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ABSTRACT. We discuss the behaviour of the bottom of the spectrum of
scalar Schrodinger operators under Riemannian coverings of orbifolds.
We apply our results to geometrically finite and to conformally compact

orbifolds.
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1. INTRODUCTION

Spectral invariants of orbifolds are a classical issue in number theory, but
have not yet attracted so much attention in Riemannian geometry. The
prime examples in number theory are closed or finite volume quotients of
Riemannian symmetric spaces of non-compact type with the modular surface
as the most classical one. Our investigations were motivated by our article
[5], in which the bottom of the spectrum of an orbifold quotient occurred in
one of the applications and where the value of that number was in question
(answered by Theorem A.1 below). Most of our results are known in the case
of manifolds, the point of the present article is their extension to orbifolds.
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2 WERNER BALLMANN AND PANAGIOTIS POLYMERAKIS

These extensions do not come for free, and even some of the fundamentals
have to be prepared appropriately.

We consider a covering p: O; — Og of Riemannian orbifolds, where Oy is
connected, a scalar Schrodinger operator Sg = A 4+ Vj on Op and its lift .Sy
to O1. We assume throughout that Sp is bounded from below (on C°(Oy)).
The orbifold fundamental group 'y = 7™ (Op) of Oy acts on the fibers of p,
and we say that the covering is amenable if the action on fibers over regular
points of Oq is amenable. It is noteworthy that a normal covering between
connected orbifolds is amenable if and only if its deck transformation group
is amenable. The reader not familiar with these notions is referred to the
body of the text below, where we discuss them in some detail.

For a Lipschitz function f # 0 with compact support on an orbifold O
and a scalar Schrodinger operator S = A+ V on O,

oIV V )

1.1 Rs(f

(1.1) (f) NG
is called the Rayleigh quotient of f (with respect to S). We then call
(1.2) Xo(S,0) = inf Rg(f)

the bottom of the spectrum of S, where the infimum is taken over all non-
zero f € C°(0), or, equivalently, over all non-zero Lipschitz functions f on
O with compact support. In the case of the Laplacian, we also write R(f)
and A\o(O) instead of RA(f) and A\o(A, O), respectively.

If S is bounded from below, that is, A\¢(S,O) > —oo, then the Friedrichs
extension S of S in L?(0) is defined and A\o(S, O) is equal to the bottom of
the spectrum o(S,0) of S. To state our main result, we will also need the
notion of the bottom inf oess(S, O) of the essential spectrum of S. Tt is given
by

(1.3) Ness (S, 0) = sup Ao (S, 0\ K),

where the supremum is taken over all compact subsets K of O.
In the case of coverings as above, we always have that

(1.4) Xo(S1,01) > Ao(So, Oo),

as we will see in Section 7. This result is known in many cases; see our
survey article [4] for references.

By (1.4), S; is also bounded from below so that both, Ag(S1,0;1) and
Ao(So, Op), realize the bottom of the spectrum of their respective Friedrichs
extension.

Theorem A. Let p: O1 — Og be a Riemannian covering of orbifolds, where
Oy is connected, and Sy and S1 be compatible scalar Schrédinger operators
on Oy and O1, respectively, where Sy is bounded from below. Then we have:
(1) if p is amenable, then Ao(S1,01) = Ao(So, Oo);
(2) if Ao(S1,01) = Mo(S0, Op) < Aess(S0, Op), then p is amenable.

The study of the behaviour of Ay under Riemannian coverings was initi-
ated by Brooks [10, 11]. For connected Riemannian manifolds, Theorem A.1
and A.2 are [2, Theorem 1.2] and [21, Theorem 4.1]. (The latter is also [22,
Theorem 1.2].) For further comments and references, we refer to [4].
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Note that we do not assume that O; is connected. This is important in
our proof, where the case that Op is—possibly—not connected occurs at an
intermediate stage, but it also seems important in some applications. We
do assume, however, that the orbifolds considered here are second countable
so that they have at most countably many connected components.

Corollary B. If Oy contains a compact domain K such that the funda-
mental groups of the connected components of the complement Oy \ K are
amenable, then there are the following two cases:
(]) if Ao(S(),Oo) < )\ess(So,Oo), then )\0(51,01) = )\0(5{),00) if and
only if p is amenable;
(2) if )\0(S0, Oo) = )\ess(SO, Oo), then )\0(51, Ol) = /\0(50, 00)

For manifolds, Corollary B is [4, Corollary D]. Using Theorem A, the
proof there extends to orbifolds.

Let O be a complete and connected Riemannian orbifold with sectional
curvature —b? < Ko < —a?. Then O is a quotient I'\ X, where X is a simply
connected Riemannian manifold and I' a properly discontinuous group of
isometries of X. For such an O, let 2 be the complement of the limit set of
" in the sphere at infinity of X. Following Bowditch [8], we say that O and
I' are geometrically finite if T'\(X U Q) has finitely many ends and each of
them is parabolic (in the sense of [8, Section 5.1]).

We say that a Riemannian orbifold O is hyperbolic if it can be written
as a quotient I'\ X, where X is one of the hyperbolic spaces Hp with F' €
{R,C, H, O}, endowed with its canonical Riemannian metric, which is unique
up to scale. We normalize it so that max Kx = —1. Then the number

(1.5) hx = m + dimg F — 2,

where m = dim X = ndimg F, is equal to the asymptotic volume growth
of X. For any hyperbolic space X and non-compact, geometrically finite
orbifold O =T\ X, we have

(1.6) Aess(0) = Ao(X) = A% /4.

For manifolds, the lower estimate Aess(O) > h% /4 is contained in Hamen-
stadt [17, p.282: Corollary], the equality is explained in J.Li [19, Remark
1.2]. It is likely that their arguments extend to the orbifold case. How-
ever, the orbifold case is also contained in [6, Theorem B], which contains
corresponding estimates for more general kinds of operators over orbifolds,
including the Hodge-Laplacian on differential forms.

Corollary C. Let p: O1 — Og be a Riemannian covering of complete and
connected Riemannian orbifolds. Assume that there is a non-compact and
geometrically finite hyperbolic orbifold Oy = T\X such that Oy \ K is iso-
metric to Oy \ K' for some compact domains K C Oy and K' C Of. Then
there are the following two cases:
(1) if \o(Oo) < h3 /4, then Xo(O1) = Ao(Op) if and only if p is amenable;
(2) if )\Q(OQ) = h%(/ll, then )\0(01) = )\0(00).
For manifolds, Corollary C is contained in [4]. Using the characterization

of Aess(Op) in (1.3), Corollary C is an immediate consequence of Theorem A
and (1.6).
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Consider now a compact and connected Riemannian orbifold P with
boundary P # () and a smooth non-negative function p on N defining
ON, that is,

(1.7) OP ={p=0} and J,p >0

along 9P, where v denotes the inner unit normal of P along 0P with respect
to the given metric h on P. Let O be the interior of P, endowed with the
conformally equivalent metric

on O. The metric g is complete since any point in O has infinite distance to
OP with respect to g. Metrics of this kind were introduced by Mazzeo, who
called them conformally compact. In [20, Theorem 1.3] he determines the
essential spectrum of the Hodge-Laplacian of conformally compact mani-
folds. In particular, for functions he obtains that the essential spectrum of ¢
is [a?(m —1)?/4,00), where a = min d,p > 0 and m = dim O. It seems that
his arguments also go through for orbifolds. However, by an easy argument,
we will obtain

(1.9) Ness(0) < Aess(0) = (m — 1)%a2 /4,

for any connected and conformally compact Riemannian orbifold of dimen-
sion m, where a = min d,p as above and O denotes the universal covering
space of O. Note the converse monotonicity in (1.9) in comparison to (1.4).

Corollary D. Let p: O1 — Oqg be a Riemannian covering of orbifolds of
dimension m. Assume that Oy is conformally compact with a = mind,p as
above. Then we have:
(1) if M\o(Op) < (m — 1)2a?/4, then \o(O1) = Xo(Oo) if and only if p is
amenable;

(2) if Ao(Op) = (m — 1)2a%/4, then Xo(O1) = Ao(Op).

For manifolds, Corollary D is [3, Theorem 1.10]. Corollary D is an imme-

diate consequence of Theorems A and (1.9), using that A\g(O1) < Ap(0) <

Aess(O) for the second assertion.

1.1. Structure of the paper. In Sections 26, we discuss the structure of
orbifolds; in particular, what we need about the geometry of Riemannian
orbifolds, the analysis of Schrédinger operators on orbifolds, and coverings
of orbifolds. In Section 3.3, we discuss also the Bishop-Gromov volume and
Cheng eigenvalue comparison theorems. In the short Section 7, we show
the monotonicity (1.4) of the bottom of the spectrum under coverings. In
Sections 8-10, we present the proof of Theorem A. The proof of (1.9) is
contained in Section 11.

2. PRELIMINARIES ON ORBIFOLDS

Our exposition of orbifolds follows mostly [26, Chapter 13]; further good
references are [9, Section GJ, [16], [18, Chapter 6], [23, Chapter 13], and [25,
§2].

An (m-dimensional orbifold) chart of a Hausdorff space O consists of an
open subset U of O, a connected m-dimensional manifold U with boundary
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(possibly empty), a finite subgroup G of the diffeomorphism group of U,
and a continuous map w: U — U such that w induces a homeomorphism
G\U — U. The information about such a chart is captured by the diagram

AN

=3

-l

(2.1) .

—

d

G\U

Note that G\U and U are connected since U is connected.

For a chart a = (U, U,G, m) of O, we call U the domain, U the codomain,
G the group, and 7 the projection of a.

Since G is finite, U carries a G-invariant Riemannian metric. Hence, given
z € U, an element g € G is determined by its value gz and derivative dg|,.

Two m-dimensional charts (U, U, G,m) and (U, U, G',7") of O are said
to be compatible if, for any z € U and 2’ € U’ with n(z) = 7'(z’), there
is a local diffeomorphism f from U to U’ (a diffeomorphism between open
subsets of U and U"), called a change of charts, with f(z) = 2’ and 7' f = =.
If the domain of f is (chosen to be) connected, then f is unique up to
composition with a g € G’ [9, p.588: Exercise 1.5.1].

Assume from now on that O is endowed with an (m-dimensional orbifold)
atlas of O, that is, a collection A of m-dimensional charts of O such that the
domains of the charts from A cover O and all the charts of A are compatible
with each other. Since any two charts, which are compatible with each
chart from A, are also compatible with each other, A determines a unique
maximal atlas S, a so-called orbifold structure, namely the atlas consisting of
all charts compatible with all charts from A. The pair (O, S) is called an (m-
dimensional) orbifold with boundary (possibly empty). Since A determines
S uniquely, we usually view O together with A also as an orbifold.

Convention: We assume throughout that orbifolds with boundary are
second countable, although paracompactness would be sufficient in most
places. Moreover, we follow the corresponding tradition for manifolds and
speak of orbifolds when assuming that their boundaries are empty.

Let O be an orbifold with boundary. Then for any y € O, chart a of O
as above with y € U, and point z € U with m(x) = y, the order |G| of
the stabilizer GG, of x in G does not depend on = and @ and is called the
order of y, denoted by |y|. A point z in O is called regular if it has order
one, otherwise it is called singular. The regqular set, that is, the set R = Ro
of regular points, is open and dense in O. The complement § = Sp is the
singular set.

The orbifold structure of a manifold M with boundary, given by the
connected components of M, where the corresponding groups G are trivial
and the maps 7 the identity, will be called the trivial (orbifold) structure
(of M ). In the context of orbifolds, manifolds are always endowed with the
trivial structure, unless specified otherwise.

A map f: O' — O between orbifolds with boundary is called smooth if,
for all charts (U’,U’,G’,7") of O, (U,U, G, x) of O, and points 2’ € U’ and
x € U with f(n'(z')) = (), there is a smooth map ¢ from a neighborhood
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of 2/ in U’ to U such that m¢ = fr/. A map f: M — O between a manifold
M with boundary and an orbifold O with boundary is smooth if it is smooth
as a map between orbifolds with boundary, where M is endowed with its
trivial orbifold structure. It is clear by the definition of smoothness that
the rank of a smooth map f is well defined. In particular, we can speak of
regular points and regular values of f and can apply the implicit function
and Sard theorems.

Using charts in an analogous way, we define tensor fields on orbifolds
with boundary. For example, a Riemannian metric on an orbifold O with
boundary consists of a family of Riemannian metrics on the codomains of the
charts from an atlas of O such that the actions of the corresponding groups
G on the codomains and the changes of charts are isometric. An orbifold
with boundary together with a Riemannian metric is called a Riemannian
orbifold with boundary.

2.1. Domains in orbifolds. A connected subset D of an orbifold O is
called a domain with smooth boundary if the topological boundary 0D of
D admits a covering by adapted charts a = (U, U, G, m) of O, that is, U=
(—e,¢) x V with G acting trivially on (—e,¢),

(2.2) Y (DNU) = (-€,0]xV, and 77 1@DNU)={0} x V.

The vector field 0/0r, where r denotes the variable in (—¢,¢), is invariant
under G and vanishes nowhere in U. This restricts the nature of points
which can be boundary points of domains with smooth boundary. Clearly,
any domain in O with smooth boundary is the sublevel set of a regular value
of a smooth function on O. Note also that Tr‘;,l(aD N W) is a submanifold
of W, for any chart b= (W, W, H, my) of O.

The adapted charts turn dD into an orbifold, and regular and singular
set of 9D are equal to Rygp = 0D NRo and Syp = 9D N Sp, respectively.

3. RIEMANNIAN ORBIFOLDS

As defined above, an orbifold O with boundary together with a Riemann-
ian metric on O is called a Riemannian orbifold with boundary.

3.1. Distance and completeness. Given a Riemannian orbifold O with
boundary, the length of a piecewise smooth curve is defined to be the sum
of the lengths of the local lifts of the curve to codomains of charts. The
distance d(x,y) of two points z,y € O is defined to be the infimum of the
lengths of piecewise smooth curves in O joining x to y. Since O is a Hausdorff
space, the distance function d is a metric on O in the standard sense if O is
connected. It is then easy to see that O is an interior metric space, that is,
d(x,y) is the infimum of the lengths of rectifiable curves in O joining z to

Y.
In what follows, let O be a Riemannian orbifold with boundary.

Lemma 3.1. Let (U, U, G,m) be a chart for O and c: [a,b] — U be a rec-
tifiable curve. Then there is a lift o [a,b] — U of ¢ such that L(o|( ) =
L(clisy), for all a < s,t < b.
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Proof. We can assume without loss of generality that ¢ has unit speed.

For any € > 0, there are a partition a = tg < --- < t;, = b of [a, b], points
i € U above ¢(t;), and minimizing geodesics o;: [t;—1,t;] — U from pi_1 to
g; such that 7(g;) = c(t;) and

> L(os) = L(c) £e.
By rearranging the points p;, we can assume that ¢; = p;. Then

O=01% %0

is a continuous curve in U. Since the ¢; are minimizing, we have
L(o:) < L(cli, ) <ti —tio1.

It is not hard to see that we may apply the Arzela-Ascoli theorem to a
sequence of such curves, where € = ¢, — 0, to get a lift o of c as asserted. [

The following result is an immediate consequence of Cohn-Vossen’s gen-
eralization of the Hopf-Rinow Theorem [14] ([1, Section 1.2]).

Theorem 3.2. If O is connected, then the following are equivalent:

(1) O is complete as a metric space;

(2) any minimizing geodesic c: [0,1) — O can be extended to [0,1];

(3) for some x € O, any minimizing geodesic c: [0,1) — O with ¢(0) = z
can be extended to [0,1];

(4) bounded subsets of O are relatively compact.

Moreover, each of these properties implies that, for any pair x,y € O, there
18 a minimizing geodesic from x to y.

The proof of the following result is close to the proof of the corresponding
result for manifolds.

Proposition 3.3. Any orbifold with boundary admits a complete Riemann-
1an metric.

3.2. Riemannian measure. Let O be a Riemannian orbifold of dimension
m. Then the volume element dv of the Riemannian metric of O is well
defined on the manifold R of regular points of O, and we define the (m-
dimensional) measure of a Borel set B of O by

(3.4) IB| = |Blm = /R dv(z)x(2),

where x g denotes the characteristic function of B. To justify this definition,
we observe that O can be covered by the domains of countably many charts
of O and that, in the codomain of each chart of O, the set of singular points
has measure zero. With (3.4), we obtain a positive measure dv on the o-
algebra of Borel sets of O. Furthermore, if B C O is a Borel set which is
contained in the domain U of a chart (U, U,G, ), then

(3.5) G|1B| = /U av(z)xp(n(2)) = |7~ (B)],

where the right hand side denotes the Riemannian volume of 7=1(B).
Suppose that D is a compact domain with smooth boundary 0D in O as
in Section 2.1. Then adapted charts turn 0D into an orbifold, endowed with
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the induced Riemannian metric. Hence by (3.4), applied to 0D, we obtain
an ((m — 1)-dimensional) measure on the o-algebra of Borel sets in 0D,

(3.6) B| = |Bln1 = /8 dv(s(e)

where dv,,,_1 denotes the induced volume element of the submanifold 9DNR
in the Riemannian manifold R. Here we recall that 0D N R = Rgp.

Let now b = (V, V,H, my) be an adapted chart for 9D, a = (U, U,G, )
an arbitrary chart of O, z € U NV a singular point, x € ng(z), and y €
W;l(z). Then there is a local diffeomorphism ¢ respecting the projections
from a neighborhood of = in U to a neighborhood of y in V. In particular,
o(z) = y. Moreover, ¢ respects the order of points so that ¢ maps regular
and singular points in U to respective points in V. In particular, since the
set of singular points in 7y, (9D) has (m — 1)-dimensional measure zero in
V, the same is true for the set of singular points in the submanifold 7r[_]1 (0D)
in U. Therefore, if B C 0D is a Borel set which is contained in U, then

61 1GIBl = | oy B () = 7 (B

where the right hand side denotes the Riemannian volume of TrEI(B) in the
manifold 7;;' (9D) with the induced Riemannian metric.

Lemma 3.8 (Coarea formula). For f € C°°(O) and ¢ € C%(0)

/|Vf|dvm<p:// dt dvy,—1 .
0 R J{f=t}

Proof. Only the regular points of f matter. In the neighborhood of such
a point x, we may introduce coordinates by using the local flow (Fy) of
X =Vf/IVf|? that is, (s,y) ~ Fs(y) with y € {f(y) = t}, where f(z) =t.
In such coordinates, we have |V f|dv,, = dtdv,,_1. O

3.3. Cut locus and two comparison results. Let O be a connected
Riemannian orbifold (that is, orbifold with empty boundary). It is then
easy to see that a curve c¢: I — O, that is minimizing locally, has local lifts
to codomains of charts over it and that, up to parametrization, these local
lifts are geodesics in the usual sense.

Proposition 3.9 (Proposition 15 in [7]). If ¢: [a,b] — O is a minimal
geodesic and c(t) € S for some t € (a,b), then c is contained in S.

Assume for the rest of this subsection that O is complete. Let x € O
and ¢ be a (non-constant) geodesic starting at x. Then the first point on ¢
behind which ¢ is not a minimal connection to x anymore is called the cut
point of x along c¢. The set C(z) of all cut points of = along geodesics from
x is called the cut locus of x.

Proposition 3.10. We have:

(1) for any direction v at x, the time to(v) > 0, at which the unit speed
geodesic from x in the direction of v stops being minimizing, depends
continuously on v;
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(2) for any y € O\ C(x), there is a unique minimal geodesic from x to

Y;
(3) C(z) is closed and |C(z)|m = 0, where m = dim O;
(4) if x € R, then S C C(xz).
Proof. Mutatis mutandis, (1)—(3) follow easily from corresponding argu-
ments in the case of Riemannian manifolds. Proposition 3.9 implies (4). O

The Bishop-Gromov volume and Cheng eigenvalue comparison theorems
extend to orbifolds. Denote by B, (k) the ball of radius 7 in M}, the model
space of dimension m = dim O and constant sectional curvature k.

Theorem 3.11 (Bishop-Gromov volume comparison). Assume that Ric >
(m — 1)k on Bs(x). Then
B _ B 1
B(s) — pB(r) r—o |z
for all0 < r < s, where B(r) = |B,(k)| . Moreover, equality on the left holds

for some 0 < r < s if and only if Bs(x) is isometric to G\Bs(k), where G
is a finite group of isometries of M" fixing the center of Bs(k).

Except for the equality discussion, Theorem 3.11 is [7, Proposition 20].

Theorem 3.12 (Cheng eigenvalue comparison). Assume that Ric > (m —
1)k on By(x). Then

Ao(Br(2)) < Ao(By(K))-

Moreover, equality holds if and only if By(z) is isometric to G\ By (k), where
G is a finite group of isometries of M;" fizing the center of B, (k).

Sketch of proofs of Theorems 3.11 and 3.12. Recall that the standard proofs
of Theorems 3.11 and 3.12 in the manifold case are obtained via integrating
associated inequalities along radial geodesics; see [13, Theorem 1.1] for The-
orem 3.12. Using Proposition 3.10, the same procedure leads to the above
assertions for orbifolds. O

3.4. Cheeger constants. The Cheeger constant of a Riemannian orbifold
O of dimension m is defined to be

. ‘814’777,—1
(3.13) h(O) 1I/1lf A
where the infimum is taken over all compact domains A of O with smooth
boundary, and where |.|; indicates k-dimensional Riemannian volume. The
Cheeger constant is related with the bottom of the spectrum of the Laplacian
on O via the Cheeger inequality,

(3.14) Ao(0) > =h(0)2.

=

For the convenience of the reader, we present a short proof of (3.14). Namely,
for the Rayleigh quotient R(f) of a non-vanishing function f € C2°(0),

Lvei= [ 2r1vs
<2</of2>1/2 </O|vf!2>1/2<2R(f)1/2/0f2,
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by the Schwarz inequality. On the other hand, by Lemma 3.8, the definition
of h(O), and Cavalieri’s principle, respectively,

L= [T =t

> 1(0) /0 T2 Yl dt = H(O) /O 7.

We conclude that h(0)? < 4R(f)%. Now A\(O) is the infimum of Rayleigh
quotients R(f) over non-vanishing f € C°(0O), hence (3.14) follows.
In analogy with (1.3), we define the asymptotic Cheeger constant of O by

(3.15) hess(O) = Sup h(O \ K)v

where the supremum is taken over all compact subsets K of O. In (4.9), we
obtain an analogue of (3.14), relating the asymptotic Cheeger constant to
the bottom of the essential spectrum of O.

Recall that, for a relatively compact open domain D in a Riemannian
manifold M, the Cheeger constant of D with respect to Neumann boundary
condition is defined to be
(3.16) hN(D) = inf M,

Al
where the infimum is taken over all domains A C D with |A] < |D|/2 and
smooth intersection 0A N D.

Lemma 3.17 (Lemma 5.1 of Buser [12]). If M is of dimension m and
complete with Ricci curvature bounded from below by 1 — m, D C M is
starlike with respect to a point x € M, and B.(x) C D C Bg(x), then

N 1+er71
4. ANALYSIS ON ORBIFOLDS

Throughout this section, let O be a Riemannian orbifold. Then the
Laplace operator A is well defined on C*°(0O).

Lemma 4.1. For functions f,g € C*°(0O) and a compact domain D C O
with smooth boundary 0D, we have

/D fAg= /D (V1,Vg) - /8 Jog

Proof. Using a smooth partition of unity on O, the proof reduces to the
two cases where the support of f is contained in a coordinate domain in the
interior of D or in one for the boundary of D. We only discuss the less trivial
second case, where the codomain U=Vx [0, €) with the corresponding finite
group G acting trivially on the factor [0,£). We obtain

e /D fAg = /U fag

= [wiva - [ jo
~1c| [ v1.v9 161 [ fo.



BOTTOM OF SPECTRA AND COVERINGS OF ORBIFOLDS 11

where f = fom, g =gom and v denotes the exterior normal vector field of
U and D, respectively. O

We consider a Schrodinger operator S = A+ V on O with smooth poten-
tial V. In view of Lemma 4.1, the operator

S: D(S) C L*(0) — L*(0)

with domain D(S) = CZ°(0O) is symmetric. It is evident that S is bounded
from below if V' is bounded from below.

Assume from now on that S is a Schrodinger operator on O that is
bounded from below, and choose 8 € R such that

(Sf. e = Bl fII72
for any f € C2°(0). Denote by Hg C L?(O) the completion of C2°(0) with
respect to the inner product
<f7 h>H5 = <f7 h>L2 + <(S - ﬁ)fv h>L2‘

Since || fllas > ||fllz2, we view Hg C L?*(O). The Friedrichs extension of S
is the self-adjoint operator

S: D(S) C L*(0) — L*(0)

with S = S* on its domain D(S) = Hg N D(S*), where S* denotes the
adjoint of S.

We denote by Ao(S) the bottom of the spectrum of S. The Rayleigh
quotient of a non-zero f € Hg with respect to S is defined by

f 2

(4.2) Rgﬁzu‘fs+ﬁ—L
11172

It is well known from functional analysis that

(4.3) Ao(S) = inf Rs(f),

where the infimum is taken over all non-zero f € C2°(O) or over all non-zero
f € Hg.

Lemma 4.4. Any compactly supported Lipschitz function on O belongs to
Hg.

Proof. 1t suffices to prove the assertion for any compactly supported Lips-
chitz function f such that there exists a coordinate chart (U,U, G, ) with
U precompact and supp f C U. Setting f := f o w, we compute

(@) = f(y)| = |f(x()) = f(x(y)] < Cd(r(x),7(y)) < Cd(,y),

where x,y € U and C is the Lipschitz constant of f. This yields that f is a
Lipschitz function, and, therefore, there exists a sequence (fy,)nen in C°(U)
with f, — f in H}(U). Tt is evident that the functions

. 1 .
hn::@anog

geG
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descend to functions h, € C°(0). Using that f is G-invariant, we have
that h, — f in H}(U) and, hence, that h,, — f in H}(U). Since the h,, are
smooth,

1 = hnllfrg < (1= B+ Ov)|[hn = b2 + IV hi = Vii|[72,

where Cy is the supremum of |V| on U. Therefore h, — f in Hg, as we
wished. O

As an immediate consequence of Lemma 4.4, we obtain the following
assertion from the introduction (see (1.2)).

Corollary 4.5. The bottom \o(S) of the spectrum of S is given by
Ao(S) = inf Rs(f),
where the infimum is taken over all non-zero f € Lip.(O).

Lemma 4.6. Suppose that O is connected and that \o(S) is an eigenvalue
of S. Then any eigenfunction @ of S corresponding to \o(S) is smooth and
nowhere vanishing. In particular, the eigenspace corresponding to \o(S) is
one-dimenstonal.

Proof. We know from elliptic regularity that any eigenfunction ¢ is smooth.
Since ¢ € Hg, there exists a sequence (fy,)nen in C°(0) with f,, — ¢ in Hg.
Then the sequence (|f,|)nen belongs to Hg and is bounded in Hg. Hence it
has a weakly convergent subsequence in Hg. On the other hand, |f,| — |¢]
in L2(0). Therefore, |¢| € Hg and Rs(|¢|) = Ao(S), which yields that |¢|
is an eigenfunction of S corresponding to Ao(S), and, in particular, that
lp| is smooth. From the maximum principle it follows that |¢| is positive,
that is, ¢ is nowhere vanishing. The second assertion is a consequence of the
first since the first implies that there are no L?-perpendicular eigenfunctions
corresponding to Ag(S). O

Lemma 4.7. Suppose that O is connected and that \o(S) < Aess(S). Let
(fn)nen be a sequence in Lip.(O) with ||fnllz2 — 1 and Rs(fn) — Ao(S).
Then there exists a subsequence (fn,)ken such that fy, — ¢ in L*(O) for
some eigenfunction ¢ of S corresponding to \o(S).

Proof. We know from Lemma 4.4 that any compactly supported Lipschitz
function can be approximated by compactly supported smooth functions
in Hg. Hence, it suffices to prove the assertion for the case where the
fn € CX(0). Since Ag(S) < Aess(S), we have that A\o(S) is an isolated
eigenvalue of S of finite multiplicity. Let E be the corresponding eigenspace,
and write f, = gn + hn, where g, € E and h,, is L?-perpendicular to FE.
From our assumption, it follows that Rg(h,) > Ao(S) + ¢ for some ¢ > 0.
Since E is one-dimensional, after passing to a subsequence if necessary, we
may assume that g, — ¢ in L2(O) for some ¢ € E.

Given € > 0, we have that Rg(f,) < A\o(S) +¢ for sufficiently large n € N.
Using that (Shy,, gn) = 0, we compute

(Mo(S) + )nllfz < (Shn, hn)rz = (Sfas fa) 12 — (Sgn, gn) 12
< (M) + &)l fullZ2 = Ao(S)llgnlZ:
< Ao(S)all72 + €l fallZ2
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for sufficiently large n € N. This shows that h,, — 0 and hence that f,, — ¢
in L2(0). O

Proposition 4.8. The bottom of the essential spectrum of S is given by
Aess (5, 0) = sup \o(S,0 \ K),
where the supremum is taken over all compact subsets K C O.

Proof. By Weyl’s criterion, A € R belongs to the essential spectrum of S if
and only if there exists a Weyl sequence (fpn)nen for A in the domain D(S),
which means that || f,||z2 — 1, fn — 0, and (S — \)f,, — 0 in L%(O).

Given such a sequence and a compact subset K of O, we want to show
that there exists a cut off function y € C2°(O) such that, after passing to
a subsequence if necessary, ((1 — x)fn)nen is a Weyl sequence for A with
supports disjoint from K.

It is evident that it suffices to prove this for any compact domain K
contained in a coordinate region U of a chart (U, U,G,?T) of O. Fix x €
C2°(0) with x = 1 in a neighborhood of K and supp x C U. From elliptic
estimates (on ), it is not hard to see that (Xfn)nen is bounded in H2(U)
and that {f, — 0 in L2(U), where ¥ = yom and f, = f, om. After passing
to a subsequence if necessary, this yields that x fn — 0in H 2([7 ). Since
the supports of these functions are contained in a compact subset of U, it
follows from Rellich’s lemma that {f, — 0 in H 1((7 ). Therefore xf, — 0
and (S —\)(xfn) — 0in L?(0). We conclude that ((1 —x)fn)nen is a Weyl
sequence for \ with supports disjoint from K. In particular,

Aess(S,0) = Ao(S, 0\ K).

To finish the proof, we may assume that Ao, = sup \g(S, O\ K) is finite. Now
for any € > 0, we may choose an exhaustion of O by compact subsets K,
and a sequence of functions f,, € C°(O\ K,,) with pairwise disjoint supports
such that || fu|lz2 = 1 and Rs(fn) < Ap + €, where A, = Mo(S,0 \ K,,). We
see that the space of functions f € C2°(O) with Rayleigh quotient at most
Aoo + 2¢ is infinite dimensional. Hence Aegs(S, 0) < Aoo. O

The asymptotic Cheeger inequality
1
(4.9) Aess(0) = Jhess (0)?

is an immediate consequence of (3.14) and Proposition 4.8.

Consider a positive p € C°(0) satisfying Sp = Ap for some A € R.
Denote by La(O) the L2-space of O with respect to the measure ¢?dv,
where dv is the measure induced from the Riemannian metric of O. It is
casy to see that the isometric isomorphism my,: L2(0) — L*(0), defined
by myf = fp, intertwines S — A with the diffusion operator

L= m;I(S’f A)my =A —2Vine.

The operator L is called renormalization of S with respect to p. The
Rayleigh quotient of a non-zero f € C2°(0) is defined by

(Lf, Nz [, |Vf|2902.

8D =T, = T e
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Lemma 4.10. For any non-zero f € C°(0), we have Rr(f) = Rs(fe)—A.

5. COVERINGS OF ORBIFOLDS

A map p: O' — O between orbifolds with boundary is called a covering
(of orbifolds) if, for each chart a = (U, U, G, w) of O with simply connected
domain U, the preimage p~!(U) is the disjoint union of connected open
subsets U’ of O’, which belong to charts of O’ of the form o/ = (U',U,G’, '),
where G’ C G and G’ may depend on «’, such that the diagram

U " U —=5 a\U
(5.1) l" lp |
U

" U —— G\U

commutes, where ¢ denotes the identification of the codomain U of a’ with
the codomain U of a and the right vertical arrow and each of the composi-
tions of horizontal arrows denote the natural projections.

In contrast to standard coverings, the restrictions p: U’ — U are, in
general, not homeomorphisms, but correspond to the projections G’ \(7 —
G\ﬁ . Nevertheless, charts a and the respective open subset U of O will be
called evenly covered by the charts a’ and respective open sets U’ as above.
Conversely, a’ will be called a lift of a or said to be above a, and similarly
for U' and U. We will also say that U’ is a local leaf of p over U.

Note that coverings are smooth. An orbifold is said to be good if it admits
an orbifold covering by a manifold.

Example 5.2. If I' ~ M is a properly discontinuous action of a countable
group I' on a manifold M via diffeomorphisms, then the space O = T'\ M of
orbits is a good orbifold with M as a covering space.

A covering p: O — O of connected orbifolds with boundary is called
uniwersal if, for any covering p: O' — O with O’ connected, and any points
z e 0,z €0, and z € O with p(2/) = (i) = z, there is a covering
p': O — O such that p = poyp and p/(Z) = 2.

Theorem 5.3 (Thurston, Proposition 13.2.4 in [26]). A connected orbifold
with boundary has a universal cover, and any such cover is unique up to
isomorphism.

For a covering p: O' — O of orbifolds with boundary, we say that a
diffeomorphism 7 of O is a deck transformation if pr = p. We say that
p is mormal, if its group of deck transformations is transitive on the fibers
of p. By definition, universal coverings of O are normal. Up to natural
isomorphism, the groups of deck transformations does not depend on the
universal covering and is called the fundamental group of O, denoted by
™ (0).

5.1. Riemannian coverings. A covering p: O’ — O of Riemannian orb-
ifolds with boundary is called Riemannian if p is a local isometry.
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Lemma 5.4. Let p: O' — O be a Riemannian covering of Riemannian
orbifolds with boundary, and assume that O is complete. Let c: I — O be
a minimizing geodesic, where I = [a,b] or I = [a,b). Let 2’ € O" be a point
with p(x') = ¢(a). Then there is a lift ¢: I — O’ with ¢/(a) = 2’ such that
L(c|1s.47) = L(clis,q) for all s <t in I. Any such lift ¢ of ¢ is a minimizing
geodesic in O'.

Proof. We consider the case I = [a, b] first. We can assume that @ = 0 and
that ¢ has unit speed. Let A be the set of a € [0, b] such that a corresponding
lift exists for c||g 4. By the assumption on the length of subcurves, any such
lift is of unit speed and minimizing since p does not increase distances and
¢ is minimizing. Furthermore, A is not empty since 0 € A.

We show now that A is closed. Let (ay) be an increasing sequence in A
with limit a and ¢, : [0, a,] — O’ be lifts of ¢ as asserted. Then for m > n, ¢,
is also such a lift on [0, a,]. Since O’ is complete, we may apply the Arzela-
Ascoli theorem and get a subsequence of the ¢, g 4,] Which converges to a
corresponding lift of ¢ on [0, a,]. We apply this argument again, but now to
the subsequence and for a,, > a,. We get a subsequence of the subsequence
of the cg/(0,q,,] Which converges, and the limit will coincide with the previous
limit on [0, a,,]. Iterating this argument, we get a lift of ¢ on [0,a). By the
completeness of O’ it can be extended to [0, a], and hence a € A. Therefore
A is closed.

Suppose now that a € A with a < b, and let ¢’: [0,a] — O be a lift of
cljo,q- Let (U, U,G,7) be an evenly covered chart of O with ¢(a) € U and
(U',U, G, 7") be the associated chart of O’ with ¢(a) € U’. By Lemma 3.1,
there is an ¢ > 0 and a lift o to U of c|(a,a+e such that L(o) = L(c|{g,a+<))-
Evidently, there exists ¢ € G with (7’ o g o 0)(a) = ¢/(a). Extending ¢
to [a,a + €] by 7’ o g o o, we obtain a lift ¢ of ¢ on [0,a + €] such that
L(c") = L(cljp,a+])- As we observed above, ¢’ is minimizing since p does not
increase distances and c¢ is minimizing.

The assertion in the case where I = [a,b) is now by reduction to the
case I = [a,b,], where the sequence of b, increases to b, and applying the
Arzela-Ascoli theorem as above. O

The next result is an immediate consequence of Theorem 3.2.2.

Proposition 5.5. For a covering p: O' — O of connected orbifolds with
boundary, a Riemannian metric on O is complete if and only if the lifted
Riemannian metric on O" is complete.

Proof. Suppose first that O’ is complete, and let ¢: [0,1) — O be a mini-
mizing geodesic. Let ¢’: [0,1) — O as in Lemma 5.4. Then Theorem 3.2.2
implies that ¢ can be extended to [0, 1], hence the composition of the ex-
tension with p is an extension of ¢ to [0,1]. Hence O is complete.

Suppose now that O is complete and let ¢’: [0,1) — O’ be a minimizing
geodesic. Then ¢ = p o ¢ can be extended to [0,1], by the completeness
of O. Then using an evenly covered chart about ¢(1) and the leaf above
it containing the image of 0/1(1—5,1) for some € > 0, we see that ¢’ can be
extended to [0, 1]. Hence O’ is complete. O
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Proposition 5.6. Let p: O' — O be a Riemannian covering of complete
and connected Riemannian orbifolds with boundary. Let xg,z1 € O and
Yo € p~Y(x0). Then there is a point y1 € p~'(x1) such that d(yo,v1) =
d(xo,x1).

Note that d(yo,y1) > d(xg,z1) for all 33 € p~!(z1) since p does not
increase distances.

Proof of Proposition 5.6. Let c: [0,1] — Oy be a minimizing geodesic from
xo to z1 and ¢ be a lift of ¢ to O" with ¢/(0) = yo. Then ¢ is minimizing
and p(c/(1)) = x1. Hence y; = ¢/(1) € p~'(x1) and d(yo, y1) = d(zg,z1). O

5.2. Dirichlet domains. Consider now a Riemannian covering p: O' — O
of complete Riemannian orbifolds without boundary, where O is connected.

Lemma 5.7. If N C O has measure zero, then also p~*(N) C O'.

Fix 2 € O. For y € p~!(x), the Dirichlet domain of p centered at y is
defined to be

(5.8) D, ={z€ 0| d(z,y) <d(z,y) for any 3 € p~*(x)}.
By Proposition 5.6, d(y, z) = d(x, p(z)) for any z € D,,.

Proposition 5.9. If v € Rp and y € p~'(z), then
(1) y € Ror;
(9 9D, {2 £ 0'| d(s) = d(sf) o some £y ™ ()
(3) 9D, C p~1(C(x)) and int(D,) C R
(4) 1Dy N p~H(C(@))|m = 0;
(5) p: Dy \p~1(C(z)) = O\ C(z) is an isometry;
(6) for any integrable function f on O, f op is integrable on D, and

/Dyfoz)z/Of-

Proof. (1) is clear from the definition of coverings of orbifolds.

(2) Let 2 € D, be such that there is a point ¥ # y in p~!(x) with
d(z,y") = d(z,y). Now there is a minimal geodesic from 3y’ to z, by the
completeness of O;. Hence any neighborhood of z contains points which are
strictly closer to ¢ than to y. This shows that the given set belongs to 0D,,.
The converse direction is obvious.

(3) Let 2 € D, and ' € p~1(z) be a point with d(z,y') = d(z,y). If p(2)
is singular, then we know from Proposition 3.10 that p(z) € C(x). If p(2) is
regular, consider minimizing geodesics from y to z and ' to z. Since their
velocity vectors at z are different, their projections to O are two different
geodesics from x to p(z). By Proposition 5.6, both are minimal, and hence
p(z) € C(z). The second assertion follows immediately from Proposition 3.9
since y € Ror.

(4) is clear from Proposition 3.10 and Lemma 5.7.

(5) We only need to check that p: D, \p~(C(x)) — O\ C(z) is bijective.
Let z # 2/ be points in D,,, and suppose that p(z) = p(z’). Then p maps
minimal geodesics from y to z and 2’ to different geodesics from x to u =
p(z) = p(z'). By Proposition 5.6, they are minimal, and hence u € C(x).
Therefore p is injective on D, \ p~1(C(z)).
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Given u € O, let ¢: [0,1] — O be a minimizing geodesic from z to w.
Then the lift ¢’ of ¢ starting at y is a minimizing geodesic. Since p does not
increase distances, it follows that d(y, (1)) = d(z,u) < d(y’,d (1)) for any
y' € p~!(x), which means that ¢/(1) € D,. We conclude that p: D, — O is
surjective, and so is p: Dy, \ p~}(C(z)) = O\ C(z).

(6) is clear from (4) and (5). O

5.3. Action of the fundamental group on the fiber. Let p: O; — O
be a Riemannian covering of orbifolds with boundary, where Oy is connected.
Consider a (connected) component O} of O;. Then the universal covering
po: O — Oy of Oy factors through 01,

(5.10) R ip

and p} is the universal covering of O}. In general, the covering p) is not
unique, but we fix a choice for each component O] of O;.

Recall that the fundamental group I'y = 7™ (Og) of Oy is defined to be
the group of deck transformation of pg and that I'g is transitive on the fibers
of pp and simply transitive on the fibers over regular points of Oy. The
corresponding statements hold for p), where we denote the group of deck
transformations of pj by I'}. Since pg = po P}, we have I} C I'y.

For zy € Oy, choose & € O with po(Z) = xo and, for each connected
component O of Oy, set 2} = p} (%) € O}. Then p(z}) = z¢ and the part of
the fiber of p over z¢ in O] is given by

(5.11) p~ ' (x0) N Oy = p(Toi).
If z¢ is regular, we obtain a right action of I'y on p~!(xg) by setting
(5.12) yg = pi(hgz) for y=p(h).

Identifying p} (hZ) with I}k, this action corresponds to the right action of
Ty on I'}\I'g. Clearly, the action on the fiber depends on the choice of the
point & over xg.

We fix a complete background metric on Og and its lift to O; and consider
distances and geodesics with respect to these metrics.

Fix zy € Ro and choose # € O and 2/ in the components O} of Oy as
above. For r > 0, set

(5.13) Gr={g€ly|d(gz,z) <r} and N(r)=|G,|
Note that G, = G, L. For any yi,ys € p~*(z0),

(5.14) d(y1,y2) < 1 <= y2 = y1g for some g € G,
by Proposition 5.6. For any § € O, we have

(5.15) {g € To | d(gz,y) <r}| < N(2r),

by the triangle inequality.
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Lemma 5.16. For any r > 0 and y; € O1, we have
P~ (x0) N By (y1)| < N(2r).

Proof. Suppose that y1 € By(2}¢g;), 1 < i < n, where the [g;] are pairwise
different in I';\I'g . Then there exist h; € I'; such that

d(higiZ,y) = d(x'gs,y1) <,

by Proposition 5.6, where 3 is any point in pfl(yl). Since the h;g; are
pairwise different, we get n < N(2r), by (5.15). O

6. AMENABILITY OF ACTIONS

Consider a right action of a countable group I' on a countable set X. The
action is called amenable if there exists an invariant mean on ¢°°(X); that
is, a linear map p: £°°(X) — R such that

inf f < p(f) <sup f and p(g*f) = p(f)

for any f € £°(X) and any g € I'. The group I is called amenable if the
right action of I" on itself is amenable.

Clearly, any (right) action of I" on any finite set is amenable. Furthermore,
an action of I' on a countable set X is amenable if its restriction to a non-
empty invariant subset of X is amenable.

Amenability refers to some kind of asymptotic smallness of X with respect
to the action of I'. This is made precise by the following characterization,
due to Fglner in the case of groups [15, Main Theorem and Remark] and
then extended to actions by Rosenblatt [24, Theorems 4.4 and 4.9]. Given a
finite G CI" and an € > 0, a Fglner set F' for G and ¢ is a non-empty, finite
subset of X satisfying |Fg \ F| < ¢|F| for any g € G.

Theorem 6.1. The action of I' on X is amenable if and only if, for any
finite G C T and € > 0, there exists a Falner set for G and ¢.

In particular, it follows that the action of I' on X is amenable if and only
if the restriction to any finitely generated subgroup of I' is amenable.

Let p: O1 — Oqg be a covering of orbifolds with boundary, where Og
is connected, but O; possibly not. As explained in Section 5.3, for any
connected component O} of Oy, we have for the fundamental groups that
Il € Ty. The covering p is called amenable if the right action of I'y on
the disjoint union of the I'}\I'¢ is amenable, where union is taken over all
connected components O] of O;. After fixing a regular zg € Op, an Z € O
over zg, and a covering pj: O — O for any connected component O} of
O1, the aforementioned action coincides with the action of I'g on p~!(x),
defined in (5.12). Therefore, the covering p is amenable if and only if the
latter action is amenable.

Example 6.2. For any covering p: O; — Ogy (where Oy is connected),
pUid: O1 10Oy — Og

is an amenable covering.
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Recall that Fglner’s condition allows us to characterize amenability of
an action of a group I in terms of the restriction of the action to finitely
generated subgroups of I'. In the context of coverings, this is reflected by
the following characterization of amenability.

Proposition 6.3. Let p: O1 — Oqg be a covering with Oy connected, and
Ky C Ko C -+ be an exhaustion of Oy by compact domains with smooth
boundary. Then p is amenable if and only if the restrictions p: p~t(K,) —
K, of p are amenable.

Proof. Endow Og with a complete Riemannian metric and fix a regular
point xg in the interior of K7. Denote by py: O — Op and py,: f(n — K,
the universal coverings, and choose Z € p; Yzo) and z, € p,;(xg). Given
r > 0, consider the finite set G, defined in (5.13) and the finite sets

Gr,n = {g € w?rb(Kn) | d(gazn,xn) < T}‘

Assume first that p is amenable and let n € N. Given ¢ > 0 and a finite
subset G’ of W?rb(Kn), there exists » > 0 such that G C G,,. Let F be a
Fglner set for G and €/|G.|. It follows from (5.14) that d,-1(k,)(y,yg') <7
for any y € p~!(z0) and ¢’ € G,.,. In particular, do, (y,yg') < r and (5.14)
yields that there exists g € G, with yg’ = yg. Therefore, for any ¢’ € G, »,
we have that F¢' is contained in the union of Fg with ¢ € G,, and in
particular,
[Fg \F| < ) |Fg\F|<e,
geG,

which yields that the covering p: p~!(K,) — K, is amenable.

Conversely, consider £ > 0 and a finite subset G of 79™(0p). Then there
exists > 0 such that G C G, and n € N such that B(zg,r) C K,. Since
p: p~Y(K,) — K, is amenable, there exists a Fglner set F for Grn and
e/|Gry|. For y € F and g € G,, we obtain from (5.14) that do, (yg,y) < r.
Since B(zg,r) C K,, it follows that any minimizing geodesic from y to yg
lies in p~!(K,), and hence, d,-1(k,)(yg,y) < r. In view of (5.14), we obtain
that there exists ¢’ € G,, such that yg = y¢’, which means that Fg is
contained in the union of F¢’ with ¢’ € G,,. We conclude that F is a
Fglner set for G and ¢, which yields that p is amenable. O

Proposition 6.3 illustrates the importance of considering non-connected
covering spaces. Namely, the preimage p~!(K) of a compact domain K in
Op with smooth boundary may not be connected even if O is.

7. MONOTONICITY OF Ag

In our standard setup of a Riemannian covering p: O; — Og of Rie-
mannian orbifolds with compatible Schrodinger operators S; = A + V; and
So = A + Vj, respectively, let f € C°(0;), and define a function fy > 0 on
O by

x
(r.) B = Y e
yep~1(z)
on Og. We call fy the pushdown of f.
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Lemma 7.2. Given a non-zero f € C°(01), its pushdown fy is a Lipschitz
function on Oy with compact support such that f2 is smooth and

RSO (fO) < RSl (f)

Since Ao(Sp, Op) and A\o(S1,01) are the infimum of Rayleigh quotients
of non-vanishing compactly supported Lipschitz or smooth functions on O
and O; (either way), (1.4) is an immediate consequence of Lemma 7.2.

Proof of Lemma 7.2. Let U = U /G be an evenly covered domain of Oy.
Denote by V; = U/Gj, j € J, the connected components of p~(U), by Dj
the restriction p\vj, and by 7: U — U and urE U — V; the projections.
Given x € U and u € 77*1(37),

(f2 o m)(u) -y z:'ﬂ

1T yep T Iy\
|95’ 1 2
=2 Z Nl > (FPomv)
i€ly ver; ' (y)
|~”U\
Y S (em
JjeJ ver—H(z)
=Y G S em
]EJ geG
where we use that p;m; = 7 and |y|\7rj_1(y)| = |Gj| for the penultimate

equality and that |z||7=1(z)| = |G| for the last. It follows that fZ € C°(Oy).

For h € C*(0y), let hy = h o m be its lift to O;. Using that the set Ry
of regular points of Op and its preimage in O; are of full measure and that
the preimage is contained in the set R of regular points of O, we get

/Oo hfg:/RO hfg:/RO Syep-1@hi (@) 2 (y) = /01 hy f2.

Therefore
Hnmmm=umm@ﬂam./'%ﬁ:/’mﬂ.
Og O1

Moreover
Y fw)
yep~1(x)
on Ry, hence
Vh@) P < Y VW)
yep~1(x)

on Ro N {f2 # 0}. This shows that f is non-negative on Oy, and smooth
with bounded gradient on {fZ # 0}, and thus, fo is Lipschitz. Furthermore,

it follows that
| ks [ vse
Oo Ol
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In conclusion, Rg,(fo) < Rs, (f)- O

8. STABILITY OF A9 FOR AMENABLE COVERINGS

The aim of the section is the proof of Theorem A.1. To that end, fix
a complete background metric on Oy and consider its lift to O;. In what
follows, distances and geodesics are taken with respect to the given complete
background metrics. However, gradients, Laplace operators, volumes, and
integrals are taken with respect to the original metrics, since the main issue
of our discussion are Rayleigh quotients with respect to the original metrics.
Fix a regular point xg € Oy, a point in the universal covering space above
it, and recall the definition of G, C I'g and N(r) from (5.13).

For r > 0 and y € p~*(x0), consider the function 1, on O; defined by

1 if d(z,y) <,
Yy(z) =qr+1—d(z,y) ifr<d(z,y) <r+1,
0 i d(z,y) > 7+ 1,

a Lipschitz function with Lipschitz constant 1. For any z € O;, there are
at most N(2r + 3) points y € pal(yo) with 2z € suppy, by Lemma 5.16.
Hence the function

1 =max < 0,1 — Z Py
yep~H(z)
on Oy is well-defined and admits N (2r + 3) as a Lipschitz constant. Thus
we obtain a partition of unity on O; consisting of

Ll Yy
8.1 =
( ) a1 wl + Zyep_l(x) wy wl + Zyep_l(ﬂﬂ) wy

with y € p_l(a:), the partition of unity corresponding to r > 0. Clearly
supp ¢y = supp ¢, and ZyEp_l(x) ¢y = 1in B,(y) for any y € p~1(z).

and the ¢, =

Lemma 8.2. The functions yp, admit Lipschitz constant 3N (2r + 3), the
function @1 admits Lipschitz constant 9N (2r + 3)2.

Proof. The numerator of ¢, in (8.1) takes values in [0,1] and admits 1 as
a Lipschitz constant, the denominator takes values in [1, N(2r + 3)] and
admits 2N (2r + 3) as a Lipschitz constant. The first assertion follows now
from an easy calculation. Since 1 =1 — )" ¢y, the second is an immediate
consequence. O

For a finite subset P C p~!(z) consider the non-negative function
(8.3) X=Y_ @y
yeP
and the sets
54) Qy={yep(z) | x=1in B,(y)},
Q_={yeplx)]0<x(2) <1 for some z € B,(y)},

In virtue of Lemma 8.2, we obtain that x admits 3N (2r +3)? as a Lipschitz
constant.
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Proposition 8.5. Suppose that p: O1 — Og is amenable, and let ¢ > 0.
Then there exists a finite subset P C p~Y(z0) such that |Q_| < &|Q4|.

Proof. Since the right action of Ty on p~!(xg) is amenable, there exists a
finite subset P C p~!(xg) such that |Pg\ P| < ¢|P| for all g € Ga,42.
Let y € Q_ and z € B,(y) such that 0 < x(z) < 1. Since

Z @y(z) =1,

yep~1(zo)

it follows that there is yo € P and y; € p~!(x0) \ P, such that ¢y, (z) > 0,
i = 0,1. This yields that d(y;, z) < r+1, and, in particular, that d(yo,y1) <
2r + 2. In view of (5.14), we obtain that there exists g € Ga,42 such that
Y1 = Yog, which shows that y; € Pg ~ P, for some g € Go,12. Hence, there
exist at most e N (2r + 2)| P| such y;. Since d(y,y1) < 2r + 1, it follows from
Lemma 5.16 that, for any such y;, there exist at most N(4r + 2) such y.
Therefore, we obtain that

|Q—| <eN(4r +2)N(2r + 2)|P| < eN(4r +2)N(2r + 2)|Q- U Q4|

where we use that P C @Q_ U Q. Proposition 8.5 is an immediate conse-
quence of this inequality. O

Proof of Theorem A.1. Let f € C(Oy), f # 0, and f; = f op be the lift
of f to O1. Choose zp € Ry and r > 0 such that supp f C B,(x¢). Then f;
has support in the neighborhood U,.(p~!(x¢)) of radius r about p~!(zo).

Consider the partition of unity on O corresponding to r as in (8.1). Given
e > 0, choose the finite set P C p~!(x() according to Proposition 8.5 with
X as in (8.3) and Q_ and Q4 as in (8.4). Then x has compact support
contained in the closed neighborhood N,;1(P) of radius r + 1 about P, and
admits L, = 3N(2r + 3)? as a Lipschitz constant.

Since supp f C By (zo), it is easy to see that supp fi N D, C B, (y) for any
y € p~(x0). This yields that supp(xf) is contained in the union of D, with
yeER=Q+UQ-_.

We want to extimate the Rayleigh quotient Rg, (x f1). Since the intersec-
tion of different D,’s is of measure zero, we compute

o, xBSixf) Jo IV + xfivixfi}

B 0h) == e = Jo, 12
 Yyea o, VOGP +Vix2 )
ZyEQ ny X2f12

_ Suea o, IV0)P + Vi f2)
B ZyGQJr ny X2f12

We now estimate the terms arising from the right hand side. Since y =1
on By(y) for any y € Q4, we have that xfi = fi in a neighborhood of
supp(x.f1) N D,. This, together with Proposition 5.9.6, yields that

/ Cfi= [ £ and / (VOGP + Vil f2) = / (VIR + V2
Oo D, Oo

D,
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for any y € Q4. Denote by L, and Ly the respective Lipschitz constants of
x and f and by C; and Cy the respective maximum of |f| and of |V| on
supp f. It is easy to see that (at any point of Oy)

VO + Vi 7 <23V AP+ 2/ VX + Vil £
<2L% +2C7L2 + CyC} =: C,

where we use that 0 < xy < 1. Therefore, using again Proposition 5.9.6, we
obtain that

/D {IV(xf)]? + Vix2fi} < C|supp f|

for any y € Q_. From the above estimates, we conclude that

Clsupp f] |Q| C|supp f|_
Rs,(xf1) < Rs,(f) + < Rs, (f) + 2
! 0 foo f2 ’Q-l—’ foo f2
This shows that, for any § > 0, we have Rg, (xf1) = Rs,(f)+4 if € is chosen
sufficiently small. The proof is completed by (1.2). O

9. STABILITY IMPLIES AMENABILITY: THE CASE OF A CLOSED BASE

Let p: O1 — Op be a Riemannian covering with Og closed (that is, com-
pact and without boundary) and connected, and O possibly non-connected.
The aim of this section is to prove the following:

Theorem 9.1. If \g(O1) =0, then p is amenable.

We have the right action of 7¢"(Oy) on the right cosets of the fundamental
group of any connected component of Op in 7™P(Oy), and, by definition,
amenability of p means that this action on the disjoint union of these cosets
is amenable. Recall that this action is equivalent to the action on the fiber
of p, presented in Section 5.3. After fixing a regular point zp € Op and
a point in the universal covering space above it as in Section 5.3, for any
y1,Y2 € p~1(x0), we have that d(y1,y2) < r if and only if y = 319 for some
g € Gy.

Cover Og with finitely many evenly covered, coordinate systems m;: U; —
U, = U /G;, which are extensible; that is, each m; can be extended to an
evenly covered, coordinate system Vi > V;, where V; C R™ is bounded
and the closure of U; contained in V;. Since Oy is compact, there exists
ro > 0 such that for any = € Op, we have that Bs,,(z) is contained in some
U;. It should be noticed that for any y € Op there exists a lifted coordinate
system 7 : U, — Vij = Ui/GZ-j such that Bs,,(y) C Vj;.

Since Oy is closed, it has Ricci curvature bounded from below, by 1 —m,
say, and so does Oj.

Lemma 9.2. There exists a constant C > 0 such that, for any i, x € U;
and & € m; H(x), we have that

WY (Byo (&) 2 C and h™ (Bay, () = C.

Proof. We may extend the Riemannian metrics on the U; to complete Rie-
mannian metrics on R™ such that there Ricci curvature is bounded from
below. Then we can apply Lemma 3.17 to arrive at Lemma 9.2. O
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Recall that a subset X of an orbifold O is called a complete 2r-separated
subset if X is a maximal subset with the property d(z,y) > 2r for any « # y
in X. It is clear that if X is a complete 2r-separated subset of O, then the
balls By, (x) with € X cover O.

Corollary 9.3. There exists C(rg) > 0 such that for any complete 2rg-
package X of O1, we have that any x € Oy belongs to at most C(rg) of the
balls Boy,(y) with y € X.

Proof. Given a complete 2rg-package X and =z € Oq, set E, := {y € X :
x € Bayy(y)}. It is evident that the disjoint balls By, (y) with y € E,, are
contained in Bs,,(x). It should be observed that |By,(y)| > |By,(p(v))] >
c > 0, since Oy is closed. We conclude from Proposition 3.11 that

A € 3 1Brofw)] < 1By (@)] < [ BlS0) < B30,
yeE, z

as we wished. O

We are ready to prove an analogue of a special version of Buser’s [12,
Lemma 7.2].

Proposition 9.4. If h(O1) = 0, then for any e, > 0, there exists open
bounded A C O such that |U,(0A)| < ¢|A]|.

Proof. In view of the volume comparison theorem, it suffices to prove the
assertion for any € > 0 and a fixed r > 0. Set r = rg from the beginning of
this section, and

CO = IIlZaX ‘Gl|,

where G; are the groups corresponding to the coordinate systems in the
beginning of this section. Since h(O;) = 0, we have that for any £ > 0,
there exists a smoothly bounded, compact domain A C O; with

Al [ CB(e  CBr)e

85) A S0 { 203 3(4r)" 2C(r)CoB (2r) }

We partition O into the sets

(96) A= {2 €01 1AN B @) > 52 By (),
0

97) Ag={z € 01| 14N By()] = 5| B ()},
0

(9.8) A ={x €0y ||ANBu(@)| < oo |Bo(@)]}.

2C)H

Clearly, |AN By(x)| # 0 for all z € A, U Ap. Since |B,(z)| and |AN B, (z)|
depend continuously on x, a path from A_ to A4 will pass through Ayp.
Since A is bounded, A+ and Aj are bounded. Moreover, 0AL C Ay, A4
and A_ are open, and Ag is closed, hence compact. We will show that A
satisfies the asserted inequality. By passing from A to A, we get rid of a
possibly “hairy structure” along the “outer part” of A. We pay by possibly
losing regularity of the boundary.

We now choose a 2r-separated subset X of Oy as follows. We start with a
2r-separated subset Xy C Ag such that Aj is contained in the union of the
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balls B, (z) with z € Xo. (If Ag = 0, then Xy = 0).) We extend X to a 2r-
separated subset XoU X1 of AgU A4 such that AgU A4 is contained in the
union of the balls Ba,(z) with z € XoU X;. (If Ay =0, then X =0.) We
finally extend XoU X to a complete 2r-separated subset X = XqU X UX_
of Oy. (If A_ =0, then X_ = {).) By definition, Xy C A, and X_ C A_.
Since A is bounded and |[ANB,.(z)| # 0 for all x € XqgU X, the sets X and
X are finite. By the same reason, the set Y of © € X_ with |[ANBag,(x)| # 0
is finite.

The neighborhood Uy, (Ag) is covered by the balls By, (x) with x € Xj.
Using Proposition 3.11 and (9.7), we therefore get

Uz (A0)| < ) [Bur(2))]

reXp

B(4r)
< % e

. 200,3(47") -
=50 xez);() |AN B,(z)].

For any = € X there exists a (lifted) coordinate system mij: Uy — Vij =
ﬁi/Gij with Bs,.(x) C Vj;. Fixing 2 € 71'1;1(:5), we compute
|Gij
2C)y

|75 (A) N B (@)] < 7' (AN Br(x))] = |Gyyl| AN By ()] = | B ()]

It is easily checked that

1 _ 1 .
| By ()] = e 7, (Br(2))] < e > |Bi(2)] < |Br(@)],
|G Gij| =
ze€m;; (x)
which shows that
_ . 1 .
(9.9) 75 (A) N B.(2)] < 5 |1Br(2)]-

From Lemmas 9.2 and 3.7 we derive that
0ANB(x)| . 1 |7 040 B@)] ¢
AN B (@) = Gyl 7" (A) N Bo(@)] ~ Co

for any x € Xy, where we used that G;; is a subgroup of G;. Hence

2C35(4r)
— 0AN B,

S X AN By @)

z€Xo

203 B(4r)
—————|0A

oo
2C23(4r)
————20|A| <¢elA

oAl <4
where we use that A satisfies (9.5).

Since any curve from A4 to A_ passes through Ay, A4 has distance at
least 2r to A_ \ Usr(Ap). Hence A_ \ Us-(Ap) is covered by the open balls
By (z) with z € X_.

(9.10) >

|Uar(Ao)| <

(9.11)

IA
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With Y as above, we let Z = XoUY. Again,Afor any z € Z there exists
a (lifted) coordinate system m;;: U; — Vi = U;/Gy; with Bs,(z) C Vjj.
Arguing as above, using (9.7) and (9.8), we readily see that

I (4) N B(@)] < 5B (2)]

for any & € ﬂ;l(.x) Letting A¢ = O; \ A, we obtain from Proposition 3.11
that

— c - — c - 1 -,
735 (A)° 0 Bay(@)] = | (A) N By(@)| = 5B ()]

B(r) . B(r)
2 2ﬂ(2r)‘32r(x) = 23(2r

for any x € Z. With the constant C from Lemma 9.2, we therefore get
C < WY (B (2))

|7, (A) N Ba,(&)] > 0.

~—

|71 (DA) N By, ()]
~ min{|m; (A) N Bar(2)], I3 (A)° N Bar (2)|}
(9.12) _ 26(2r) 75,1 (DA) N By ()]
B(r) |m; (A)N Bar(@)]
< 2Cy5(2r) |[0A N Bay ()]
~ B(r)  [AN By(2)|

for any z € Z, and the last inequality follows similarly to (9.10). Using
Corollary 9.3, (9.12) and (9.5), we conclude that

| AN (A \Uzr(Ao))| <> |AN By ()|

T€Z

2006(27‘)
< W ZZ |0A N Bay(z)
(9.13) e
_ 20(r)CoB(2r)
- CB(n)
2C(r)CopB(2r)

Cp(r)

|04

S| Al < efA],

where we use (9.5) in the last step.
Since A C Ay U Uz (Ag) U (AN (A= \ Uz, (Ap))), we obtain

[As| = [A] = [Uar(Ao)| = [AN (A= \ Uzr(Ao))|

> (1—2¢)|A]
In particular, A is not empty. Since A4 C Ay, we conclude that
€
U2 (04+4)] < [U2r(Ao)| < el A] < 7—5-A+].

In conclusion, A, is a bounded open subset of O; that satisfies the asserted
inequality, albeit with 2¢ in place of ¢ (assuming w.l.o.g. that ¢ < 1/4). O

We are now ready to prove the main result of the section. As a conse-
quence of the Cheeger inequality, if A\g(O1) = 0, then h(O1) = 0. We know
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from Lemma 9.4 that for any € > 0 and r > 2diam Oy there exists an open,
bounded A C Oy with |Us,-(A) \ A| < |Us,-(0A)] < ¢|A|.

Fix a regular point x € Og and consider the finite set F' := p~!(2)NU,.(A).
Taking into account that

diam Dy < 2diam Og < r,

it is immediate to verify that A is contained in the union of D,, with y € F.
Moreover, given g € G, it is easy to see that any y € Fg \ F belongs to
Uz, (A)\ U, (A), which shows that Us,(A)\ A contains the corresponding D,,.
Using that |D,| = |Op| and that the intersection of different D,’s is measure
zero, we conclude that

[F'g \ Fl|Oo| < |Us(A) \ A] < e[ A] < e[ F||Oo

orb

for any g € G,. Since any finite subset G of 7"™”(Oy) is contained in G, for
some r > 2diam Og, this implies that the covering is amenable.

10. STABILITY IMPLIES AMENABILITY: THE ROLE OF Aegs

Let K be a compact and connected Riemannian orbifold with non-empty
boundary. Let p: K1 — Kg be a Riemannian covering of orbifolds, where we
do not assume that K is connected. We assume that \g(K7) = Ao(Kp) =0,
where we recall the notation \g(K) = A(A, K), where we use the definition
of A\g as the infimum of the usual Rayleigh quotients over non-zero functions
fin CX(K;) and C°(Ky), respectively. Note that we do not require that
the functions f vanish on the corresponding boundary.

Change the given Riemannian metric on Ky in a neighborhood U =
[0,€) x 0Ky of OKj so that the new metric is a product metric dr? + go
on U, where gy is a Riemannian metric on 0Ky, and endow Kj with the
lifted metric. Since K is compact, the old and new Riemannian metrics on
Ky and K; are uniformly equivalent, and hence A\g(K71) = Ao(Kp) = 0 with
respect to the new metric.

Denote by 2Ky and 2K the doubles of Ky and Kj. Since the new Rie-
mannian metrics above are product metrics in neighborhoods of the bound-
aries, they fit together to define Riemannian metrics on 2Ky and 2K; so
that p extends to a Riemannian covering 2p: 207 — 20y. Since A\g(K7) =0
with respect to the new metric and test functions in C°(K7) can be doubled
to test functions in Lip,(2K7) with the same Rayleigh quotient, we get that
Ao(2K7) = 0. Since 2K is closed, we conclude from Theorem 9.1 that the
covering 2p is amenable. It follows from Proposition 6.3 that the restriction
of 2p over Ky, which is the original covering p, is amenable. Hence, we arrive
at the following:

Theorem 10.1. If \o(K7) = 0, then p is amenable.

Proof of Theorem A.2. Assume that
Ao(S1,01) = Ao (S0, Oo)

and, to arrive at a contradiction, that p is non-amenable. According to
(1.2), there exists a sequence (f,)nen in C2°(01) with L%norm one and
Rs, (fn) — Ao(S1,01). Since the covering is non-amenable, we obtain from
Proposition 6.3 that there exists a smoothly bounded, compact domain
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K C Og such that the covering p: p~}(K) — K is non-amenable. Then
Theorem 10.1 implies that A\g(p~1(K)) > 0.

We know from Lemma 4.6 that there exists a positive ¢g € C*°(Og) with
L2-norm one and Sppg = Ao(So, Op)wo. Denote by 1 the lift of g to Oy
and by L the renormalization of S; with respect to (1. Since ¢y is positive,
we may write f, = hnp1, and in view of Lemma 4.10 we have that

Jo, IVha|?*¢
RL(hn) = O h; 2 = Rsl(fn) — /\0(50, 00) — 0.
fol n1
Denoting by ¢1, co > 0 the minimum and the maximum of ¢y on K, respec-
tively, we have that
Joiry VR0t 2

-1
[erre Bt A
P n

which shows that

/ h2p? — 0 and / h2p? — 1.

p~H(K) O1~p~1(K)

Let Ky be a compact domain (of positive measure) in the interior of K
and consider yo € C(0;) with xo = 1 in a neighborhood of Ky and
supp xo € K. Denote by x; the lift of xo to O; and set hl, = h,(1 — x1). It
is not difficult to verify that

| ret o1 ma [ (om0

01 01

and hence Ry (h!)) — 0. Now setting f/ = hl 1, we derive from Lemma 4.10
that Rg, (f!) — Xo(So,0p). It should be noticed that ||f)|[;2 — 1 and
supp f}, Np~ 1 (Ko) = 0.

It is easy to see that the sequence (gn)nen in Lip.(Op), consisting of
the pushdowns of f] as defined in (7.1), satisfies ||gn|/r2 — 1, suppgn N
Ko =0, and Rg,(9n) — Ao(So0,0p). Now we see the role of \ess. Namely,
by Lemma 4.7, the assumption that A\y(Sp, Op) < Aess(So, Op) yields that
gn — o in L?(0y), after passing to a subsequence if necessary. This is
a contradiction since (g is positive, whereas Ky has positive measure and
supp g» N Ko = 0. O

11. CONFORMALLY COMPACT ORBIFOLDS

Let O = P\ 9P, 9P = {p = 0}, and g = h/p? as in the introduction.
Then the normalized gradient field X = Vp/|Vp| of p with respect to h
is well defined in a neighborhood of P, and V = pX is the normalized
gradient field of p with respect to g. The divergence of V' with respect to g
is given

. m 2 .
divy V = EV(ln(l/p ) +divV
= %’v—pp’d(ln(l/pQ)(Vp) +divV
= —m|Vp|+divV
=—(m—1)|Vp|+ pdiv X.
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Proof of (1.9). Since div X is a smooth function in a neighborhood of 0P
and OP = {p = 0}, we conclude that, for any € > 0, there is a neighborhood
U of 0P such that

divyV=—(m—-1)|Vp|£e>—-a(m—-1)—¢

in U. By the divergence formula, we have
mindiv V' |D|,, < / divV :/ (V,v) < |0D|m-1
D aD

for any compact domain in U with smooth boundary and hence

hess(O) > (m — 1)a.
Using the Cheng eigenvalue comparison Theorem 3.12 for orbifolds, the
proof of the inequalities Aess(O), Aess(O) < a?(m — 1)2/4 is the same as
that for the corresponding inequalities for A\¢ in the case of manifolds in

[3, Theorem 1.10]. The Cheeger inequality (4.9) then implies the asserted
equality Aess(O) = a?(m — 1)?/4. O



30

]
2]
3]
4]
5]
6]
7]
8]
9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

17)

18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

WERNER BALLMANN AND PANAGIOTIS POLYMERAKIS

REFERENCES

W.Ballmann, Lectures on spaces of monpositive curvature. With an appendix by
Misha Brin. DMV Seminar 25. Birkh&user Verlag, Basel, 1995. viii+112 pp.

W. Ballmann, H. Matthiesen, and P.Polymerakis, On the bottom of spectra under
coverings. Math. Zeitschrift 288 (2018), 1029-1036.

W. Ballmann, H. Matthiesen, and P. Polymerakis, Bottom of spectra and amenability
of coverings. Geometric Analysis, 17-35, Prog. Math. 333, Birkh&user, 2020.
W.Ballmann and P.Polymerakis, Bottom of spectra and coverings. Surv. Differ.
Geom. 23 (2020), 1-33.

W. Ballmann and P. Polymerakis, Equivariant discretizations of diffusions and har-
monic functions of bounded growth. Israel J. Math., to appear.

W. Ballmann and P. Polymerakis, On the essential spectrum of differential operators
over geometrically finite orbifolds. MPI-Preprint 2021-9, arxiv.org/abs/2103.13704.
J. Borzellino, Orbifolds of maximal diameter. Indiana Univ. Math. J. 42 (1993), no.
1, 37-53.

B. H. Bowditch, Geometrical finiteness with variable negative curvature. Duke Math.
J. 77 (1995), no. 1, 229-274.

M. Bridson and A.Haefliger, Metric spaces of non-positive curvature. Grundlehren
der Mathematischen Wissenschaften 319. Springer-Verlag, Berlin, 1999. xxii+-643 pp.
R. Brooks, The fundamental group and the spectrum of the Laplacian. Comment.
Math. Helv. 56 (1981), no. 4, 581-598.

R. Brooks, The bottom of the spectrum of a Riemannian covering. J. Reine Angew.
Math. 357 (1985), 101-114,

P.Buser, A note on the isoperimetric constant. Ann. Sci. Ecole Norm. Sup. (4) 15
(1982), no. 2, 213-230.

S.Y.Cheng, Eigenvalue comparison theorems and its geometric applications. Math.
Z. 143 (1975), no. 3, 289-297.

S. Cohn-Vossen, Existenz kiirzester Wege. Doklady SSSR 8 (1935), 339-342.

E. Fglner, On groups with full Banach mean value. Math. Scand. 3 (1955), 243-254.
A. Haefliger, Orbi-espaces. Sur les groupes hyperboliques d’aprés Mikhael Gromov
(Bern, 1988), 203—213, Progr. Math. 83, Birkhiuser, Boston, 1990.

U. Hamenstadt, Small eigenvalues of geometrically finite manifolds. J. Geom. Anal.
14 (2004), no. 2, 281-290.

M. Kapovich. Hyperbolic manifolds and discrete groups. Reprint of the 2001 edition.
Modern Birkh&user Classics. Birkhauser Boston, 2009. xxviii+467 pp.

J. Li, Finiteness of small eigenvalues of geometrically finite rank one locally symmetric
manifolds. Math. Res. Lett. 27 (2020), no. 2, 465-500.

R. Mazzeo, The Hodge cohomology of a conformally compact metric. J. Differential
Geom. 28 (1988), no. 2, 309-339.

P. Polymerakis, On the spectrum of Schréidinger operators under Riemannian cover-
ings. Doctoral thesis, Humboldt-Universitdt zu Berlin, 2018.

P. Polymerakis, Coverings preserving the bottom of the spectrum. J. Spectr. Theory,
to appear.

J. G. Ratcliffe, Foundations of hyperbolic manifolds. Second edition. Graduate Texts
in Mathematics, 149. Springer, New York, 2006. xii+779 pp.

J. M. Rosenblatt, A generalization of Fglner’s condition. Math. Scand. 33 (1973),
153-170.

P. Scott, The geometries of 3-manifolds. Bull. London Math. Soc. 15 (1983), no. 5,
401-487.

W. Thurston, The geometry and topology of three-manifolds. Lecture Notes, Princeton
University, 1979, vii+360 pp. http://library.msri.org/books/gt3m/

WB: MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN
Email address: hwbllmnn@mpim-bonn.mpg.de

PP: MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN
Email address: polymerp@mpim-bonn.mpg.de



	47_Ballmann_cover
	47_Ballmann

