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COPAZZI  TENSOR  FIELDS , CURVATURE § 1 . Inrroduction

AND PONTRYAGIN FORMS
A symmetric (0,2) tensor field b aun a

Riemannian manifold (M,g) is said to be a Codazzi

ANDRZEJ DERDZIRSKI and CHUN~LI SHEN
tensor if it sarisfies the Codazzi equation

(T, D)(Y,2) » (V,B)(X,2)

for arbitrary vectar fields X, Y, Z . In this case,
i the self-adjoint section B of End TM , character-
ized by g(BX,Y) = b(X,¥) , will also be called a
Codazzi temsor. The Codazzi temsor b will be call-

ed noo-triviasl if it is nor a constant mulriple of

the metric.
The aim of the precent paper is to study some
geometric and topological consequences of the exist-

ence of a non~trivial Codazzi tensor on a given

Riemannian manifold. Results of this type were obrain-
ed by J. P. Bourguignon [3] , who proved that the
sexistence of such & tensor imposes unaorn restrictions
. L op the curvature operator ([3] , Théoréma 5.1. and
. Corollaire 5.3.) and, as a consequence, ohtained the
following theorem ([3] , Corcllaire 7.3.,) : A compact
: orientsble Riemannian four-manifold admitting & non-

trivial Codazzi tensor with constant trace must bave

signature zero. Our main results consist in gensraliz-

wam nrp-unraonnau.»swunn»nc—-nwu -on»nnevnnn-uv.
$aid vhen the assumption an the trace is dropped.

In $2 of this paper we observe that, in the C

This work was d a th -~
y one under ¢ program Sonderforschungs category, svery maunifold adwits a Riemannian umstric

baraich “Theorstische Mathematik" (SFB 40) at the Univer-
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with & non-trivial Codazzi tensor (Example 7), so
sity of Boan.
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XAMPLE & . A Riemannian maunifold is ssid to have harmonic cur-

vature if &R = 0 (in locasl coordinates, canrwu = 0 ), This

happens if and only if the Ricci tensor Ric satisfies the Co-
dazzi equation. There exist various examples of compact manifolds
with this property and with VRie ¢ 0 ([7], [s), (131). 1n par-
ticular, such a metric slways exists on the product SixN , N

being any compact Einstein manifold of positive scalar curvature.

EXAMPLE 5 . Consider a Riemannian manifold (M,g) admitting a

function f (not identically zero) such that

(1) vdf = fiRic - (n-1) 'Scal.g)l , =u = din ¥ .

It is well-known (f4), [9], cf. also [354]) that such f exists

if and only if the mapping assigning to metrics on M their sca--
lar curvature functions is not submersive at g + Moreover, (1)
is'necessary and sufficient in arder that the metric g + £2 4¢2
on (M~ ns.aouv x 5! be Einsteinian. Theye are some obvious ex-
amples for (1) (the standard sphere M = §° c !1+_ » £ linear ;
& Riemannian produst M = §ixy v - N an Einstein space of posicive
scaler curvature, f being the composite of a linear function on
8} cm? with the projection slxN + sl ), Moreover, as ahown by
J. Lafontaine [14], ond, independently, by 0. ﬂecnw-vw‘ for any
Einstein manifold N of positiva scalar curvature (dim N 2 2), the
product SlaN gdmita a metric g (essantially uwmm.»nan from the
obvious examples) such that (1) has & pon~trivial solution € . If
a7 3 and f satisfies (1) on (M,g) , then b = £2Ric +

+ ~m~a»~» - mnn-.n»v- is s nom-ru~ tensor on (M,g) (in face,
the Codazzi equstion for b i3 just the integrability condition
for (1) with n = 3 ),

EXAMPLE & . FPix s basis X,Y,Z of left-invariant vector fields

on the Lie group §3% m SV{(2) , sarisfying the bracket relactions

L S

fx,Y} « 2z, {¥v,2}) « X, [Z,X} = Y , Given a number

Y >0 and mutually distinct real numbers A,p,v ,

we define a left~invariant mevric g and a (1,)) ten~
sor field B on 83 by g(X,X) » y(u-v}2 , g(Y,¥) =
= v(-n?, g(2,2) ~ y(A-)2, R(X,Y) = g(X,2) = g(Y,2) =
= 0 and BX = AX , BY = puY , BZ = vZ . Then B is a
Codazzi tensor on nmm-wy . Conversely, it is easy to
show that if (M,g) is & three-dimensional, complete,
locally irreducible Riemannian manifold with a non-tri~-
vial Codazzi tensor B having constant eigenvalues,
then the universal covering of the triple (M,g,B) is
isometric to some (53,3,B) of the type just described.
EXAMPLE 7 . Every manifold M carries a ¢” metric &
such that (M,g) admite & non-trivial ¢” codazzi ten~
sor b . In fact, let E be a subset of M , diffeo-
morphic to a closed ball in R® », 0 » din ¥ . Using &

suitable embedding of E in En+~

{(cf. Example 2), we
can find a C metric nw ou E and a non-trivial Co-
dazzi tensor b on au.w_v . vanishing near 9E . Set-
ting b = 0 in M~ E , we may choose our g to ba

any c” metric on ¥ such that g = 8 wherever b ¥ 0 .
EXAMPLE 8 . For Riemaunian manifolda n:w.umv s £ 0= 1,2,
and a function f > 0 on !_ +» one defines the warped
product (M,g) = ns_.n_v e Axn.uwv by M = M xM, and
s - -uu~ + Am»o-.vumun s W MeM, being tha natural
projection (cf. {2},032)3, 1f b 1is & Codazzi tensor
of type (0,2) on Aun.unv , it is easy to varify that

b =~ anomnv-mr. is a Codazzi temsor on (M,g) (for the

Riemannian connection of g , see {2], p. 24).
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into some symmetric connection by an M-automorphism

of TM nmnot proportional to the identity .

—

It is clear that avery Riewmansian product carxies

non-trivisl Codazzi tensors, which are parallel. How-
ever, by suitably deforming any product metric, one

can obtain loeslly irreducible metrics on product ma-~

nifolds, which still admit non-trivial Codazzi ten-

B0XS 3

PROFOSITION | . For arbitrary €~ (gesp., anslvtic)
wanifolds x- o e« o M, k 21, ghe produgt M =

(M,8) admics & C {resp. palytic) Coda

b which has prec k distivct ejgenvalues ag -
avery point, all the sigenvalues beipg bounded on M ,

4ud vhose eigenspace bundles coincide with the petu~

ral foliations of ¥ comin g -

ure. Moreover, the mety

PROOY : We proceed by induction on k . For k = 1,
our assartion ias obviaus. Suppose now that we bavs
already found a metric g° with & Codazei temsor b°
on N = I. X L, X :rv. » having the required pro-

perties. Adding to b s suitable conatant multipls

-

of g° , we may assume that O is not an eigenvalue

of b at any point. For an arbitrary metric on

&
M, + we can clearly find a positive function £ an
zr » bounded avay from zero and such that the warped

product (M,g) = (M ) xe (M ,8") is locally irre-

x B
ducible. The Codazzi tensor b on (M,g) , defined
in terms of b” and £ as in Example 8, will then

have &k distinct snd uniformly bounded eigenvalues

at each point, which completes the proof.
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|.Nl

The symmetries of R imply now that, for arbitrary eigenvectors
R(X,Y)Z = © .

i x......x» of uu N wnx_.xw.xu.x»v can be non-zero only if
provided that A, 4, v are mutually distinct or

x......u» belong to at most two distinct eigenspaces. On the

Aewdov. other hand, if X,Y € V, , Z €V and A4 v, (2) yields
G G
PROOF : Replacing B by B ¢ t.Id for & suitable 0 =8 R,z « &%y, )% + RS(z,0¥) = R(X,¥)(B2) + R(Y,2)(BX)
constant t , We may assume that B is non-degene- * R(Z,X)(BY) = (v-MIR(X,¥)Z . This completes the proof.
’

rate in a neighbourhood of x . Consider eigenvalues

A, . v, £ of wn and vectors X € <y , YE <: , Any two self-sdjoint (1,1) tensor fields A, B on s

7€ <¢ e <n . Using (2), we obtain <nlax.*.N.=v i Riemannian manifold (M,g) give rise to a section >hVu of

End AZTM defined by (A(R) B)(XAY) = J(AXABY + BXAAY) . Thus,

(2) can be rewritten as  &° =(B(AB) © R , where R® is viewed

- R°(x,v,2,u) = 8%(z,U,X,¥) = AuR(X,Y,2,U) and, simi-

larly, Athlrt‘vﬂaﬂ-N-c.du - AtcanVlAN-G-#-Nv -0 .

In view of (2), we also have O = wnAx Y,2,U) «+ as a section of End A2TM with the aid of g - The Weyl confor-
» 1] ’ ’

. wnAu.N.c.xv . wcAu.=.<.Nv - VER(X,Y,Z,U) + mal tensor W of (M,g) , acting on 2-forms, is given by W =

-1 . -1 -1 <
+ BER(X,Z,U,Y) + wvR(X,U,Y,Z) , so thag the preceding " = R - 2(0-2) 1d@Ric ¢ (n-1)" (n-2) Scal. 1414, n = dim M .
equalities, together with vl # O , yield the matrix ' If x €M and <» , <r [ an are the eigenspaces corresponding
equation ' to the eigenvalues A, y of ux » then the restriction of
nnunnvuv to V,AV  equals WA»+=V times the identity. Sup-
T Y [} x ¥
N R(X,Y,2,0) 0 pPose now that B is a Codazzi tensor. If X € <> , Y € <= .
£ ]
. |r¢x,2,u,Y) - where A, y are distinct eigenvalues of uu ,» then Theorem |
v ¥ A . 0 .
R(X,U,Y,2) = yields R(X,2,Y,Z) = 0 for any eigenvector 2 of uu . There~
| I T | 0

fore Ric(X,Y) = 0 . Hence the Ricci temsor commutes with B
Suppose that R(X,¥Y,2,U) 4 O . Then, the coefficient and, since »nﬂux is spanned by all the <»><= , Theorem |
watrix above is of rank at most two, which msv:o-. implies that the endomorphisms R , un@.:n and ¥ of AZTN
the cofactor relations (A=) (A+f-u=-v) = (v=2)(ver-u=-§) = commute with I4(@B . Consequently, we obtain the following coam-
= (7 (Atu=v=g) = 0 . If ve now had A fu, A4V wutation theorem, due to J. P. Bourguignon ([3), Théoréime 5.1.) ;
snd 1 4 ¢, these relations would sive a contradic- note that this result implies our Theorem _A-uoovn for the
tion (A = y = v = ) ., Consequently, R(X,Y,Z,U)

case vhere B has two distinct pairs {A,u} , {(v,§) of

can be non-zero only if A is equal to one of y,v,f . ; .nuondp_.c@.- with Aty = veg : 4gp this case, <»><.. and <¢><n

are proper subspaces of somes sigenspace of auannvn and so .
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on 4» (xeep., on V ) , obtained by restricting the

—_— M

bilinesr fors (v-M)Vdu - 26 @D dv + 42 @ 4y to V

A
(resp., by restricting (A-p)%d) - 241 @ d) ¢ dy @ d)

to ¢cv . Consequently, there sxist orthonormal bases

LERREETL of <»~nv » -lo_.....on of <-.Auv (m =
N

= din -— . = dim M ) such that, for certain resl

nusbers n......»u .
A&v -A.ho....u-OVV - Aﬂh‘ﬂ.VOmbOD'

vhenever | < {,j < m < a,b < n .

PROO? : The vector bundle decomposition TH = v, ® 4._
together with the Riemannian connection Vv {in TN
gives rise to the connections 4». W s d» » c—. N
respectivaly, defined in n-..o obvious way. On the other
hsud, for arbitrary local sections X,Z of dr and
Y, U of v, + ve have .»--v-..nn.nu - s(X, D)V (by
Lemms 2 of (7], V, is integrable, so that both sides
of this equality are symmetriec ia X,2 , while the

equality holds for X =32 .vu.a»nu of Lemsa | of [2]),

-

and, similarly, (p-2) -acue-uv - .u.=..¢-n1 « Conse~

queatly, for X,Y,Z2,0 as -vedor .cun - qwn .

. .»-g--.-.u.nVA.»v< o T e (-nlvax e v,
¥
8 N EM L R <"n . U0 = oo .g-».-_-.-.ev.<=v<.

acrud being the V_  component of VA . This implies
¥

»
80,0 = -0 Ygvn, Vi gu, -

v e P Gm v ¢ Qe igevda, e o

- 17 -

s BLIDIYA o (-7 'alu, (M), U8, 2)  nd

v

2

T8V, N2) = () TR G- glY, 0y Y, -

1

- 0o v - 0sn et -

- A
- (iA-p) uan.¢~Nvdc~ . and -.:..c—n.n_nv .

- - -} M . - - A -
(A-u) (v Y, 1)V, (A-u) s(V,x. )92

2

- G- g eaLv ) - -7l VVu.a(Y,0) .

v

Adding up the last relations and using the obvious

squalicies nnandvve WU) = -acucu.s -
[
S ML L) = (YU, ¢ =n) gy gL
A A

VyV2¥ = (¥, (V),2) » 8(VyZ,%) = (V4u)(X,2) ¢

e 832,90 ¢ - (X 2)g (V) W) snd W2 -
X v

M
- :54 * ::« o We obtain (3). The symmetry of
A ¥

>» and »e o immediate from the Biemchi identity for
R together with Theorem I, can also be verified as
follows : the oaly term of A, wvhichk is not obvious-

ly sysmatric is the restriction of dr @ du to v, i

hovever, by Lemma 2 of —,d-. A is coastasnt along q—
unless dia 1» = 1 . Finally, (4) cas be obtained by
diagonalising A, and ».. » which completes the proof.

REMARK | . Assuming in Lemms ) that dim V 22 and dia Vv 4
con-unossoononl—.::uno;o-»-vnonno-.l ..

WR(X,Y,2,0) = -g(X,Z)Vde(Y,U) ~ Vdw(X,Z)g(Y,U) ¢
v o Vvl 2g(x, 1) g0, 0)

for XYEV, , Y,U€EV , vhere w = (A-3)"' . 1o fact, the
stancy of A "and » -ou-.. v, sad Vv , nouv.nnnco-n (17),Lenm
vields g(V1,Vy) = 0 and ~ A, (X,2)" -9~ dvde(x,2) «
+ (u-2)vdA(X,2) , vhile VAA(X,Z) = -da(v,2) = ~aA((V,2), .81,
:u..vaqnnuq * 3(X,2)¥) (cf. the first equality ia the -v-.o!
Lemas 1) , "ve obtain 4,(X,2) = -o~'vee(2,2) + |¥2|%a(X.2) s

similarly, btni.ﬂv = 9" 30de(Y,U) ¢ [vy]25(Y,U) , so that ou:

assertion fe immediate from ().
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(ii) Traca nw.x_>u~v o ... © znu~n|_>u~nuu - 0

if m is odd.

PROOF : Set V, =V, v_, = vt

sven s tevh, r-n - vevh +« (e
By (7) and our hypothesis on R , P(3)9P(c) © F(éc)

and P(1)} =

and nn<o><nv [ <a><n < P(&c) whenever &,c = 32} .

Therefore, if u» € em» « 1= 1,,..,2r , then

nAx->unu @ ..¢ © R(X

2e-1M%gy) EF(8,6,...8,) ,

which proves (i}. Assertion (ii) is nov immediats

from (6), which completes the proof.

As ap immediaste consequence of Theorem 1 and

Leuwma 2, we obtain

PROPOSITION 3 . Let (M,g) be a Riemsnnian manifold

—

‘with a nonjuum tensor B, x a poiot of M, 4»

< Hux the sigenspace corres cnswn to an un envalue

A of B . Given s ve-»nmio »nnon-n r » " an odd »a;w

3

,mrnon a ..mc < mzw owv -aa unr»nm-mu ¢.ancn- yseee

,'4.....-n’w £ 4# » 2vexy slement 8 on n-nno- 4k

ip the Pontryagin algebra of

w.w..naw € u ¥ such nv-n nm.....n E Q : unnmz Co

{4,5) satisfiss the

et gttt

relation ’

ﬁanqc..-.uaru -0 .

In particular, {f A is & aimple aigenvalue of B

x
asd X €V, , thean

- 2% -

—*WW - wWAN-.--..-V -0

for each Pontryagin form mr s Kk 2.

PROOF : In view of Theorem J, we can apply Lemma 2
to T = Hux and V = <» . Consequently, the tensor
L given by (5) has the property thas srﬁx_.....x
= 0 whenever, for some odd integer wm , the se-
quence N_.....ukr containse ®n elements of V

and 4k-m elempents of <% . The same must hold

A

nunnwn-—nnna-nwou ar tn vy -vusuznannnvuu
forms in the Pontrysgin algebra of (M,g) , which

completes the proof,

From Proposition 3 we obtain now the follow-
ing sufficient conditicns for the vanishing of cer~

tain Pontryagin forms :

PROPOSITION 4 , Let (M,g) be s Riemaunisn mani-

no»u with: .8 Codsxsi nn:.on » s x s point of M.,

mhx m v- on-onna P’ uwunwupn nmun=4.u=- »nu...
i ’ m¢ T
..p.»v en leunnuwnown»uu l..rr.-lw o Tespective-

mM. ﬁv.u nc.nw Volouﬁsoosu slenant of degree grsat-

i

ar ur-n“
2r than

bl—m.”\ﬂu

in the Pontryagin algebra of (M,g) vanishas at

ettt

x , [m;/2] peing the integer part of » /2 .

PROOY 3 Lst R be s homogansous slemsnt of degres

(33

)
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(2,2} ., However, in the latter case formula (4} to-
gether with Theorem 1 imply that (M,g) has pure
curvature operator, which again vields m.axv = @

(Remark 2). This completes the proof.

In the case of compact oriented four-manifolds

Theorem 2 together with Hirzebruch's signature for-

mula 33t (M) = \11. yields

COROLLARY 4. Let (M,g) be a compact, orientable,

analytic four-dimensional Riemanniap manifold admit-

ting 8 non-trivial analytic Codazzi tensor, Then,

the signature of M is zero.

An oriented Riemannien faur-manifold (M,g) is
called self-dual {1} £f W 0 + » ¥ , the Weyl tensor
W and the Hodge star « being viewed as endomor~
phisms of AZTM . For any compact self-dual manifold
(M,g) , the u»«b.n:nn (M) > 0 , the inequality be-
ing strict unless W = 0 identically (see [1]). On
the other hand, one can define the divergence 6W
of W by the local coordinate formula aocv»uw -

- nquznwuw + Corollary 4 gives now a new proof of
the following result ({6], Proposition 7 and [3),

Proposition 9.1.).

COROLLARY 5 . Let (M,g) be a cowpact, snalytic,

oriented Riemapnian four-manifold. If (M,g) is

sslf-dual and 6W = O , then (M,g) is conformally
a32ircual and

flat or Einsteinian.

PROOY¥ : Condition &W « O wmeans that b = Rig -

- mmnww.m is a Codazzi tensor (Example 3). If 71(0)
1]

» them W = 0 in view of sc¢lf~duality. On the

other haund, if (M) ¥ Q@ , Corollary 4 implies that

b is5 a multiple of g , i.e., p

metric, which cowpletes the praof.

is an Einstein
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