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The ABCD of topological recursion

Jorgen Ellegaard Andersen', Gaétan Borot®, Leonid O. Chekhov®, Nicolas Orantin*

Abstract

Kontsevich and Soibelman reformulated and slightly generalised the topological recursion of [24],
seeing it as a quantization of certain quadratic Lagrangians in TV for some vector space V. KS
topological recursion is a procedure which takes as initial data a quantum Airy structure — a family
of at most quadratic differential operators on V satisfying some axioms — and gives as outcome a
formal series of functions on V' (the partition function) simultaneously annihilated by these operators.
Finding and classifying quantum Airy structures modulo the gauge group action, is by itself an
interesting problem which we study here. We provide some elementary, Lie-algebraic tools to address
this problem, and give some elements of the classification for dim V' = 2. We also describe four more
interesting classes of quantum Airy structures, coming from respectively Frobenius algebras (here we
retrieve the 2d TQFT partition function as a special case), non-commutative Frobenius algebras, loop
spaces of Frobenius algebras and a Zs-invariant version of the latter. This Zs-invariant version in the
case of a semi-simple Frobenius algebra corresponds to the topological recursion of [24].
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1 Introduction

The topological recursion (TR) is a formalism developed by Eynard, Orantin [24, 27] and Chekhov
[13] which has in recent years found many applications in random matrices [20, 10|, enumerative
geometry [12, 23, 22, 2], intersection theory on the moduli space of curves [38, 25, 21], integrable
systems [7, 40, 6], topological strings [11, 29, 30], quantum field theories [8, 9, 4], see [19] for a recent
overview. In its simplest version, it takes as input a spectral curve ¥ embedded as a Lagrangian
in (CxC,dz A dy), and returns a collection of meromorphic forms wy ,, defined on Sym"¥, indexed
by integers g > 0 and n > 1. It also returns scalars Fy; = wy o for g > 0, which enjoy a property of
symplectic invariance [26, 28]. The proof of the symplectic invariance assumes X is compact, the
embedding algebraic, and it is a computational tour de force: it does not explain why this property
is true and does not allow an easy generalization to weaker conditions. These applications hint at
interpreting the topological recursion as a quantization procedure, but a thorough understanding of

its underlying (symplectic) geometric nature is still incomplete.

Kontsevich and Soibelman [36] recently proposed a new point of view and setting for TR which
generalizes the TR of [24]. We refer to it as KS-TR. Their starting point is the notion of classical
Airy structure, i.e. a Lagrangian defined by quadratic equations in a symplectic vector space T*V.
The initial data for KS-TR is a lift of the former to a sub-Lie algebra of the Weyl algebra of V,
which they call a quantum Airy structure (Definition 2.1). Quantum Airy structures are equivalently
determined by their coefficients, collected in four tensors (A, B,C,D), which must satisfy relations
(9)-(13) coming from the “Lie subalgebra” condition. The outcome of KS-TR is a formal function on
V of the form

Z = exp( Z hgfng)

920
annihilated by the differential operators determining the quantum Airy structure (Proposition 2.1).
The n-th order Taylor coeflicients F} ,, of S, are computed as in TR by induction on 2g — 2 + n using
(A,B,C,D), and encode the same information as the wy, did in TR. More precisely, the data of
a spectral curve can be used to produce a quantum Airy structure, such that the F,, computed
by KS-TR are the coefficients of the decomposition of w, , computed by TR in a suitable basis of

meromorphic differentials (Section 3.5 in [36], and Section 6.1 here).

Kontsevich and Soibelman emphasize in [36] the geometry of Lagrangians in 7%V and the relations
between KS-TR and deformation quantization. The present work is complementary to [36]. It focuses
on the study of the relations defining quantum Airy structures, with the aim to exhibiting initial data
for KS-TR.

Outline

Let us summarize the content of the article.

In Section 2 we concisely present the KS-TR formalism. We write down explicitly in Section 2.2
the relations satisfied by (A, B,C, D), for which we give a graphical interpretation as three coupled
THX-like relations (Figure 3). The existence of the partition function (Proposition 2.1) is proved in
[36] by general holonomicity arguments. We prove it in Section 2.4 by direct computations. Section 5
shows that the partition function can be explicitly computed when some of the tensors (A, B,C) are

zZero.

In Section 3, we give an equivalent characterization of classical and quantum Airy structures in



terms of “torsion free” symplectic representations of Lie algebras g1 ; V — sp(T*V'), together with the
data of a Lagrangian linear embedding J; V' — T*V. As a result, we describe in Section 4 an action of
the group of at most quadratic differential operators on quantum Airy structures (the analog of a gauge
group) and their partition function. Therefore, we are especially interested in quantum Airy structure
modulo the action of this group. One can define in this way the moduli space of quantum Airy
structures (Section 4.2), and deformation theory of quantum Airy structures is governed by twisted
Lie algebra cohomology. We also define (Section 4.4) an action of commuting flows corresponding
to translations in V. It means that, from a given quantum Airy structure (L;);c;, we can obtain a
deformed Airy structure (Ll(t))iE 7 parametrized by ¢ in a formal neighborhood of 0 in V. The action
of translation is non-linear even at the infinitesimal level, thus non-trivial modulo the gauge group

action.

The remaining of the paper is devoted to exhibiting examples of quantum Airy structures. In
Section 6, we study general properties of the above symplectic representations, and apply them to prove
some results aiming towards a of classification finite-dimensional quantum Airy structures forming
semi-simple Lie algebras. In particular, representation theory allows us to construct a quantum Airy
structure forming the Lie algebra slo(C). In Section 7, we give a classification of abelian quantum
Airy structures in dimension two and three, a partial classification of two-dimensional quantum Airy
structures, and an example of a non-trivial quantum Airy structure for a non semi-simple three-

dimensional Lie algebra.

We then progress towards more geometric examples. In Section 8, we describe four classes of
quantum Airy structures, associated respectively to Frobenius algebras, non-commutative Frobenius
algebras, the loop space of Frobenius algebras, and a Zs-invariant version of the latter. Our proposal
for the Frobenius algebra class (Section 8.1) satisfies rather trivially the axioms of a quantum Airy
structure, and contains as a special case the enumeration of the trivalent graphs underlying TR and
the partition functions of 2d TQFT’s (Lemma 8.6). For the three other classes, checking that our
proposal is a quantum Airy structure is a computation; it is perhaps not enlightening, but we have
not found more elegant proofs. For the Frobenius and non-commutative Frobenius algebra class, we
are able to give an explicit formula — in the form of a finite-dimensional path integral, well-defined at
the level of formal power series — for the partition function in full generality (Section 8.2). For the
loop space of Frobenius algebras class (Section 8.3-8.4), the partition function necessarily has Sy = 0,

but (Sy)g>1 can be non-trivial. For the Zy-invariant version, a priori all S; can be non-trivial.

The class of quantum Airy structures we describe in Proposition 8.14 for Zs-invariant loop spaces
of Frobenius algebras are in correspondence with local spectral curves, and KS-TR gets identified
with TR in this case. Section 9.1 explains this correspondence to TR in more detail. In Section 9.2,
we explain how the gauge group action on quantum Airy structures relates to Givental group action
on Lagrangian cones. This puts our understanding the correspondence between TR and correlation
functions of semi-simple cohomological field theories established in [18] within the original spirit of
Givental quantization procedure [31]. Independently, Section 11 interpretes the recursion for quantum

Airy structure on loop spaces as a dynamic on Young diagrams.

We conclude in Section 12 with a list of open problems raised throughout the article.



Comment

We stress that KS-TR is not only a reformulation of TR. It comes with new non-trivial examples of
initial data, e.g. having a finite-dimensional V' (Sections 8.1-8.2), and the case where V is infinite-
dimensional and attached to a curve without reference to a local involution (Proposition 8.13). The
latter may be used to propose a TR for spectral curves without ramification points, see Section 10.
Although the motivations mainly come from geometry, KS-TR can be presented only resorting to
multilinear algebra and combinatorics, without complex analysis. The beginners or non-geometers
interested in the theory of topological recursion — e.g. for the enumeration of maps [22] — may find

the simplicity of this new framework (concentrated in Section 2) appealing.
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2 Kontsevich-Soibelman approach to topological recursion

2.1 Setting

Let V be a vector space over C. It could be finite or infinite-dimensional. We will mostly work in a
basis (e;)ier of V, and with its dual basis (x;);e; which form a set of linear coordinates on V. In the
cases where dim V' = oo, convergence issues will not play a role in this article. For general discussions
it will be implicitly assumed that all seemingly infinite sums are actually finite or make sense after
introducing if necessary suitable filtrations or completions. For specific examples where dim V = oo we
will justify that the sums contain only finitely many non-zero terms. We equip 7V with its canonical
symplectic structure, and consider its Weyl algebra

W = C[R)((24, 0 )ier) /{05, 2:] = B).

Kontsevich and Soibelman [43, 36] proposed the following setting, motivated by the problem of

quantization of Lagrangians in T*V defined by quadratic equations.

Let (2;)q4er be the linear coordinates on V. By convention, 4, j, k, ... are fixed indices, while indices

a,b,c,... should be summed over I. For instance, Afl_’bzzraxb = Yabel Aflyba:aa:b.

Definition 2.1 A quantum Airy structure on V is a sequence (L;)ier of elements of WQ, of the form

Li = hd; - AL ywaxy - hBY 2,8y - o CL 0,0, — hD', (1)



where h is a formal parameter and Aj—ﬁk,Bj-ﬁk, C;k and D' are scalars, which form a Lie subalgebra of
W}{‘/, i.€e.
[Li,Lj]=hfi;La (2)

for some scalars Z-]fj.
In this definition, we can always assume that A;‘,k = A}‘c’ ; and C;,k = C};y ;- The coefficients defining a

quantum Airy structure can be rearranged in a basis-free way
A eHom (V&3 C), B eHom(V®%,V), C ¢ Hom(V,V®?), D ¢ Hom(V,C), (3)
by the assignments
A(ei®ej®ek):A§)k, B(e; ®¢j) :B;)aea, C(e;) :C;7bea®eb, D(e;) = D"

Equation (2) puts strong constraints on A, B,C, D. They will be studied in Section 2.2 in a pedestrian
way, and in Section ?? in a more abstract way. We remark that for any choice of A and D, (A, B =
C =0,D) defines a (rather trivial) quantum Airy structure. The justification for the name “Airy
structures” will appear in the examples provided in Section 8.1. The notion of classical Airy structure
will only be presented in Section 3.2, as it does not play a central role here although it served as
motivation in [36].

The Weyl algebra W’{”, naturally acts by differential operators on functions on V. Equation (2) is
a sufficient condition for the existence of a function Z on V which is a common solution to L;-Z =0
for all 7 € I. More precisely, we have

Proposition 2.1 There exists a unique formal series

h91 . .
Z:exp(z T ‘ ngn(zl,...,zn):zrl-lmxin), (4)
920 i1,y in €l
nx1
where Fy ,(i1,...,in) are scalars, invariant under permutation of the (im)m_1, such that Fp1(i) =
Fo2(i,5) =0 for all i,7, and
Vi L;-Z=0.
More precisely,
F0;3(i7j7k): Z’,kv Fl,l(i):Dzv (5)
and for 2g-2+mn>2
Fg,n(ila J) = Z B:'l:n,aFg,nfl(av I~ im}) (6)
m=2
+%Célﬁb(Fq—l,n+l(a7buJ) + Z Fh’,l+\J’|(a7J,)Fh”,1+|J”|(b7 J”))u
JuJ"=1
B'+h/ =g
where J = {ia,...,in} is a (n—1)-uple of indices in I.

Proof. The uniqueness is obvious. We take 47 € I, insert (4) into the equation L;, - Z = 0, and for

each g >0, n > 1 and (4g,...,i,) € I"! we collect the coefficient of h9'z;, --x; . The equations for



(g,n) =(0,1),(0,2),(0,3) are

0 = —Fpai(ih)+ClyFoi(a)Foq(b),
0 = —Foa(in,iz)+ B ;Fo1(a)+CyFoa(a)Foa(b,iz),
0 = —Fog(in,izis) + A2, + (B! Foz(a,is) + B! Fo2(a,iz))
+5C2 (Fo,1(a)Fo3(b iz, k) + Foa(a,ia) Fo (b is)). (7)

As we take Fy1(i) = Fo2(i,7) = 0, we indeed solve the two first equations. The third equation yields
Fo3(in,ia,i3) = A}

12,13 "

Fyn(i1,... i) readily gives (6). In this equation, the order of the indices in the set J’ and J” do not

For (g,n) = (1,1) we find Fy 1(i1) = D™. In general, isolating the term

matter as the Fy v (j1,...,Jn) were assumed symmetric under permutation of (j,)m,_1-

Conversely, the existence is guaranteed by the constraints (2). Alternatively, and effectively, we
can define F, ,, by formula (6) inductively on 2g—2+n, provided we justify that the result is symmetric
when 47 is permuted with the other i,,s. We will show this is true later in Proposition 2.4, by direct
computations involving the relations between (A, B,C, D) following from (2). We see for instance
that the symmetry of Fj 3 imposes that A; k= Af > hence A must be fully symmetric in its three

indices. It will indeed be a consequence (see Section 4.1) of (2) for operators of the form (1). ]

Formula (6) has a graphical interpretation (Figure 1), which contains the same kind of terms as
the topological recursion introduced in [24]. One can therefore propose, following Kontsevich and

Soibelman, an elementary definition of the topological recursion.

o the initial data is a quantum Airy structure, i.e. (A, B,C,D) as in (3) satisfying the relations
we will write in Section 2.

e the outcome are symmetric tensors F,, € Hom(V®" C) indexed by 2¢g — 2 +n > 0, which we
consider as the Taylor expansion coefficients of a formal series/function on V', whose exponential
is denoted Z and called the partition function.

The topological recursion of [24] rather takes as initial data a spectral curve, i.e. a simple branched
covering x : ¥ - Xy between two Riemann surfaces, together with a meromorphic 1-form wp; on X,
and a fundamental meromorphic bidifferential of the second kind wp 2 on $?. We will show in Section 9
that this data determines a quantum Airy structure based on V = HY(U, Ky;)/z* H°(Up, Ky,,) where
Up is a (small enough) neighborhood of the ramification points (zeroes of dz) in Xg, and U := 27 (Up).
The Fy, , computed by (6) are then coeflicients of the decompositions of the meromorphic n-differentials
wyg.n defined by [24] in a suitable basis of meromorphic forms (Proposition 9.2). Therefore, Kontsevich-

Soibelman topological recursion can be seen as a generalisation of [24].

2.2 The relations between (A, B,C, D)

Let L := (L;);er be differential operators of the form (1). We now describe the necessary and sufficient
conditions on (A, B,C, D) for L to be a quantum Airy structure, i.e. satisfy (2). Evaluating the

commutator between the first terms with a pure single derivative and the B-terms we again obtain



Fg-,n g 1,n+1 Fh/ 1_HJ/ Fh// 1+|J//
Figure 1: Fy ,,(41,...,%,) is represented as a surface of genus g with n boundaries, carrying the labels
i1,...,0n. In this pictorial language, the terms appearing in the recursion (6) are all the topologies

resulting from removal of a pair of pant P bounding the first boundary. The weight of P is a B or a
C depending on whether it has one or two external boundary components.

terms with pure single derivatives. Because this commutator is the only source of such terms in the
right-hand side, we immediately conclude that the structure constants fzkj are determined by the
B-terms alone

.. k i i
VZ,],]C, i,] = ;’,k_Bik' (8)

Evaluating now the commutator between L; and L; and comparing with the right-hand side in Equa-
tion (2) we obtain further constraints on (A, B,C,D). First, the absence of a linear term in x;

immediately implies the full symmetry of the coefficients A
Vivjakv ;,k :Ag)ka (9)

as anticipated for the symmetry of Fy 3 in (5). We obtain three more relations matching the coefficients

of the terms xyx¢, Op0¢, Tk 0y, for any 4,7, k, €

B]i‘,aBg,f +Blic,aB £+C€ aAak = (Z (_).7)7 (10)
C;:E-’_Clzca E+Cla = (Z<—>]), (11)
AH+Bk aA +BMA = (1< ]). (12)
And matching the coefficient of h.1 we find, for all 7, j
B D"+ 3Co AL = (i< j). (13)

Consequently we have the lemma

Lemma 2.2 (L;)ier is a quantum Airy structure if and only if (A, B,C, D) satisfy the zero torsion
conditions (8)-(9), the BB-AC relation (10), the BC relation (11), the BA relation (12), and the D
relation (13). ]

Equation (8) can be taken as a definition of the structure constants f, and one can check by direct
computation that the above relations imply the Jacobi identity for f. The full symmetry of A could
be added to the axioms of quantum Airy structures. We call (8)-(9) “zero torsion condition" for a
reason explained in Section 3.1. The three relations for (A, B,C) are rather non-trivial. If d = dimV,

let us count the number of unknowns and a priori independent equations determining quantum

d(d+1)(d+2) d?(d+1)
6 2

Airy structures. A has independent coefficients, B has d® coefficients, and C has

coeflicients. The BB-AC relation is antisymmetric in i, j, so gives @ -d? constraints. The BC

d(d-1) d(d+1)
4d) , dd+l)

and the AC relations are antisymmetric in ¢, j, symmetric in k, /¢, so gives constraints.
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Figure 2: Unfolding (6) gives [27, Section 3] a set &, (1) of pairs (G,T') where G is a trivalent graph
with first Betti number g and n leaves, with cyclic order at each vertex, and T is a spanning tree rooted
at the first leaf, having the extra property that edges which are not in 7" must connect vertices v and
v" which are parent. This means that the geodesic in T from the root to v contains (or is contained)
in the geodesic from the root to v’. Vertices incident to a loop are assigned a D, vertices incident to
one external leg are Bs, vertices incident to two external legs are As. Internal vertices can be A, B,C
as prescribed by the recursive construction of the graph — which is remembered by the spanning tree
rooted at the first leg. We have listed these graphs for low values of (g,n). The 2% is the symmetry
factor which arises from the repetition of factor of 3 in the C-term of (6). A (k) indicates that there
are k such graphs, which differ by the labeling 2,...,n of the legs. When two such graphs are related
by an exchange of the two legs outgoing from a C, the two graphs give the same contribution to Fj ,,,
and we listed it as a single graph with a factor of % less.

d?(d-1)(2d+1)
2

So, as far as (A, B, () are concerned, we have %(5d2 +3d+1) unknowns, and constraints.

The first values are

| d [1[2[3[4]5]6 |
#unknowns || 3| 18 | 55| 124 | 235 | 398
F#constraints || 0 | 10 | 63 | 216 | 550 | 1170

For d > 3, we find that the three relations form an overdetermined system. Therefore, it is a prior:

10



not obvious that non-zero solutions for (A, B,C) can be found at all. If (A, B,C) is a solution, the
set of allowed D satisfying (13) is an affine space, hence easier to describe. We will however show in

Sections 8 and 7 that many non-trivial solutions can be found.

Lemma 2.3 Assume (A, B,C) solves the BB-AC, BC and BA relations, as well as (8) and (9).

(i) IfV is an abelian Lie algebra (namely Z-lfj =0), any choice of D gives a quantum Airy structure.

(i1) Iftr B =Y, B . exists (for instance, it is always the case when dimV < oo), then

a,a
i _ 1 4
ref = §tI'B

completes (A, B,C) into a quantum Airy structure. Further, (A, B,C,D) completes (A, B,C)
into a quantum Airy structure if and only if for any vi,v2 € V, (D — Dyet)([v1,v2]) = 0 where

we consider D e V*.

In particular, when V is finite-dimensional and semi-simple, [V,V] = V thus, for given (A4, B,C)

satisfying the relations, there is a unique way to complete into a quantum Airy structure (4, B, C, D).

Proof. The claim follows from the observation that, summing (10) over k = £ € I, we find

fi ,TrB*+CL A b c;bA;,b =0.

Note that
hBliI,bxaab = %B(iz,b(faab +0pzq) — %tr B!

when it makes sense. So, the solution exhibited in (i%) corresponds to choosing the symmetric ordering
of x, and 0y, rather than the normal order z,0,. When V is infinite-dimensional, we will in Section 8.3

see cases where tr B? is not well-defined, but we can nevertheless find other solutions for D.

2.3 Graphical interpretation of the relations

The structure of the indices (4, j,k,!) and the summation index a is the same in the three relations
BB-AC, BC and BA. They can in fact be presented as a system of three IHX relations (Figure 3).
Another graphical form is given in Figure 4.

This IHX form is in fact not surprising. The original IHX relation is the graphical interpretation
of the Jacobi relation for a Lie algebra [, and the Jacobi relation itself expresses that the adjoint
representation [ - GL([l) is a homomorphism of Lie algebras. It is a special case, for the adjoint
representation, of the STU relation expressing that one has a representation [ - End(m), where m is a
module for [. We will see in Section 3.1 that the three relations for (A, B, C) are equivalent to requiring
that the adjoint action ady, : V — End(T;V) is a representation of the Lie algebra (V, ( ij)”k) So,
these 3 relations come from specializing the STU relation to this representation which has the special
form [L;,-] with L; of the form (1).

11
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Figure 3: A red dot indicates a Bf;i3
blue dot represents an A2,. A green dot represents a C?l, with first incident edge carrying the upper
index. The three relations are that these combinations are symmetric with respect to permutation of
the two left legs.

with incident edges labeling as indicated by the numbers. A

Figure 4: Each edge carries an index. Indices carried by dashed edge are summed over. e means
symmetrisation of the indices of the edge incident at that vertex, while o means antisymmetrization.
The arrow indicates which index is placed first, and thus defines the order of composition of the two
operators.
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2.4 Proof of symmetry

Proposition 2.4 If (L;)ier is a quantum Airy structure, Fy,(i1,...,in) defined recursively by (6)

n

for 2g—2+n >0 is symmetric under permutation of (im)m_q-

Remark 2.2 The converse of Proposition 2./ is not true. Indeed, if A=0 and D =0, one finds that
Fy.n =0 for all g,n, hence it is symmetric, whether or not B and C satisfy the — still non-trivial -

relations BB-AC and BC.

Proof. We already saw in Section 2.1 that Fy 3(i,7,k) = A;k, which is fully symmetric due to (9),
and for Fj ; there is nothing to check. We compute from (6)

FO,4(i7j7 k,f) = B;’,aAZ,E + CyCI' (.77 k,f)
which is fully symmetric thanks to (12), and
Fi(i.j) = B} , D" + 505 , A7,

which is fully symmetric thanks to (13). So the result holds for 2g - 2 + n < 2. Take (g,n) such that
2g -2 +n > 2, and assume we have proved fully symmetry of Fy , for all 2¢' -2+ n’ <29 -2 +n.
Let K = {ki,...,k,}. Let us define F, ,.2(%,j, K) by applying (6) with first index 7. The resulting
terms are in the range of the induction hypothesis, thus completely symmetric under permutation
of (4,k1,...,kn). So, we only need to prove it is symmetric under permutation of 7 and j. For this
purpose, we use again (6) with first index j, except for the term involving B;l-ﬁan,nH (a, K), for which
we use (6) with first index a. Denote K[¥l := K \ {k} and K[** = K \ {k,¢}. We also implicitly use
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the full symmetry of A and the symmetry of C in its two lower indices. We find that

Fq,n+2(i7j7 K)
= B;ﬁaFg,nJrl (CL, K) + Z B]icﬁaFg,rHl(avja K[k]) + %Oziz,ng*l,nJﬁ(a; bvja K)

ke K

+ Z Ca th/ 2+‘Kr‘(a ],K)th 1+|Ku|(b K’ )+5q 06n 1AJ k1
h'+h"=g
K’LIK”:K

= B}-,a{ k}}j{ By Fyn (0, KM + 108 Fy i io(b,c, K)

+ Z %Olith/,lJrlK’l(b)K,)Fh”,lJrlKNl(C? K”) + 69705'”'72‘4%1,]{}2 + 6g716n10Da}
K +h''=g
K'uK"=K

+ ZB}W{B Fyn(b, KM+ > B Fyn(ba, K 4 1€ Fyy nia(b,c,a, KIH)
ke K LeKI[k]

1 / ” 7
+ Z —Fh/72+|K/|(b7CL,K )Fhll71+|K//|(C7K ) +59705n72"4a,k}
R'+h"=g
K'UK"= K[’“]
1 i . .
+§C¢Zl_’b{B(lechlyn+2 (b, c, K) + Blj;ychflynJrQ (CL, c, K)

+ZB q1n+2(bcaK )+ CJ q2n+4(cdabK)

keK
J ’ " J 7 "
+ Z Ccﬁth’,3+|K’|(a7 b7 ¢, K )Fh”,lﬂK”\(du K ) + Ccdeh’.,QHK’\(au c, K )Fh”,QHK”\(bu d7 K )
h'+h'=g-1
K'UK"=K
J
+69716"x0Aa,b}
7 " ) / J k
+ > CopFuravkn (b, K ){Bi,th',1+|K’|(CvK )+ Bk7th',1+|K/|(Cva,K[ )
h’+h”=g keK'
K'UK"=K
1, / J U J
+3C gFh-1 340 (¢, dya, K') + Z C; aFs2ip(ase, L) Fy 14(d, L) +5h’,05K’,1Aa)k,}-
s+s'=h"
LuL'=K'
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We now collect the various terms

Fq,n+2(i7j7K)
= 0g,00n,2 F0,4(4,7,k1,k2) +6g,10n,0F1,2(4,7)

+ 2 Fyn(b, KW (B By + BBl + A) Cly )+ Y Fya(a,b, K1) B B]
kel ktle K ’

+35 F(]1TL+2(b(A)( ](L +B(1L(07b+Bb( (Lb) Z Fq 1n+2bCGK[ )(Bkacj kc a,b

keK
1 i J 1 -1 ” a
+1Fyansa(a,b,c,d, K)Co Ol i+ 0 5 Fw k(b K)o (¢, K)(Cy B ! +2C0 Bl .
h'+h'" =g
K'uK"=K

+ Z Z %Fh’,2+\K’|(baavK,)Fh”,1+\K”\(Ca K”)(Bli,acg,c + Bi,c ¢Zzb)
ke K h’+h”=g
K'uK"=K*

1 / " g 7 7 J
+ Z §Fh/73+|K/|(CL,b, C,K )Fh//)1+‘K//‘(d,K )(Oc7dca,b+ca,dcc7b)
h+h'"'=g-1
K'uK"=K
1 / ” 7 j
]
+ Z 5 h/72+|K/|(a7C,K)Fh//72+|K//|(b,d,K )O(Lbcc,d
h'+h"=g-1
K'uK"=K

" / J
+ Z Fh”,1+|K”|(ba K )Fs,2+|L|(a7 c, L)Fs,l-%—\L’\ (d7 L )Cc)dca b
h' +s+s'=g
K"uLuL'=K

We already proved that Fj 4 and F} 2 are symmetric, and all the non-red terms are obviously symmetric
by permutation of ¢ and j. The three relations (10)-(11)-(12) allow the conclusion that the red terms

are also symmetric. So, Fy (4,7, K) is fully symmetric, and by induction this entails the claim. |

3 Lie algebraic approach to Airy structures

3.1 Reformulation via the adjoint representation

In Wf”,, we have two notions of degree: the h-degree, and the variable degree assigning degree 1 to x;
and 0,,. We denote T3V = V* @ V.h and consider the subspace Dy c W,

2
=P Dv.a, Dy = C.h, Dya1=T;V, Dy = Sym*T; V.
=0

Note that the copy of V* in Dy contains the linear functions x;, while the copy of V' correspond
to differential operators 9;. Dy is naturally a sub-Lie algebra of W’{L, Let m and 7; be the linear
projections to the subspaces V* and V.h of Dy ;. We are interested in linear maps V' — Dy, which
we parametrize — after a choice of basis (e;)sr of V' — in the form

Li=Mhd, + N'z, - (%A;bxaxb +hB, a0y + h;c;baaab + hDi). (14)

Definition 3.1 We say that a linear map L : V' — Dy has normal form — with respect to a choice of
basis (e;)icr of V. — if M; =0;; and N; = 0. If the basis is not specified, we mean that there ezists a

basis for which L has normal form.

Definition 3.2 A quasi-Airy structure on V is the data of a Lie algebra structure on V', together

with a homomorphism of Lie algebras L : V — Dy,. In this case, we denote Zj, the space of solutions

15
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of
VeV, L(v)-Z=0
of the form
! e
Z = exp( Z e ?_q,n), Fgn €Sym" V™.

g20,n2>1

Note that the relations imposed by [L;,L;] = JiiLa are a priori different than those described in
Section 2.2 due to the presence of M and N # 0.

Tautologically, quasi-Airy structures having normal form are quantum Airy structures.

Let L : V —» Dy be a quasi-Airy structure. In particular, V' has the structure of a Lie algebra,
and we can consider the adjoint representation ady, : V — End(Dy) defined by ady (v) = A [L(v),].
Computation with (14) shows that ad;, has a block decomposition with respect to Dy = 693:0 Dy.a

0 00,1 00,2
adr, =1 0 o1 012
0 0 02

If we choose a basis of V, since L has the form (14) the central block has a further decomposition
with respect to Dy; = V* @ V.h of the form

-Bt A )

o1(ei) =( _Ci (Bi)T (15)

where X = (X}k)j,k is considered as a matrix for X € {A, B,C}. Note that (15) is the general form
of a matrix Y such that Y.S is symmetric, S being the symplectic transformation

s(? ‘01).

We note that o1 is a representation of V on T;V if and only if [o1(e*), 01(e’)] = fij01(e). Further,
with respect to the same decomposition of Dy ;

00,1 = (Ml Nl) (16)

We also define g1 : V - End(C.h® T} V) by

&1 :( 8 eo.1 ) (17)

01

An easy computation shows

Lemma 3.1 Let L : V - Dy be a linear map of normal form (1). Then o1 defined by (15) is a
representation of V on T;V if and only if the BB-AC, BC and BA relations are satisfied.

Lemma 3.2 Let L : V — Dy be a linear map of normal form, such that o1 is a representation of V

on Ty V. The three properties below are equivalent.

(i) o1 is a representation of V on C.heT;V.

(it) the two extra relations (8) and (9) are satisfied.
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(4i7) if T : V > TyV is the natural inclusion, the representation g1 satisfies
Voi,vp €V, 01(v1).9(v2) = 01(v2).I(v1) = I([v1,v2]). (18)

The only property which may be missing in Lemma 3.2 for L to be a quantum Airy structure is the D
relation (13) — compare however with Lemma 2.3, (ii). Indeed the D’ contribute to the constant part
of the operators, and thus are not seen at the level of the adjoint action. Condition (éi3) is very similar
to a zero torsion condition for connections in vector bundles, which is the reason why we adopted this

name to refer to the linear relation (18).

Remark that, if (L;);e; are operators of normal form with A = C =0, g1 is a representation if and
only if p; acting on V is a representation — given by the matrices (B*)”. In particular, if (ffj) are
the structure constants of a Lie algebra structure on V', the choice B]l k= % flkj makes (V, g}/) (where
QY means o1 acting on V') the adjoint representation, and (V, g}/*) its dual. One then sees that the
BB-AC relation is equivalent to the Jacobi relation that fzkj indeed satisfy. In this case, (L;)ies is
the well-known expression of the adjoint representation by differential operators. It is however not a
quantum Airy structure because the first — and very important — term A9; is missing. Or, equivalently,

this representation o1 in general violates the zero torsion condition (18).

3.2 Classical Airy structures from symplectic representations

This paragraph is a digression to relate Section 3.1 to the notion of classical Airy structure introduced
in [36], which is the Poisson analog of Definition 2.1. Let Py 4 be the space of polynomial functions
on T*V of degree d, and

2
Py =P Pva
d=0

equipped with its canonical Poisson bracket. We denote py+ : Py, = V* c Py 1 the natural projection.

Definition 3.3 A classical Airy structure is the data of a linear map A : V — Py1 & Py o such that

I :=py«o A is an isomorphism, and such that Im A is closed under Poisson bracket.

If (e;)ier is a basis of V, we denote (z;)ier and (y;)ies the corresponding linear coordinates on
T*V. By defining A; := I, LA(eq), a classical Airy structure is uniquely determined by a family (A;)er

of elements of Py of the form
Ai =y; - AL yzamy, — BLyxays — 2CL yyays,

such that
{Ai A} = fiAa (19)

for some scalars Z-’fj. Note that (19) implies that {(z,y) € T*V : Vi A;(x,y) = 0} is a Lagrangian sub-
variety in T*V. This Lagrangian for non-zero (A, B,C) is a perturbation of the canonical Lagrangian

given by the zero section {(x,y) e T*V : Vi y;=0}cT*V.
The data of such (A;);er is the definition adopted by [36] for classical Airy structure. Here, we

prefer to adopt the basis-independent Definition 3.3. The analysis we did for quantum Airy structures
in the realm of the Weyl algebra can be transposed directly for classical Airy structures in the Poisson

realm.
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Proposition 3.3 The data (A, B,C) defines a classical Airy structure if and only if it satisfies
BB-AC, BC, BA relations, as well as the zero torsion conditions (8)-(9). This is also equiva-
lent (Lemma 3.2) to requiring that 01 is a representation of the Lie algebra V defined by the structure
constants Z-]fj in the basis (€;)ier- O
In other words, quantum Airy structures are just classical Airy structures together with the data D
satisfying the affine relation (13).

This allows a more geometric perspective on Airy structures, which we are going to explain again
but in a slightly different way. The keypoint, which is also put forward and exploited in [36], is that
suitable family of infinitesimal symplectomorphisms in 7*V give rise to classical Airy structures.

Let us fix a Lie algebra structure on V. We then consider the vector space W =V @& V* with the
canonical symplectic structure w. Let 7wy : W — V be the projection along V*. We denote sp(W) the
Lie algebra of infinitesimal symplectomorphisms of W. Combining Proposition 3.3 with Lemma 3.2

we find

Lemma 3.4 There is a one to one correspondence between classical Airy structures, and Lie algebra
homomorphisms £ : V — sp(T*V') together with a Lagrangian embedding J : V — T*V such that

Vvl,vg G‘/, Lvlj(’UQ)—Lv2j(1}1) :3([01,1)2]). (20)

The coefficients of the classical Airy structure are given in terms of the symplectic form and the action

on W of the linear symplectomorphisms determined by L in (21) below.

The advantage of this formulation is that given a Lie algebra homomorphism of V' into sp(7*V), for
instance coming from geometry, then one only need to construct J such that the linear condition (20)
is satisfied. We also remark that the Lie algebra structure on V' is completely specified by the £ via
(20).

Proof. First we will assume that we are given a Lie algebra homomorphism £ : V — sp(T*V) as
above, and from this we will construct a classical Airy structure. We pick a basis (e;);er of V. We let
el be the dual basis of e;, then ((0,¢€), (e;,0))ser is a symplectic basis of T*V =W, i.e.

Vi, g, w(ei,ej) =w(e;,ef) =0, w(ei,e;) = 0; ;-
We let fi’fj be the structure constants of V' in the basis e; of V. One then has the decomposition
Yw e W, W= —Talq + Yol x; =w(e;,w), yi = w(e;,w).
Denoting £; := L,,, we have by definition of a symplectic representation
V(wy,ws) € W2, w(Liwy,ws) + w(wy, Liws) = 0.

Hence £; is represented in the symplectic basis of T*V 2 V* @ V by the matrix

_Bi Az
H; :( ' (Bz)T )

where A* and C* are symmetric matrices with

j’,k = _W(Lieﬁek)v ;‘,k = W(Liej7el>;)7 gl:,k = _w(Lie;veZ)' (21)
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With this choice of (A, B,C), one defines the hamiltonians
hi(w) = %w(Liw,w) = —(%Az)bxaxb + Bé)bxayb + %O;7byayb)

for w = —xqe, + ygei. Then, we can define A : e; > (w » w(e;,w) + hi(w)), and we claim this
is a classical Airy structure. Indeed, one can check using the commutation relations for £ that
{weW : Vi w(e;,w)+h;(w)=0} is a Lagrangian subvariety of T*V.

Conversely, a classical Airy structure gives the desired representation by just using (21) to define
L; in terms of (A, B,C). ]

4 Moduli spaces of Airy structures

4.1 Group action

The affine extended symplectic group Gy := exp(Dy/h) acts by conjugation on its Lie algebra Dy,

hence inducing an action on the set of quasi-Airy structures, as well as on the partition function Z
Ue Sy, L; =ULu™t, Z=U-Z.

It contains — and is generated by — the Heisenberg subgroup exp ((DV)Q +Dy1)/ h), the metaplectic
group exp(Dy 2/h). This perspective makes it clear that we ought to study (quasi-)Airy structures
only up to the action of Gy .

Computations show that the subgroup of Gy which preserves the normal form (1) of quantum Airy
structures only consists of multiplication by scalars (which are central and do not change the L;),
renormalization (A, B,C, D) - (A>A,AB,A\"*C,AD) for A e C* (which can be realized via U = A\%a%)

and differential operators of order two
_ h _
U = exp (Eua,baaab), w;; =uj,;€C. (22)

If (A,B,C,D) are the coefficients of a quantum Airy structure, the new quantum Airy structure
obtained by the action of (22) has coefficients (4, B,C, D) given by

ii Y
3k T gk
Bl = Bl.+uj.Al;.
C’;k = C;k + uj@Bfl’k + u;WB;Q + uj,auk,bAbe.
D' = D'+iug,AlL,. (23)

We have just proved
Corollary 4.1 If (ui ;)i jer is a symmetric matriz, (23) is a symmetry of the relations of Section 2.2.

This can also be checked directly by inserting (23) in the relations. At the level of the partition
functions, if u = (u;;);,; is invertible, Wick’s theorem shows that the action of (22) can be realized

by a formal Gaussian convolution

-1
exp (Buaa0ntn) 20 = [ o (- (s

S Z
v det(2nhid) /2 2h )(“5)’

where d¢ =[],y d¢; is the Lebesgue measure on V.
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Remark 4.1 Another easy transformation of the L; is the rescaling of h acting as L; —
27 Yexp(zhOp)L;. It transforms (A,B,C,D) into (271A,B,2C,D). We prefer not to include it in
Sv.

Lemma 4.2 If L is a quasi-Airy structure, its Gy -orbit contains a quantum Airy structure if and

only if (my@ny)oL : V - T;V is a (linear) Lagrangian embedding of V.

Proof. If L = (L;)s is a quantum Airy structure, then 7f o L is the isomorphism between V' and
V* induced by the choice of a basis (e;)ir. In particular, (73 @ 77) o L is a Lagrangian embedding
of V into T; V. These properties remain true for L in the Gy-orbit of L. Conversely, let L be a
quasi-Airy structure such that (m @ 7)o L : V - TV is a Lagrangian embedding. We can always
compose it with a linear symplectomorphism of TV bringing this Lagrangian to V*. It is well-
known that Gy contains elements which can realize as automorphisms of the Weyl algebra the linear
symplectomorphisms
T = 0% + Bi,ah0a, hd; = Yiaa + €i,ah0s

for arbitrary matrices (o, 8,7, ¢) satisfying the symplectic conditions

afT symmetric,
(vel) symmetric,
ael - pyT =idy.

Therefore, we can find L in the Gy -orbit of L such that m; o L = 0 and 71 o L is an isomorphism. In
other words, in a given basis, L; has the form (14) with N; =0and M = (sz)” invertible. So, putting

L= (M_l)i)af/a gives an operator in normal form, i.e. a quantum Airy structure. a

Corollary 4.3 A quasi-Airy structure (L;)ier has a quantum Airy structure in its Gy -orbit if and
only if o1 is a representation of the Lie algebra V into T}V, and 91 is a one-dimensional extension

of this representation such that v — (v, 00,1(v)) is a Lagrangian embedding of V into T,V .

Proof. Comparing Lemmas 3.1-3.2 with the relations found in Section 2.2 shows that (L;);e; of
normal form is a quantum Airy structure if and only if oy is a representation of V in T}V and g; is
a one-dimensional extension of this representation such that o1 = (¢v«,0v) where Yy, : V > V*
is the isomorphism determined by the choice of basis in which (L;)s is defined. In this case, g1

determines an exact sequence of V-modules:
0—C—CheT;V— (CheT;V)/C—0,
If L; € D does not have normal form, the block gg 1 nevertheless gives the map (77 ® m1) o L, and the

general claim is a consequence of Lemma 4.2. O

4.2 Definition of moduli spaces

We shall now introduce various moduli spaces associated to Airy structures.

Let V be a (finite-dimensional) Lie algebra. We denote 2} (resp. 2y, 2A{.) the set of classical
(resp quasi-, quantum) Airy structures based on the Lie algebra V. Of course, each of them is a subset
of the set of all Airy structures where we also vary the Lie algebra structure on the vector space V.

However, we restrict here to study the set of Airy structures based on a fixed Lie algebra.
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As a subset of Ay = (Sym*V*) x (V* @ V*® V) x (Sym?*V* ® V) cut out by the (finitely many)
quadratic BB-AC, BC and BA relations and the linear relation (8) (we have included the relation
(9) in the definition of Ay/), A naturally has the structure of an affine algebraic variety. Likewise, 21y,
is an affine algebraic variety. . is obviously a subvariety of 2. It can also be seen as a subvariety
of V*x Ay cut out by the extra D relation, where D? are the coordinates in the first factor. In fact, as
the D relation is affine, it arises as the total space of an affine subbundle 7 : 2, - 2[‘{,1 of the trivial

vector bundle V* x Ay — Ay restricted to 2[‘{,1 According to Lemma 2.3, 7 has a section given by

i .1 [
aTI'B

ref *~

Mapping D to (D - Diet) turns 2, into a trivial vector bundle over ¢}, with fiber
(V) ={peV* : Va,yeV, o([z,y]) =0}

As we saw in Section 4.1, Gy acts algebraically on 2[?,1 and Ay, and its algebraic subgroup Sy
preserving Airy structures acts on Ql“l/. Since we are interested in Airy structures up to the action
of Gy, the appropriate algebraic way to proceed would be to consider the quotient stack or the
GIT quotients A} //Gy and 4y///Sy. In this paper we shall just consider the set-theoretic quotients
M} = AT /Gy and My = Ay /Gy with the induced topology from A} and Ay respectively, and present
some preliminary remarks about this quotient space, which we will call the moduli space of quasi-Airy
structures. We caution the reader that this quotient space will in general not even be Hausdorff. The
same comment applies to the moduli space of quantum Airy structures M, = AT,/ Gy. The fibration
T AL > AT s Gy -equivariant, therefore we have a natural fibration MY, - My . The description of

its fibers can in principle be obtained by looking at the action of Gy on D via (23).

4.3 Deformation theory

As the moduli space of classical Airy structures just consists of Lie algebra homomorphisms modulo
inner automorphisms of the target Lie algebra Dy, one can use the theory of deformation of algebraic
structures to study their moduli space. The deformations of the Lie algebra homomorphism L : V —
Dy are governed by the differential graded algebra E} := Hom(A®V, Dy ), which is equipped with the
Cartan-Eilenberg differential

n+1
(dig @) (V1Avni1) = 3 (1) p(01A~TiAvnar ) L(ve)+ 3 (=1)* " ([vg, velv AvL AT Tp- A1 )
=1 l<m

for ¢ € E} and the bracket

[(puw]Ei (Ul /\"'Avn+m) = Z 8(0)[90(/00'(1) A"'Ava(m))aw(va(m#—l) /\"'/\’Uo'(m+n))]gj
€S im
o(1)<-<o(m)
o(m+1l)<-<o(m+n)

for ¢ € ET* and ¢ € E} where vy A+ AT A -+ A vy, stands for v A -+ A v, with vy removed and [-,-]x
stands for the bracket in X. We denote H (V,Dy ) the cohomology of this complex, and Z7(V, Dy )

the space of n-cocycles. In particular we get a quadratic map
Q: Hi(V,Dy) - Hi (V,Dy),

given by
Q) = [, @]Ez-

We get the following proposition as a direct consequence of the results of [41].
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Proposition 4.4 Let L : V = Dy be a classical Airy structure. If Hi (V,Dy) =0, then L is rigid, i.e.
all continuous deformations of L remain in its Gy -orbit. In general there exists an open neighbourhood

U of zero in Hi (V,Dyv) and an open neighbourhood 3 of [L] € S} such that
Uz (U0 (0) /90 (L)

where Sy (L) is the stabiliser of L in Gy .

Corollary 4.5 If we have that H#(V,D) = 0 and that the action of Gy (L) on Hi(V,D) factors
through a finite group, then M will have the structure of an orbifold near [L] € 93?%,1 and

Ti 9y = HE (V, Dy).

We have seen by explicit computations that g, : V — End(C.h @ T;'V) is a Lie algebra homo-
morphism if and only if ¢ : V — Dy is a Lie algebra homomorphism. So, we can in fact replace in
Proposition 4.4 and Corollary 4.5 the module Dy by the module C.A@ T} V. However, if we only used

the module T}V, we would miss the constraints imposed the zero torsion condition (18).

4.4 Translations

So far, the symmetries we have described act linearly on the coefficients of quantum Airy structures.
Among them, translations x; - x;+t; transform a quasi-Airy structure into operators (l~/l)lE 1 such that
(L= P%)cs is a quasi-Airy structure, for some constants P?. The solution of L;-Z = 0 for all i is Z(t+x),
which is the Taylor expansion of Z(¢) around the point ¢ = ¢. If we write Z(z) = exp ( 2420 hg’ng(x)),
and assume momentarily that S, has a non-zero radius of convergence uniformly in g,

(t+x)—exp(z > Z F(t)(zl,...,in)xilmxin),

g20n>1iq,..., in

where now Fétl) (i) = 9:50(t) and Fég)(z,]) =0;0;50(t) are a priori now zero. It is natural to suspect
that

~ (t)a;ﬂa (IQLE
Z(w)::exp(—Fo’I;) —F” 2)Z(z+t)

is the partition function of a new, t-dependent quantum Airy structure. The next theorem will confirm

and make sense of this, using formal series in .

We introduce the graded vector space K = K[[(£;)icr]], by assigning degree 1 to each t;. We get

the decomposition into homogeneous pieces

Let (A, B,C, D) be a quantum Airy structure. We first describe a formal replacement for 9;S50(t) and

0;0;S0(t). These are elements of K whose homogeneous components are inductively defined

Goa(i)= Y GIG),  Goaling) = X GYl(i, ),

n>2 n>1
with
GElG) = 1AL tats, (24)
vn>3, GYlG) = Bty +ici, S Gl (a)GYE o) (25)
nz9, 0,1 ? a,b¥a™0,1 2%a,b F: )
ni+na2=n
ni,ne>2
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and

GIN(i5) = Alta, (26)
Vn>2, GYl(i,j) = Blt.GYyU) B Gy @) +Cl, S GG b, ). (27)
nzas, 0,247 a,blalig o )] 5,090,140 ab 0,1 \@)Gg27(0,7).

nitng=n
ni1>2, ng>1

Then, we define ([1, B,C, b) with coefficients in K, again inductively by their homogeneous compo-
nents. The initial conditions are

xOl-x,  Xe{AB,C,D} (28)
and the recursions read for n > 1
(Alrhyr = Bl (ATt + B, GE (0 k) + BY G (a,5) (29)
T @ 3 aaadion) @
VTt i
(B = BB ita+CLGEN )+ Y LG @B™ L (1)
M o
(Cj = By Mitar ¥ CoLG ()] (32)
S e
(DM = Bl (DU 40l Y GEYa)(D) (33)
ni+na=n

ni1>2, n2>0

Proposition 4.6 If (A, B,C,D) is a quantum Airy structure whose partition function has Taylor
coefficients Fgp(i1,...,in), then (A,B,C,D) is a quantum Airy structure with coefficients in K
whose partition function has Taylor coefficients

Fg,n(ilv"'vin): Z Fg,n(ila---7inaj17---7jm)tj1 »»»»» ijK' (34)

m! .
m20 "V 41 jm

The above formulas form a non-linear®, infinitesimal symmetry of quantum Airy structures. In

the convergent case, this symmetry is the one expected.

Lemma 4.7 Assume V' finite-dimensional. Let Z = exp(zgzo hg_lsg(x)) be the partition function
of a quantum Airy structure, where Sy € K[[(z;)ier]]. If So has positive radius of convergence, then
for any g >0, Sy has a radius of convergence bounded from below by a positive constant independent
of g. We denote S, the analytic function defined by those series at least in a neighborhood of 0 in V.
The formal series defining (A, B,C,D,Gp1,Go,2) have positive radius of convergence, and we also

use underlined letters to denote the analytic functions of t they define. Then
Qo@(t;i) = 6i§0(t)u Qo,z(ﬁ 17]) = aiajﬁo(t)a A;,k(t) = aiajakﬁo(t)u Q;,k(t) = 6i§1(t)'
Further, for x and t in a neighborhood of 0,

S,(tix) =S, (x+1).

5We mean that X does not depend linearly of X.
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Proof. A computation shows that the translation z — x + ¢, followed by conjugation by
U = exp (ffl(Goyl(a)xa + %Goﬂg(a, b)xaxb))

transforms the quantum Airy structure (A, B,C, D) into the quasi-Airy structure (ﬁl - Pi)ie 7 with

coefficients (see (14) for notations, we replaced here M ; by M, ; and N ; by N; ; for convenience)

Mi)j = 61')]‘ - B;l-ﬁata - C;yaGoJ(a).

Nij = =A ta+ (8- Bl yta - ChyGo1(a))Go2(b, ) - Bi ,Goa(a).
Pro= —LAL ety - 2CL,Go1(a)Go1(b) + (31 — B yta)Go,1(b).

Al = AL+ B! Goa(ak)+ By ,Goz(a,j) +Cl,Goa(a,j)Goa2(b, k).
A;k = B;,k+Cli,aG0,2(avj)-

D' = D

We indeed remark that the operations of translation and conjugation by the exponential of a quadratic
form preserve the Lie commutation relations, so (L - Pi)ie 7 is indeed a quasi-Airy structure, with
same structure constants. This determines a quantum Airy structure provided M is an invertible
matrix, and provided one can choose NZ j= Pi=0 for all i, 7. In this case, the quantum Airy structure
is L; = (M’l)iyal?a, i.e. its coefficients are X = (MA)MXa for X € {A; 1, Bk, Cjr,D}.

We can indeed solve the equation P* = 0 by choosing G 1(i) as in (24)-(25). Then, Go2(i,7)
is obtained by solving perturbatively N;; = 0, leading to (26)-(27). Inserting these series in the
expression of the coefficients of L;

X'=M;1X® X e{Aj, Bj Cjr D}

leads to formulas (28) and (29)-(33). The partition function for this new quantum Airy structure is

Z(x) _ exp( _ Go,l](’:l)ia _ GO,Q(‘;}Z‘Z)I(JII) )Z(I " t)
and by consistency, we deduce that
Go,1(4) = 9:So(t), Go,2(i,5) = 9;0;50(t), ~3k = 0;0;0,S0(1), D' =9;5:(t) (35)

and the Taylor coefficients of Z are given by (34), both in the sense of formal series in (#;)icr.

Now assume that V is finite-dimensional and So(¢) has a non-zero radius of convergence. The

equation L; - Z = 0 implies for g > 1

Miya(t)(?aSg(t) = 6g71Di + %Cé_’b(ﬁaangl(t) + Z 04S¢, (t)0pSy, (t)).
gi1t+gz2=g
91,9221

We recall that M; o(t) = ;.4 —Bfl_’btb - C;bebS’O(t). As So(t) = O(t), we have M (t) = Id+O(t). Hence,
the (finite-dimensional) matrix M (t) is invertible for ¢ small enough. So, we can prove by induction
on g > 1 that Sy(t), as a solution of the (compatible) system of linear ODEs with analytic coefficients
in a neighborhood of ¢t = 0,

az-sg(t):[M—l(t)]i7c{59,190+%c;b(aaabsg_l(tw » (9,1591(15)(%5’92@))}
g1+g2=9g
91,9221
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is the formal Taylor series at 0 of an analytic function § q(t) in the neighborhood € of 0 on which
M (t) is invertible and Sy (t) is analytic. This contains a neighborhood of 0 independent of g.

Independently, as So(t) is analytic in a neighborhood of 0, the equality
Go,1(1) = 0:S0(t) (36)

provides a definition of G, ; as the analytic function 9;S,(t), whose Taylor series at 0 is Go,1(4),
hence such that (36) holds at the level of analytic functions. Then, the expression for the formal series
Go,2(i,7) obtained by enforcing N; ; = 0 above shows that it is the formal Taylor series at 0 of an
analytic function Gy ,(4,5) for ¢ in . And the expression of (A,B,C,D) in terms of Sy(t) and its
first and second order derivatives shows they upgrade in the same way to analytic functions of ¢ € (),
in such a way that the equality between formal series at 0 continue to hold at the level of analytic

functions of ¢t € Q. ]

5 Formulas for the partition function in two simple cases

5.1 The case C' =0

Quantum Airy structures with C = 0 give rise to a compatible system of linear ODEs for the partition

function
\Z) h(dip— Bfl_’bxa)(?xban = %A;bxa:rb +hD?,

The partition function in this case can be computed in exact form. Let us introduce matrices B; =

(Bf})ab and column vectors A i, = (A5 )q and D = (D), as well as the formal power series

Yo(z) = #( -In(1-2)-2- %) = é +0(z),
¥1(2) —% In(1-2)=1+0(2),

which we will apply to matrices.

Proposition 5.1 The partition function of a quantum Airy structure having C =0 reads
7 =exp (h_ls’o(w) +S1(z)),

where

So(ZC) = [wO(ZIij).Aa’b] LaTpTe, Sl(I) = I:U)l(ZZCJBJ)D] Lq ,
j c J a
and - is the multiplication between a matriz and a column vector.

Proof. We use the expression of the Taylor coefficients Fy, ,,(41,...,4,) of the partition function as
sums over trivalent graphs. Since C' = 0, all trivalent vertices should be incident to one leaf (a B),
two leafs (an A), or a loop (a D). This drastically simplifies the structure of the graphs which can

contribute to the sum, in particular their genus is 0 and 1. Thus F , = 0 for g > 2.

In genus 0 (Figure 5), the graphs are characterized by the sequence o(1),...,0(n —3) of leaves
successively attached when moving away from the root, and the pair {m,m’} of leaves terminating
the graph. Thus:

; ; _ i1 asz L R%n-4 an-3
FO’"(Zl’ T ’Z") - Z Z Bia(1)701 Bia(2)7a2 Big(nﬁ%)yan—s Aim-,im/
o m<m/
= Z Z [Bia(l) Big(2) "'Big(na) ’ Aimvim/ ]1‘1
o m<m/
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where the first sum ranges over bijections o : {1,...,n -3} = {2,...,n} \ {m,m’} and we recall that

the indices a1, aq,...,a,b,c,... are implicitly summed over. Then

Z. Fon(i1,... zn) x“‘ = Z > [(:vdBd) Aa,b]cxaxbxc.

D] yeensin o m<m/

The set of (o,{m,m'}) appearing in this sum is in bijection with permutations of {2,...,n}, thus

Ty Ty -3
Y Fonlin,... i )% = %[(ded)n -Aa,b] TaTpe,
. C

i1yeenyin

and summing over n > 3 gives the announced expression.

Zo"(l) Z(T‘(2) ia‘(d) o (n—3) i
s tm
I I I I ’
I I I I 4
7
_ ] ] L <
31 ay as as an—3 N
N
N
Ay

Figure 5: Genus 0 graphs without inner trivalent vertex.

In genus 1 (Figure 6), the same graphs appear except that the terminal vertex is a loop instead of

a pair of leaves. Thus for n > 1

Fyn(in,... i) = Z i1y 10(2) az’”’ ;l:(f_l),an_l o
= ZU:[ ig(1) m(2) Bwn 1) D]i1 ’
where o are bijections from {1,...,n -1} to {2,...,n}. Therefore
2 Fialine i) 2 L (0B,)" D),
W n! n

and summing over n > 1 gives the announced expression.

7’0‘(1) la‘(2) ZU‘(S) lo(n—1)
I I I I PR
| | | I / \
_ | 1 L RN E— \
11 ai az as Oo(n—1) )
N

Figure 6: Genus 1 graphs without inner trivalent vertex.

We remark that, if (L;);c; forms an abelian quantum Airy structure, all matrices o1 (e*) in (15)
commute, therefore they can simultaneously be brought into an upper-triangular form. So, abelian
quantum Airy structures are always, up to the action of Gy, equivalent to an abelian quantum Airy

structure with C' =0, to which Proposition 5.1 can be applied.
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5.2 The case A=0

Quantum Airy structures with A = 0 are related in principle to quantum Airy structures with C' = 0 by
an element of Gy . Indeed, the automorphism of the Weyl algebra (z;,0,,) = (h0z,, —x;) exchanges C-
terms and A-terms. This transformation yields operators which are not anymore in normal form, but
it can be pre- and post-composed with elements in exp(Dy,2/h) so as to be brought back to quantum
Airy structures. So the partition function of a quantum Airy structures with A = 0 is computable in

principle from Proposition 5.1.

Here we take a direct route, by examining which graphs may give non-zero contributions.
Lemma 5.2 For a quantum Airy structure with A =0, we have Fy , =0 for all n > 1.

Proof. The recursion for n > 4

FO,n(ilu . ,in) = Z B;:n_’aFo)n_l(a,ig, ey bmy .. ,’Ln)

m=2

together with the initial data Fy 3(i1,i2,i3) = Ag i, has Fp , =0 as the unique solution. O

In higher genera, simplification occurs when furthermore B = 0.

Proposition 5.3 Let T, be the set of rooted trivalent trees with g leaves. The root edge is denoted
r. If v is a vertex, we denote eg(v) the edge closer to the root, and er(v) the two other edges — in
arbitrary order. If T € T4, let E(T') be the set of unoriented edges (including the root edge, denoted
r), V(T) the set of trivalent vertices, and L(T) the set of leaves (univalent vertices distinct from the
root). If £ is a leaf, we denote e(£) its incident edge. Note that the cardinality of AutT is a power of

2, as this group consists of the permutations of {e_(v),e.(v)} for each v, which preserve T.

The partition function of a quantum Airy structure with A = B =0 is computed by

Fyn(it, ... in) = 0n1fg(i1),

with fo =0 and for g > 1
1

S I1 clel) D), (37)
Aut T| a0 E(T)> T veV(T) a(e-(v)),a(e+(v))

a(r)=t

foi)= 3

Te%,

Proof. Let us write Z = exp ( 2920 hg’ng). L;-Z =0 turns into the differential recursion

V920, 02,8 =1C. 1 (00,00,91(x)+ Y. Op,ShiOu,Shy) + g1 D" (38)
hi+ha=g

We know from Lemma 5.2 that Sy = 0. Therefore, the equation above for g = 0 implies S; = ¥; D'z,

and by induction that S, must be a linear function. As A = B = 0, in the graphs in &,,,(1) with

non-zero contribution the Betti number g can only arise from loops receiving a D-weight. They should

thus form g leaves of the graph attached to the spanning tree. O
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6 Finite-dimensional Airy structures and representation theory

6.1 General properties

Lemma 6.1 Assume V is a finite-dimensional Lie algebra, L : V - Dy a homomorphism of normal
form and that there exists a V-submodule ppr: V' — End(M) of C.he TV and an isomorphism

®:CheTyV -Che M, D51P7 = 0y @ o1, (39)

where gy 1s the one-dimensional trivial representation and ®|c.p =1d. Then there exists a« € M* such
that
YoeV, Qoﬁl(v)O‘I)il:OéOQM(’U)OT(M,

where wyp : C.h@® M — M is the projection onto M with kernel C.h. Further,
Vo:={veV : Imop(v) cKera}

must vanish and
apmo®oI(V)={meM : YveV a(om(v)m)=0},
T oo I([V,V]) c Kera.
where J is the Lagrangian embedding from Lemma 3.2.
We note that if V' is semi-simple then the trivial submodule C.h in C.h @ T,V will have a comple-

mentary submodule M as assumed in Lemma 6.1, thus the conclusion of this Lemma applies in this

case. We will then use the notation

J=mpodol.

Lemma 6.2 Suppose that V is a finite-dimensional semi-simple Lie-algebra and L : V — Dy a Lie
algebra homomorphism of normal form. Let op 2V — End(M) be the symplectic V-submodule of
C.he®TyV with the properties stated in Lemma 0.1. If wys is the V -invariant symplectic structure on
M, then there exists an mq, € j(V) c M such that

a=wpr(Mma,)-
Moreover j(V) 18 a Lagrangian subspace of M on which o vanishes and
or(VYme = J(V).
There exists a unique vy € V such that
o (Vo) Mea =M.

Proof of Lemma 6.1. We consider some V-module structure g1 : V - End(C.h@ Ty V) of the form
(17). Then C.h is a trivial one-dimensional submodule. By projection from C.h @& T;V to C.h along
TV, we get a linear functional & € (C.h @ T;'V)*. If we now let 3 be the projection onto T;'V along
C.h, then a+ (8 = IdC_MBT;V and

él:(5‘+ﬂ)°q)71°QM°¢:d0¢7IOQM0‘1>+ﬂo<I>71ogMo(I),
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where the first factor on the right hand side gives gy 1 by definition. We now let a = & o ®7!|5; and
get the claimed formula for g 1. If (€;)ier is a basis of V, the linear forms a o gps(e;) on V must be
linearly independent. Therefore, if v = ¥, ; v;e; is solution to g 1(v) = ¥e; vi a0 @ Lo op(e;) =0, we

must have v = 0. This implies V,, = 0. From the normal form of L, we see that
V={meM : YoeV go1(u)(®(m)) =0},
from which it follows that
apmo®oI(V)={meM : YveV a(om(v)m)=0}.

But then (18) implies that
mm o PoI([V,V]) cKera.

]

Proof of Lemma 6.2. There exists a unique m, € M such that a = wpr(ma,-), where wyy is the

symplectic form, by the non-degenerateness of wy;. Since
aoopy(V)mpyo®od(u)=0
for u,v € V' by the normal form assumption, we see that
o (VYmg cmpro®oJ(V).
AsV,=0,ao09p :V = M” is injective. Thus
or(VYme = (V).

Since V is semi-simple, we get that [V, V] =V. Lemma 6.1 then implies that o(J(V)) = 0. Thus m,

must be in the Lagrangian subspace J (V), and we see that there must exist v, € V' such that
QM(va)ma =My
If v, € V was another such element, then ops(ve — 0 )ma = 0. Thus v, — 04 € V. By Lemma 6.1, we

get that v, = 9, hence the claimed uniqueness. |

We shall now establish a kind of converse to Lemma 6.2.

Theorem 6.3 Suppose that V is a finite-dimensional Lie algebra and opr : V' — End(M) is a sym-
plectic representation of dimension twice the dimension of V' and further assume that there exists

me € M such that op(V)me € M is a Lagrangian subspace.

Then for any choice of a basis (w;)ir of a Lagrangian complement W to op(V)me, one can
construct a quantum Airy structure L : V — Dy as follows. Let v; be the unique basis of V' such that
(wi, (QM(vi)ma))ieI is a symplectic basis of M. Now let (A*, B',C*) be defined by the matriz of onr(v;)
in this basis as in Equation 15, and let D' = £ Tr(B"). Then L; is determined by (A, B',C", D) as
in Equation (1).

Proof. We define the map J : V — 03/ (V)mg by the formula

3(v) = om(v)ma.
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We then immediately see that
VaoeV, o (w)I(v) - onr (v)3(v) = 3([u,0]).

Further, since opr(V)m, is Lagrangian, we see that J is an isomorphism. For any choice of a basis
(w;); of a Lagrangian complement W to o (V)m,, we pick the basis v; of V as specified in the
Theorem. By using the basis (wi, (QM(vi)ma))id of M and the basis (v}, v;)ier of Ty V', we induce a
symplectic representation g1 of V on Ty V and by the above property of J, we see that

Vu,veV,  o1(u)I(v) = 01(v)I(w) = I([u, v]).

But then we can simply define L; as specified in the Theorem above and because go 1 = a© pps, where
a =wpr(Ma,-), we see by the way the basis of V is chosen that L; are of normal form. It then follows
from Lemmas 3.1-3.2 that (A, B, (') satisfies the BB-AC, BC and BA relations and the zero torsion
condition (18) with respect to the Lie algebra structure on V. Then letting D be given as in the
Theorem, we see by Lemma 2.3 that (A, B,C, D) induces a quantum Airy structure. O

6.2 The example of sl,(C)

The previous considerations allow the construction a quantum Airy structure based on sly(C).

Theorem 6.4 The simple Lie algebra slo(C) supports the following quantum Airy structure

Ll = hal - h(317181 + 517282 + Igag) - %7

L2 = h82 - h(%xgal + 3:17182) - %83%,
L3 = hag - h(%l‘gal + 3,@1(93) + 601‘%

1Its partition function is Z(x) = ‘223) with

|

wjor

=

3(x) = x;%(1_3xl)7%((1—3$1)2—10:1:2353) exp{_s((l_Bxl)Q_mIQ%)

125ha3 }

[N

O 8((1-321)% - 10z223)
1 . )
5 125iha3

5

where H®) (2) := H®) (-iz) and H® is the Hankel function of the second kind. This function satisfies
the differential equation

(2283 +20, - (V + zz))ﬁf,z)(z) =0
Proof. V =5l3(C) has three generators (H, E, F') satisfying the commutation relations

[H,E]=2E, [H,F]=-2F and [E,F]=H.

Let M be the 6-dimensional irreducible representation of slo(C). Recall that it has a basis (eg, ..., e5)
such that

om(H)e; = (6-2i-1)e;,
om(E)e; = (6-1i)e;q,
om(Fle; = (i+1)ej,
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for i € {0,...,5} where by convention e_; = eg = 0. Further M is symplectic with the following

symplectic structure

1=0
wM(ei,eg,_i) = -5 i=1
1=2

and span{eg, e1, ez}, span{es, es, e5} are Lagrangian. We are now going to pick® m,, = e;. We get that
J(H)=3e,,  I(E)=5e0, I(F)=2es.
It is then easy to check that
Yu,veV, o (w)I(v) — opr (v)I(w) = I([u, v])
as claimed in the proof of Theorem 6.3. One also finds
aocon(H)(eq) =15, aocon(FE)(es) = -5, aoon(F)(e3)=-20

and that all other evaluations on the basis e, ...,e5 are zero. Let now (H*, E*, F*) be the basis of
V* which is dual to the basis (H, E,F) of V. We get a linear symplectomorphism ¢ : T3V — M by
mapping

p(H") = q5ea,  @(E")=—ges,  o(F") = g3,

and letting |y = J. The representation g1 = ™' oar¢ reads in the basis (e;)2_,

-3 0 00 00 0 -3 000 0
0 -5 00 00 00 0000
0 0 -1000 -5 0 0000
al )=l g 0 03 00| 2B 5 0o 000 ¢
3
00 0050 00 0300
00 00 01 0 0 -4 00 0

00 -30 0 0

-2 0 00 0 0

00 00 0 -120

a=1 g0 003 o

00 00 0 0

00 030 0

We now let o' = ao . Then
o' ogi(H)=H, o' o1 (E)=E, o' o1 (F)=F,

where we here think of H,F, F as elements of (T, V)*. If we now define gg1 = &' o g1, then it is of
normal form. Comparing with (15), we get the three stated operators. Alternatively, one can check

directly that they satisfy the desired sly(C) commutation relations.
The general solution of L; - Z = 0 takes the form

Z(x) = (1-321) 2 Z((1 - 321) Faa, (1 - 321) Fa3)

6By Lemma 6.2, we know that m, has to be the eigenvector of some v, with eigenvalue 1, which we can assume
is a multiple of H, but then we see that m, must be propositional to one of the e;’s. However opr(V)meo must be
Lagrangian. This means that mq has to be proportional to either e; or eq.
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In terms of the variables o = (1 —3:61)_% and y3 = (1 —3:61)_%:103, the equations L;-Z =0 for i € {2,3}
become

) _
{hayz — h(y2y30y, + %ygays +12y3) - %3§S}Z(y2ay3) =0

{h8y3 + 603J§ - h(%y%&m + %y2y35y3 + %yz)}z(ym%) 0

The two equations can be decoupled by a gauge transformation and a change of variables, and then
reduce to a Bessel differential equation. Taking into account the initial conditions for the sought

partition function picks up the solution H® of this differential equation. The final outcome is

5
> (2 (1-10y2y3)> - _ _ _
Z(ya2,y3) = CnH(% )(% g eXP{h Y1359 + Bua e - 12y21y§)}
2
for some ¢y, independent of (y2,ys3), which is the announced result. O

6.3 Towards a classification for simple Lie algebras

If V is a semi-simple Lie algebra and L : V — Dy is a homomorphism of normal form, p; defines
a structure of symplectic V-module on W = T*V, which must split in a direct sum of irreducible
V-modules. Let R be the set of equivalence class of irreducible V-modules which occurs in the
decomposition of W and n : R — Z,o the multiplicities. The Frobenius-Schur indicator distinguishes

the following properties of an irreducible V-module M
-1 if M ~ M™ is symplectic

FS(M)=: 0 if M ¢M”
1 if M 2 M* is symmetric

We denote Rs ¢ R the subset consisting of the symplectic V-modules.

Lemma 6.5 If [M] € R\ Ry, then [M*] € R\ Rs. If FS(M) = 0, then n([M]) = n([M*]). If
FS(M) =1, then n([M]) is even.

Proof. Suppose we have an [M] € R \ Rg such that M 2 M*. Let m = n(M) and m* = n(M™).
The symplectic form of W restricted to M™ & (M *)m* is then non-degenerate. Indeed, if it would be
degenerate, it would induce a non-zero map from one of the M’s or M*’s in this sum to some other
module in the decomposition of W, which would then make M or M* isomorphic to one of the other

modules in the decomposition, thus we would have a contradiction.

Consider one copy of M inside M®™ and let
M*={ve M™ @ (M*)™ |w(v,M)=0}.

We see that M™ c M*. Let M’ be a V-submodule of M™ & (M*)™", which is a complement, of M*.
But then the projection from M’ to one of the M* factors must be an isomorphism. Then we see
that (M & M’)* must be isomorphic to M™ @& (M*)™ ! by projection onto the remaining factors
of M’s and M*’s and we can by induction conclude that m -1 =m* - 1.

We now turn to the case of an [M] € R\ Ry which is symmetric. Likewise, consider one copy
of M inside M™ and restrict the symplectic form of W to M. If the restriction was non-zero, it
must mean that M is a symplectic module and the restriction of the symplectic form of W is the
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symplectic invariant form M admits, which is unique up to non-zero rescaling. Since M is assumed

to be symmetric, it must then be isotropic. Consider now
M ={veM™|w(v, M) =0}.
Since M* is a V-submodule, we can find a V-submodule M’ ¢ M™ such that
M™=M"asM'.

But then the symplectic form of W will induce an isomorphism between M* and M’ and will make
M @ M’ a symplectic vector subspace of M™, but since M’ ¢ M™, it must also be isomorphic to M.
To prove that m is now even, we proceed inductively by considering (M @ M')* ¢ M™. We see that as
a V-module (M & M')* = M™ 2. Thus, just as before, by induction, this module must be isomorphic
to M@ thus m = 2(m’ +1). |

Let us denote Ro the quotient of R \ Ry by the relation identifying the objects M and M*, and
R’ =RsuURy. Lemma 6.5 tells us that the multiplicity drops to a function n : R’ — Z.g.

Corollary 6.6 The dimension of the V-module W is

2dimV = ) n(M)dimM+ ) 2n(M) dimM. (40)
MeRg MeR,
In particular: if M € Rs, then dim M <2dimV'; if M € Ro, then dim M < dim V. O

Lemma 6.7 W cannot be isomorphic as a V-module to the direct sum of the adjoint module and its
dual.

Proof. Assume that W is isomorphic as a V-module to V @ V*. We use the Killing form (-,-) to
identify V' with V* as a V-module, so we obtain an isomorphism of V-modules ¥ : W - V& V. Let
me = (m!,,m") be the element of V@V and J : V - V @&V be the Lagrangian embedding provided

(e

by Lemma 6.2. Then, for all v;,v2 € V we have that

0 = w(3(v1),3(v2))

= W(Q(vl)mav Q(Uz)ma)

= (Q(vl)mfw Q(v2)mg> - (Q(Ul)mga Q(Uz)m&)

= ~{o(v2)o(vr)my, my) + (o(v1)o(v2)my, my)

= (o([v1,v2])mi,, miy).
The third equality exploits the fact that W is isomorphic to the direct sum of adjoint modules. Since
V is semi-simple, we must have [V, V] =V, therefore m., € (o(V)m., )*. We can always fix the Cartan
subalgebra b c V, such that m., is a generic element of h. Then, o(V)m,, will span all the root spaces,

therefore m!, must belong to h as well. But then v, defined in Lemma 6.2 could not be unique, thus

contradicting the result of Lemma 6.2.

Lemma 6.8 R cannot contain the trivial V-module.

Proof. Assume that the trivial representation is a V-submodule of W which we denote T'. According

to Lemma 6.5, it must have even multiplicity such that T2T) forms a symplectic V-submodule of
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W, and there exists a symplectic V-submodule M’ such that W is isomorphic to 72" @ M" as a
V-module. Take m,, € W as in Lemma 6.2, which we decompose as (14, m!") in T?*(T) @ M". Then
o(VYmg = o(V)m! ¢ M". As M" is a symplectic vector space, for dimensional reasons o(V)m,

cannot be Lagrangian, thus contradicting the result of Lemma 6.2. |

This dimension formula together with Lemmas 6.7-6.8 already puts strong constraints on V' and
the sets of V-modules Ry and Rs. Since simple Lie algebras and their finite-dimensional irreducible
representations are completely classified, we can use this classification to identify which V' and M
satisfy the naive dimension bounds of Corollary 6.6 and which could belong to R’. For each simple
V there are finitely many possible M’s. Then, one determines what are the possible R’s made out of
these M’s and the possible multiplicity functions n : R' - Z.g, such that the dimension formula (40)

holds. The outcome of this process is summarized in the following proposition.

Proposition 6.9 The following simple Lie algebras do not admit classical Airy structure (and there-
fore, do not admit quantum Airy structures either): A, forn ¢ {1,5}, Cp, forn>6, D,, for anyn >4,
Es, E;, Es. For the remaining simple Lie algebras, the dimension bound (40) is respected for the

following decompositions in irreducible modules’ .

the only candidate is 6(s) — and it was realized in Theorem 6.4.

the only candidate is 20(s)* ® 15°. Here, if we denote F the fundamental module, 20(s) = A3F
and 15= S*F.

For n >3, the only candidate is (2n + 1)*", where (2n + 1) is the fundamental module. For
n =2, we have 5* as well as 4(s) ® 16(s). Here, 4(s) is the fundamental module for sp(4) —
using the isomorphism of this Lie algebra with so0(5) = Bs.

there are three candidates: 6(s)”, 14°(s)® and 14> ® 14°(s). Here, 6(s) is the fundamental
module.

there are three candidates: 8(s)®, 8(s)’ ® 48 and 8(s)* & 27°.

the only candidate is 110(s).
the only candidate is 26*.

the only candidate is T*.

We leave to future work the question of concluding on the existence of quantum Airy structures
with those module contents, and of completing the classification of quantum Airy structure based on
simple Lie algebras, and its extension to semi-simple Lie algebras. It is nevertheless remarkable that

many simple Lie algebras are already excluded.

"We indicate an irreducible module by its dimension in bold characters. If there are several non isomorphic irreducible
modules of the same dimension d, we use the notation d, d’, d” to distinguish them. We write (s) if and only if the
module is symplectic.
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7 Low dimensional examples

7.1 Twisted cohomology of Lie algebras in low dimensions

Let g be a complex Lie algebra and M be a g-module. We will consider a rather special case, which
however suffices for our purposes to compute the needed Lie algebra cohomologies, namely that g has

a codimension one ideal i such that
g=idq
as vector spaces. Pick y € q— {0}. If v is an endomorphism of a vector space V, we denote the

v-invariant subspace V) ¢ V.

Lemma 7.1 We have that

HI (i, M)

HY(g,M)= HI(Gi,M)¥ o — 1"~

(g.00) = 1N @

Proof. We consider the Hochschild-Serre spectral sequence [33] for the pair (i,g) with F»-page
Ey9=H"(q,H(i,M)).

But since q is one-dimensional, we see that this Es-page is concentrated in the columns p =0, 1, thus
the differential d is trivial and the spectral sequence collapses at the E>-page. Since in general this

spectral sequence converges to H?(g, M), we get that

H(g, M)~ H(q, H(i, M)) ® H' (9, H' (i, M)).

But
_ H (i, M)
H(q,HI(i,M)) ~ HI(i, M) HY(q,HT ' (i,M)) » ——2— 2
(@ HOGAD) ~ OGN, @ H ) =
O
We recall that y € q acts on u € Z2(i, M) by the formula
q
y(u)(z1,...2q) =yu(zr,...2q) = ) ul®1,. .., [y, 2], ..., 2q). (41)
i=1

The case where also i is one-dimensional is particularly simple. Let € i—{0}. Then [y,z] = ax
for some a € C. We then have that

HOG,M)~M®  HY(i,M)=~M/zM.
Here the last isomorphism is induced by mapping u € Z'(i, M) to u(x) € M. We then see that
y(u)(@) = yu(z) - u(ly, =]) = (y - ald)u(z).
Thus we get that
H (i, M) = (M [Jad)v™)
Lemma 7.2 In the case where g is two-dimensional, with the notation as above, we have that
H(g, M) =M™, H'(g,M) = (M[zM)" & (M) [yM))

and

M

2 s —
H (g, M) = oM+ (y—a)M’
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Proof. Since we have already computed H? and H!, we just need to compute H2. From the Lemma

7.1, we get that
M/[xzM
(y—a)M[zM

from which the result follows. ]

H?(g,M)~H'(q,H' (i, M)) =

Let us now consider the case where i has dimension two. Say i = span{z1,z2}, where [22,21] = az1.
We then have a description of the cohomology of i from Proposition 7.2. However, in order to track

the action of y, it is easier to work with the following model for H! of i
H'(i,M) = K/N,

where

K = ker(de: M xM — M), da(my,ma) = x1ms — (22 — a)my
N Im(dy : M - M x M), di(m)=(x1m,zom).

If we now define (a;;)i ; by
[y, 21] = a1171 + a1222, [y, x2] = ag171 + azew2 (42)
then the Jacobi identity demands that
aays =0, aasy = 0.
It is easy to check that the action of 4 on H'(i, M) is induced from the following action of y on K
y(mi,mz) = ((y - a11)ma - arama, (y — az2)ma — azyma ),

and using the above condition on a and (a;;);,; one can easily verify that this action of y indeed does

preserve K and that it maps N to itself.

In order to compute the action of y on H?(i, M), we simply use (41) to get that the action is
induced by the following action of y on M

y(m) = (y —an - azz)m.

Putting the above together, we get the following result.

Lemma 7.3 In the case where g is three-dimensional and has an ideal i of codimension one, with the

notation as above, we have that

H (g, M) = M=) H (g, M) = (K/N)Y @ (M2 [y )

*(5)
N+yK)’

and
y-a11-az22)

M <
x1 M +xoM + (y—a)M

H2(g, M) (

where (a; ;)i ; encode the commutation relations (42).

We can give an alternative description of the first cohomology group in the case where g has

dimension three with generators x1,x2,y with structure constants as above, which is adapted to
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impose the extra linear constraints necessary to compute the tangent space to the moduli space of

quantum (rather than quasi-) Airy structures. Let us introduce

K® = ker(dég):MxMxM—>MxM><M),
dég)(ml,mg,mg) = (= (z2-a)my +21ma, —(y - a11)m + a1amy + Tymg, azimy — (Y — ase)ma + Tams),
N® = Im(d® : M — M xMxM),
dgs)(m) = (xym,zam,ym).

Then we have that
H'(g, M) ~K® /NG,

In this description a cocycle u: g — M is identified with (m1,mg,ms3) € K4 by

u(xz1) =ma, u(xza) = ma, u(y) = ms.

7.2 Abelian cases

From Lemma 2.3 and Section 3.1 we know that when V is a finite-dimensional abelian Lie algebra,
the data of an abelian Lie subalgebra of sp(T*V) spanned by

Ql(ei):( :g: (éi):r )

and of an arbitrary D is equivalent to the data of a quantum Airy structure. To describe all abelian
quantum Airy structure, we should take our matrices g1(e;) belonging to a given maximal abelian
Lie subalgebra of sp(2n), and impose the constraint that A is fully symmetric. If we wish to do so up
to Gy -equivalence, one should first list all isomorphism classes of maximal abelian Lie subalgebras of
sp(2n). The reference [42] provides tools to do so, and achieves a complete classification in dimension
two and three. Imposing further full symmetry of A, we describe below the five cases. The order in
this list respects the order of the list of maximal abelian Lie subalgebras of [42]. In dimension n > 4
and higher, there exists continuous families of isomorphism classes of maximal abelian Lie subalgebras
of sp(2n), and the classification becomes more intricate. Therefore, in general finite dimension, the
classification of abelian quantum Airy structures — and a fortiori of quantum Airy structures — modulo

Gy -action seems out of reach.

As commuting matrices can always be simultaneously trigonalized, we can always achieve C* = 0 for
all 4 via Gy -transformations. It is then implicit in the lists below that C'=0. Any two different cases
in this list represent two non-equivalent quantum Airy structures for generic values of the parameters.
Within each case, we have not indicated the fundamental domain of parameters for the residual

Gy -action.

7.2.1 Dimension two

A =0 and B’ diagonal.
A1:A2:0andBi:(ai O).

0 O
Alz(g f),AZ’:(f Z),andBlzBQ:O.
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903 8o
A1:A2:OandBi:( O(é)i ﬂl‘_ )

o o
W o
N —
oy
o
I
—_——
|
w ©
oo
N—
oy
no
I
o

7.2.2 Dimension three

A=0and B’ diagonal.

00 0 Bi 0 0
[2] A'=4%=0,42=] 0 a 0 |andB'=| 0 0 0
00 0 0 0 %
00 0 00 0 ki 0 0
(3] A'=0,42=] 0 a B [ A%=[ 0 B8 ~ [LandB'=| 0 0 0 |
0 B 7« 0 v ¢ 0 0 O
0 0 0 0 0 0 (B 0 0
(4] A'=0,42=] 0 as 0|, 4%=] 0 0 0 |,and B'=[ 0 0 0 |witha;=a3=0.
0 0 0 0 0 ~ 0 -
A'=0and B'=| 0 B; v
0 B
a 0 0 (0 0 0
(6] A'=] 0 0 0 |, A2=A%=0and B'=| 0 B v |.
0 0 0 0 0 5
A fully symmetric and B® = 0.
a B 0 B v 0O 00 0
(8] A'=| B v 0 |,A%2=| v ¢ 0 |, 4%=| 0 0 0 |,
0 0 0 0 0 0 00 w
0 0 -k
and B'=B%=0,B*=[ 0 0 0
00 0
a 8 0 6 v O 0 0 O
@Alz B ~v 0|, A%=| v ¢ s |,A%=| 0 « 0 |,
0 0 0 0 k 0 00 0

a 0 0 0 0 0 0 0 0
[11] A'={ 0 0 o |, A2= 0 B B+y |,A%=| 0 B+y ~ |
000

0o v -8B
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0 -y -p 0 B8 -B-v

and B'=0,B>=l 0 0 0 |,B}=| 0 0 0

0 O 0 0 O 0
[ OB
A:OandBZ: 0 o v
0 0 Q5
o B
[13] A=0and B'=| 0 «o; O
0 0 Q5
o B
A:OandBZ: 0 o B
0 0 Q5

7.3 Non-abelian two-dimensional Lie algebra

In dimension two, there is a unique non-abelian Lie algebra up to isomorphism. It is the Lie algebra
of affine transformations of C, generated by Lo and L; with the commutation relation

[Lo,L1]=-L1. (43)

We introduce a Zs-grading by declaring ¢; and 9, to have degree ¢ for 7 € {0,1}. We remark that,
using the conjugatlon by an operator of the form exp( Ugq, bazaazb) one can generically bring Ly to

a form where CY =

Proposition 7.4 The complete list of classical Airy structures such that
(1) L; has degree i forie{0,1},
(2) Lo has no differential operators of order two, i.e. C° =0,

reads as follows

Ia Lo = h0y - owco + —:vl +2h200z, + hx10y, Ly = ho, +% xoxl - hBx10s,

Ib Lo = h0y — owco Bwl 2hx00z, — 10y, Ly = 70y - Qﬁxoxl - 2hx004,
Ic Lo = hOy - axo h(B +1)x90y, — hB210x, Ly = 70z —-h(B+1)x00s,
IIa Lo = hOy + xo B2 + 2hw00y, — h10,, L1 = hoy, —2Bxox1 — hafz10y, — 2hx00s, — h2a0,,0s,

IIb Ly = hOy, +2 xo + haxoOyy + (1 - a)x10,, Ly = hy, —hazgls, — h?*70., 00,

where «, 3,7 € C (and non-zero when they appear in the denominator). Quantum Airy structures are

obtained from these by adding an arbitrary constant ~hD° to Ly, while D' = 0. |

This result is obtained by inserting the form of the most general quantum Airy structure with proper-
ties (1) and (2) into the BB-AC, BC and BA relations, and solving the resulting equations. The D
relation can be analyzed separately, and we indeed find that quantum Airy structures based on (43)
must have D' = 0, while D° is unconstrained. We omit the details of this proof. The groups I and II
correspond to C' =0 or C! # 0.

Now we want to consider the existence of deformations modulo Gy of these structures. We re-
mark that this may not preserve the homogeneity condition (1). In particular, with the following

transformations — which belong to Gy

to = eflto, (90 - 6_51(90, t1 — €£2t1 61 — 6_52(91, h— e_flh, Ll — 652_£1L1, gz eC (44)
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and assuming the parameters «, 3, non-zero, and in each case one can use them to set the parameters
to 1, except in case Ic where one can only set a =1 while 8 remains a free parameter.

Now let us assume that «, 8,7 are generic. We compute the Lie algebra cohomologies governing
the deformations of quantum Airy structures modulo Gy using Lemma 7.2, which in our case applies
with x = L1, y = Ly and a = —1. The result is

| |[Ia [Ib [ Ic [ IIa [ IIDb |
dmHAH [ 1 |1 ] 2 1 2
dmHAH' | 1 | 1] 2 1 2
dmH? [ 0| 0] 0] O 0

We observe that H? always vanishes, i.e. there are no obstructions to deformations. As the
conjugation by scalars acts trivially on D, HY is at least one-dimensional. In the two cases where H°
has dimension two, the extra generator in fact has a trivial action on H', so dim H! gives the number
of independent deformations of the corresponding quantum Airy structure. In all cases, the value of
DY gives a one-parameter deformation. In Ic, 3 gives the second deformation parameter — one sees
for instance that it cannot be gauged out by the scaling transformations (44). In case IIb, one finds

that the second one-parameter deformation (called t) is

b : LY = Lo +tL, 0=h(1-2a0)z0d,,, L =h*B02 (45)

Although the cohomology groups we computed only give the number of independent deformations
within quasi-Airy structures, we actually find in these five examples that they are always realized

within Airy structures.

The partition functions for each of these quantum Airy structures — with an arbitrary D° — can

be computed by hand. As the group I has C' =0, we can also use Lemma 5.1.

Zta = (1+2xo+ﬁx%)%+%oexp{h_l(%—%ﬁ)}

Zm = (1- QIO)_%_DTO exp {h7'( - L‘)(z“l) %"ﬁ)}

Zie = (1= (B4 1)ag) T T e (- 2me@(Behe)

Zua = (200 T e (07 (S ) [t (2020
Zim, = (1+awo)_ﬁ+%o eXP(%)

The most interesting case is Zip,, where we see an appearance of the Bessel function J,(z). It is

characterized by

(2202 +20. + (2° -v%)) J,(2) = 0, J(z)= Y rv+1) (D™

)2u+m
o T(m+v+1) m!

(

Our normalization by a constant prefactor of J,(z) is not the conventional one, but we made it so

[ IR

that J,(2) = 22/(1 + O(2)) when z — 0. In the case IIb, the partition function for the one-parameter

deformation (45) is in fact independent of the parameter ¢, and independent of z;.

7.4 The case n = 3.

When considering isomorphism classes of three-dimensional non-trivial Lie algebra over C, one finds

[15] four rigid cases and a one-parameter family.
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e sy, which was treated in Theorem 6.4.

e The direct sum of the non-abelian two-dimensional algebra and the abelian Lie algebra of di-
mension 1. We do not study this direct sum case.

¢ The Heisenberg Lie algebra [y1,y2] = y3, [y1,¥3] = [y2,93] = 0, which we do not treat.
e The Lie algebra [y1,y2] = y2 and [y1,y3] = y2 + y3, which we also do not treat.

e The Lie algebra I, defined by [y1,y2] = y2, [y1,¥3] = qys, [y2,y3] =0, for g € C*. We have [, ~ 1,
if and only if ¢ = r or gr = 1. For ¢ = -1, this is the Lie algebra of the group of isometries of
euclidean R2.

We will not attempt here at the classification of Airy structures supported by each of these Lie
algebras. We rather look for a non-trivial example of quantum Airy structure based on [,, keeping as
many non-zero elements as possible, which illustrates the non-triviality of the problem of exhibiting
finite-dimensional quantum Airy structures. We rename the variables (x¢,x(,x1), and assign a Zs-

degree 0 to zg,x(, and 1 to 1. We postulate the commutations relation of [, in the following form
[L07L1]:L17 [L07L6]:qL6 [L67L1]207 that is L : (y17y27y3) _>(L07L17L6)

and look for a quantum Airy structure such that Lo, L, have degree 0 and L, has degree 1. For the
same Lie algebra, computations shows that the other choice of grading (y1,y2,ys) ~ (Lo, L1, L]) does
not support non-trivial Airy structures.

Lemma 7.5 Let ¢ be a root of P(C) =2¢%-2¢%+3( -1 and a a complex parameter. The matrices,
which we write with respect to the basis (eg,ef,e1), C° =0 and

2(-5¢+3)2  3(-2¢*+(¢-1) 0 1-3¢ 3(-2¢2+¢-1) 0
AV=| 2(-2¢%+¢-1) 2(-¢+1) 0 BY =] 3(-2¢>+¢-1) 3¢+1 0
0 0 201 0 0 1
3(=2¢7+¢-1) 2(-C+1) 0 3(-2¢2+¢-1) 3¢C-1 0
A" = 2(-¢+1) 0 0 B = -C+1 -2¢2+¢-1 0
0 0 —a(2¢?+1) 0 0 -2¢% -1
0 0 201 0 0 2
At=1 0 0 —a(2¢?+1) B'=| 0 0 -2¢2-1
200 —a(2¢?+1) 0 6o 3a(2¢%+1) 0
6(-2¢2+(-1) 6C 0 0 0 6
cO=| 6(2¢2-¢+1) 0 0 ct=1o0 0 3(2¢2 +1)
0 0 -a'(2¢®+1) 6 3(2¢2+1) 0

together with
D° arbitrary, D" =1TrB" = L(-5¢* +4¢ - 5), D'=0

define a quantum Airy structure based on the Lie algebra I_o. It has

| 1 i=0
dim Hi (V,Dy)={ 2 i=1
1 i=2

The stabilizer Gy (L) is trivial. D° is the only deformation of this quantum Airy structure.
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Proof. One can check by direct computation that the assignments in this Lemma indeed satisfies the
desired commutation relations. We have however opted to provide some details explaining how we
were led to this quantum Airy structure, in the hope that it may lead to the construction of other

quantum Airy structures by similar techniques.

The main task is to find (A, B,C) defining a classical Airy structure, i.e. such that

[01(€0),01(e1)] = 01(e1), [01(e0), 01(en)] = qo1(ep), [01(ep), 01(e1)] =0,

with g of the form (17). As our goal is not to find all possible solutions, we are going to postulate

certain properties, which eventually lead to a solution.

1st postulate. Lo, L{ have degree 0, L, has degree 1.

2nd postulate. C° =0 — for generic operators this can be achieved by a Gy transformation.
The matrices then take the form

o (B] O o (B0 o [2C7] 0 o [ 24] 0

B ‘( 0 bgg)’ B _( 0 bgg)’ ¢ ‘( 0 |2dy ) A=10 2a33 |’

o (247 0 NEIRS 02" . 0 ]2a"

4 ‘( 0 | 2aj, ) Bl_(u o ) C 7\ o ) A\ a0 ) WO

AT 1 A\T 17 A\T 1 ’ ’ ’
At =A, (AN =A" (C")" =C" and a2 =ajq, aze =ajy, azz =aj, as; = as.

where A, A’,C,C" are 2x2 matrices, and a, ¢, u, v are row vectors of size two. The relation (8) between

the structure constants of the Lie algebra and antisymmetric part of B results in

bii—b2i=qdi2, i=1,2; va=bss, vi=bgz+1. (47)

52

We first address the relation [g1(0), 01(ej)] = qa(ep). It results in the following relations

-C'B-BYC'=¢C’, —2¢44b33 = qchs (48)
[B, B'] —4AC' = qB', —4chsass = gbss (49)
BA' + BT - B'A- A(B"T = ¢4, 2033043 — 2b55a33 = qags - (50)

3rd postulate. We assume C"° is nondegenerate, i.e. detC’ # 0 and cj5 # 0.

Then, from the second equation in (48), we have that bz = —Z. From (50) we then obtain
bizass = —qass.
The first equation in (48) implies that B=5- 21d, where the matrix S satisfies the equation
Cc's=-5TC, (51)

which admits a one-parameter family of solutions. So, we express B in terms of C’ and the parameter
t

! !
~ —c c
_apg e G2 Cn
2 —c c
22 Ci12

) . (52)

From (47) we then have by, = ~tchy, by = tcjp + %, vi = 1 -4,

transformations in Gy for even and odd variables, we have two free parameters: t and ass.

and vy = b%5. Due to general scaling

4th postulate t = 1 — we however keep as3 = 2« arbitrary.
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We now solve (49) with respect to A. We first rewrite it in terms of S
(S, 5] - 4AC" = 43
Because —S(C")™! = (C")7*ST from (51), multiplying by (C")~" from the right, we obtain that
4A=SB'(C"Y '+ B/(C)*ST —¢B'(C") ™. (53)

Introducing R := B'(C")~", we obtain that 44 = SR+ RST — ¢R. Another useful information can be
extracted from the fact that A is symmetric: splitting R into symmetric and skew-symmetric parts,

R = Ryym + Rasym, we observe that
SRasym + RasymST - qRasym =0,

wherefrom, accounting for an explicit form of S, the first two terms are mutually canceled, and we
obtain that for ¢ # 0,
Rasym = Oa

that is,
B = (E) BT, or C'B'= (B)'C, (54

which in the component form results in the condition

0= chp(chy + ) = €y + C1aboy — chobiy; - (55)
Because B = S - 21d, equation (50) in terms of the matrices S, A, A’, and B’ reads
SA + A'ST - B'A- A(B")T =2¢A.
We solve this equation as follows. It follows from this equation that
AST—qld] = B'A+Ss,  Sa :( 0 = ) (56)

for some z € C.
Consider now the equation [01(eo), 01(e1)] = 01(e1). Substituting the form (46) for the respective
matrices, we obtain
(B - (bss + D)Id)vT —4AcT = 0, (
u(B - (bss + 1)Id) — 4assc = 0, (58
c[B + (bss +1)1d] = 0, (
[B+ (bss - DId]a” - Au” —agzv’ =0. (

5th postulate. c # 0.

Then, c has to be in the kernel of the matrix [S +(1- q)Id]. From the form of the matrix S we
have that
det(S + MId) = \? = [¢]5]* + ¢} 1 ¢he. (61)

6th postulate. Aj; 0, and +1 are not eigenvalues of S. From (61), this implies ¢ ¢ {0,2}.
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The above system of equations become

[S-Id]vT = 44cT,
—u[S +1d] = 4assc,
c[S+(1-¢)d]=0,
[S-(1+¢)d]aT = Au™ + assv™.

62
63
64

(
(
(
(65

)
)
)
)

Acting by [S + (1 - ¢)Id] on (63) from the left, we obtain zero on the both sides; because S +1d is
non-degenerate by our 6th postulate, and commutes with [S + (1 — ¢)Id], the vector u is also a zero
vector of [S + (1 - ¢)Id] and it is therefore nonzero itself and proportional to ¢, so

u= e, (66)

We next transform (65) using (66) and (62) we have that

. Agas -
AuT = 298 AT - —@[S ~Id]v*
q q
and (65) becomes
[S - (g + D1d][a” + Z2vT] =0, (67)
q
7th postulate. det(S - (¢ +1)Id) # 0.
Then
a=-tmv= -ty —tv) = (<4 (1-4), say). (©8)

The condition ajs = as is satisfied automatically, whereas the condition ass = a; implies
q=-2. (69)

From now on, we set ¢ = —2 in all further calculations. Note that thus the chosen g implies the
non-degeneracy of the above determinants det(S + AId) with A =-1,1, and with A=1+¢=-1.

Because S + 3Id has a nonzero kernel, we have that
det(S +3Id) =9 - [c}5]* + ¢} 1chy = 0. (70)

We now express a;; from the formula (53). After a few computations we obtain

dayy = _%[2(1 - 0,12)(_[0,22]2 - [0,12]2 + 0,12) + 20,11(0,12(0,11 +hy) = 0,11)]7 (71)
dayo = _%[0111(_0’1217’21 +chybhy) - C,22(_[C,22]2 - [0’12]2 + C,12) + 2(0’12(0,11 +chy) - 0’11)]a (72)
dagy = _%[2(0’12 +1)(=Clabiy + hybhy) = 2¢h(ha(cly + chy) - C’11)]- (73)

Finally, let us consider the last remaining condition [g1 (ef), 01(e1)] = 0. We obtain the system
[B' - by,Id]vT = 4A'cT - 4cj;aT,
u[B’ - bh,1d] = 4aC’ - 4absce,
c[ B’ +bj31d] = vC' + uchs,

[B' +bj;Id]a™ = A'u™ + abyv”.

44



Because a+ =22 “33 v =0, 2u = 4assc, g = -2, and —4azzchy = gbhs, the above system simplifies dramatically.
Two out of four equations become redundant, and the only nontrivial equations that survive are

uB’ = 4al’, (74)
T AT, (75)

We add to this system equation (65), which, upon implementing (68) becomes

a[ST -1d] = ud. (76)

8th postulate. det B’ # 0.
Recall that u[.S + 31d] = c[S + 31d] = 0. From equations (74) and (76), we obtain that
a[ST-1d-4C"(B") 'A] =0
Substituting (53), we obtain
a(ST-1d-C'(B)[SB(C) !+ BI(C) ST + 2B/ (C) )
=a[-31d- C'(B')'SB'(C") '] = aC’(B Y [-31d - S]B/(C")™*
=—Lu[S+31d]B'(C")" =0,
by (59), so the condition (74) is satisfied automatically.
From (74) and (75), we obtain that
a[(B")T -4C'(B')'A’] = 0. (77)

Because A'[2Id + ST] = B'A + S4, see (56), multiplying from the right by [2Id + ST], we can perform
the chain of transformations — where we have that B’(C")~! is symmetric —

0=a((B)T[21d+ 5] -4C"A-4C"(B')'S)
- aé'(B')-l(B'[(é')-l(B')T][zm +ST)-4B'A - 45A)
= tu[-B'SB'(C')™" - 484]
u[-B'S - 48.C"(B) 1) B'(C) Y,

e N

that is, both S + 3Id and B’S + 4S4C’(B’)™! share the same null vector u. This imposes two more
constraints on the matrix elements of B'SB’ + 454C". Note that S4C’ = —2ST, so both columns of
the matrix B’'SB’ - 42S™ must be proportional to (3-cls, —c'QQ)T.

9th postulate. The row vector (3 - ¢}, chy) is non-zero.
Hence we obtain
_0,22(_(0’22)2 + (9_0112)17’21 +42'0,12) = ( 210,12022‘*1722(022)2 [b,21] C11 +17,211722012 42011)(3 C12) (78)
and

—0,22( 52 (Cla = 1) + (9 = cl9)by +4ZC,22)
= (_5’21012(012 = 1) = bhychy(cho = 1) + by byochy + [b,22]20,12 - 420/12)(3 ~Cl2)- (79)
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The last set of relations comes from (56). Here, we use that the matrix elements of A and A’ are

not independent. We obtain four equations:

(3-2¢15)a2 + ¢ya + choary =0, (80)
(=Clp + 5)ags + ¢y a3y — by air - byya12 =0, (81)
(cha +2)agy — chraze — by a1z — byyass =0, (82)
2= (2¢]5 = 3)ags + ¢j1ahy — Cloa1a. (83)

We now have eleven (inhomogeneous and, in principle, nonlinear) equations on the ten variables aq1,
a12, G22, Gho, oy, by, 2, €11, Cho, and ciy. Equations (71)-(73) and (83) are substitutions for ai,
a12, asz, and z. Equations (55) and (80) constitute a linear system determining b5, and b5,. We then
determine a’, from (81) and ¢, from the determinant equation (70) and substitute all the obtained
expressions into the remaining three nonlinear equations (82), (78) and (79) on two variables ¢}; and
¢, using MAPLE®. It turns out that (82) then factorizes into two factors, one rather large factor and
the another is 9 — (¢}5)? = (¢};)?. For the huge factor, its resultant with equations (78) and (79) is
empty, whereas for the second factor we obtain a nonempty set of solutions. We now describe these
solutions.

Let 9 - (c}5)? = (c}1)? = 0. Then, using (70), either c}; = 0, which results in inconsistencies in all
the above calculations, or

/ I
€11+ Coe =0,

which we assume in what follows. The substitutions then give

ap = —5(5¢1y = 9), a2 =3¢}, am=-3(cy-3) (84)
and
b,21 = 1 - %, b,22 = %7 a,22 = 0. (85)

Equation (82) is satisfied identically, expressing z out of (83), we obtain

z= —%(20,12 - 3)(0,12 -3) - 50320,117

and substituting all the above quantities into the matrix B'SB’ - 425", we obtain that all matrix

elements are multiplied by the same factor:

i /
B'SB -428T=p| T2 N ) B=2(cly-3)%+2d5c),.
€11 G2

So, the only possibility for this matrix to be degenerate is to set 5 = 0. Then this matrix vanishes and

all vectors are its null vectors. We therefore have that

-1 2
e = —7(012, r, (36)
c
12
and since we require ¢}, — 3 # 0, using (70) we obtain a cubic equation determining ¢/,
(8- ¢12)” = (cla +3)[c12]? or 2[c1,]* ~6[c}o]* +27¢), - 27 = 0. (87)

1/3 1/3
This equation admits one real root ¢j, = 1+ [1 + %\/ 78] + [1 - %\/ 78] ~ 1.1898 and two complex
conjugate roots i, ~ 0.9051 + 3.2445i. If we set ¢}, = 3¢, we find that ¢ are the roots of

P(¢)=2¢3-2¢*+3¢-1 (88)

8We acknowledge a valuable help of Misha Shapiro at this part of the work.
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Collecting all previous results and calling « = as3, we find that all coefficients of the matrices (A, B, C)
as explicit elements in Q(¢) + a.Q(¢). We can use (88) to express elements of Q(¢) as degree two
polynomials in {. The result is the one announced in Lemma 7.5. Note that since the matrix

B'SB’ - 425" is null, from (77) we have another nice relation

A=

iB,(é,)_l(B,)T.
We have thus found a classical Airy structure — as can be directly checked. Lemma 2.3 tells us the
quantum Airy structures which projects to this classical Airy structure are

D'=1iTrB'+ A,

where A is an arbitrary elements of V* such that A is zero on the space of commutators in the Lie
algebra. As the latter is spanned by L{ and Li, we deduce that A = A! = 0 while A° remains

arbitrary.

These quantum Airy structures determine an (adjoint) module structure of V on Dy, and the
cohomology spaces H?(V,Dy ) for p € {0,1,2} can be computed with Lemma 7.3. We are indeed in
a three-dimensional situation with a codimension 1 ideal i spanned by (x1,22) = (L1, L{)), the extra
generator being y = Lo € q, and commutation relations (42) determined by

air a12 .
=0, = diag(-1,2
“ ( a21 22 ) fag )

The result is that dim H?(V,Dy) = 1 corresponding to the constant in Dy, dim H' = 2 with one

generator corresponding to deformation by the constant AY, and dim H? = 1. O

8 Four classes of examples from geometry

In the remaining of the paper, we consider examples of quantum Airy structures which have a stronger

geometric flavor — in relation with topological quantum field theories and enumerative geometry.

8.1 From Frobenius algebras (2d TQFTs)

8.1.1 Quantum Airy structures

Let A be a Frobenius algebra (not necessarily unital), i.e. a finite-dimensional vector space together
with a commutative, associative product A® A - A and a linear form ¢ : A — C such that the pairing

A ® A - C defined by (v1,v2) = p(v1v2) is non-degenerate. We recall that

Lemma 8.1 [1] If the product is given, all the other Frobenius algebra structures on A are of the form

&(v) := p(vu) for some invertible element u € A.
Let (e;):er be a basis, and (e} );er the basis such that
(ei, 6;) = 51'_0'.

Proposition 8.2 For any 04,05,0c € A

A;k = w(efe;eZHA).
B;-’k = (ejejexdp).
T = olefejenbc).
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and arbitrary D' defines a quantum Airy structure on' V = A. It has f;k =0, i.e. the underlying Lie

algebra is abelian.

Proof. Commutativity (resp. invariance) of the product shows that B;k = Bg o (resp. A is fully
symmetric). Therefore, we just need to check the BB-AC, BC and BA relations of Section 2.2. By
definition of the dual basis and the pairing we remark that

Yoy, vs € A, v1vg = p(vivae,) €. (89)

We recall the matrix notations X° = (XJZ )j.k- Using invariance, associativity and commutativity of

the product, we find
(BB )it = olei chealn)p(e}eieddn) = (el e cheddy), (90)
and likewise
(B'A")kp = p(ef exejepha), (C'B? )i = p(e; ene;edcbp).

These expressions are completely symmetric under permutation of 4 and j. So, pairs of terms in the
BB-AC, BC and BA relations cancel each other. O

As we see from the proof, this example provides a rather trivial solution of the three relations in

the sense that the three terms in each of them are already symmetric in ¢ and j.

Up to a change of basis in A, we can and will assume in the remaining of this section that (e;);es

is an orthonormal basis. We will sometimes need the element

2
H:=e€].

Let us make a last observation, in case 64 is invertible. Using the symmetry (23) with w;; =

¢(e;e;v) and choosing v = —0p/64, we find an equivalent quantum Airy structure with B =0 and
A;k = p(eejerfa).

e = oleiejer(fo - 05'0%)).
D' = Di—%ga(eiHGB).

In the special case 0% = 040c, we have C =0. On the contrary, if 0% # 040c, we cannot a priori get
rid of C' with the group action while keeping B=0.

We can illustrate this phenomenon in a simple way when A has dimension 1. In this case, we
can perform a rescaling of z (this transformation is in Gy) to achieve 64 =1, and conjugation by an
exponential of the Laplacian as above to achieve 0g = 0. However, when 923 —0460c # 0, we do not
have further freedom to modify Oc. Thus, 923 —040¢ is a continuous parameter of deformation for
Gy-orbits. If we allowed A-rescalings — this is not in the group Gy — we could in fact achieve 9~C =0

or 1, so this deformation parameter coincides with h-rescalings.

The action by the group of invertible elements of A deforming the Frobenius structure according to
Lemma 8.1 also provides a family of commuting flows on the moduli space of quantum Airy structures
on the abelian Lie algebra A, although we do not make statements about the independence of these

flows.

The classical Airy structure is in this case simply given by the infinitesimal symplectomorphisms
(Li)ig[, Where

Lie; = _<93 '6; '€J,€a>62 - (90 6; ' 6],€a>6a
Liej = —(0a-ef-ejeq)eq+(0p-€j-€j,ea)eq



The commutativity of the product directly implies that the commutation of the £}s together with the
full symmetry of A and symmetry of B with respect to the two first indices.

8.1.2 Partition function for dim A =1

Quantum Airy structures on a vector space of dimension 1 are just differential operators of the form

L=ho, - bed? -

where 04,05,0c,D are scalars. The differential equation L -Z = 0 can be solved by elementary
means to obtain the partition function. We have to distinguish several cases, all related by limiting

procedures, which we will not discuss.

fc =0
We have Z(z) = exp(% +S1(z)) with

So(x) = F( ~In(1-0px) -z - =), Si(x) = -L2In(1 - 0p2).

The answer can be obtained combinatorially, as a corollary to Proposition 5.1. This formula still

makes sense when 6p = 0, it becomes Z(x) = exp(eAz + Da:).

Oc 0 and 6% = 040¢
We find Z(z) = 3(x)/3(0) with
© _ Opa® .( 1-20pz+h0c (05-2D)
3(x) exp{%(% T )}Bl( fzej;efmﬁs )

_ 6 120 hOc(60g—-2D 3
e (37 -3} [ avew (GBI - 5))

where ¢, only depends on h. Here Bi(z) is the Bairy function, which is the solution of the differential

equation Bi”(z) = zBi(z), whose asymptotics at z — oo is

Il

2
es”

Bi(z) = 1 (1+0(1)).

In particular, Z(x) = exp (% +S1(z) + O(h)) with

-

(1-20pz) -1+ £ - 22
SO(.I) — 39890 00 200

Op— 2D((1 29317)2 _1) 1n(1—293$). (91)

nn
iy
—~
8
~
|

The integral above is a formal integral, i.e. it is to be evaluated by expansion around the (unique)
saddle point which realizes Fy 3 = 84. However, choosing the corresponding steepest descent contour
offers the possibility to define Z(x) here as an entire function of z. This is also what the Bairy function
does. We retrieve the Taylor coefficients Fy , by expanding Bi(z) at z - co. Elementary properties

of the full asymptotic expansion of the Bairy function are collected in Appendix A.2.

0c #0 and 0 := 0% — 0.0 # 0
We find that Z(x) = 3(x)/3(0) with

3@) = exp{(E-BL) - tm(1-52) f (3 + 2202 ) L o (1-22)7)
2 2 % 2 2 .2 _1 l—t %(%Jr
. eXp{%(%_gee_g)ﬂn(l_;_;)}L dt exp {5k (1- 22)" 1} (L 1) (f—ﬁ)
2 2



Here Wy (u;v; 2) is the Whittaker-M function, solving the differential equation

)}WM(N;V;Z) =0.

It is an entire function of z, but only its asymptotics near z — co matter to obtain the F, ,s. These

1 2
2 _l, p 3V
{az+( 4+z+ 22

asymptotics can be found by saddle point analysis in the integral formula, which leads to Z(z) =
exp (% +S1(z) + O(h)) and

So(z) = 200;—3%(1_ )(1 20px +0 a:2)2 + o argth( o (1-20pz1o’a®)? 295””;2‘;”” )2 ) + oo - 92"3022 +cp.
-5
_ 1 2. 2 2D GB o (1-20pz+o°x®)2
Si(z) = —Zln(1—26‘3x+0 ) + argth( T)+cl.
1-
]

This formula still makes sense for 93 = 0, the main simplification being that the variable of the

Whittaker function becomes z « % In fact, as a result of Proposition 2.1, Fy , is a polynomial in

04,05,0c and D. The first values are given in Appendix A.3.

8.1.3 Partition function in general

In this paragraph, A is assumed unital. When dim A > 1, we are going to show that the partition
function for the quantum Airy structure of Proposition 8.2 is computed by a higher-dimensional
version of the integral formulas of the previous paragraph. We heavily rely on the commutativity of
the product in A. We denote

D := D%, € A.

An easy rewriting of Proposition 5.1 in terms of the linear form ¢ leads to

Lemma 8.3 If 0c =0, then we have that Z = exp (SDT(I) +S1(z)) with

2 I2
So(x) = cp(m(—ln(l Opz) - Opx — 22 ))
Si(z) = <p( - gln(l - 9317)).
This formula also makes sense when 0p is not invertible. |

When 0¢ # 0, we will check the formulas below by direct computation with help of Dyson-Schwinger
equations. Other proofs could be obtained exploiting the action of Gy on the partition function of

Lemma 8.3.
Proposition 8.4 If ¢ is invertible, and 6% = 040¢, we have Z(x) = 3(x)/3(0) with
T z? Opx+hlc (6 D
3(x) = Cstep, exp{%cp(% - 92%0 )} [ exp{%g@(l 2 3(253932/’3 2D) 4 - —)}dt (93)

where dt is the Lebesgue measure on the linear coordinates on A with respect to an orthonormal basis.

Proposition 8.5 If 0c # 0 and o = 0% - 040c is invertible, we have Z(x) = 3(x)/3(0) with

3(x) = exp{%ga(% )t+Hln( —‘7911)}/exp{<p(%(1—%)
+i(ff“e+%—H)ln(%—t)+l(—9—/*—%— H)In(} +t) )},

4 ho3

2

and we recall that H = e;. This formula also makes sense when 0p is not invertible.
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The intermediate cases in Proposition 8.4, when 6¢ # 0, but not invertible, or in Proposition 8.5
when o # 0, but not invertible, will not be discussed, since they can be obtained by limiting procedures.
For the same reason, we will only write a proof of Proposition 8.5. It is in fact a good exercise for the

reader to repeat the scheme of this proof in the specific (and simpler) case of Proposition 8.4.

Proof. We consider a formal integral of the form

I(z) = exp {gp(alx + 0‘22:”2 +vin(1 - ﬂx))} / exp {(p(”y(l - Bx)’t+ Tlln(% -t)+ TQIH(% + t))}dt,

where a1, as,v,7, 8,7, T2 € A are considered as parameters. If f : A - K, we denote

() = J 1@y exp{o(v(1- B2)*t + miin(} ~ 1) + mIn(} + 1)) bt
[ exp {cp(w(l - Bx)%t + Tlln(% -t)+ Tgln(% + t))}dt

which implicitly depends on x. This definition can be extended by linearity to a function f : A — A.
We also introduce @;(v) = ¢(e;v) for v e A.

Let us compute the action of the differential operators of the quantum Airy structure on I(z).

-I! ho,,I

hcpi( -1 — QT + 1:21 + 276(15)).

_ .2
Hl%w(eieaeb%)%xbﬂ = 0i(504).

H—lmp(eieaebﬁB):vaamb]I = hcp(eixebHB)cp(eb(al + T — % -2v6(1 - ﬁ:v):v(t)))

= hcpi(HB:v(al + T — 1551 -2v6(1 - ﬁ:v):v(t)))

In the last line, we exploited the property (89) of the pairing in an orthonormal basis, i.e. such that

e; =e;. In a similar fashion

It %@(eieaeﬁc)azaazbﬂ
= h—290(e-e o)) <p(e (a1 + QoT — i))(p(eb(ozl +ag — vb
p) i€a a 1—ﬁ(E 1—ﬁ

_4<p(ea(a1 +QoT — %))(p(?}/ﬂ(l - ﬂx)eb(t))

2

I)) + </7(042ea€b - (13290)2 eaeb)

+(4w(7ﬂ(1 - Bz)eqt)p(v8(1 - ﬂx)ebt)> + 2@(27ﬂ26aeb(t>)}

h? vB 2 v’ v
= 7%(90{(041 +aar — 1757 ) + (a2 = gy ) H — 4(on + aor — 725

)B(1 - Bx)(t)
AP - Bl e 1)) )

and we observe that [7'AD'I = ;(D). Summing all the terms yields an expression for I"! L;I, which

involves in particular (t?).

We now write the Dyson-Schwinger relations satisfied by the averages (-). They express the fact
that (formal) integrals are invariant under change of variable. Here we use the infinitesimal change
of variable t — ¢ + s(i —t%)e; for a given j. We remark that dt - dt(1 - ep(2tHe;) + O(e?)), and
invariance of the integral at order ¢ gives the exact formula

(go(ej{ —2tH +~(1 —ﬁ:v)2(i - t2) —7'1(% +1) +T2(% —t)})> =0.
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This formula can equivalently be derived by integration by parts. As it holds for any j, we also have
the identity in A

—2H(t) +v(1 - ﬂx)2(% - (t2)) - 7'1(% +(t)) + 7'2(% - (t)) =0.
We use this identity to eliminate (#?) from -I"'L;I. After tedious but straightforward algebra, the
terms can be collected as follows

Tl = <pi(h2%(oef+a2H+2uo¢2)—ha1+hu93+D+h2$(¢+752(7’2—7’1))

+2{ = has + harfp + h*0caias - h2007° 8%} + 22 {88 + hBpas + 222 (a2 +4%8Y))
YB_{hB -l - h20c(an B+ ag) ) + B0eE” () _ )
1-Bz B ol 2 2(1-Bx)2

+2(t){h~yﬁ +h2007B( -1 +vB - B(r + 72 + 2H))}

+

+xyB{ = B—hp +h%0c(Bar — as)} + 2% hyB2{hbcas + 93})).

Imposing that the coefficients — inside ¢; — of 1, z, 2%, (1 - pz)7t, (1 - Bx)72, (t), (t)x and (t)x?

separately vanish uniquely fixes

1 93 B 02 923
Q1 = -, « :——, = -—, = N
' oo 27 Thoe 05 T hod,
and
v=H, 7=3(8 2200 _p) gy= - L(fay 2DHOs y pp)

We then have found a common solution of L;Z = 0 for all i € I, and one can check by saddle point

analysis that, for the above choice of parameters, it is indeed of the form

H(QT)ZGXP(Z Z %Fg,n(il,---,in)xil"'fl?z‘n), Fo1(4) = Fo2(i,5) = 0.

g>0141,..., in
n>1

Invoking the uniqueness of such a solution (Proposition 2.1) concludes the proof. O

8.1.4 Example: TQFT partition function

It is well known that unital Frobenius algebras are in one-to-one correspondence with two-dimensional
topological quantum field theories [1]. In this context, the product on A comes from the map A®? — A
that the TQFT attaches to a pair of pants. Let us choose 84 = g = 8¢ =1 in Proposition 8.2. We
notice that, up to dualization Fy 3(i,7,k) = A; . represents the product. This is the manifestation of
a more general, easy fact. Let X, , is a topological surface with n boundaries oriented inward, and
denote F(X,.,) € Hom(A®, C) the amplitude assigned to X,, by the TQFT F. Using the TQFT
glueing rules, it can be computed (or defined) as follows. Take a pair of pants decomposition of X ,,.
Take the tensor product over all pairs of pants of the maps (3¢ 3) : A®? — C, and apply the pairing
A ®A — C on the factors of A corresponding to coinciding boundary components of the pair of pants.
The result is a multilinear map A®" — C. Owing to the associativity, commutativity and invariance

of the product, the result does not depend on the choice of pair of pants decomposition.

Lemma 8.6 Assume A unital. Then the partition function corresponding to the quantum Airy struc-

ture of Proposition 8.2 with the choice of D = % and 04 = 0p = 0c =1, gives the amplitudes of the
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two-dimensional TQFT corresponding to A, e.g. for 2g—2+n >0
Fyn = |®gyn| g(zg,n)- (94)

Here B ,, is the set of graphs described in the legend of Figure 1, and its weighted cardinality

1
|Aut G|

|®g,n(1)| =
GeBy (1)

is computed by the generating series

exp( > %_!1 |Q§g7n|) = exp{%(m - %)}Bi(@h)*%(l - z)).
g20n>1
Proof. We obtain ¥;; by glueing two boundaries of the same pair of pants. The TQFT assigns to
this F(X1.1)(e:) = p(eieaea) = p(e;H) = 2D" = 2F 1(i). This coincides with (94) as the unique graph
in &,,,(1) has a symmetry factor 3. Unfolding (6) using the fact that B and C here represent the
product (maybe up to identification A ~ A* with the pairing), we deduce that Fy ,(i1,...,%,) is the
sum over B, ,(1) of the TQFT amplitude computed with a pair of pants decomposition canonically
defined by the graph, and evaluated on e;, ® - ® ;. The fact that this amplitude is independent of
the pair of pants decomposition leads to the factorization of the (automorphism-weighted) number of
graphs in &, ,(1). ]
It is clear from the proof, that if one chooses for 6 4,0p,0¢c arbitrary scalars, one will rather obtain

Fyn = Ggn(04,0B,00)F(Xy) where Gy, (04,05,0c) are the Taylor coefficients of the partition

function of the 1-dimensional quantum Airy structure h0,— 9*‘;2 —hlpx0,— h229 ¢ 83—%, see Section 8.1.2.

8.2 From non-commutative Frobenius algebras

Consider now a non-commutative Frobenius algebra A. It is defined as a Frobenius algebra except
that we drop the commutativity axiom, and impose that ¢([v1,v2]) = 0 for any vy,v9 € A. Here
we denote [-,-] the commutator, and {-,-} the anticommutator. We choose to work directly with an

orthonormal basis (€;)er-

Proposition 8.7 Let Aa, Ap, A\c be central elements in A, such that )\23 +AaAc =0. The assignments

Al = p(Aafejentes),
Bjx = ¢(Asleiejler),
e = e(hefeejter),
and D = D%, € A such that AgD lies in the orthogonal complement of [A,A], define a quantum Airy

structure.

As Ax for X € {A,B,C} are central, we can move them freely around inside ¢(:-+). Then, due
to invariance of the product, A and C are fully symmetric, and B;‘,k is fully antisymmetric under
permutations of (,7, k) and equal to % fl-’fj. We remark that, if Ap = %, the Lie algebra structure on
V = A determined by the quantum Airy structure coincides with the Lie algebra structure of A given

by the commutator.

Proof. Using the property ¢(ze,)e, =  of the pairing and the orthonormality of the basis (€;)er,

we compute

B;l-ﬁaB,‘jyg = cp()\B[ei,ej]ea)cp()\B [ea,ek]eg) = @(AQB[[ei,ej],ek]eg).
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With similar manipulations, expanding commutators/anticommutators and using cyclic invariance of

0 to move ey to the last position, we find that

) a ) 7 i J . .
BjaBiy+ BiaBg o+ Cpolyy = (i< j)
2
= @(2)\B(eiejek —ejeie —epeej + ekejei)eg)
2
+SD()\B(€jeiek —€i€Kej — €jCLE; T CLEi€; — €;€€CL T €€LE; + €€ e — €]€€j6i)6g)
+g0()\,4)\c(ejekel- + ERE € + €8 €L + €iELEj — €ELE; — ELEE) — €Ei€k — ejekei)eg)
2
= 90((/\3 +AaAc)(eiejer — ejeier — epeie; + ekejei)eg).
Likewise, we compute that
i va i i i . .
B .Cru+CraBi +CroByy — (1<)
= cp(QABAc(eiejek —eje;, +epee; — ekejei)eg)
‘HP()\B)\C(ejeiek —€i€Kej T €jELE; — CLCiC5 — €€€CL t+ €€LE; — €ieLe; t ekejei)eg)
+<p(>\B>\(j(6k6j€i —€€Cke; T €i€LE; — €iCjCL — k€€ T €i€LE; — €5CLC; + ejeiek)eg)
-0 (95)
and
i ga i 4 i Ad . .
Bj (Ao + Bk,aAa,e + B@,aAan (i)
= cp(QABAA(eiejek —ejee, +epee; — ekejei)eg)
‘HP()\B)\C(ejeiek —€€Cke; T €i€LEj — CLCi€; — €€€CL + €;€LE; — €eLe; + ekejei)eg)

+<p(>\B>\(j(6k6j€i —€iCkEj T €j€LE; — €iCjCL — k€5 t €€LE; — €iCLE; + ejeiek)eg)

0.

Therefore, when )\QB + AaA¢ =0, we have a classical Airy structure. The last statement about D is a
consequence of Lemma 2.3, noticing that D' = %tr B' =0 since B;k = —B,iJ. |
If A4 is invertible, the quantum Airy structures of Proposition 8.7 are transformed by the symme-

tries (23) with ugp = <P(2/\>\—ieaeb) into

A= o(padeiester),
B]i‘,k = @(MBeiejek),
C = 0, (96)

where the new parameters are related to the old ones by
MA:)\A7 /,LB:2)\B-

If A happens to be commutative, we retrieve particular cases of the quantum Airy structure of
Section 8.1, namely the one with (04,05,0c) = (2X4,0,2)\¢) for the quantum Airy structure of
Proposition 8.7, and the one with (04,0p5,0c) = (214, pp,0) for (96). Generically they fit in the case
0% —040c # 0.

If we assume —A4q = Ag = A¢ = 1, the associated infinitesimal symplectomorphisms (£;);e; have a

particularly nice form
Li(e;,0) = ([ei,e;]1,0) + (0, {ei, e5}),
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and
Li(0,¢5) = ({ei, e;},0) = (0, [ei, e5]),
relative to the orthonormal basis (e;). By direct computation, one can check that [£;,£;] =
20([es,ejleq)Lq.
We already computed in Proposition 5.1 the partition function for quantum Airy structures having

C =0, and we get the following expression using the pairing .

Lemma 8.8 The partition function Z of the quantum Airy structure (96) is Z(x) = exp (%h@l(a@))
with

go(flf)
Sy (x)

{2 (0 a5,

o - l%ln(l - ,uBa:)).

Y

Transforming back to the initial quantum Airy structure, we deduce an integral formula for the

expression for its partition function.

Corollary 8.9 The partition function of the quantum Airy structure of Proposition 8.7 is Z(x) =
3(2)/3(0) with

30) = [ exp{p(Ah (-5 - 55+ H(t-20- 5)" - BUR0) - Bon(1 - 22p0)) ot

8.3 From loop spaces

We consider V = C[[2]]. We index a basis of V by non-negative integers k. If f € C[27!, 2]].dz (germ

of meromorphic 1-forms), we denote

p(f) = Res f(2).

Let (&k)ks0 be a linearly independent family of germs of meromorphic 1-forms, and (&;)ks0 be a
linearly independent family of germs of functions (elements of V'), such that

(k7)) = 0.

Let 0 e C[z7%,2]].(dz)~!. Inspired by the Frobenius algebra example, we declare

Al = (& dEdg ),
e = (& dE &),
o= (& &), (97)

for some 6 yet to be fixed.

Proposition 8.10 Let uy ¢ = up be scalars indexed by integers k,¢ >0, and choose

gk = (ﬁ + Zguk,ézg)d27 5}: = L+ 17 0= ét’r'zr(dz)_lu (98)



where t,. are formal parameters. Then, A is fully symmetric. Further, the triple (A, B,C) given by
(97) defines a classical Airy structure if and only if 0 € 2 *C[[2]].(dz)7t. In this case, (A, B,C,D)
defines a quantum Airy structure iff

Vi>1, > ¢,D"" =0, (99)

r>-1

The restriction on 6 in this proposition implies that A = 0. Therefore, the partition function has
Fo.n =0 for all n > 1. The possibility to have a non-trivial partition function stems from the possible
non-zero choices of D satisfying (99). Lemma B.1 in Appendix B gives vanishing rules for the F, ,, of
this quantum Airy structure. In particular, the case t_; # 0 is not really interesting, as the partition

function in this case is Z =1, i.e. all F,, vanish.

We further find

; k+1
B, = ——tr Oipjrr k-
o ngli'F1 ek
So, we get the commutation relations
(Li,Lj]= > (- )trLivjur,  Li=(i+1)L;. (100)

r>-1

This is just another form of a subalgebra of the Virasoro Lie algebra Uir. Recall that Uit is the Lie

algebra defined by generators (£;);ez satisfying the commutation relations

[Li,Lj]=(i=7)Lirj

Lemma 8.11 If 0(z) =t,,2" + O(z"*1) with t,, # 0, define % = Y ks0 Tk 2%, and for n > rg

Ln = Z TkLn+k—r0 .
k>0

Then, for all m,n >ry, we have that [jim, f)n] =(m- n)f)mm.

The proof is a straightforward computation and is omitted.

We can formulate a Zs-symmetric version of Proposition 8.10.

Proposition 8.12 Let uy ¢ = up be scalars indexed by integers k,¢ >0, and choose
2k+1

(2k +1) 20 «_ ~ 2s -1
& = (7 + ) upez” | dz, & = , 0=> tsz°(dz).
22k+2 g(:) P2k +1 %

and assume 0 € C[272,22]].(dz)" . Then, A is fully symmetric. Further, the triple (A, B,C) given by
(97) defines a classical Airy structure if and only if 6 € z72C[[2?]].(dz)~t. In this case, (A, B,C, D)
defines a quantum Airy structure iff

t21 t_1to +’U0)0t%1 5

Vk >0, S;)ts_lDS”“ =5 kot 7 ol (101)

The restriction on # in this proposition implies that
‘= t6ijko- (102)
Bgi‘,k = 522—21 2212—:11ts Sivjas o +t-110,004 5 k.0 (103)

o6



In particular, if t_; = 0, then A = 0 hence Fy,, = 0 for all n. Lemma B.2 in Appendix B gives more
general vanishing rules for the Fj ,,’s of this quantum Airy structure.

The commutation relations deduced from (103) are

(Li,L;] = G- )tsLivjes, L;: 5
s>-1

They are the same as (100), so we obtain again a sub-Lie algebra of Uir.

Specializing from formal parameters ¢, to complex-valued parameters, we obtain that 6(z) =
Ys_1t-2"(dz)! in Proposition 8.10 — and 6(z) = ¥,5_1 ts2**(dz)~! in Proposition 8.12 define quan-
tum Airy structures. Conversely, if # contains higher negative powers, (A, B,C,D) cannot be a
quantum Airy structure for generic parameters (¢, ),z — but we do not rule out neither confirm the
existence of non-generic 6 for which these formulas define quantum Airy structures.

In particular, if we assume D¥ =0 for k > 2, (101) is satisfied iff

DO _ to + UO70t71 _
8 ’ 24 °
Note that, for fixed a >0
Bziz,a = (2a + 1)(51'70150 + 51'11 t_?l) + 5i1a10t,1u010 .

Therefore, Tr B® is not well-defined, and even after zeta regularisation of the sum ¥,.0(2a + 1), the

expression “¥, B ,” does not reproduce (8.3).

Proof of Proposition (8.10). First, we observe that the result for

k+1
=6 ="~ dz (104)

2k+2

implies the general result, since the (A, B,C) for general

&k = 5;50) + > upedé;

£20

in (98) is obtained from the (4, B,C) for (104) by the symmetries (23). For the choice (104), unfor-

tunately, we do not know an elegant proof of the result, thus we will proceed by direct computation.

We start with the warm-up case 6(2) = 2" (dz)~! for some integer r € Z, which yields

Ang = m 5i+j+k+r+2,0~
i k+1
Bj)k = m 5i+j+r,k-
i (j+1)(k+1)
gk T i1 5i+r,j+k+2'

In the following computations, it is implicit that the index a is summed over, and it is important to

keep in mind that indices are always > 0. We compute

i ha f+1 .

B By, = GiDGD) (J +1) 0itjer00isjaks2re-

B B, = ng71(z'+l~c+r+1)6» Oivi
k,aPal T (Z n 1)(] T 1) i+k+r>00i+j+k+2r,£-
P l+1 ,

Crolny = T (047 =€=1)0suraer2 Oinjrksare-

(i+1)(F+1)
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Therefore, the left-hand side of the BA relation reads

mﬁ%&ﬁmwr,e {(j —0)0ijerz0 + (L+k+7+1)0i0kirz0 — (G +k+7+1)0j4k4r0
+(i+1r =l =1)044rsp2 — (J+7 L - 1)5i+r2k+2}

0+1 .
maﬂg#b&r,l {(Z + T)(25i+j+r<0 - 5i+k+r+1,0 - 5Z+1,i+r)

+k(6i+j+r<0 - 5i+k+r+l,0) + E(_6i+j+r<0 + 5€+1,i+r)}7 (105)

where we exploited the constraint in the delta function prefactor to get rid of all j’s, and we used
04 =1-055 where A is the negation of A. The coefficients of Oi+k+r+1,0 cancel each other, and likewise
for d¢11,i+r. We are left with a non-zero multiple of

L.H.S. of BA = (l _j)5i+j+r<06i+j+k+2r,€- (106)

For non-negative indices i, j, the set {i +j +r <0} is empty if and only if r > 0. For r = -1, it consists
only of (4,5) = (0,0), but the prefactor (i — j) vanish in this case, so (106) also vanish identically if
r =—-1. When r < -2, one can find non-negative (i, j, k,£) for which (106) is non-zero. Therefore, the
BB-AC relation holds if and only if r > —1.

Next, we compute

1 5i+ j+k+0+2r+2,0
BZ a = ZwryrkAtrart sl oo + 1 5 .
s N4 (’L T 1)(] N 1) (.] ) i+j+r20
] j Oitj k+£+2r+2,0
BZ AJ = Zetgrrtbrart s oo + k +r+1 5
k,a‘ta, ¢ (’L N 1)(] n 1) (Z r ) i+k+r>0 5
] j Oitj k+£+2r+2,0
B, A’ = IRt il r+ 1) 6, )
La*ta,k (’L + 1)(] 4 1) (z r ) i+L+120
Applying the same principles used in the previous computation, the left-hand side of the BA relation
reads

5i+ j+k+0+2r+2,0 /. .
L.H.S. of BA = 222220 (4= 5) Gy ir . 107
o ('L+1)(j+1) (Z ]) +j+r+1<0 ( )

A similar analysis shows that (107) is identically zero (i.e. the BA relation is satisfied) if and only if
r>-1.

We also compute

P (E+1)(£+1) .

Bj7aCk,£ = m (] + 1)6i+j+2r,k+€+2 5i+j+r207
; . (E+1)(¢+1)

Ok,aBij = m5i+j+2r,k+e+2 5i+r2k+27
P (k+1)(£+1)

Cé,aBi,k = 7(1 N 1)(] N 1) 5i+j+2r,k+é+2 6i+r2€+27

and we obtain that the left-hand side of the BC relation reads

LS. of BC = Fr D)

(i+1)(F+1)

Here, we see that under the condition ¢+ j +2r =k +£+2, we have i + j + r+1 > 1 —r. Therefore, if

Oivjear kres2 (1= J)0isjurii<o- (108)

r <0, (108) vanishes identically. But r > 0 also implies that i + j + r + 1 < 0 cannot be satisfied for
non-negative (i,5). Hence, (108) vanishes identically (i.e. the BC relation is satisfied) for any r € Z.
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Let us now assume r > —1 and analyze the D relation. As we have A =0, it takes the form, for all
1>32>0.
(-)a+1),
a0 (1+1)(j+1)

which is equivalent to the system of equations D**" =0 for all k> 1.

a
i+j+r,a D* =

Now we consider the case

0="> t2"(dz)"".

r>-1
This results in a decomposition
X-= ZtTTX, X e{A,B,C}.
r>-1
As (t,)rez are considered as formal parameters, while checking the three quadratic relations it is
enough to check the coefficient of the monomial #,t, with 7 # s. Indeed the coefficient of 2 already
displays the relations which ("A,"B,"C) satisfy according to Step 1. We should therefore check that

"Bl ,-°B,+°B) "Bl + "B}, "B +°Bj "B+ ("Cj - SAL  +°C} - "C ) = (i <> j) = 0(109)

and likewise for the two other relations. This is again checked by direct computations, which are very

similar to the previous ones, thus omitted. Let us examine in this context the D relation. We get

o 5o
Vi>j>0,  (i-j) 3 DT = Y trts%””’(am_z—ojw_z).

r>-1 r,5>—1

One can check that the right-hand side always vanish. Therefore, the D relation is equivalent to

Vi1, > t,D"=0. (110)

r>-1

Therefore, if ¢ = 0 for k€ {0,...,r¢}, (D")[°, can be chosen arbitrarily.

Proof of Proposition 8.12 Due to the symmetry (23) it is sufficient to consider

(2k+1)

Sk = S2k42 dz.

If we denote 7 the 1-forms used in Proposition 8.10, note that & = 72 is just a subset of the
(M%) k0. So, the case 6 € C[[2]](dz)~! is covered by the previous Theorem with r = 2s (excluding the
statement about the D relation), by restricting to even indices. Indeed, although we have to sum over
all indices a to check the relations, the terms with odd a are always zero since X?, =0 whenever
p+g+m + 0 mod 2 for any X € {A, B,C}, and two of the indices are not summed over and always even
by our restriction. This is not so for the D relation, because the indices a¢ and b which are summed

over appear in the same symbol.

The case 0 € (t_1272 + (C[[z]])(dz)’l needs special care, as the relations BA and BB-AC failed in
the proof of Proposition 8.10 where indices of any parity were allowed.

We first focus on the warm-up case 0(z) = z%(dz) !, for which

Azk = i ko0
i 2k +1
Bix = 571 Oitj o1
i (27+1)(2k+1)
e Y R Oi jek+2-
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We just have to check that the following specialization of (106) and (107)
2(i = 3)0i+j<10i+j+k,0+41 = 0, 2(% = J)Oisjak+t+1,00i45<1 = 0.

Checking the first one is the same as checking (106) for r = —1 in the previous proof. And it is obvious
that the expression is always 0, as it forces ¢ = j = 0 and thus k+ £+ 1 = 0. So, the three relations hold

for s = -1 as well. The D relation reads

. o ivivs  Oitj+2s,0 5. .
Oirjrs20(i = J)(2(i+j +5)+1)D e = %(Uihs—l —0jis-1),
with
Om = Z (2a+1)(2b+1).
a+b=m

For ¢t_; = 0 we arrive to the same result, i.e. D¥ is arbitrary for k=0,...,r and D* =0 for 7 > k + 1.
For ¢_; # 0, we obtain

D = Ok,

8 3

where the non-zero value is fixed by ¢ = 2,5 = 0 and the fact that 6o = 1.

The proof for the more general case
0(z) = > ts2*(dz)™
s>-1
is very close to the one in absence of Zs-symmetry, thus omitted. Let us only examine the D relation
in this case. We get
o t
Vi>j 20, (i-4) D, (2(i+j+s)+ 1)t D" = L (t_18,2 + to0in),

s>—1 4

which is equivalent to

t_1t
3 t(2s+3)D* = =2
s>—1 4
t2
Z tS(QS + 5)DS+2 = UO)Q;I,
s>-1 8

3 ts(2s+2k+1)D*F = 0, Vk>3.
s>-1

8.4 Loop space of Frobenius algebras

Let A be a (commutative) Frobenius algebra and recall the notations of Section 8.1. We choose an
orthonormal basis (e,)q of A, i.e e, = €. Set V := A[[z]]. The proofs of Propositions 8.2 and 8.10-8.12
can easily be adapted to this setting. If f e A[z7}, 2]].(dz), we define

B(f) = Res ¢(/(2))

using the linear form ¢ : A — C provided by the Frobenius structure. Let &; o, be linearly independent

family of elements of V, indexed by a and integers i > 0.

60



We declare

(iva) — * * *
AG ey = €0 sdE ., 0),
(7:)0‘) — * *
Bisy e = PEadE sl b),
Ci o = PEaintrst), (111)

where 0 € A[z71, 2]].(dz) %

Proposition 8.13 Lel v(y a),0,8) = V(e,8),(k,a) b€ scalars indexed by basis elements o, 3 of A and

integers k,€ > 0. Assume
0= Z tnazr(dz)_lea
r>-1
«
for some scalars t, ., and choose
k+1

(k+1)eq,dz + z
&C)a = (T +gjv(k7a)7(l’ﬁ) zéeﬁ dz, gk,a = 1 €a-

Then, the triple (A, B,C) given by (111) defines a classical Airy structure. Further, (A, B,C,D) is a

quantum Airy structure iff

Vi>1Vaq,ao, Z go(ealeweae@)tT”gD(T”"O‘) =0.
r>-1
o
Proposition 8.14 Let v(j.a),0,8) = V(e,8),(k,a) Ve scalars indexed by basis elements o, 3 of A and
integers k,£ > 0. Choose

2k + 1)eq s _
e 2 (% 2 Uk (18) 2%63) dz, 0= 3 t:az®(d2) ea.
z %0 s2-1

Then, (A,B,C) given by (111) defines a classical Airy structure. Further, (A, B,C,D) then defines

a quantum Airy structure iff, for any oy, as

t_1 at-
Z ‘P(ealeazeaeﬁ)ws + 3)tS,aD(S+Lﬁ) = Z @(ealeOQHeaeﬁ) Lo 1P )
ii:; a,B 8
(s42,8) t-1,ato,8
> @(earCaseats) (25 +5)ts o D = > |vleaea, Heqep) —=—5
ﬁfz; a,B 4
l-1,at-1,8
+ 2 9(CarCasatpeqee) U 00— 5 |
v.€
N 0(CarCasas) (25 +2i + 1)ty oD = 0, Vi3, (112)
s>-1
a,B

where H =Y, €.
The proofs combine the two aspects of the proofs given in Sections 8.1 and 8.3, and hence are

omitted. They rely on the fact that, each of the three terms in the three relations are already

symmetric in ¢ and j in the Frobenius algebra case. Note that, if we assume A is semi-simple and
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(ea)q is an orthonormal basis such that eqeg = dageq, the constraints on D can be rewritten, for all
« as follows

t_1 a2
3 (25 +3)tg 0 D) L
s>-1 o 8
t—l,atO,a tgl «

3 (25 +5)tg 0 D2
s>-1 4

z (25 +2i + 1)ty o Do) = 0,
§>—

Let us describe this classical Airy structure in the language of Section 3.2. On W = A((271)) we
consider the following symplectic form

w(f(2),9(2)) = Resp(f(2)dg(2)).
Let W =V~ 69 V be a polarization of W, where V' (resp. V*) has basis ({k,«(2)), ,, respectively
({k o(2) = eair )k such that
V(k,1) € N?, w(&f o(2),6,6(2)) = Ok 10a,5-

One defines a classical Airy structure given by the set of the infinitesimal symplectomorphisms
(Lk,a) ey Where

VeeN, VfeW, Liraf(2) =& q(-2)0(-2)df (-2),
and 0(z) € z7*A[[2]] - (dz)~ L.

Corollary 8.15 The operators (L1),,, together with the above orthonormal basis of V and V* define
a classical Airy structure.

9 Relation with the topological recursion of [24]

9.1 Comparison
The original setting of [24] for the topological recursion is the data of a spectral curve, i.e.

e a branched covering with simple ramification points z : ¥ — X/, where Y’ is an open subset of
P
e a meromorphic function y on X, such that the zeroes of dy are distinct from the zeroes of dzx.

We set wp,1 = ydz.

e a symmetric bidifferential wg » on ¥? with a double pole at coinciding points and the following

behavior in local coordinates

_dz(p1)dz(p2)
“02PrP) = ) ()2

Such an object is sometimes called a fundamental bidifferential of the second kind on 3.

+0(1).

We denote t c X the set of the ramification points, i.e. the zeros of dz. As they are simple, we

can find around each r € v a local coordinate z such that

#(p) = (r) + 5.
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Let U € ¥ be the disjoint union of small enough neighborhoods of the ramification points, in which
t : z v+ —z is a well-defined holomorphic involution. By construction z o+ = . We introduce the

recursion kernel

- 1 sz()p) wo,2(+Po)
K(po,p) - 2 CUO,l(p) —LUO)l(L(p))

It is defined for (pg,p) € ¥ x U as a 1-form in py and the inverse of a 1-form in p. For 2g -2+ n > 0,
[24] defines by induction

wg,n(plaj) = Z?gﬁK(plvp){wg1.,n+1(p7L(p)7I) + Z wg’,lHJ’\(pv J,)wg”,1+J”(L(p)v']”)}v (113)

ret g'+g"=g

J'uJg"=I
where I = {pa,...,pn}, and 3" means that we exclude the terms of the form wg 1wy, from the sum.
Although (113) gives a special role to the variable p1, [24] proves inductively that wg ,(p1,...,pn) is
symmetric under permutation of all the p;’s, therefore for L = {p1,...,ps} an unordered ¢-tuple of
variables in 3, the notation wp, ¢(L) makes sense. Manifestly (113) produces differential forms whose

only poles are located at the ramification points. In other words

wy,n € HO(S™, K™ (+t))®n.

In [21], it is shown that the wgy , can be decomposed on a suitable family of meromorphic 1-forms.
To be self-contained we review this proof, and make explicit the recursion following from (113) for the

coeflicients of the decomposition.

Definition 9.1 For k>0 and r € v, we define for pg € ¥ the meromorphic 1-form

(2k +1)dz(p)

P
&,r(Po) = Eifg(fr w0,2(P07')) ()2 (114)
We also define, for pg in a neighborhood of r in X
Z%Jrl(po) -2

0(po) =

g;,r(po) =

2k+1 7’ wo,1(po) —wo,1(¢(po))’

and if po is in a neighborhood of ro # 1, we define 5;)T(p0) =0.

Lemma 9.1 For2g-2+n>0, there exists a unique decomposition with finitely many non-zero terms

n
Wg,n(pl,---7pn) = Z Wgﬂl[ﬁ 2:] Hgki7ri(pi)' (115)
T15..,Tn €T i=1
]i?l,...,]i}nZO

More precisely, one can show [21] that the coefficients in (115) with ¥, k; > 3g — 3 + n vanish. For
completeness, we also give a proof in Appendix B.

We can now compare with the quantum Airy structure of Section 8.4. We take A = @, C as the
sum of trivial 1-dimensional Frobenius algebras, and we let V' = A[[2]] be the vector space with a
basis indexed by k > 0 and 7 € t. As we assumed y is holomorphic and dy has no zero at t, we deduce

that 8(p) has an expansion for p — r of the form

0(p) = > twmr 22 (p) (dz(p))~". (116)

m2-1
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According to Proposition 8.14,

AT = RS G ()€, 1, (9) A6, 1, () 00),
BGT Gy = RS & () S, 1 (0) S0 () O0).
C((zf; ,’Z)),(kama) = Res 5 Ekyr (P) Sz ra (P) s () 0(p),
DD = (55 a6+ ) (117)

is a quantum Airy structure. Here, g 2[00 ] is a scalar, which corresponds to the constant term in
the expansion of wp 2 near (p1,p2) = (r,7) in local coordinates (z(p1),2(p2)). One can then check
that indeed D is a solution of the D relation in the form (112). Substituting the expansion (115) in
the residue formula (113) gives a recursion for the Wy ,,, which is identical to KS recursion (6) for the
Taylor coefficients Fy, ,, of this quantum Airy structure. Since we can check (see the proof below) that
the initial data are the same, this leads to

Proposition 9.2 For 2g-2+n >0, Fgﬁn((kl, 1),y (kn, Tn)) computed by KS topological recursion
T1L ** Tn

for the quantum Airy structure (117) and Wy », [kl kn] computed by the topological recursion of [2/],

agree.

Proof. We start by a preliminary study of the recursion kernel. If we expand wg2(p1,p2) in local

coordinates when p; is in a neighborhood of r; € t we get that

57«177«2(12 1)dz(p2 T1 T2 1 2
coatpn ) = SEESPIEI L B[R E] 00O 000 ). (1)

We find the following expansion for (114) when py — ro for some rg € ¢

Ekr(Po) = @+ Doy +(2k+1) Y o2 [ 9 01 2 (po) dz(po).

2*2(po) 0

In particular, & (po) has a pole of order 2k +2 at py = r, and is holomorphic elsewhere. We also find

for p in a neighborhood of r

% fL(:) wo,z(.,po) = Z §k)r(p0)§;)r(p)

k>0
TET

under the condition |z(po)| > |z(p)| when pg is in the neighborhood of r. Here we have used that

1 Z(€+1) 2*(p)

(2(po) - 2442(po)

for po,p in the neighborhood of the same r. To perform the residue computation in (113), we will

need the expansion of the recursion kernel K (pg,p) around p — r

K(po,p) =5 3 &er(p0) & (0) 0(0), & (p) € O(2(p)*" ™). (119)

k>0

Let us start by computing wg 3.

wo,3(p1,p2,P3) ZRGSK(I% ){wo,2(p, p2)wo,2(t(p), p3) +wo,2(¢(p), p2)wo,2(p, p3) }-

’I"Et
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Since 6(p) € O(272(p)(dz)™"), K (p1,p) has a simple pole at p = 7. So, the residue selects the coefficient
of (dz(p))? in {}, and as d¢;..(p) = 2"(p)dz(p), we find that

3
w0,3(P1,12,P3) = Ok ko ks 0 2. ( I1 dé“o,r(pi)) Res&g,, (p)dgs,, (p)d&5,, (P)O(p)- (120)
rer \ i=1 "

The factor -3 in front of (119) disappeared as (120) has two terms with equal contribution, and the
t(p) in one of the factor wp o results into a minus sign in the local coordinate z. We therefore have
proved (115) for (g,n) = (0,3), and can identify the coeflicients Wy 3 [Zi e Zi] with AL

(k2,72),(k3,r3)
introduced in (117) — these coefficients vanish unless k1 = ko = k3 =0 and r; =79 = 3.

Likewise we compute w; 1. Examining the local behavior at ramification points, we find

Z Res K (p1,p)wo2(p,v(p))

ret

- Zzsmpl)f{es Q(Qkﬂ)(;z;ﬁtw()( 2(0)) (527 *+ 202 [661+0(2(1)))

rev k=0
= Y (502 [66]+ %) (p) + S5 Gr(p), (121)

TET

w1,1(p1)

which proves (115) for (g,n) = (1,1) with Wy, [5]=D®") given in (117).

Now let 2g - 2+ n > 2 and assume the claim of Lemma 9.1 has been established for all (¢',n’)
such that 29’ =2 +n' <2g-2+n. Let I = {py,...,ps} an unordered (n — 1)-uple of variables in 3.
In equation (113) for wy,(p1,1), we denote wgn the sum of terms in the right-hand side involving

wWo,2Wg,n-1, and wgn the sum of all the other terms. We have that

Wy (P1,1) = Zn;f}ggK(p1,p)(w072(p,pi)wmn1(L(p),1\ {pi}) +w0.2(1(P), pi)wgn-1 (P I\ {pi})). (122)

As K(p1,p) is invariant under p — ¢(p), the two terms give an equal contribution. The form (115) of

wWg,n-1 by the induction hypothesis implies that

Won-1(0, 1~ {pi}) = 5(wgn-1(0: I~ {pi}) —wg.n-1(u(p), I~ {pi})) + O(2(p)d2(p)).

As wo 2(p,p;) is holomorphic near p - r, we deduce that replacing it with its odd part in (122) does

not, change the residue
an(pl, I)= Z E{EEK(M,Z’) %(WO,Q(L(P),I%) - wo,z(pvpi))wg,nfl(p, I~ {pi}).
i=2

We substitute in this formula, for p in the neighborhood of r

3 (wo2(e(p), pi) —wo2(p,pi)) = = 3 &k (pi) s, (),

k>0
and the decomposition (115) for wg ,,—1. The result for w » decomposes like (115) with coefficients
B o pkir) ey e T Ty
ST

where

BEZ::::){(]C/ ) = RQS gkl 1 (p) dgk rl( ) gk’ﬂ" (p) e(p)

65



as given in (117). Due to the local behavior of the integrand, B((,I:; :;)) (ks.ry) VAishes when 7y # 73, or
when 71 =9 #r3 and ki + k2 > 0, or when ry =79 = r3 and kq + ko > k3 + 1. In particular these selection

rules imply that there are finitely many non-zero an’s.

Let us turn to

wgn(plal) :E‘EEK(plap){wg17"+1(paL(p)aI) + Z wg',1+J’|(paJ,)wg”71+|J”|(L(p)aJ”)}a
g'+9"=g
J'uJ"=1
where " excludes the terms of the form wg 1wy, Or woowgn-1. By induction hypothesis, we can
directly substitute the decomposition (115) for all the w’s involved in the left-hand side. We find that
wgn has a decomposition again of the form (115), with coefficients

C [T Tn _ 1 (k1,7m1) v’ ry ey,
Wg,n [k1 kn] - 32 Z O(k/ﬂd/)’(knmn) Wg—17n+1 Kk kg o Ky,
k’,k”ZO
T/,T//Et
+ *Z*: W r’ (Tj)jeJ’ W r (Tj)je.l” (123)
7 7 " ”
J+g"=g g's1+1J’] K’ (kj)jeJ’ 9,1+ J"| K" (kj)jeJ” ’

J'uJ"={2,...,n}

where
k1,7 *
OO sy = RS €7y () €. (9) €y () 0()

p—Tr1

(k1,71) _ (k1)
(k2,r2),(k3,r3) (k3,73),(k2,72)
when ro,r3 # r1 and k1 > 0, or when ro =71 # r3 and ky > ko+2, or when rqy =ro =r3 and k1 > ko +k3+3.

In particular, this implies that (123) contains only finitely many non-zero terms. We therefore have
justified that wy, = wZ +w¢, has the form (115), and proved Lemma 9.1 by induction.

as given in (117). Due to the local behavior of the integrand, C vanishes

Since we have checked Fy3 = A=Wy 3 and F1 1 = D = Wy, and the recursive rules to build the
W, »’s agree with the KS topological recursion (6) for the Fy ,,’s, this entails Proposition 9.2. O

More explicitly, in terms of coefficients of expansion of wg ;1 in (116) and wg,2 in (118), the relevant

quantum Airy structure is

(k1,m1) _
(k2,m2),(ks,rs) Ok k2 ks 00r1 ra,rat=1,r1
(k1,7m1) _ 2k3 +1 r3 rp
(k2,m2),(ks,rs) 2%y + 1 5T1,T2 5T27T3t7€3—7€2—7€1,rl + 57@1,7@70 $0,2 [ng 0 ] )
1+ks—k
(k1,r1) _ (2k3+ 1)(2/€2+ 1) 5 . N +Z3: 15 [ ro 1 ]t
(k2,r2),(k3,73) 2ky + 1 T1,72,73 Ultketha—k,r1 = 1,73 0,2 | 2k 2m | Uka—k1-m,r1
1+k2—]€1
T3 T1 T2 T1 T3 T1
+ Z Ory i 0,2 [2k3 Qm]tkgfklfm,rl +0k,,0 0,2 [2k2 0 ]900,2 [2k3 0 ]t—l,rl .
m=0

9.2 The point of view of Givental quantization of Lagrangian cones

One of the applications of the original topological recursion formalism is the study of Frobenius
manifolds/cohomological field theories. In this setup, [18] established that the topological recursion
applied to a specific local spectral curve is equivalent to Givental’s quantization formalism [31] for
computing the ancestor potential of a semi-simple cohomological field theory. This correspondence was
obtained by a direct comparison of the result of the topological recursion and of Givental reconstruction

procedure. In this section, we revisit this equivalence from the point of view of quantization of

66



Givental’s Lagrangian cone [14, 32|, giving it a stronger geometric explanation. We first review the

Lagrangian cone formalism, following Coates and Givental.

Let V be a finite dimensional vector space equipped with a bilinear form (-,-) and a distinguished
vector 1, and let W:= V' ((27!)) be the corresponding loop space equipped with the symplectic form’
w defined by

. 1
V(L) €W a(f9) = 5= § (F(=2).9(2)) d=
Consider the polarization W =V, ®V_ where V, := V[[2]] and V_ := 27!V [[27']]. Then the symplectic
form gives an identification (W, ) ~ (T*V,,©).

Parametrizing elements ¢ of V, by an infinite dimensional vector t := (¢x ) gen,
q(z) = Z (tr - 5;€,11)zk,
k=0
one defines the graph L4 of the derivative of a function F(t) on V. by

Lg:={(p,q) €TV, : p=d,F(t)}.

As a formal germ around ¢ = -z, this defines a Lagrangian submanifold of 7*V, and hence of (W, ®).

An interesting choice for such functions are genus 0 free energies coming from a CohFT, i.e.
functions Fy(t) satisfying the following three axioms. It is convenient to state them by choosing a
basis (e,)?_; of V and denoting g, ., = (eu,e,) and by (g""),, its inverse matrix. For k > 0, we
denote tj := fo:l tre,. With these notations, the three axioms defining a genus O free energy read as

follows.

e The dilaton equation, which states that Fy is homogenous of degree 2

2F(t) = > Edj t az:;z(yt). (124)
keN v=1 k
e The string equation, which decomposes the action of ait}) (the unit vector field)
L O (125)
e The topological recursion relations’
V(o Br) e (L. d}® V(k.Lm)eN®, — O T0 PR, O g

_— = g .
ot 8tl6 ot ‘u;l ot oty oty 8t'l8 ot),
The Lagrangians £, defined by such functions have a very nice characterization.

Theorem 9.3 [32] Fy satisfies Eqn. (124), Eqn. (125) and Eqn. (126) if and only if LF, is a La-
grangian cone with vertex at the origin and such that its tangent spaces L satisfy zL = L.

In addition, Givental described a large group of symmetries of the set of such cones.

9This is not the same symplectic form as in the example of Section 8.4. One can go from one to the other by a
Laplace transform.
10This set of equations is different from the topological recursion of [24]. It is unfortunate that both names coincide.
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Theorem 9.4 [32] The twisted loop group Gy, consisting of elements M(z) € End(V)[[27}]] such
that M*(-z)M (z) = 1d preserves the class of cones of Theorem 9.3.

Note that the condition M*(-z)M(z) = Id implies that M (z) defines a symplectomorphism of W. The
set of tangent spaces to such a cone carries the structure of a Frobenius manifold M. For instance, this
applies to (and was motivated by the application to) the genus 0 descendent or ancestor potentials
of Gromov-Witten theory of a complex projective variety [14], to genus 0 correlation functions of

cohomological field theories [35] and to quantum K-theory [14].

Conversely, if M is a semi-simple Frobenius manifold, there is a notion of a descendent (resp. an
ancestor) potential F3'(t), which satisfy the axioms above. Here (¢"), are local flat coordinates on
M, and we fix a point m € M to identify V := T, M. We denote as before (¢})x»o the linear coordinates
on V[[z]]. Dubrovin - see e.g. [17] — associates to M a Riemann-Hilbert problem on P'. Its solution
is an element M, (z) of the associated loop space depending on a point m of the Frobenius manifold',

and it admits a Birkhoff factorization
Mv(z) = Mv,w(z)ile,O(Z)a

where M, 0(z) (resp. M, «(2)) is analytic and invertible for |z| < 1 (resp. 1 < |z| € o). Combining
Givental’s analysis of the action of the twisted loop group [32] and Teleman’s classification of semi-
simple Frobenius manifolds [44], one can conclude that the cone defined by the graph of the genus
zero descendent (resp. ancestor) potential of a dim V' = N semi-simple Frobenius manifold is obtained
by the action of the symplectomorphism ~(v)M,(z) (resp. M, (z)) on the cone L corresponding
to the trivial theory of type A" where v(v) is a suitably chosen normalization factor.

Finally, Givental reconstruction procedure proved by Teleman through its classification can be

expressed as the following quantization result.

Theorem 9.5 [32, /4] If dimV = N, then the descendant (resp. ancestor) potential of a semi-simple
Frobenius manifold is obtained by quantizing the cone obtained by the action of the symplectomorphism
Y(v)M,(2) (resp. M, o(z)) on the cone Ly corresponding to the trivial theory of type AYN where y(v)

is a suitably chosen normalization factor.

In order to be more explicit, let us describe L. Let Fé(dv(t) be the genus 0 potential of the
Gromov-Witten theory of a point, i.e. the genus 0 part of the logarithm of the partition function of
the quantum Airy structure of Proposition 8.14 with all v(, ;) (;,;) vanishing and 6(z) = 272.1y. Then,
after the identification by the dilaton shift ¢ ; = t}; — 051, one has indeed

- Kd i
Ln={pg) €TV p=Y dFEY (E)}.
=1

The full partition function of this quantum Airy structure is the matrix Airy function of [34].

Because M, o(z) is analytic for |z| > 1, the quantum structure corresponding to the ancestor’s
Lagrangian cone is obtained by the action of the operator exp (% WA u(k)i))(g7j)8(k)i)8(g7j)) on the
quantum Airy structure built from £y where

Mo (21)Myo(22) -1d

N
k+¢ k_¢ .
= 2 ()M U2z, Ukgei= ) Uiy, 0.)€5
21+ 22 k,020 j=1

M This element and its factorization are unique if the Frobenius manifold admits an Euler vector field. Otherwise,
one needs to fix the diagonal ambiguity by some other geometric condition.
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This transformation preserves Airy structures and the topological recursion gives a way to compute
the ancestor potential. Further, the local spectral curve is fixed by the symplectomorphism M, o(z).

The action of the Givental’s twisted loop group on Lagragian cones is easily seen to coincide with
the action of symplectomorphisms on Airy structures defined on W. This leads to the equivalence of

Givental quantization procedure and quantization of the corresponding Airy structure.

Corollary 9.6 The ancestor potential of a semi-simple Frobenius manifold is obtained from the quan-
tum Airy structure defined on the loop space W from the action of the symplectomorphism M, o(z)

on the trivial quantum Airy structure whose partition function is the matrixz Airy function.

This quantization procedure is equivalent to Givental’s quantization of the corresponding Lagrangian

cone.

On the other hand, the action of the quantization of M, .(2)™" taking the ancestor po-

tential to the descendant potential is just the multiplication of the partition function by

exp (5 Thori.g S(hi).(0.) T (k,i)T(e,5)) Where

M (21) My oo (22) - 1d b e N
’ ’ = Skez1 23, Sk.e€i = S(k,i),(£,5)€5-
1/21 n 1/22 kéo 1 <2 J; (k,i),(¢,5)C3

Even though it is a simple transformation, let us remark that this does not preserve the Airy structure
property, since it adds a linear term in the x’s. This explains why the topological recursion does not

directly provide the descendant potential, except in the cases where M,  is trivial.

10 A topological recursion without branched covers

In this section, we explain the simple observation that the quantum Airy structures of Proposition 8.13

can be realized by a new variant of the topological recursion of [24]. We take as initial data

¢ a Riemann surface X.
e a meromorphic 1-form wp; on X.

¢ a fundamental bidifferential of the second kind wp 2 on .

a finite subset v c X, such that wp ; has at most simple zeroes at v — this allows poles of wp 1 at
T.

wi,1(p)

oo (2) is holomorphic

e a meromorphic 1-form w; ; on ¥, such that, for any r € t, (z(p) - z(r))?

around p — 7.

We define a recursion kernel »
/T W0,2('7p0)

wo,1(p)
and for 2g-2+n >0 and (g,n) # (1,1), we make the inductive definition

K(po,p) =

)

wg,n(pl,l)=Z§§§K(po,p){wg-1,n+1(p7p,I)+ > wgf.,uJr|(p,J’)wgn,1+|,1~|(p7J”)}. (127)
TET g'+q" =g
J'uJ"=1
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We have to include w1 in the initial data since wo 2(p,p), which would appear in (127) for (g,n) =
(1,1), does not make sense due to the double pole at coinciding point. As in Section 9.1, one can

prove that the wg , decompose on a basis of 1-forms.

Definition 10.1 For k>0 and r € ¢, we define for py € ¥ the meromorphic 1-form

(k +1)dz(p)

6o (p0) = (Bes [ woalom) s

We also define, for pg in a neighborhood of r in ¥

(2(p) - x(r))"" 1

gk,r(po) = k+1 ’

and if po is in a neighborhood of ro # r, we define & ,.(po) = 0.

Lemma 10.1 For2g-2+n >0, there exists a unique decomposition with finitely many non-zero terms

n

Won(Proeespn) = 30 Won [ 50 ] T &kom (92)- (128)
T1yeeny TnR€T =1
]i?l,...,]i}nZO
O

The assumption on wp; guarantees that 6(p) for p — r has an expansion of the form

0(p)= > twm,2™(p) (dz(p)) .

m2>-1

According to Proposition 8.13, we have a quantum Airy structure given by

(k1,r1) .
(k2,m2),(ks,r3) 0,
ky,r . * *
BOT ey = Res &, (p) A&, 1, (P) ks s (P) 0(p)
k1,7 *
Ol oy = RS 6L (9) ks (9) €y ra (0) 6().
D) oy [, (129)

and by comparison of KS-TR and the recursive relation for Wy, ,,’s ensuing from (127) we obtain that

Proposition 10.2 For2g-2+n >0, Fq,n((kl,ﬁ), ey (K, rn)) computed by KS topological recursion

Tn

for the quantum Airy structure (129), and Wy, [5 1" ], agree. ]

We omit the proof of Lemma 10.1 and Proposition 10.2, as it is similar to Lemma 9.1 and Propo-
sition 9.2, in fact simpler due to the absence of the involution. Note that the assumption made on
w1,1 is equivalent to the D relation.

11 Dynamics on (colored) Young diagrams

11.1 Setting

In this section we show that a quantum Airy structure on V = C[[z]] (or V = C%[[2]], or 2C?[[2?]],

etc.) gives a recursion on (colored) Young diagrams, which are in correspondence with the monomials
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that can appear in the Taylor expansion of the partition function. We first formulate abstractly the
recursion on Young diagrams, and relate it to quantum Airy structure in Proposition 11.1 below.

Please see also [5], where this dynamics on Young diagrams in some special cases was given.

Let d be a positive integer. For a Young diagram A = (A1 2 -+ > Ay(x)), we consider \; as column
heights. We denote Col(\) the set of columns, and |A| be the number of boxes.

Definition 11.1 A d-coloring of a Young diagram X is a map Col(A) - {1,...,d}. A column type
is an ordered pair (k,a) € Nyg x {1,...,d}, where k is the height and « is the color. We denote Aut A

the group of permutations of columns respecting column types.

We use the notation Nj o(A) for the number of columns of type (k,«), hence

d
N=3 Y NeaWk,  [AutA = T] Nea(WL
k>1 a=1 k>1
l<a<d

Definition 11.2 Let ‘é_((]?l,)l be the set of d-colored Young diagrams A such that
(N =n and Al < (29 -2+ n)r, (130)

and 9 ) the set of such d-colored Young diagrams together with the choice of a column type — remem-
bered by a label “17.

We denote s : H(d) (d) the map which forgets the label “1”. We have an injective linear map

S+ CUW] —  Cin)
A — ers—l(x)/\v

that is, each Young diagram is mapped to the sum (linear combination with unit coefficients) of the
same Young diagrams differing only by placing the label “1” on all types of columns present in this

diagram. We now define two unary operations on diagrams from ‘é ) which results in two linear maps

Ap : C[YD] — 9D 1, CY'Y ] — Y],

g,n+1 g-1,n+1

and a binary operation on ordered pairs of colored Young diagrams, which results in the bilinear map

Ag) [%(d)

gi,n1

] . (C[lé(d)

q1+q2,n1+n2—1]'

]®(C[9(d)

g2,n2

The data for our recursion will be either finite or semi-infinite complex tensors B = (B((,];1 Z;)) (ks as))
and C = (C((:;;‘;)) (ks O[3)), where (k;, ;) € Nygx{1,...,d} characterize the possible column types. We

assume in the semi-infinite case that the entries of B vanish whenever k; + k2 > ks + r, and the entries
of C' vanish whenever ki > ko + k3 + r. This guarantees that all sums appearing below are finite. The

bound (130) on the number of boxes of our Young diagrams are tailored to this property of B and C.

11.2 The operations

The first unary operation Ag : C[ gd)l] - (C[g(d) ] is defined by the following rule. It is a sum over

g,n+1
ag € {1,...,d} followed by a sum over all possible column types in A of color as. The terms of this
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sum are obtained by replacing a column of the selected type with two new columns of colors a1 and

a2 ag

O @2
AB(D]kg) d a oBtx
H - ¥ > B N (V) klilﬁ EI 2 (131)
. klkYk%ch aq,as=1
1 +ko<kg+r

In this operation, we place a label “1” on the column type (k1,a1) in the resulting Young diagram.

For the second unary operation Ac : C[Y4-1n+1] = (C[ggm], we proceed analogously, except
now we sum over ordered pairs ((ka,as), (ks,a3)) of column types in A\. The terms are obtained by

replacing the ordered pair of column of each type

@1

ag ag

DElk% d (k ) h
k g 1 e
AC( 2¢F'_n':' ) = > > 3 Cliaa), (kg a0)D ; (132)

1<ki<ko+ks+r ar=1

OO0
- ——

with a new column of color «;.

The binary operation Ag) : ClY1.n1] ¥ C[Ygs.nz] = C[Ygy+gs.m14m2-1] is obtained in a similar way
to Ag, but fusing the two Young diagrams. More precisely, Ag)()\,)\') is the sum over all column
types (ka,a2) in X and column types (ks,as) in A, of the following contribution. We erase one column
of the selected type in A and X', fuse the two Young diagrams, and insert a column of type (k1,a;)

with a label “1” and a weight
1 v(k10n)
2 (k2,a2),(ks,3)"

These terms are then summed over (ki,a1) € Nyg x {1,...,d} such that k1 < ko + ks + r to give
AP (N,

11.3 Evaluation and relation to quantum Airy structures

Let 89 be the C-algebra of symmetric functions in infinite number of variables z, ;, ¢ € Nyo and
a€{l,...,d}. The power sums py o = 20 x’;l give a linear basis for (¥, If \ is a Young diagram

with a d-coloring we denote

Nia(
Pyi= ]] Pra o

k>1
1<a<d

We define the linear evaluation map

ev i ClYR] — 8@
A —  JAut AT Py

The map ev is obviously injective. Let k1, 1| k¢, ay be the Young diagram with columns of height &;
and color ;. We remark that $(® is isomorphic — via Taylor expansions — to the algebra of polynomial

functions on

V= 2CY[2]] = k@l C.k,a. (133)
>
l<a<d

Proposition 11.1 Assume that (A, B,C, D) defines a quantum Airy structure on V given by (133),

and assume that AE:;Z;; (ks.as) = 0 whenever ki + ko + k3 > 7, and D) yanishes whenever k > r.
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Then there exists unique 4, € C[Yy ] indexed by g >0 and n > 1 satisfying 2g —2+n >0, such that

ki1,
Qoz = o Z)S Agk;a;;)(k&%) ki, anlks, colks, s, (134)
Qi )G
My = ZD(k’a) k,a, (135)
k,a
and for 2g+n >0
2

S(Qgn) = AB(Qn1) + Ac(@p1me) + Y AL (Qyin0s Qg na)- (136)

gitgz=g

nit+na=n

Moreover the coefficients of the partition function of the quantum Airy structure are Fy,, = ev(Qg.r).

Vice versa, if the dynamics of Young diagrams is governed by relations (131), (132) endowed with
the initial conditions (134) and (135) and we require the result of this action to have the form S(Qg4 )
for some Qg , € C[Y, ] for all g and n, i.e., this result must belong to the image of the mapping S
for all g and n, then the partition function of these correlation functions exists and is annihilated by
the L; given by (1).

Let us comment on this formalism. The operations Ag, A¢ and A(C2 ) introduce some asymmetry
in the treatment of the column types, tracked by the label “1”. The linear map S discards this label
by summing over all underlying colored Young diagrams. For given (A, B,C, D), we would like to
define a dynamic on (colored) Young diagrams by the formulae (134)-(136) — note that B and C
enter in the definition of Ag, A¢ and Ag). However, at each step the right-hand side of (136) is an
expression in terms of Young diagrams with a label “1”. As S is an injection, there is at most one
expression in colored Young diagrams €, satisfying (136). Such a Qg does exists if and only if
the right-hand side of (136) produces a function on labeled colored Young diagrams which lies in the
image of the linear map S — i.e. it gives a symmetric function on V' when evaluated. This is true
only if the quadruple (A, B,C, D) satisfies some conditions. The first part of Proposition 2.4 shows
that a sufficient condition for the right-hand side to be in the image of S is that (A, B,C, D) defines
a quantum Airy structure. In this case, (134)-(136) just mimicks, at the level of functions on Young
diagrams, the recursive computation of the partition function of the quantum Airy structure. The
proof is straightforward and thus omitted. Let us prove the inverse statement of Proposition 11.1.

Proof. For simplicity, we replace the multi-index (k,«) merely by k. The consideration below is
general and does not depend on details of the model. It is also insensitive to whether we are in a finite

or infinite-dimensional situation.

We first identify the coefficients of F, , with the Taylor coeflicients at & = 0 of a function S, (&)

oS,
O, Oz O, |¢, 2o

It is convenient to interpret €2, ,, as symmetric differentials

Fyn(ky, ... ky)

Qgn = Z Fq,n(kla ooy k) dég, - dé, -

{k}
We introduce an auxiliary object
— a"s
Q:= h2o-2n ———d¢, - dég,
29—;7»0 {k%%b:l agkl 3§kn !
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where we do not impose the constraint £ = 0. We segregate the term proportional to d§sd€, --d&x,
without a priori symmetrization with respect to the index s. The condition that the right-hand side
is actually fully symmetric with respect to permutations of all indices including s implies that it must

be of the form
Q ez 0TS e gy, e
dQ — h { n R - A s kytt K s
Zs: 2972z+:n>0 {ki}?, 8558&61"'85]6”

which is fully symmetric by construction.

In the right-hand side we have several terms. Let us segregate the coeflicients of dé;dé¢, - d¢y,, -

Our strategy is to push the whole collection of partial derivatives outside the action of

o
Oy 08k,
the other operators. At the end of the calculations we set all & = 0, thus obtaining the original TR

relations.

(1) In the term corresponding to Cy » we remove two differentials d§; and d¢, and replace them by

d¢s. The corresponding term proportional to d€sd&, ---d€,, reads

oy o s, o oS, 92 oS,
op gﬁgﬂ}aﬁq Ok, Ok, O&p Oy, 08y | OEOEp Ok, 08k,

TuJ={1,..., n

_ 9" [ s Z 054, 954, L C* 6259—1]'
8&61'"8&% op g1+g2=9g 85(1 8517 q,Paé-qaé-p

altd

(2) In the term corresponding to Bj, we erase d§, and add d¢; and d§, and multiply the result
by N,—the number of times the index ¢ appears in the set {k1,...,k,}. For the action of this

operation not to vanish, the index g has to be found at least once in the set ki,...,k,, say,
amls,

Oy 08k, Ok,

of the corresponding term. In order to collect the set of partial derivatives with respect to all

q = k, and the corresponding coefficient is . Here, the hat denotes the omission

&k, 1=1,...,n we use the following trick. We write
ons a" oS omtts
N 7 = —9] +N — 7 137
. 0EpOk, -0k, 0, Ok, O8k, [gka 9&p o OEpO&, -0k, (187)

where Ny, = Ny is exactly the proper coeflicient appearing in the TR relations (131). The second
term in the right-hand side of (137) vanishes, when we impose the condition §; = 0 at the end of

calculations. The remaining term reads

on . . 08,
8&@1"'85]@” [Z B%;ng 85;0 :| . (138)

q,p

(3) The last two terms describe the lowest order terms of TR, not determined by recursion formulae,

namely Fy 3 and F; ;. For the first term, we just use that

Sy . P
008,08, " 0E 0

and for the second we get that

881 8S1
—— =D;+0O(&;) where Dy = — .
2. (&) 9. | o

9350

[gqu] +0(&;), where Az)p = m

£i=0

Combining all terms together, we obtain the following statement.
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The coefficient of h29*"~2d¢,d&y, - &, in the TR relations is given by the following expression

" aS aS 05,4, 0S 9?8,
o€ 86 [h_lag_ZBgapgqa—g_Z ;P( Z agl (9924_ 91)
kit gkn 55 5;0 g1+g2=9g §q 510 6&1 agp

q,p q,p

- 0. (139)
£i=0

_62g+n,3(z A;pgqu + Ds)]

q9,p

Because relation (139) holds for all sets of external partial derivatives and the expression

om
08y 08k,
in square brackets depends neither on n nor on the set {k;}}, whereas the quantities S, are defined
to be formal power series in ;, we conclude that this expression is identically zero for all &; in an open
neighborhood of the set of initial values & = 0. Thus the set of TR relations is equivalent to the set

of (A, B,C, D)-differential constraints Ly imposed on the partition function Z. O

This proposition applies in particular to the quantum Airy structure of Proposition 8.13 and 8.14,
and a fortiori to the one underlying the topological recursion of [24] according to Proposition 9.2 and

its new, branched cover-free version Proposition 10.2.

12 A list of problems

By way of conclusion, we collect a few problems opened throughout the article — a disjoint list of
problems was put forward in [36].

Problem 12.1 Complete the classification of finite-dimensional quantum Airy structures based on

semi-simple Lie algebras.

This is likely to be a case study of the candidate modules listed in Proposition 6.9. One may wonder
in particular whether slo(C) is the only simple Lie algebra supporting a quantum Airy structure, and

if not, if the resulting classification has a geometric meaning.

Problem 12.2 What is the field theoretic meaning of the quantum Airy structure/partition function

attached to a non-commutative Frobenius manifold?

In the commutative case, we have found that the partition function computes the 2d TQFT ampli-
tudes (Lemma 8.6). It is desirable to have a similar interpretation, maybe involving open-closed 2d
TQFTs [37, 39] — these are indeed in correspondence with pairs of commutative and non-commutative
Frobenius algebras together with some morphisms between them [3]. Independently, one may wonder

if the amplitudes of open-closed 2d TQFTs can be computed from quantum Airy structures.

We gave in Section 4 the basic definitions of moduli spaces of classical and quantum Airy structures.
The geometry of these spaces is worth studying. In particular, the translations define commuting flows
(although maybe not independent) on them. In this direction, one may wonder if those spaces carry

integrable systems.

Problem 12.3 Study the algebraic geometry of the moduli spaces of classical and quantum Airy struc-
tures.

The Lagrangian cones studied by Givental and Coates are quadratic Lagrangians in a symplectic

space T*V[[z]], therefore seem to be close to the setting for classical Airy structures. For those cones

(0]



related to semi-simple Frobenius manifolds, one could use the action of the twisted loop group to
bring such Lagrangians in the form of a standard Lagrangian cone which is known to describe an Airy
structure (whose partition function is a product of the matrix Airy function of [34]), and therefore

the original cone does correspond to a classical Airy structure. This is however rather indirect.

Problem 12.4 Can one associate directly to Givental’s Lagrangian cones a classical Airy structure
(or some generalization, e.g. dropping the assumption that the differential operators are at most

quadratic), without the semi-simplicity assumption?

Problem 12.5 Given a quantum Airy structure on V, when does So defines the structure of a (germ
of a) Frobenius manifolds at 0 on Vo ? Or, more generally, if V is infinite-dimensional and contains
a distinguished finite-dimensional subspace Vi, when does the restriction of Sy to Vi defines a (germ

of a) Frobenius manifolds at 0 on Vy?

We have checked that the Sy of the quantum Airy structure of Proposition 8.2 on V' = a Frobenius
algebra, does define the prepotential of a germ of a Frobenius manifold at 0 in V. We also know that
this is true for the quantum Airy structure corresponding (see Section 9.1) to TR for compact spectral
curves. In this case Sy is the prepotential of the Hurwitz space equipped with its usual Frobenius
structure [16, ?]. It would be interesting to know whether this is still true for the loop space examples

of Section 8.4 especially when A is non semi-simple.

The setting of quantum Airy structure is very much restricted to the case of a symplectic space
isomorphic to T*V. Yet, some works indicate that TR should be related to quantization of moduli

spaces, which are curved Kéhler manifolds.

Problem 12.6 Can one construct interesting families of quantum Airy structure from (curved) sym-

plectic manifolds, or from Kdhler manifolds?
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A Asymptotics of special functions

A.1 Cardinality of T,

In Proposition 5.3, the partition function for quantum Airy structures with A = B = 0 was computed

as a sum over the set T, of rooted trivalent trees with g leaves. Let

1
Ng = Z

res, [AutT|

Applying Proposition 5.3 results in the one-dimensional quantum Airy structure
L=ho, - 202 -
yields Z = exp ( Yol hg_lNg). The differential equation L-Z =0 is easy to solve
Z = exp(%(l - M))

We deduce
_ (29)!
TRV TR

A.2 The Bairy function

The full asymptotic expansion for the Bairy function is known in closed form

2,3 m 1 5
e3%? _sm 6T (m+ ) L'(m+ 2)
= Z amz 2 |, Q= 6 67

27m/!

The first few values are ag = 1, o = %, g = 21, 33865, 3 = % 83?25,

there is no closed formula for the asymptotic expansion of InBi(z), which are more directly related

etc. However, to our knowledge

to the value of F ,,. We know it is of the form

2 nz nm
InBi(z) = %2—T—T Z 60 89
g>1

where (84)g>1 is the integer sequence defined by the initial data £ = 0, S2 = 5 and the recurrence

relation

g-2
ﬂg = 6(9 - 1)[3_1171 + Z ﬂhﬂgfh
h=2

which can easily be obtained from the Airy differential equation. The first values are

7



By
5
60

1105

27120

828250

30220800

1282031525

61999046400
3366961243750
202903221120000
13437880555850250
970217083619328000
75849500508999712500
6383483988812390400000

0 3 O Ut = W Ne

== == O
=~ W NN = O

[
ot

A.3 The Whittaker function

The partition function for the general Airy structure in dimension 1 (Equation 92) has as Taylor

coefficients
Foz = 0a
Foua = 3040B

Fos = 304(040c +460%)
Fos = 15040p(3040c +40%)
For = 4504(0%60% +12040%00 + 860%)

Fi, = D
1o = %9A90+93D

Fiz = 2040p0c+040cD +205D

Fig = 305302+ Z040%0c + 1204050 D + 605D
Fis = 050507 + 90502 D + 840 46%,0¢ + 240%,D
Fy = 9c(i9A90+%93D+%D2)

Fop = 3040p0c +040cD+ 305D + 305D

Fos = 20502+ 32040500 + 204050cD + 3040 D* + 605D + 603 D*
F31 = (0p+D)03(3040c + 205D +1D?)
Fyp = 04(20%0% + £0405C +804050cD +2040cD” + 203D + 203D + 1005 D°)

They are enumerating the trivalent graphs appearing when unfolding the topological recursion formula
(6). For low values of (g,n) this can be directly checked in Figure 2.

B Vanishing results for quantum Airy structures on loop spaces

Let A be a Frobenius manifold. We consider the quantum Airy structure on A[[z]] = A® C[[z]] given
by Proposition 8.10. The label o will index a basis of A, and 7 > 0 the natural basis of C[[2]].

Lemma B.1 Assume 0(2) = t,,2" + O(2™*Y) with t,, # 0 for some ro > —1.
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o Ifrg=-1, the partition function is Z =1, i.e. all F,, vanish.

e Ifrqg >0, for any g,n such that 2g -2 +n >0, we have Fgm((il,al), R (in,an)) =0 whenever
S 1 tm >29—2+719(2-n).

Now we consider the Zy-symmetric version of a quantum Airy structure on A[[2?]] given by
Proposition 8.12. Here the label i > 0 indexes the natural basis of C[[2?]].

Lemma B.2 Assume 0(z) = t,,22%0 + O(22(50*D) with t,, # 0 for some so > —1.

o [fsyg=-1, for any g,n such that 29 —2+n >0, we have ngn((il,al), ey (in,an)) = 0 whenever
S 1im >39-3+n.

o If 5920, for any g,n such that 2g —2 +n >0, we have Fgﬁn((il,al), ey (in,ozn)) = 0 whenever
S 1im>g—1+s0(2-n).

Proof of Proposition B.1. We give the proof in detail for A = C, as the argument and the result
are similar for general Frobenius algebras. We also remark that the conjugation by exp (%ua,baaab)

preserves the vanishing property, so it is sufficient to prove it when

kE+1
&= m

The corresponding quantum Airy structure has A =0 and

2k +1

: = —— O jur y 140
ok T;O 2141 TR (140)
. % +1)(2j +1

gk = T;O %trazﬁrr,j+k+2 : (141)

So, B;.yk =0 unless i +j +7r9 <k and C;,k =0 unless i + 79 < j +k+ 2. We also know from Section 8.3
that D* = 0 unless k < rg.

The fact that A = 0 already guarantees that Fy,, = 0 for all n. If ry = -1, we furthermore have
D =0. Since A and D are initial data for the recursion formula (6), it therefore can only produce
Fyn =0 for all (g,n).

We now assume 7y > 0, and examine the conditions under which Fy ,, for 2g—2+n > 0 are possibly
non-zero. We already know that Fy 3(7,7,k) = Azk =0, and that F 1(i) = D® vanishes unless i < ro.
We have

Fl,2(ivj) = B;,aDa ;
and it will vanish unless the two conditions ¢+ j+ 7 < @ and a < ry are satisfied. This imposes ¢+ 5 <0,

hence i = j = 0. We also have
Fy1(i) = 3C2 (Fi2(a,b) + D*DY).

The first term vanishes unless the two conditions i + 19 < a + b+ 2 and a = b = 0 are satisfied, hence
unless i < 2 —rg. The second term vanishes unless the three conditions i + rg < a+b+2, a < rg and
b < rg are satisfied, hence unless i < rg+2. As rg > 0, we deduce that F; 1 (¢) vanishes unless i < rg + 2.
These three cases (g,n) € {(1,1),(1,2),(2,1)} are sharply compatible with a linear bound

Z Z1n < dg,n =an+ Bg +7, ﬁXing (047677) = (_T07 272T0 - 2)

m=1
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Note that this bound also holds for g = 0 and all n > 3, as then d, , <0. Now that we have guessed a
candidate for dg ,,, let us prove by induction on 2g -2 +n > 0 that indeed

Yim>dgn = Fyn(ir,...,in)=0.

m=1

We already know it is true for xy = 2g —2 +mn < 2. Assume it is true for all (¢’,n’) such that
0<2¢g"-2+n'<xo, and pick (g,n) such that xo = 2g — 2 + n. The recursion gives

n

Fyn(it,..vin) = 2 B Fyn1(ayiz, ... im,. .. in) (142)
m=2
v 'R b.i i F Y 2 b
+2 a,b g—l,n+1(a7 7227'-'72m)+ Z g”,n’(au ) g”,n”(u ) .
g'+9"=g

n/+n/'=n+1
We have not written the details of the sum, but the only thing to know is that in each term, all
indices (% )),-o appear once. Denote [I]= Y7 _; . Using the induction hypothesis — which is valid
for all terms in the right-hand side of (142) — and the vanishing rules for B and C, we find that

Fyn(i1,...,1,) vanish unless one of the following three conditions is satisfied
o [I1<dymn1—10=dgn,
o [I]<dgine1+2-10=dgn,
o [I1<dy p+dgnpr+2—10=dgp.

This proves the claim by induction. We also see that, as the bound was sharp for the three basic
cases, it remains sharp throughout the induction.

Proof of Proposition B.2. As before we can restrict to the case A = C and

(2k+1)
&k = S2k+2 dz,
which correspond to

: 3 L s t
1 = o 1 Oi+j+k+s+1,0ls
g,k = 2%+ 1 +j+k+s+1,0
- 2k +1

B, = ———0itjis kts
gk S;O 2+ 1 ek
- (2k+1)(25+1)
: = — T 0iisq ts.
i,k S;Q 2%+ 1 +s,j+k+1

So, B;yk:Ounlessi-rj-rsosk, andC';ﬁk:Ounlessi+50§j+k+1.

For sg = -1, we have Fy 3(i,7,k) = A;k =0 unless i = j = k = 0, and we have D = 0 unless i > 2.
We compute

Fi(i,j) = B ,D* + 3Ci A | (143)

The first term vanishes unless ¢+ j -1 <a and a < 1, that is unless ¢ + j < 2. The second term vanishes
unless i-1<a+b+1and j =a=>=0, that is unless i+ j < 2. Hence, F} 2(7,j) vanishes unless i +j < 2.
The three cases (g,n) € {(0,3),(1,1),(1,2)} are sharply compatible with a linear bound

Z zm Sdg,n 2047’L+Bg+’7, ﬁXing (04,5,7) = (1737_3)' (144)

m=1

80



An induction similar to the proof of Lemma B.1 proves (144) for any (g,n) such that 2g —2+n > 0.

Now consider the case sop > 0. We then have A =0, hence Fy , = 0 for all n. From Section 8.3 we

already know that Fy 1(i) = D vanishes unless i < sop. We compute
Fi5(i,5) = B} ,D*,
and it vanishes unless ¢ + j + sop < a and a < so, hence unless 7 + 7 < 0. We also compute
Fy1(i) = 3C% (Fi2(a,b) + D*DP).

The first term vanishes unless the two conditions i + so < a+b+ 1 and a + b < 0 are satisfied, hence
unless 7 < 1-sg. The second term vanishes unless the three conditions i +sg <a+b+1 and a < sg and
b < so are satisfied, hence unless i < so+1. As sg > 0, we deduce that F (i) vanishes unless i < sg + 1.
The three cases (g,n) € {(1,1),(1,2),(2,1)} are compatible with the linear bound

Z im <dgn=an+ g+, fixing (o, 8,7) = (=s0,1,250 - 1). (145)
m=1
Again, an induction similar to the proof of Lemma B.1 proves (145) for any (g, n) such that 2g-2+n > 0.
O
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