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EXISTENCE OF A 2-CLUSTER TILTING MODULE DOES NOT IMPLY FINITE

COMPLEXITY

RENÉ MARCZINZIK AND LAERTIS VASO

Abstract. We give an example of a finite-dimensional algebra with a 2-cluster tilting module and a
simple module which has infinite complexity. This answers a question of Erdmann and Holm.

Introduction

In [Iya07a], Iyama generalised the classical correspondence between representation-finite algebras and
Auslander algebras due to Auslander [Aus71], see also [ARS95, Chapter VI.5.]. More specifically Iyama
established that finite-dimensional algebras admitting an n-cluster tilting module are in bijective corre-
spondence with higher Auslander algebras. Moreover, 2-cluster tilting modules are of special importance
as they have several applications to cluster algebras via preprojective algebras (e.g. [GLS06]) and con-
nections with Jacobian algebras of quivers with potential (e.g. [HI10]).

In general it is not easy to find n-cluster tilting modules. In [EH08] the authors show that selfinjective
algebras which admit n-cluster tilting modules are particularly rare. More specifically, they showed that
if a selfinjective algebra A admits an n-cluster tilting module, then all A-modules have complexity at most
1. It immediately follows from this that the terms in a minimal projective resolution of any A-module
have bounded dimensions. Thus the existence of an n-cluster tilting module for selfinjective algebras
gives global information on the whole module category. In [EH08, Section 5.5] the authors posed the
question whether this result holds more generally for all algebras:

Question 1. Let A be a connected finite-dimensional algebra admitting an n-cluster tilting module for
some n ≥ 2. Does every A-module have complexity at most one?

Even though it is not easy to find n-cluster tilting modules, there are many examples for certain
classes of algebras. The case of algebras with finite global dimension has attracted a lot of attention (e.g.
[HI10, IO13, Vas19, CIM19, Vas20]); however in this case all modules have trivially complexity equal to
zero. Another well studied case is that of selfinjective algebras (e.g. [EH08, DI20, CDIM20]), where the
complexity of all modules is at most one when there exists an n-cluster tilting module by the main result
of [EH08]. Thus a negative answer to Question 1 needs to involve an algebra which is not selfinjective,
has infinite global dimension and admits an n-cluster tilting module.

In this article we answer Question 1. In particular, the following is our main theorem which gives a
negative answer to the question by Erdmann and Holm.

Theorem. There exists a connected algebra A that admits a 2-cluster tilting module and a simple A-
module S which has infinite complexity.

1. An algebra with a 2-cluster tilting module and a simple module with infinite
complexity

1.1. Preliminaries. Let k be a field. In this article by algebra we mean finite-dimensional k-algebra
and by module we mean finite-dimensional right module. We also assume that all algebras are connected.
We assume that the reader is familiar with the basics of representation theory and homological alge-
bra of finite-dimensional algebras; we refer for example to the textbooks [ARS95, ASS06, SY11] for an
introduction.
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All subcategories considered are closed under isomorphisms and N0 denotes the natural numbers
including zero.

Let A be an algebra. We denote by mod−A the category of finite-dimensional A-modules and by
D = HomK(−,K) the natural duality on the module category mod−A. We denote by τ and τ− the
Auslander–Reiten translations. For an A-module M we denote by add(M) the additive closure of M , that
is the full subcategory of mod−A consisting of direct summands of Mn for some n ≥ 1. An A-module
M is called an n-cluster tilting module if

add(M) = {X ∈ mod−A | ExtiA(M,X) = 0 for 1 ≤ i ≤ n− 1}

= {X ∈ mod−A | ExtiA(X,M) = 0 for 1 ≤ i ≤ n− 1}

Notice that in some references (e.g. [Iya07b, EH08]) n-cluster tilting module are also called maximal
(n− 1)-orthogonal modules for n ≥ 2.

Let

0→ A→ I0 → I1 → · · ·
be a minimal injective coresolution of the regular module A. The dominant dimension domdimA is
defined as the smallest n ≥ 0 such that In is not projective. The global dimension gldimA is defined as
the supremum of the projective dimensions of all A-modules. The algebra A is called a higher Auslander
algebra if gldimA = domdimA and gldimA ≥ 2.

The following theorem due to Iyama (see for example [Iya11, Theorem 2.6] for a quick proof) gives a
fundamental connection between n-cluster tilting module and higher Auslander algebras.

Theorem 1.1. Let A be a finite-dimensional algebra. Then M ∈ mod−A is an n-cluster tilting module
if and only if the algebra EndA(M) is a higher Auslander algebra of global dimension n+ 1.

Recall that the complexity cx(M) of a module M with minimal projective resolution

· · · → Pn → Pn−1 → · · · → P1 → P0 →M → 0

is defined as

cx(M) = inf{b ∈ N0 | ∃ c > 0 : dimPn ≤ cnb−1 for all n}.
Thus the complexity of a module M is at most one if and only if the terms Pn of a projective resolution
of M have bounded vector space dimensions. When no b ∈ N0 exists with dimPn ≤ cnb−1 for all n for
some c > 0 then the complexity of a module M is infinite.

1.2. Main result. For the rest of this section, let Q be the quiver

1 2 3,

and let A = kQ/J2 where J is the ideal of kQ generated by the arrows. We denote by Si the simple
A-module corresponding to the vertex i ∈ Q0.

Lemma 1.2. The module M := A⊕D(A) is a 2-cluster tilting module.

Proof. We need to show that

add(M) = {X ∈ mod−A | Ext1
A(M,X) = 0}

= {X ∈ mod−A | Ext1
A(X,M) = 0}

It is enough to show the first equality; the second follows dually by the symmetry of Q.
The Auslander–Reiten quiver Γ(A) of A is

2

1
2

3
2
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2

3

1

2
1 3

2
1

2
3

2,

where modules are denoted using their composition series. Notice in particular that an indecomposable
module is either simple or a direct summand of M .
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In the rest of this proof we denote by Pi the projective cover of Si and by Ii the injective envelope of
Si.

To show that add(M) ⊆ {X ∈ mod−A | Ext1
A(M,X) = 0} it is enough to show that Ext1

A(M,M) = 0.
Since M = A⊕D(A), it is enough to show that Ext1

A(D(A), A) = 0. Using the Auslander–Reiten formula
[ASS06, Chapter IV, Theorem 2.13], we have

Ext1
A(D(A), A) = DHomA(τ−(A), D(A)) = DHomA(S1 ⊕ S2 ⊕ S3, D(A)) = 0,

where the last equality comes from the fact that

HomA(S1, P2) � HomA(S1, I1), HomA(S1, I2) = 0, HomA(S1, I3) = 0,

HomA(S2, I1) = 0, HomA(S2, P1) � HomA(S2, I2), HomA(S2, I3) = 0,

HomA(S3, I1) = 0, HomA(S3, I2) = 0, HomA(S3, P2) � HomA(S3, I3),

which can be immediately verified by looking at Γ(A).
It remains to show the inclusion {X ∈ mod−A | Ext1

A(M,X) = 0} ⊆ add(M). Let X ∈ mod−A be
such that Ext1

A(M,X) = 0. By additivity of Ext1
A(M,−), we may assume that X is indecomposable.

Since τ(I1) = S3, τ(I2) = S2 and τ(I3) = S1, it follows that Ext1
A(M,Si) 6= 0 for i ∈ {1, 2, 3}. Hence X

is not simple and so X is a direct summand of M , which completes the proof. �

Alternatively we can also calculate quiver and relations of the algebra B = EndA(M) to see that B is
a higher Auslander algebra of global dimension 3 and thus M is a 2-cluster tilting module by Theorem
1.1. This can be verified by a direct computation or by using for example the GAP-package [QPA16].
For convenience of the reader, we give a presentation of B by a quiver with relations. If QB is the quiver

5 3

1 6,

2 4

α8 α9

α4

α5

α2

α1

α10

α3

α6

α7

and JB is the ideal of kQB given by

JB = 〈α8α1 − α9α6, α8α2 − α9α7, α6α3 − α7α10, α1α3 − α2α10,

α5α8α1, α5α8α2, α1α3α5, α6α3α5, α3α4, α4α8, α10α5, α5α9〉,

then B ∼= kQB/JB .

Lemma 1.3. The simple A-module S2 has infinite complexity.

Proof. A direct computation shows that

Ω(S2) = S1 ⊕ S3, Ω2(S2) = S2 ⊕ S2.

A straightforward induction on n ≥ 0 then shows that

(1.1) Ωn(S2) =

S⊕2
n−1
2

1 ⊕ S⊕2
n−1
2

3 , if n is odd,

S⊕2
n
2

2 , if n is even.

Let

· · · → Pn → Pn−1 → · · · → P1 → P0 → S2 → 0

be a minimal projective resolution of S2. Since Ωn(S2) is semisimple for any n ≥ 0, it follows that the
number of direct summands of Pn is at least equal to the number of direct summands of Ωn(S2). By
(1.1) we have that Ωn(S2) has at least 2

n
2 direct summands and so dim(Pn) ≥ 2

n
2 .

Now assume towards a contradiction that there exists a b ∈ N0 such that there exists a c > 0 with
dimPn ≤ cnb−1 for all n ≥ 0. Then

2
n
2 ≤ dimPn ≤ cnb−1, for all n ≥ 0



4 RENÉ MARCZINZIK AND LAERTIS VASO

implies that

2
n
2

nb−1
≤ c, for all n ≥ 1,

which is a contradiction, since lim
n→∞

2
n
2

nb−1 = ∞. Hence no such b exists and cx(S2) = ∞ which finishes

the proof. �

With this we are ready to give our main result.

Theorem 1.4. The algebra A has a 2-cluster tilting module and there exists a simple A-module with
infinite complexity.

Proof. Follows immediately by Lemma 1.2 and Lemma 1.3. �
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René Marczinzik is funded by the DFG with the project number 428999796. Laertis Vaso is grateful
to Max Planck Institute for Mathematics in Bonn for its hospitality and financial support. We profited
from the use of the GAP-package [QPA16].

References

[ARS95] Maurice Auslander, Idun Reiten, and Svere Olaf Smalø. Representation theory of Artin algebras, volume 36 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1995.

[ASS06] Ibrahim Assem, Daniel Simson, and Andrzej Skowroński. Elements of the Representation Theory of Associative
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[GLS06] Christof Geiß, Bernard Leclerc, and Jan Schröer. Rigid modules over preprojective algebras. Inventiones math-

ematicae, 165(3):589–632, Sep 2006.

[HI10] Martin Herschend and Osamu Iyama. Selfinjective quivers with potential and 2-representation-finite algebras.
Compos. Math. 147 (2011), no. 6, 1885–1920, July 2010, 1006.1917v2.

[IO13] Osamu Iyama and Steffen Oppermann. Stable categories of higher preprojective algebras. Advances in Mathe-

matics, 244:23–68, 2013.
[Iya07a] Osamu Iyama. Auslander correspondence. Advances in Mathematics, 210(1):51 – 82, 2007.

[Iya07b] Osamu Iyama. Higher-dimensional Auslander–Reiten theory on maximal orthogonal subcategories. Advances in

Mathematics, 210(1):22 – 50, 2007.
[Iya11] Osamu Iyama. Cluster tilting for higher Auslander algebras. Advances in Mathematics, 226(1):1–61, 2011.

[QPA16] The QPA-team. QPA - Quivers, path algebras and representations - a GAP package, Version 1.25, 2016.
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