric; the result is
hard to prove without complex analysis even for real quadratic polynomials
and real periodic cycles.

Another theorem, also due to Fatou, is:

Theorem 2. If Kp contalns all the critical points, then Kp Is
connected.

If Kp contains no critical points, then Ky is a Cantor set, and

P:Kp - Kp
Is conjugate to the 1-sided Bernoulli shift on d symbols.
One good reason for being interested in the dynamics of polynomials is that
the Stalghtening Theorem says that this dynamical behaviour is in some
sense universal; there are whole analytic classes of mappings which have the

same quasi-conformal behavior,

Quadratic Polynomials. Theorem 2 above says that for the quadratic
polynomial Pc(z) = 22 + ¢, the following dichotomy holds:

either 0 € K. , in which case K. Is connected,
or Ois notin K¢ .In which case K. is a Cantor set.

The Mandelbrot set M is defined to be the set



John H. Hubbard 3

M={c | Kcisconnected } = {c | 0 ek}
={c | the sequence 0, c, c?sc, (c?+c)2sc, ... is bounded} .
This set is remarkably complicated. Douady and the author proved:
Theorem 3. The set M is connected.

In fact, the proof explicitly constructs the Riemann mapping for the
complement, showing that the infinite product

olc) =c (1 +1/c)V2 . (1 + c/(PX(e)2)1/2 .

is convergent In a neighborhood of infinity, and can be extended to an
isomorphism ®:C-M - €-D , where D is the closed unit disc.

If we define the exterlor ray of angle ® of M to be
Ry(®) = ¢-}({re2m® r>1} ,

then the specification of precisely when rays Ry(8;) and Ry(8,;) land at the
same point would competely describe the topology of M as a subset of C ,
at least if the following conjecture holds:

Conjecture: The Mandelbrot set [s locally connected.

In any case, the combinatorics of when external rays land at the same point
is now well understood, and can be read in [D-H], or more easily without
proofs in [P-R].

Polynomials of higher degree. Above we considered the quadratic
polynomials P.(z) = z2 + ¢ ; this was justified because every quadratic
polynomial is conjugate to a unique one of this form. More generally, any
polynomial of degree d is conjugate to d-1 polynomials of the form P(z) =
z9 + 24,292+ .. + 35 . Let P4 be the space of polynomials of this form.
Theorem 2 suggests several possible generalizations of the Mandelbrot set to
higher degree; the best appears to be the connectedness locus Cy C Py:

Cs={PePy | Kp is connected} .
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Theorem 4. For alld the space Cq Is a cell-like compact
subset of Py.

This is of course exactly theorem 3 for quadratic polynomials. It was proved
in [B-H] for cubics, and very recently by P. Lavaurs (unpublished) for all d.
Lavaur's proof incorporates the ideas used for cubics, sketched below, and
techniques for cell-like mappings, as well as using the Poincare conjecture in
dimensions 2 5 and the Schonfliess theorem.

Cubic polynomials. Changing our notation slightly, we will let Ps be the
space of polynomials

Pap(z) =23 -3 a2z +b
so that the critical points are at ta . To show that C3; is cell like, we need

to show that the complement of the connectedness locus P3 - C3 is foliated
by spheres bounding ball. If we define the potential of Kp by the formula

he(z) = lim;, 4a l0G, P'"(z)|

and then H:Pg- R by H(P) = sup(hp(+a) , hp(-a)) , then we have:

Theorem S. The mapping H: P3 » 10,00[ /s a trivial fibration, with
fibers homeomorphic to spheres.

For cublcs, an explicit trivialization is given in [B-H] using quasi-conformal
surgery. Lavaurs proves that the fibers of the analog of H in higher degrees
are always spheres, but not by constructing a trivialization; he needs the
generalized Poincare conjecture.

If we let S, = H-'(log r) , then this sphere is naturally decomposed into two
parts S.* and S, , according to whether the sup in the definition of H s
realized by +a or -a. These two parts are each solld tori, which link with
linking number 3 ; a topological model is given by decomposing the standard
3-sphere S3 into two solid tori as usual, and taking the triple cover ramified
along the diagonal.
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The space S,* is characterized by the property that the critical point +a
escapes at rate r and -a more slowly, if at all. It has a whole internal
structure classifying how this occurs. The main result to understand this
classification is the following:

Theorem 8. Let P be a cubic polynomial for which one critical
point w, escapes to o« and the other w, does not. Then if
the component of Kp containing w, Is periodic, this component
Is quasi-conformally homeomorphic to the filled in Julia set of
some quadratic polynomial. If the component of Kp containing
w, I8 not periodic, then Kp Is 8 Cantor set.

The techiques used in the proof involve estimating the moduli of infinitely
many annuli. These techniques definitely do not extend to degree 4, opening

the possibility that really new phenomena occur in higher degrees.

[D-H] A. Douady and J. Hubbard, La dynamique des polynomes complexes | et
11, Publications Mathematiques d'Orsay,

[B-H] B. Branner and J. Hubbard, /teration of cubic polynomials | and 1l , Part
I to appear in Acta Math 1988, part 11 to be submitted.

[P-R] H.-O. Peitgen and P. Richter, The beauty of Fractals, Springer, 1985,
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