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$amstag den 21.6. It

I 7. oC - I S. Cû Uhr; M,r.,

SonntaÊ tt,an'l) í

Â.tiyah: Algebras of operators in Hilbert space
an,J K_thcory

tCI'0: - r r '03 LÌhr: r{oser: Tsospecrrsl deformations

l?.?O - l3.OC Uhr.. Lus:tig: Macclonald,s con-jecture on ¡iiscrete si:ries
of finite Cbevalley grourls

17"10 - 18.1o Utr: Kostant I ihe 1¡_f,,rnction fornula of lîacclonald.

llggtg,e,. den 23,6. ¡

9.45 - lO.0O Uhri Festlegung der nä.chsten rrorträgc

ro.oo - r t.oc uhr¡-üacpherson: Gelfand,s formula for the first
pontrjagín class

l'3.0o " r3,oo uhrl zíller, crosecl geoclesics on honotopy symnretric
spaces

17.0O - lS.1') tJhr: Serre? Lor¡€r boun.ls of discriminants of number fields

Ðíe Vorträ.ge finden aLl..: ím ItGroßc,n î{örsaaln (l.le l"erstraße I O statt.Ðrfrisc usen nít Tcc Sonnt a.g unrl '{ontâg vormíttags von I l. 15 I 2.00vor dcrr Gro ßen. , nachni"tt ags ab 15 
" 30 tJhr in IislcussionsraunBcringscraße l. gic po st 1ÍcgÈ währencl dcr vormí¡tag s"-Teenausen aus "Tischtcnnís i¡r KclLer ,Jes Ìiauscs Rcrinqstraßc 4 "

åil-ffi*Hiffi j ilî,1î¿ ?"1 ; iå I it, Hå#*äl " i;H r-,Í;: i, î;i.ALLc Teílnchner mögen sích bittc in rJíe 3g4r,,,hTor_1rslg eíntragen.



l,tathe::r.'rt i-sches Ins ti tut
der llníversität Îonn

Frograr,m,ier tïatirematischen Arbeitsragung I97.5 (II)
===*============34¿Ë====æ============ÈE==g=========g

Diens tag , den 2l+ ,6 .

lo.CO - I l.lrl Uhrt tom Di.eck; Burnsid': ring of a cornrract Lie 8r3oP

12.30 '- ca. ?O.tC lJirr: äanpfnrfal¡rt auf de¡n Iìhein nacit Andernach'

ê-bfalr_rt am "ALten iol1" mir llotorschiff ïeroûa'f .

liictr¡och den 25. r¿. :

'.qS 
*. 1.|.,:'O Tthr:

lC.C0 - ll.C0 tJhr:

Festlegung rler restlichen \Iorträge

Jantzc::l; Modular representations of seni sirnple grou?s

lZ.0O * l3.aO ïhr: Schní-cl: Blattnnrts conjecturc on tho Ciscrctc series
of semi símple real Lie grolrps

l7.OA .- l:.00 Uitr: Varchenko; l{erston di.agrans of singul..:ricies

Díc Vorträ.ge finCen al.Le i" _1þ.ß-i,t"rta¿rt (þæJ¡gg!ggþ-!Ð statt'
lrfríschunssncÌ¡srln mít Tce am "litt'¡oclr. I l.lii Ulrr, vor dem Großen

.-J-...¡-

ÎîFiü'fiì¡Ã-¿ -trTf5ilfñ-îrx liskussionsraun der Berínsstraße I '
lìíe Pos-.¡f f.iegr vriihrcnd. cler Vornittags-Toapal$o au{¡'

Tischtennis í¡n lieLl"er rles liauscs B':ring"straßc 4'

r?Íe Tagungs¡¡'lstc , die aí-ch noch niclrt in dic iieilnehrocrListc cingetragen

haben, r^,cr,.Ien gcbctcn, dies nachzuholen, $ie fínden clie L'iste vor Cen

Di skussionsraun Beríngrtrnße I
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DonnersÈago den 26.6.t

IO.OO - ll.O0 Uhr: Kostrikin: Tanalca-Ârtints conjecture on the multipll-
catíve group of divisions algebras

12.00 - t3.OO Uhr: Hazurl Rational points on modular curves

t7.OO - IB.OO Uhr¡ Casselman: The æ -cohonologiy of representations of semi

sirnpLe Lie grouPs

Freitae, tlen 27 .6.:,

l.ç.0O - ll.OO IJhr: Parshín¡ Residues and symboLs

IZ,AO - 13.0O IJhr¡ Steenbrink: Mixed llodge sttucture on vanishing cycles

9. Calabi: Iearly flat tríangulati.ons of Riemannian

I

17.30 - lB.3O'Jhr:
(Koll.oquiun) ¡nanif olds

Die Vortri:.ge fínden al-Le í" -gt]q,1[enidtge.1!: 
(üfegeLerstr' l0) statt'

ErfriscirungsPauscn nrit Tce: Sonner'stag ll'15 IIhr vor clem Großen Liöre¿al

und ab l5.g0 Uhr ím Ðiskuscionsraun dãr Bcrin:;straße I¡ Freita8 ll.15 Uhr

vor dem Croßen Hörcaal uncl nachtnittags um l7.flQ Uhr ebenfalle vor dem

Großen Hijrsaal. Ðie IoJt liegt r,¡ährend'der Vo:'"mittags-TeePausen au8'

Tischtennin irn Kcll-r:r deo l"tauses BcringsËr. 1,"

! Ðíc Referant.c¡n wr.irdcit nochn-aLs gcbetcn, ihre l:-urzfasqungen rnöglichet bald
; ;;i ffiiá-r'r abz*geben, da wIr den iagungslffiñlften TeiLnehmern noch

t vor îÎrrer ãffise aushändigen möchten.
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Investigations Ínvolving the povter series 9(x) = Lt't-*")h: rl

have had a long history in nathematics. tle will mention ,

a few details. One interest arises sÍnce if we write
æ

.r(r) - { = 2 p(r.)'xt then n r---+ p(rr) is the
I,r=9

classical partition function. The expansion
+ôo h t'- ¡,

{(f) = Z (-4f X '-T- is due to Euler. Arising or¡t
tl: -oo

of his work on Theta fr¡nctíons Jaccbi (circa 1B2B) obtained the

expansion :

i,r (tr ìt)
Lh

(1)
3

Lr (*) z G¿) (¿v' * ¿) x
Og

h:O

which such a well known conbinatbrist as Mac Makon has

calledfrthe most remarkable fonrnula in all of pure mathe-

matícst'.(I thank N.Verma for this remark.) The function
J

7N = Xt*.!P(x) is called the Dedekínd t¡'function.

(More usually as a function of ?,. in the upper half-plane

where we substitute x = a21i 
a . rt is then a modular

functíon of z), The expansíon of 'Lb\^+ has t (¡) 
'

the Ramanujan T-function as coefficient and an expression

for this f,unction has been given by F.Dyson. The expansion

for .f(*)4o is due btínquist enabting hin to obtain a

simple proof of Ramanujants . result that p(41v'n + 6): O Vnorl

The numbers 3, 1o and 24 are the dirnensions of the simple

compact Lie groups SU(2)' Spin (5) and sU(5)'
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If K is any compact simply connected sirnple Lie group

then I.G.. Mac Donald has a remarkable formula tor [(x¡dim 
f

wlrich generalizes the results stated above.

Let 1 = rank K and. let Tç K be a maximal torus. Let 4,

.Ìr
be the Lie algebra of T and I the pure imaginary dual

of lc . The character group ô of T is isomorphic to

ZL .rJä¿ naturally identified with a lattice Z e t'" çs
o

. Let t(: ) c Z be the sublattice generâted

y the roots Z of (TrK), Also let h be the Coxeter

umber of K. By defÍnitj.on if lJ is the Weyl group of

(TrK) and rÌ e W is the Coxeter element then h = order cr.

r example if K = SU(n) then W=S' the symmetric group

n-letters and we can take cr 3 (tr7 ¡...t1) (tfre permu-

atÍon with t cycle). Thus n=h for K=SU:(n) " Next let

¿+ be a system of positive oots and let ( Â, t"P ) be

he bÍlinear form'on 4i induced by the Killíng form.

er þ: LXu z,l(^¡tr )>- o for atl v€:.+ I so that by

he Cartan-ldeyl theory D , as the highest weightsrpara-

^metrízes K , the set of equivalence classes of Ír'reducÍble

K-modu1es. In tact for each \ e D tet

\rr"*AulVt
be an írreduciOLe representation of

ïZ,v andLetror vêL
) n'o^

Also. let f =

c\(u\ =
F"(1*s,v
n (s, ç)

d(¡)=¿imv¡ for )eD.
can be zero or negative.

K wíth highest weight

so that by bleylf s formula

However for general vez , d(v)
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(2) Lk)

In case K is sirnply-Iaced (( y,tl ) ís constant for tf eå )

then ltlac Donaldf s formula may be written

dim K 2 o(u) 
^(u*9'YnÍ)v e h .L(:)

This formuLa for ¡ix)dim 
K is in terms of a . sum over a

lattice. One õenses here however that there is an under-

lying statement in terms of a sum over the irreducible re-

presentation of .K. This is explicit in Jacobits formr,¡la (1).

In fact let X1r...rr| be an orthonormal base of T , so

that in the universal enveloping algebra of q ) xô i=¿
-z

is the Casimiúelement. Thus liX(¿) is a scalar operator on

V^ and one knows the scalar c(l) is given by

c(l') = (lr3,lrg) - (g,g) . rn (1) the exponenüs -rpl = ¿(1)

where i¡ is the 2n+4 dimensíonal representation of SU(2).

But now in general ,f (*)di* K 
= 1(x¡dim 

*.r-%i

However the rrstronge formulatt of Freudenthat-de 'Vries

assert that g+*J 
= (1,g ) . Thus by changing the

summations fro¡n h,L(Z ) to D one ean expect

T(x)dim K 
= Z s(^ ).dim v^ xc(¡ )

leD

where t ( À ) iç so.mer Xeü to be determined weighting
^of the representations F^t = K . In SU(2) by .f acobi rs

forr¡ula the weigbting ¿(l) = o if dim V^ is even and

alternating in sign for the odd dirnensionat representations.

But this is exactly how the non-trivial element of the lleyl

group operates on the zeìo weight space of these represen-

tation. Gneralizing ühe usual action of W on 4 , for any
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l e D we obtain a representation of lf

0¡' W '---* Ad vf
on the space Vf of T-invariants (to be ignored if
V T 

= o). This connection of representations of tr'l and K ,
I think, is inüeresting. For example if K=SU(n) then there

is a natural set À.¡ i=!rl... r p(n) € D such that 0^''
r ¡ {)v€r-

is irreducible and runs\ãIl the irreducible representations

of I'l=S Now if one looks at a character-table for S
n n

it is a pluking fact that one always has Xto') c 14,o,-41

when o=(1 ¡2¡...¡D). A generalization of this and also a

generalization of Jacobits fornula ís given ín

Theorem 1. If K is arbitrary then for anv len
one alwavs has 1¡ 0^(o) = 4ro, - I where G is the Coxeter

elenent. Moreover if K is simply laced then the weightine

e()\ = lr ê^(e) . That is
r? (x)

druK

lrle íntroduce two speciaS. kinds of elenents ín K. If

ù Ê K is regulan (tne centnalÍ zen of o in K is

a torus) then the order of A.t q is >/ h. lde call an

element aGK principal if (1) a is regular and (2) the

order of Ad a :h.It is then a fact that any two principal

elements are conjugate.

Next an element ae K ís called principal of type f íf

it is conjugate to the (regular) element exP 2x, wher¿

rtê + is that element such that (Ê,tS) = ¿ì; (l,g)

forany ßgZ,

c(1)¿ lr o"to) ' diu v^' x
leD ^
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Remark 1. If K is simply laced then the two notions

are the sane. That is a€ K is principal if and only if

it is principal of tYPe 3 .

Elements of the type introduced have remarkable character

values.

Theorem 2. If ae K is- pglneipal then for apy lé'D one

has or

I-e[ 1r
X¡( a) = 1r -1

. In fact

o where
1

is the character?tr

a) lr 0¡(o) where ù is the

Coxeter element.

Theorem 2'asserts that vre may subsitute {f (") for

ho^(o) in the formula (Theorem 1) for q(X)dit K. But

more than that is true. If we use a principal element of

type 3 ittstead we do not have to assume that K is

sinpry laced in the formula for g(x )dit K'

Theorem J. Let aê, K bea principal e1e men t of tvpe

T

9
a

Then )t^Cal = lt -1 or o for any Xe o' Furthermgre one

has 
tçt*\ oit K 

= 2' t¡(G)'¿i* vl ' xc(}1 
'

XeD

If M is a compact Riemannian ¡nanifold and /] Ís the

Laplace Bertrani operator on M there is a considerable

amounü of mathematical activity concerned with the question

as to whether the eomplex vaLued function s .'tr (A* t) s

defined on the half plane and exüended meromorphically

satisfíes a functional equation. Here c is a constant >o'

consÍder the question when M = K. A natural choice for c

from many poinüs of view is (gr3 )' But nour if Re s )

dirn KT then ( d + (3, 3 ) )-s ís given by convolutíon by a
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function on K which we may identify with the operator

(Å + (g, g ))-s. But then lr (Á + (g, S ))-s = (d + (3,S ))-
where e É. K ís the identity. Our next staüement is

that if a principal element of type 3 is substituted for
e then indeed the resulting function of s is holomorphic

and satisfies a functional equation. In fact, since I(.'nt'
is modular in % with ze?o constant Þrm then the same is

true for d'ín K and hence the Metlin transform ,(Iutt *)(.

is holomorphic and satisfies a functional equation. But now

by the Peter-i^leyl theorem one can sum the right side of the
c(À) is replaced by (c(l)n(1,ç))

Theorem 4:

then

Let a€. K be a principal element of t vDe
3

formula in Theorem J when X

' Thus one has

so that the function s r--->(d +

*(dtt *)(") = (ô + (S,S ))-s(a)

(S,S ))-s(a) is everywhere

holomorphic and satisfíes a functÍon eouation (K here

is arbitrary).

If K is simply-laced there is another statement one can

make which in effect applies to KlT rather than K.

If the Poincard potynornial of K is written pK(t) =

I
f-r
i=1

(r + t2m¡+1))t *1 ( 
^21 

... ( m, then the integers rni

are câlIed the e¡ponents of K. More generally if \ e D

and 1(1) = di* VlT tbere is a naturally assoeiated se-

quence of integer mr(l )( ...(trr(^)(À) which are called the

generalized exponents. The terminology is iustified in that
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mi(tt) = rí where V e D is the highest root of Z. tfe

recall the definition. Let S denote the ring of complex-

valued polynornial functions on &, and let Si denote the

homogeneous component of S of degree i. The adjoint action

ofKon ly índuces an action of K on S and let J = SK

be the ring of polynomial invariants. On the other hand 1et'

H ç S denote the set of harmonic polynonials in ühe general*

ized sense i.e. all f € S such that Srrt = Q where ?r,

is a constant efficient differential operator without constant

term which commutes with the action of K. One knows that

S = J 6 H and that H is a K-submodul with finite multi-

plicities . In fact the nultiplícity of î) is 1(^).

Indeed if H. ç H for ì e D is the prinary îh - component

^then the m.(À) are defined in that we can write

H^=8'H:
^ 

L¡,| ^

where

(6)

HLc
¡

S
rn"(l ) and H

{r 0t t

ís K-irreduzible.L

¡

2îí /^Nowlet w:e By results of Coxeter, Coleman and

Steinberg one knows ühat the eigenvalues of ôn{o) are
m

1,: where 'ù ê W is the Coxeter elemenb. More generally we

ve proved that the eigenvalues of 0r(o) are "tl(ì)
L = 1¡..., 1(X) for any Àg p. Thus one has for any Àe o

( ) =liwt"^(X) + + tr'tul(ì)

Now let IL

multipticatíons bY

e the operator on H

be the operator on H defined so that IT

*i on Hi:Hnsi. Nowret Ü
defined by the restrictíon of the
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Casinir operator to H (via the adjoint action). Thus

corresponds to the Laplace-Belhani operator on KlT (using

the Killing form to define the metric) since H as a K-

module is isornorphic to the space of K-finite functions on

K/r. If we substituüe (6) in Theoren !, replace tf by L
OHI

*/,

H then one has ( convergence is easyand recall that

for Res>dim
l
)

Theorem 5: Assume .K ly connected and let M( )(

be the Mell-ì,n transforrn of the Ðedekind -function to the
ï

dim K DOWer. Then

ct]-m Á

is sinp dim K

T

N1(X
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)(s) tr JL(ü* (3,3 ))-s
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rt is a good. conjecture that there exist oo many crosed. geod.esics on

any compact nanifold.. For most manifold.s this is proven now by the
combination of the fo1low'in6 two theorems:

Here  ,(U) = { c: S1 -+ M continoru J *itf, "oropact 
open topolo6;y.

Theorgg (Gromoll-Meyer 1969): M compact and, ¡.(¿(lrt),Q) unbouncled",

then there exist oo måDy closed. geod.esics for any metric on M.

fhegrgn-( SullLvan-Vigue 1975): M compact, simply. connecteit. Then

ur(rr(ri,r),Q) unbountted Ë Hn(tt,Q) generatetl by more than

one element.

The theorem of Gromoll-Meyer has been generalized by Klin¿enberg

to hold for Ur(n(U)rZr) unbounded, but the methods of Sullivan
are naturall-y restricted. to the rationals
For thr symetric spaces of rank I this d.oes not matter, since
Ur(Jt(u),K) is bounded for any field. K; but there are s¡rmetric

spaces v,hich have H*(MrQ) generated by one element but have more

Z, torsion:
M = su(¡)/so(¡) , so(n+2) /so(z)xso(n) n od<t , cr/soQ+)

The:se are actually all such spaces.

One cannot apoLy the above theorems to these sp€ces and. it ls
therefore of interest to prove the folLowing theorem:

1þ"g"g : M compact symetric with ranf(M) > e ( or any space

homotopy eouivalent to such a one ). then Ur(fr(u)rzr) is'
unbound.ed and. therefore there exist oo many closed. 8eoclesics
in any metric on such a space

the prove is of geonetric nature, it uses Morse Theory for the

energy function on the free loop space Â(M). One has to prove

that the critical points, which are the closed geod.esics, form

non degenerate critical submanifolcts in À(M) and then one

applies Bottts iclea of K-cycles for the loop space with fixed.

encl points to show that the relative homology classes comÍng
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from. Morse Theory can actually be completed. to non vanishing

cyctes of Â(M). Using the structure theory of globally symetric

spaces' in particular the lattice Senerated by the star vectors

of the roots , one can then shoq, that the Z, betti numbers

of the free loop space Â(M) are unbounded'
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Let K be an atrFebraic nur,nber field of depl:ee n,
vith ,1 real places o.nd ?rZ corllex ones.r so that
n = "1 

+ 2rZ ' Let D = Df denote the absol-ute va.lue
of the discrim j nant of K. UsinE geornetr¡/ of' nurnbers,
14inkor¿ski [tl proved in 1 891 that

2!z1ln
D >,, (n/b )

This estinate'r,ras later irnproved by Rogers [:] and

Ìiulholland Lrl to :

^l/r, * t¡a c(t ,,,t'/n zrn/n
v )/ (32-,561...) ' (1'-.77J,,,) ' + o(l).

They al-so used georetr¡r of numbers.

A eompletely different nethod has been introduced recentl
Iy by II . flt ark [e I . This nethod j.s based on the functio-
nal equation of the zeta function (n{") of K. Stark
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remark s

log

vith
hence
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r.ri th
An

zk-a Fl ,[+],
Al=

Ar=

and. unde r
c onj e eture

A

that one has

D=

1og rr

r.(Iosn- ty(s/z))
l-¡

+ eL^ne(l/(=-p))
(tosXn- y(s))
s - 2/(s-1) '

r'(u)/r(s)
f* (witrr

absolutel¡r
¡ s&Jr, glves

o( t ) '
log lr qt( 1)

+ 2rz
2/

+ zz( s)

vhere z(s) ; ll(")là*t") , tp(s) =

runs through the non trivial zeros of
collected together in order to have an

gent summation). Taking s = 1'+n'1/?

*to*D >

t eand

andt' r
COnVef-

aa

/

q(1/2) It 2

1ln r
7z + o( 1)

A1 = 22,J8,,, , A2 = 11.19¡i¡ 
:

improved version of starkrs rnethod is given by odly-

1

(Ar )

n Zr^fn
(Az) ¡i

Aa

Az

who obtains
50.66,,, r

rE).) t

the assum¡tion

, = 136 rt-

1Ç.)6,..

21

[s]
t_h J

of the gene¡:a1i zed Fienann

3h .5Az

Those inproved lower bouncls are of interest in connection

l,¡i th :

a) class fíe1d tolirers t

b ) construction of Cal.ois representa.tions 6f 1.ow conduc-

tors (esp.those reLated to nodular forns) '
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2Denote by G an almost simplercorurected. algebraic group

an algebraical-ly cJ-osed field. krby T a maxiroal torrrs of Gtby

R the root systemrby R+ a positive s¡ilstem of rootstby W the

lrteyl group anð'by ( , ) a scalar prod"uct on XQR rwhere X is

the;group of characters of T.let be X+={âaX I (nr X)>¿A for all

q,e R+J and- g =å ^ã**. If 
V is a ( rational, as always ) G-module

ana¡ex.let u¡nt*; t.,,e¡weight space {xevfrix/rr)x for all¡

nerJ; ít is V= !lVA. T'et TcXjt be the group ring of X ana e(3)
lex

with f\eX be tle canonical basís of itn¡or a11 ?eX set

lK(t)= ãa*t(w)e(w(â+Sll/Zaet(w)e(wþ)) 'u:" a G-module Y

denote ny crr(v) the rormu.l*ãäu.rt"tu" ãai*(v/) elu\kx' 
:t 

u'

¡or âe x+ let v(N) ¡" a complex i¡redueible representation

f th sponding

ñffi"'"
omp1ex group wLth I

t hê hú.ehe CIt wel-ght 1
o e c orre

ho vëV (â as a unL que sma1Le a t (rô a p a greate if t )c o s e

1at J.
t l- n V (â )z (re i>p Y (Íl rlTì.âX)z ) sueh that V (e 9ari"rni- s s Lb1e c Â a

(resp , otÃË"x'î =Zv)rrhen v(l)o=v{âIe k is a G-module and'

has a unique simple quoti-ent %(â) '
ThgogEln(Cheva1J.ey) Thç d-iffpre{rt \,,(fl) aFe' nqt, isplLorpÏlic;

eggþ qiFrp.l-P $-Pg4ulg i.s is-om-orpEic, to ope Ia(â) '
For atl-â.X+ we have t(â)=cfr(V(â)t) (U.Weyl)rtherefore

rhere are *ânâ,efy' such that XQ) =ã*"arâ ,"h(rk(â') ) '

letWnbethegroupgeneratedbyl{and.thetranslations
by pq rvith X€ R.

\ . -r^- -^--*L^*' ^f I

Tþeor-qmi, g a) (Humphreys ) p ¡h=9ox.eter nrunbeq pf

or.Jf b) (Carter & lus ztLe) R is of tvpe Arrr
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r4 B. Maz-ur, Ilo,lular cu?ves and the Eisenstein ideal"
(in p"eparalion)

I,ct N be a pooltivc integer, l,et X. (N) and Xo(N) acnote

the nodular curvca ovêr Q as in [t] . Thc arfthmctic
strueture of thesc curves is related to the arithnetlc
of el-liptic eurves in -tJ¡o ways (one of r"lhlch ls conject-
ural):

A. 1o . gíven pair (e ,e*) consisting f.n an el-tiptíc
curve E and a polnt of order N in E, defined ovêr a fieltt
K conta.ininq I wc na.y assoelatc a noncuspidal polnt ¡(trer)
ln X.,(r) ratlonal over K. For N) ], thls establlsh¿s a

bijectlon betwcen the X-Lsonorphisur classes of such pairo
and noneuspitlal ratlonaL points of X, (N) ovcr K,

To a qiven palr (nrcN) consLstlng ln a,n el.liptic
curvc E p.nrC a e¡'cl1c subgroup of orcler N ln Er defincd
over s, field K containing Q we may associatc a noncuepLrlal-
poLnt ¡(nrc*) fn xO(N) rational over K. Thls estabtishes
a, blJcctlon between thc K-ratlonal noncuspidal polnts of
Xo(N) ancl equivaLcncc classes of palrs 1u,c*) over K,

whare two palrs &rG cr¡uivalent if they arQ isonorphlo
over some extension fleld of K,

as a quoticnt (over Q)

curvo E over Q

of J' the iac-may be obtainetl
obian or xo(N),



Suppose that N is a ,pr:img_ng¡rbcË. The Hggle. .alecbra
! i" the subring of the ring of enrlonorphísms of J

generated by thc Heeke operators Tt for prÍme nunbers

f / N, and b.y the "canonical Lnvolution" rr¡ These facts
concerning ! are known. 3 is a con¡nutativc a.l-gebra,

which as a Z-mooule 1s frec of rank g - din J. g88
is isomorphíc to a product of totally real numbor fíelds

. There is aro on6ronê corrcspondencesJT-r.
J

i

I a-"i*pr. -l (î-ì,-"i*pr" I
{ ahelian varietyf *> { abelian variety }
( factors of J I ¿factors of J Jrr
(-ri*ta" t* occurrinÐ . - /irreducible cornponentsJ
.li" trt". piorìuct q"-- þ*'l¡rr spec g f
þonpositlon of I@AJ

>K-

'Since S is a príne nunber, there are two cusps

0, oÕ fn XO(N) and these arc rational ¡:oints, The

linear equivalence class of theír' difference gívas

an eLemett¡ s - cl( O-oo) in J(0.). It is a theorcn
of Oqe that c is a. point of order precisely n*num( Sl
r^¡here nunl mean$ numerstor, One can check that n)1

of the Hecke operatorslf and only lf g) 0. 'fhe

on c is easily computetlr

generatetl by the clements
f / W, and hy 1+w, Sinec
if g)0, one sees that T y'

action
Tr.c =(t+t).c i LIrC = -C a

By the Eisene te in ldeal I tn ! one mca.ns thc ldcal
1+1-1, f or aLl prlne nurnbers

I.c - 0r and c Ls nontrivlal
g whencve:r g ¡0,

By thc Eisenstein quotíent J one ¡neans a ccrtain
abe1ia.n va:riety over Q,, which ís a quotient of .T, and,
up to isogeny, can be taken to be the pro<luct of those

simple a.bellan variety factors of J '^¡hich correspontl
(unaar $ ) to irreducible co¡nponents of Spec T which



meet the support of tha Eisenstein ideal I'

Three recent theorerns were discusserl' in thc

THEOREII 2. If g)0, thcn XO

nunber of rat,ional Points'

The

may be

xå(N)

leeture.
THFOREM 1,

TI{EORrlI{ }. If
J +(A) conta'ins

has

i(e) is finite'

the genus of xå(N)

a point of ínfinite

Fron thls result one easi3'y concludes

(w) tras onlY a fínite

third theorem has to do with 'T* - (t+w)'l which

identificd with the jacobian of thc qrrotient curvê

xo(n)/*'.

0aLcu.lations for Low vaLues of l{ wore cliscussed. In

beêt oarrl-etl out wlth'thè hel-p

is greatcr than 0, then

order.

one noncusPirlaL ra'tional

above rne thod s , one has

t of rationaL Polnts

25O, with fivc cxccPt-

anð. 221. 'lhía has

of A. Oßg, and A' Brum-

particular, x0(16r) ttas PreciselY

point, . Mora generallY, using the

a conplete ctot¿rmin¿'tion of the se

of xo(N) for aLl Prirre nuÛbers N(

ions : li[ I 51 , 11) ' 117 ' 
151 '

"" ?:t":;ti::i,", n"o" or no varue or N ror which xå(N)

has been shown to have onLy a finitc nunbcr of ra'tiona'l

points.
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