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Let E be an elliptic curve defined over Q, and assurne that E is modular: for some integer N

there is a nonconstant map defined over Q

1t: Xo(N) --+ E

which we rnay assume sends the cusp 00 to O. Here Xo(N) is the modular curve whose points

correspond to pairs (A, C) where A is an elliptic curve and C is a cyclic subgroup of A of

order N. It follows that the L-function of E, L(E, s) = L'lnn·s , has an analytic continuation to

all of C and satisfies a functional equation s --+ 2-s. We will further assume that the sign in this

functional equation is +1.

Fix an imaginary quadratic field K in which all primes dividing N split, and fix an ideal U

of K such that t:?K/n == Z/NZ. Let Xl be the point in Xo(N)(C) corresponding to the pair

(C/t:?K, n- I /t.9K).

Fix an embedding of Q into C; then the theory of complex multiplication shows that

Xl E Xo(N)(H) where H denates the Hilbert dass field of K. Define Yl = 1t(xI) E E(H) and

y = TrH/KYI E E(K).

Theorem. (Kolyvagin) Suppose E and y are as above. If y has infinite order in E(K)

then E(Q) and W F.IQ are finite.

To relate this result to the Birch and Swinnerton-Dyer conjecture one needs the following:

Theorem. (Gross and Zagier) With E and y as above, y has infinite order in E(K) ifand

only if L(E, 1) '# 0 and L"(E, XK' 1) '# 0, where XK is the quadratic character attached to K.

Analytic Conjecture. For any E as above, there exists at least one imaginary quadraticfield

K, in which all primes dividing N spUt, such that L"(E, XK' 1) '# O.
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This analytic conjecture, as yet unproved, together with the theorems of Kolyvagin and Grass and

zagier, would imply:

(*) For any modular elliptic curve E, if L(E, 1) ~ 0 then E(Q) and lliEIQ are finite.

Assertion (*) is known for elliptic curves with complex multiplication, by theorems of eoates and

Wiles (for E(Q)) and Rubin (for lliEIQ).

Sketch 0/ the proo/0/Kolyvagin's theorem. Fix a prime number 1 satisfying

(i) l{2hK, where hK is the class number of K,

(u) for all v, l{ #[Hl(Qyunr/Qy, E(Qyunr))],

(üi) E has no subgroup of order 1 rationalover Q,

(iv) y E lE(K).

Note that these conditions eliminate only finitely many primes 1. For any completion Qy of Q

we have the diagram

E(Q)/1E(Q) 4

!

E(Qy)/.tE(Qy) 4

and we defme the Selmer group sc,t) and the 1~torsion in the Tate-Shafarevich group, lli 1 , by

S(l) = n resy-1(image E(Q)), 0 ~ E(Q)/lE(Q) ~ S(l) ~ lli 1 --+ o.
y

For S E S(l) write Sv for the inverse image of resy(s) in E(Qy)/1E(Qy). We will sketch the

proof that for 1 as above, S(l) = O. To compiete the proof of Kolyvagin's theorem it is then

necessary to show that for the finitely many primes we have left out, S(l
n

) is bounded

independent of n; this is proved using the same ideas and is not significantly more difficult.

We will show S(l) = 0 by showing that for s E S(l) and for a large set of primes p,

sp = O. Our main tool is the following, which is proved using the Iocal Tate pairings.
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Propositionl. Suppose p is a prime such that #[E(Qp)1] =1, and suppose there exists a

cohomology class cp E Hl(Q, E)l satisfying

(i) for alt v '* p,_ resv(cp) =0,

(H) resp(cp) '* O.

. Then for every s E S(l), sp = O.

It remains now to construct such a cohomology class cp far sufficiently many p, which

Kolyvagin does using Heegner points. Write 't for the complex conjugation on Q indticed by

our embedding of Q inta C.

Lemma 2. Suppose p is a prime not dividing 1N and Frobp(K(El)1Q) =['t]. Then

(i) 1 Illp a~ 1 Ip+ I,

(H) P remains prime in K,

(üi) #[E(Q~,l] = ,t.

Proo! The fIrst assertion follaws by .comparing the characteristic polynomials of Frobenius and

't acting on E,l, namely Tl -llpT + P and T2 - I, re~pectively; the other two statements are

c1ear.

Fix a prime p as in the lemma, and let (9p be the order of conductor p in (9K' Let xp be

the point in Xo(N)(C) corresponding to the pair

-(C/(9pt (Un(9p)-l/(9p).

The theory of complex multiplication shows that xp E Xo(N)(K[p]) where K[p] denotes the

ring class field of K modulo p. The field .K[p] is a cyclic extension of H of degree p+I,

totally ramified at p and unramified everywhere else, and 't acts on Ga1(K[p]/K) by -1. Define

yP =1t(x~ E E(K[p]). The only facts about Heegner point which we will need are contained in

the following proposition.

Proposition 3. i) TrK[pl/H(Yp) = ~Yl.

ü) There exist (J E Ga1(K[p]/K) and W E E(Q)tors such that yp't =_Yp(J + W, y't = -y + w.

iii) For any prime p 0/ K[p] above p, Yp
Frob =Yl E E(Fp2), where .... denotes reduction

modulo p.
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Proof. Th'e frrst two assertions come from the action of the Hecke operators Tp and wN'

respectively, on xl and ~. The third statement holds because the elliptic curves corresponding

to the points xl and Xp are related by a p-isogeny, which modulo p reduces to the Frobenius

map.

Since 11 p+1 and l{hK, there is a unique extension K' of K of degree 1 in K[p], and

K'!K is totally ramified at p and unramified at all other primes. Define

z = TrK[p]tK:(y~ - (~l)y E E(K').

By (i) of Proposition 3, TrK~/K(z) = O. Th~refore (fixing a generator of Gal(K'!K)) z gives rise

to a cohomology class

,Proposition 4. i) cp E HlcK, E)l+ == HI(Q, E),t, where + denotes the fixed space

under Gal(KIQ).

ii) reSy(cp) = 0 for all v '* p.

iü) resp(cp) = 0 if and only if y E lE(~).

Proof. By (H) of Proposition 3, z't = -z (modulo (0·1,1)), and 't also acts by -1 on

,Gal(K'!K), so cp't = cp' For V "i:- p, since K'!K is unramified at v,

resv(cp) E Hl(Qy unr/Qv, E(Qy unr))l = 0

byassumption (ii) on 1. For the third statement, one checks that resp(cp) = 0 if and only if

Z= 0 in E(F~. Using (H) and (Hi) of Proposition 3 one sees that z= 0 in E(FpV if and only if

yE lE(Fp2), or equivalently if and only if y E lE(Kp)'

Corollary 5. Suppose p{iN, Frobp(K(El)1Q) = ['tl, and ye ..€E(Kp)' Thenfor all

s E S(l), sp = o.

It remains only to show that we have found enough primes p with sp = 0 to force s to be

O. This is done using that y e ~E(K) and that E has 00 subgroup of order ~ rational aver Q.
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This talk gave a survey of the diffeomorphism elassification of

algebraic surfaces, using methads fram gauge theory. For reasons

of time only results on simp~y - conneeted surfaces were discussec.

For the non - simply - connected ease see (HK) 'and the references
quoted there.

§1. Donaldson invariants for smooth 4-manifolds

Let X be a smooth, compact, oriented, connected and simply ­

eonneeted Riemannian 4-manifold. Consider G-bundles E~X , where

G is S~(2) or 60(3). These are elassified by characteristic

classes e 2 end P1 ' w2 respectively. In the latter ease w~=P1

mod 4 must be satisfied.

Define k=c 2 and k=-lpl respeetively. Let

d= (irreducible connections on E) and

S. = Aut(E) be the gauge group'of E • Define

tiJi.< =JL*'/ l ·
The curvature F of a connect1on 1s decomposed into self-dual and

anti-self-dual (ASO) parts under the action of the Hodge operator

defined by the metric. If the self-dual part vanishes, the connec­

tion is called ASO. Let

M~ = (gauge equivalence classes of ASO connections on E) •

The method_of -Donaldson defining differential topological inva­

riants of Xusing the moduli spaees M~ proceeds as follows:

The re 1s a unive rs a 1 bUlldle~_~<ß>f:;.<X •De fine

,JA: H
2

(X,Z) -'?H2(~,~)
1

a r-? - 4p1 (JE) / a

by the usual slant product. Now try to evaluate

~(al)lJ, .. ~ad) ,[M~J).

This can onlV be nonzero if dim(M~) is even. The deformation

theory of Atiyah - Hitchin - Singer gives fhe following virtual

dimension:
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For manifolds with an indefinite intersection form and a generie

metric M~ will be a smooth manifold of this dimension, which is

even iff b; = 1+2p • This 'is always true for algebraic surfaees:

p = p ,the geometrie genus. However, the following problems
g

re main :

1. The moduli spaces are not compact in general, so they do not

earry a fundamental class in the obvious way.

2. The moduli spaces depend on the metric 9 •

There are two ways to deal with the first problem:

a) Compactify M~ by introducing "correction terms" at infinity.

b) Ooneldson's "dimension counting argument", which shows that the

int~rsection of M~ with representatives of~(ai) 1s compact if

k )' 2( l+p) , where p is as above.
As for -the second problem, we have to analyze how M~(t) behaves for

al-parameter family of metrics g(t) • This shows that für b;~ 3

there is na essential dependence on the metric. For b;=l this is no

langer true, because g(t) in general contains metries for which

reducible ASO connections oceur. In this ease the invariants de­

fined by the above procedure are more complicated, because they

take into account the change in M~(t).

Here is a survey 0 f the p09sible invariants:

8

~
f
y

cf·a)

8 "

~ I
Rs

." b
T

== 1
2

Donaldson's r - invariant

for G=SU(2) , k=l
( [l~,).

( APpli c a t ion s i n (O.?) ,
(FM1) ,(OV1) end other
pape rs on ~+O. )

Polynomial invariants de­
pending on the metric .

.( Kl)
(Applications in (Kl,2),

(OV2).)

b; ~,.-, 3

Mang's invariant for G=SU(2),

k=2
(M)

Donaldson polynomials
(04)

(Applications in (04), (FMM),
( Ff'-'12 ).)
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The lower part of the diagram contains invariants coming from both,

G::::I SU( 2 ) 0 r SO ( 3 ) . I n t hel a t t e r c ase i t S 0 met im e ha ppe ns t hCl t t he

M~ is apriori compact, giving simple invariants.

§2. Applications to algebraic surfaces

The r - invariant was used to prove the following:

Theoreml a) (02) The Oolgachev surface O2 ,3 1s not diffeomorphic to

the nine-fold blow-up of CP(2).'

b) (Fr-11).(OV1) If the Oolgachev surfaces 0 and 02 '2,q .q
are diffeomorphic, then q=q' .

~ll the surfaces in this theorem are of course homeomorphic by the

result of Freedman. a) provided the first counterexample to the 4­

dimensional h~cobordism conjecture. Part b) shows that the under­

lying topological manifold carries infinitely many distinct smooth'

structures.

The only example bf a simply-connected surface with q::::l~g=O which is

not a Dolgachev surfacs, 15 the Barlow surface. which 1s a minimal

surface of general type home~morphic to the 8-fold blow-up of CP(2)

The.-Sarlow surface resisted evaluation of the r -invariant, but

using the simple invariants mentioned et the end of §1. ons proves:

Theorem2 (a) (K2) The Barlow surface is not diffeomorphic to the

8-fold blow-up of CP(2).

(b) (OV2) The blown-up 8arlaw surface is not diffeomarphic

to any of the Dolgachev surfaces.

fvl0 re 0 ver, t he s e SO ( 3) inva r i an t s are us e d in (0 V2 ) t 0 giv e a 5 i mpIe

proof of Theoreml ,. thus showing that the invariants in the lower

left-hand box gobble up the results proved using the r -invariant.

We will see something similar in the other half of the diagram.

Mong (M) has proved same partial results about the diffeomorphism

type of the homotopy K3-surfaces. More complete results are obtaine(

using the polynomial invariants in the lower right-hand box (FM2).

Theorem A (D~) If an algebraic surface decJmposes as a smooth con­

~ected su~ X
1

+X 2 I then ane of the Xi has a negative-definitE
1ntersect1on form.
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Note that such decompositions may arise from blowi~up. Donaldson

conjectured that this is the only possibility. He proved Theorem A

fram first principles using the .polynomial invariants in the lower

right-hand box of the diagram on page 2 . As it 5eems to ~e very

hard to get more precise results from fi·rst principles, end because

the stable-bundle interpretation of ASO connectionsgives a natural

algebraic-geometric tool, Donaldson suggests the following

Programme: Find algebraic-geometric formulae for the polynomial

invariants of algebra± surfaces.

We· 1-i s t so me res u 1 t s in t his d1 re c t ion, most 0 f t he m du e t 0

Friedman end Morgan.

Theorem3 (FMM) Let S be a simply-connected algebraic surface with

p ?O and with a big monodromy group. Then for all k suf-
9

ficiently large the polynomial qk(S) is a polynomial in

K
S

end the intersection form qs considered as an element

of H2 (S,Z)*H 2(S,Z).

The condition of large monodromy is verified for compiere intersec­

tions, elliptic surfaces, end some abelian coverihgs of CP(l)~CP(l).

The letter give infinite!y many pairs of homeomorphic but non­

diffeomorphic surfaces of general type.

Theo,"em4 (FMM) Let S, S' be surfaces as in Theorem3 . Suppose that

Pg(S)=Pg(S') is even. Let f:s-'»s' be an orientation pre­

se rving di f feomo rphism. Then flilK
S

' = eKs fo r same a ~;Q .
I f S =S' 0 r i f l<~. 0, t he n a =+/ - 1 •

TheoremS (FM2) 5uppose .that 5,8 1 are simply-connected elliptic

surfaces with P ~ 0 • If they are diffe::lmorphic. then
9

Pg(S)=Pg(S') end pq:::p'ql, where the p,q are the multipli-

cities of the multiple fibres.

This result is stable under blowing up. Note that it' has many con­

sequences, for example for homotopy K3 surfaces.

No W t he En r i q ues-I< 0 da i ra c lass i f i c a t ion t 0 ge t he r wi t h The 0 rem 5 1

end 5 give:
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Theorem6 (FM2) The forgetful map

(alg. surfaces mod defarmation) --)
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(smooth 4-mfds. mod diffeomorphism)

is finite-ta-ane.

These Theorems are just the tip of the iceberg. There are many more,

about blow-ups, selfdiffeomorphisms of surfaces, and so on.

All these Theorems are evidence for the following conjecture of Van

de Ven:

Coniecture: Algebraic surfaces of different Kodaire dimension are

never diffeomarphic.
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p f t he c a no nieale las ses 0 fee r t ai n alge b ra i c s u r f Cl ces. ( Bu11. AMS

(New Series) 17 (1987), 283-286)
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(FM1) R. fr!e.2m~n & J.W. M0.r:ga.!l: On the diffeomorphism types of

certain algebraic surfaees I. (J. Diff. Gea. 27 (1988), 297-369)

(FM2) R. ~~d~a~ & J.W. Mo.r:ga~: Algebraic Surfaces and 4-manifolds:

Same Conjectures end Speculations. (Bull. AMS (New Series) 18 (1988),

1-19) end: Complex versus differentiable classification of algebrait

surfaees (preprint)

Niee surveys are in (FM2), (HK) and in Donaldson~s 1986 IeM talk.
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Michael Atiyah for their help. Matthias Weber kindly helped me to
write up the lecture.
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ITERATION OF POLYNOMIALS.

John H. Hubbard

Department of Mathematics, White Hall,

Cornell University, Ithaca, N.Y. 14853

The Iteration of complex analytic functlons was bagun by P. Fatou and G.

Julia in about 1915-1920. It than want into a coma. from whlch it emerged

in about 19aO. and has been growing aver since.

The simplast analytic functions to Iterate are the polynomials, and the object

of this talk will be to describe the main results In this field.

There hava been many contributors, listad here in random order:

A. Douady. W. Thurston. D. Sullivan. J. Milnor. B. Brannar. B. Mandelbrot. M.

Shishlkura. H. Brolin. Ushiki. Tan Lei. R. Devaney. L. Keen. L. Goldberg. C.

McMullen. F. von Haeseler. H.-O. Peltgen. J. Guckenheimer. P. Lavaurs. M.

Hermann. J.-C. Yoccoz. P. Sentenac. Lyubich. Eremenko. Jakobsen, J. Kotus.

M. Rees. P. Blanchard. B. Wittner. Y. Fisher• B. Bielafeld, and no doubt others

which I hava forgotten.

Genaralltles. When itarating a polynomial P(z) of degrae d > 1 . the main

object of intarest is the filled in Julla set

Kp ={z I Ip.n(z) I remalns bounded } ;

more precisely. we wish to know whether Kp is connected. If not what its

connected components look lika, do they hava any Interior, etc. Answers to

such quastions usually involva periodic points. Le numbers z such that

p.n(z) = z for some n i the smallest number for which this occurs is the

period of the point. Periodic points come in three f1avors:

attractlve if I(p.n)l(z) I < 1

Indlfferentlf I<p.n)l(z)I = 1

repelling if I(p.n)l(z) I > 1

the names should be sei f explanatory. An attractive periodic point has a

basin. the set of points which are attracted to it. and an immediate basln. the

union of the connected components contalnlng the cycla.

A fundamental principle In this study. discovered by Fatou. Is that the first

thing to ask about a polynomial is:



John H. Hubbard

What are the orbits of the crltlcal points?

Fatou proved the following.

2

Theorem 1. Every attrsctlve perladle point must hsve s crltlcBI
point In Its ImmedIate bss/n.

Thls shows for instance that a polynomlai of degree d can have at most d-l

attractive cycles in all. and In particular a quadratlc polynomial can have at
most 1; considering that it has approxlmately 2k/k cycles of period k, this

ls rather surprlzlng. Fatou·s proof uses the hyperbollc metrici the result is

hard to prove wlthout complex analysis even for real quadratic polynomials
and real perlodlc cycles.

Another theorem. also due to Fatou. is:

Theorem 2. I f Kp contB/ns all the erltleal points, then Kp / s
conneeted.

If Kp eontalns no er/tleal poInts, then Kp 15 8 Cantor set, and

P:K p .... Kp

Is eonjugate to the l-slded Bernoulll shlft on d symbols.

One good reason for belng interested in the dynamics of polynomials is that

the Stalghtenlng Theorem says that this dynamical behaviour is in some

sense universah there are whole analytic classes of mappings which have the

same quasl-conformal behavior.

Quadratlc Polynomlais. Theorem 2 above says that for the quadratic
polynomial Pe(z) =z2 + C • the following dlchotomy hords:

either 0 e Ke • in whlch case Ke Is connected.

or 0 15 not in Ke • In which case Ke is a Cantor set.

The Mandelbrot set M ls defined to be the set
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M ={c I Kc is connected } ={c I 0 E Kc }

={c I the sequence 0 , c , C2+C , (C2+C)2+C •••• is bounded} .

Thls set is remarkably compllcated. Douady and the author proved:

Theorem 3. The set M is connected.

3

~

In fact, the proof explicitly constructs the Rlemann mapping for the

complement. showlng that the infinite product

k
4>(c) = c ( 1 + 1/C)1/2 ... (1 + c/(Pc·k(C))2)1/2 •••

is convergent In a neighborhood of infinity, and can be extended to an

Isomorphism 4>:C-M -+ C-O . where 0 Is the closed unit dlsc.

I f we deflne the exterlor ray of angle e of M to be

R~(e) = ~-1 ( { r e2lYle , r > 1} ,

then the specification of precisely when rays R...(e1) and RM(e2) land at the

same point would competely describe the topology cf M as a sub set of a: ,
at least if the following conjecture holds:

Conjecture: The Alande/brot set Js locslly connected.

In any case. the combinatorlcs of when external rays land at the same point
is now weil understood. and can be read In [D-Hl, or more easily without
proofs in [P-R).

Polynomlais of hlgher degraa. Abova we consldared the quadratic

polynomials Pc(z) = z2 + C ~ this was justified because every quadratic

polynomial is conjugate to a unique one of this form. More generally. any

polynomial cf degrae d is conjugate to d-l polynomials of the form P(z) =
Zd + ad_2zd-2 + ••• + BO' Let Pd be the space of polynomials cf this form.

Theorem 2 suggests several possible generallzations of the Mandelbrot set to

higher degrae; the best appears to be the conneetedness locus Cd C Pd:

Cd = { P E Pd I Kp is connected} .
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Theorem 4. For sll d the spsce Cd 13 s cell-lIke compsct
subset of Pd.

Thls is of course exactly theorem 3 for quadratic polynomlais. It was proved

in [B-H] tor cublcs, and very recently by P. Lavaurs (unpublished) tor all d.

Lavaurls proof incorporates the Ideas used for cubics. sketched below, and

techniques for cell-like mappings, as weil as uslng the Poincare conjecture in

dimensions ~ 5 and the Schonfliess theorem.

Cubic polynomlais. Changing our notation slightly. we will let P3 be the

space of polynomials

so that the crltlcal points are at ±a. To show that Ca is cell Iike. we need

to show that the complement of the connectedness locus Pa - C3 Is foliated
by spheres boundlng ball. If we define the potential of Kp by the formula

hp(z) = Iimn-+CO log. 1p·n(z) 1

and then H:P3'" ßl by H(P) = sup(hp(+a) , hp( -a)) ,then we hava:

Theorem 5. The mspplng H: P3 ... ]0,00 [ 15 s triv/sI flbrst/on, wlth
flbars homeomorphlc to spheres.

For cublcs, an explicit trivializatlon Is given in [B-H] using quasi-conformal

surgery. Lavaurs proves that the flbers of the analog of H in higher degrees

are always spheres. but not by constructlng a triviallzatlon: he needs the

generalized Polncare conjecture.

If we let Sr =H-l (log r) • then this sphere is naturally decomposed into two

parts Sr· and Sr- , according to whether the sup in the definition of H Is

raalized by +a or -a. These two parts are aach solid tori, whlch link with

Iinking number 3 ; a topologlcal model Is given by decomposlng the standard

3-sphere 53 into two solid tori as usual, and taking the tripla cover ramified

along the diagonal.



John H. Hubbard 5

The space Sr· is characterized by the property that the critical point +a

escapes at rate rand -a more slowly. i f at all. It has a whole internal
structure classlfylng how this occurs. The main result to understand this

classlfication is the followlng:

Theorem 6. Let P be a euble polynom/al (ar whleh one eritlcal
point (&), escapes to 00 and the other W2 dass not~ Then /(
the eomponent o( Kp eontsln/ng W2 15 per/adle, th/s componsnt
Is quasl-eonforma/ly homeomorph/c to the fllled In Julia set o(
same quadratlc polynomlaI. If the component of Kp contalnlng
W2 Is not per/odie, then Kp Is s Cantor set~

The techlques used in the proof involve estlmating the modull of infinitely

many annuli. These techniques definltely do not extend to degrae 4. opening

the posslbility that really new phenomena QCcur in higher degrees.

[D-Hl A. Douady and J. Hubbard. La dynamique des polynomes complexes I et
JI • Publlcatlons Mathematiquas dlOrsay.

[B-Hl B. Branner and J. Hubbard. Iteration of cublc polynomials land 11 • Part
I to appear in Acta Math 1988. part II to be submitted.

[P-Rl H.-O. Peitgen and P. Richter. The beauty of Fractals. Springer. 1985.
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