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ON EQUIMULTIPLICITY OF THE CONORMAL CONE

Ulrich Orbanz

INTRODUCTION. The starting point for this short note is a

result on families of varieties due to Teissier in the complex-
analytic case ([10]) and to Lipman in the algebraic case ([4]). Let
the family be given by a morphism £f : X —> Y and assume that X
contains a subvariety 2 on which £ induces a finite projection.
For any y €Y one can define a multiplicity e(y) of the fibre

Xy at th\i + and the above mentioned result is concerned with
the local constancy of the number e(y) . Namely, if X 1is locally
given by a local ring R and 2 by an ideal I of R , and if

f is flat, then e(y) 4is locally constant if and only if

ht(I) = 2(I) , where I denotes the analytic spread of I (see
[3) for definition).

Now the condition ht(I) = 2(I) given by Lipman and Teissier
does not involve the base space Y of the family, and therefore
the question arises: Given just 2Z2cX , is there a "natural" con-
struction of a family f : X —> Y such that £|Z 4is finite? Since
there is no obvious such construction, we replace X by the conor-
mal cone CZ(X) which approximates X near to 2 . Then we may
take Y = Z since we have natural morphisms 2 &—> CZ(X) —>> Z
By applying some techniques which we have developed in earlier
Papers,we will derive some results on the equimultiplicity of the
fibres of the morphism CZ(X) —> 2 along Zc:CZ(X)

We will now introduce some notation in order to state the re-
sults. This notation (together with the assumptions stated below)
will be kept fixed for the rest of the paper.

We fix a quasi-unmixed local ring R with maximal ideal m
and with an infinite residue field. P will denote a prime ideal
of R such that R/P is regular. We put



X = Spec R , Z = Spec R/P ,
C = cz(x) = Spec grP(R)
BlP(R) = Proj(nQOPn) = the blowing up of X with center 2

E = Proj(grP(R))C:BlP(R) the exceptional divisor

Co the fibre of C —> 2 at n/P Spec (gry, (R) & R/m)

E, the fibre of E —> 2 at n/P Proj(grp(R)QRrUM) .

We will assume that codimx(z)z 1 . We note that the fibres of

C —> 2 are cones, and the intersection of a fibre with 2<C is
the vertex of that cone. Therefore we will call C —> Z an equi-
multiple family of vertices if the fibres are equimultiple along

Z . Now the main results can be stated in the following way:

PROPOSITION 1. If X is equimultiple along Z , then the
following conditions are equvalent:

(i) C —> 2 is an equimultiple family of vertices.
(ii) E is generically Cohen-Macaulay along E,

One consequence of Proposition 1 will be that if E —> Z is
flat (and in particular if X is normally flat along Z ) then
C—> Y 1is an equimultple family of vertices (see Corollary 1).

PROPOSITION 2. Assume that

1) X 1is equimultiple along 2Z ,
2) C —> 2 is an equimultiple family of vertices,

3) Co has no embedded flat components.
Then X is normally flat along 2Z .

We point out that without the assumption of X bkeing equi-
multiple along 2 not much can be said about C —> Z (compare
example 2 below). This corresponds to the fact that this equimul-
tiplicity is essential in order to get some control over the ring
grP(R) , as one also can see from the results of [1].
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for suggesting the problem.

1. We start by recalling some algebraic results which will
be needed in the proofs. From Ratliff's papers on guasi-unmixed
rings one can deduce the following facts:

(1.1) From R being quasi-unmixed it follows that any lo-

calisation of grP(R) is quasi-unmixed again. Let R, be the

local ring of a point of Blp(R) . Then R, is quasi-unmixed, and

moreover if R1 corresponds to a closed point of BlP(R) then

dim R1 = dim R .

The condition that X 1is equmultiple along Z means that
e(R) = e(R;) , and in [2] we have shown:

(1.2) If e(R) = e(RP) then ht(P) = 2(P) , where
2(P) = dim C, .

Now since R/P 1is regular by assumption, we can choose

X = (x1....,xr) such that «r

e(R) = e(RP) and let R1 be

a
ding to a closed point above m . Then (1.1) and (1.2) imply

dim R/P and P + XR = m . Assume
local ring of BlP(R) correspon-

dim(R1/mR1) = ¢(P)=-1 = ht(P)-1 = dim R-(r~1) = dim R1—(r+1)

Even if R1 corresponds to a non-closed point above m , then by
localising and using the fact that the rings of BlP(R) are quasi-
unmixed, we still have dim(R1/mR1) = dim R1-(r+1) . Therefore we

deduce:

(1.3) If R, is a local ring of BlP(R) such that mR1#}H
and if e(R) = e(RP) , then ht(mR1) = r+1 and Xqs-.-sX,. are
part of a system of parameters of R1/PR1 .

From [6] we take the following result:

(1.4) Let y = (yq,...,¥;) be part of a system of parame-
ters of R . Then e(R) = e(R/yR) if and only if y can be exten-
ded to a minimal reduction of m and RO is Cohen-Macanlay for
every minimal prime ideal Q of yR .



Now let us write m = P + xR again, where x = (x,,...,x)
and r = dim R/P . Then there is a canonical epimorphism of graded
rings

® : gry(R) @RR/m[x.l,...,xr] —> grp,(R)

which is induced by the inclusion Pcm on grP(R) @R R/m and
which maps Xy toinm X, . In [4) one can find the following re-
sult, originally due to Schickhoff:

(1.5) e(R) = e(Ry) if and only if ¢ has a nilpotent kernel.

For any graded ring A = ngoAh for which A, is local, we
will use the notation AV for the localisation of A at its
unique maximal homogeneous ideal.

In grP(Rf' consider the ideal P* generated by n§1Pn/Pn+1.
Then from dim grP(Rf' = dim R and grp(Rf’/P*sz/P we see that
ht(P*) = ht(P) . Since the associated graded ring of grP(RW with
respect to P* is simply grp(R) itself, it is also clear that
2(P*) = ¢P) and therefore:

(1.6) ht(P) = 2(P) e= ht (P*) = 2(P*) (compare [5]).

Let R, be a local ring of BLP(R) such that PR, # R,
Then there is a unique homogeneous prime ideal Q of grP(R) such
that R1/PR1l=grP(R)(Q) . Furthermore there is some tE.P/P2 which
is not contained in @ , and for any such t there is an
isomorphism

grP(R) e gr, (R) (Q) [T']N['r] '

mapping t to T , where N denotes the maximal ideal of
grP(R)(Q) . From this isomorphism we deduce:

(1.7) grP(R)Q is Cohen-Macaulay if and only if grP(R)(Q)
is Cohen-Macaulay.



2. We will now turn to the proof of Proposition 1, and to
avoid heavy notation we put FP(R) = grP(R)GRij . The symbol
e(-) will denote the multiplicity of a local ring with respect to

the maximal ideal.

PROOF of Proposition 1. Since e(R) = e(RP) by assumption,
we know from (1.2) that ht(P) = &2(P) , which means that all the
fibres of C —> 2 have the same dimension. By semicontinuity of
the multiplicity of the fibre (see [4], Proposition (3.1)), we see
that (i) is equivalent to

' VvV, _ v
(i') . e((grP(R) @RRP) ) = e(FP(R) ) .

Choosing x = (x1,...,xr) such that r = dim R/P and P + XR=m,
we have

Fp(R)V = gry (R)V/x* grp(R)Y,

where x;EﬁR/P is the initial form of X; with respect to P and
x* = (x?,...,x;) . By (1.6) we know that ht(P*) = 2(pP*) =

dim gr (R)V - r . Therefore if we choose y* = (y?,...,yg) in

grp (R) generating a minimal reduction of P* , then x*,y*
generate a minimal reduction of the maximal ideal P*-rg*grP(R)v

of grP(R)V . Using (1.4) (applied to grP(R)v) we see that
for any minimal prime ideall Q of
(1) elgry (R)Y) = e(F(R)Y) == { x*gr,(R) , the local ring gr,(R),

is Cohen-Macanlay.

- v v
Now using the isomorphism (grP(R)eRI&Q grP(R)P* and
ht (P*) = 2(P*) again we obtain

(2) e((gry (R) @ Rp)”) = elgry(R)p,) = elgry (R)Y)

by (1.2). Combining (1) and (2) we conclude that (i) and (i') are
equivalent to



(i") For any minimal prime ideal Q of E*grP(R) , the local
ring grP(R)Q is Cohen-Macanlay.

Since we assumed codim)((Z) = ht(P) 21 , the minimal primes ©
of §*grP(R) are in one-to-one correspondence with the generic
points of the subscheme E, of E . Now applying (1.7) we finally
get that (i") is equvalent to (ii).

COROLLARY 1. If E—> Z is flat then C —> Z is an
equimultiple family of vertices.

PROOF. Flatness of E —> 2 , which has been called projec-
tive normal flatness in [7), implies e(R) = e(RP) (see [3],
Thm. 1 ). and we can apply Proposition 1. Condition (ii) there is
certainly equvalent to the following one: If R1 is a local ring
of BZP(R) such that the corresponding homomorphism R —> R

1
is local, and if Q is any minimal prime ideal of m-R1 , then
(R1)Q/P-(R1)Q is Cohen-Macaulay. Choosing x = (x4,...,x ) as
above, we know from (7], Cor. (1.7), that x 1is a regular sequence

on R1/PR1 , which proves the assertion.

COROLLARY 2. Let r = dimZ and assume X equimultiple

along 2 . If BEP(R) satisfies the Serre condition Sr+1 then

C —> 2 1is an equimultiple family of vertices. This holds in

particular if BLP(R) is Cohen-Macaulay.

PROOF. This follows directly from Proposition 1 together
with (1.3). '

For the proof of Proposition 2 we need the following

LEMMA. Let A be a quasi-unmixed local ring having no em-
bedded components and let ncA be a nilpotent ideal. If
e(A) = e(A/n) , then n = (0) .

PROOF. Put A = A/n and let 7m : A —> A be the canonical
homomorphism. By standard techniques we may assume that A has
an infinite residue field, so we may choose a system of parameters



y1,...,yd of A such that

e(yA,A) = e(A) , y-= (y1....,yd)

Put w(yi) = y; etc. Then since yA is nothing but a minimal
reduction of the maximal ideal of A , also y+A is a minimal
reduction of the maximal ideal of A , and consequently

e(yA, ) = e(A)
By the associativity law for multiplicities we know that

e(yA, a) = p%sshw) e(x;\A/p)-!L(Ap) '

where Assh(0) = {p€ Spec A | dim A/p = dim A} , and similarly

e(yA,A) = p‘%—;sshw) e(y;A/p) (Aﬁ)

Since 2.(33) $2(ay)  and e(y;A/p) # 0 for all p€ Assh(0) , we
conclude from our assumption that

z(iﬁ) R,(Ap/nAp) = %(a)) for all p€Assh(0)

and therefore

neA =0 for all p € Assh(0) .

Since A 1is quasi-unmixed and has no embedded components, we know
that

Assh(0) = Min(0) = Ass(A) .

So we have shown that #@A is an isomorphism for all 1y ¢€Ass(A) ,
and therefore ™ is an isomorphism.

PROOF of Proposition 2. We use the notation of (1.5). Since
we assume e(R) = e(R,) , we know that



v : grP(R) QRR/m[X1,...Xr] —> gr_(R)

has a nilpotent kernel. Clearly

(3) elgr, (R)Y) = e(R)

and

(4) e((grP(R) @RR/m[X1,...Xr])V) = e((gry(R) 8 R/m) ")
- vy, _
= e((grP(R) er RP) ) = e(RP)

by assumption 2) and the isomorphism grP(R) ® ) .

R Rp = Ipr,, (Rp

The associated primes of grP(R) @ R/m[X .Xr] are the extensions

)oo
of the associated primes of grP(R) GR R/:n . Since we assumed that
this ring has no embedded components, the same holds for the poly-
nomial ring above. Now from (3), (4) and the Lemma we conclude
that ¢ is an isomorphism, and this is equivalent to R being

normally flat along P ({9])], Thm (1.8)).

REMARK. Combining Proposition 2 with Corollary 1 we see that
if X is projectively normally flat along 2 and if C, has no
embedded components, then X is normally flat along Z . This
conclusion was proved in [7] under the weaker assumption
depth(C,) >0 on C, .

COROLLARY 3. Assume that

1) X is equimultiple along 2 ,
2) sz(R) is Cohen-Macaulay,
3) depth(C,) >0 .

Then X 4is normally flat along 2 .

PROOF . By Corollary 2, C —> 2Z is an equimultiple family
of vertices, and therefore the result will follow from Proposition
2 if we can show that C, has no embedded components. Using our
earlier notation we know that E 1is Cohen-Macaulay and E, 1is



defined in E by XqreooX, which are part of a system of para-
meters on E by (1.3), hence they are a regular sequence. It fol-
lows that E, has no embedded components, and so the only embedded
component of C, could possibly be its vertex. But this is exclu-
ded by assumption 3).

3. We will now turn to some examples, for which we fix an
infinite ground field k .

EXAMPLE 1 (see [81]). We take
R =k [x4,x10,x5y,yzﬂ c k [x,y]
and
P = (x4,x10,x5y) R
Then

Rxk [U,V,W,2] / (US—V2 ,W2-VZ)

where U,V,W,Z correspond to x4,x10,x5y,y2 respectively. In [8]

it is shown that

gr_(R) «k[U,V,W,2]/(v*,W2-v2)
and
2 2 4
grP(R) «xk [2] [U,V,W)/(V",2V,VW" ,W") .
Moreover e (R) = e(RP) and R/P 1is regular. Obviously we have
e(R) = 4 and therefore also e((gr (R) @RRP)V) = 4 . Since
2 2 .4
gry, (R) @ R/mak([U,V, W]/ (V",VW",W")

we see that

2

e((gry(R) @, R/mY) = w(x[V, W1/ (v?,vW why = 6
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Therefore C —> 2 1is not an equimultiple family of vertices and
BIP(R) is not Cohen-Macaunlay by Corollary 2. Note that Bzm(R)
is Cohen-Macaulay since grm(R) is a complete intersection.

By Corollary 1 we know that if X is equimultiple along 2
and C -—> Z is not an equimultiple family of vertices, then X
is not projectively normally flat along 2 . In the above example,
this can also be checked by direct computation using the form of
grP(R) given above. We point out that finding the equations for
grP(R) is the most difficult part in this example.

EXAMPLE 2. Here we will show that C —> Z may be an equi-
multiple family of vertices without X being equimultiple along
Z . Probably the simplest such example is

0
It

k sz,xy,yzll
and

P (xy,yz)R .

Clearly e(R) = 2 and e(RP) = 1 . Since
R~k [U,V,W] /(Uw—vz) ’

we see that

gr, (R) @ Ry =k ((U)) [V, W]/ (UW)

and

grP(R) @ R/mek[V,W] ,

so both fibres are regular. This example also indicates that
nothing can be concluded from the equimultiplicity of the family
C—> 2 if X 1is not equimultiple along 2 . As we have pointed
out in the proof of Proposition 1, equimultiplicity of X along

Z means that all fibres of C —> Z have the same dimension, and
without this assumption there is no reasonable way of comparing the
multiplicities of these fibres.



4. We add some concluding remarks. The papers [1], (2], [3],
[5), [6) and [7] contain some techniques by which one could gene-
ralise our results to the case where R/P is not regular. We
don't give these more general results here because not only the
proofs but also the statements have to be modified, and then they

become less geometric.

Next we note that cne might also like to consider the question
if the fibres of C ~—> Z have constant Hilbert functions at the
vertices. By results of Bennett and Hironaka, it is well known that
this holds if and only if X 1is normally flat along 2 . This
allows to reformulate Proposition 2 and Corollary 3 in the follo-
wing way: If the assumptions of either one are satisfied, then the
fibres of C —> Z not only have the same multiplicities at their

vertices, but they even have the same Hilbert function.

Finally we raise the fcllowing two questions:

QUESTION 1. Which conditions allow to deduce normal flatness
of X along Z from projective normal flatness of X along 2 ?
In particular, is it sufficient to assume X Cohen-Macaulay?

QUESTION 2. Are the same results as above still true if X
and Z are complex-analytic spaces?
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