SUPERCONFORMAL ALGEBRAS AND LIE SUPERALGEBRAS OF THE HODGE THEORY

Elena Poletaeva

Introduction

In this work we will follow the definition of a superconformal algebra given by V. G. Kac and J. W. van de Leur in [KL].

A superconformal algebra is a simple complex Lie superalgebra, such that it contains the centerless Virasoro algebra (i.e. Witt algebra) W itt = ⊕_{n∈}ZC L_n as a subalgebra, and has growth 1. The Z-graded superconformal algebras are ones for which adL_0 is diagonalizable with finite-dimensional eigenspaces.

The main series of superconformal algebras are W (N) (N ≥ 0), S^′(N, α) (N ≥ 2), and K^′(N), (N ≥ 1). The corresponding central extensions were classified in [KL]. W (N) is the Lie superalgebra of all derivations of C [t, t^{−1}] ⊗ Λ(N), where Λ(N) is the Grassmann algebra in N odd variables. W (N) has no non-trivial central extensions if N > 2. If N = 1 or 2, then there exists one non-trivial central extension. In particular, a central extension of W (1) is isomorphic to the N = 2 superconformal algebra. Recall that this superalgebra is spanned by the Virasoro generators, a U(1) current algebra, two fermionic fields, and a central element, see [FST].

S(N, α), where α ∈ C , is a one-parameter family of subalgebras of W (N). In particular, S(N, 0) is the subalgebra of divergence-free derivations. If α ∉ Z, then S(N, α) is simple (assuming that N ≥ 2), and if α ∈ Z, then the derived superalgebra S^′(N, α) is a simple ideal of S(N, α) of codimension 1. For α ∈ C , S^′(N, α) has a non-trivial central extension if and only if N = 2. Notice that for every α ∈ C the N = 2 superconformal algebra is embedded into a central extension Ŝ^′(2, α). In this way one can realize the N = 2 superconformal algebra as a one-parameter family of isomorphic superalgebras related by the spectral flow transformation, see [FST]. Thus Ŝ^′(2, α) is spanned by the generators of the N = 2 superconformal algebra together with two additional series of even elements, and two additional series of odd elements. Notice that Ŝ^′(2, 0) is isomorphic to the N = 4 superconformal algebra ([A]).

The superalgebra K(N) is a subalgebra of W (N) characterized by its action on a contact differential 1-form ([KL], [CK]). Notice that K(N) is simple except when N = 4. In this case K^′(4) = [K(4), K(4)] is simple. If N > 4, then there is no non-trivial central extensions. If N ≤ 3, then there exists one non-trivial central extension. In particular, K̂(1) is isomorphic to the Neveu-Schwarz algebra ([NS]), and K̂(2) is isomorphic to the N = 2 superconformal algebra. The superalgebra K^′(4) has 3 independent central extensions. V. G. Kac and S.-J. Cheng have shown that the N = 4 superconformal algebra can be realized inside K(4), using the construction of CK_6 inside K(6) ([CK]).

In this work we construct an inclusion of a central extension of K^′(4) into the superanalogue of the Lie algebra of pseudodifferential symbols on the circle with 2 odd variables.

Recall that the Lie algebra R of pseudodifferential symbols on the circle consists of the formal series A(t, ξ) = n∑ −∞ a_i(t)ξ^i, (0.1)

where a_i(t) ∈ C [t, t^{−1}], and the variable ξ corresponds to ∂/∂t ([KK]). One can naturally define the superalgebra of pseudodifferential symbols on the circle R(N) by introducing N odd variables.

We consider the following inclusion of Lie superalgebras:

the centerless N = 2 SCA ⊂ S^′(2, 0) ⊂ K̂^′(4), (0.2)

spanned by 2 even and 2 odd, 4 even and 4 odd, 8 even and 8 odd series of generators together with a central element, respectively. We realize the superalgebras (0.2) as subalgebras of R(2). First we prove that the exterior derivations of S^′(2, α), where α ∈ Z, form an sl(2). Notice that an obvious exterior derivation is defined by an element (a differential operator) from S(2, α), which is not in S^′(2, α). We fail to represent all the exterior derivations as some analogues of regular differential operators on the circle. However, we obtain an inclusion of the exterior derivations into R(2). We also observe that the exterior derivations of S^′(2, α) for all α ∈ Z generate a subalgebra of R(2) isomorphic to the loop algebra S̃L(2) (SL(2) corresponds to α = 1). The elements of S̃L(2) are certain series of pseudodifferential symbols, which can be identified with formulas of integration by parts in the space V_β = t^β C [t, t^{−1}] ⊗ Λ(2), where β ∈ R \ Z. Finally, we prove that the family S^′(2, α), where α ∈ Z, together with S̃L(2) generate a central extension K̂^′(4) ⊂ R(2). (0.3)

In this way we obtain one of 3 non-trivial central extensions of K^′(4). The corresponding central element is the identity element 1 ∈ R(2).

It is known that the Lie algebra of pseudodifferential symbols on the circle has 2 independent central extensions, which correspond to log ξ and log t, see [KK], [KZ]. There exist the analogous central extensions of R(N). If N = 2 we can consider the restrictions of these extensions to K^′(4). Then we obtain two other independent central extension of K^′(4). One can note that the inclusion (0.3) should correspond to the fact that the Lie (super)algebra of pseudodifferential symbols on the circle contracts to the Poisson (super)algebra ([KLR], [OR]).

In this work we observe a correspondence between the superconformal algebras (0.2) and Lie superalgebras of the Hodge theory. Recall that given a compact Kähler manifold M, there exist a number of classical operators on the complex of differential forms on M, such as the differentials ∂, ¯∂, d, d_c, their adjoint operators and associated Laplacians. There also exists an action of sl(2) on H^∗(M) according to the Lefschetz theorem. All these operators satisfy a series of identities known as Hodge identities (or Kodaira’s identities), see [GH]. Naturally, the classical operators form a Lie superalgebra. There exist the analogous operators in the case of a compact hyperKähler manifold. They were constructed by M. Verbitsky, see [V1], [V2]. Earlier N. Hitchin and his collaborators have pointed out that a hyperKähler manifold has N = 4 supersymmetry ([HKLR]). J. M. Figueroa- O’Farrill, C. Köhl, and B. Spence have recently shown that the Hodge-Lefschetz theory for (hyper)Kähler manifolds is a natural consequence of supersymmetry ([FKS]).

Recall that by definition a superconformal algebra g includes the centerless Virasoro algebra as a subalgebra, and the element L_0 defines a Z-grading g = ⊕_{n∈}Zg_n. We show that the degree zero parts of the Z-gradings of the centerless N = 2 superconformal algebra, S^′(2, 0) and K^′(4) are related to the (finite-dimensional) Lie superalgebras of operators on the de Rham complex in the case of a compact Riemannian, Kähler, and hyperKähler manifold, respectively.

It is tempting to consider superconformal algebras as affinizations of finite-dimensional Lie superalgebras of operators acting on the differential forms on a manifold. Recall that the Weil algebra is used for definition of the equivariant differential forms. The infinitedimensional generalization of the classical Weil complex is the semi-infinite Weil complex introduced by B. Feigin and E. Frenkel ([FF]). Recall that this complex is based on the space W^{∞2 +∗}(g) = S^{∞2 +∗}(g) ⊗ Λ^{∞2 +∗}(g), (0.4)

where g is a Z-graded Lie algebra, and S^{∞2 +∗}(g) and Λ^{∞2 +∗}(g) are some semi-infinite analogues of the symmetric and exterior power modules. As in the classical case, the analogues of the differential d for the Lie algebra cohomology and the Koszul differential are defined in the semi-infinite case. The cohomology of the complex {W^{∞2 +∗}(g), d} is called the semi-infinite cohomology H^{∞2 +∗}(g, S^{∞2 +∗}(g)).

In [P1]-[P3] we showed that the semi-infinite cohomology of the loop algebra g̃ = g ⊗ [t, t^{−1}] of a complex finite-dimensional Lie algebra g admits an action of the N = 2 superconformal algebra. In the case, when g is endowed with a non-degenerate invariant symmetric bilinear form, there exists a representaion of a central extension of the Lie superalgebra of derivations of S^′(2, 0) in the relative semi-infinite cohomology of g̃. It was observed by I. Frenkel, H. Garland and G. Zuckerman in [FGZ], that under certain conditions the relative semi-infinite cohomology has some structures, which are similar to that of the de Rham cohomology in Kähler geometry. We describe the analogues of the classical operators on the relative semi-infinite Weil complex of the loop algebra g̃. In this case the sl(2) action (stated in the Lefschetz theorem) is defined by the exterior derivations of S^′(2, 0). On the other hand, the degree zero part of the Z-grading of S^′(2, 0) gives an additional set of operators on the relative semi-infinite Weil complex of a loop algebra, which are analogous to the classical ones, and include the semi-infinite Koszul differential and the semi-infinite analogue of the homotopy operator.

Acknowledgements. I wish to thank the Max-Planck-Institut für Mathematik in

Bonn for the hospitality and support. I am grateful to B. Feigin, A. Givental, I. Kantor, B. Khesin, D. Leites, V. Serganova, M. Verbitsky, and I. Zakharevich for very useful discussions.

1. Superconformal algebras

Recall that a superconformal algebra is a complex Z-graded Lie superalgebra g such that 1) g is simple, 2) g contains the Witt algebra W itt = derC [t, t^{−1}] = ⊕_{n∈}ZC L_n with the well-known commutation relations [L_n, L_m] = (n − m)L_{n+m} (1.1)

as a subalgebra,

3) g has growth 1, i.e. adL_0 is diagonalizable with finite-dimensional eigenspaces:

g = ⊕_j g_j , g_j = {x ∈ g | [L_0, x] = jx}, (1.2)

so that dimg_j < C, where C is a constant independent of j, see [KL]. In general, a superconformal algebra is spanned by a number of series of generators; the Virasoro generators are amoung them. We will say that g has (m|n)-series of generators, if it is spanned by m series of even elements and n series of odd elements.

The main series of superconformal algebras are W (N) (N ≥ 0), S^′(N, α) (N ≥ 2), and K^′(N), (N ≥ 1). The corresponding central extensions were classified in [KL]. Recall the necessary definitions.

The superalgebras W (N). Consider the superalgebra C [t, t^{−1}] ⊗ Λ(N), where Λ(N) is the Grassmann algebra in N variables θ_1, . . . , θ_N . Let p be the parity of a homogeneous element. Let p(t) = ¯0, p(θ_i) = ¯1, i = 1, . . . , N. By definition W (N) is the superalgebra of all derivations of C [t, t^{−1}] ⊗ Λ(N). Let ∂_i stand for ∂/∂θ_i, and let ∂_t stand for ∂/∂t. Every D ∈ W (N) is represented by a differential operator

D = f∂_t + N∑ i=1 f_i∂_i, (1.3)

where f, f_i ∈ C [t, t^{−1}] ⊗ Λ(N).

A non-trivial central extension of W (1) is isomorphic to the N = 2 superconformal algebra. Recall that this superalgebra is spanned by the Virasoro generators L_n, Heisenberg generators H_n, two fermionic fields G^±_r , and a central element C, where n ∈ Z, r ∈ Z+1/2, and where the nonvanishing commutation relations are as follows [FST]:

[L_n, L_m] = (n − m)L_{n+m} + C 12 (n^3 − n)δ_{n,−m}, (1.4) [L_n, H_m] = −mH_{n+m}, [L_n, G^±_r ] = ( n 2 − r)G^±_{n+r}, [G^+_r , G^−_s ] = 2L_{r+s} + (r − s)H_{r+s} + C 3 (r^2 − 1 4 )δ_{r,−s}, [H_n, H_m] = C 3 nδ_{n,−m}, [H_n, G^±_r ] = ±G^±_{n+r} .

We can change the Virasoro generators by setting

L_n = −L_{−n} + 1 − n 2 H_{−n}. (1.5)

Then the element L_0 defines a Z-grading on the N = 2 superconformal algebras as requires the condition (1.2).

The superalgebras S(N, α). The superalgebra W (N) contains a one-parameter family of superalgebras S(N, α). By definition S(N, α) = {D ∈ W (N) | Div(t^αD) = 0} for α ∈ C . (1.6) Recall that Div(f∂_t + N∑ i=1 f_i∂_i) = ∂_tf + N∑ i=1 (−1)^{p(fi)}∂_if_i, (1.7)

where f, f_i ∈ C [t, t^{−1}] ⊗ Λ(N), and Div(fD) = Df + fDivD, (1.8) where f is an even function. Let S^′(N, α) = [S(N, α), S(N, α)] be the derived superalgebra. Assume that N > 1. If α ∉ Z, then S(N, α) is simple, and if α ∈ Z, then S^′(N, α) is a simple ideal of S(N, α) of codimension 1: 0 → S^′(N, α) → S(N, α) → C t^{−α}θ_1 · · · θ_N ∂_t → 0. (1.9) Notice that S(N, α) ∼= S(N, α + n) for n ∈ Z. (1.10) The superalgebra S(N, α) has a non-trivial central extension if and only if N = 2, see [KL]. Let {L^α_n, E_n, H_n, F_n, h^α_n, p_n, x_n, y^α_n}_{n∈}Z (1.11) be a basis of S^′(2, α) defined as follows:

L^α_n = −t^n(t∂_t + 1 2 (n + α + 1)(θ_1∂_1 + θ_2∂_2)), (1.12) E_n = t^nθ_2∂_1, H_n = t^n(θ_2∂_2 − θ_1∂_1), F_n = t^nθ_1∂_2, h^α_n = t^nθ_2∂_t − (n + α)t^{n−1}θ_1θ_2∂_1, p_n = −t^{n+1}∂_2, x_n = t^{n+1}∂_1, y^α_n = t^nθ_1∂_t + (n + α)t^{n−1}θ_1θ_2∂_2.

The non-vanishing commutation relations between the above elements are [L^α_n, L^α_k ] = (n − k)L^α_{n+k}, (1.13) [E_n, F_k] = H_{n+k}, [H_n, E_k] = 2E_{n+k}, [H_n, F_k] = −2F_{n+k}, [L^α_n, E_k] = −kE_{n+k}, [L^α_n, H_k] = −kH_{n+k}, [L^α_n, F_k] = −kF_{n+k}, [L^α_n, h^α_k ] = 1 2 (n − 2k + 1 − α)h^α_{n+k}, [L^α_n, p_k] = 1 2 (n − 2k − 1 + α)p_{n+k}, [L^α_n, x_k] = 1 2 (n − 2k − 1 + α)x_{n+k}, [L^α_n, y^α_k ] = 1 2 (n − 2k + 1 − α)y^α_{n+k}, [E_n, y^α_k ] = h^α_{n+k}, [F_n, h^α_k ] = y^α_{n+k}, [E_n, p_k] = x_{n+k}, [F_n, x_k] = p_{n+k}, [H_n, h^α_k ] = h^α_{n+k}, [H_n, y^α_k ] = −y^α_{n+k}, [H_n, x_k] = x_{n+k}, [H_n, p_k] = −p_{n+k}, [h^α_n, x_k] = (k + 1 − n − α)E_{n+k}, [p_n, y^α_k ] = (k − n − 1 + α)F_{n+k}, [h^α_n, p_k] = L^α_{n+k} − 1 2 (k − n + 1 − α)H_{n+k}, [x_n, y^α_k ] = −L^α_{n+k} + 1 2 (k − n − 1 + α)H_{n+k}. Let Ŝ^′(2, α) = S^′(2, α) ⊕ ⟨C⟩ (1.14) be a non-trivial central extension of S^′(2, α). The corresponding 2-cocycle is c(L^α_n, L^α_k ) = C 12 n(n^2 − 1)δ_{n,−k}, (1.15) c(E_n, F_k) = C 6 nδ_{n,−k}, c(H_n, H_k) = C 3 nδ_{n,−k}, c(h^α_n, p_k) = C 6 ((n − 1 + α + 1 2 )^2 − 1 4 )δ_{n,−k}, c(x_n, y^α_k ) = − C 6 ((−n − 1 + α + 1 2 )^2 − 1 4 )δ_{n,−k}, see [KL].

Remark 1.1. Notice that S^′(2, α) = S^′(2, α)¯_0 ⊕ S^′(2, α)¯_1, (1.16) where the even part is S^′(2, α)¯_0 = W itt⋉s̃l(2), (1.17) W itt = ⟨L^α_n⟩_{n∈}Z, s̃l(2) = ⟨E_n, H_n, F_n⟩_{n∈} Z, and the odd part S^′(2, α)¯_1 = ⟨h^α_n, y^α_n⟩_{n∈}Z ⊕ ⟨p_n, x_n⟩_{n∈}Z (1.18) is a direct sum of two standard (odd) s̃l(2)-modules.

Remark 1.2. One can think of the N = 2 superconformal algebra as a one-parameter family of isomorphic superalgebras related by the spectral flow transformation, see [FST]. This family can be included in the family Ŝ^′(2, α).

For any α ∈ C one can consider the subalgebra of Ŝ^′(2, α), spanned by L^α_n, H_n, h^α_n, p_n, and C. Thus we obtain a one-parameter family of isomorphic superalgebras. The isomorphism ϕ : ⟨L^α_n, H_n, h^α_n, p_n, C⟩ −→ ⟨L^0_n, H_n, h^0_n, p_n, C⟩ (1.19) is given as follows:

ϕ(L^α_n) = L^0_n − α 2 H_n + α^2 24 δ_{n,0}C, (1.20) ϕ(H_n) = H_n − α 6 δ_{n,0}C, ϕ(h^α_n) = h^0_n, ϕ(p_n) = p_n, ϕ(C) = C.

The superalgebras of this family are isomorphic to the N = 2 superconformal algebra defined in (1.4). For α = 0 the isomorphism is given by

L^0_n → L_n, H_n → H_n, h^0_n → 1 √ 2 G^+_{n− 12} , p_n → 1 √ 2 G^−_{n+ 12} , C → C. (1.21)

Let DerS^′(2, α) be the Lie superalgebra of all derivations of S^′(2, α), and Der_{ext}S^′(2, α) be the Lie superalgebra of the exterior derivations of S^′(2, α). Proposition 1.1. cf. [P1], [P2].

1) If α ∈ Z, then Der_{ext}S^′(2, α) ∼= sl(2) = ⟨E, H, F⟩, where [H, E] = 2E, [H, F] = −2F, [E, F] = H. (1.22) The action of sl(2) on S^′(2, α)¯_0 is trivial and on S^′(2, α)¯_1 is given as follows:

[E, h^α_k ] = x_{k−1+α}, [E, y^α_k ] = p_{k−1+α}; (1.23) [F, x_k] = h^α_{k+1−α}, [F, p_k] = y^α_{k+1−α}; [H, x_k] = x_k, [H, h^α_k ] = −h^α_k , [H, p_k] = p_k, [H, y^α_k ] = −y^α_k .

2) If α ∈ C \ Z, then Der_{ext}S(2, α) = ⟨H⟩. Proof. Recall that the exterior derivations of a Lie (super) algebra can be identified with its first cohomology with coefficients in the adjoint representation, see [F]. Thus Der_{ext}S^′(2, α) ∼= H^1(S^′(2, α), S^′(2, α)), where α ∈ C . (1.24) Notice that the superalgebra S^′(2, α) has the following Z ± α-grading deg: degL^α_n = n, degE_n = n + 1 − α, degF_n = n − 1 + α, degH_n = n, (1.25) degh^α_n = n, degp_n = n, degx_n = n + 1 − α, degy^α_n = n − 1 + α. Then, accordingly, there is the grading deg in Der_{ext}S^′(2, α). Let L^α_0 = −L^α_0 + 1 2 (1 − α)H_0. (1.26) Notice that for a homogeneous element s ∈ S^′(2, α) [L^α_0 , s] = (degs)s. (1.27) Let us consider the natural action of S^′(2, α) on Der_{ext}S^′(2, α). Then for a homogeneous element D ∈ Der_{ext}S^′(2, α) L^α_0 (D) = (degD)D. (1.28) On the other hand, since the action of a Lie superalgebra on its cohomology is trivial, then for any D ∈ H^1(S^′(2, α), S^′(2, α)) one must have L^α_0 (D) = 0. (1.29) Hence the nonzero elements of Der_{ext}S^′(2, α) must have deg = 0.

Let α ∈ Z. Notice that the degree zero part of the grading deg of S^′(2, α) is the Lie superalgebra S^′(2, α)_{deg=0} spanned by the elements {L^α_0 , E_{α−1}, F_{1−α}, H_0, h^α_0 , p_0, x_{α−1}, y^α_{1−α}}. (1.30) Since every D ∈ Der_{ext}S^′(2, α) preserves S^′(2, α)_{deg=0}, then it defines a derivation of S^′(2, α)_{deg=0}. One can then check that the space of the exterior derivations of S^′(2, α)_{deg=0} is spanned by the derivations E, H and F acting on the basis (1.30) as follows: [E, h^α_0 ] = x_{α−1}, [E, y^α_{1−α}] = p_0; (1.31) [F, x_{α−1}] = h^α_0 , [F, p_0] = y^α_{1−α}; [H, x_{α−1}] = x_{α−1}, [H, h^α_0 ] = −h^α_0 , [H, p_0] = p_0, [H, y^α_{1−α}] = −y^α_{1−α}.

Then one can extend E, H and F to exterior derivations of S^′(2, α) as in (1.23). One should note that if the restriction of a derivation of S^′(2, α) to S^′(2, α)_{deg=0} is zero, then this derivation is inner. Finally, notice that E and F interchange h’s with x’s and y’s with p’s. If α ∈ C \ Z, then degh^α_n − degx_k ∉ Z and degy^α_n − degp_k ∉ Z for any n, k ∈ Z. Thus we cannot obtain E and F of deg = 0 in this case. By this reason, Der_{ext}S(2, α) = ⟨H⟩. □ Remark 1.3. Let α ∈ Z. Then one can identify F ↔ −t^{−α}θ_1θ_2∂_t, (1.32) see (1.9). However we cannot interpret E as a regular differential operator on the circle or its superanalogue. To find a realization for sl(2) = ⟨E, H, F⟩, we have to consider a more general superalgebra.

2. The superalgebra of pseudodifferential symbols

Recall that the ring R of pseudodifferential symbols is the ring of the formal series A(t, ξ) = Σ^n_{−∞}a_i(t)ξ^i, (2.1) where a_i(t) ∈ C [t, t^{−1}], and the variable ξ corresponds to ∂/∂t, see [KK]. The multiplication rule in R is determined as follows: A(t, ξ) ∘ B(t, ξ) = Σ_{n≥0} 1 n! ∂^n_ξ A(t, ξ)∂^n_t B(t, ξ). (2.2) Notice that R is a generalization of the associative algebra of the regular differential operators on the circle, and the multiplication rule in R, when restricted to the polynomials in ξ, coincides with the multiplication rule for the differential operators. The Lie algebra structure on R is given by [A, B] = A ∘ B − B ∘ A, (2.3) where A, B ∈ R. To construct a superanalogue of R, consider a superalgebra Θ(N) with generators θ_1, . . . , θ_N , ∂_1, . . . , ∂_N and relations θ_iθ_j = −θ_j θ_i, ∂_i∂_j = −∂_j ∂_i, (2.4) ∂_iθ_j = δ_{i,j} − θ_j∂_i.

Define an associative superalgebra R(N) = R ⊗ Θ(N). (2.5) The product in R(N) determines the natural Lie superalgebra structure on this space: [A ⊗ X, B ⊗ Y ] = (A ∘ B) ⊗ (XY ) − (−1)^{p(X)p(Y )}(B ∘ A) ⊗ (Y X), (2.6) where A, B ∈ R, and X, Y ∈ Θ(N). There exists an inclusion W (N) ⊂ R(N), (2.7) so that the commutation relations in R(N), when restricted to W (N), coincide with commutation relations in W (N). Recall that the Lie algebra R has two independent central extensions, see [KZ]. Analogously, one can define two 2-cocycles φ_ξ and φ_t on R(N). Let A, B ∈ R, and X, Y ∈ Θ(N). Then φ_ξ(A ⊗ X, B ⊗ Y ) = the coefficient of t^{−1}ξ^{−1}θ_1 . . . θ_N ∂_1 . . . ∂_N (2.8) in ([log ξ, A] ∘ B) ⊗ (XY ), where [log ξ, A(t, ξ)] = Σ_{k≥1}

(−1)^{k+1} k ∂^k_t A(t, ξ)ξ^{−k}, (2.9) cf. [KK], [KZ], and φ_t(A ⊗ X, B ⊗ Y ) = the coefficient of t^{−1}ξ^{−1}θ_1 . . . θ_N ∂_1 . . . ∂_N (2.10) in ([log t, A] ∘ B) ⊗ (XY ), where [log t, A(t, ξ)] = Σ_{k≥1}

(−1)^{k+1} k t^{−k}∂^k_ξ A(t, ξ). (2.11)

Proposition 2.1. The exterior derivations Der_{ext}S^′(2, α) for all α ∈ Z form the loop algebra S̃L(2) ⊂ R(2). (2.12) Proof. Let α = 1. Then SL(2) = ⟨F, H, E⟩ defined by (1.23) is isomorphic to a subalgebra of R(2). In fact, set F = −t^{−1}ξθ_1θ_2, (2.13) H = 1 − θ_1∂_1 − θ_2∂_2, E = (tξ^{−1} − ξ^{−2})∂_1∂_2.

One can then construct the loop algebra of SL(2) as follows: S̃L(2) = ⟨F_n, H_n, E_n⟩_{n∈} Z, (2.14) where

F_n = −t^{n−1}ξθ_1θ_2, (2.15) H_n = (ξ^{−1} ∘ t^nξ)(1 − θ_1∂_1 − θ_2∂_2 − θ_1θ_2∂_1∂_2) + t^nθ_1θ_2∂_1∂_2, E_n = (ξ^{−1} ∘ t^{n+1})∂_1∂_2.

The non-vanishing commutation relations are

[H_n, E_k] = 2E_{n+k}, [H_n, F_k] = −2F_{n+k}, (2.16) [E_n, F_k] = H_{n+k}.

Let α ∈ Z. Then Der_{ext}S^′(2, α) ∼= ⟨F_{−α+1}, H_0, E_{α−1}⟩. (2.17) □ Remark 2.1. Let g(t) ∈ t^βC [t, t^{−1}], where β ∈ R \ Z. One can think of ξ^{−1} as the anti-derivative ξ^{−1}g(t) = ∫ g(t)dt. (2.18) Let f(t) ∈ C [t, t^{−1}]. According to (2.2)

ξ^{−1} ∘ f = ∞∑ n=0 (−1)^n(ξ^nf)ξ^{−n−1}. (2.19)

Notice that this formula, when applied to a function g, corresponds to the integration by parts.

Proposition 2.2. The superalgebras S^′(2, α), where α ∈ Z, generate W (2). Proof. Recall that W (2) is spanned by 6 series of even generators and 6 series of odd generators. Define

r_n = t^{n−1}θ_1θ_2∂_1, (2.20) s_n = t^{n−1}θ_1θ_2∂_2, I_n = t^n(θ_1∂_1 + θ_2∂_2).

Notice that

L^α_n = L^0_n − 1 2 αI_n, (2.21) h^α_n = h^0_n − αr_n, y^α_n = y^0_n + αs_n.

Let us denote L_n = L^0_n, h_n = h^0_n, y_n = y^0_n. (2.22) Recall that the following 12 series of elements are contained in W (2): {L_n, E_n, H_n, F_n, I_n, F_n, h_n, p_n, x_n, y_n, r_n, s_n}. (2.23) It is easy to see that they span W (2). According to (1.13) the non-vanishing commutation relations between L_n, E_n, H_n, F_n, h_n, p_n, x_n, y_n are

[L_n, L_k] = (n − k)L_{n+k}, (2.24) [E_n, F_k] = H_{n+k}, [H_n, E_k] = 2E_{n+k}, [H_n, F_k] = −2F_{n+k}, [L_n, E_k] = −kE_{n+k}, [L_n, H_k] = −kH_{n+k}, [L_n, F_k] = −kF_{n+k}, [L_n, h_k] = 1 2 (n − 2k + 1)h_{n+k}, [L_n, p_k] = 1 2 (n − 2k − 1)p_{n+k}, [L_n, x_k] = 1 2 (n − 2k − 1)x_{n+k}, [L_n, y_k] = 1 2 (n − 2k + 1)y_{n+k}, [E_n, y_k] = h_{n+k}, [F_n, h_k] = y_{n+k}, [E_n, p_k] = x_{n+k}, [F_n, x_k] = p_{n+k}, [H_n, h_k] = h_{n+k}, [H_n, y_k] = −y_{n+k}, [H_n, x_k] = x_{n+k}, [H_n, p_k] = −p_{n+k}, [h_n, x_k] = (k + 1 − n)E_{n+k}, [p_n, y_k] = (k − n − 1)F_{n+k}, [h_n, p_k] = L_{n+k} − 1 2 (k − n + 1)H_{n+k}, [x_n, y_k] = −L_{n+k} + 1 2 (k − n − 1)H_{n+k}. The additional non-vanishing commutation relations between the elements (2.23), i.e. those that involve I_n, F_n, r_n, or s_n, are:

[L_n, r_k] = − 1 2 (n + 2k − 1)r_{n+k}, [L_n, s_k] = − 1 2 (n + 2k − 1)s_{n+k}, (2.25) [L_n, I_k] = −kI_{n+k}, [L_n, F_k] = (1 − k)F_{n+k}, [E_n, s_k] = −r_{n+k}, [H_n, r_k] = r_{n+k}, [H_n, s_k] = −s_{n+k},

[F_n, r_k] = −s_{n+k}, [h_n, s_k] = −F_{n+k}, [h_n, I_k] = −h_{n+k} − 2kr_{n+k}, [p_n, r_k] = − 1 2 H_{n+k} + 1 2 I_{n+k}, [p_n, s_k] = F_{n+k}, [p_n, I_k] = p_{n+k}, [F_k, p_n] = y_{n+k} + (1 − k)s_{n+k}, [x_n, r_k] = E_{n+k}, [x_n, s_k] = 1 2 H_{n+k} + 1 2 I_{n+k}, [I_k, x_n] = −x_{n+k}, [F_k, x_n] = h_{n+k} + (k − 1)r_{n+k}, [y_n, r_k] = −F_{n+k}, [I_k, y_n] = y_{n+k} − 2ks_{n+k}, [I_n, r_k] = r_{n+k}, [I_n, s_k] = s_{n+k}, [I_n, F_k] = 2F_{n+k}. □ In the next section we will prove that the family S^′(2, α), where α ∈ Z, together with S̃L(2) generate a contact Lie superalgebra.

3. The superalgebra K(4)

The superalgebras K(N). By definition K(N) = {D ∈ W (N) | Dω = fω for some f ∈ C [t, t^{−1}] ⊗ Λ(N)}, (3.1) where ω = dt − N∑ i=1 θ_idθ_i (3.2)

is a contact 1-form, see [KL]. Every differential operator D ∈ K(N) can be represented by a single function f ∈ C [t, t^{−1}] ⊗ Λ(N) : f → D_f . (3.3) Let Δ(f) = 2f − N∑ i=1 θ_i∂_i(f). (3.4) Then D_f = Δ(f)∂_t + ∂_t(f) N∑ i=1 θ_i∂_i + (−1)^{p(f)} N∑ i=1 ∂_i(f)∂_i. (3.5) Notice that D_{f+g} = D_f + D_g, (3.6) [D_f , D_g] = D_{{f,g}}, where {f, g} = Δ(f)∂_t(g) − ∂_t(f)Δ(g) + (−1)^{p(f)} N∑ i=1 ∂_i(f)∂_i(g), (3.7)

see [KL].

The superalgebras K(N) are simple, except when N = 4. If N = 4, then the derived superalgebra K^′(4) = [K(4), K(4)] is a simple ideal in K(4) of codimension one:

0 → K^′(4) → K(4) → C D_t−1_{θ1θ2θ3θ4} → 0. (3.8)

Proposition 3.1. The superalgebras S^′(2, α), where α ∈ Z, and S̃L(2) generate a Lie superalgebra isomorphic to a central extension of K^′(4).

Proof. According to Proposition 2.2, the family S^′(2, α) generates W (2), which has (6|6)- series of elements. If we also consider S̃L(2), then we include two additional series of even elements, E_n and H_n, into the picture. From the commutation relations we also obtain two additional series of odd elements:

q_n = (ξ^{−1} ∘ t^n)(∂_1 + θ_2∂_1∂_2), (3.9) t_n = (ξ^{−1} ∘ t^n)(∂_2 − θ_1∂_1∂_2).

Let g ⊂ R(2) be the superalgebra spanned by the (8|8)-series of elements {L_n, E_n, H_n, F_n, I_n, F_n, E_n, H_n, h_n, p_n, x_n, y_n, r_n, s_n, q_n, t_n}. (3.10) To obtain the commutation relations for g one can make use of its representation in the space

t^βC [t, t^{−1}] ⊗ Λ(2) = t^β C [t, t^{−1}] ⊗ ⟨1, θ_1, θ_2, θ_1θ_2⟩, where β ∈ R \ Z, (3.11)

see Remark 2.1. We obtain that the commutation relations for g are that for W (2) and for S̃L(2), see (2.23), (2.24), and the additional non-vanishing commutation relations, i.e. those that involve E_n, H_n, q_n and t_n, are:

[L_n, q_k] = − 1 2 (n + 2k + 1)q_{n+k}, [L_n, t_k] = − 1 2 (n + 2k + 1)t_{n+k}, (3.12) [L_n, E_k] = −(k + 1)E_{n+k}, [L_n, H_k] = −kH_{n+k}, [E_n, t_k] = −q_{n+k}, [H_n, q_k] = q_{n+k}, [H_n, t_k] = −t_{n+k}, [F_n, q_k] = −t_{n+k},

[h_n, q_k] = E_{n+k}, [h_n, t_k] = H_{n+k} + 1 2 I_{n+k} + 1 2 H_{n+k}, [E_k, h_n] = x_{n+k} − (k + 1)q_{n+k}, [H_k, h_n, ] = −h_{n+k} − kr_{n+k}, [p_n, q_k] = −E_{n+k}, [H_k, p_n] = p_{n+k} + kt_{n+k}, [x_n, t_k] = −E_{n+k}, [H_k, x_n] = x_{n+k} − kq_{n+k}, [y_n, q_k] = H_{n+k} + 1 2 I_{n+k} − 1 2 H_{n+k}, [y_n, t_k] = F_{n+k}, [E_k, y_n] = p_{n+k} + (k + 1)t_{n+k}, [H_k, y_n] = −y_{n+k} + ks_{n+k}, [E_k, r_n] = −q_{n+k}, [H_k, r_n] = −r_{n+k}, [I_n, q_k] = −q_{n+k}, [I_n, t_k] = −t_{n+k}, [I_n, E_k] = −2E_{n+k}, [E_k, s_n] = −t_{n+k}, [H_k, s_n] = −s_{n+k}. [F_n, q_k] = −r_{n+k}, [F_n, t_k] = −s_{n+k}, [H_n, q_k] = q_{n+k}, [H_n, t_k] = t_{n+k}, [H_n, E_k] = 2E_{n+k}, [H_n, F_k] = −2F_{n+k}, [E_n, F_k] = H_{n+k}, Let L^′_n = L_n + H_n + 1 2 I_n, (3.13) I^′_n = I_n + H_n, p^′_n = p_n + t_n, x^′_n = x_n − q_n.

Notice that I^′_0 is a central element in g, and I^′_0 = 1, where 1 ∈ R(2) is the identity element.

We will explicitly describe the isomorphism between certain central extension K̂^′(4) and g:

ϕ : K̂^′(4) −→ g. (3.14) Let θ̌_1 = θ_2θ_3θ_4, θ̌_2 = θ_1θ_3θ_4, θ̌_3 = θ_1θ_2θ_4, θ̌_4 = θ_1θ_2θ_3. (3.15) The following 16 series of functions span C [t, t^{−1}] ⊗ Λ(4):

f^1_n = − 1 2 t^{n+1} + 1 2 it^n(θ_2θ_3 − θ_1θ_4) − 1 2 n(n + 1)t^{n−1}θ_1θ_2θ_3θ_4, f^2_n = 1 2 t^{n−1}(θ_1θ_2 − θ_3θ_4 − iθ_1θ_3 − iθ_2θ_4), (3.16) f^3_n = 1 2 t^{n+1}(−θ_1θ_2 + θ_3θ_4 − iθ_1θ_3 − iθ_2θ_4), f^4_n = it^n(θ_1θ_4 − θ_2θ_3), f^5_n = i √ 8 ( t^n(θ_1 − iθ_2 − θ_3 + iθ_4) − nt^{n−1}(θ̌_1 + iθ̌_2 − θ̌_3 − iθ̌_4) ) , f^6_n = 1 √ 8 ( t^n(θ_1 + iθ_2 + θ_3 + iθ_4) − nt^{n−1}(θ̌_1 − iθ̌_2 + θ̌_3 − iθ̌_4) ) , f^7_n = i √ 8 ( t^{n+1}(θ_1 + iθ_2 − θ_3 − iθ_4) − (n + 1)t^n(θ̌_1 − iθ̌_2 − θ̌_3 + iθ̌_4) ) , f^8_n = 1 √ 8 ( t^{n+1}(θ_1 − iθ_2 + θ_3 − iθ_4) − (n + 1)t^n(θ̌_1 + iθ̌_2 + θ̌_3 + iθ̌_4) ) , f^9_n = −i √ 2 t^{n−1}(θ̌_1 + iθ̌_2 − θ̌_3 − iθ̌_4),

f^{10}_n = 1 √ 2 t^{n−1}(θ̌_1 − iθ̌_2 + θ̌_3 − iθ̌_4),

f^{11}_n = −i √ 2 t^n(θ̌_1 − iθ̌_2 − θ̌_3 + iθ̌_4),

f^{12}_n = 1 √ 2 t^n(θ̌_1 + iθ̌_2 + θ̌_3 + iθ̌_4),

f^{13}_n = 1 2 t^n(−θ_1θ_4 − θ_2θ_3 + iθ_2θ_4 − iθ_1θ_3),

f^{14}_n = 1 2 t^n(θ_1θ_4 + θ_2θ_3 − iθ_1θ_3 + iθ_2θ_4),

f^{15}_n = −it^n(θ_1θ_2 + θ_3θ_4),

f^{16}_n = 2nt^{n−1}θ_1θ_2θ_3θ_4.

The 16 series of the corresponding differential operators {D_f i_n }_{i=1,...,16} span K^′(4). Notice that f^{16}_n = 0, if n = 0. This corresponds to the fact that D_t−1_{θ1θ2θ3θ4} ∉ K^′(4). Let

ϕ(D_f 1_n ) = L^′_n, ϕ(D_f 2_n ) = E_n, ϕ(D_f 3_n ) = F_n, ϕ(D_f 4_n ) = H_n, (3.17)

ϕ(D_f 5_n ) = x^′_n, ϕ(D_f 6_n ) = h_n, ϕ(D_f 7_n ) = y_n, ϕ(D_f 8_n ) = p^′_n,

ϕ(D_f 9_n ) = q_n, ϕ(D_f 10_n ) = r_n, ϕ(D_f 11_n ) = s_n, ϕ(D_f 12_n ) = t_n,

ϕ(D_f 13_n ) = E_n, ϕ(D_f 14_n ) = F_n, ϕ(D_f 15_n ) = H_n, ϕ(D_f 16_n ) = I^′_n.

One can verify that ϕ is an isomorphism from K̂^′(4) onto g, where the central element of g is I^′_0 = 1 and the corresponding 2-cocycle is

φ(p^′_n, r_k) = 1 2 δ_{n,−k}, (3.18) φ(x^′_n, s_k) = 1 2 δ_{n,−k}, φ(h_n, t_k) = 1 2 δ_{n,−k}, φ(y_n, q_k) = 1 2 δ_{n,−k}, φ(L^′_n, I^′_k) = nδ_{n,−k}. □ Corollary 3.1. We have obtained an inclusion of Lie superalgebras, which have (2|2), (4|4), and (8|8)-series of generators, correspondingly:

the centerless N = 2 SCA ⊂ S^′(2, 0) ⊂ K^′(4). (3.19)

Remark 3.1. Recall that the superalgebra K^′(4) has 3 independent central extensions ([KL]). One of them is given by (3.18).

The restriction of the cocycle φ_ξ to K^′(4) gives another 2-cocycle:

φ_ξ(L^′_n, L^′_k) = ( 1 2 n^3 − 2n)δ_{n,−k}, (3.20) φ_ξ(E_n, F_k) = nδ_{n,−k}, φ_ξ(H_n, H_k) = 2nδ_{n,−k}, φ_ξ(E_n, F_k) = −(n + 1)δ_{n,−k}, φ_ξ(H_n, H_k) = −2nδ_{n,−k}, φ_ξ(I^′_n, I^′_k) = −4nδ_{n,−k}, φ_ξ(L^′_n, I^′_k) = n(n − 2)δ_{n,−k}, φ_ξ(L^′_n, H_k) = −2nδ_{n,−k}, φ_ξ(H_n, I^′_k) = −2nδ_{n,−k}, φ_ξ(h_n, p_k) = n(n − 1)δ_{n,−k}, φ_ξ(h_n, t_k) = nδ_{n,−k}, φ_ξ(x_n, y_k) = −n(n + 1)δ_{n,−k}, φ_ξ(x_n, s_k) = (n + 1)δ_{n,−k}, φ_ξ(p_n, r_k) = (n + 1)δ_{n,−k}, φ_ξ(y_n, q_k) = nδ_{n,−k}. Notice that the restriction of φ_ξ to S^′(2, α) defines the 2-cocycle (1.15). Finally, the restriction of the cocycle φ_t gives the third 2-cocycle for K^′(4):

φ_t(L^′_n, L^′_k) = 2nδ_{n,−k}, (3.21) φ_t(L^′_n, H_k) = nδ_{n,−k}, φ_t(L^′_n, I^′_k) = nδ_{n,−k}, φ_t(E_n, F_k) = δ_{n,−k}, φ_t(h_n, t_k) = δ_{n,−k}, φ_t(y_n, q_k) = δ_{n,−k}. In the next section we will observe a correspondence between the superconformal algebras (3.19) and Lie superalgebras of the Hodge theory.

4. Lie superalgebras of the Hodge theory

The Kähler case. Let M be a compact Kähler manifold with associated (1, 1)-form ω, let dimC M = n. There exists a number of operators on the space A^∗(M) of differential forms on M such as ∂, ¯∂, d, d_c, their corresponding adjoint operators and the associated Laplacians, see [GH]. Recall that ∂ : A^{p,q}(M) → A^{p+1,q}(M), (4.1) ¯∂ : A^{p,q}(M) → A^{p,q+1}(M), d = ∂ + ¯∂, d_c = i(∂ − ¯∂), △ = dd^∗ + d^∗d = 2△_∂ = 2△ ¯_∂.

The Hodge ⋆-operator maps ⋆ : A^{p,q}(M) −→ A^{n−q,n−p}(M), (4.2) so that ⋆^2 = (−1)^{p+q} on A^{p,q}(M). Correspondingly, the Hodge inner product is defined on each of A^{p,q}(M): (φ, ψ) = ∫ M φ ∧ ⋆ψ̄. (4.3) In addition, A^∗(M) admits an sl(2)-module structure. Namely, sl(2) = ⟨L, H, Λ⟩, where

[L, Λ] = H, [H, L] = 2L, [H, Λ] = −2Λ. (4.4)

The operator L : A^{p,q}(M) → A^{p+1,q+1}(M), (4.5) is defined by L(φ) = φ ∧ ω. (4.6) Let Λ = L^∗ be its adjoint operator: Λ : A^{p,q}(M) → A^{p−1,q−1}(M), (4.7) and H |_Ap,q_{(M)}= p + q − n. (4.8) According to the Lefschetz theorem, there exists the corresponding action of sl(2) on H^∗(M). These operators satisfy a series of identities, known as the Hodge identities, see [GH]: [L, ∂] = 0, [L, ∂^∗] = i ¯∂, (4.9) [L, ¯∂] = 0, [L, ¯∂^∗] = −i∂, [Λ, ∂] = i ¯∂^∗, [Λ, ∂^∗] = 0, [Λ, ¯∂] = −i∂^∗, [Λ, ¯∂^∗] = 0. Let S = ⟨△, L, H, Λ, d, d^∗, d_c, d^∗_c ⟩. (4.10) The commutation relations in S are as follows: [L, Λ] = H, [H, L] = 2L, [H, Λ] = −2Λ, [d, d^∗] = dd^∗ + d^∗d = △, (4.11) [d_c, d^∗_c ] = d_cd^∗_c + d^∗_c d_c = △, [H, d] = d, [H, d^∗] = −d^∗, [H, d_c] = d_c, [H, d^∗_c] = −d^∗_c , [L, d^∗] = −d_c, [L, d^∗_c] = d, [Λ, d] = d^∗_c , [Λ, d_c] = −d^∗,

and they are zero otherwise.

Recall that by definition a superconformal algebra g contains the centerless Virasoro algebra W itt = ⊕_{n∈}ZC L_n as a subalgebra, and the element L_0 defines a Z-grading on g. Proposition 4.1. The degree zero part of the Z-grading deg of S^′(2, 0) is isomorphic to the Lie superalgebra of classical operators in Kähler geometry. Proof. Recall that the Z-grading deg on S^′(2, 0) is defined by the element

L_0 = −L_0 + 1 2 H_0, (4.12)

so that [L_0, s] = (degs)s, (4.13) for a homogeneous element s ∈ S^′(2, 0), see (1.27). One can easily see that

S^′(2, 0)_{deg=0} = ⟨L_0, E_{−1}, H_0, F_1, h_0, p_0, x_{−1}, y_1⟩. (4.14)

The isomorphism of Lie superalgebras

ψ : S −→ S^′(2, 0)_{deg=0} (4.15)

is given as follows:

ψ(△) = L_0, ψ(H) = H_0, ψ(d) = h_0, ψ(d^∗) = −p_0, (4.16) ψ(L) = E_{−1}, ψ(Λ) = F_1, ψ(d_c) = x_{−1}, ψ(d^∗_c ) = y_1. (4.17) □ Remark 4.1. Given a compact (oriented) Riemannian manifold M, dimM = n, there exist four classical operators on the space of differential forms A^∗(M): d, d^∗, △, and H, where d is the de Rham differential, d^∗ is its adjoint, △ is the Laplace operator, and H |_Ap_{(M)}= p−n/2. These operators span the Lie superalgebra gl(1|1), which is isomorphic to the deg = 0 part of the Z-grading of the centerless N = 2 superconformal algebra, defined by the element L_0, see (4.12), (4.16).

The hyperKähler case. Let M be a compact hyperKähler manifold. By definition, M is a Riemannian manifold endowed with three complex structures I, J, and K, such that I ∘ J = −J ∘ I = K and M is Kähler with respect to the complex structures I, J and K. Correspondingly, we have 3 closed 2-forms: ω_I , ω_j and ω_K . We fix the complex structure I, thus ω = ω_I . The operators L_i, L_j , and L_k and their adjoint operators Λ_i, Λ_j, and Λ_k with respect to the Hodge inner product are naturally defined. In particular, the sl(2) provided by the Lefschetz theorem is spanned by ⟨L_i, H, Λ_i⟩. Set ∂^i = ∂, ¯∂^i = ¯∂, d^i_c = d_c, (d^i_c)^∗ = d^∗_c . (4.18) One can define the analogous differentials for the complex structures J and K (see [V2]): ∂^j , ¯∂^j, ∂^k, ¯∂^k, d^j_c, (d^j_c)^∗, d^k_c , (d^k_c )^∗. (4.19) Remark 4.2. M. Verbitsky proved that in the hyperKähler case there is a natural action of the Lie algebra so(5) on H^∗(M) ([V1]). The so(5) is spanned by the operators L_i, L_j, L_k, H, Λ_i, Λ_j , Λ_k and 3 operators K_{ij} , where K_{ij} = −K_{ji} = [L_i, Λ_j ], i ≠ j. (4.20) Thus we obtain an (11|8)-dimensional Lie superalgebra, where the even part is the direct sum of so(5) and the Laplace operator △, and the odd part is spanned by 8 differentials d, d^∗, d^i_c, (d^i_c)^∗, d^j_c, (d^j_c)^∗, d^k_c , (d^k_c )^∗, (4.21) cf. [FKS]. The analogues of the Hodge identities are the commutation relations for so(5) ([V1]), and the following identities ([V2]): [d, d^∗] = [d^i_c, (d^i_c)^∗] = [d^j_c, (d^j_c)^∗] = [d^k_c , (d^k_c )^∗] = △, [L_i, (d^j_c)^∗] = −d^k_c , [Λ_i, d^j_c] = (d^k_c )^∗, (4.22) [H, d^i_c] = d^i_c, [H, (d^i_c)^∗] = −(d^i_c)^∗.

We set d^1_c = d, (d^1_c)^∗ = d^∗. (4.23) The commutation relations for the indexes {i, j, k, 1} satisfy the quaternionic rules. A particular case of the identities (4.22) are the familiar relations in the Kähler case: [L, d^∗] = −d_c, [L, d^∗_c] = d, (4.24) [Λ, d] = d^∗_c , [Λ, d_c] = −d^∗.

Remark 4.3. Consider the Z-grading of K^′(4) defined by the element L_0, see (4.12). Notice that K^′(4)_{deg=0} is a (7|8)-dimensional Lie superalgebra spanned by S^′(2, 0)_{deg=0} together with 3 even elements, E_{−1}, H_0 and F_1, and 4 odd elements, r_0, t_0, q_{−1} and s_1. We have identified S^′(2, 0)_{deg=0} with the Lie superalgebra S = ⟨△, L_i, H, Λ_i, d, d^∗, d^i_c, (d^i_c)^∗⟩. Notice that ⟨E_{−1}, H_0, F_1⟩ ∼= Der_{ext}S, see (2.17). We will show that the elements r_0, t_0, q_{−1} and s_1 can be identified with the differentials −d^j_c, (d^j_c)^∗, d^k_c and (d^k_c )^∗, respectively. Lemma 4.1. The Lie superalgebra K^′(4)_{deg=0} is isomorphic to a central extension of psl(2|2).

Proof. Recall that by definition psl(2|2) = sl(2|2)/⟨1_4⟩, (4.25) where 1_4 is the identity matrix. Thus psl(2|2) is a simple Lie superalgebra of dimension (6|8).

From (2.24), (2.25) and (3.12) we obtain the following non-vanishing commutation relations for K^′(4)_{deg=0} = ⟨L_0, E_{−1}, H_0, F_1, E_{−1}, F_1, H_0, h_0, p_0, x_{−1}, y_1, r_0, t_0, q_{−1}, s_1⟩: [E_{−1}, F_1] = H_0, [H_0, E_{−1}] = 2E_{−1}, [H_0, F_1] = −2F_1, (4.26) [E_{−1}, y_1] = h_0, [E_{−1}, p_0] = x_{−1}, [E_{−1}, s_1] = −r_0, [E_{−1}, t_0] = −q_{−1}, [F_1, h_0] = y_1, [F_1, x_{−1}] = p_0, [F_1, r_0] = −s_1, [F_1, q_{−1}] = −t_0, [H_0, h_0] = h_0, [H_0, y_1] = −y_1, [H_0, x_{−1}] = x_{−1}, [H_0, p_0] = −p_0, [H_0, r_0] = r_0, [H_0, s_1] = −s_1, [H_0, t_0] = −t_0, [H_0, q_{−1}] = q_{−1}, [H_0, E_{−1}] = 2E_{−1}, [H_0, F_1] = −2F_1, [E_{−1}, F_1] = H_0, [E_{−1}, h_0] = x_{−1}, [E_{−1}, y_1] = p_0, [E_{−1}, r_0] = −q_{−1}, [E_{−1}, s_1] = −t_0, [F_1, p_0] = y_1, [F_1, x_{−1}] = h_0, [F_1, q_{−1}] = −r_0, [F_1, t_0] = −s_1, [H_0, h_0] = −h_0, [H_0, p_0] = p_0, [H_0, y_1] = −y_1, [H_0, x_{−1}] = x_{−1}, [H_0, r_0] = −r_0, [H_0, s_1] = −s_1, [H_0, q_{−1}] = q_{−1}, [H_0, t_0] = t_0, [x_{−1}, r_0] = E_{−1}, [h_0, q_{−1}] = E_{−1}, [p_0, s_1] = F_1, [y_1, t_0] = F_1, [p_0, q_{−1}] = −E_{−1}, [x_{−1}, t_0] = −E_{−1}, [h_0, s_1] = −F_1, [y_1, r_0] = −F_1, [p_0, r_0] = − 1 2 H_0 − 1 2 H_0, [x_{−1}, s_1] = 1 2 H_0 − 1 2 H_0, [h_0, t_0] = 1 2 H_0 + 1 2 H_0, [y_1, q_{−1}] = − 1 2 H_0 + 1 2 H_0, [h_0, p_0] = −L_0, [x_{−1}, y_1] = L_0.

Hence K^′(4)_{deg=0} is a central extension of psl(2|2), where the central element is L_0, and the corresponding 2-cocycle is c_1(h_0, p_0) = −1, c_1(x_{−1}, y_1) = 1. (4.27)

□ Remark 4.4. It is known that the exterior derivations of psl(2|2) form an sl(2) ([S]). Correspondingly, psl(2|2) has 3 independent central extensions, and the sl(2) naturally acts on 2-cocycles. Content-Length: 20801 X-Lines: 570 Status: RO

One of the 2-cocycles is given by (4.27). The restriction of the cocycle φ (see (3.18)) to K^′(4)_{deg=0} is the second 2-cocycle for psl(2|2):

c_2(h_0, t_0) = 1 2 , (4.28) c_2(p_0, r_0) = 1 2 , c_2(x_{−1}, s_1) = 1 2 , c_2(y_1, q_{−1}) = 1 2 . Notice that the restrictions of the cocycles φ_ξ and φ_t to K^′(4)_{deg=0} are 2-cocycles equivalent to c_2.

The element X = −2t^{−1}θ_1θ_2θ_3θ_4 ∈ K(4) (4.29) obviously defines an exterior derivation of K^′(4), see (3.8). The restriction of this derivation to K^′(4)_{deg=0} is an exterior derivation of psl(2|2):

X(h_0) = −r_0, X(p_0) = −t_0, X(x_{−1}) = q_{−1}, X(y_1) = s_1. (4.30)

We obtain that Der_{ext}psl(2|2) = ⟨X, Y, Z⟩, where [X, Y ] = Z, [Z, X] = 2X, [Z, Y ] = −2Y, (4.31) and the derivations Y and Z are defined as follows:

Y (r_0) = −h_0, Y (t_0) = −p_0, Y (q_{−1}) = x_{−1}, Y (s_1) = y_1; (4.32) Z(h_0) = −h_0, Z(p_0) = −p_0, Z(x_{−1}) = −x_{−1}, Z(y_1) = −y_1, Z(r_0) = r_0, Z(s_1) = s_1, Z(q_{−1}) = q_{−1}, Z(t_0) = t_0.

Let C_1 and C_2 be the central elements of the extensions defined by the cocycles c_1 and c_2. Thus C_1 = L_0 ∈ W itt, and C_2 = 1 ∈ R(2). Notice that

X(C_1) = C_2. (4.33)

Let C_3 be the central element of the third independent central extension of psl(2|2), so that X(C_2) = −2C_3. (4.34) Then the corresponding 2-cocycle is c_3(t_0, r_0) = 1, (4.35) c_3(s_1, q_{−1}) = −1. Let p̂sl(2|2) = psl(2|2) ⊕ ⟨C⟩, (4.36) be the central extension of psl(2|2) defined by the 2-cocycle c_1 − c_3. Let K be the Lie superalgebra such that K = p̂sl(2|2) as a vector space, and [g_1, g_2]K = [g_1, g_2]_^psl_{(2|2)}, if g_1 or g_2 is even, (4.37) [g_1, g_2]K = (c_1 − c_3)(g_1, g_2)C, if g_1 and g_2 are odd.

Proposition 4.2. The Lie superalgebra spanned by the operators ⟨△, L_i, H, Λ_i, d, d^∗, d^i_c, (d^i_c)^∗, d^j_c, (d^j_c)^∗, d^k_c , (d^k_c )^∗⟩ (4.38) is isomorphic to the subalgebra of K spanned by the elements {C, E_{−1}, H_0, F_1, h_0, p_0, x_{−1}, y_1, r_0, t_0, q_{−1}, s_1}. (4.39) Proof. Recall that in the Kähler case we obtained the isomorphism ψ of the Lie superalgebra of the classical operators and S^′(2, 0)_{deg=0}, see (4.16), (4.17). We extend the isomorphism ψ as follows:

ψ(△) = C, ψ(L_i) = E_{−1}, ψ(Λ_i) = F_1, ψ(H) = H_0, (4.40) ψ(d) = h_0, ψ(d^∗) = −p_0, ψ(d^i_c) = x_{−1}, ψ((d^i_c)^∗) = y_1, ψ(d^j_c) = −r_0, ψ((d^j_c)^∗) = t_0, ψ(d^k_c ) = q_{−1}, ψ((d^k_c )^∗) = s_1. □ In the next section we will consider the relative semi-infinite Weil complex of a loop algebra, and describe some structures on it, which are similar to those of Kähler geometry.

5. Relative semi-infinite cohomology and Kähler geometry

The semi-infinite Weil complex of a graded Lie algebra was introduced by B. Feigin and E. Frenkel in [FF]. In particular, let g̃ = g ⊗ C [t, t^{−1}] be the loop algebra of a complex finite-dimensional Lie algebra g. Naturally, g̃ = ⊕_{n∈}Zg̃_n. Let g̃^′ = ⊕_{n∈}Zg̃^′_n be the restricted dual of g̃. The linear space g̃ ⊕ g̃^′ carries non-degenerate skew-symmetric and symmetric bilinear forms: (·, ·) and {·, ·}. Let H(g̃) and C(g̃) be the quotients of the tensor algebra T^∗(g̃ ⊕ g̃^′) by the ideals generated by the elements of the form xy − yx − (x, y) and xy + yx − {x, y}, respectively, where x, y ∈ g̃ ⊕ g̃^′. Consider the polarization g̃ = n_+ ⊕ n_−, where n_+ = ⊕_{n>0}g̃_n, n_− = ⊕_{n≤0}g̃_n. Let S^{∞2 +∗}(g̃), Λ^{∞2 +∗}(g̃) be the representations of H(g̃) and C(g̃) induced from the trivial representations < 1_S > and < 1_Λ > of S^∗(n_+ ⊕ n^′_−) and of Λ^∗(n_+ ⊕ n^′_−), respectively. Denote the actions of H(g̃) and C(g̃) on these modules by β(x), γ(x^′) and τ(x), ε(x^′), respectively, for x ∈ g̃, x^′ ∈ g̃^′. Let Degε(x^′) = Degγ(x^′) = 1, and Degτ(x) = Degβ(x) = −1. Correspondingly, S^{∞2 +∗}(g̃) = ⊕_{i∈}ZS^{∞2 +i}(g̃), Λ^{∞2 +∗}(g̃) = ⊕_{i∈}ZΛ^{∞2 +i}(g̃). Let u run through a fixed basis of g. Then {u_m}_{m∈}Z is a basis of g̃.

One can define projective representations ρ and π of g̃ in Λ^{∞2 +∗}(g̃) and S^{∞2 +∗}(g̃), respectively: ρ(x) = ∑ i∈Z ∑ u : τ([x, u_i])ε(u^′_i) :, (5.1) π(x) = ∑ i∈Z ∑ u : β([x, u_i]γ(u^′_i) :, (5.2)

where x ∈ g̃, and where the double colons : : denote a normal ordering operation:

: τ(u_j )ε(v^′_i) := { τ(u_j)ε(v^′_i) if i ≤ 0 −ε(v^′_i)τ(u_j ) if i > 0 } , (5.3)

with the similar formulaes for β and γ, but without the minus sign. Then

[ρ(x), ρ(y)] = ρ([x, y]) + c_Λ(x, y), (5.4) [π(x), π(y)] = π([x, y]) + c_S (x, y), where x, y ∈ g̃ and c_Λ, c_S are 2-cocycles. Notice that c_Λ = −c_S . Let

W^{∞2 +∗}(g̃) = S^{∞2 +∗}(g̃) ⊗ Λ^{∞2 +∗}(g̃). (5.5)

Since the cocycles corresponding to the projective representations cancel, the representation θ(x) = ρ(x) + π(x) of g̃ in W^{∞2 +∗}(g̃) is well-defined. We define a Z-grading on W^{∞2 +∗}(g̃) setting W^{∞2 +i}(g̃) = ⊕_{2l+j=i}S^{∞2 +l}(g̃) ⊗ Λ^{∞2 +j} (g̃). (5.6)

We also define two differentials on the space W^{∞2 +∗}(g̃): d = 1 2 ∑ u,v,i,j : τ([u_i, v_j ])ε(v^′_j )ε(u^′_i) : + ∑ u,v,i,j : β([u_i, v_j])γ(v^′_j)ε(u^′_i) :, (5.7) h = ∑ u,i γ(u^′_i)τ(u_i), (5.8)

where u, v run through a fixed basis of g, and i, j ∈ Z. The differential d is the analogue of the classical differential for the Lie algebra cohomology and h is the (semi-infinite) Koszul differential. We obtain the semi-infinite Weil complex

{W^{∞2 +∗}(g̃), d + h}. (5.9)

Notice that d^2 = 0, h^2 = 0, [d, h] = 0, (d + h)^2 = 0. (5.10) Let W^{∞2 +∗} rel (g̃) = {w ∈ W^{∞2 +∗}(g̃) | τ(x)w = θ(x)w = 0 for all x ∈ g̃_0}. (5.11)

The differential d preserves the space W^{∞2 +∗}_{rel} (g̃) since [d, τ(x)] = dτ(x) + τ(x)d = θ(x), (5.12) and [d, θ(x)] = 0. (5.13)

for any x ∈ g̃. The complex {W^{∞2 +∗}_{rel} (g̃), d} is called the relative semi-infinite Weil complex. Its cohomology is called the relative semi-infinite cohomology H^{∞2 +∗}(g̃, g̃_0, S^{∞2 +∗}(g̃)). Proposition 5.1. Let g be a complex finite-dimensional Lie algebra with a non-degenerate invariant symmetric bilinear form. Then there exist operators on W^{∞2 +∗}_{rel} (g̃), which are analogous to the classical operators in Kähler geometry.

Proof. It was shown in [FGZ] that a relative semi-infinite complex C^∗_∞(l, l_0, V ), where l = ⊕_{n∈}Zl_n is a complex Z-graded Lie algebra, and V is a graded Hermitian l-module, admits a structure, which is similar to that of the de Rham complex in Kähler geometry. It is assumed that there exists a 2-cocycle γ on l such that γ|l_{n×}l_{−n} is non-degenerate if n ∈ Z\0 and it is zero otherwise. Then there exist operators on C^∗_∞(l, l_0, V ) analogous to the classical ones.

We can define similar operators on W^{∞2 +∗}_{rel} (g̃). Using the form ⟨·, ·⟩ on g we obtain the 2-cocycle γ on g̃:

γ(g_1 ⊗ t^n, g_2 ⊗ t^m) = n⟨g_1, g_2⟩δ_{n,−m}, for g_1, g_2 ∈ g. (5.14)

Notice that γ|_~g_{n×~}g_{−n} is non-degenerate if n ∈ Z\0 and zero otherwise. Let

Λ^{∞2 +∗}_{rel} (g̃) = ⊕_{a,b≥0}Λ^a(n^′_+) ∧ Λ^b_∞(n^′_−). (5.15)

For a homogeneous element in Λ^a(n^′_+) ∧ Λ^b_∞(n^′_−), a is the number of added elements, and b is the number of missing elements with respect to the vacuum vector 1_{Λrel} . Let

C^{a,b}(g̃) = [S^{∞2 +∗}(g̃) ⊗ Λ^a(n^′_+) ∧ Λ^b_∞(n^′_−)]g^0 . (5.16)

We obtain a bigrading on the relative semi-infinite Weil complex, such that

W^{∞2 +i}_{rel} (g̃) = ⊕_{a−b=i}C^{a,b}(g̃). (5.17)

Notice that d : C^{a,b}(g̃) −→ C^{a+1,b}(g̃) ⊕ C^{a,b−1}(g̃). (5.18) Define d_1 and d_2 such that

d = d_1 + d_2, (5.19) d_1 : C^{a,b}(g̃) −→ C^{a+1,b}(g̃), d_2 : C^{a,b}(g̃) −→ C^{a,b−1}(g̃). Let d_c = i(d_1 − d_2). (5.20) To define the adjoint operators, we have to introduce a Hermitian form on W^{∞2 +∗}_{rel} (g̃).

It was shown in [FGZ] that if a Z-graded Lie algebra l admits an antilinear automorphism σ of order 2 such that σ(l_n) = l_{−n}, then there exists a Hermitian form on Λ^{∞2 +∗}(l) such that ε(x^′)^∗ = −ε(σ(x^′)), τ(x)^∗ = −τ(σ(x)), (5.21) where x ∈ l, x^′ ∈ l^′.

To define a Hermitian form {·, ·} on Λ^{∞2 +∗}_{rel} (g̃), we set {1_{Λrel} , 1_{Λrel} } = 1. We fix a basis {v_i} of g so that ⟨v_i, v_j ⟩ = δ_{i,j} . Let u run through this basis. We define an antilinear automorphism σ of g̃ as follows:

σ(u_n) = iu_{−n}. (5.22)

Correspondingly, σ(u^′_n) = −iu^′_{−n}. (5.23) We introduce a Hermitian form on Λ^{∞2 +∗}_{rel} (g̃) such that the relations (5.21), where x ∈ g̃/g̃_0, x^′ ∈ (g̃/g̃_0)^′, hold. In the similar way we introduce a Hermitian form on S^{∞2 +∗}(g̃), such that

γ(x^′)^∗ = −γ(σ(x^′)), β(x)^∗ = −β(σ(x)), where x ∈ g̃/g̃_0, x^′ ∈ (g̃/g̃_0)^′. (5.24)

Then we obtain a Hermitian form {·, ·} on W^{∞2 +∗}_{rel} (g̃) by tensoring these two forms. It gives a pairing: C^{a,b}(g̃) −→ C^{b,a}(g̃). Notice that d = d^∗. To define a Hermitian form on C^{a,b}(g̃) we use the linear map

∗ : C^{a,b}(g̃) −→ C^{b,a}(g̃), (5.25)

defined as follows: ∗ : (v ⊗ u^′_{m1} ∧ u^′_{m2} ∧ . . .) = (sign)v ⊗ u^′_{−n1} ∧ u^′_{−n2} ∧ . . . , (5.26) where v ∈ S^{∞2 +∗}(g̃), {n_i}_{i≥1} is the complement of {m_i}_{i≥1} in Z\0, and sign corresponds to a permutation, such that . . . n_2, n_1, m_1, m_2, . . . has decreasing order. Finally, the Hermitian form on C^{a,b}(g̃) is given by (w_1, w_2) = {i^{a+b} ∗ w_1, w_2}, see [FGZ] for more detail. We introduce the adjoint operators d^∗, d^∗_c and the Laplace operator △ = dd^∗ + d^∗d.

It was pointed out in [FGZ] that as in the classical theory ([GH]), there exists an action of sl(2) on H^∗_∞(l, l_0, V ). One can identify l^′_n with l_{−n} by means of the cocycle γ. If {e_i} is a homogeneous basis in l, then sl(2) = ⟨L, H, Λ⟩ is defined as follows: L = (i/2) ∑ m∈Z\0 ε(e_m)ε(e^′_m), (5.27)

Λ = (i/2) ∑ m∈Z\0 τ(e_m)τ(e^′_m), H = − ∑ m∈Z\0 : τ(e_m)ε(e^′_m) : .

We identify g̃^′_n with g̃_{−n} by means of the cocycle γ, see (5.14). Then L = i ∑ u ∑ m>0 mε(u^′_{−m})ε(u^′_m), (5.28) H = − ∑ u ∑ m≠0 : τ(u_m)ε(u^′_m) :, Λ = −i ∑ u ∑ m>0 (1/m)τ(u_m)τ(u_{−m}). The operators {△, L, H, Λ, d, d^∗, d_c, d^∗_c } (5.29) are analogues of the classical operators (4.10). □ Proposition 5.2. Let g be a complex finite-dimensional Lie algebra endowed with a nondegenerate invariant symmetric bilinear form. Then H^{∞2 +∗}(g̃, g̃_0, S^{∞2 +∗}(g̃)) is a module over D̂erS^′(2, 0) with central charge 3dimg.

Proof. This theorem was stated in [P1, P2]. The detailed version is [P3]. Let {v_i} be a basis of g so that ⟨v_i, v_j ⟩ = δ_{i,j} . Let u run through this basis, and let m ∈ Z. We identify the elements of S^′(2, 0) with the following quadratic expansions: L_n = − ∑ u ∑ m [m : τ(u_{m+n})ε(u^′_m) : +m : β(u_{m+n})γ(u^′_m) :], (5.30) E_n = −(1/2)i ∑ u ∑ m γ(u^′_m)γ(u^′_{1−m+n}), H_n = − ∑ u ∑ m : β(u_m)γ(u^′_{m+n}) :, F_n = −(1/2)i ∑ u ∑ m β(u_m)β(u_{1−m−n}), h_n = ∑ u ∑ m γ(u^′_{m+n})τ(u_m), p_n = ∑ u ∑ m mβ(u_{m−n})ε(u^′_m), y_n = i ∑ u ∑ m β(u_m)τ(u_{1−m−n}), x_n = −i ∑ u ∑ m mγ(u^′_{1−m+n})ε(u^′_m). Set L_n = −L_{−n} + n + 1 2 H_n. (5.31)

One can check that the commutation relations (2.24) are fulfiled. Notice that h_0 is the semi-infinite Koszul differential h, and p_0 is the semi-infinite analogue of the homotopy operator, see [F]. Since the form ⟨·, ·⟩ is invariant, then there is an action of Ŝ^′(2, 0) on W^{∞2 +∗} rel (g̃). Notice that [S^′(2, 0), d] = 0, (5.32)

thus we obtain a representation of Ŝ^′(2, 0) in H^{∞2 +∗}(g̃, g̃_0, S^{∞2 +∗}(g̃)).

Recall that Der_{ext}S^′(2, 0) = ⟨E_{−1}, H_0, F_1⟩, see (2.17). Finally, we set

E_{−1} = L, H_0 = H, F_1 = Λ, (5.33)

as in (5.28). Notice that as in the classical case, [Λ, d] ≠ 0. Nevertheless, there exists an action of sl(2) on the relative semi-infinite cohomology according to [FGZ]. □ Corollary 5.1. The action of S^′(2, 0)_{deg=0} gives an additional set of (quadratic) operators on W^{∞2 +∗}_{rel} (g̃) (correspondingly, on H^{∞2 +∗}(g̃, g̃_0, S^{∞2 +∗}(g̃))), which are analogues of the classical ones, and include the semi-infinite Koszul differential and the semi-infinite homotopy operator.

Proof. Follows from Proposition 4.1. □

References

[A] M. Ademollo, L. Brink, A. D’Adda, R. D’Auria, E. Napolitano, S. Sciuto, E. Del Giudice, P. Di Vecchia, S. Ferrara, F. Gliozzi, R. Musto and R. Rettorino, Dual strings with U(1) colour symmetry, Nucl. Phys. B111 (1976), pp 77-110.

[CK] S.-J. Cheng, V. G. Kac, A new N = 6 Superconformal Algebra, Commun. Math.

Phys. 186, no 1, (1997), pp 219-231.

[F] D. Fuks, Cohomology of infinite-dimensional Lie algebras, Consultants Bureau, New York and London, 1986.

[FF] B. Feigin, E. Frenkel, Semi-infinite Weil Complex and the Virasoro Algebra, Commun.

Math. Phys. 137 (1991), pp 617-639. Erratum: Commun. Math. Phys. 147 (1992), pp 647-648.

[FGZ] I. Frenkel. H. Garland, G. Zuckerman, Semi-infinite cohomology and string theory, Proc. Natl. Acad. Sci. U.S.A. 83, (1986), pp 8442-8446.

[FKS] J. M. Figueroa-O’Farrill, C. Köhl, B. Spence, Supersymmetry and the cohomology of (hyper)Kähler manifolds, Nucl. Phys. B503 (1997), no 3, pp 614-626.

[FST] B. L. Feigin, A. M. Semikhatov, I. Yu. Tipunin, Equivalence between chain categories of representations of affine sl(2) and N = 2 superconformal algebras, J. Math. Phys. 39 (1998), no 7, pp 3865-3905.

[GH] P. Griffiths, J. Harris, Principles of algebraic geometry, Wiley-Interscience Publ., New York, 1978.

[HKLR] N.J. Hitchin, A. Karlhede, U. Lindström, and M. Rocek, Hyperkähler metrics and supersymmetry, Commun. Math. Phys. 108 (1987), pp 535-589.

[KK] O. S. Kravchenko, B. A. Khesin, Central extension of the algebra of pseudodifferential symbols, Funct. Anal. Appl. 25 (1991), no 2, pp 83-85.

[KL] V. G. Kac, J. W. van de Leur, On Classification of Superconformal Algebras, in S. J.

Gates et al., editors, Strings-88, World Scientific 1989, pp 77-106.

[KLR] B. Khesin, V.Lyubashenko, C. Roger, Extensions and contractions of the Lie algebra of q-pseudodifferential symbols on the circle, J. Funct. Anal. 143 (1997) no 1, pp 55-97.

[KZ] B. Khesin, I. Zakharevich, Poisson-Lie Group of Pseudodifferential Symbols, Commun.

Math. Phys. 171, no 3, (1995), pp 475-530.

[NS] A. Neveu, J. H. Schwarz, Factorizable dual models of pions, Nucl. Phys. B31 (1971), pp 86-112.

[OR] V. Ovsienko, C. Roger, Deforming the Lie Algebra of vector fields on S^1 inside the Lie algebra of pseudodifferential symbols on S^1, Amer. Math. Soc. Transl. (2) 194 (1999), pp 211-226.

[S] V. Serganova, Automorphisms of simple Lie superalgebras, Izv. Akad. Nauk SSSR, Ser. Mat. 48 (1984), no 3, pp 585-598.

[V1] M. Verbitsky, On action of a Lie algebra so(5) on the cohomology of a hyperkähler manifold, Funct. Anal. Appl. 24 (1990), no 2, pp 70-71.

[V2] M. Verbitsky, Hyperholomorphic bundles over a Hyper-Kähler manifold, J. Algebraic Geom. 5 (1996), no 4, pp 633-669.

[P1] E. Poletaeva, Semi-infinite Weil complex and N = 2 superconformal algebra I. Semiinfinite Weil complex and superconformal algebras II, MPI-preprints 97-78, 97-79.

[P2] E. Poletaeva, Semi-infinite cohomology and superconformal algebras, Comptes Rendus de l’Académie des Sciences, t. 326, Série I, 1998, pp 533-538.

[P3] E. Poletaeva, Semi-infinite cohomology and superconformal algebras, preprint.

E-mail address: elena@maths.lth.se