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ABSTRACT 

We construct many variabled S-adic L-functions for weight 2 

modular forms over CM fields, S being a finite set of primes 

away from the conductor of our form. This S-adic L-function is 

given by a measure on the Galois group of the maximal unramified-

outside-S abelian extension of our CM ground field. We obtain this 

measure by playing the modular symbol game in an adelic language. 

In chapter § 0 we recall the adelic definition of a modular form 

and fix notations. In chapter § 1 we define the harmonic form 

on the symmetric space associated with our modular form. In 

chapter § 2 we study the "periods"; these are first defined via 

an adelic integral, than after Lemma 1, we transform it to an 

archimeadian integral, and finally after Lemma 2, we show it is 

given by an itegral of our harmonic form against a cycle. Besides 

giving us a geometrical intuition, we can deduce from this 

interpretation that the module generated by these periods is 

finitely generated. In chapter § 3 we prove the crucial "Birch 

Lemma", expressing the critical value of the associated L-function 

as a linear combination of the above periods. In chapter § 4, / 

we construct for each ideal r a distribution ~(r) on ~SO*plo* 
k 

with values in a certain module- the module of universal modular 

symbols that are Hecke eigen-symbols. In chapter § 5 we specialize 

this universal distribution with our modular form, and avaraging 

over all ideal classes, we use class field theory to get our 

distribution on the Galois group. We prove that the S-adic L-func-

tion interpolates the critical values of tho classical zeta 
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function of the twists of our modular form by finite characters 

of conductor supported at S, and that it satisfies a similar 

functional equation 

We would like to thank Barry Mazur for many exciting conversa

tions, and the Max-Planck-Institut fUr Mathematik for its hospi

tality. 
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§ O. Notations (mainly those of [W]). 

k denotes a eM field, i.e. a totally imaginary qudratic extension 

of a totally real number field. We denote by ~1 ••• oon the non-con

jugate embeddings of k into ~, [k:mJ = 2n. We denote by piS 

the primes of k, and we denote by ViS the places of k whether 

finite or not. 

0k= integers of k. 

kv = completion of k at v 

Op = integers of kp 

k fin == k 8 lim 7J.,/NrJ. = finite adeles 
7J., <-

kOD 

kA 

N 
n 

= k 8lR = n k ooj = infinite adeles 

= 

4) j=l 

k f · x kco = the adeles l.n 

* = real and positive elements of k ooj 

n 
n 

j=l 

* ksqn = elements of absolute value 1 in k . coj 00) 

n 
== n k

sgn 
j=l ODj 

so that * kOD = 
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Le~ ~ denote a grossencharacter of k, i.e. a continuous 

* * * * homomorphism w: kA ~ C of the idele group kA into C, 

* which is trivial on k. Let F denote its conductor. 

We denote by w the associated mUltiplicative function on 

ideals defined by ~(P) = 0 if Plf, ~(P) = oo(u p) if Pff 

where wp is a uniformizer of . k p . We let Wv 

denote t~le restriction of w to k* c k* v - v . 

Let IxlA = nix! be the normalized absolute value 
v v 

* 100 (x) I x E kA, we can write 

We fix a character !lJ: kA + 

for definiteness let us take 

~ () -2wi(x+~) ." . x == e CO) 

tr • «> 
p 

and with 

= 

C 

Ixl~ with a = 
* of the adeles 

• = n",v with 
v 

a(oo) 

kAr 

'P given by k: 

We let a denote an idele representing the absolute 

different f) of k, i.e. the associated ideal (in 

of 

E :R. 

trivial 

is f) 

and for vff), including .!.V 1. So that -1 v = GO. , = !.p Op ) 

is the orthogonal complement of Op ~lith 

respect to the pairing x,y ... 'p(xy). Similarly we let L 
denote an idele representing F, the conductor of 00; and 

we let ..!. denote an idele representing a., the conductor of 

our modular form· F. 

on k 
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We let G denote the algebraic group GL (2) Ik. 

We denote by the 

points of G with values in k~ kv' k fin , k~, kA respectively. 

Gfin and G~ are viewed as subgroups of GA = Gfin x G~ 

and for g E GA we write gfin' g~ for its Gfin and G~ 

components. Z 7 Z Z I denote the centers of the k' -v' fin' m' A 

above groups. We let 
def x y 

S - {(x,y) = (0 1) E G} ; ~m ~~a 

and Sk' Bv ' Bfin , Bm' BA its rational points, thus e.g. 

... * SA - kA ~ kA is the "adelic half plane". As a general rule, 

whenever we are given an element g - {gv1 defined for some 

set of v's of some group, we add units for all the missing v's~ 

We define our level groups by: 

~-l * _

0 p y), E 0 d tEO } w x,y,z,w p' e = xw-~Pyz P 

n 
= n Kpl Km = n Km)·; 

P j-l 

We define a C-vector space V, the value space of our forms, 

by: 

Vp • f!·Vp one dimensional, 

V - C ~ e £ 0 • C·V-~ ooj • ooj VOOj mJ three dimensional, 

V •• Vv 
V 

3n-dimensional. 
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Thus V has the basis 

W. define a right action M of 'AlA on V a. follows: 

for (-s ~) e K. j , lal
2 

+ Ibl 2 
- 1, we let M.j(_S ~) act 

on V. j via the symmetric square representation: 

for 
n 

M(k) - • M.j(k. j ); we extend 
j-l 

this action to all of KA ZA by setting M( kz) ,. M( fl.) , 

k e KA , z e ZA. 

* We define a function W: k. + V as follows: 

W(x) a 

W~j(X) I: IxI2.KO(4wIXI) 

+1 
W.j (x) - ~. It.sgnex) ]+1. !xI 2

.K+t 4Wl x l). 

Here sgn(x) .. x 
TXT is the projection of * k . .) 

KO' KI are Hankel's functions [Fl. 
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Let F denote our modular form, P is a continous function 

from GA • BAZAKA 

P(gkz) • P(g)M(k) 

into V, such that 

for k E KA , . Z e Z ~' and 

-1 
-~ )fi,J • £F·P(g) , EF= :!: 1. 

Assume '; that F is an eigenform of all the Heeke operators 

'l'p. Por pta. we have 'l'pF - ~p. P, and the Heeke operator 

is defined by 'l'pF(g). J F(gk)dk, where ~p is 
1Cp('A'p,O)lC p 

a uniformizer of k p , dk ia the Haar measure normalized 

such that J dk - 1. Since Kp('A'p,O)Kp· 
le p 

Wp(W;l,O)Kp u ~ (Wp,U!;l)K p we get: 
u mod P 

Assume further that F is cuspidal at infinity, 

I P(x,y)dy. 0 
kAIk 

for all so that F has a Fourier 

expansion at infinity of the form: F(x,y) - I C«tx»W(txm)·~(ty). 
Cek* 

(this restriction can be dropped, but it will simplify things 

considerably). Let us write Lp(CIJ) - I C(b)"CIJ(b) for the 
b -

associated L-function, here the sum is extended over all ideal b , 

but C (b) = 0 if b is not integral, and ~(b) = 0 if b is 

not prime to F. Note that C(P) = ~plJP-1. Since F is a Heeke 

elgenform, LF(CIJ) has an Euler product, LF (CIJ) 

with lp ('1') - 1 - lp'1' + ~P'r2 • (1-1 p'1') (l-/p'1'), 

• n 1p CNP-1CIJ (P) )-1 
P -

for Pta. 
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Note that as in [W], everything is normalized so that the 

functional equation for finite w 'has the form 
n 2 -1 

Lp(~) • (-1) ·£p·t(~) • Lp(w ), (1.e. the critical value 

is at ·S. 0·); here the Gaussain sums t(w) are defined 

as follows: t (w) -T!tp(w), for Pi- F tp(~) =wp (!)' and for plF: 

Tp(~) • Ifll1'/2 I ~-l(xa-1'lf-l1')'1'(xa-plf-1'l) 
- xe(Oplf1'Op) * - - - -

1 

• (1 _:N1'-1) 1!1' I-I~p (!!) J w,1 (x)'p (X!,1!,1) d*x, 0, 
(the multiplicative Saar measure d*x being normalized by 

J d*x· 11 
0* P 
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11. Associated hannonic form (cf. [J(] and (W)) 

Let r i , i - l, ••• ,h, denote a set of finite ideles 
. 

representing the class group Cik of k. 

* * * det: X-++ kA/k .~ Op·k .. - S&ke Decomposing X into 

the fibers of this map we get: 

-= Q ~ri) 
i=l 

~~ ~~ ~~ -1 
X. • r G .. /~ .. Z., r • Gk n «ri,O)"f' (r, ,O).G ) 1.n 1. .. • 

with 

We shall next associate with F a harmonic form OF on x. 
Let H - G .. /Z K • .... We use the projection' 

+ B .. - {(x,y) e B .. with x e k!}-!-H, as identification, 

and thus we have a group structure on H • k+ ~ k , and 
CD GIl 

we have coordinates (x,y) on H. We have a Riemannian 

structure on H .. j given by ds2 - ~(dX2 + dy dy) and 
x 

G i Z acts on H as a group of isome'tr ies; 
CD .. 

we denote this action by y. h, y e G ., h e H •• .. ) CD) 

Por y - C: :) e G .. j , h - (x,y) e HGllj , we define: 

J(y,h) • (S9D 
cx 

(y)·(cy+d) -sgn ey)· CX) e 
(cy+d) K.. ZGII 

where sgn (y) • sgn (det y)e ksgn .. . 
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An easy calculation gives the automorphy relation: 

J(YIY2,h) - J(y
1

, y
2

oh)J(y2 ,h). 

On H we define an n-form with values in v* - vector space 

dual to V, by: 

8· r n e
j A 8. j ·v , where 

j-l e 1• •• e n 
{v } 

el···en 
is the dual 

e 1 • • .en 
l.::ej!-l 

e 1 ••• e 
basis of {V n}, and 

e j 
dyoo. 

8. = - -..-..l 
xoo 

J j 
if e j = 1 , 

e j dxeDj 
80C) = XeD. j J 

if e j = 0, 

aGO = 
dYaoj 

Xaoj 
if e j = -1 • 

8 is defined in this manner to ensure that SlyCh) - S(h) ·~CJ(y,h» 

for y e G., h e H. 

* Fix r e kfo a finite idele. With our modular form F 
l.n 

we associate an n-form on H given by O~(h) = FCh(~ ~)fin) ·aCh) 

Let rCt')= Gk n «r,O) KfinCr-l,o)G.) it's a congruence subgroup 

of Gk which we view as a discrete subgroup of G •• An easy 

calculation gives F(y.h(r,O» _p(h(r,O»M(J(y,h»-l y e rtd, .. no 

hence ~J is rtr' invariant, and can be viewed as a 

form on it' = ~ H. 
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(Hote that ~ ia not a manifold because the elliptic 

elementa in rCt" give whole qeodes1cs that are singular. 

But we can always find a normal subgroup of finite index 

~ =. tcr' that has no torsion, Then ~) - r'ri' H is a manifold and 

,/d is the quotient of ~ by the finite group Jb:' = rtr'lr~. 
We can now view n~ as a form on rrg invariant under ?o). 
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Moreover, the properties of Hankel's functions, 

Xl = -KO imply that ~ 
an element of Hn(xCd,C) 

We finally define OF on 

is harmonic, hence can be viewed as 

(i.e. as an element of un(~,C)~). 
X by 0FI rr1- O~), i :.0 1 ••• h 

We let 11 = H u pI (k) • 

For h - (x,y) we set: 
n -1 f Ihl ao - n xao " the "distance" 0 

j=l J 
n 

h from 110. Ihl = n , 
n j=l 

x-~(ln-yI2. + X~J')' the "distance" 
GIl) 110) -

of h from n e k. The topology on H is 

defined by taking for neighborhoods of n Epl(k) the sets 

{n}u {h E HI Ihln < r}, for all r > O. It is easy to 

see that this topology is separated and that the action 

of Gk on iT is continuous. We let x<t"1 = rl~ il .. 

Remark: 

Because of the estimates of Hankel's functions we have: 

IF(h(r,O)) 1- O(lhlo) . n for all aElR if and only if 

F(h(r,O» is cuspidal at n. By using the fact that ,- is 

cuspidal at .." one gets that for (f) = F prime to tL 

* * .. 
(=conductor of F), a e Of II\: n Op, r e k fin prime to 

Pff 

IF(rl!x, -a) I = O(lxlo) as Ixl + 0 or 110, for all a E JR. 

f~ 
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§ 2. 'l'he periods L(r,n) (cf. [J(] ) 

We fix Haar measure d*x liZ 8 d*x on k* normalized 
v v A 

by: 
b* 

dxp III 1 and d*x 0 • 
Id6 A dri where x 0 = reie 

atJ r atJ p 

in polar-coordinates. We let FO: G
A 

.... (; denote the 
n 

0 Vo ••• 0. 8 Vatj-component of F: G
A 

.... v. For r e k~, n e kf 0 , j-l l.n 

we define (if convergent, e.g. by the remark at the end of § 1): 

L(r,n) III ; I FO(r3x,-n)d*x 
(0 :E) k • n 

CD p 
* -Op/E 

where E is any subgroup of totally positive units, of 

finite index in 0*, satisfyJ.ng the congruence conditions: 

(l-£)n E r f o n 01' l.n p 

Lemma 1: 

for all £ E E. 

(i) L{r,n) depends only on the ideal (r). 

(ii) L(r,n) depends only on the image 

(iii) L(r,n} = L(rt,nt) for t e k*. 

Pf. (i) follows since .F(rox,-n) = F«(r3x,-n) (u,O» = 

F(r.!UX,-ll) 

F(r!ux,-ll) 

for 

for 

U E ~ O~, and 

u E ksgn • at 
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(iii) follows since F(r3x,-n) = F( (t,O) (r3x,-n» == - -

Thus if 1'1 e k, which by (ii) we may assume without loss 

of generality, we have 

= 1 { ) * Fo(rlx,n~ d*x 
(0 :f) k + If 

~ 

an archimedian integral. 

We shall next describe some relative cycles in ~!) aqainst 

which inteqrating ~R) we shall obtain L (r, 1'1), thus 

justifying the name Aperiods" for L(r,n)" Let 

T= { (to' t l , •• • tn-I' I 0 ~ to ~ ~, 0 < tl···tn_l < l} -
1 = { (to' t1 • • • t n- l ) E flo < to < co} 

1 lII: {(O,tl"··tn_l ) E D, lCD == {(~,tl·· .tn - l ) E 7} 
0 

so that 'f == 10 U I U lCD" Fix a basis E 1 •• ·£n-1 for E, 

and define 1 ... k+ by x(t) . == to 
n-1 (CDj) tk 

so x: CD CD) IT (£k ) , 
k=l 

that k+ - U £ox(1) • For " e k we define an n-simplex 
~ £Ef 
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c(E,n)a 1+ -H by 

-{ n t E 10 

c(c,n) [t) (x(t) ,n) t E I 

- t E 700 

It is easily seen that ceE,n) is continuous on I, and 

smooth on 1. We have (1, (£k-l)Tl) oc(E ,Tl) [{t E fltk = oj] = 

c(E,n) [{t e lltk = l}]. Thus if 

cCr3>(E,n): Tc{E'Tl)~iT proj. r<r 3,1T =y;!), than Jr,a)(f,n) is 

a cycle in ~!) relative to the boundary a~~) = ~a\~(k)i 

~1)(E, Tl) e Hn (-:ff~, ·i~:!):Z). Moreover, ctr1)(n) d:f 

i cJra)(E , n) . e H (-#3>, 3~!J; en is independent of E. 
(0 :E) n 

Lemma 2: L(r,n) 

Pf. We have: 

:: .1 f 
(0 :f) c(f ,n) 

= f rzC:.~. 
JrIDcn) F 

. .. xra 
1ntegrat10n 1n -

integration in " 

:: * 1 f F ( ( x (t) , Tl) _ (r.!, 0) ) ·(c ( f , Tl) * 8) (t) 
(0 : E) 1 

integration in 1 

Note that all the "y - components" are constapt, Y _j = TlCDj' thus 

- L(r,n)· 
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Corollary: Th •• -module generated by all L(r,n)'s is 

finitely generated. 

!!. Bn(X,~X;Z) is finitely generated and the denominators 

1 are bounded. * (0 : E) 
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§ 3 Twists and Mellin transforms ([M]'s and [K]'s generalization 

of the basic idea of [B], which really goes back as far as 

Dirichlet ••• ). 

Let w be a finite character, so that w. is trivial. 

Let F be its conductor. Write wS(x) - w(x)·lxl~, so that 

on ideals Define the twist 

pW (x)· I c «tx) )1Q.«tx» ·W(tx.). Fix finite ideles 
tek* 

rl ••• r h representing ~k such that ri is prime to F. 

Lemma Let D
2

(ws ,=(2n)-2 r(s+ 1»2n. For Re 5 large we have: 

Pf. An easy calculation giv~s 

Th 1 th VO ••• o us on y e ~component gives a contribution and we get: 

= 

n = (211') • 
h -8 1 r :NCr) ---

i-1 i CO*:E) 

1+ ~o(r.x )·Ix ISd*x 
k;,/E 1.. "" • 
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Here E is any subgroup of totally real units of finite 

index in 0*, but we shall consider 

the congruence conditions 

* Lemma Let r e k f . be l.n 

all PI F .. 

For * x e keD we have: 
1 

of §'l in 

prime to 

only E satisfying 

all that follows. 

f, i.e. rp == 1 for 

T(W)EF-2 J. w(ara-lf-1)F(rX,-Ofa-lf-l). 
aE(Of/ t )* -. - - -

cal F (rx) -

Pf. An application of Fourier 

1 
w«t» :: T(w):NF-2' r 
- aE(Of/t )* 

And so we get: 

inversion gives for (e k*: 

w 
F (rx) = r C«(r)\~((r»S!.((1;»W((x)" 

(Ek* 

!!. Combining the last two lemmas we get for Re s large: 
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1 

T (cd r 1. r2 ( 4 .. j"2nr 2 (CAt s ) • LF (CAl) s • 

by the remark at the end of § 1 the right hand side converges for 

all s, at s = 0 we get: 

1 

T (CAl) -~f2 (4 11') -2n. LF (w) = 

J -1 -1 
+ FO(r.x .-aFa f )d*x 

(O*:E) k IE 1 mJ - - w 
00 

1 

let t e k* be such that 

by 0* tF~f e F we continue the equality 

multiply the argument of FO by .«(-1,0) and use left Gk-invo..riance, 

-1 then put ( x £or x. 

substitute -1 
r i C(.!) F .!tfin for r i we finally get 
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§ 4 Universal modular symbol and associated distribution 

([M]'s adelization of [M,S-D]). 

Let S denote a finite set of primes. Let L(S) denote 
-1 by the a[pp ;PEsl-module generated by the symbols L(r,n), rE kfin , 

nETT kp , subjected to the following relations: 
PES 

Rel(i) L(r,n) depends only on the ideal (r). 

Rel(ii) : L(r,n) depends only on the image of n in TT kp/rpop. 
PES I~ 

Rel(1ii): L(r,n) = L(rt,rt) for t E k*. 

For pES define the operator Rp-1 acting on L (S) by 
-1 Rp-1L(r,n) = ~(rP ,n). For r prime to S, define the operator 

Up by UpL(r,n) = L L(rp,n+u), and extend this operator 
u mod 1. 

to all of L(S) vial Rel(iii) (here and in the following, u mod 

means that we sum over u E Op running through a complete set of 

representatives for the residue field k(P». It is easy to see 

that these operators are well defined. We let L*(S) = 
L(S)/(Ap - Rp- 1 - Up)L(S). For the formal convinience we also 

define RpL(r,n) = L(rp,n) whenever np E kp/rpop was given 

by the context as np E kP/Prpo"and similarly we let 

tu L(r,n) = L(r,n+u) for UEkp; these are not operators because 

we can possibly have e.g. L(r,n) = 0, ~L(r,n)~O , so whenever 

we have an expression involving Rp's,tu's, and L(r,n) 's we 

first apply the R 's P and the tu's and only then look at the 

image of the resulting expression in L*(S). Thus by abuse of 

language we have the following Hecke relations: 
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= l P = Rp 1 + Rp I 
u mod P 

I lu 
u mod P 

t u 

when applied to L(r,n) with r prime to P ; (*) is just the 

relation Ap == Rp-l + UP' and (**) follows from Rel (ii) , 

L(r".,u) = L(r,n+u') for any u,u'E Op 

Fixing r E k fin prime to S we shall define an L * (S) -valued 

distribution lA(r) on O*:rTf 0*, by giving its value on "ele
sPES P 

e 
mentary sets·. We write S = So U Sl' F = IT 

PESl 

p 
P I e p > 0, and 

* * let Tl E OF = n Op extended to n E Os by decreeing that 
PES1 *def 

np = 0 for P € S01 we let n + (F) = 

n 0* IT e p * 
p x (Tl + POI C ° PES PESl P - S Every open set in is a 

finite union of such elementary open sets n + (F)·'s. 

Definition 

* This depends only on the image of " in 0F/(l+(F» by Rel (ii). 

Theorem lA(r) is indeed a distribution: 

N N 

lA (r) (U uJ = 
i-1 

E lA (r)(Ui ) for disjoint open sets 
i=l 
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Pf. It's enough to check that 

(I) I JOCnl+(FP» == )JtrJCn+(F» 
11' mod F'P 

111 =11 mod F 

for 'P e S, F * divisible by all P e 5, n e 0Si and to check 

that 

(II) I )Jtd(n + 
uimod Pi 

u. ~ 0 
~ 

e 
I 

i=1 
u. + (F 
~ 

where * So = {Pl,···,Pe }, n E OF' with the above convention 

np == o. 
i 

We begin with (I), so that So == p. Let (_1)d denote 

the Mabius function: (_1)d = 0 if p21d some P, and 

Extend Rp and .pp 
ordp d 

ld = n .p'p 
'Pld 

if d is square free. 

by multiplicativity 

Then )JlrJ(n+ (F» = 

Choose t E k* such that (t) = 
S 

F, where we write 

(E;) = (E;)s(E;)S with (E;) 5 prime to s. Write 

(n') = n + E;u with u E Op running through a complete 

set of representatives for the residue field k(P). We 

have: 
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t' (r) t' -1 I d -1 
nl m;a FP lJ (n'+(FP» - u ~ piFP dTfP<-l).fd R

fPd
- 1 L(r,n+uE;) = 

n'=n mod F 

writing ~ 
dlJ!p 

as r + r and substituting dP for d 
dTF dl ~p 
pfd Pld 

in the second sum 

-IF .. (-1) fd L {pp L(rFPd ,n+uf;.)-.Pf'L(rFd ,n+uf;.)} = -1 f d -1 t' -1 -1 -2-1 
Q f u mod P 

ptd 

by Rel(!!!} we can divide ( and get 

- IFl I (-l)df~l I ~;lL(rPd-1(f;.-1)S,nf;.-1+U)-
dIF u mod P 

Ptd - J'P2L (rd-1 «(-1)S ,nt-1+u)} 

using Heeke relations (*) and (**) for the first and second 

terms in { } respectively 

canceling terms inside { }, and using Rel (iii) , 

to multiply by f;., we get 

-1;1 I (-1) <j ~1{L(rFd-1, n):p p··L(rFd-lp-l, n)} = 
dTF 

Pfd 

- [/F1 I (-l)dl~lR _l)L(r,n) = lJCr1(n+(F» • 
aTf fd 
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As to' (II) we have with So - {Pi'S}: 

trJ e e r ~ Cn+ I Ui+CF n Pi» -
ui mod Pi i-I i=1 

ui ~ 0 

R IT I 
II"i l' u mod 

l' ES \ J i i 
i 0 U

i 
:; 0 

-[IF~P. · ITCl-'p;lR -1) ·Rf IT{ (Rp _j;l) I p. !"i) l(r.nl -
'i l' I F l' Pi i i U i mod 1. J 

u i J4 0 

using the Hecke relations (*) and (**) we get 

- Jr'(n+(') *). g.e.d. 
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we have for E E 0* 
I 

Note that by Re1(!) and Re1(!i) 
-1 

L(r,£~) • L(t r,~) - L(r,n)· Hence J~(tn+(F)*) = J~(n+(F)*), 

t E 0*, and we can view Jr) as a 6istr1but1on on TT OPJ'~ 
PES 

where ~ denote the closure of 0* in 0s*. 
k k 
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§ 5 Measure associated to a modular form 

Let F denote a modular form and let L(r,n) 's denote its 

periods. Fix a finite set of finite places S away from a= 

conductors of F. By the remark at the end of § 1 the periods 

L(r,n) converge for nEOS' rEkfin ' and by Lemma 1 of § 2 

these periods satisfy Rel(i), ReI (ii) , Rel(ii!) of § 4. More-

over, since F is assumed to be a Hecke eigenform we have for 

PES, and r pr ime to P, 

= L(rp-l,n) + r ~(rP,n+u) 
u mod P 

= [R-p
l + Rp. r t.] L (r, n) • 

u mod P U 

and so L(r,n) satisfy the extra Hecke relation (*) of § 4. 

Thus we have a well define map L(r,n) 1+ L(r,n), L*(S) -+ Ls,F ' 

where Ls,F is the Z[pp' ;PE S]-module generated by the periods 

L(r,n)'s, rEkfin , nEOS . The construction of § 4 gives now for 

every r E kiin an Ls,F-valued distribution on os/Ok. 
Let k(l) denote the Hilbert class f1'eld of k d 1 t , an e 

k(S) denote the maximal abelian extension of k unramified 

outside S. By means of the Artin symbol we have isomorphisms 
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*J-r... .k .. OSlO - k*nOpk~~. n O·k~Gal(k(S)/k(l» 
, '4s· 

1 1 
*,4: /lit kA* fi 0pt! ...... Gal (k (S) /k) r ",s 1 

We use these isomorphisms as identifications, and define a 
h (ri) 

distribution on Gs = Gal(k(S)/k), by ~F = I ori*~F ' where 
i=1 

r 1 ••• r n e: kfin represents dk and are prime to S; that is for 

a locally constant function g on GS ' we have 

fG 9 d)J -
S 

The distribution ~F is determined by its values on finite 

characters w. Let Z[w) denote the ring obtained by adjoining 

to • the values of w, and let LS,F[w] = Z[w] ~ Ls,F . 

Theorem For a finite character, 

w, we have in Ls,F[w): 

w:G .. I[w], F = conductor of 
S 



Pf. Ci) dlJ l1li 

F 
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without loss of generality we may assume 

we get a Ndenominator- Fd-l and by 

L(rd'Fd-1,n) depends only on the image 

(d,F) = 1, otherwise 

Rel (ii) of § 4, 

-1 * nO E (Of/F(F,d) } 

of n, but r Ci) ( n) Ii: 0 1 _thus the above :rs equal to 
nE(OF/F)* 
n=nO(mod F(F,d)-l) 

= ifl r C_1)d C_ l )d';-1/-; I 1,.. * wCrin)Lcrid'd-1F,n):: 
d,d'inp d d i=l T)E(OF/F) 

by Birch lemma the last sum is independent of the choice 

of r.'s and we may replace r. by r.d'd- l obtaining 
~ 1 1 

-1 
l1li iF 
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by Birch Lemma. g.e.d. 

Assume that the Pp • s, P € S I can be chosen to be P-uni ts, hence 
A 

S-units. Let;. lS,F:: Os /I. l.S ,F denote the S-adic completion of 

Ls,p- By the result of § 2, LS,F is a finitely generated 
A 

Z[pp-';P € S]-module, hence by the above assumption Ls,F is a 

finitely generated Os-module'; and so if Os [g] is an Os-algebra. 

finitely generated as an OS-module, we can associate to very 

continuous function g:Gs + 0s(g1 the well defined integral of 
A A 

9 with respect to ~F' IGF 9d~p € Ls,F[g] = 0s[9]~osLs,F In 

particular, for any continuous S-adic character, w: GS + aS [U)] I 

A 
we can define the S-adic L-functions , LF,S(W) = IGswdJ.1F E Ls,Flw]. 

Remark: If the Pp's were not S-adic units the lJ defined above 
F 

would still be a distribution but would not be bounded. 

Nevertheless, it would have"moderate growtb"and hence any analytic 

function'(e_g. an S-adic character) could be integrated against it. 

But continuous functions could not be integrated and our 

S-adic L-function would have infinitely many zeros, cf. (v]. 

Theorem: We have the functional equation 

Pf. One way of proving this is by using the functional 

equation for Lp(W). For finite characters ~ we have 
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by the previous theorem 

where (inv.) denotes a term invariant under w .... CIJ -1. 

Using now the functional equation for LF (w), W 

finite and t{w).t(w-')= 1J we obtain the functional 

equation for LF,S(W) for finite w·s. Since the 

measure p is determined by its values on finite w's 

we obtain the functional equation for all WiS. 

A more direct proof is as follows. By using the functional 

equation. 

0 
F .(g ( a a 

one obtains for 

prime to f, and 

-1 
-a ) ) 
o fin 

f such 

n E 0* f 

= E:F·F(g) 

that ( f) = f 

O th VO .•. O 
n e - component this reads: 

is prime to 

o 
-1 

o 

Integrating this over k!.~O;~ -with respect to 

a, r E k* fin 

d*x 
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we get 

n -1-1 L(rF,n) - (-1) .£,.L(Ar F,-n ). 

Bence we obtain a functional equation for our measures 

from which the functional equation for ~,s(w) follows 

iDaediataly. q.e.d. 
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