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Abstract
Consider the filiform Lie algebra mg with nonzero Lie brackets
le1,e;] = €41 for 1 < i < p, where the characteristic of the field

F is p > 0. We show that there is a family mj(p) of restricted Lie
algebra structures parameterized by elements A\ € FP. We explicitly
describe both the ordinary and restricted 1—cohomology spaces and
show that for p > 3 these spaces are equal. We also describe the
ordinary and restricted 2—cohomology spaces and interpret our results
in the context of one-dimensional central extensions.

*The final version of the paper was written during the stay of the second author at the Max-Planck
Institute for Mathematics Bonn, Germany.



1 Introduction

In the past years a lot of attention has been paid to nilpotent N-graded Lie
algebras of maximal class. By N-graded we mean that the Lie algebra is the
direct sum of subspaces g;, ¢ € N such that [g;, g;] C gi+;. A Lie algebra of
mazimal class is a graded Lie algebra

g= @?ilgi

over a field F, where dim(g;) = dim(gs) = 1, dim(g;) < 1 for ¢« > 3 and
[gi,91] = gis1 for i@ > 1. Algebras of maximal class are either finite di-
mensional, or all their proper factors are finite dimensional. These infinite
dimensional algebras can be viewed as (projective) limits of nilpotent Lie
algebras of maximal class. They are also called narrow, thin, or coclass 1 Lie
algebras.

If the number of generators of such Lie algebra is the minimal 2, then
all such Lie algebras are classified in characteristic 0. In fact, all N-graded
infinite dimensional Lie algebras with two generators e; and e; have been
classified in [6], and exactly 3 of those are of filiform type. An n-dimensional
nilpotent Lie algebra is filiform, if dimg? = n — 2, ..., dimg* = n — &, ...,
dimg" = 0 where g* = [g,g"7!], 2 < k < n. We also call their projective
limit filiform type. We list them with the nontrivial bracket structures:

my: [er, €] = e, i>2, 1€N
mo [61,61'] = €i4+1, 7 2 2, [62,€j] = €j+27 j Z 3, Z,j € N

B e, e5l = —i)eiry, i,j 2 L.

In the finite-dimensional case in characteristic zero, the classification of
finite-dimensional N-graded filiform Lie algebras is also done in [12]. They
include the natural “truncations” of the above three algebras mg(n), mg(n)
and U (n), which are obtained by taking the quotient by the ideal generated
by en11, but there are other families as well.

The picture is more complicated in positive characteristic, see [1, 2, 11],
but my, my and their truncations always show up.

The cohomology of N-graded Lie algebras of maximal class has been stud-
ied extensively over a field of characteristic zero ([6, 7, 15]), but for positive
characteristic, much less is known. Recently it was shown that over a field of



characteristic two, the algebras mg(n) and my(n) have the same Betti num-
bers [14], and the cohomology spaces with trivial coefficients are obtained in
this case. In fact, these cohomology spaces are isomorphic [13]. For the trun-
cated finite dimensional analogues, the first 3 cohomology spaces are known
over Zs.

In this paper we show if the field F has characteristic p > 0, the Lie
algebra my(p) admits the structure of a restricted Lie algebra. In fact, we
show that there is a family mj(p) of such restricted Lie algebra structures
parameterized by elements A € FP. Using the ordinary Chevalley-Eilenberg
complex and the partial restricted complex in [5], we calculate the dimensions
of both the ordinary cohomology H?(mj(p)) and the restricted cohomology
Hi(m}(p)) for ¢ = 1,2, and we explicitly describe bases for these spaces.

The organization of the paper is as follows. Section 2 contains the con-
structions of the Lie algebras and restricted Lie algebras under consideration
including explicit descriptions of the Lie brackets, [p|-operators and both
ordinary and restricted cochain spaces and differentials. Section 3 contains
the computation of both the ordinary cohomology H*(mg(p)) and restricted
cohomology H!(m}(p)), and in particular it is shown that these spaces are
equal for primes p > 3. Section 4 contains the computations of H?(m}(p))
and H2(m)(p)). In Section 5, we interpret our results in the context of one-
dimensional (both ordinary and restricted) central extensions.

Acknowledgements. The authors are grateful for helpful conversations
with Dmitry B. Fuchs, and for useful suggestions from the referee.

2 Preliminaries

2.1 The Lie Algebra my(p) over F

Let p > 0 be a prime, and let F be a field of characteristic p. Define the
[F-vector space

mo(p) = SpanF({eb s vep})a
and define a bracket on my(p) by

le1, ] = €1, 1<i<p,

with all other brackets [e;, e;] = 0. Note that mg(p) is a graded Lie algebra
with kth graded component (mgy(p))r = Fe for 1 <k < p. If oy, 5; € F and
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g= Zle a;e;, h = Zf:l Biei, then

p

[9:h] = > (@11 — a1 Bi)e;. (1)

=3

2.2 The Restricted Lie Algebras m)(p)
For any j > 2 and g1,...,9; € mg(p), we write the j-fold bracket

(91,92, 93, -, 93] = [[- - - [[91, g2} 93], - - ] gs]-

Equation (1) implies that the center of the algebra is Z(mg(p)) = Fe,, and
that any p-fold bracket [g1, ¢2,05,...,9,] = 0. In particular, equation (1)
implies (adg)? = 0 for all g € my(p). Therefore (adey)” = 0 is an inner
derivation for all k£ so that mg(p) admits the structure of a restricted Lie
algebra (see [10]). To define a [p]-operator on my(p), we choose for each

1 <k <p, an element e,[f} such that

ad e,[f] = (ad eg)? = 0.

That is, we must choose e,[f] in the center Fe, of the algebra my(p). If we let

A= (A1, ..., Ap) € FP then setting eg’] = e, for each k defines a restricted
Lie algebra that we denote by m)(p). Because p-fold brackets are zero, if
[p] is any restricted Lie algebra operator on my(p), then for all g, h € my(p),
a€el,

(g + h)[p} = glPl 4 plPl and (&g)[P] = aPql,

It follows that if A € F?, then for all g = > agep € m)(p),

gl = (Z ozi)\k> ep- (2)

Everywhere below, we write my(p) to denote both the Lie algebra mg(p) and
the restricted Lie algebra m)(p) for a given \ € FP.
A natural question arises: For which A, \" € F? are the graded restricted

Lie algebras m)(p) and m) (p) isomorphic?



Proposition 2.1. If \,\' € F? | the graded restricted Lie algebras my(p)
and m()\/(p) are isomorphic if and only if Ay = A} and Ay = s\, where
W1, o € F are independent parameters, and

—1 k—3)+2

fork €3, .. p.

Proof. Assume that there exists a graded restricted Lie algebra isomorphism
p:m(p) = m) (p), and let (1) = per, p(ez) = ey for some puy, g € F.
Since ¢ preserves the Lie bracket, we must have o(ey) = popt 2er, k =
3,....p. Let py = popt~2 for 3 < k < p so that ¢(e;) = upep for all k.
Moreover, ¢ preserves the restricted [p|-structure so that
o) = plen)™
for all k& (here [p) denotes the restricted [p]-structure on m} (p)). Now,
p(ef) = p(Mrep) = Autipep and () = (uer)™ = 1 Mee,
so that Mg, = ph X, and hence A, = pipu ' Xy But piy, = papt 2, so that
k-2) 1 o- ~1 p(k—
e = st g N = TN

It remains to show that the above condition on the \; gives rise to a graded
restricted Lie algebra isomorphism between m)(p) and ma\/ (p). If, for py, ps €
F, we define o(e1) = pier, p(ez) = paea and p(ex) = popy 2ex (3 < k < p),
it is easy to check the argument above is reversible, and we obtain a graded
isomorphism between the restricted Lie algebras.

O

2.3 Cochain Complexes with Trivial Coefficients
2.3.1 Ordinary Cochain Complex

For ordinary Lie algebra cohomology with trivial coefficients, the relevant
cochain spaces (with bases) are:

C*(m)(p)) = F, {1}
CH(m)(p)) = m)(p)", {e 1<k <p};
C*(m)(p)) = (Nm) ()", {69 [ 1<i<j<p
Cm)p) = (Nm)(p))', (e [1<s<t<u<p),



and the differentials are defined by:
d’: C(m(p)) — C'(my(p))  d° = 0;

d': C(my(p)) = C*(my(p))  d'(¥)(g, h) = ([g, h));

d*: C*(mg(p)) — C*(my(p)) & (¢)(9.h, f) = ((g, B A f) = ¢(lg. FI A R) + @[, f] A g).-

The cochain spaces C™(m(p)) are graded:

Cr(my(p)) = span({e*}), 1<k<p;
Ci(mg(p)) = span({e™'}), 1<i<j<pi+j=k3<k<2-1
C¥my(p)) = span({e*}), 1<s<t<u<ps+t+tu=4k6<k<3p—3,

and the differentials are graded maps. For 1 < k < p, if we write

Z Ak z]

1<i<j<p
then for 1 < ¢ < r < p, we have
0 k=12
A’;T:dl(ek)(em«):ek[eq,er]: 1 ¢g=1,r=k—1,k>3

0 otherwise.
Therefore d*(e') = d'(e*) = 0 and for 3 < k < p,
dl(eF) = etF L. (3)
For 1 <i < j <p, if we write
d*(e™) = Z AGef
1<s<t<u<p

Then for 1 <1 <m < n < p, we have

AZJnn = d2( ZJ)(elmn)

4
= e"([er, em] A en) — € ([er, en] A em) + €7 ([em, en] A €). @

Therefore (4) shows d?(e'7) =0 for 2 < j < p, and for i > 2,
d2(6i,j) _ 61,@'—1,3’ + el,i,j—i‘ (5)

6



2.3.2 Restricted Cochain Complex

For convenience, we include a brief description of the (partial) restricted
cochain complex employed below to compute the restricted Lie algebra coho-
mology with trivial coefficients. We refer the reader to [5] or [4] for a detailed
description of this (partial) complex. The first two restricted cochain spaces
coincide with the ordinary cochain spaces:

Cl(mj(p)) = C*(my(p)) =F
C(mj(p)) = C(my(p)) = my(p)".

Using the same notation as in [16], we let Hompg (V, W) denote the set of
Frobenius homomorphisms from the F-vector space V to the F-vector space
W. That is

Homp, (V,W) = {f : V = W | f(azx + By) = o’ f(x) + B f(y)}

forall a,f € F and z,y € V.
If p € C*(m)(p)) and w € Homp (m)(p),F), then we say w has the x-
property with respect to ¢ if for all g, h € m)(p) we have

1
w(g+h) = w(g) +w(h) + gi:;r ) %@([917927 gl Agp) (6)
91=9,92=h

Here #(g) is the number of factors g; equal to g. We remark that w has
the *-property with respect to ¢ = 0 precisely when w € Hompg, (m}(p), F).
Moreover, given , we can assign the values of w arbitrarily on a basis for
my(p) and use (6) to define w € Homp(my(p),F) that has the x-property
with respect to . We then define the space of restricted 2-cochains as

CXmy(p) = {(p,w) | v € C*(mj(p)),w € Homp, (mg)(p), F)
has the s-property with respect to ¢}.

If a € C3*(m)(p)) and B € m)(p)* ® Homp, (m)(p), F), we say that 8 has the
x*-property with respect to a, if for all g, hy, ho € m}(p)

B(g, h1 + he) = B(g, h) + B(g, ha)—
> m@(g/\ hays o sl A B). (T)

l1,...,lp=1or2
11=1,l2=2



Again we remark that § has the xx-property with respect to a = 0 precisely
when 3 € m)(p)* ® Homg,(my(p),F). Given a, we can define the values of
3 arbitrarily on a basis and use (7) to define 8 € m}(p)* ® Homp, (m)(p), F)
that has the sx-property with respect to a. We then define the space of
restricted 3-cochains by

C2mg(p)) = {(a, B) | @ € C*(mg(p)), B € my(p)* © Homp (mg)(p), F)
has the sx-property w.r.t. a}.

We will use the following bases for the restricted cochains:

CY(mj(p)) {1};
C(mg(p)) {e" | 1<k <p}
CZ(my(p)) {(e",87) |1 <i<j<ptu{(0,&)|1<k<ph

where €" : m)(p) — F is defined by

P
e E e | =af,
i=1

and €7 is the map ¢/ : m}(p) — F that vanishes on the basis and has the
x-property with respect to e%/. More generally, given ¢ € C?(m}(p)), we let
@ : my(p) — F be the map that vanishes on the basis for m)(p) and has the
x-property with respect to . The restricted differentials are defined by

d; : C(mg(p)) — Ci(my(p)) d) =0
d, : Cp(mg(p)) = CX(my(p)) di(v) = (d'(¥),ind" (v))
d; - CY(mg(p) = CI(my(p))  di(p,w) = (d*(¢), ind*(¢,w))
where ind'()(g) := ¥ (g and ind*(p,w)(g, h) := @(g A hP)).
If v € Clm)(p)) and (p,w) € CZ(m)(p)), then ind'(y)) has the x*-

property with respect to d'(v) and ind*(p,w) has the sx-property with re-

SpeCt to d2((70) [5] If g = Zaieh h = Zﬂieiv @ZJ = Zﬂ’lel and @ = Zaijei’j,
then

m 610) = (31, ©
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and
ind*(p,w)(g, h) = <Z ﬁf)\Z) <Z ajajp> : (9)

Remark. For a given ¢ € C*(my(p)), if (p,w), (p,w') € C2(my(p)), then
d(p,w) = d?(p,w'). In particular, with trivial coefficients, ind*(p,w) de-
pends only on .

3 The Cohomology H'(m}(p)) and Hl(mj(p))
Theorem 3.1. If p > 3 and )\ € F?, then

H'(mj(p)) = H. (mg(p))
and the classes of {e',e?} form a basis.

Proof. Tt follows easily from (3) that dim(kerd') = 2 and {e!, e?} is a basis
for this kernel. Moreover d° = 0, so that

H'(m)(p)) = kerd' = Fe! @ Fe?.

Now, H!(mj(p)) consists of those ordinary cohomology classes [¢)] €
H'(m)(p)) for which ind'(¢)) = 0 [5]. If ¥ = SP_ uxe* is any ordinary
cocycle, then p, = 0 (p > 3) so that for any g € m}(p), we have

ind' (¢)(g) = ¥(g") = 1 <Z a,’ZAk> =0

and hence H!(m)(p)) = H*(mg(p)). O

Remark. For p > 3, formula (3) shows that for 3 < k < p, d*(e;) = ebF1,
so the set {e™? ... e'"P71} is a basis for the image d*(C'(my(p)).

The above calculation of the ordinary cohomology H'(mj(p)) is valid also
in the case p = 2, but the restricted cohomology depends on A in this case.
In particular, if p = 2, and A\ = (0,0), then ind'(¥))(g) = 0 for all g € my
and hence H!(m)(2)) = H'(m)(2)). If X # (0,0), then ind'(x)(g) = 0 for
all g € myg if and only if iy = 0 so that kerd’ = {e'} and H!(my(2)) is one
dimensional.



4 The Cohomology H?(m}(p)) and H%(m)(p))

4.1 Ordinary Cohomology

Theorem 4.1. If p = 2, H*(my(2)) & C*(my(2)) = span({e'?}) is I-
dimensional.
If p > 3, then

dim(H*(m(p))) = ——

and the cohomology classes of the cocycles {e“P, s, 7, 09,.. ., pra} form a
basis, where

o = e2F2 B8 g (C)lalelalhoLa),

Proof. If p = 2, the algebra m}(2) is abelian so that d* = d? = 0.

If p > 3, the proof of Theorem 3.1 and the remark following the proof
show that we have dim(imd') = p — 2 and {e'?,...,e'?"!} is a basis for
this image. If p = 3, d? = 0 so that the ordinary cohomology H?(m}(3)) is

2-dimensional and has a basis consisting of the classes of the cocyles '3 and

@5 = 3.

If p > 3, a basis for ker d? is
B(ZQ) = {61’2, e, ... e" s o, ... , Opiat

where @ = e2h2 — 343 ... 4 (—1)lalelak-15] To see this, note that
in order to have d*> = 0, by using formula (5), it is clear that any cocycle
element has to include either the basis element e*, and in this case this is
a cocycle element, or it has to have one and only one element of type e?* in
the combination, and all those are listed above. The linear independence of
the listed cocycle elements are clear. O]

Example. If p =7, then a basis for ker d? is
B(Z?) = {62,613 el o135 016 LT 23 (25 _ (34 (2T _ (36 | 45}
The cohomology H?(mj(7)) has a basis consisting of the classes of

{61,77 €23 25 _ g3 2T 036 64,5}'
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4.2 Restricted Cohomology with A =0

If A\ = 0, then (9) shows that ind® = 0 so that every ordinary 2-cocycle o €
C?*(mf(p)) gives rise to a restricted 2-cocycle (¢, p) € C?(mJ(p)). Therefore
we can construct a basis for H2(mJ(p)) from a basis for H?(mJ(p)) and the
restricted 2-cocycles (0,€;), 1 < i < p. We summarize this in the following
theorem. As before, the case p = 2 is treated separately.

Theorem 4.2. Let A\=0. If p =2, then
HZ(mg(2)) = CZ(mg(2)) = span({(0,2"), (0,8%), ("%, e"%)})
18 3-dimensional. If p > 3, then

_3p+1

dim(H2(ml(p))) = 2

and the cohomology classes of

{(Ovél)’ ) (O’Ep)’ (61’1?7 élp)? (9057 ‘155)7 (9077 ‘:57)7 SR (90;0-&-27 95;0-1-2)}
form a basis.

Proof. If p = 2, the algebra mJ(2) is abelian, and ind' = ind®> = 0 so that
dl =d? =0.
If p > 3, the proof of Theorem 4.1 shows that

{e? ... e"P 05,07, Ppra}
is a basis for the kernel of d?. Since A = 0, (9) implies ind® = 0 so that

{(61’2, 61’2), ey (el’p, él’p)> (9057 955)7 (@7) 957)7 ceey (9029+27 ¢p+2>}

is a linearly independent subset of ker d2. Moreover, for 1 < k < p, the maps
(0,e%) are also in the kernel of d? and the set

B(Zf) = {(Oaél)v R (07€p>7 (61727 é172)7 ceey (61’p7 élm)? (@57 @5)7 R (@p—‘r?v ¢p+2)}

is a basis B(Z2) for kerd?. We can redefine é"#~! = ind'(e*) for 3 < k < p
without affecting the coboundary (see the remark at the end of Section 3) so
that dl(e¥) = (eb*~1 V%= 1), and the set

{di(c") | 3<k <p}C B(Z)

11



forms a basis for the image d1(C*(m$(p))). It follows that

3(p—1 op —3
dim(ker d?) = p + (p2 ): p2 :

and dim(im d!) = p — 2 which completes the proof. O

Remark. Another approach for determining the dimensions in Theorem 4.2
for p > 2 uses the siz-term exact sequence in [9)]:

0—— Hi(gaM> - Hl(gaM) - HOmF‘r(gaMg) -

(10)
HZ(g, M) — H*(g, M) — Homg (g, H' (g, M))

If g = my(p) and M =T, the map A : H*(g, M) — Homg, (g, H(g, M)) in
(10) is given by

Ay(g) - h = o(g, W) = ind*(p,w)(g, h)

where p € C%*(g) and g,h € g (see [16]). If p > 3, the map H}(m)(p)) —

HY(m)(p)) is an isomorphism so that the sequence (10) decouples and the
sequence

A
0 Homp, (m),F) — HZ2(m)) — H?(my)) — Homp, (md, H*(m})) (11)

is exact. If A =0, A =0 so that the sequence (11) reduces to the short exact
sequence

0

Homp, (m), F) — HZ(my) — H*(m)) 0. (12)

4.3 Restricted Cohomology with A # 0
If =5 o€ and (p,w) € C%(my), then (9) shows that
indQ(QOa w)(ejv 61‘) = )‘io-jp‘

Therefore, if A\ # 0, then d?(p,w) = (d?p,ind*(p,w)) = (0,0) if and only if
d*>p = 0 and O1p = O9p = -+ = 0p_1p = 0. This observation, together with
the calculation of the basis B(Z2) of d? in the proof of Theorem 4.2, proves
the following

12



Lemma 4.3. Let X\ # 0. If p = 2, then kerd? = span({(0,¢'), (0,€?)}). If
p > 3 and then a basis for the ker d? is

B(Zf> - {(614)7 él’p)7 (QOP-FZ’ ¢p+2)}'

As above, we treat the case p = 2 separately. It is interesting to note
that when X\ # 0, the basis for the cohomology HZ(m{(2)) depends on which
coordinate of X\ is non-zero, whereas this is not the case for p > 3.
Theorem 4.4. If p=2 and A\ = (A1, \2) # 0, then dim(H2(m}(2))) = 1.

If Ny # 0, then the cohomology class of the cocycle (0,€') is a basis for
HZ (mg(2)).

If \o = 0, then the cohomology class of the cocycle (0,€%) is a basis for
HZ(mg(2)).

Proof. If p = 2, then the ordinary differentials d' = d* = 0, and (8) shows
that ind'(e!) = 0 and ind'(e?) = A" 4+ \ye?. It follows that
{(0,ME" + ME%)}
is a basis for the image d!(m}(2)). Moreover, (¢,w) € kerd? if and only if
ind*(p,w) = 0 if and only if (¢, w) € span({(0,2), (0,22} by (9). If Ay # 0,
then
ker(dy) = span({(0,€"), (0,€%)}) = span({(0,2"), (0, \ie" + As€*)})

so that the cohomology class of (0,€') is a basis for HZ(m}(2)). If Ay = 0,
then the image

d,(m(2)) = span({(0, \ie")}) = span({(0,e")})
so that that the cohomology class of (0,€?) is a basis for H2(m}(2)). O
Theorem 4.5. If p > 3 and A # 0, then
3p—3

dim(H2(m (1)) =

and the cohomology classes of

{(0761)7 R (07510)’ ((1057 955)7 ((1077 957> ) ((ppv @P)}

form a basis. In particular, the cohomology H2(m}(3)) has a basis consisting
of the cohomology classes of the cocycles

{(0,8),(0,%), (0,8%)}.

Proof. This follows immediately from Lemma 4.3. ]
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5 One-dimensional Central Extensions

It is well known that one-dimensional central extensions of an ordinary Lie
algebra g are parameterized by the cohomology group H?(g) [8]. Likewise,
restricted one-dimensional central extensions of an ordinary Lie algebra g are
parameterized by the restricted cohomology group H2(g) [5]. In the case that
g is a restricted simple Lie algebra, the authors in [3] use the exact sequence
(10) to show that H?(g) = H*(g) ® Homp (g, F) and the cohomology classes
of the cocyles (0,e%), 1 < k < dimg span a (dim g)-dimensional subspace
of H*(g). Moreover, if Ej denotes the one-dimensional restricted central
extension of g determined by the cohomology class of the cocycle (0,e"),
then Ej; = g @ Fc as a F-vector space. For all 1 <14,5 < dimg,

(i, 5] = [, 2]y
[x;,¢] = 0; (13

where [+, -], and -[Pls denote the Lie bracket and [p]-operation in g respectively,
and 0 denotes the Kronecker delta-function.

If A = 0, the restricted Lie algebra g = mJ(p) is not simple, but the the
exact sequence (12) shows that Theorem 3.1 and and Corollary 3.2 in [3] also
hold for the algebra mJ(p), and we have

Theorem 5.1. Ifp > 2, then
HZ(m(p)) = H*(m{)(p)) & Hompg (mg(p), F),

and there is a p-dimensional subspace of H2(mJ(p)) spanned by the cohomol-
ogy classes of the cocycles (0,e%) such that if Ey denotes the corresponding
one-dimensional restricted central extension, then Ej, = mi(p) ® Fc and the
bracket and [p]-operator are given by (13).

If A # 0, then an ordinary cocycle ¢ € C?(mj(p)) need not give rise to a
restricted cocycle (p,w) € C2(m)(p)). For example, if p = 7, then p = 7
is an ordinary cocycle but (9) shows that

ind2(el’7, 51’7)(61, ej) =\

so that ind® # 0 if \; # 0.

14



In any case, the sequence (12) shows that HZ(m}(p)) always has a p-
dimensional subspace spanned by the cohomology classes of the cocyles (0, "),
1 <k < p. Each of the corresponding restricted one-dimensional central ex-
tensions Ej of m)(p) are trivial when considered as ordinary one-dimensional
central extensions.
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