ON AUTOMORPHIC ZETA FUNCTIONS OF
ORTHOGONAL AND SYMPLECTIC GROUPS

ANATOLI ANDRIANOV

Automorphic zeta functions of orthogonal groups (resp., symplectic groups) are de-
fined by Euler products associated to eigenfunctions of corresponding Hecke—Shimura
rings operating on spaces of polynomial harmonic vectors (resp., spaces of Siegel mod-
ular forms). Although these groups and rings are quite different, it was found that
sometimes the corresponding zeta functions are close related. For example, the zeta
function of orthogonal group of every integral positive definite quadratic form in 4
variables corresponding to an harmonic eigenvectors of genus 2 are equal up to a
translation of argument to the (spinor) zeta function of the theta-series of genus 2 of
the quadratic form twisted with this harmonic vector. A similar result is also proved
for quadratic forms in 2 variables. Proofs of the relations between zeta functions of
the orthogonal and symplectic groups are based on author’s formulas expressing im-
ages of harmonic theta-series under the action of symplectic Hecke operators through
the action of orthogonal Hecke—Shimura rings on their harmonic coefficients.
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§1. INTRODUCTION ON ORTHOGONAL ZETA FUNCTIONS

The principal objects and tools of the arithmetic representation theory of Lie
groups, the zeta functions of discrete subgroups, naturally arise from consideration
of representations of corresponding Hecke—Shimura rings on suitable spaces of au-
tomorphic forms (automorphic representations). In the most popular case of zeta
functions of modular forms one considers representations of Hecke—Shimura rings
of subgroups of the integral symplectic groups Sp,(Z) on spaces of holomorphic
modular forms given by Hecke operators.
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2 ANATOLI ANDRIANOV

In this work we are continuing the study of zeta functions of orthogonal groups
of integral positive definite quadratic forms started in [10] for the case of single-
class forms. In the situation of orthogonal groups Hecke—Shimura rings appears
as automorph class rings of suitable systems of integral quadratic forms. In the
simplest case of single-class quadratic forms if, for example, the genus of the form
consists of single class of integral equivalence, it is just the automorhp class ring
of such a form. An (integral proper) automorph of a nonsingular integral quadratic
form q(X) in m variables is by definition an integral m x m-matrix D with positive
determinant satisfying the condition

(1.1) a(DX) =pq(X) (X =(21,...,2m)),

where = p(D) is an integral positive number called the multiplier of the auto-
morph. All automorphes form a semigroup A = A(q), the automorph semigroup
of q, and the automorphes of the multiplier g = 1 form a subgroup E = E(q), the
group of (proper) units of q. The Hecke—Shimura ring or the automorph class ring
of q over Z consists of all finite formal linear combinations with coefficients in Z
of the symbols (EDE) = 7(D) corresponding in a one-to-one way to double cosets
EDE of A modulo E, called bellow just by double classes,

(1.2) H=H(q) = {’7‘ = ZCLQT(DQ) ( formal finite ) | aq € Z, D,, € A} )

with the product of two double cosets defined by

7(D)r(D') = > ¢(D,D'; D")r(D")
ED'"ECEDED'E

where ¢(D, D’; D) is the number of pairs of representatives D; € E\EDE and
D} € E\ED'E satisfying D;D’; € ED". If form q is not single-class, the ring H,
should be replaced by a more complicated construction of a matrixz Hecke—Shimura
ring, which will be explained in next section. In the single-class case the sums of
double cosets of fixed multipliers,

(1.3) () = > (D) € H,

DEE\A/E, u(D)=p

satisfy simple multiplicative relations

(1.4) (W) =7(W)7(1) = 7(0v)

if 4 and v are coprime, and p or v is coprime to the determinant of q. It follows
that the formal Dirichlet series with the coefficients 7(1),7(2), ... (note that 7(1) =
7(1,,) is the unity element of the ring H) can be expanded into a formal Euler
product:
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AUTOMORPHIC ZETA FUNCTIONS 3

where 11 we consider just as a formal quasicharacter of the multiplicative semigroup
N of positive integers, and where v and p range over all positive integers dividing
some powers of detq and prime numbers not dividing det q, respectively. The
specialization of a general conjecture formulated in [7] (see next section) to the
single-class case assumes that, for each prime number p not dividing detq, the
formal power series with coefficients 7(1),7(p), 7(p?),... is (formally) a rational
fraction over the ring H = H(q) with denominator of degree 2* and numerator of
degree at most 2¥ — 2, when the number of variables m of q is odd of the form
2k — 1 or even of the form 2k::

Z T(pé)té = Rp<t)_1q)p<t)a

0

00
=0

where

R()=7()+ Y pit', ()= > &t

1<i<2k 0<j<2k -2

with p; = pi(p), ¢; = ¢;(p) € H(q). In this case we shall say that the formal power
series over H(q) given by

(1'6) Zp(ta Q) = Rp(t)_l

is a local zeta series of form q.

Let us suppose now that we are given a complex representation H(q) > 7 +— |7
of the ring H(q) on some linear space, and P is a common eigenfunction, so that
P|7 = A(7)P for all 7 € H(q) with the eigenvalues A\(7). As a representation spaces
in this case appear the spaces of harmonic polynomials relevant to the quadratic
form. Then, by analogy with the theory of zeta functions of Siegel modular forms,
one can consider the power series

-1

Zy(t, P)= |1+ Y Apt'

1<i<2k
and the Euler product
(L.7) Z(s, P)= [ Z, P),
pfdetq

which is naturally to call a local and the (regular) global orthogonal zeta function of
the form q, respectively, corresponding to the eigenfunction P and ask on properties
of the zeta functions. In general case representation on harmonic forms is replaced
by representation on harmonic vectors. To the natural question whether exist
links of zeta functions corresponding to different types of discrete subgroups we
obtain here a partial positive answer. It will be shown that in some cases the
orthogonal zeta functions can be explicitly expressed through spinor zeta functions
of appropriate Siegel modular forms.
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In §2 we survey basic definitions and properties of the automorph class rings.
In §3 we examine the standard representations of automorph class rings on spaces
of harmonic vectors and consider the question of existence of eigenvectors. In §4,
in particular, we find explicit expressions of the zeta functions of positive definite
quadratic forms in m = 2 and 4 variables corresponding to the eigenvectors in terms
of Hecke zeta function, if m = 2, and Andrianov zeta function of genus 2, if m = 4,
of harmonic theta-series with the harmonic eigenvectors as coefficients (Theorems
4.2 and 4.3, respectively). It is shown in §5 on examples of binary quadratic forms
of fundamental discriminants that corresponding global zeta functions coincide,
in fact, with zeta functions of relevant quadratic fields with appropriate Hecke
characters.

One can hardly doubt that presented here results of rather elaborate calcu-
lations is just a reflection of much more general links of automorphic represen-
tations of Hecke-Shimura rings of orthogonal and symplectic groups over global
fields. The transformation formalism expressing images of harmonic theta-series
under the action of Hecke operators through the action of automorph class rings on
their harmonic coefficients and underlying relations between Hecke-Shimura rings
of symplectic groups and automorph class rings of orthogonal groups may provide
an initial tool for investigation of these links (see, for example,[4], [5], and [9]).
Nevertheless, the direct approaches to orthogonal zeta functions not based on the
reduction to the symplectic case would be also of considerable interest.

Notation. We fix the letters N, Z, QQ, and C, as usual, for the set of positive
rational integers, the ring of rational integers, the field of rational numbers, and
the field of complex numbers, respectively.

If A is a set, A" denotes the set of all m x n-matrices with elements in A. If
A is a ring with the identity element, 1,, denote the identity element of the ring
A”". The transpose of a matrix M is denoted by M. For two matrices S and N of
appropriate sizes we write

S[N] = 'NSN.

Acknowledgements. This paper was comleted during my stay at Max-Planck-
Institut fiir Mathematik in Bonn during the Spring of 2006. I am very grateful to
administration and staff of the Max-Planck-Institut for warm hospitality, exelent
working conditions, and support.

§2 AUTOMORPH CLASS RINGS OF INTEGRAL QUADRATIC FORMS

In this section we are going to define automorph class rings of integral nonsin-
gular quadratic forms and consider basic properties of the rings. We mainly follow
the scheme stated in [3] but we replace the systems of representatives of integral
equivalence classes of even matrices having the same size, signature, divisor, level,
and determinant considered in [3] by more natural systems of representatives of
proper integral equivalence classes contained in the proper similarity class of an
even nonsingular matrix.

We first define the abstract rings, which can be regarded as matrix generaliza-
tions of Hecke—Shimura rings of double cosets. Let us suppose that we are given a
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multiplicative group G, a finite set of subgroups A, ..., Ay, and subsets X;; C G
for all pairs of indices i, j = 1,2,..., h. We shall say that the system

(21) S = (Al,...,Ah;EH,ElQ,...,Ehh)

is a hs—system if the following three conditions are fulfilled:

(1) Eijﬂjk C Y fora, j, k=1,2,... h;

(11) Az C Xy for i = 1,2,...,h;

(iii) each double coset A;gA; with g € X;; is a union of finite number of left
cosets A;q’.

It is easy to check that, since G is a group, then each double coset A;9A4; with
g € X;; is also union of finite number of right cosets ¢’A;, and decomposition of the
double coset A;gA; into disjoin union of left cosets modulo A; (resp., right cosets
modulo /A;) can be taken in the form

<2 2) AgA — { UAE(Ajﬂg—lAig)\Aj A’Lg)\
. ; =
U/\GAi/(AiﬁgAjg—l) Ag4;.

We shall say that a hs—system (2.1) is tame if each of the double coset A;9A4;

with g € ¥;; is also a union of finite number of right cosets g’A;, and the number

of the right cosets is equal to the numbers of the left cosets A;9" C A;94;. Since G
is group, this condition, according to (2.2), means that

(2.3) [Ai: (AingAjg™h)] = [4;: (45N g™ Aig)]
= [g/ljg_l : (Az ﬂg/ljg_1>] (VZ, j = 1,2, Cey h, and g e 223)

Lemma 2.1. (1). The hs—system (2.1) is tame if and only if each of the double
coset AjgA; with g € X;; contains a common system of representatives for left
cosets modulo A; and right cosets modulo A;.

(2). If all of the groups Ay, ..., A are finite, then the hs—system (2.1) is tame
if and only if the groups have equal orders:

(2.4) #(Ar) = - = #(An).

Proof. The part (1) follows from the obvious observation that each left coset A;gA
with A € A; meets each right coset ugA; with 1 € A;, since the element pgA belongs
to the both of the cosets. If the groups A; and A; are finite, the set A;94; is finite
too and

#(Aigd;) = #(N)#(A\AigA;) = #(AigA; [ Aj)#(A;).
Thus, the equality (2.3) is equivalent to #(A;) = #(4;). A.

Given a hs—system (2.1), we let £;; = L(A;, X;;) denote the free Abelian group
consisting of all finite formal linear combinations

T = Z 2 (Aigoz)



6 ANATOLI ANDRIANOV

with integral coefficients a,, of the symbols (A;9,) with g, € X;; which are in
one-to-one correspondence with the left cosets of X;; relative to the group A;, and
we let D;; denote the subgroup of L;; consisting of all elements which are invariant
under the natural right multiplication by every elements in A;:

ADN:T o TA=) aa(Aiga),

ie.,

Dij={reLijltA=1 forall A e A;}.

It is easy to see that the subgroup D;; is again free, and for a basis of the subgroup
one can take the different elements of the form

(2.5) @)= > (Aiga) (g€ %),
ga €A N\AgA;

which are in one-to-one correspondence with the distinct double cosets A;9A; con-
tained in ;. For given elements

T = Zaa(/liga) €D;; and 7' = Zbg(/ljg'@) € Djy,
a B
where i, j, k = 1,2,...,h, we define the product 77’ by setting
(2.6) 7 = Zaabg(/ligag/'g).
o,B

It is not hard to see that this product does not depend on the choice of represen-
tatives g, or g’ﬂ in the corresponding left cosets, belongs to the space D;;, and
determines a bilinear pairing

D;;j x Dji — D;jDji, C Dj.
Finally, we let
(2.7) D=D(S)=D(Ay,...,Ap; Y11, X12, .., Xhp)
denote the additive group consisting of all A x h-matrices of the form

T11 T1h
t =
Thi ... Thh

where 7;; € D;;, with the natural matrix addition and multiplication by integral
scalars. Clearly, the group D is free, and as a basis of the group one can take the
set matrices of the form

7(g11) ... 7(g91n)
(2.8) t[(gi;)] = S :

7(gn1) .- T(gnn)
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where g;; € X;; and 7(g;;) € D;; are elements of the form (2.5). If we now define
multiplication in D by the usual rule for matrix multiplication,

h
tt' = (i) (7)) = ZTijTj{kz )
j=1

where TijTJ/- . is the product (2.6), we obviously obtain an associative ring, which we
shall call the (matriz) Hecke—Shimura ring (HS—ring) or the ring of double cosets
of the system S = (Aq,..., Ap; Y11, X129, ..., Xpn) (over Z). The HS—ring D(S) is
called tame if the system & is tame. Note that the basic ring Z in the definition
of Hecke—Shimura rings can be replaced by arbitrary commutative and associative
ring A with the identity element, which leads to Hecke—Shimura rings over A.

Now we turn our attention to representations of quadratic forms by quadratic
forms. A quadratic form

(2.9) q(X) = %tXQX (X = (21, 20))

in m variables with matrix @ is called integral if the matrix ) belongs to the set
Ep = {Q = (Qij) € Zpy, | Qij = Qji, Qii €22 (i,5 = 17"'=m)}

of even matrices of order m. The form is nonsingular if det q = det @ # 0. Speaking
on integral quadratic forms, we shall mainly use the equivalent language of even
matrices. The reader can easily translate corresponding definitions and statements
into the language of quadratic forms.

For two matrices Q and Q' of E,, we shall denote by

(2.10) RT(Q, Q) = {D czm ) QD] =¢qQ', detD > o}

the set of all proper integral representations of Q" by Q). Two nonsingular matrices
Q and Q' of E,, are said to be properly similar,

Q~"Q
if det @ = det @', and the set RT(Q, puQ’) is not empty for an integral positive

scalar p coprime to det Q. In this case a matrix D € R1(Q, pQ’) is called a
(proper) similarity of Q to Q" with the multiplier p = (D). We shall denote by

(2.11)  SHQ, Q) = U RY(Q, 1nQ"), where det Q = det Q’,

pEN, ged(p,det Q)=1

the set of all (proper) similarities of @ to Q.
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Lemma 2.2. Let Q and Q' be two nonsingular matrices of E,, with equal deter-
minants. Then the mapping

(2.12) SHQ,Q")>Dw— D*=u(D)D!

is an bijection of the set ST(Q, Q') onto the set ST(Q’, Q), which does not change
multipliers and satisfies (D*)* = D. In addition, if D € ST(Q, Q') and Dy €
ST(Q', Q"), where Q, Q" and Q" are even matrices of the same order with equal
nonzero determinants, then (DDq)* = Dy D*.

Proof. If D € ST(Q, Q’), then the matrix D* = u(D)D™! satisfies obviously
tD*Q'D* = u(D)Q and D* = (Q')~1!DQ. It follows that the matrix D* is integral,
because its products by two coprime numbers det D = 1™/? and det Q' = det @ are
integral, belongs to ST(Q’, @), and has the same multiplier as that of D.The rest
is clear. A

The relation of proper similarity is clearly reflexive and transitive. Besides, the
relation is symmetric, by Lemma 2.2. It follows that the set of nonsingular even
matrices of given order is disjoint union of the proper similarity classes

(2.13) @7 ={Q €En | Q ~" Q}.

Further, we recall that two even matrices Q and Q' of order m are said to be
properly equivalent, Q ~* Q' if

Q' = QU] with some U € A" = SL,,(Z).

Quadratic forms q and q’ with properly equivalent matrices are called properly
equivalent, @ ~1 q’. The set of all matrices Q' (resp., quadratic forms q’), which
are properly equivalent to a given matrix @ (resp., a form q) is called the (proper)
equivalence class of the matrix Q (resp., of the form q) and denoted by {Q}* (resp.,
{q}™). For example,

(2.14) fQr={@=aw|vear}.

The basic characteristics of an integral quadratic form with matrix @ such as the
signature of @ (i.e. the numbers of positive and negative squares in a real diag-
onalization of the corresponding form q), the determinant d = det Q, the divisor
of Q when @ # 0 (i.e. the largest natural number ¢ such that =@ is an even
matrix), and the level of Q when det @ # 0 (i.e. the smallest natural number ¢
such that ¢Q~! is an even matrix) all depend only on the equivalence class (2.6) of
the matrix ). According to the reduction theory of integral quadratic forms (see,
for example, [13, Chapter 9]), the set of all even matrices of fixed size and fixed
nonzero determinant is the union of a finite number of classes of integrally properly
equivalent matrices. In particular, each proper similarity class of a nonsingular
even matrix is a finite union of the (disjoint) classes of proper equivalence,

h(Q)

(2.15) @QF = U {Qi}.
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The number h = h*(Q) = h(q) will be refereed as (proper similarity) class number
of the matrix ). Since we consider below only proper similarities, equivalences,
classes, and class number, the adjective ”proper” as well as the corresponding index
”+” will be, as a rule, omitted after the first mention.

Let @ be a nonsingular matrix of E,,,. We fix a set of representatives Q1,...,Qp
satisfying (2.15). Given such a system, we define subgroups E1, E,, ..., E; of the
group G = GL,,,(Q) by taking E; to be the group

(2.16) E; = E¥(Qi) = RT(Qs, Q)

of (proper) units of the matriz Q);, and define subsets A;; of G for i,j =1,...,h
by taking A;; to be the sets

(2.17) Aij=JAiy(p), where Ajj(p) = RY(Qs, pQ;),
pn=1

of (proper) automorphes of Q; to @;. Unlike the similarities, the multiplier of an
automorph can be arbitrary positive integer.
We are going to define the Hecke—Shimura ring (2.7) of the system

S(Q) = (BE1,....,Epn A1, Agg, . Ay,

but first we have to check whether it is a hs—system. From the definitions it
immediately follows that the groups A; = E; and sets X;; = A;; satisfy conditions
(i) and (ii) of the definition of hs—systems. To verify the condition (iii) we prove
the following simple lemma.

Lemma 2.3. For every nonsingular matriz D € Z", the intersection of the left
coset AD modulo the group A = Ay = SL,,(Z) with a set A;; is either empty or
else consists of a single left coset E; D’ of the set A;; modulo the group E;.

Proof. In fact, if D', D" € A;; N AD, then Q;[D'] = 1/'Q;, Q:[D"] = 1" Q;, and
D" = \D' with A € A, whence

QilN = Q:[D"(D') ] = p"Q;[(D") ™ = u" /1 Qs

and so " =p/', A€ E;, and D" € E;D". A
We now turn to the condition (iii). Let D € A;;, and let

E,DE; = | JE;D,

be a partition into disjoint left cosets. Then

| JE:D. c ADA = ] AD},
a E
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and, by the lemma, each coset AD/’Q contains not more than one of the cosets E;D,,.
But the union on the right is finite (see, for example, [2, §3.2]), and so the union

on the left is also finite. Therefore we can define the ring (2.7) of double cosets of
the system S(Q),

(218) H<Q> = H(Ql, ey Qh) = D(El, .. .,Eh;All,Alg, . -,Ahh>

generalizing the ring (1.2), which will be called a Hecke—Shimura ring or automorph
class ring of Q (over Z). In what follows we shall fix the matrix @ and all the
notation related with the definition of the ring H(Q), including a system Q1, ..., Qp
of representatives of classes of integral equivalence contained in the similarity class
(2.15).

The elements of the ring H(Q) of the form (2.8),

(219)  7[(Dij)] = (7(Di5))  (Dij € Ayj, 7(Dij) = > (E: D)),

D$,€E;\E; D;;E;

form a basis of the ring over Z. The elements (2.19), where all of the matrices D;;
belong to the corresponding subsets of similarities

Sij = U Auw cAy
u>1,ged(p,q)=1

and their linear combinations with integral coefficients will be called regular ele-
ments of the ring H(Q). The subset H,(Q) of all regular elements form clearly
a subring of H(Q), the regular subring of H(Q) or the similarity class ring of Q,
which itself can be interpreted as a ring of double cosets:

(220) HT<Q> = D(El, ey Eh; Slh Slg, ey Shh) C H<Q>,

For an element

(2.21) t=> an(r(D)) € Hr(Q),
we set
(2.22) t* = Zaa t(T*(Df‘j)), where 7*(D) = 7(D*) = 7(u(D)D™1).

Lemma 2.4. The mapping t — t* is a linear antiautomorphism of the order 2 of
the similarity class ring H,(Q).

Proof. By Lemma 2.2, the map t — t* is a linear mapping of H,-(Q) into itself and
satisfies (t*)* = t. In particular, it is one-to-one.

It remains to check that the map t — t* is a multiplicative antihomomorphism,
i.e. it satisfies relations

(2.23) (tt1)" = t1t"  (t, t, € Ho(Q)).
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It is sufficient to verify the relations for basic elements (2.19) of the ring H,(Q).
Note, first of all, that by a quite elementary but rather tiresome computation based
on the technique used in the proof of [2, Proposition 3.1.7], one can check that

*

(2.24) (r(D)T(D")) = 7*(D')7*(D) for all D € S;, D' € Sg; (i,j,k=1,...,h),

where the star map on the left is extended by linearity on integral linear combina-
tions of double cosets 7(D") with D" € S;;. Then, on one hand, we have

(D)D), = (S rDwir(Dyy)) = (X (i) (D))
k vJ k Jje
~ (T o) .
k ()
On the other hand,
(D) (D)), = (7 (Dh) (™ (ZT (D)

Comparison of the expressions proves the relations (2.23) for the basic elements. A

Generally speaking, the ring H(Q) is noncommutative, however, under certain
conditions important commutation relations similar to relations (1.4) for h(Q) = 1
are valid for elements of the ring. In order to formulate the relations, we introduce
some notation. According to the theory of elementary divisors for the group A =
GL,,(Z) (see, e.g. [2, Lemma 3.2.2]), each double coset ADA of a nonsingular
matrix D € Z" contains unique diagonal representative of the form

(225) ed(D) = diag(dl, cey dm) with d; € N and dz‘dz—i—l

If det D > 0, the same is clearly true for the double coset Ay DA, of the group
Ay = SL,,(Z). The diagonal matrix ed(D) is called the matriz of elementary
divisors of D, and the numbers d; = d;(D) are elementary divisors of D. The
elementary divisors satisfy

(2.26)  d;(D)d;(D")=d;(DD") (i=1,...,m) if ged(det(D),det(D")) =1
and
(2.27) di(D)---dpn(D) = |det D],
For a matrix of elementary divisors
D = ed(D) = diag(dy,da, . ..,dn)
we define an element of H(Q) of the form

(228) t(D) = t[dl, .. ,dm] = (Tij<d1,. . .,dm)),



12 ANATOLI ANDRIANOV

where, for i,7 =1,...,h,

> premnayna, oA, (EiD) i Ay NALDAL #0

Tii D :Ti'd ,...,dm -
]( ) J[ 1 ] {0 ifAijﬁA+DA+:®7

and A;; are the sets of automorphes (2.17). In addition, for positive integers p we
introduce the sum of elements (2.28) of the form

(2.29) tw) = > tldr,.. . d] = (75(0)

d;eN, dildit1,

d1~-~dm=um/2

similar to elements (1.3), where
Ti () = Z (E;D’).
D'eEi\Ai; (1)

Finally, it will be convenient to define for positive integers d the ”scalar” elements
of H(Q) of the form

(2.30) [d] = [d]; = t[d,. .., d) = diag((E(d - 1)), ..., (En(d - 1))

m

Lemma 2.5. The elementary divisors of a similarity D € S;; satisfy the relations
ed(D) = ed((D)D™Y) & dg(D)dpm—g41(D) = (D) (k=1,2,...,m),
i.e. the corresponding elements (2.28) satisfy
t(D)* =t(D) (De€Sij,i,j=12,...,h);
i particular,

(2.31) t(u)" =t(p) if ged(p,det@)=1.

Proof. Since det Q; = det Q; = detQ, it follows from the relation 'DQ; D = u(D)Q;
that det D = u(D)™/? and *DQ; = Q;u(D)D ™. Since ged(u(D),det Q) = 1, the
last relation implies, by (2.26), the relation ed(D)ed(Q) = ed(Q)ed(u(D)D™1).
The rest follows directly from definitions. A

Theorem 2.6. Let () be a nonsingular even matriz of order m, and let t(D) =
tldi,...,dn] and t(D") = t[d,...,d],] be two nonzero elements of the form (2.28).
Suppose that the elementary divisors of matrices D and D' satisfy the conditions

(2.32)  ged(dy,/dy,d,/d}) =1,
and ged(dy,/d1,det Q) =1 or ged(d,,/d},det Q) = 1.
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Then the following relations hold in the ring H{Q):
(2.33) t(D)t(D") = t(DD') = t(D")t(D).
In particular, for every element of the form (2.29) and every element (2.30),

(2.34) [d]t(D) = t(D)[d] = t(dD).

Proof. We follow the pattern of the proof of [3, Theorem 2.2] with necessary mod-
ifications. First of all, we note that the particular case (2.34) immediately and
directly follows from the definitions. Therefore, it is sufficient to prove relations
(2.33) assuming also that d; = d} = 1. In this case the conditions (2.32) can
obviously be written in the form

ged(det D,det D') =1, and ged(det D,det Q) =1 or ged(det D', det Q) =1

which we shall assume in the sequel. To prove the first of relations (2.33) it is
enough to check that

> 7in(D)mii(D') = 7;(DD')  (i,§=1,2,...,h).
k

Let
(D) =Y (EiA%), 7(D) = (ExBy),

o B

and
7;(DD') = > (E;C};).

~

Then we must show that it is possible to choose the set of representatives C?j of

the cosets E;\A;; N AL DD’ A to be the set of all products A?kBlfj. Since det D
and det D" are coprime, similarly to [2, Proposition 3.2.5] one can easily verify that
the following relation holds in the ring (2.7) of double cosets D(A, X) for the group
A = AT and semigroup X' = {M € Z]|det M > 0}:

(2.35) dooo@A). > (AB)= ) (MAB)= > (AC).

A’€A\ADA B'€A\AD’'A A’,B’ C’€A\ADD' A

From this relation and Lemma 2.2 it follows that all of the products Af‘ka ; are
contained in the double coset ADD’A, and they belong to distinct left cosets modulo
A in this double coset. In particular, they belong to distinct left cosets of the
subgroup E; C A. We now take an arbitrary representative C' € E;\A;; NADD’A.
By (2.35), C’ can be written in the form

C'=A'B’", where A’ €¢ ADA, B’ € AD'A.
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Since C" € A,;, it follows that Q;[A'B’] = pp'Q;, and hence
(2.36) P QA = W Q;[(B)) T,

where = p(D) and p = p(D’). The denominators of the entries in the rational
symmetric matrix on the left in (2.36) are products of primes which divide p =
(det D)?/™, while the denominators on the right side are products of primes which
divide det B’ = det D’. Since det D and det D’ are coprime, it follows that both of
the matrices in (2.36) are integral matrices. Furthermore, since at least one of the
numbers det D, det D’ is odd, it follows that both of the matrices are even matrices.
Since at least one of the numbers det D, det D', say det D = det A’, is prime to
det Q = det Q;. It follows that the even matrix p~'Q;[A’] is similar to @;, and so
it is equivalent to one of the matrices Q1, ..., Qn, say Qx:

HTQi[A] = QulN with A€ 4,

so that Q;[A’A\7!] = uQy. Thus, A’A71 € Ay, N ADA and hence A'A\~! = 647,
with 0 € E;. But then, since

p'Qj = Qi[A'B'] = Qi[AN' - AB'| = nQi[\B,
it follows that AB’ € Ay; N AD'A, and hence AB’ = 6, B}, with §; € E;. Then
C' = A'B' = §A},6,B), = 05 A3, B)L.,

where 60’ € E;. This proves the theorem. A
Corollary 2.7. The elements (2.29) satisfy

(2.37) t()t(p) = t(up’) = t (1)t (p)

if
ged(p, ') =1, and ged(p,det Q) =1 or ged(p',det Q) = 1.
Proof. By summing up the relations (2.33) over all matrices of elementary divi-

sors D = diag(dy,...,dy) with dy ---d,, = p™/? and D’ = diag( 1y...,d) with
dj---d = (u)™? we obviously get the relations (2.37). A

It follows from Corollary 2.7 that the formal Dirichlet series with the coefficients
t(1),t(2),... can be expanded into a formal (matrix) Euler product similar to (1.5),

=t t(v = t(p°
239 Sore s SRR

v|(det Q) ptdet Q 6=0 p

where we consider p® just as a formal quasicharacter of the multiplicative semigroup
N, and where v and p range over all positive integers dividing a power of det ) and
prime numbers not dividing det @, respectively. It was conjectured in [7] that, for
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each prime number p not dividing det (), the formal power series with coefficients
t(1) = [1],t(p), t(p?), ... is (formally) a rational fraction over the ring H(Q) with
denominator of degree 2¥ and numerator of degree at most 2¥ — 2, when the order
m of ) is odd of the form 2k — 1 or even of the form 2k:

(2.39) Zt p(H) T 0p(1),

where

Yoopth =01+ Y ¢t

1<i<2k 1<j<2k =2

with p; = pi(p), ¢; = ¢;(p) € H(Q). In this case we shall say that the formal power
series over H(Q)) given by

(2.40) Z,(t, (Q)) = R,(t)~*

is a local zeta series of Q). It was proved in [7] that the conjecture is true for even
nonsingular ) of order m = 2, 3, and 4. Namely, for each prime number p not
dividing det @), the following formal identities hold:

6=0
(1] = t(p)t + xo(p)[plt?) ! (m = 2),
=< ([1] = (t(®*) — [p)t* + pp*1t") " ([1] + [p]t?) (m = 3),
([1] = t(p)t + t(p*)t — plplt ()t + P[Pt 1 ([1] — xo(P)[PIt?)  (m = 4),

where y¢ is the character of the quadratic form q(X) with matrix @, i.e. (for

p#2) xolp) = (W) is the Legendre symbol, and where

(2.42) t(p?) = xo()t[L, p,p,p*] + (1 + X0 ())p[p)-

(see [6],[7, Theorems 1.1, and 1.3]). It follows that the local zeta series in these
cases have the form

(2.43) Zy(t, (Q)) = ([1] = t(p)t + x@(P)[pIt?) ™ (m = 2);
(2.44) Zp(t, (Q)) = ([1] = (t(@°) — Dt pp?)t) ™" (m = 3);
(2.45)  Zy(t, (@) = ([1] = t(p)t + t(P*)t* — plplt(p)t* + p*[PIt") ™" (m = 4),

The cited summation formulas imply new commutation relations in similarity
class rings (2.20) of even nonsingular matrices @ of orders 2, 3, and 4.
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Proposition 2.8. Let Q) be an even nonsingular matrix of order m = 2, 3, or 4,
and let p be a prime number not dividing det Q. Then all elements t(p°) € H,(Q)
with 6 = 0,1,2,... belong to the ring of polynomials over Z in the commuting with
each other elements t(p), [p] if m = 2, elements t(p?), [p] if m = 3, elements t(p),
t[1,p,p,p?], [p] if m = 4 and xg(p) = 1, and elements t[1,p,p,p%], [p] if m = 4
and xq(p) = —1.

Proof. The cases m = 2 and m = 3 follow directly from (2.41) and (2.34). In the
case m = 4, by the same reason, it is sufficient to check that the element t[1, p, p, p?]
commutes with t(p), if xo(p) = 1, and that t(p) = 0 if xo(p) = —1. The latter
follows from [7, (6.13)]. If xo(p) = 1, then according to the formula [7, (6.37)], we
can write

t[1,p,p, p°It(p) = t[1,p, 0%, p°] + (p + 1) [plt ().
Thus, by Lemmas 2.5 and 2.4, we obtain

*

t[1,p,p, P’t(p) = (t[1,p,p, P°I6(p))" = t(p)*“t[1, p, p, p’]" = t(p)t[1,p, p, p°].
A

Let us suppose now that we are given a complex representation
He(@) 3t — |t

of the ring H,(Q) by linear operators, and let P be an eigenvector for all operators
|t of the form [t(u) with p coprime with the level g of @, P|t(u) = A(t(u))P, where
A(t(p)) are the corresponding eigenvalues. Then, by analogy with the theory of
zeta functions of Siegel modular forms, one can consider the power series

-1

(246)  Z,(t, P)=Z,(t, P, (Q) = [ 1+ D> Api)t’ with ¢t = p~*

1<i<2k

and the Euler product

(2.47) Z(s,P)= [ %@ . P)
pfdet Q

which is naturally to call a local and the global (regular) orthogonal zeta function
of the ring H,(Q) corresponding to the eigenvector P , respectively, and ask on
properties of the zeta functions. We shall show below that in some cases the or-
thogonal zeta functions can be explicitly expressed through spinor zeta functions
of appropriate Siegel modular forms.

§3. REPRESENTATIONS ON HARMONIC VECTORS

In this section we shall define linear representations of automorph class rings of
positive definite quadratic forms on spaces of harmonic vectors and consider the
question of existence of eigenfunctions for the representation.



AUTOMORPHIC ZETA FUNCTIONS 17

First we shall recall definition and properties of harmonic polynomials with re-
spect to positive definite quadratic forms. A polynomial Py = Py(X) over C in
mn variables z;;, where X = (x;;) is m x n—matrix of variables, is called harmonic
polynomial of genus n and weight k, where k is a nonnegative integer, if it is a
harmonic function in mn variables in the sense that

2
(3.1) ap =S

— o3
and it satisfies the condition
(3.2) Py(XA) = (det A)*Py(X) forevery A € GL,(C).

It follows from the definition that, for every harmonic polynomial Py(X) of genus
n and weight k& and every matrix U from the real orthogonal group O,,(R) of
order m, the polynomial Py(UX) is again a harmonic polynomial of genus n and
weight k. In this sense the definition of harmonic polynomials is related to the
quadratic form qg = z? + - -+ + 22, with matrix Qo = 2 - 1,,,, whose group of real
automorphisms is exactly the group of orthogonal matrices of order m. We are now
going to define harmonic polynomials related in the same way to an arbitrary real
positive definite quadratic form (2.9) in m variables with matrix @: since the form
is positive definite, then there is a real matrix S such that

Q=2'S8,

and for a harmonic polynomial Py of genus n and weight k we define a harmonic
polynomial P = Pg(X) of genus n and weight k with respect to the quadratic form
with matriz Q (or just with respect to QQ) by

(3.3) P(X) = Po(X) = (P|9)(X) = Po(5X).
It is a polynomial in X, which, by (3.2), satisfies the relations
(3.4) P(XA) = (det A)*P(X) for every A€ GL,(C).
It is also clear that, for every matrix

UeO(Q,R) = {U € R™ ‘ QU] = Q} — 5710,,(R)S,
the polynomial

(PIU)(X) = P(UX) = Py(SUX) = (Po|SUS™)(5X)

is again a harmonic polynomial P of genus n and weight k with respect to ). The
set P;}(Q) of all harmonic polynomials of genus n and weight k& with respect to @ is
clearly a linear space over the field C. It follows from (2.4) that each polynomial in
Pr(Q) is homogeneous of degree nk. Thus, the space P;'(Q) is finite-dimensional.
The following proposition describes the spaces of harmonic polynomials of genus n
and weight k£ with respect to positive definite quadratic forms.
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Proposition 3.1. The space of harmonic polynomials P} (Q) relative to the matriz
Q of a positive definite quadratic form in m wvariables is spanned over C by the
polynomials

(3.5) P(X) = det('QQX)¥,

where S is a matriz of C™ satisfying QN =0 if k > 1.

Proof. If S is a real matrix satisfying Q = 2'SS, then P(X) = Py(SX), where
Py € P (Qo) with Qo = 2-1,,. By a consequence the theory of Kashiwara-Verne
[15] noted by Freitag [14, Proposition 6.20], the proposition is true for @ = Q.
Then it is true also for Q = SQ(S, because a relation Q) = 0 means that
1SN)Qo(SQ) = 0. (For a simple proof in the case n = 1 see [16, Ch. VI) A

The general linear group GL,,(C) operates on functions P = P(X) : CI* — C
by linear transformations of variables

(3.6) U—|U:P(X)— (PIU)(X)=PUX) (Ue€GL,(QC)).
These operators clearly preserve the relations (3.4) and satisfy the relations
(3.7) \;U\V=|UV (U, V e GL,(C)).

Lemma 3.2. Each of the operators |U with U € GL,,,(R) maps the space P} (Q)
bijectively onto the space PR (Q[U]).

Proof. 1f S satisfies 2SS = Q, then Q[U] = 2(SU)(SU). Thus, by the definition,
Pou)(X) = Py(SUX) = (Po|U)(X),

where Py = P51, (X) € PZ(Qo) is a harmonic polynomial of genus n and weight
k. A

Let us now define a (Hermitian) scalar product of functions P, P’ : R — C
relative to matriz () of positive definite quadratic form in m variables by

(3.8) (P, P') = (P, P')g = (det Q)% / ey, POOPTIAX,

where dX = d(z;;) = [[; ; dz;j is the Euclidean volume element on R, and the

inequality A < B for two real symmetric matrices of the same order means that
the matrix B — A is positive semi-definite.

Lemma 3.3. For every matric U € GL,,(R) and functions P, P' : R]* — C the
scalar product (3.8) satisfies the relation

(3'9) (P|U7 P/‘U)Q[U} = (Pv P/)Qﬂ
where |U is the operator (3.6). In particular, for every real positive number p,

(310) (P|M_1/2U7 P/),u_lQ[U] = (Pv P/|M1/2U_1)Q'
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Proof. By the change of variables X +— Y = U X, we obtain

(PIU, P'|U) o = | det U] (det Q) / PUX)PUX)dX
3QIUX]<1,

= (det Q)% / P(Y)P'(Y)dY.

3QY]<1,

The formula (3.10) follows from (3.9), if we replace U by p~'/2U and P’ by
P’|,LL1/2U_1. A

Now, let (Q be an even positive definite matrix of order m and Q4,...,Qn a
system of representatives of the equivalence classes (2.14) contained in the similarity
class (2.13) of @, so that the decomposition (2.15) holds. By a harmonic vector of

genus n and weight k with respect to the system Q+,...,Qn we call a row of the
form

With usual rules of addition and multiplication by complex numbers the set

PrlQ) = Py (Q1, ..., Qn)

of all harmonic vectors for the system @1, ..., Qp, where () belongs to the similarity
class of the matrices ();, can be considered as a linear space over field C. We equip
the space PP (Q) with Hermitian scalar product by defining the scalar products
(P, P’) of two vectors P = (Py,..., P,) and P’ = (P{,..., P}) of P(Q) by

h h
3.12 P,P)=> (P, P)g, = (det Q)"/? Pi(X)P/(X)dX,
(312) (P, P) =S (P, P)q, = (det Q) ;/%Qimgln (X)P/(X)

=1

where (P;, P/)qg, are the scalar products (3.8) on P2 (Q;).
Let now Z;!(Q;) be the subspace of all polynomials in P}’ (Q;), which are invariant
with respect to all operators |U of the form (3.6) with U € E; = E,(Q):

(3.13) Q) = {P e PMQ:) | PUX) = P(X) for allU ¢ E} :
and
(3.14) Q) = L (Qr, - -, Qn) = {(Pr, ..., P)| P € T;(Qi) }

the subspace of units invariant vectors of P(Q)). The automorph class ring H(Q) =
H(Q1,...,Qp) naturally operates on the spaces Z;'(Q) by linear operators: for
t = (13;) € H(Q) we define the Hecke operator [t on Z]/(Q) by

h h
(3.15) It =|(7i;) : P = (P) — Plt = (Z Pi|7i1, . . ., me) ,
=1

=1
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where, for 7;; = > ao(E;D,) € H(Q)i; with Dy € A;; (see (2.17)) and P; €
I7(Qy), it is set

(3.16) P;|7ij :ZaaPi\Da € Pr(Qy),

and where the operators |D,, are defined by(3.6). Since P; € Z;'(Q;), each of the
polynomials (3.16) does not depend on the choice of representatives D, € E;D,,.
Since 7;;U = ;5 for all U € E;, we conclude that each of the polynomials (3.16)
in fact belongs to the space Z;'(Q;). Therefore, each of the operators |t maps the
space Z;'(Q) into itself. The operators |t are clearly linear, and, as it easily follows
from the definition of multiplication in the ring H(Q), the operator corresponding
to product of two elements of H(Q) is the product of operators corresponding to
factors:

[tt = [t|t (t, t' € H(Q)).
Thus, we obtain a linear representation of the ring H(Q) on the space Z;'(Q).

Theorem 3.4. Let H,.(Q) = D(Eq,...,E;S11,S12,...,Shn) be the similarity
class ring of an even positive definite matrix Q). Suppose that orders of the groups
of units Eq,...,Ey are equal to each other. Then, for each element t of the ring
H,(Q), the Hecke operators |t and |t* on I} (Q), where t* is the element (2.22),
are conjugate with respect to the scalar product (3.13):

(3.17) (P|t, P') = (P, P'|t*) (P, P € Z}(Q), T€ HAQ)).

Proof. 1t is sufficient to prove (3.17) for elements t = (7(D;;)) of the form (2.19)
with D;; € S;;. In this case, by (2.22),

t* = (7(Dij))" = (r(D};)) = (r(u(Di;) D3;")).

By Lemma 2.1, each double coset E;D;;E; contains a common system of repre-
sentatives {D%} for left cosets modulo E; and right cosets modulo E;. Then, by
using Lemma 1.2, we easily conclude that the system {u(D;;)(Dg;)~"'} is a com-
mon system of representatives for left cosets modulo E; and right cosets modulo
E; contained in the double coset E; ,u(Dij)Di_lei. In particular, with this system
of representatives we have the decompositions

(3.18)  7(Dij) =Y (E:Dg) and 7(u(Di;)D;;") =Y (Bju(Diy) (D) ).

« (0%

If P=(P,...,P,) then, by (3.15), (3.16), and (3.18), we have

h h
Pl — (zzama,...,zzamfh),

i=1 « i=1 «
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where |Dg; are the operators (3.6). Hence, by (3.13), we get

h h

(Plt,P)=> > > (P|Dy, P,

j=1li=1 «

Again,by (3.15), (3.16), and (3.18), we can write
h h
Pl = (303 P05 3 X PP (D)),
=1 « =1 «

hence

h h
P, P/t") =) Y > (P, B/lu(D;i)(D5) Ma,-

j=li=1 «

By (3.4) and (3.10), we obtain

(P, Pilu(Dj)(D5) 1), = u(D;i)"™ 2 (Py, P|u(Dyi)?(DSy) ™ Do,

= w(D5)"™ 2 (Pylu(Dsi) "2 D55, P) o,y -1, 0, = (il Dgis P,
It follows that
(P, P'|t*) = ZZ Pj|DS;, P),, = (Plt, P'). A

i,j=1 «

Proposition 3.5. In the notation and under the assumptions of Theorem 3.4, the
Hecke operators |t on the space I;'(Q), corresponding to every system of commut-
ing with each other elements t € H,(Q) satisfying t* = t can be simultaneously
diagonalized on each invariant subspace of 7' (Q). In particular, if m =2 orm =4
all Hecke operators corresponding to elements t(p®) with 6 = 0,1,2,... and prime
p not dividing det Q can be simultaneously diagonalized on each of the invariant
subspaces.

Proof. By Theorem 3.4, the Hecke operators |7 for 7 satisfying 7* = 7 are selfadjoint
with respect to the Hermitian scalar product (3.13). By a known theorem of linear
algebra, any family of commuting with each other selfadjoint linear operators on
a finite-dimensional Hilbert space can be simultaneously diagonalized. The last
assertion follows from the first and Proposition 2.8. A

One can conjecture that the linear combinations with integral coefficients of the
elements (2.28) contained in H, (@) form a subring. If it is true, then it follows from
Lemmas 2.4 and 2.5 that the subring is commutative. At present the conjecture is
proved only for quadratic forms in m = 2 variables (see [3, Theorem 2.4])
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§4. ACTION OF HECKE OPERATORS ON HARMONIC THETA-SUMS

Given be an even positive definite matrix ) of order m and a system of repre-
sentatives @)1, ..., Qp of the equivalence classes (2.14) contained in the similarity
class (2.13) of Q. Let P = (Py,..., Py) be a harmonic vector (3.11) of weight k
and genus n with respect to the system Qq,...,Qx. We shall define the harmonic
theta-sum of genus n of the similarity class (Q) = (Q)™ corresponding to P by

(4.1) O(Z; P,(Q)) =0(Z; Pr, Q1) + -+ 0(Z; P, Qn),
where the variable Z belongs to the upper half-plane of genus n,

H,={Z=X+iY €C!|'Z=2,Y > 0},
and

Q(Z; P;, Qz) — Z Pi<N)e7r\/—_1Trace(Qi[N]Z)
Nezm

is the theta-series of genus n of the quadratic form with matrix QQ; corresponding
to the form P;. Each of these-theta series is obviously convergent absolutely and
uniformly on compact subsets of H,, and so it defines a holomorphic function in
n(n+1)/2 complex variables. The Fourier expansion of the series has the form

(42) Q(Z7 Pi7 Qz) = Z T(A; Pi, Qi)eﬂx/—_lTrace(AZ)
A€E,,, A>0

with constant Fourier coefficients

r(A; Py, Q) = Z P;(N).

NeZm, Q;[N]=A
On replacing of N by UN with U € A™ = GL,,,(Z), we get the identity
0(Z; P|U, UQ:U) = 0(Z; Pi, Qy),
where P;|U is defined by (3.6); in particular,
(4.3) 0(Z; Pi|U, Qi) =0(Z; P, Q;) VU €E;.

By replacing, if it is necessary, each of the polynomials P; by its average

#(E:)" Y PIU

UcE;

over the unit group E;, which does not change the theta-series, we may assume
without loss of generality that P; € Z;)(Q;) for i = 1,..., h, that is P € Z;/(Q).
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According to [1] (see also [8]), if m is even, then each of the theta-series (4.2)
belongs to the space Sﬁ’nﬁb/%k(q, xq) of modular forms of weight m/2 + k for the

where ¢ is the level of @), with the (Dirichlet) character yo modulo ¢ satisfying
Ya(=1) = (—1)™/2 and

—1)™/2 det
(=1) © Q) (the Legendre symbol)

p

ol = (

if p is an odd prime number which do not divide ¢. In particular, the function
F =F(2Z)=0(Z; P;, Q) satisty the functional equation

det(CZ + D)~ "/2*F F ((AZ + B)(CZ + D)) = xq(det D)F(Z)

for every matrix ( c f)) € I'i (¢). Hence, the theta-sum (4.1) is a modular form
too,
(4.4) O(Z; P, (Q)) € My j541(4: X@)-

Following the general pattern of the theory of Hecke operators on Siegel modular
forms (see, e.g., [2, Chapter 4], or [9, §2]), we shall now remind the basic definitions
and the simplest properties of (regular) Hecke operators on the spaces M7 (g, x) of
modular forms of an integral weight w and a character y for the group I'j(q). Let
us denote by

Hy(q) = H(T5(q), %6 (a))

the Hecke—Shimura ring of the semigroup

n A B n
EO((D:{M:(C D)Ezgn

gcd<detM,q>=1,CEO<m0dQ>} (Jn:<—2n 10”))

"MJI, M = (M) J,, u(M) >0,

relative to the group I'j(q) (over C). Note that the ring H{(q) can also be defined
as the similarity class ring of the subsemigroup ¥ (¢q) of the semigroup X" = X{(1)
of similarities of the skew-symmetric bilinear form with the matrix J,,, relative to
the subgroup I'fj(¢) of the group I'" = I'{}(1) of units of the this form.

The ring H{(q) is generated over C by the commuting with each other alge-
braically independent elements

T (p) = (diag(L, .-, 1,p, D)) pn )
(4.5) <, . , " " _
Tj (p2> = (dza’g(]‘" "7]‘7p7"'7p7p27‘“7p27p7"'7p>)1"n(q) (]‘ S] S n)?
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where p runs over all prime numbers not dividing ¢, and where

(46) (M)p=7(M)= > (I'M')  with I'=T§(q) and M € X3(q)
M’'er\Irmr

is the double coset (2.5) of M modulo T'}(q) (see [2, Theorem 3.3.23]).
For

T = Zci(FS(q)Mi) € My (q),

the Hecke operator |1 = |, , 1" on a space M, (g, x) can be defined by

(4.7) FIT = eiFlyMi (F € Mg, X)),
where
A B
INEE
Cw 1 A B n
= x(det A) det(CZ+D)~"F ((AZ + B)(CZ + D)™?) ((c D) exr (q))

are the Petersson operators. The Hecke operators are independent of the choice of
representatives M; € I'}(¢)M; and map the space M7} (q, x) into itself.

Quite often Hecke operators map theta-series to linear combinations of similar
theta-series. An easy modification of a particular case of a rezult of paper [9,
Theorem 4.1] can be formulated as follows. Suppose that a double coset 7(M) €
H{(q) of the form (4.6), where m > n and pu(M) = u coprime to level ¢ of the a
matrix @ ~ @Q;, belongs to the image of the ring H{"(¢) under the Zharkovskaya
map

(48) yret = \Ilgvn - \Ijm/Q,xQ : H?(Q) = H3<Q)

(see [2, §4.2.4] and [9, §3]). Then the image of the theta-series 0(Z, P;, Q;) of
genus n of the positive definite matrix @); of even order m with the harmonic form
P; € I}}(Q;) under the action of Hecke operator corresponding to a double coset
T(M) € Hy(q) can be written in the form

0(Z; P;, Q;i)|T(M)

= > (D, Qi Y (r(M))0(Z; Pilu~' D, p” QD))
DES(Qi ) /A

where

S(Qi, ) = {D € Z | det D = /2, p 7' QiD] € By,

Ay = SL,,(Z), "™ (M) € H{'(q) is an inverse image of the double coset (M)
under the map ¥™"  and where the operators P — P|U are defined by (3.6); with
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certain constant (i.e. independent on Z and P;) coefficients I(D, @', T') satisfying
relations

I(UDV,Q,T)=1(D, Q'[U], T)

forall U,V € A = GL,,(Z), Q" € (Q) and T € HJ*(q).

Each of the matrices p=1Q;[D] with D € S(Q;, ) is properly similar to Q; ~ Q
and hence is properly equivalent to one of the representatives Q)1,...,Q, in the
similarity class (Q), say, to Q;, that is p=1Q;[D] = Q;[U] with U € A,. It follows
that the formula for the action of the operator |7(M) can be rewritten in the form

(4.9) 6(Z; P, Q;)|T(M)
h
S S D, Quut (e (M)))A(Z: D, Q).

J=1DeR(Q:,uQ;)/Ej

where we have also used relations (3.4).

We summarize all known at present results of computations of the coefficients
I(D, Q', T) with Q" € (Q): for each number p not dividing the level g of @, the
following formulas hold
(410) 1(D, Q', T™(p))

_ m/QHm/2(1+XQ(p) =9, if D € ADJ(p)A,
0, otherwise,
where A = GL,,,(Z), Dm/z( ) =diag(l,...,1,p,...,p);
N N——

m/2 m/2

Xo@)pEtm=m)/2 1 if D e AD_, 4 (p)A,
(4.11) I(D, Q' , T ,(p?)) = am(p), if D € A(ply,),
0, otherwise,

where DI, _, ;(p) = diag(1,p,...,p,p?), and
) ——

m—2

prm-m?2 " = 1)

am(p) = xq(p)p s
, p_m2/2 it D € A(pl,),
(4.12) I(D, Q' (p)m) = .
0 otherwise ,

where for abbreviation we write

Trrzl(pZ) = (p ’ 12n)1“3(q) = <p>n~



26 ANATOLI ANDRIANOV

( In [4, formula (2.19) and Lemma 5.1] the sums (@, D, T') similar to the coeffi-

cients I(D, @, T') were defined and computed for 7' = T™(p ) In [6, §2] the sums

v(Q, D, T) were, in fact, computed for T' = (p),, = T/ (p?) = (plam)r (r)n(q) and

T =T™ ,(p?). See also [2, Lemma 3.3.32] for the presentation of T ;(p?) used

in [6]. It directly follows from definitions of these sums that I(D, Q, 7(M)) =

X ()™ 1™/2A(Q, pD", 7(M)) = p/>4(Q, pD~1, 7(M)), where p = (M).)
The formulas (4.10)— (4.12) imply, in particular, that for elements

(4.13) T =T™(p), (p)m = Ty (p°), and T} (p?)

with primes p not dividing the level of @, the coefficients I(D, @', T') as function
of Q' depend only on the similarity class of )/, and as functions of D depend only
on the double coset ADA. Therefore, if W™ (7(M)) is a linear combination of the
element (4.13), then the formula (4.9) under the same assumptions can be rewritten
in the form

0(Z; Pi, Qi)|r(M)

h
x ) 0(Z; > B;|D, Qj)
j=1 DESijﬂAeriag(dl ..... dm)A+/EJ
Suppose now that the orders of the groups Eq,...,E; are equal to each other,

then, by Lemma 2.1, the HS-ring H,.(Q) is tame, and we can take as a system of
representatives of right cosets modulo E; contained in any double coset E;D'E; €
R(Qi, npQ;) a suitable system of representatives of the left cosets E;\E,D'E;. It
allows us to rewrite the last formula in the form

0(Z; P, Qi)lr(M) = p~"F >~ I(diag(dy, ..., dm), Q, U™ (T(M)))

di| | dm;
idm—it1=p
h
XZQ(ZJ Z F|D, Q)
Jj=1 DeEi\SijﬂA+diag(d1, m)A+
h
=p~™ Y I(diag(dy, ..., dp), QU (T(M))) D 0(Z; Pilrijlda, ..., dm), Q)
di-ldm; Jj=1
didm—it1=M

(see (2.28) and (3.16)). Returning to the theta-sums, under the same assumptions
we can present the image of a theta sum (4.1) under the action operator |7(M) in
the form

(4.14)  O(Z; P, (Q))|T(M) =0(Z; P, Q1)|T(M) + -+ 0(Z; P, Qn)|7(M)
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=p™ Y I(diag(dy, ..., dp), Q, U™ (M))

dy | |dm;
didm—i+1=p
h h
X Z@(Z; Zpi|7ij[d1, s dml], Q)
j=1 i=1
:M_nk Z I(dlag(dhadm)? Q?Wn’m(T(M)))G)(Z7 P|t[d1""’dh]’ Q)
di || dm;
didm—it1=p

(see (3.28) and (3.15)).

Note that the formulas (4.10)—(4.12) determine, in particular, sums I(D, Q, T')
for all generators of the rings Hg(q) and H3(q), provided that we can explicitly
express inverse images U™ (7(M)) of the generators (4.5) for n = 1, 2 through the
elements (4.13). For this we shall first consider the action of the Zharkovskaya map
on corresponding elements.

Lemma 4.1. The following formulae hold for the action of the Zharkovskaya map
U =Upnt H () — Hy ' (q) on some of the elements (4.5) forn > 1 and each
prime number p not dividing q :

(4.15) YT (p)) = (L+ x(p)p™ )T (p);
(4.16) U ((phn) = X ()P (Phn—1;
(4.17) U TR (p?) = X()p' T Ty (P%) + b (P) (P)n—1,

where x s the character conjugate to x, and where
b (p) = bnwx(p) = X(P*)P*" 2" + x(p)(p— 1)p™" + 1.

Proof. The action of the Zharkovskaya map related to the action of Hecke operators
on the spaces M2 (g, x) was calculated in [2, §4.2.4]. However, applying the results
of calculations, one have to take into account that the Hecke operators defined in
[2,(2.4.11) and (2.4.12)] have another normalization than one we use here and differ
from the operators defined in [9] by the equalities (1.10) with [ = 0, (2.13), (2.14),
and (2.20) with @ = H and P = 0 on homogeneous elements of multiplicator p by
the factor y(pu")p™v—"n+1/2,

The formula (4.15) follows from [2, Propositions 4.2.17 and 4.2.18 and formula
(4.2.80)] applied to Hecke operators |, x(p")p™ =" +1/2T(p) (note different nor-
malization mentioned above). Formula (4.16) follows by similar arguments from [2,
Lemma 3.3.34]. As to formula (4.17), the situation is slightly more complicated.
First, by using [An(87), factorization (3.5.69) of Theorem 3.5.23, formulas (3.5.34),
(3.4.15), (3.5.33), and (3.3.61)] , we get the relation

(4.18) Ty 1 (p*) = —p" (P)urT (p) + (0" — 1){p)n,
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where rf (p) is the first coefficient of the Rankin p-polynomial R} (v) defined by [2,

formulas (3.5.15) and (3.5.16)]. Since u(ry(p)) = 1, it follows from [2, Theorem
4.2.18 and relation (4.2.82)] that

(4.19) vl (p) = (p) — x(P)p™ T — x(p)p

Since the Zharkovskaya map is a ring homomorphism, formula (4.17) follows from
(4.18), (4.16), (4.19) by an easy computation. A

Applying repeatedly formulas (4.15) for the images of T™(p),...,T"(p) with
w=m/2, x = Xxq, and n < m, we get the relation

U (T™ (p)) =~ (p)T" (p), where v, (p) = { h_ (1+ XQ(p)pm/2—i)} _

The factor 4,7 (p) is equal to 0 if and only if m/2 <m —n —1,ie. n <m/2—1,
and xo(p) = —1. Hence,

(4.20)  W™(T™(p)) =" (p) " *T™(p) unless n < m/2—1 and xgo(p) = —1.

Similarly, by (416), we get \Ijma”(<p>m) — (XQ(p)p_m/2)m_”<p>n. Hence, since
Xq(p) = £1, we obtain

(4.21) (D)) = X (@) ™" (D)

By induction from formulae (4.16) and (4.17) easily follow for 2 < n < m the
relations

T (7)) = (ap)™ " ::_1<p2>+am—”—1< v pibm_xp)) (B

=0

where a = xo(p)p~™/2. This relation and the relation (4.21) imply that one can
take

T (TR (%) = xo(p)"pm T m=A2Tm L (p?)

m—n—1
2 .
_ XQ(p)n-l-lp(m —mn—m+2n)/2 ( Z plbm—i(p)> <p>m

=0

(note that xg(p) = £1 and m is even). Hence, in particular, we have the relations

(4.22) UHH(TE(p?) = p*T5 (1) — xo(P)p* (ba(p) + pbs(p))(p)4

=p*T3 () — xo(P)P*(®° + 0° +0* + p* + xo®)(P* — 1)) (p)4.
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We turn now to formulas for the action on theta sums of Hecke operators corre-
sponding to certain coefficients of the spinor p-polynomials

-
Sp(t) =) (=10} (p)t!

Jj=1

over p-subrings of the rings H{(q) for prime p not dividing ¢ (see, for example,
[2, (3.3.78)]). These polynomials appear as denominators of p-factors of the stan-
dard formal Euler products over the ring H{(q) and present considerable interest
because after substituting ¢ = 1 (p)p~® with a Dirichlet character i) and replacing
coefficients by the eigenvalues A(c7 (p)) of corresponding Hecke operators acting on
an eigenfunction F' € M7 (g, x) one gets denominators

Sp((p)p™", A) = 3 _(=1)A(07 (p)(p) )"

Jj=1

of the p-factor of the regular spinor zeta function with the character v,

(4.23) Zp(s, ) = | [ Sp@(p)p~*, 1)

ptq

corresponding to the eigenfunction. For n = 1 it is the Hecke zeta function of
the elliptic modular form F'; for n = 2 the product determines the Andrianov
zeta function of the eigenfunction F' of genus 2. We shall restrict ourselves to the
action on theta products of Hecke operators corresponding to the coefficients o7 (p),
o _1(p), o%.(p), and o3(p). This will be sufficient for computation of the Euler
product (4.23) corresponding to eigenfunctions of genus n = 1 and 2. According to
2, (3.3.81), (3.3.79), (3.3.80), and Exercise 3.3.38], with the above notation these
coefficients can be written in the form

ol (p) = T"(p),

(p) = ("2 (p), )2 T (),

o5 (p) = (PHD2TR ()2 = (pr D2 () )2
(p)

)

Q
[\ o}
=)
Il
3
~
=
+
=
=
+
=
S

So that we have, in particular,

Sy(t) = (1)1 — T'(p)t + p(p)1t?,
(4.25) S2(t) = ()2 — T*(p)t + (pTT(p®) + p(p* + 1)(p)2)t?
— p*(p)2T7 (p)t + p°(p)3t*.

Hence, it will be sufficient to consider the action of operators corresponding to
elements T™(p), (p)n, and TZ(p?). By (4.14), (4.10), (4.20), and (2.29), we obtain

(4.26) O(Z; P, (Q)|T"(p) = 6, (p)O(Z; Plt(p), (Q)),
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where, excluding the case n < m/2 —1 and x¢(p) = —1,

m/2
o7 (p) = p~ ™2y (p) T T+ xo(p)p™?)

FM A+ xop )t ifn<m/2

- np—n(kt )+ 20 and X )
XQ(p)"p 1 if n = m/2,
IT,=% (1+xq(p)p™) if . >m/2;

by (4.14), (4.12), and (4.21), we have

(4.27) O(Z; P, (Q)|(P)n = xo(p)"p~ "™ 2™MO(Z; P|[p]m, (Q));

finally, if m = 4, by (4.14), (4.11), (4.22), and (4.27), we get

(4.28) ©(Z; P, (Q)|TE(0*) = xo(p)p~*T*M0(Z; PIt[1,p, p,p%, (Q))
+ > (au(p) — xq@(p)p~° (ba(p) + pb3(p)))0(Z; P|[pls, Q).

= xq(P)p~®TR0(Z; PIt[1,p,p,p7], Q)+~ F(xq(p)p® — DO(Z: P|[pls, (Q))

Let Q be an even positive definite matrix of level ¢ and even order m = 2k and
Q1,.-.,Qp a system of representatives of the equivalence classes (2.14) contained
in the similarity class (2.13) of Q. Suppose that orders of groups of proper units of
the matrices (Q; are equal to each other. Let now

P=(P,...,P,) € TMQ)

be an invariant harmonic vector (3.11) of genus n and weight k with respect to
the system @Q1,...,Qp. Since, by Corollary 2.7, the elements t(p) with primes
p 1 q commute with each other, and, by Lemma 2.5, they satisfy relations (2.31), it
follows, by Proposition 3.5, that each invariant subspace of the spaces Z;'(Q)) has
an basis of common eigenfunctions for all of the operators t(p). If P of the space
I72(Q) is an eigenfunction with the eigenvalues A(t(p)). Then, by (4.26) the theta
sum O(Z; P, Q) is an eigenfunction for the Hecke operator |T'(p) = T"(p),

(4.29) O(Z; P, (Q)|T(p) = AM(T(p))0(Z; P, (Q))

with the eigenvalue

(4.30) AT (p)) = 65" (p)A(t(p)),

excluding the cases when n < m/2 — 1 and xq(p) = —1.
We now consider relations of the zeta functions (2.47) corresponding to eigenvec-
tors of automorph class rings of binary and quaternary quadratic forms on spaces
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of harmonic vectors and zeta functions (4.23) of the theta-sums corresponding to
these harmonic vectors. Note that under the assumption that m = 2 or 4 and that
the ring H(Q) is tame all of the Hecke operators corresponding to coefficients of
the local zeta series (2.41) for all prime p not dividing det () can be simultaneously
diagonalized on each of the invariant subspaces of harmonic vectors.

Let @@ be the matrix of a positive definite binary quadratic form, n = 1, and
let P € Z}{Q) be an eigenvector for all of the Hecke operators of [t(p) with prime
numbers p not dividing the level g of Q). By the assumption and (3.4), for these
primes we have the relations

Plt(p) = A(t(p))P  and P|[p] = P(pX) = p"P = A([p])P.
Hence, the p-factor (2.46) of the zeta function (2.47) of P is

Zp(p~*, P) = (1= A(7(p)p~° + xo@)A([pP)p~>*)~".

On the other hand, by (4.29) and (4.27), the theta-series O(z; P, Q) € Dﬁhk(q, XQ)
is an eigenfunction of the Hecke operators [T'(p) = [T (p) and |(p) = |(p)1 with the
eigenvalues

AT (p)) = 63 (p)A(6(p)) = xo(P)p " A(t(p)),
A(P)) = xoP)p~ ™ = xo@)p~ TTN([p)]),

respectively. It follows that for p-factor of the zeta function (4.23) with character
1 = xq of the eigenfunction F' = O(z; P, ()) we obtain the identity

Sp(x@P)p"*, F)™' = (1 = A(T(p))xo@)p"* + A((p))p(xq(p)p"*)*) "

= (1= Mr(p))p™" + xo@M[p)p™>*) " = Z,(t, P).

The equalities of the local zeta functions for all prime p not dividing the level of @
implies the equality of the corresponding Euler products:

Theorem 4.2. Let Q be the matrix of a positive definite binary quadratic form,
q the level of @, and xq the corresponding Dirichlet character modulo q, and let
P € Z}{Q) be an harmonic eigenvector for all Hecke operators |t(p) with prime
numbers p1q. Then the theta-sum of the class (Q) with harmonic vector P,

F = @(2, P, <Q>) € m%—i—k(q? XQ)7

is an eigenfunction for all of the Hecke operators |T(p) = |T'(p), and the corre-
sponding reqular zeta functions (2.47) and (4.23) are related by the identity

Z(s, P) = Zi(s — k, Xq).

Finally, we shall prove that similar relations hold also in the case of quadratic
forms in m = 4 variables, harmonic forms of genus n = 2, and corresponding
theta-series.
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Theorem 4.3. Let Q be the matriz of a positive definite quaternary quadratic
form, q the level of Q, and xq the corresponding Dirichlet character modulo q, and
let P € I2(Q)) be an harmonic eigenvector for all of the Hecke operators |t(p) and
1t[1, p, p, p?] with prime numbers p { q. Then the theta-sum of the class {(Q) with
harmonic vector P,

F=0(Z;P, Q) e M2, (¢, xq),

is an eigenfunction for all of the Hecke operators |T?(p) and T?(p?) with p{q and
the corresponding zeta regular functions (2.47) and (4.23) are related by the identity

Z<3, P) = ZF(S — 2k — 17X1/Q)7

where x1/q is the unit character modulo q.

Proof. By the assumption, for each prime number p with p t ¢ we have
Plt(p) = A(t(p)P, PIt[L,p,p,p°] = A(t[L,p, p, p°])P.
By (3.4), we obtain
P|[pls = P(pX) = p**P = A([p]4)P-

Hence, by (2.45) and (2.42), the p-factor (2.46) of the orthogonal zeta function
(2.27) of the eigenform P is

Zp(t, P) = (1= X(t(p))p~° + (x@(0)A®[L, 0, p,p%]) + (1 + x@(p))pA(p]2))p~
— PAUPl2)AE ) + p*A((p]2)2p )

On the other hand, by (4.29)-(4.30), (3.27), and (4.28), respectively, we obtain
O(Z; P, (Q))|T?(p) = 55(p)A(t(»)O(Z; P, (Q)) = p~ 2 'A(t(p))O(Z; P, (Q)),
O(Z; P, (Q)(p)2 = xo(p)*p 2*T2O(Z; P|[pl4, (Q)) = p~* *A([pl1)O(Z; P, (Q)),
and
O(Z; P, (Q)|TE(p%)
= xqP)p~ O (Z; PIt[1,p, p,p%], (Q)+p " *(xq(p)p* —1)O(Z; P|[pls, (Q))
= (xo(@)p~ M FINE[L, p,p, p?]) + 2 *H(xo(P)p? — DA([pl1))O(Z; P, (Q)).

Hence, by (4.25), we conclude that the p-factor of the zeta function (4.23) with
s — 2k — 1 in place of s and ¥ = x1/q corresponding to the eigenfunction F =
O(Z; P, (Q)) of Hecke operators |T' from the ring H2(q) is equal to

ST A) = (1= AT (p)t + APTE(P%) + p(p® + 1) (p)a2)t?
— AP (P)aT2 () + P A((p)3)EY) ",
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2k+1—s

where A(T') are the corresponding eigenvalues and ¢ = p , which is equal to

(1 —p P IA ()t + (P(xo()p” “FTIAN[L, p,p, p?))
+p * p(xo@)p® — DA([Ple) + p(0* + 1)p~*F*A([pla) )2
+ p?’p_4k_4)\([p]4)p_2k_1>\(t(p))t3 + p6p_8k_8>\([p]4)2t4)
= (1 —AMt(®)p~* + (xaP)AE[L, p,p,p?]) + (1 + xa(p))pA([pla))p~

M)A ) +p2A<[p]4>2p-45) =7, P).

The equalities of the local zeta functions for all prime p not dividing the level of )
implies the equality of the Euler products. A

§5. BINARY FORMS OF FUNDAMENTAL DISCRIMINANT

[ 2aq b1 | 2ay b
Ql_(bl 261)7"'7Qh—<bh QCh)

be the matrices of a system of representatives

Let

(5.1) q1(X) = alx% +bix1T9 + clxg, L qp(X) = ahx% + bpx119 + chxg

of proper equivalence classes of integral positive definite binary quadratic forms of
divisor § = ged(a;, by, ¢;) = 1 and discriminant b? — 4a;c; = —det Q; = —d < 0.
Note that in this case all of the matrices (); have the same level ¢ = d.

On the other hand, we introduce imaginary quadratic field K = Q(v/—d). Let
A < 0 be the discriminant of the field K, then K = Q(v/A) and —d has the form
At? with t € N. In order to simplify the forthcoming considerations, we shall
assume that the discriminant of forms (5.1) is fundamental i.e. it coincides with
the discriminant of the field K, so that A = —d.

If

_ . —b; ++v—d
(5.2) qi(X) = a;(z1 — viw2)(z1 — F;22) With y; = 20 € Hy

is the standard factorization of q;, we shall say that the number ~; is the root of
q;. All of the roots ~; belong to the field K. We associate with each of the forms
q; the Z-module M; = {1, v;} = {Z + v,Z} of rank 2 (a full module) in the field
K. The norm N(M;) of the module M, is equal to 1/a; and its ring of multipliers
is the ring

OM;) ={a e KlaM; Cc M;} ={1, a7} ={a € K|la+a, aa € Z} = O,
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i.e. it coincides with the ring of integral numbers of the field K. The modules

My, ..., My form a full system of representatives of all classes of equivalent full

modules in K with the ring of multipliers O. For details on modules in quadratic

fields and their relations with binary quadratic forms see, for example, [2, Appendix

3.

a b
d

to ; with multiplier p if and only if q;(DX) = pq;, which means that

An integral matrix D = with det D > 0 is an automorph of matrix );

ai(axl + bry — ’)’i(CZL'l + dﬂ?g))(aﬂil + bry — 72-(615'1 + dﬂ?g))

= a;((a — yic)z1 — (vid — b)x2) ((a — 7;¢)x1 — (7,d — b)x2)
= a;N(a — v;c) (xl — 7:d — b(Eg) (xl — 7id — b(Eg)

a—ic a—7c

= paj(z1 — vze)(T1 —7,22),

where N(a) = a@ is the norm of o € K. Since the numbers ~; and zi_L;l; both

belong to the upper half-plane, the last identity is equivalent with the relations

1 p vid —b

. voa T R Y A T

The last relation means that the second column of D is uniquely determined by the
first column, and the first column satisfies (a —v;c)y; € M;, i.e. (a—~vic)M; C M;,
which can be written as the inclusion a — ;¢ € /\/l,/\/lj_1 Thus, an integral matrix

D= (; Z) with det D > 0 is an automorph of matrix Q; to @); with multiplier

w if and only if
(5.4) a—yic€ /\/l,-/\/lj_l and N(a — vic) = uN(M;)/N(M;) = “N(MiMj_l)'

Let us associate to each automorph

D= <z Z) € Aij(n) = R™(Qi, n@Q;)
the number
(5.5) a(D) = a;j(D) = a —yic € MM

As we have seen above, the correspondence D +— «(D) is one-to-one between the
set A;;(p) and the set of all numbers a € ./\/li./\/lj_1 with N(a) = p. In particular,

it is one-to-one between each of the group of units E; = A;;(1) and the group of
units &€ = E(O) of the ring O, hence,

(5.6) #(E1) =, -, = #(Ey) = #(E£(0)).
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d d’
7 17
, a’ b
DD = (C// d//)

where a” = aa’ +bc’ and ¢’ = ca’ 4+ dc’, belongs to A;i(ur) and, by using (5.3), we
obtain

a b A , a b A
If D= . € A;j(p) and D' = o € Aji(v), then the product

(5.7) a(DD") = a;(DD") = " — v;" = aa’ + b’ — v;(ca’ + dc’)

, vd—b

a — y,;c
It follows that each double coset E;DE; C A;; coincides with the left coset E;D,
and the principal modules («(D)) = a(D)O of the ring O are in one-to-one cor-
respondence with the double or left coset. This correspondence, which we shall
denote also by a so that a(E;DE;) = a(E;D) = «(D)0, is clearly compatible with
the multiplication of double cosets in the automorph class ring H = H(Q1, ..., Qr)
and the usual multiplication of modules with the ring of multipliers O, in addition

= (a —yic)a' — (vid — b)d = (a — vic)(a ) = a;j(D)a,r(D").

where N stands for norm of modules and numbers, respectively. Hence, the C-linear
extension a of the correspondence v on the extended Hecke-Shimura ring

ﬁ:HC(Qla"th) :H(Qh?Qh)@(C

where ® stands for tensor product over Z (the extension of the ring of scalars),
considered over the field C, is an isomorphism of the ring H onto the ring M(O)
of all matrices of order h whose {i, j}-entries are formal finite linear combinations
with coefficients in C of nonzero principal modules aO with a € /\/li/\/lj_l (we
extend the ring of scalars Z to C because below we shall use complex coefficients).

Let us find the a-images of the elements t(u) = (73;(1)) of the form (2.29). By
definition, we have

(5.8) aft(p) = (ai(p), where a;;(p) = a(rij(p) = > ().
(o) crmar;
N (a)=uN (MM

The conditions (o) C Mij\/lj_l and N(a) = ,uN(/\/li/\/lj_l) mean that (o) =
Ql./\/li/\/lj_l, where 2 is an ideal of the ring O (i.e. a full module with the ring

of multipliers O contained in O) of norm N(2) = p and such that the module
iZl./\/li./\/lj_1 is principal. Thus,

ag(p)= >  AMM;!
ACO, N(A)=p
MM HA~O
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Let CI(K) be the group of classes of equivalent full modules in the field K i.e. the
factor group of the multiplicative group of all modules by the subgroup of principal

modules, and let CI(K) be the group of characters of CI(K). By the orthogonality
relations for characters, we have

1
= ST @A | x(MMHMM;

h
xeCI(K) \ACO, N()=p

1 _ _
= > | X xAMMY | MM = ay ().

ACO, N(A)=p x€CI(K)

Therefore, we can rewrite the whole matrix a(t(u)) in the form
(5.9) at(p) = Y. > x@ ] I(x),
VeCUK) \ACO. N()=n

where

(5.10) I(x) = - (x(MM;HMM) € M(O).

SRS

The sum of these matrices
G11) > I
x€Cl(0)
1 _ _ )
=5 > XMMTHYMMT | = diag(O, ..., 0) = 1oy = 1

x€CI(0)

is the unity element of the ring M(0O). Besides, the matrices satisfy the idempotent
relations

(5.12) fuﬂuvz{”” Hx=x

0 if x # X/,

because we have

h
I0)I(xX) = % (Z X(Mi/\/ll_l)Mi/\/ll_lx(/\/lz/\/lj_l)/\/lz/\/lj_l>

=1

(X(Mi)X/<Mj_1)MiMj_1 ZX(Mz_l)X'(Ml)> ,
l

=
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and the relations (5.12) follow from the relations

N B . [ h if x=x'
A = S = { g

l

Let us assign to each nonzero ideal 2 of the ring O the matrix {2} € M(O) of the
form

(5.13) = > x@A()=2 >

x€CI(K) X€CI(K)

In particular, by (5.11), we see that

(5.14) {0y= > 0OIx)=0-1mo) =1

x€CI(K)

is the unity element of M(O). The relations (5.12) imply relations

(5.15) {AH{B} = x(WAI(x) > _ X' (B)BI

=) X(AB)ABI(y) = {AB}.

With the notation (5.13) we can rewrite the relation (5.9) in the form

(5.16) alb(u)= > {24k

ACO, N(A)=p

The above formulas allows us to write the a-image of the formal Dirichlet series
(2.38) in the terms of the ideals of the ring O:

— ) | —alt(p) {2}
; 7 j; pe A N

where 2l ranges over all nonzero ideals of O, and we can use the multiplicative
theory of ideals of the ring O for the ”Euler factorization” of the last series. By
(5.14), we get

(5.17) HZ {iB} :1;[<1_%) HH( {‘B}) |

q350 P Plp

where P runs through all prime ideals of O, p runs through all rational prime
numbers, and P in the last product ranges over all prime ideals dividing the ideal

(p) = pO.
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We use well-known laws of factorization of prime numbers into prime ideals of
the ring O (see, e.g., [11, Ch. 3, §8, Th. 2]). Let xx be the Diriclet character
associated with the field K. Then, for a prime number p, if yx(p) = 1, there
are exactly two conjugate prime ideals B and P of the ring O dividing p, the
ideals satisfy PP = pO and N(B) = N(B) = p, in addition, by (5.15) and (5.16),
respectively, we have { BB} = p{O} = pl = pa(t(1)) and {B} + {B} = a(p); if
Xk (p) = —1, there is the single prime ideal 8 dividing p, the ideals satisfy P = pO
and N (B) = p?, besides, {B} = {pO} = a([p]) and a(t(p)) = 0; but if xx(p) = 0,
there is the single prime ideal P dividing p, and the ideals satisfy the conditions
P2 = pO and N(B) = p, so that {P} = a(p). Note that in the situation under
consideration the character x i is equal to the character xg of the quadratic form
with matrix @ equivalent to one of the matrices ();. Therefore, the Euler product
expansion can be rewritten as

Z a<t(5)) — H (a([l]) _ a(t(p)) + XK(p)a([p]))_ )

1 ps p25

p primes

After returning to inverse image of the map a, we get the decomposition

(5.18) itffi)= 1 <[1]_t(p)+xK(p)[p])_1,

ps p2s

p primes

which refines the decomposition (3.38).
Let us now consider the linear extension of the representation (3.15) to a linear
representation of the ring H on the invariant subspace

Iy = Th(Q1, -, Qn) = {(P1,..., Py)| P € Tp(Q:)}

of the space Pr = PL(Q1,...,Qp) of harmonic vectors of genus 1 and weight k
(= degree) with respect to the system Q1,...,Qn, where Z;(Q;) = Z}(Q;) is the
space (3.13) of E;-invariant harmonic form. It easily follows from Proposition 3.1
that the space P} (Q;) of all harmonic form of genus 1 and degree k relative to the
matrix (); is spanned over C by the polynomials

(5.19) Pik(X> = (z1 — %’332)k and Plji(X> = (21 —7@'372)k (X = <i1 ))7

2
where ~; is defined by (5.2). By (5.6), it is not hard to check that these polynomials
are E;-invariant if and only if the degree k is divisible by the order e = ¢(Q) =
#(E(O)) of the group of units of the ring O, which we shall assume hereafter. In
this case the space Z; coincides with the space Py of all harmonic vectors, and 2h
vectors

(5.20) P., =P% =(0,...,0,P},,0,...,0) with £i==41,...,+h

form a basis of the spaces.
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The image of a form P € Z;,(Q;), under the action (3.16) of the Hecke operator
|73;(D) with D € A;;(p) is equal to

P|7i;(D) = Y P(D'X)=P(DX),
D'€E;\E; DE;

because E;DE; = E;D. If P = PF and D = (CCL Z), then, by (5.3) and (5.5), we
have

Pik|Tij(D) = Pik(DX> = (CECL“1 + bxg — ’Yz‘(0931 + bxz))k

= (a — vic)" <£L'1 _

k
as) — (@ — i) (21 — 7y2)" = oy(D)PE.

Hence, the subspace P,j' = I,j' of P, spanned by vectors P, ... Py is invariant with
respect to all Hecke operators of H, and, in particular,by (2.29), similarly to (5.8)
we obtain, fort=1,...,hand = 1,2,..., the formula

(5.21) Pilt(n) = > alf (n)P;, where a{*)(u) = 3 ok
j=1 (o) cmin;t,
N(a)=pN(MM; )

Besides, by (3.4), for Hecke operators corresponding to elements (2.30) we have
(5.22) Pi|[d] =d"P; (i=1,...,h).
Similarly, we have

PE,|7(D) = PY(DX) = (a = 7;¢)" (21 — 722)" = a};(D)P
whence, the subspace P, = I, of P, spanned by vectors P_y,...P_j, is invariant

with respect to all Hecke operators of 7'Nl, and, in particular, for ¢ = 1,...,h and
w=1,2,..., we obtain the formula

where
Ay (i) = > o= > a
(a)Cﬂi(ﬂj)*l, (a CMiMJ-_l,
N (o) =N (M (M) ™) N (o) =uN (MM



40 ANATOLI ANDRIANOV

Thus, we can restrict ourselves to consideration of the Hecke operators on P,j . To
this end, we introduce a linear representation o of the semigroup of all nonzero
ideals of the ring O on the space P,j by setting

P,oA = Oéij(QOkPj if AM,; ~ Mj &AM, = Oéij(Ql)Mj with Oéij(Ql) € K.

Let M(A) = (a;;(A)*) be the matrix of the operator o2 in the basis Py,... Py, .
Then we clearly have

(5.23) MM (B) = M(AB), M ((a))=a* 1, ifa €O,

and the matrix (5.21) of the Hecke operator |t(u) in the same basis can be written
in the form

(5.24) @Pw) = > M@

ACO, N(A)=p

If AM,; = «;;(A) M, then, by going to conjugate modules, we get the relation
AM; = @,;;(A)M,. Since, for every full module M with the ring of multipliers O,
we have MM = N(M)O, where N(M) is the norm of M, the last relation implies
that AN (M )M; ' =@ (AN (MM, or AM; = N (M;) ™ a; (A)N (M;)M;,
i.e., by the definition of matrices M,

M®) = N2MA)N?, where N = diag(v/N(Mi),...,/N(Mp)).
This relation can be rewritten in the form
(5.25)  M'(A)=NM@)N"'=N"'M@A)N = (NM)N"1) = D' ().

On the other hand, by (5.23), the matrices M'(2) together with matrices M ()

commute with each other, and so, in particular, commute with M’(2(). Thus,
each of the matrices M'(A) = NM(A)N~! = is normal, and, by a well-known
theorem of linear algebra (see, e.g., [G(51), §14.2]), all of the matrices M’(2) can
be simultaneously diagonalized. It follows that there is a basis of the space P,j of
common eigenvectors for all of the operators o2A. Let F = a1Py + -+ 4+ ap Py, be
such an eigenvector, so that

Fo2=pR)F for all ideals % C O.

Since the h-th degree of every ideal 2 C O is a principal ideal, A" = a© with
a € O, by (5.23), we conclude that

P = pA") = p(a0) = o = (i)k ol = (i)kmwm.

| o

Hence,

k
p(A) = U (A)N(A)*/?  with Hecke character ¥ (A) = < p &) .
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The eigenvalues of the Hecke operators [t(u) on the space P, corresponding to the
eigenvector F, by (5.21) and (5.24), can be written as

pe(w) = D p(),

ACO, N(A)=p
and the corresponding zeta function is equal to

o PE(R) (%) V()
Z(S,F):;p P - Z ]5(9[)5 - Z N(21)s—k/2

S
K ACO ACO

— H ([1]—%)_ :C(’)(S_k/za \Ijk)a

B primes ideals of O

where

() 7R
Cols, ¥k) = zﬂ: N 1;3[ <1 N(‘B)S)

with 21 and ¥ running through all nonzero ideals and all prime ideals of O, respec-
tively, is the Hecke zeta function of the ring O with the character Wy. It follows
that the Dirichlet series Z(s, F) converges absolutely and uniformly in each right
half-plane Rs > 1+k/2+¢€ with € > 0. The function Z(s, F) can again be presented
in every domain of absolute convergence by means of Mellin integral of the theta-
sum O(z; F, (Q)) = a10(z; P1, Q1)+ -+anb(z; Pr, Qp) for a class (Q) equivalent
to one of the matrices Q;:

(2m)°

r(2; F)Z(s, F) = T'(s)

/ T OWTIL F, (Q) - FO)edt,
0

where 7(2; F) and F(0) are the coefficient at e?™V~=1% and the constant term in
the Fourier expansion of the theta-sum, and where I'(s) is the gamma-function,
which allows one to prove that the zeta function has the meromorphic analytical
continuation over whole s-plane and satisfies a functional equation. Alternatively,
the analytical properties of the zeta function (o(s, i) can be investigated by
means of Fourier analysis on adele space of the field Q(v/—d), as it was done in
Tate’s thesis.
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