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PARABOLICITY CONJECTURE OF F -ISOCRYSTALS

MARCO D’ADDEZIO

Abstract. In this article we prove Crew’s parabolicity conjecture of F -isocrystals. For this pur-

pose, we introduce and study the notion of †-hull of a sub-F -isocrystal. On the way, we prove a new

Lefschetz theorem for overconvergent F -isocrystals.
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1. Introduction

1.1. Main results. Let X be a smooth geometrically connected variety over a perfect field k
of positive characteristic p and let n be a positive integer. For an overconvergent Fn-isocrystal
(M†,Φ†

M) over X we write (M,ΦM) for the associated Fn-isocrystal. Suppose that (M,ΦM)
admits the slope filtration

0 = S0(M) ( S1(M) ( ... ( Sm(M) =M.

If η is a point of X with perfect residue field, Crew defined in [Cre92a] two algebraic monodromy
groups for M† with respect to η, that we denote by G(M, η) and G(M†, η). The former algebraic
group is a subgroup of the latter and they both are subgroups of GL(Mη), where Mη is the fibre
of M at η. In this article we prove the following fundamental result about these groups.

Theorem 1.1.1 (Theorem 4.4.13). The subgroup G(M, η) ⊆ G(M†, η) is the subgroup of G(M†, η)
stabilising the slope filtration of Mη. Moreover, when M† is semi-simple, G(M, η) is a parabolic
subgroup of G(M†, η).

This solves the parabolicity conjecture, initially proposed as a question in [Cre92a, page 460]. Partial
results of this conjecture have been obtained in [Cre92b], [Cre94], [Tsu02], [AD18], and [Tsu19].
Theorem 1.1.1 is a natural enhancement of Kedlaya’s full faithfulness theorem, proven in [Ked04].

When k is a finite field and M† is semi-simple, the group G(M†, η) is “the same” as the geometric

monodromy group of the semi-simple `-adic companions of (M†,Φ†
M), namely those semi-simple

`-adic lisse sheaves with the same L-function as (M†,Φ†
M) (see [Pál15], [Dri18], and [D’Ad20]). In

this particular case, we deduce from Theorem 1.1.1 the following semi-simplicity result.

Theorem 1.1.2 (Theorem 5.1.6). Let X be a smooth variety over a finite field and f : A→ X an
abelian scheme with constant slopes. If (M,ΦM) is the F -isocrystal R1fcrys∗OA,crys, the induced
F -isocrystal GrS•(M,ΦM) is semi-simple. In particular, R1fét∗Qp is a semi-simple lisse Qp-sheaf

over X.

As an additional outcome of the theory developed, we are also able to prove a new diophantine
result for abelian varieties.

Theorem 1.1.3 (Theorem 5.2.2). Let E be a finitely generated field extension of Fp and let A be
an abelian variety over E. The group A(Esep)[p∞] is finite in the following two case.

(i) If End(A)⊗Z Qp is a division algebra.
(ii) If End(A)⊗Z Q has no factor of Albert-type IV.

This theorem enriches the list of known results on the finiteness of separable p-torsion points of
abelian varieties (see [Vol95] and [Rös17]). It is worth mentioning that abelian varieties with finite
separable p-torsion play an important role in the theory of Brauer–Manin obstructions in positive
characteristic (see [PV10]).

As a further consequence of Theorem 1.1.1, we solve a conjecture proposed by Kedlaya in [Ked16,
Rmk. 5.14].

Corollary 1.1.4 (Corollary 5.3.1). Let X be a smooth connected variety over a perfect field k and let

(M†
1,Φ

†
M1

) and (M†
2,Φ

†
M2

) be two irreducible overconvergent Fn-isocrystals over X with constant
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slopes. If (S1(M1),ΦM1 |S1(M1)) and (S1(M2),ΦM2 |S1(M2)) are isomorphic Fn-isocrystals, then

(M†
1,Φ

†
M1

) and (M†
2,Φ

†
M2

) are isomorphic overconvergent Fn-isocrystals.

The conjecture is also proved in [Tsu19] whenX has dimension 1 or k is a finite field. Using Corollary
1.1.4 in combination with Langlands reciprocity conjecture for overconvergent isocrystals, proven
in [Abe18], and Chebotarev density theorem, we also obtain the following stronger form of the
multiplicity one theorem for cuspidal automorphic representations.

Theorem 1.1.5 (Theorem 5.3.3). Let E be a global field of characteristic p and let A be its adele
ring. For every positive integer r, the isomorphism class of a Qp-linear cuspidal automorphic
representation of GLr(A) is determined by the datum of the Hecke eigenvalues of minimal slope
at all but finitely many places of E.

1.2. †-hull of F -isocrystals. One of the main tools introduced and studied in this article is the
notion of †-hull of a sub-Fn-isocrystal.

Definition 1.2.1. Let (N ,ΦN ) ⊆ (M,ΦM) be an inclusion of Fn-isocrystals. The †-hull of
(N ,ΦN ) in (M,ΦM) is the smallest subobject of (M,ΦM) containing (N ,ΦN ) and coming from
an overconvergent Fn-isocrystal. We denote it by (N ,ΦN ).

This notion was introduced by the author in September 2018, during a discussion in Berlin with Abe
and Esnault. In that case, it was used as an attempt to better understand the results in [AD18]. A
couple of months later, reading [Vel91], the author understood that a certain property on the slopes
of the †-hull of an Fn-isocrystal would have implied the parabolicity conjecture. This property was
satisfied, for example, by certain Fn-isocrystals coming from p-divisible groups, as a consequence of
a local result proven by Tate [Tat67, Prop. 12]. In this article, we prove that the expected property
for the †-hull is satisfied in general.

Theorem 1.2.2 (Theorem 4.1.3). Let X be a smooth variety over a perfect field k and let (N ,ΦN ) ⊆
(M,ΦM) be an inclusion of Fn-isocrystals over X. If M comes from an overconvergent isocrystal
and has constant slopes, then S1(N ,ΦN ) = S1(N ,ΦN ).

When X has dimension 1, Theorem 1.2.2 is essentially proven by Tsuzuki in [Tsu19, Prop. 5.8],
where [Tat67, Prop. 12] is replaced by a theorem of de Jong (Theorem 4.2.6). In his proof, Tsuzuki
also uses the PBQ filtration of an overconvergent F -isocrystal, that he constructs in [Tsu19, Thm.
3.27]. In the proof we propose in this article, instead, we avoid [ibid., Thm. 3.27]. On the other
hand, we use Theorem 1.2.2 to recover [ibid., Thm. 3.27] and extend it to arbitrary smooth varieties
(Corollary 5.4.2).

For higher dimensional varieties we deduce Theorem 1.2.2 from the case of curves, thanks to a new
Lefschetz theorem for overconvergent Fn-isocrystals (Theorem 1.3.1). We postpone for a moment
the discussion about this part. Before that, let us briefly explain how to deduce Theorem 1.1.1
from Theorem 1.2.2. We prove first that thanks to Chevalley’s theorem, Theorem 1.2.2 implies
a variant of Theorem 1.1.1 for some slightly different groups, namely the monodromy groups of
F∞-isocrystals (Proposition 4.3.2). Then, to pass from this variant to the parabolicity conjecture
as stated by Crew, we introduce a third type of monodromy groups, namely the monodromy groups
of isocrystals with punctual Qur

p -structure, defined in §3.2.7. In the cases we consider, the latter
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monodromy groups are Qur
p -forms of Crew’s monodromy groups defined in [Cre92a]. Let us see now

more in details the technical points we mentioned.

1.3. Lefschetz theorem. The main issue to reduce Theorem 1.2.2 to the case of curves is due
to the existence of wild ramification in positive characteristic. One would like to find a smooth
connected curve C ⊆ X such that for every overconvergent isocrystal M† over X the restriction
functor 〈M†〉 → 〈M†|C〉 is an equivalence. This is possible, for example, for local systems in
characteristic 0, or for tamely ramified `-adic lisse sheaves in positive characteristic (see [Esn17]).
The failure of the existence of such a nice curve for general `-adic lisse sheaves is already clear for
A2
k (see [ibid., Lem. 5.4]). On the other hand, if rather than considering all the objects at the

same time one focuses on one object at a time, then such a nice curve exists over finite fields both
for `-adic lisse sheaves and overconvergent Fn-isocrystals (see [Kat99, Lem. 6 and Thm. 8] and
[AE19, Thm. 3.10]). We extend this result to docile overconvergent Fn-isocrystals, namely those
overconvergent Fn-isocrystals which admit a log-extension with nilpotent residues.

Theorem 1.3.1 (Theorem 4.4.3). Let Y ⊆ Pd
kalg

be a smooth connected projective variety of dimen-

sion at least 2 and let D be a simple normal crossing divisor. If (M†,Φ†
M) is an overconvergent

Fn-isocrystal over X := Y \D docile along D, then there exists a smooth connected curve C ⊆ X
such that the restriction functor 〈M†〉 → 〈M†|C〉 is an equivalence of categories.

This theorem is obtained as a combination of various Lefschetz-type results. One of the main
ingredients is Theorem 4.4.2, proven by Abe–Esnault, which gives a class of curves C such that
the restriction functor 〈M†〉 → 〈M†|C〉 is fully faithful. To prove Theorem 1.3.1, we show that
for at least one of these curves the restriction functor is also essentially surjective. This condition
can be tested on rank 1 objects, which have the advantage to come from p-adic characters of the
étale fundamental group and are easier to extend from C to X. The difficult part is to impose
that the extended characters come from overconvergent Fn-isocrystals. In our proof, this is done
by combining Lemma 4.4.6 and Proposition 4.4.7. Interestingly, in order to use Proposition 4.4.7
we need Theorem 1.2.2 for curves. Therefore, the proofs of Theorem 1.2.2 and Theorem 1.3.1 are
intrinsically intertwined.

1.4. Punctual Qur
p -structures. The other technical issue we have to solve in our article is given by

the fact that the field of scalars of the Tannakian category of isocrystals is in general bigger than the
field of scalars of the category of Fn-isocrystals. We encounter this issue in the proof of Theorem
1.1.1, which is easier for monodromy groups of objects endowed with an Fn-structure (knowing
Theorem 4.1.3), but it is harder for the monodromy groups of the objects without Fn-structure. To
jump from one setting to the other we slightly modify both categories. We first replace the category
of Fn-isocrystals with the category of F∞-isocrystals, namely the 2-colimit of the categories of
Fn-isocrystals for various n. If k is big enough, this new category is a Qur

p -linear category. At the
same time, we construct the category of isocrystals with punctual Qur

p -structure (see §3.1.2), which
is simply the category of isocrystals endowed with the choice of a Qur

p -linear lattice at some fibre.
This other Tannakian category is also Qur

p -linear.

There is a natural functor between these two categories, obtained thanks to the observation that a
finite-rank F∞-isocrystal over the spectrum of an algebraically closed field has a natural Qur

p -linear
lattice (Lemma 3.1.5). The existence of such a lattice might have other consequences that have to be
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explored (such as Remark 3.1.7). To prove Theorem 1.1.1 we use the following result, reminiscence
of the homotopy exact sequence for the étale fundamental group (the notation is introduced in
§3.2.7).

Proposition 1.4.1 (Proposition 3.2.8). For an overconvergent Fn-isocrystal (M†,Φ†
M), we have

the following commutative diagram of algebraic groups over Qur
p

1 G(M, VM, η) G(M,Φ∞M, η) G(M,Φ∞M, η)cst 1

1 G(M†, VM, η) G(M†,Φ†,∞
M , η) G(M†,Φ†,∞

M , η)cst 1.

The rows are exact, the first two vertical arrows are closed embeddings and the last arrow is a
faithfully flat morphism.

1.5. The structure of the article. In §2 we fix most of the notation we use in our article. In
§3 we introduce and study isocrystals with punctual Qur

p -structure and we prove Proposition 1.4.1.
In §4 we prove all the main theorems of our article. In particular, in §4.2 we prove Theorem 1.2.2
over curves, in §4.3 we prove that Theorem 1.2.2 implies a variant of Theorem 1.1.1 and in §4.4 we
prove the Lefschetz theorem (Theorem 1.3.1) and we use it to complete the proof of Theorem 1.2.2
in §4.4.12, which is then used to prove Theorem 1.1.1. In §5 we deduce some consequences of the
results in §4. More precisely, we first prove Theorem 1.1.2 in §5.1. Subsequently, in §5.2 we prove
Theorem 1.1.3, and in §5.3 we prove Kedlaya’s conjecture (Corollary 1.1.4) and its consequence,
namely Theorem 1.1.5. Finally, in §5.4, we prove the existence of Tsuzuki’s PBQ filtration for
general smooth varieties (Corollary 5.4.2) and we prove a generalisation of Kedlaya’s conjecture
(Corollary 5.4.4).

1.6. Acknowledgements. I am grateful to João Pedro dos Santos for pointing out the charac-
terisation of parabolic subgroups in [Vel91]. This strongly motivated my study of the †-hulls of
sub-F -isocrystals. It is also a pleasure to thank Tomoyuki Abe, Emiliano Ambrosi, Anna Cadoret,
Hélène Esnault, Quentin Guignard, Kiran Kedlaya, Damian Rössler, Peter Scholze, Atsushi Shiho,
and Nobuo Tsuzuki for several helpful discussions. In particular, I thank Kedlaya for explaining
me the proof of Proposition 4.2.2.

The author was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) under Germany’s Excellence Strategy – The Berlin Mathematics Research Center MATH+
(EXC-2046/1, project ID: 390685689) and by the Max-Planck Institute for Mathematics.

2. Notation

2.1. Tannakian categories. Throughout the article we will freely make use of the notion of ob-
servable functor, as presented in [DE20, §A], and all the criteria listed there to determine various
properties of morphisms of Tannaka groups (e.g. when a morphism is a closed immersion, faithfully
flat, etc.). In particular, we recall that by [ibid., Prop. A.3], an exact functor between Tannakian
categories Ψ : C→ D is observable if and only if every subquotient of the essential image of Ψ can
be embedded into an object in the essential image of Ψ. At the same time, we will use the notion of
scalar extension of a K-linear Tannakian category with respect to a field extension L/K (possibly
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infinite), as presented in [Sta08, Thm. 3.1.3]. Finally, if C is a Tannakian category, for an object
M∈ C we denote by 〈M〉 the Tannakian subcategory1 of C spanned by M.

2.2. Isocrystals. Let p be a prime number. We fix an algebraic closure of Fp, denoted by F, and
for n ∈ Z>0 we write Fpn for the subfield of F with pn elements. For a perfect field k of positive
characteristic p we write W (k) for its ring of Witt vectors, K(k) for its fraction field, and σ for the
lift of the Frobenius of k. We also write Qpn for K(Fpn) and Qur

p for the union ∪n>0Qpn ⊆ K(F). If
X is a smooth variety over k, we denote by Crys(X) the category of crystals of coherent OX,crys-

modules over the absolute crystalline site of X and by Isoc(X) the localisation Crys(X)[1
p ]. We

also denote by Isoc†(X) the category of (coherent) overconvergent F -isocrystals over X/K(k) (cf.
[Ber96]).

We say that η is a perfect point (resp. geometric point) of X, if it is an Ω-point for some field
extension Ω/k with Ω perfect (resp. algebraically closed). We write ωη for the exact ⊗-functor
Isoc(X) → VecK(Ω) which sends an isocrystal over X to the pullback over Spec(Ω). We denote

with the same symbol the exact ⊗-functor obtained in the same way from the category Isoc†(X).
If X is connected, for every M ∈ Isoc(X) we denote by G(M, η) the Tannaka group of 〈M〉 with
respect to ωη and by G(M†, η) the Tannaka group of 〈M†〉 with respect to ωη. These groups
coincide with the groups DGal(−,−) defined in [Cre92a, §2].

We write F : X → X for the absolute Frobenius of X and for a positive integer n, we write
Fn-Isoc(X) (resp. Fn-Isoc†(X)) for the category of pairs (M,ΦM) (resp. (M†,Φ†

M)) where

M ∈ Isoc(X) (resp. M† ∈ Isoc†(X)) and ΦM is a K-linear isomorphism (Fn)∗M ∼−→ M (resp.

K-linear isomorphism (Fn)∗M† ∼−→ M†). The category Fn-Isoc(X) is canonically equivalent to
the category of convergent Fn-isocrystals (see [Ked16, Thm. 2.2]). If (M,ΦM) is an Fn-isocrystal
we define inductively Φm

M := ΦM ◦ F ∗(Φm−1
M ) for m > 0, where Φ1

M := ΦM and we say that
these Fnm-structures are the powers of ΦM. We write F∞-Isoc(X) for 2- lim−→n

Fn-Isoc(X) and

F∞-Isoc†(X) for 2- lim−→n
Fn-Isoc†(X). If (M,ΦM) is an Fn-isocrystal, we write (M,Φ∞M) for its

image in F∞-Isoc(X) and we use the analogue convention in the overconvergent setting.

We write Isoc(X)F (resp. Isoc†(X)F ) for the subcategory of Isoc(X) (resp. Isoc†(X)F ) spanned
by those isocrystals (resp. overconvergent isocrystals) which admit some F -structure. The natural
“restriction” functor α : Isoc†(X)F → Isoc(X)F is fully faithful (see [Ked07] and [DE20, Cor.
5.7]). We say that anM∈ Isoc(X)F is †-extendable if it is in the essential image of α and we write
M† for the associated overconvergent isocrystal (which is unique up to isomorphism).

By [Kat79, Cor. 2.3.1], [dO99, Thm. 4.1], and [Ked16, Thm. 3.12], after possibly removing a
divisor of X, an Fn-isocrystal (M,ΦM) has constant slopes. In this case, thanks to [Kat79, Cor.
2.6.2] and [Ked16, Cor. 4.2], it acquires the slope filtration

0 = S0(M) ( S1(M) ( ... ( Sm(M) =M

where each graded piece Si(M)/Si−1(M) is of pure slope si ∈ Q and s1 < s2 < ... < sm.

1We will always require that a Tannakian subcategory is closed under the operation of taking subobjects.
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3. Isocrystals with punctual Qur
p -structure

3.1. First definitions. Let k be a perfect field of characteristic p and X a smooth variety over
k. If one wants to compare the monodromy group of an Fn-isocrystal (M,ΦM) over X with the
monodromy group of the isocrystal M one encounters issues related to the field of scalars. Indeed,
while the former object lives in Fn-Isoc(X), which is a Qpn-linear Tannakian category, the latter is
in Isoc(X), a K-linear Tannakian category where K := K(k). We propose here a possible approach
to compare the two groups. This will lead to Proposition 3.2.8.

Hypothesis 3.1.1. Throughout §3, we assume that k is endowed with the choice of an inclusion
F ⊆ k.2 In particular, for every perfect field extension Ω/k we have a preferred embedding Qur

p ↪→
K(Ω).

Definition 3.1.2. If η is a geometric point of X, an isocrystal with (punctual) Qur
p -structure over

(X, η) is a pair (M, VM) whereM is an isocrystal and VM is a Qur
p -linear lattice of ωη(M), namely

a Qur
p -linear vector subspace VM ⊆ ωη(M) such that VM ⊗Qur

p
K(Ω) = ωη(M). A morphism of

isocrystals with Qur
p -structure (M, VM) → (N , VN ) is a morphism of isocrystals f :M→ N such

that ωη(f)(VM) ⊆ ωη(f)(VN ). We write IsocQur
p

(X, η) for the category of isocrystals with punctual

Qur
p -structure over (X, η).

Lemma 3.1.3. If X is geometrically connected, the category IsocQur
p

(X, η) has a natural structure
of a Qur

p -linear neutral Tannakian category.

Proof. The ⊗-structure is the one induced by the ⊗-structures of Isoc(X) and VecQur
p

, with unit

object 1 = (OX/K ,Qur
p ). Thanks to the assumption that X is geometrically connected and k

contains F, we deduce that End(1) = Qur
p . We claim that IsocQur

p
(X, η) is rigid. Indeed, for

an isocrystal with Qur
p -structure (M, VM), we may take the Qur

p -linear subspace VM∨ ⊆ ωx(M∨)
corresponding to those morphisms f ∈ Hom(ωx(M),K) such that f(V ) ⊆ Qur

p . The isocrystal with
Qur
p -structure (M, VM)∨ := (M∨, VM∨), endowed with the natural morphisms ev : (M, VM) ⊗

(M, VM)∨ → 1 and δ : 1 → (M, VM)∨ ⊗ (M, VM), is then a dual of (M, VM). Finally, we note
that ωη,Qur

p
: IsocQur

p
(X, η)→ VecQur

p
defined by (M, VM) 7→ VM is a fibre functor for IsocQur

p
(X, η).

This ends the proof. �

Now that we have constructed a neutral Tannakian category of isocrystals with smaller field of
scalars, we want to study its interaction with the category of Fn-isocrystals.

Construction 3.1.4. Let Ω/k be an algebraically closed field extension. For an Fn-isocrystal
(M,ΦM ) over Ω (of finite-rank), we write ωQur

p
(M,ΦM ) ⊆ M for the Qur

p -linear vector subspace of

vectors v ∈M such that Φi
Mv = pjv for some (i, j) ∈ Z>0 × Z.

Lemma 3.1.5 (after Dieudonné–Manin). The vector space ωQur
p

(M,ΦM ) is a Qur
p -linear lattice of

the K(Ω)-vector space M .

2One can easily generalise what we say in this section to the case when k does not contain F. We preferred to

avoid this discussion here since the parabolicity conjecture, as we will see, is a “geometric” statement, meaning that

we are allowed to replace the field k with its algebraic closure.
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Proof. Thanks to Dieudonné–Manin classification, after possibly taking powers of ΦM , we may
assume that (M,ΦM ) = (K(Ω), psσ) for some s ∈ Z. The result then follows from the observation
that Qur

p = ∪nK(Ω)σ
n=id. �

Definition 3.1.6. We say that ωQur
p

(M,ΦM ) is the Dieudonné–Manin Qur
p -structure of (M,ΦM ).

The assignment (M,ΦM ) 7→ ωQur
p

(M,ΦM ) produces a Qur
p -linear fibre functor ωQur

p
: F∞-Isoc(Ω)→

VecQur
p

. If η is a Ω-point of X, we write

ωη,Qur
p

: F∞-Isoc(X)→ VecQur
p

for the composition ωQur
p
◦ η∗ and we write

Λη : F∞-Isoc(X)→ IsocQur
p

(X, η)

for the functor obtained by sending (M,Φ∞M) 7→ (M, ωη,Qur
p

(M,Φ∞M)). We say that an object in

the essential image of Λη is an isocrystal with Dieudonné–Manin Qur
p -structure over (X, η).

Remark 3.1.7. The existence of the Dieudonné–Manin Qur
p -structure of an F -isocrystal over an

algebraically closed field has its own interest. For example, thanks to [Ked06], if k is any field of
characteristic p, one can associate to a variety X/k the finite-dimensional Qur

p -linear vector spaces

ωQur
p

(H i
rig(Xkalg/K(kalg))) and their variant with compact support. This assignment produces a

Qur
p -linear cohomology theory with all the desired properties (e.g. Poincaré duality, the Künneth

formula, etc.). This solves in a minimal way Serre’s obstruction to the existence of a Qp-linear
cohomology theory.

3.2. Basic properties. In general, the category 〈M, VM〉 spanned by an isocrystal with Qur
p -

structure might by quite different from the category spanned by the associated isocrystal M in
Isoc(X). For example, (M, VM) might be irreducible even if M is not, or it might happen that
H0(M, VM) has lower dimension than H0(M). In what follows we show that these phenomena do
not occur for Dieudonné–Manin Qur

p -structures.

Lemma 3.2.1. If (M,ΦM) is an Fn-isocrystal, the maximal trivial3 subobject T ⊆M is kept stable
under ΦM. In particular, if (M, VM) is the induced isocrystal with Dieudonné–Manin Qur

p -structure
then

H0(M, VM)⊗Qur
p
K ' H0(M).

Proof. By maximality T ⊆ M is preserved by ΦM, so that it defines an inclusion (T , VM|T ) ⊆
(M, VM) of isocrystals with Qur

p -structure. Since T is trivial, (T , VM|T ) is a trivial isocrystal with
Qur
p -structure. This yields the desired result. �

Lemma 3.2.2. A semi-simple isocrystal M admits at most one Dieudonné–Manin Qur
p -structure

up to isomorphism. In addition, if VM is such a Qur
p -structure, (M, VM) decomposes as the direct

sum
⊕

i(Mi, VMi)
⊕ai with ai > 0 and the isocrystals Mi irreducible and pairwise non-isomorphic.

Proof. Let M =
⊕

iM
⊕ai
i be an isotypic decomposition of M. Suppose that M admits an Fn-

structure ΦM and write VM for the associated Dieudonné–Manin Qur
p -structure. Since ΦM per-

mutes the Mi’s, each of them admits an Fnm-structure for some m > 0. Therefore, each Mi

admits a Dieudonné–Manin Qur
p -structure VMi . Let (Ti, VTi) be the maximal trivial subobject of

3We say that an object in a Tannakian category is trivial if it is isomorphic to a direct sum 1
⊕m for some m ≥ 0.
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(Mi, VMi)
∨⊗ (M, VM). By Lemma 3.2.1, each Ti is the maximal trivial subobject ofM∨i ⊗M. By

construction, we have a tautological inclusion of (Mi, VMi)⊗ (Ti, VTi) in (M, VM) for each i. This
gives the desired decomposition. To prove the unicity it is enough to assumeM irreducible. In this
case, if V ′M is another Dieudonné–Manin Qur

p -structure, we have that (M, VM) and (M, V ′M) are
both irreducible and they admit a non-trivial morphism by Lemma 3.2.1. �

Lemma 3.2.3. If (M, VM) is an isocrystal with Dieudonné–Manin Qur
p -structure, the socle N ⊆M

admits a (unique) Dieudonné–Manin Qur
p -structure VN and (N , VN ) is a subobject of (M, VM).

Moreover, if (M, VM) is semi-simple, M is semi-simple.

Proof. Let ΦM be an Fn-structure of M. Since ΦM preserves N , it induces a Dieudonné–Manin
Qur
p -structure VN of N which makes (N , VN ) a subobject of (M, VM). If (M,ΦM) is irreducible,

we deduce that (N , VN ) = (M, VM). Therefore, by Lemma 3.2.2, the isocrystal N is irreducible.
This concludes the proof. �

Proposition 3.2.4. If (M, VM) is an isocrystal with Dieudonné–Manin Qur
p -structure, each irre-

ducible subquotient Mi of M admits a (unique) Dieudonné–Manin Qur
p -structure VMi which makes

(Mi, VMi) a subquotient of (M, VM).

Proof. Let ΦM be a Fn-structure of M inducing VM. By Lemma 3.2.3, after forgetting the Qur
p -

structurethe socle filtration of (M, VM) is sent to the socle filtration of M and the various steps
of the socle filtration of (M, VM) have Dieudonné–Manin Qur

p -structure. Therefore, after taking
the semi-simplification of (M, VM) with respect to this filtration, the result follows from Lemma
3.2.2. �

Proposition 3.2.5. The functor Λη : F∞-Isoc(X)→ IsocQur
p

(X, η) is observable and, if k = kalg,
it is fully faithful on unit-root objects.

Proof. To prove that Λη is observable it is enough to notice that by Proposition 3.2.4 every
rank 1 subquotient of an isocrystal with Dieudonné–Manin Qur

p -structure is itself an isocrystal

with Dieudonné–Manin Qur
p -structure. If k = kalg unit-root Fn-isocrystals over k are trivial by

Dieudonné–Manin decomposition, which implies that Λη is fully faithful thanks to Lemma 3.2.1. �

Definition 3.2.6. We write IsocQur
p

(X, η)F for the Tannakian subcategory of IsocQur
p

(X, η) spanned
by the essential image of Λη.

All we said works unchanged for overconvergent isocrystals and we have an observable functor Λη :

F∞-Isoc†(X) → Isoc†
Qur
p

(X, η) from overconvergent F∞-isocrystals to overconvergent isocrystals

with Qur
p -structure (defined in the analogous way). We are now ready to present the fundamental

result which compares the monodromy groups of F∞-isocrystals and isocrystals with Dieudonné–
Manin Qur

p -structure.

Definition 3.2.7. Let (X, η) be a geometrically connected variety over k endowed with a geo-
metric point η. For an Fn-isocrystal (M,ΦM) we write G(M,Φ∞M, η) for the Tannaka group of
〈M,Φ∞M〉 with respect to ωη,Qur

p
and G(M, VM, η) for the Tannaka group of 〈M, VM〉 with respect

to ωη,Qur
p

, where VM is the Dieudonné–Manin Qur
p -structure induced by ΦM. We also denote by

G(M,Φ∞M, η)cst the Tannaka group of constant F∞-isocrystals in 〈M,Φ∞M〉, namely those F∞-
isocrystals coming from Spec(k). We give analogous definitions in the overconvergent setting.
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Proposition 3.2.8. For a †-extendable Fn-isocrystal (M,ΦM), we have the following commutative
diagram of algebraic groups over Qur

p

1 G(M, VM, η) G(M,Φ∞M, η) G(M,Φ∞M, η)cst 1

1 G(M†, VM, η) G(M†,Φ†,∞
M , η) G(M†,Φ†,∞

M , η)cst 1.

The rows are exact, the first two vertical arrows are closed embeddings and the last arrow is a
faithfully flat morphism.

Proof. The proof is similar to the proof of [DE20, Cor. 5.12]. To prove the exactness of the two
sequences we use [ibid., Prop. A.13]. By Proposition 3.2.5, the functor 〈M,Φ∞M〉 → 〈M, VM〉
is observable. Let us verify the second main property we need to apply the proposition. For
(N ,Φ∞N ) ∈ 〈M,Φ∞M〉, we write (N , VN ) for the associated isocrystal with Qur

p -structure. By Lemma
3.2.1, if T ⊆ N is the maximal trivial subobject, then (T , VN |T ) is the maximal trivial subobject
of (N , VN ). By the maximality of T , we have that (T , (ΦN |T )∞) is a subobject of (N ,Φ∞N ). This
shows the exactness of the first row. One can argue similarly for the second row. The rest of the
statement is a simple check. �

Remark 3.2.9. Thanks to Theorem 4.1.3 and Corollary 4.4.8 one can also show that the morphism
G(M,Φ∞M, η)cst → G(M†,Φ†,∞

M , η)cst is an isomorphism.

3.3. Comparisons. The aim in this section is twofold. On the one hand, we want to compare
the category IsocQur

p
(X, η) and the category Isoc(X) in order to relate the monodromy groups of

isocrystals, as defined in [Cre92a], and the monodromy groups of isocrystals with Qur
p -structure

(Proposition 3.3.2). In general, the scalar extension of the monodromy group of an isocrystal with
Qur
p -structure from Qur

p to K is bigger than the monodromy group of the associated isocrystal.
Instead, for isocrystals with Dieudonné–Manin Qur

p -structure, we want to prove that we have the
expected base change property. Moreover, we want to compare isoclinic F∞-isocrystals (or rather
direct sums of these) and lisse Qur

p -sheaves (Proposition 3.3.4).

Lemma 3.3.1. The functor IsocQur
p

(X, η)F → Isoc(X) is K/Qur
p -fully faithful (cf. [Sta08, Def.

1.1.2]) and sends semi-simple objects to semi-simple objects.

Proof. We first show that the functor is K/Qur
p -fully faithful. This is equivalent to showing that

for (M, VM) ∈ IsocQur
p

(X, η)F , the maximal trivial subobject of M can be upgraded to a trivial

subobject of (M, VM). By Proposition 3.2.5, every object (M, VM) ∈ IsocQur
p

(X, η)F is a subobject

of some (N , VN ) ∈ IsocQur
p

(X, η)F with VN a Dieudonné–Manin Qur
p -structure. By Lemma 3.2.1, if

(T , VT ) is the maximal trivial subobject of (N , VN ), then T is the maximal trivial subobject of N .
The intersection of (M, VM) and (T , VT ) in (N , VN ) is then an isocrystal with Qur

p -structure with
underlying isocrystal isomorphic to the maximal trivial subobject ofM, as we wanted. The second
part follows from Lemma 3.2.2. �

Proposition 3.3.2. The functor IsocQur
p

(X, η)F ⊗Qur
p
K → Isoc(X)F is an equivalence of cate-

gories. In particular, for an Fn-isocrystal (M,ΦM), if VM is the associated Dieudonné–Manin
Qur
p -structure, we have G(M, η) ' G(M, VM, η)⊗Qur

p
K.
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Proof. This follows from [Sta08, Prop. 3.1.8] thanks to Lemma 3.3.1.
�

Definition 3.3.3. If k = kalg, we write F∞-Isocét(X) for the Tannakian subcategory of F∞-Isoc(X)
spanned by the isoclinic F∞-isocrystals and Isocét

Qur
p

(X, η) for the Tannakian subcategory of

IsocQur
p

(X, η) spanned by the image of the functor F∞-Isocét(X) → IsocQur
p

(X, η). We say that

the category Isocét
Qur
p

(X, η) is the category of étale isocrystals with Qur
p -structure.

Proposition 3.3.4. There is a natural equivalence LS(X,Qur
p )

∼−→ Isocét
Qur
p

(X, η).

Proof. By [Cre87, Thm. 2.1], for every n there is a fully faithful Qpn-linear ⊗-functor LS(X,Qpn) ↪→
Fn-Isoc(X) with essential image the category of unit-root Fn-isocrystals. This family of ⊗-functors
induces a fully faithful Qur

p -linear ⊗-functor LS(X,Qur
p ) ↪→ F∞-Isocét(X). If we postcompose this

functor with the functor Λη : F∞-Isocét(X) → Isocét
Qur
p

(X, η), we get by Proposition 3.2.5 a fully

faithful Qur
p -linear ⊗-functor LS(X,Qur

p ) ↪→ Isocét
Qur
p

(X, η). To prove that this functor is essentially

surjective it is enough to notice that every isoclinic object in F∞-Isoc(X) is a tensor product of a
unit-root F∞-isocrystal by a rank 1 constant F∞-isocrystal. �

Remark 3.3.5. Similarly one can prove that F∞-Isocét(X) is equivalent to the category of Q-
graded lisse Qur

p -sheaves.

Corollary 3.3.6. Let (M,ΦM) be an Fn-isocrystal over X which admits the slope filtration. If k =

kalg, an étale path γ joining two geometric points η and η′ induces isomorphisms G(M,Φ∞M, η)
∼−→

(M,Φ∞M, η
′) and G(M, VM, η)

∼−→ G(M, VM, η
′).

Proof. Write (N ,ΦN ) for GrS•(M,ΦM) and VM for the Dieudonné–Manin Qur
p -structure of (M,ΦM)

at η. The Qur
p -structure VM is naturally isomorphic to the Dieudonné–Manin Qur

p -structure of
(N ,ΦN ) at η. Thanks to Proposition 3.3.4, the étale path γ induces an isomorphism between the
fibre functors ωη,Qur

p
: 〈N , VN 〉 → VecQur

p
and ωη′,Qur

p
: 〈N , VN 〉 → VecQur

p
. This yields the desired

result. �

4. Main theorems

4.1. †-hull of F -isocrystals. In order to prove the parabolicity conjecture we chiefly study the
†-hulls of sub-Fn-isocrystals.

Definition 4.1.1. Let (N ,ΦN ) ⊆ (M,ΦM) be an inclusion of Fn-isocrystals. The †-hull of
(N ,ΦN ) in (M,ΦM) is the smallest4 †-extendable subobject of (M,ΦM) containing (N ,ΦN ). We
denote it by (N ,ΦN ).

Notation 4.1.2. Let (M,ΦM) be a †-extendable Fn-isocrystal over X with constant slopes. We
say that (M,ΦM) satisfies MS(M,ΦM) if for every sub-Fn-isocrystal (N ,ΦN ) ⊆ (M,ΦM), the
isocrystals S1(N ) and S1(N ) are the same. We also say that X satisfies MS(X) if for every n > 0
and every †-extendable Fn-isocrystal (M,ΦM) over X, we have that MS(M,ΦM) is true.

Throughout §4 we want to prove the following theorem.

4Note that the category of isocrystals is artinian because if M′ ⊆M have the same ranks, then M′ =M.
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Theorem 4.1.3. A smooth variety X over a perfect field k satisfies MS(X).

We start with some reductions.

Lemma 4.1.4. To prove MS(X) we may assume n = 1.

Proof. Let (N ,ΦN ) ⊆ (M,ΦM) be an inclusion of Fn-isocrystals. This induces an inclusion

(N ′,Φ′N ) ⊆ (M′,Φ′M) of F -isocrystals, where M′ :=
⊕n−1

i=0 (F i)∗M and N ′ :=
⊕n−1

i=0 (F i)∗N .
Since F ∗ is an autoequivalence of the category of overconvergent isocrystals, we deduce that
N ′ =

⊕n−1
i=0 (F i)∗N . This shows that if MS(M′,Φ′M) is true, then

⊕n−1
i=0 (F i)∗N = S1(N ′) =

S1(N ′) =
⊕n−1

i=0 (F i)∗S1(N ) (note that S1(−) commutes with F ∗). In turn, this implies that

S1(N ) = S1(N ), which yields the desired result. �

Lemma 4.1.5. To prove MS(X) it is enough to check isoclinic sub-F -isocrystals.

Proof. The proof is by induction on the length of the slope filtration of (N ,ΦN ). Suppose that the
slope filtration of (N ,ΦN ) has length m at least 2 and we already know the statement for length

at most m − 1. It is enough to show that S1(N ) = S1(Sm−1(N )). Note that if Sm−1(N ) = N
there is nothing to prove, so that we may assume Sm−1(N ) ( N . In this case we have to show

that the minimal slope of N/Sm−1(N ) 6= 0 is greater than the minimal slope of Sm−1(N ), which

by the inductive hypothesis is s1. If π : N → N/Sm−1(N ) is the natural projection, then π(N ) is

isoclinic of slope sm. At the same time, there are no proper †-extendable subobjects of N/Sm−1(N )

containing π(N ). By our assumption, the minimal slope of N/Sm−1(N ) is then equal to the slope
of π(N ), which is greater than s1. This concludes the proof. �

For next lemma we need the following theorem proven by Kedlaya.

Theorem 4.1.6 (Kedlaya). Let U ⊆ X be a dense open. The following statements are true.

(i) The restriction functor F-Isoc(X)→ F-Isoc(U) is fully faithful.
(ii) The restriction functor F-Isoc†(X) → F-Isoc†(U) is fully faithful and closed under the

operation of taking subquotients.

Proof. Point (i) is [DK17, Thm. 2.2.3] while point (ii) is [Ked07, Thm. 5.2.1 and Prop. 5.3.1]. �

Lemma 4.1.7. If U is a dense open of X, then MS(M|U ,ΦM|U ) implies MS(M,ΦM).

Proof. Let (N ,ΦN ) be an isoclinic subobject of (M,ΦM). We want to prove that the operation of

taking †-hulls commutes with the restriction functor to U . We have by definition (N|U ) ⊆ N|U .

On the other hand, by Theorem 4.1.6, the †-extendable isocrystal (N|U ) extends to some †-exten-
dable isocrystal M′ over X such that N ⊆ M′ ⊆ M. Since N ⊆ M′ by definition, we show that
(N|U ) = N|U . Thanks to this, if S1(N|U ) = N|U then S1(N )|U = S1(N|U ) = N|U . This implies
that S1(N ) = N . �

Lemma 4.1.8. If f : Y → X is a finite étale Galois cover the following are true.

(i) For every †-extendable (M,ΦM) over X with constant slopes MS(f∗M, f∗ΦM) implies
MS(M,ΦM).

(ii) For every †-extendable (M,ΦM) over Y with constant slopes MS(f∗M, f∗ΦM) implies
MS(M,ΦM).
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Proof. As in Lemma 4.1.7, for (i) it is enough to show that for an isoclinic subobject (N ,ΦN ) ⊆
(M,ΦM) we have that f∗N = f∗N . Write G for the Galois group of the cover. The inclusion
f∗N ⊇ f∗N follows from the definition of †-hull. On the other hand, if M′ := f∗N , then the
intersection

⋂
g∈G g

∗M′ contains f∗N and it is †-extendable, thus it is equal to M′. This implies

that (M′,ΦM′) descends to some †-extendable F -isocrystal over X which contains (N ,ΦN ) and is
contained in (M,ΦM). Therefore f∗N = f∗N , as we wanted.

We prove now (ii). Let (N ,ΦN ) be an isoclinic subobject of (M,ΦM). We have that f∗f∗N =⊕
g∈G g

∗N ⊆
⊕

g∈G g
∗M = f∗f∗M so that f∗f∗N =

⊕
g∈G g

∗N . Because of this, to prove that

S1(N ) = N it is enough to prove that S1(f∗f∗N ) = f∗f∗N . By the previous argument we have
that f∗f∗N = f∗f∗N , so that S1(f∗f∗N ) = f∗(S1(f∗N )) (note that S1(−) commutes with f∗). On
the other hand, by the assumption that S1(f∗N ) = f∗N we have that f∗(S1(f∗N )) = f∗f∗N and
this yields the desired result. �

4.2. The case of curves. In this section we study MS(X) when X is a curve. In this case, MS(X)
has been essentially proven by Tsuzuki in [Tsu19, Prop. 5.8]. The proof we present here is a shorter
variant where we avoid [ibid., Thm. 3.27]. The main ingredient in our case is de Jong’s theorem on
the existence of the reverse slope filtration (also used by Tsuzuki). On the other hand, in Corollary
5.4.2 we extends [ibid., Thm. 3.27] to arbitrary smooth varieties. As in Tsuzuki’s proof, the strategy
is to first prove an infinitesimal version of MS(X) and then pass to the global setting. Thanks to
the reductions of §4.1, it is enough to treat the case of the affine line.

Consider the Cohen ring

OE := W ((t))∧ =

{∑
i∈Z

ait
i
∣∣∣ ai ∈W, lim

i→−∞
vp(ai) =∞

}
.

This is a complete discrete valuation ring unramified over W with residue field k((t)). Let OE† ⊆ OE
be the subring of series which converge in some annulus ∗ ≤ |t| < 1. These two rings are both
endowed with a Frobenius lift ϕ(t) = tp and a derivation ∂t. Write E and E† for the respective fields
of fractions.

Definition 4.2.1 ((ϕ,∇)-modules). If E is either E or E†, we say that a finite dimensional vector

space M over E is a (ϕ,∇)-module if it is endowed with a ϕ-linear isomorphism ϕM : M
∼−→ M

and an additive morphism ∇∂t : M →M which satisfies the Leibniz rule and such that ∇∂t ◦ϕM =
ptp−1ϕM ◦ ∇∂t .

The category F-Isoc(k((t))) is the category of (ϕ,∇)-modules over E and F-Isoc†(k((t))) is the cat-
egory of (ϕ,∇)-modules over E†. Thanks to [Ked04, Thm. 5.1], that the functor F-Isoc†(k((t)))→
F-Isoc(k((t))) of extension of scalars is fully faithful. We want to show the following proposition.

Proposition 4.2.2 (Kedlaya, Tsuzuki5). If N ⊆ M is an inclusion of (ϕ,∇)-modules over E and
M is †-extendable, then S1(N) = S1(N).

To prove Proposition 4.2.2 we first need the following construction.

5We learned about a proof of Proposition 4.2.2 by Kedlaya, via a private communication. At the same time, the

proposition corresponds essentially to [Tsu19, Thm. 2.14].
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Construction 4.2.3. Let Q† be the image of the composition of natural morphisms

(M †)∨ := Hom†
E(M

†, E†)→ HomE(M, E)→ HomE(N, E) =: N∨.

We have natural maps

M∨ = (M †)∨ ⊗E† E � Q† ⊗E† E � N∨.

The first arrow is surjective by construction, the second one is surjective because the morphism
M∨ → N∨ is surjective. Note that even though Q† ⊆ N∨, the second map needs not to be
injective. Dualizing with respect to E we get inclusions N ⊆ Q∨ ⊆M .

Lemma 4.2.4. The (ϕ,∇)-module Q∨ is the †-hull of N in M . In other words, N is the unique

submodule of M which contains N and comes from some N
† ⊆ M † such that (N

†
)∨ → N∨ is

injective.

Proof. By construction, Q∨ is †-extendable and it contains N , so that N ⊆ Q∨. On the other hand,

we have morphisms (M †)∨ � (N
†
)∨ → N∨, where the first one is surjective. By definition, the

morphism (N
†
)∨ → N∨ factors through Q†, which implies that Q∨ ⊆ N . �

We recall now the reverse filtration introduced by de Jong in [deJ98, Prop. 5.5]. For this, we need
to introduce two other discrete valuation fields lifting k((t))alg.

Definition 4.2.5. Let OEalg be the ring of Witt vectors of k((t))alg. Every element of Ealg can be

written uniquely as
∑∞

i=0[fi]p
i where [fi] is the Teichmüller lift of some fi ∈ k((t))alg. Consider

the subring O†
Ealg ⊆ OEalg of those series such that the t-adic valuations of fi are bounded below by

some linear function in i. The subring O†
Ealg is preserved by the Frobenius of OEalg . We write E†alg

and Ealg for the fraction fields.

Theorem 4.2.6 ([deJ98, Prop. 5.5]). For a ϕ-module M †
alg over E†alg the following statements are

true.

(i) M †
alg admits a reverse slope filtration, i.e. there exists a filtration

0 = Srev
0 (M †

alg) ( Srev
1 (M †

alg) ( · · · ( Srev
m (M †

alg) = M †
alg

of ϕ-modules over E†alg such that (Srev
i (M †

alg)/Srev
i−1(M †

alg)) ⊗E†alg
Ealg is isomorphic to

Sm−i(Malg)/Sm−i−1(Malg).

(ii) If M † is isoclinic of slope s/r, the ϕ-module M †
alg[p1/r] admits a basis of vectors {v1, . . . , vd}

such that ϕ(vi) = ps/rvi.

Lemma 4.2.7. Let M † be a ϕ-module over E† and let N be an isoclinic ϕ-module over E of slope
s/r. For every morphism ψ : M → N of ϕ-modules, if the restriction of ψ to M † is injective, then
the maximal slope of M is s/r and the rank of Sm(M)/Sm−1(M) is smaller or equal than the rank
of N .

Proof. This is a mild generalisation of [Ked07, Lem. 4.2]. Since E†alg is flat over E† and E ⊗E† E
†
alg →

Ealg is injective by [Ked07, Prop. 4.1], then ψ|M† induces an injective morphism

ψ′ : M †
alg := M † ⊗E† E

†
alg → N ⊗E† E

†
alg → N ⊗E Ealg.
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The restriction of ψ′ to Srev
1 (M †

alg) induces a non-trivial morphism

Srev
1 (M †

alg)⊗E†alg
Ealg → N ⊗E Ealg.

This implies that the slope of Srev
1 (M †

alg), which is the maximal slope of M , is s/r. More-

over, by Theorem 4.2.6.(ii), the dimension of the Qp(p
1/r)-vector space (Srev

1 (M †
alg)[p1/r])ϕ=ps/r

is equal to the rank of Sm(M)/Sm−1(M). Similarly, by the Dieudonné–Manin decomposition,

(N ⊗E Ealg[p1/r])ϕ=ps/r is a Qp(p
1/r)-vector space of dimension equal to the rank of N . We then

obtain the inequality of ranks thanks to the injectivity of ψ′. �

4.2.8. Proof of Proposition 4.2.2. By Lemma 4.1.5, it is enough to prove the result when N is
isoclinic of slope s/r and N = M . In that case, we have to check that N has minimal slope s/r and

that the inclusion N ⊆ S1(N) is an equality. By Lemma 4.2.4, the morphism N
∨ → N∨ satisfies

the assumptions of Lemma 4.2.7, thus N has minimal slope s/r. Moreover, since

rk(N) = rk(N∨) ≥ rk(Sm(N
∨

)/Sm−1(N
∨

)) = rk(S1(N)),

we get N = S1(N). �

4.2.9. Next step is to pass from the local situation to the global situation. Thanks to the reductions
in §4.1 it is enough to work with F -isocrystals over A1

k. Let K〈u〉 and K〈u〉† be the rings of
convergent and overconvergent series over K. The category F-Isoc(A1

k) is the category of (ϕ,∇)-
modules over K〈u〉 (defined as in §4.2.1) while F-Isoc†(A1

k) is the category of (ϕ,∇)-modules over

K〈u〉†. We consider the ring homomorphisms K〈u〉 → E and K〈u〉† → E† mapping u 7→ 1
t .

Lemma 4.2.10 ([Tsu19, Lem. 3.1]). The morphism K〈u〉† → E† is flat and K〈u〉 ⊗K〈u〉† E† ' E.

Proof. We present here a variant of Tsuzuki’s proof. Let An be the image of the morphism
W 〈u1, . . . , un〉 → W 〈u〉 sending ui 7→ ūi := pui and Bn ⊆ OE the p-adic completion of W [[t]][ ptn ].

We have that lim−→n
An[1

p ] = K〈u〉† and lim−→n
Bn[1

p ] = E†. The morphism An → Bn mapping ūi 7→ p
ti

factors as
An → An[t]/(ūit

i − p)1≤i≤n → Bn.

The first morphism is a localisation after inverting p and the second one corresponds to the t-adic
completion. Therefore, we deduce that An[1

p ]→ Bn[1
p ] is flat for every n. In turn, this implies that

K〈u〉† → E† is flat. To prove that K〈u〉 ⊗K〈u〉† E† ' E it is enough to note that

W 〈u〉 ⊗An Bn 'W 〈u〉[[t]]/(p(ut− 1))

for every n. Indeed, after inverting p, we get (W 〈u〉 ⊗An Bn)[1
p ] ' E . �

Lemma 4.2.11 (after Tsuzuki). Let N ⊆M be an inclusion of (ϕ,∇)-module over K〈u〉 where M
is †-extendable and has constant slopes. The (ϕ,∇)-module N ⊗E is the †-hull of N ⊗E in M ⊗E.

Proof. The K〈u〉-module N has a similar description as in §4.2.3, where E and E† are replaced with
the rings K〈u〉 and K〈u〉†. By the analogue of Lemma 4.2.4, the (ϕ,∇)-module N comes from a

(ϕ,∇)-module N
†

over K〈u〉† such that (N
†
)∨ → N∨ is injective. By Lemma 4.2.10, the morphism

(N
† ⊗K〈u〉† E†)∨ → (N ⊗K〈u〉 E)∨ obtained as the composition of

(N
†
)∨ ⊗K〈u〉† E

† ↪→ N∨ ⊗K〈u〉† E
† ∼−→ N∨ ⊗K〈u〉 E
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is injective. This proves what we want thanks to Lemma 4.2.4. �

Theorem 4.2.12 (after Tsuzuki). A smooth curve X over a perfect field k satisfies MS(X).

Proof. The statement corresponds essentially to [Tsu19, Prop. 5.8]. We propose here a shorter
variant. By [Ked05, Thm. 1], there exists a dense open of X which admits a finite étale cover to
A1
k. Thanks to Lemma 4.1.7 and Lemma 4.1.8, this implies that we may assume X = A1

k. Let
N ⊆ M be an inclusion of (ϕ,∇)-module over K〈u〉, where M is †-extendable and has constant
slopes. By Lemma 4.2.11, we have that N ⊗ E is the †-hull of N ⊗ E in M ⊗ E . Therefore, by
Proposition 4.2.2,

S1(N)⊗ E = S1(N ⊗ E) = S1(N ⊗ E) = S1(N)⊗ E .
This implies that S1(N) and S1(N) have the same slope and the same rank, so that S1(N) = S1(N).
This concludes the proof. �

4.3. Chevalley theorem and filtrations. In this section Hypothesis 3.1.1 is in force. Let η ∈
X(Ω) be a perfect point of X and let (M†,Φ†

M) be an overconvergent Fn-isocrystal with constant
slopes. Consider the Dieudonné–Manin fibre functor ωη,Qur

p
: 〈M,Φ∞M〉 → VecQur

p
associated to η.

Write G for G(M†,Φ†,∞
M , η) and H for G(M,Φ∞M, η).

Definition 4.3.1. For every e, let G1/e
m be the torus with character group 1

eZ and G1/∞
m := lim←−iG

1/e
m .

If r is the lcm of the denominators of the slopes of M, for every (M′,Φ∞M′) ∈ 〈M,Φ∞M〉 we

denote by S̃s/r(ωη,Qur
p

(M′η,Φ∞M′)) ⊆ ωη,Qur
p

(M′η,Φ∞M′) the Qur
p -linear vector subspace of slope at

most s/r. This defines an exact ⊗-filtration S̃• of ωη,Qur
p

indexed by 1
rZ, that in turn defines a

morphism λ : G1/∞
m � G1/r

m → G (cf. [Saa72, §2.1.1, page 213]). We say that λ is the quasi-
cocharacter attached to the slope filtration ofMη. We denote by PG(λ) the subgroup of G of those

⊗-automorphisms of ωη,Qur
p

preserving S̃• (as in [ibid., §2.1.3, page 216]).

Proposition 4.3.2. If MS(X) is true, H = PG(λ). In particular, if G is a reductive group, H is
a parabolic subgroup of G.

Proof. Since H ⊆ PG(λ), we have to prove that PG(λ) ⊆ H. By Chevalley’s theorem, there

exists an overconvergent F∞-isocrystal (N †,Φ†,∞
N ) ∈ 〈M†,Φ†,∞

M 〉 and a rank 1 sub-F∞-isocrystal
(L,Φ∞L ) ⊆ (N ,Φ∞N ), such that H is the stabiliser of the line

L := ωη,Qur
p

(L,ΦL) ⊆ ωη,Qur
p

(N ,ΦN ) := V.

We have to prove that PG(λ) stabilises L. Let (L,ΦL) be the †-hull of (L,ΦL) ⊆ (N ,ΦN ) and

write L for ωη,Qur
p

(L,ΦL). We denote by s the slope of (L,ΦL) and by V ≤s ⊆ V the subspace of

slope smaller or equal than s. Since MS(X) is satisfied, we know that L = S1(L) = S1(L), which
implies that L = L ∩ V ≤s. Since L ⊆ N admits by definition a †-extension, PG(λ) stabilises L. On

the other hand, PG(λ) stabilises V ≤s because (N †,Φ†,∞
N ) is an element in 〈M†,Φ†,∞

M 〉. This implies
that PG(λ) stabilises L, thus PG(λ) ⊆ H as we wanted. If G is reductive, H = PG(λ) is parabolic
by [Saa72, Prop. 2.2.5, page 223]. �

As a first consequence we get next result.
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Proposition 4.3.3. Let X be a smooth geometrically connected variety over k such that MS(U) is

true for every dense open U ⊆ X. If (M†,Φ†
M) is an overconvergent Fn-isocrystal over X, then

π0(G(M,Φ∞M, η)) = π0(G(M†,Φ†,∞
M , η)).

Proof. To prove the statement we may assume that (M†,Φ†,∞
M ) is semi-simple by replacing it with

the semi-simplification with respect to a Jordan–Hölder filtration. Next step is to show that the
map π0(G(M,Φ∞M, η)) → π0(G(M†,Φ†,∞

M , η)) is surjective. For this we do not need the previous

theorem. Write 〈M†,Φ†,∞
M 〉fin and 〈M,Φ∞M〉fin for the Tannakian subcategories of objects with

finite monodromy groups. The functor 〈M†,Φ†,∞
M 〉 → 〈M,Φ∞M〉 is fully faithful, thus the functor

〈M†,Φ†,∞
M 〉fin → 〈M,Φ∞M〉fin is fully faithful and observable, which implies that π0(G(M,Φ∞M, η))→

π0(G(M†,Φ†,∞
M , η)) is surjective.

Let U be a dense open of X where (M†,Φ†
M) has constant slopes. Up to replacing η we might

assume that it lies in U . We have the following commutative diagram

π0(G(M|U ,Φ∞M|U , η)) π0(G(M,ΦM, η))

π0(G(M†|U ,Φ†,∞
M |U , η)) π0(G(M†,Φ†

M, η)).∼

Thanks to Theorem 4.1.6, the upper arrow is surjective while the lower one is an isomorphism.
To prove the final statement it is enough to prove that the morphism π0(G(M|U ,Φ∞M|U , η)) →
π0(G(M†|U ,Φ†,∞

M |U , η)) is injective, or equivalently that

H ′ := G(M†|U ,Φ†,∞
M |U , η)◦ ∩G(M|U ,Φ∞M|U , η)

is connected. By Proposition 4.3.2, the group H ′ is a parabolic subgroup of the connected reductive
group G(M†|U ,Φ†,∞

M |U , η)◦. By [Bor91, Thm. 11.16], this implies that H ′ is connected, as we
wanted. �

4.4. Lefschetz theorem and proof of Theorem 1.1.1. In this section we deal with the problem
of reducing Theorem 4.1.3 to the case of curves. For this aim, we prove a new Lefschetz theorem
for overconvergent isocrystals. Subsequently, we use Theorem 4.1.3 to prove Theorem 1.1.1.

Definition 4.4.1. If Y is smooth and proper variety, D ⊆ Y is a simple normal crossing and
X := Y \D, we say that an overconvergent isocrystal over X is docile if it has unipotent monodromy
along D (cf. [Ked07, Def. 4.4.2]). We denote by Isoc†(X)doc the category of docile overconvergent
isocrystals over X.

In [AE19, Cor. 2.4] the authors proved the following Lefschetz theorem for docile overconvergent
isocrystals over perfect fields.

Theorem 4.4.2 (Abe–Esnault). Let Y ⊆ Pdk be a smooth connected projective variety of dimension

≥ 2 and D a simple normal crossing divisor. For every smooth curve C ⊆ Y which is a complete
intersection of hypersurfaces intersecting transversally D, if we write C for C \D, the functor

Isoc†(X)doc → Isoc†(C)doc

is fully faithful.
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We explain here how to refine their result and prove the following theorem, which will then be used
in §4.4.12 to prove Theorem 4.1.3.

Theorem 4.4.3. Let Y ⊆ Pd
kalg

be a smooth connected projective variety of dimension ≥ 2 and D

a simple normal crossing divisor. If (M†,Φ†
M) is an overconvergent Fn-isocrystal over X := Y \D

docile with respect to D, then there exists a smooth connected curve C ⊆ X intersecting the dense
open of X where the slopes of (M†,Φ†

M) are constant and such that the restriction functor 〈M†〉 →
〈M†|C〉 is an equivalence of categories.

Remark 4.4.4. In [AE19, Thm. 3.10] the authors improve Theorem 4.4.2 to a stronger statement
when k is finite. Their proof does not extend to algebraically closed field (not even kalg = F) since
they crucially use a finiteness result for rank 1 overconvergent F -isocrystals, which ultimately relies
on class field theory.

Before proving Theorem 4.4.3 let us present some preliminary results that we will use during the
proof. First, we need the following two lemmas on lisse sheaves.

Lemma 4.4.5 (Pink, Serre). Let X be a smooth connected variety over k and V a lisse Qp-sheaf

over X. There exists a connected finite étale cover X̃ → X with the property that for every smooth

connected curve C ⊆ X such that X̃ ×X C is connected, the restriction functor

〈V〉 → 〈V|C〉

is an equivalence of categories.

Proof. This is proven in [Ser89, §10.6] or [Kat90, Key Lemma 8.18.3]. �

Lemma 4.4.6. Let X be a smooth connected variety over k, D ⊆ X an irreducible divisor and V a
lisse Qp-sheaf over X \D. There exists a dense smooth open D′ ⊆ D and a conic closed subscheme
Z ⊆ TX ×X D′ of codimension 1 at every fibre which satisfies the following property.

RV(Z): Let C ⊆ X be a smooth curve not contained in D and intersecting D′ at
some closed point x such that TCx is not contained in Zx. For every rank 1 lisse
sheaf L ∈ 〈V〉 ramified at D, L|C is ramified at D ∩ C.

Proof. This result is a variant of [Dri12, Lem. 5.1]. To prove the lemma we may assume that V is a
direct sum of rank 1 lisse Qp-sheaves. Let η be a geometric point of X \D. Write I for the inertia

subgroup of πét
1 (X \ D, η) associated to D and ρ : πét

1 (X \ D, η) → GL(V ) for the representation
attached to V, where V is a finite-dimensional E-linear vector space for some finite field extension
E/Qp. Let n be a positive integer such that pn · Π ∩ ρ(I) ⊆ p · im(I). Let Γ be the finite set of
morphisms γ : Π → Z/pnZ × Πtors mapping ρ(I) to a cyclic group Gγ of prime order. For every
γ ∈ Γ, let fγ : Xγ → X be the finite étale cover such that the image of the restriction of γ ◦ ρ
to the étale fundamental group of Xγ \ f−1

γ (D) is Gγ and let Yγ → Xγ \ Dγ be the associated

connected Gγ-torsor. Write Ȳγ for the normalisation of Xγ in the field of functions of Yγ . Then
Ȳγ → Xγ is a finite cover ramified along Dγ . After shrinking Xγ to an open X ′γ , we may assume

that Ȳ ′γ := Ȳγ ×Xγ X ′γ is regular and the image of TY ′γ → TX ′γ is a vector subbundle Z̃γ ⊆ TX ′γ
of codimension 1. We write Zγ ⊆ TX for the image of Z̃γ via the morphism fγ and D′γ for its
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projection to X. By construction, for every x ∈ D′γ , we have that Zγ,x has codimension 1 in TXx.
Write D′ for

⋂
γ∈ΓD

′
γ and Z for

⋃
γ∈Γ Zγ |D′ . We claim that RV(Z) is satisfied.

Let C ⊆ X be a smooth curve not in D and intersecting D′ in a point x and such that TCx is not
in Zx. By construction, for every γ ∈ Γ, the induced morphism C ×X Ȳ ′γ → C ×X Xγ is ramified at
the points over x. Therefore, if IC is the inertia subgroup of the étale fundamental group of C \D
at x, it is sent surjectively to Gγ for every γ ∈ Γ. Via a group-theoretic argument, this implies that
IC is mapped surjectively to ρ(I). This yields the desired result. �

Secondly, we need the following consequence of Theorem 4.2.12, which helps to describe the subgroup
X∗(G(M†)) ⊆ X∗(G(M)) in the docile situation.

Proposition 4.4.7. Let X be a smooth geometrically connected variety over k such that every open
U satisfies MS(U) and let (M,ΦM) be a †-extendable Fn-isocrystal. If (L,Φ∞L ) ∈ 〈M,Φ∞M〉 is a

†-extendable rank 1 F∞-isocrystal, then (L†,Φ†,∞
L ) is in 〈M†,Φ†,∞

M 〉.

Proof. By Theorem 4.1.6 we may shrink X and assume that (M,ΦM) admits the slope filtration.

Moreover, we may assume without loss of generality that (M†,Φ†
M) is semi-simple. Let us write G

for G(M†⊕L†,Φ†,∞
M ⊕Φ†,∞

L ) and G′ for G(M†,Φ†,∞
M ). The inclusion 〈M†,Φ†,∞

M 〉 ⊆ 〈M†⊕L†,Φ†,∞
M ⊕

Φ†,∞
L 〉 induces a surjective morphism f : G � G′. We want to prove that N := ker(f) = 1. Let

P ⊆ G be the subgroup associated to 〈M ⊕ L,ΦM ⊕ ΦL〉. By Proposition 4.3.2, since we are
assuming that MS(X) is true, the subgroup P is a parabolic subgroup of G. Thus it contains a
maximal torus T of G. Since 〈M,Φ∞M〉 = 〈M⊕ L,Φ∞M ⊕ Φ∞L 〉, the morphism f is an isomorphism
when restricted to P , so that N ∩ P = 1. Therefore, N is a finite group, because it is a normal
subgroup of the reductive group G which intersects trivially the maximal torus T . The morphism
π0(f) is an isomorphism by Proposition 4.3.3, because both π0(G) and π0(G′) are equal to π0(P ).
This implies that N is contained in G◦, the neutral component of G. Moreover, since N is a finite
normal subgroup, it is contained in Z(G◦) ⊆ T . This shows that N = 1, as we wanted. �

Corollary 4.4.8. If X is a variety as in Proposition 4.4.7, for every overconvergent Fn-isocrystal
(M,ΦM) over X the morphism G(M,Φ∞M, η)cst → G(M†,Φ†,∞

M , η)cst is an isomorphism. Equiva-
lently, the left square of the diagram in Proposition 3.2.8 is cartesian.

We suppose now that X admits a smooth compactification X ⊆ Y ⊆ Pdk and Y \X is a simple normal
divisor of D. Write X∗(G(M, VM))ur for the group of characters of G(M, VM) corresponding to
unramified rank 1 isocrystals with Qur

p -structure.

Corollary 4.4.9. If X is a variety as in Proposition 4.4.7 and (M†,Φ†
M) is an overconvergent

Fn-isocrystal over X docile along D, we have that X∗(G(M†, V †
M)) = X∗(G(M, VM))ur, where V †

M
and VM are the induced Dieudonné–Manin Qur

p -structures.

Proof. To prove that X∗(G(M†, V †
M)) ⊆ X∗(G(M, VM))ur we combine two facts. First, the prop-

erty of being docile is preserved under the operations of taking direct sum, tensor product, dual,
and subquotients in Isoc†(X) by [Ked07, Prop. 3.2.20]. Secondly, rank 1 docile overconvergent

isocrystals have 0 residues, thus they are unramified. This shows that rank 1 objects in 〈M†, V †
M〉

are unramified.
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For the other containment, by Proposition 3.2.4 and Proposition 3.2.5 every rank 1 isocrystal with
Qur
p -structure in 〈M, VM〉 comes from some F∞-isocrystal in 〈M,Φ∞M〉. The same result remains

true for overconvergent isocrystals. Thanks to Proposition 4.4.7, if (L,Φ∞L ) is an unramified (hence

†-extendable) rank 1 F∞-isocrystal, then (L†,Φ†,∞
L ) ∈ 〈M†,Φ†,∞

M 〉. This concludes the proof. �

Finally, for Theorem 4.4.3, we need a Bertini’s theorem, in the following form.

Theorem 4.4.10 (Bertini’s theorem). Let Y ⊆ Pd
kalg

be a smooth connected projective variety over

kalg, D a divisor of Y , D′ an open subscheme of D, Z a conic closed subset of TY ×Y D′ which has

codimension 1 at each fibre, U ⊆ Y a dense open and Ũ → U a connected finite étale cover. There
exists a curve C ⊆ Y over kalg satisfying the following conditions.

(1) C is a smooth scheme theoretic complete intersection of hyperplanes intersecting D transver-
sally.

(2) C ×U Ũ is connected and non-empty.
(3) C intersects each irreducible component D′i of D′ and the image of TC ×Y D′i → TY ×Y D′i

is not entirely contained in Z ×D′ D′i.

Proof. By Bertini’s theorem, in the form proven in [Jou83, Thm. 6.3], the three conditions cor-
respond to dense opens of the dual of Pd

kalg
. The result then follows from an induction on the

dimension of Y . �

4.4.11. Proof of Theorem 4.4.3. During the proof we will impose three conditions on C ⊆ Y . These
conditions will ensure that if C := C \D, the restriction functor 〈M†〉 → 〈M†|C〉 is an equivalence.
We first assume that C ⊆ Y is a smooth complete intersection of hyperplanes intersecting D
transversally (Condition (1)). By Theorem 4.4.2, the restriction functor

Isoc†(X)doc → Isoc†(C)doc

is fully faithful.

Let U ⊆ X be a dense open where M acquires the slope filtration and such that DS := Y \ U is
a divisor (containing D). Write CU for C ∩ U and N for GrS•(M|U ). Choose a geometric point
η of CU and write V for the Dieudonné–Manin Qur

p -structure of (N ,ΦN ) at η. Let V be the lisse
Qur
p -sheaf associated to (N , V ) provided by Proposition 3.3.4 (which does not depend on η). By

Lemma 4.4.5, there exists a connected finite étale cover Ũ → U , with the property that if Ũ ×U CU
is connected and non-empty, then the functor 〈N , V 〉 → 〈N |CU , V 〉 is an equivalence of categories.
Let us assume that CU satisfies this condition (Condition (2)).

Since 〈N , V 〉 → 〈N |CU , V 〉 is an equivalence, it follows that X∗(G(M|U , V )) = X∗(G(M|CU , V )).
By Lemma 4.4.6, there exists a dense open D′S ⊆ DS and a conic closed subscheme Z ⊆ TX×XD′S
of codimension at least 1 at every fibre which satisfies the property RV(Z). Suppose that C satisfies
the assumptions in RV(Z) (Condition (3)), then X∗(G(M|U , V ))ur = X∗(G(M|CU , V ))ur.

We know that MS(X) is true for smooth curves thanks to Theorem 4.2.12. Thus, by Theorem 4.1.6
and Corollary 4.4.9,

X∗(G(M†|C , V )) = X∗(G(M†|CU , V )) = X∗(G(M|CU , V ))ur.
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We showed that every rank 1 overconvergent isocrystal with Qur
p -structure in 〈M†|C , V 〉 is the

restriction of a rank 1 overconvergent isocrystal with Qur
p -structure over Y . This implies that the

functor 〈M†, V 〉 → 〈M†|C , V 〉 is observable. By Proposition 3.3.2, we deduce that the restriction
functor 〈M†〉 → 〈M†|C〉 is an equivalence. It remains to show that a curve C with these three
conditions exists, which is guaranteed by Theorem 4.4.10. �

4.4.12. Proof of Theorem 4.1.3. By Theorem 4.2.12, when X is a smooth curve, MS(X) is true. To
prove it in higher dimension, arguing as in Lemma 4.1.8, we may assume k = kalg. In addition,
combining the reductions provided by Lemma 4.1.7 and Lemma 4.1.8 and Kedlaya’s semi-stable
reduction theorem [Ked11, Thm. 2.4.4], we may assume that X admits a compactification as in

Theorem 4.4.3 and (M†,Φ†
M) is an overconvergent F -isocrystal which is docile along D. Applying

Theorem 4.4.3, there exists a curve C in X such that the †-extendable subobjects of (M,ΦM)
are the same as the ones of (M|C ,ΦM|C). Since we know that MS(M|C) is true, we deduce that
MS(M) is true as well. This ends the proof. �

As a consequence of Theorem 4.1.3 we prove the parabolicity conjecture.

Theorem 4.4.13. Let X be a smooth geometrically connected variety over a perfect field k endowed
with the choice of a perfect point η. For every overconvergent Fn-isocrystal over X with constant
slopes, the subgroup G(M, η) ⊆ G(M†, η) is the subgroup of G(M†, η) stabilising the slope filtration
of Mη. Moreover, if M† is semi-simple, G(M, η) is a parabolic subgroup of G(M†, η).

Proof. By [Cre92a, (2.1.10)], we may assume k = kalg and that η is a geometric point. By Theorem

4.1.3 and Proposition 4.3.2, we deduce that G(M,Φ∞M, η) ⊆ G(M†,Φ†,∞
M , η) is the stabiliser of

the slope filtration of Mη. In addition, combining Proposition 3.2.8 and Corollary 4.4.8, we have
that G(M, η) = G(M†, η) ∩ G(M,Φ∞M, η). This proves the first part of the statement. If M†

is semi-simple, up to replacing (M†,Φ†
M) with its semi-simplification with respect to a Jordan–

Hölder filtration, we may assume that (M†,Φ†
M) is semi-simple. By Proposition 4.3.2, the subgroup

G(M,Φ∞M, η) ⊆ G(M†,Φ†,∞
M , η) is then parabolic. Since G(M, η) ⊆ G(M†, η) is a normal subgroup,

this implies that G(M, η) = G(M†, η) ∩G(M,Φ∞M, η) is a parabolic subgroup of G(M†, η). �

5. Applications

5.1. Monodromy over finite fields. LetX be a smooth connected variety over Fpn with a rational
point x. In this case, the fibre functor ωx : Isoc(X) → VecQpn induces a Qpn-linear fibre functor
for the Qpn-linear Tannakian category ωx : Fn-Isoc(X)→ VecQpn .

Definition 5.1.1. For (M,ΦM) ∈ Fn-Isoc(X) (resp. (M†,Φ†
M) ∈ Fn-Isoc(X)), we write

G(M,ΦM, x) (resp. G(M†,Φ†
M, x)) for the algebraic group of automorphisms of the restriction

of ωx to 〈M,ΦM〉 (resp. 〈M†,Φ†
M〉). The group G(M†,Φ†

M, x) coincides with the arithmetic

monodromy group of (M†,Φ†
M) defined in [D’Ad20, Def. 3.2.4].
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By [AD18, Prop. 2.2.4], for every overconvergent Fn-isocrystal (M†,Φ†
M) over X, we have, as in

Proposition 3.2.8, the following commutative diagram of Qpn-linear algebraic groups

(5.1.1)

1 G(M, x) G(M,ΦM, x) G(M,ΦM, x)cst 1

1 G(M†, x) G(M†,Φ†
M, x) G(M†,Φ†

M, x)cst 1

where the rows are exact. The groups on the right are the Tannaka groups of the category of constant
objects in 〈M,ΦM〉 and 〈M†,Φ†

M〉. We write G for G(M†,Φ†
M, x) and H for G(M,ΦM, x). As in

Definition 4.3.1, the slope filtration of Mx defines a quasi-cocharacter λ : G1/∞
m → G(M†,Φ†

M, x).
Write PG(λ) ⊆ G for the stabiliser of the slope filtration.

Theorem 5.1.2. If (M,ΦM) has constant slopes, H = PG(λ). Moreover, if (M†,Φ†
M) is semi-

simple, H is a parabolic subgroup of G.

Proof. This follows from Theorem 4.1.3 by arguing as in Proposition 4.3.2. �

Proposition 5.1.3. For an overconvergent Fn-isocrystal (M†,Φ†
M) (possibly with non-constant

slopes) π0(H) = π0(G). In addition, the morphism G(M,ΦM, x)cst → G(M†,Φ†
M, x)cst is an

isomorphism.

Proof. This follows from Theorem 5.1.2 by arguing as in Proposition 4.3.3 and Proposition 4.4.7. �

Suppose that (M,ΦM) has constant slopes. If we write (N ,ΦN ) for GrS•(M,ΦM), there is a
functor 〈M,ΦM〉 → 〈N ,ΦN 〉 sending (M′,ΦM′) to GrS•(M′,ΦM′). This induces the following
commutative diagram with exact rows

(5.1.2)

1 G(N , x) G(N ,ΦN , x) G(N ,ΦN , x)cst 1

1 G(M, x) G(M,ΦM, x) G(M,ΦM, x)cst 1.

=

Even in this case, the natural morphism G(N ,ΦM, x)cst → G(M,ΦM, x)cst is an isomorphism,
since the inclusion 〈N ,ΦN 〉 ↪→ 〈M,ΦM〉 provides an inverse map.

Proposition 5.1.4. The subgroup G(N ,ΦN , x) ⊆ PG(λ) is equal to ZG(λ), the centraliser of the
image of λ.

Proof. The proof is similar to Proposition 4.3.2. By construction, the subgroup G(N ,ΦN , x) is
in ZG(λ). On the other hand, by Chevalley’s theorem, there exists an Fn-isocrystal (M′,ΦM′) ∈
〈M,ΦM〉 and a subobject (L,ΦL) ⊆ GrS•(M′,ΦM′) of rank 1 such thatG(N ,ΦN , x) is the stabiliser
of L := ωx(L) ⊆ ωx(M′) =: V . Since (L,ΦL) has rank 1, it is contained as Fn-isocrystal in the

image of the quotient π : Si(M′) → Si(M′)/Si−1(M′) for some i. Write (L̃,ΦL̃) ⊆ (M′,ΦM′) for

π−1(L,ΦL) and L̃ ⊆ V for its fibre at x. If s is the slope of (L,ΦL) and V s ⊆ V is the subspace of

slope s, then L = L̃ ∩ V s. We deduce that ZG(λ) stabilises L, which gives the desired result. �

Corollary 5.1.5. The algebraic group G(N ,ΦN , x)◦ contains a Cartan subgroup of G(M†,Φ†
M, x)◦.
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Proof. If T is a maximal torus of G(M†,Φ†
M, x)◦ containing the image of λ, the centraliser of T in

G(M†,Φ†
M, x) is contained in ZG(λ) = G(N ,ΦN , x). This yields the desired result. �

Theorem 5.1.6. Let X be a smooth variety over a finite field Fpn and f : A→ X an abelian scheme
with constant slopes. If (M,ΦM) is the F -isocrystal R1fcrys∗OA,crys, the induced F -isocrystal
(N ,ΦN ) := GrS•(M,ΦM) is semi-simple. In particular, R1fét∗Qp is a semi-simple lisse Qp-sheaf

over X.

Proof. By étale descent we may assume that X is connected and admits a rational point x. We may
also replace ΦM with its n-th power. By [Ete02, Thm. 7], the Fn-isocrystal (M,ΦM) is †-exten-
dable and, by [D’Ad20, Cor. 3.5.2.(ii)], the monodromy group G(M†, x) is a reductive group (note

that (M†,Φ†
M) is pure by the Riemann Hypothesis for abelian varieties). On the other hand, since

the action of the pn-th power Frobenius on the crystalline cohomology groups of Ax is semi-simple
(this Frobenius is in the centre of End(Ax)), we get that G(M†,Φ†

M, x)cst is a reductive group. We

deduce by (5.1.1) that G(M†,Φ†
M, x) is reductive (see also [Pál15, Thm. 1.2] for a different proof

over curves). By Proposition 5.1.4, the group G(N ,ΦN , x) is the centraliser of λ in G(M,ΦM, x),
thus by [Bor91, Cor. 11.12] it is reductive. This shows that (N ,ΦN ) is semi-simple. To prove that
R1fét∗Qp is semi-simple it is enough to observe that the unit-root F -isocrystal associated to this

lisse sheaf corresponds, thanks to [BBM82, Thm. 2.5.6.(ii)], to the first step of the slope filtration
of (M,ΦM). This concludes the proof. �

5.2. Separable points of abelian varieties. Let E/Fp be a finitely generated field extension and
let A be an abelian variety over E. We use next consequence of Theorem 4.1.3 to prove a result on
torsion Esep-points of A.

Corollary 5.2.1. If (M,ΦM) is a †-extendable Fn-isocrystal over a smooth variety X over k,
every isoclinic subobject of maximal slope is †-extendable.

Proof. After shrinking X we may assume that the slopes of (M,ΦM) are constant. By Theorem
4.1.3, a subobject (N ,ΦN ) ⊆ (M,ΦM) of maximal slope is equal to its †-hull. This yields the
desired result. �

Theorem 5.2.2. Let A be an abelian variety over E. The group A(Esep)[p∞] is finite in the
following two cases.

(i) If End(A)⊗Z Qp is a division algebra.
(ii) If End(A)⊗Z Q has no factor of Albert-type IV.

Proof. Suppose that the group A(Esep)[p∞] is infinite, then the Barsotti–Tate group AEsep [p∞]/Esep

admits Qp/Zp as a subgroup. Let H̃ be the maximal constant Barsotti–Tate subgroup of AEsep [p∞].

By Galois descent, H̃ descends to some étale Barsotti–Tate group H/E. Let X be a smooth
connected variety over Fp with function field E. After shrinking X, we may assume that A/E
admits a smooth model A → X with constant Newton polygon. Let (M,ΦM) be the crystalline
Dieudonné module of A[p∞] and (N ,ΦN ) the crystalline Dieudonné module of the model of H
in A[p∞]. The F -isocrystal (N ,ΦN ) is a quotient of (M,ΦM). As H is étale, the F -isocrystal
(N ,ΦN ) is unit-root. Since (M,ΦM) is †-extendable, by Corollary 5.2.1 the isocrystal (N ,ΦN ) is
†-extendable as well.
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Let us first prove that End(A) ⊗Z Qp contains a non-trivial idempotent. Thanks to the theory of
weights for overconvergent F -isocrystals, the F -isocrystal (M,ΦM) is semi-simple in the category
of overconvergent F -isocrystal (see the proof of Theorem 5.1.6). Thus (N ,ΦN ) is actually a proper
direct summand of (M,ΦM). This implies that End(M,ΦM) contains some non-trivial idempotent.
Thanks to [deJ98, Thm. 2.6], we deduce that the same is true for End(A)⊗Z Qp.

We prove now that if we further assume A geometrically simple, then the centre of the neutral
component G(M†,Φ†

M)◦ is of dimension at least 2. This shows that End(A)⊗Z Q is of Albert-type
IV thanks to [CT20, Lem. 10.5]. By [D’Ad20, Prop. 3.3.4], up to replacing E with a finite field

extension (and X with some finite étale cover) we may assume that G(M†,Φ†
M) is connected. By

[D’Ad20, Cor. 3.4.8], the rank of the group of twist classes X(M†) ⊆ Q×p /µ∞(Qp) (cf. Def. 3.4.3

in [ibid.]) is equal to the dimension of the centre of G(M†,Φ†
M). In addition, the determinant of

(M†,Φ†
M) has twist class [pg], where g is the dimension of A. Write [a] for a twist class of (N †,Φ†

N ).

If we prove that [a] is not a Q-multiple of [pg], we deduce that G(M†,Φ†
M)◦ is of dimension at least

2, as we wanted. Suppose by contradiction that an

pmg is a root of unity for some (m,n) ∈ Z × Z>0.

Since a is a p-adic unit, we have that m = 0. This implies that a is a root of unity itself. On
the other hand, by the Riemann Hypothesis, a is a Weil number of weight 1. This leads to a
contradiction. �

Remark 5.2.3. In the proof of Theorem 5.2.2 one could deduce that the unit-root F -isocrystal
(N ,ΦN ) is †-extendable by replacing Corollary 5.2.1 with [Rös17, Thm. 1.2.(a)]. It is also worth
mentioning that Helm [Hel20] recently found an example of an ordinary abelian variety over a
certain finitely generated field E with no isotrivial factors and such that A(Esep)[p∞] is infinite.

5.3. Kedlaya’s conjecture. Thanks to Theorem 4.1.3, we are also able to prove a conjecture
proposed by Kedlaya.

Corollary 5.3.1 (Kedlaya’s conjecture). Let X be a smooth connected variety over a perfect field

k and let (M†
1,Φ

†
M1

) and (M†
2,Φ

†
M2

) be two irreducible overconvergent Fn-isocrystals over X with

constant slopes. If there exists an isomorphism ε : (S1(M1),ΦM1 |S1(M1))
∼−→ (S1(M2),ΦM2 |S1(M2)),

then (M†
1,Φ

†
M1

) ' (M†
2,Φ

†
M2

).

Proof. Write (N ,ΦN ) for (S1(M1),ΦM1 |S1(M1)) and ι : (N ,ΦN ) ↪→ (M1,ΦM1) for the tauto-
logical inclusion. If (M,ΦM) is the direct sum (M1,ΦM1) ⊕ (M2,ΦM2), we have an inclusion
(ι, ε) : (N ,ΦN ) ↪→ (M,ΦM). By Theorem 4.1.3, the isocrystal N is a proper subobject ofM since

S1(N ) = N 6= N ⊕ N = S1(M). In turn, by the assumption, this implies that (N †
,Φ†
N ) is irre-

ducible. On the other hand, by construction, (N †
,Φ†
N ) admits non-zero morphisms to (M†

1,Φ
†
M1

)

and (M†
2,Φ

†
M2

). Therefore we get

(M†
1,Φ

†
M1

) ' (N †
,Φ†
N ) ' (M†

2,Φ
†
M2

),

as we wanted. �

In addition, we can prove next related result.

Corollary 5.3.2. Let X be a smooth connected variety over a perfect field k. If (M†,Φ†
M) is an ir-

reducible overconvergent Fn-isocrystal with constant slopes, then (S1(M),ΦM|S1(M)) is irreducible.
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Proof. Let (N ,ΦN ) ⊆ (S1(M),ΦM|S1(M)) be an irreducible sub-Fn-isocrystal. Since (M†,Φ†
M)

is irreducible, the †-hull of (N ,ΦN ) is equal to (M†,Φ†
M). By Theorem 4.1.3 we deduce that

N = S1(N ) = S1(M). This yields the desired result. �

Combining Kedlaya’s conjecture and Abe’s Langlands correspondence we deduce the following p-
adic refinement of the strong multiplicity one theorem for cuspidal automorphic representations.

Theorem 5.3.3. Let X be a smooth connected curve over a finite field, let A be its adele ring and let
r be a positive integer. The isomorphism class of a Qp-linear cuspidal automorphic representation
π of GLr(A) is determined by the datum of the Hecke eigenvalues of minimal slope at all but finitely
many closed points of X.

Proof. By [Abe18], for any such π there exists an irreducible Qp-linear overconvergent F -isocrystal

(M†,Φ†
M) defined over a certain dense open of X which corresponds to π in the sense of Lang-

lands. After shrinking X we may assume that (M†,Φ†
M) has constant slopes. By Corollary 5.3.1,

the F -isocrystal (S1(M),ΦM|S1(M)) determines the isomorphism class of M. On the other hand,

by [Cre87, Thm. 2.1], the isoclinic F -isocrystal S1(M) is induced by a Qp-linear continuous rep-
resentation ρ of the Weil group of X. Moreover, by Corollary 5.3.2, ρ is irreducible. Thanks to
Chebotarev’s density theorem for the étale fundamental group of X, since ρ is semi-simple, its
isomorphism class is determined by the Frobenius eigenvalues at all but finitely many points. By
construction, these eigenvalues are the same as the Frobenius eigenvalues of (M†,Φ†

M) of minimal

slope. Since π and (M†,Φ†
M) correspond in the sense of Langlands, we obtain the desired result. �

5.4. PBS filtration and †-compactifications. In this last section we extend [Tsu19, Thm. 3.27]
to general smooth varieties and we introduce the notion of †-compactification of an Fn-isocrystals,
which is used to state Corollary 5.4.4, a stronger form of Corollary 5.3.1.

Definition 5.4.1. We say that a †-extendable Fn-isocrystal over X is pure in bounded subobjects
or simply PBS if for every connected open U ⊆ X, the isoclinic subobjects of the restriction to U
have minimal generic slope6.

Corollary 5.4.2. Let M be a †-extendable Fn-isocrystal over a smooth connected variety over a
perfect field k. There exists a unique filtration 0 = P0(M) ( P1(M) ( · · · ( Pr(M) = M of
†-extendable Fn-isocrystals such that each quotient Pi(M)/Pi−1(M) is PBS with minimal generic
slope ti ∈ Q and t1 > t2 > · · · > tr.

Proof. After shrinking the variety in order to have constant slopes, we construct Pr−1(M) as the
†-hull of the sum of all the isoclinic subobjects of M which do not have minimal generic slope. By
Theorem 4.1.3, we deduce that S1(M) ∩ Pr−1(M) = 0. Therefore, if M 6= 0 then the quotient
M/Pr−1(M) is not 0. On the other hand, M/Pr−1(M) 6= 0 is PBS by construction. The result
then follows by an induction on the rank of M. �

Definition 5.4.3. If (N ,ΦN ) is an Fn-isocrystal, we say that a †-extendable Fn-isocrystal (M,ΦM)
endowed with an inclusion ιM : (N ,ΦN ) ↪→ (M,ΦM) such that N = M is a †-compactification
of (N ,ΦN ). A morphism ψ : (M1,ΦM1) → (M2,ΦM2) of †-compactifications is a morphism of

6This is the dual of Tsuzuki’s notion of PBQ overconvergent Fn-isocrystals
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Fn-isocrystals such that ψ ◦ ιM1 = ιM2 . We say that a weakly final object of the category of
†-compactifications of N is a minimal †-compactification of N .

Corollary 5.4.4. If (N ,ΦN ) is isoclinic and it can be embedded into a †-extendable Fn-isocrystal,
then it admits a minimal †-compactification.

Proof. Since the category of Fn-isocrystals is noetherian, it is enough to prove that for every
pair (M1,ΦM1), (M2,ΦM2) of †-compactifications of (N ,ΦN ), we can find isomorphic †-com-
pactifications (M′1,ΦM′1) and (M′2,ΦM′2) with (surjective) morphisms (Mi,ΦMi) � (M′i,ΦM′i).
Write (M,ΦM) for (M1,ΦM1)⊕ (M2,ΦM2) and endow (N ,ΦN ) with the “diagonal” inclusion in
(M,ΦM) induced by ιM1 and ιM2 . Write (N ,ΦN ) for the †-hull of (N ,ΦN ) in (M,ΦM). We con-

sider the isocrystals M′i :=Mi/(Mi ∩ N ) endowed with their natural Fn-structures ΦM′i induced
by ΦMi .

We claim that the induced morphisms ιM′i : N →M′i are injective. To prove this, we may shrink X

in order to acquire the slope filtration. Since (N ,ΦN ) is isoclinic, by Theorem 4.1.3 the subobject
N ∩ ιMi(N ) ⊆ N lies in S1(N ) = N . This implies that Mi ∩ N ∩ ιMi(N ) =Mi ∩ N = 0, as we
wanted. To end the proof we notice that

M1/(M1 ∩N ) 'M/N 'M2/(M2 ∩N ),

so that (M′1,ΦM′1) and (M′2,ΦM′2), endowed with the morphisms ιM′1 and ιM′2 , satisfy the desired
properties.

�
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IRMAR, available at https://perso.univ-rennes1.fr/pierre.berthelot (1996).
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