TWISTED CONJUGACY SEPARABLE GROUPS

ALEXANDER FEL’SHTYN AND EVGENIJ TROITSKY

Abstract. We define the notion of twisted conjugacy separability and study some its properties. We show that polycyclic-by-finite groups are twisted conjugacy separable. It is proved for twisted conjugacy separable groups that the Reidemeister number of an automorphism ϕ is equal to the number of finite-dimensional fixed points of ^ϕ on the unitary dual, if one of these numbers is finite. This theorem is a natural generalization to infinite groups of the classical Burnside-Frobenius theorem. This statement is not true for some groups with extreme properties.

Contents

1. Introduction 1 2. Preliminary considerations 3 3. Twisted conjugacy separability 4 4. First examples: polycyclic-by-finite groups 6 5. Twisted conjugacy separability and extensions 6 6. Twisted conjugacy separability and twisted Burnside-Frobenius theorem 6 7. Examples and counterexamples 8 References 9

1. Introduction

Definition 1.1. Let G be a countable discrete group and ϕ : G → G an endomorphism. Two elements x, x^′ ∈ G are said to be ϕ-conjugate or twisted conjugate, iff there exists g ∈ G with x^′ = gxϕ(g^{−1}). We shall write {x}_ϕ for the ϕ-conjugacy or twisted conjugacy class of the element x ∈ G. The number of ϕ-conjugacy classes is called the Reidemeister number of an endomorphism ϕ and is denoted by R(ϕ). If ϕ is the identity map then the ϕ-conjugacy classes are the usual conjugacy classes in the group G.

If G is a finite group, then the classical Burnside-Frobenius theorem (see e.g. [31], [23, p. 140]) says that the number of classes of irreducible representations is equal to the number of conjugacy classes of elements of G. Let ^G be the unitary dual of G, i.e. the set of equivalence classes of unitary irreducible representations of G.

2000 Mathematics Subject Classification. 20C; 20E45; 22D10; 22D25; 37C25; 43A30; 47H10; 54H25; 55M20.

Key words and phrases. Reidemeister number, twisted conjugacy classes, Burnside-Frobenius theorem, solvable group, polycyclic-by-finite group, conjugacy separable group, Osin group.

The second author is partially supported by RFFI Grant 05-01-00923 and Grant “Universities of Russia”. 1

If ϕ : G → G is an automorphism, it induces a map ^ϕ : ^G → ^G, ^ϕ(ρ) = ρ∘ϕ. Therefore, by the Burnside-Frobenius theorem, if ϕ is the identity automorphism of any finite group G, then we have R(ϕ) = # Fix(^ϕ).

In [6] it was discovered that this statement remains true for any automorphism ϕ of any finite group G. Indeed, consider an automorphism ϕ of a finite group G. Then R(ϕ) is equal to the dimension of the space of twisted invariant functions on this group. Hence, by Peter-Weyl theorem (which asserts the existence of a two-side equivariant isomorphism C^∗(G) ∼= � ρ∈ bG End(Hρ)), R(ϕ) is identified with the sum of dimensions dρ of twisted

invariant elements of End(H_ρ), where ρ runs over ^G, and the space of representation ρ is denoted by H_ρ. By Schur lemma, d_ρ = 1, if ρ is a fixed point of ^ϕ, and is zero otherwise. Hence, R(ϕ) coincides with the number of fixed points of ^ϕ.

The attempts to generalize this theorem to the case of non-identical automorphism and of non-finite group were inspired by the dynamical questions and were the subject of a series of papers [6, 7, 5, 10, 11, 8, 9].

In the present paper we study the following property for a countable discrete group G and its automorphism ϕ: we say that the group is ϕ-conjugacy separable if its Reidemeister classes can be distinguished by homomorphisms onto finite groups, and we say that it is twisted conjugacy separable if it is ϕ-conjugacy separable for any automorphism ϕ with R(ϕ) < ∞ (Definitions 3.2 and 3.5). Related questions were studied in [2], [25].

After some preliminary considerations we prove the main results of the paper, namely

(1) Classes of twisted conjugacy separable groups: Polycyclic-by-finite groups are twisted conjugacy separable groups (Theorem 4.2).

(2) Twisted conjugacy separability respects some extensions: Suppose, there is an extension H → G → G/H, where the group H is a characteristic twisted conjugacy separable group; G/H is finitely generated FC-group (i.e., a group with finite conjugacy classes). Then G is a twisted conjugacy separable group (a reformulation of Theorem 5.1).

(3) Twisted Burnside-Frobenius theorem for twisted conjugacy separable groups: Let G be a twisted conjugacy separable group and ϕ its automorphism. Denote by ^G_f the subset of the unitary dual ^G related to finite-dimensional representations and by S_f (ϕ) the number of fixed points of ^ϕ_f on ^G_f . Then R(ϕ) = S_f (ϕ), if one of them is finite (Theorem 6.2).

(4) Counterexamples to this formulation of Twisted Burnside-Frobenius theorem: HNN, Ivanov and Osin groups (Section 7).

A number of examples of groups and automorphisms with finite Reidemeister numbers was obtained and studied in [5, 14, 12, 11, 8].

Using the same argument as in [10] one obtains from the twisted Burnside-Frobenius theorem the following dynamical and number-theoretical consequence which, together with the twisted Burnside-Frobenius theorem itself, is very important for the realization problem of Reidemeister numbers in topological dynamics and the study of the Reidemeister zeta-function.

Let μ(d), d ∈ N, be the Möbius function, i.e.

μ(d) = � � � 1 if d = 1, (−1)^k if d is a product of k distinct primes, 0 if d is not square − free.

Congruences for Reidemeister numbers: Let ϕ : G → G be an automorphism of a countable discrete RP-group G such that all numbers R(ϕ^n) are finite. Then one has for all n, � d|n μ(d) · R(ϕ^{n/d}) ≡ 0 mod n.

These theorems were proved previously in a number of special cases in [6, 7, 10, 11, 8]. We would like to emphasize the following important remarks.

In the original formulation by Fel’shtyn and Hill [6] the conjecture about twisted Burnside-Frobenius theorem asserts an equality of R(ϕ) and the number of fixed points of ^ϕ on ^G. This conjecture was proved in [6, 10] for f.g. type I groups.

As it follows from a key example, which we have studied with A. Vershik in [11], an RP-group can have infinite dimensional ”supplementary” fixed representations. More precisely we discuss in that paper the case of a semi-direct product of the action of Z on Z ⊕ Z by a hyperbolic automorphism with finite Reidemeister number (four to be precise) and the number of fixed points of ^ϕ on ^G equal or greater than five, while the number of fixed points on ^G_f is four.

This gives a counterexample to the conjecture in its original formulation and leads to the formulation using only fixed points in ^G_f . The new conjecture is proved in the present paper for a wide class of f.g. groups.

The origin of the phenomenon of an extra fixed point lies in bad separation properties of ^G for general discrete groups. A more deep study leads to the following general theorem.

Weak twisted Burnside theorem [34]:The number R_∗(ϕ) of Reidemeister classes related to twisted invariant functions on G from the Fourier-Stieltjes algebra B(G) is equal to the number S_∗(ϕ) of generalized fixed points of ^ϕ on the Glimm spectrum of G, i. e. on the complete regularization of ^G, if one of R_∗(ϕ) and S_∗(ϕ) is finite.

The interest in twisted conjugacy relations has its origins, in particular, in the Nielsen- Reidemeister fixed point theory (see, e.g. [21, 5]), in Selberg theory (see, eg. [33, 1]), and Algebraic Geometry (see, e.g. [17]). The congruences give some necessary conditions for the realization problem for Reidemeister numbers in topological dynamics.

Acknowledgement. The present research is a part of our joint research programm in Max-Planck-Institut für Mathematik (MPI) in Bonn. We would like to thank the MPI for its kind support and hospitality while the most part of this work has been completed.

The authors are grateful to F. Grunewald, S. Ivanov, D. Osin, V. Remeslennikov M. Sapir, and A. Shtern for helpful discussions.

2. Preliminary considerations

The following construction relates ϕ-conjugacy classes and some conjugacy classes of another group. It was obtained in topological context by Boju Jiang and Laixiang Sun in [22]. Consider the action of Z on G, i.e. a homomorphism Z → Aut(G), n → ϕ^n. Let Γ be a corresponding semi-direct product Γ = G ⋊ Z:

(1) Γ :=< G, t | tgt^{−1} = ϕ(g) >

in terms of generators and relations, where t is a generator of Z. The group G is a normal subgroup of Γ. As a set, Γ has the form

(2) Γ = ⊔_{n∈Z}G · t^n,

where G · t^n is the coset by G containing t^n.

Remark 2.1. Any usual conjugacy class of Γ is contained in some G · t^n. Indeed, gg^′t^ng^{−1} = gg^′ϕ^n(g^{−1})t^n and tg^′t^nt^{−1} = ϕ(g^′)t^n.

Lemma 2.2. Two elements x, y of G are ϕ-conjugate iff xt and yt are conjugate in the usual sense in Γ. Therefore g → g · t is a bijection from the set of ϕ-conjugacy classes of G onto the set of conjugacy classes of Γ contained in G · t.

Proof. If x and y are ϕ-conjugate then there is a g ∈ G such that gx = yϕ(g). This implies gx = ytgt^{−1} and therefore g(xt) = (yt)g so xt and yt are conjugate in the usual sense in Γ. Conversely, suppose xt and yt are conjugate in Γ. Then there is a gt^n ∈ Γ with gt^nxt = ytgt^n. From the relation txt^{−1} = ϕ(x) we obtain gϕ^n(x)t^{n+1} = yϕ(g)t^{n+1} and therefore gϕ^n(x) = yϕ(g). Hence, y and ϕ^n(x) are ϕ-conjugate. Thus, y and x are ϕ-conjugate, because x and ϕ(x) are always ϕ-conjugate: ϕ(x) = x^{−1}xϕ(x). □

3. Twisted conjugacy separability

We would like to give a generalization of the following well known notion.

Definition 3.1. A group G is conjugacy separable if any pair g, h of non-conjugate elements of G are non-conjugate in some finite quotient of G.

It was proved that polycyclic-by-finite groups are conjugacy separated ([28, 13], see also [30, Ch. 4]). Also, residually finite recursively presented Burnside p-groups constructed by R. I. Grigorchuk [16] and by N. Gupta and S. Sidki [18] are shown to be conjugacy separable when p is an odd prime in [35].

We can introduce the following notion, which coincides with the previous definition in the case ϕ = Id.

Definition 3.2. A group G is ϕ-conjugacy separable with respect to an automorphism ϕ : G → G if any pair g, h of non-ϕ-conjugate elements of G are non-ϕ-conjugate in some finite quotient of G respecting ϕ.

This notion is closely related to the notion RP(ϕ) introduced in [9].

Definition 3.3. We say that a group G has the property RP if for any automorphism ϕ with R(ϕ) < ∞ the characteristic functions f of Reidemeister classes (hence all ϕ-central functions) are periodic in the following sense.

There exists a finite group K, its automorphism ϕ_K , and epimorphism F : G → K such that

(1) The diagram G^ϕ � F � G F � K^{ϕK} � K commutes.

(2) f = F^∗f_K , where f_K is a characteristic function of a subset of K. If this property holds for a concrete automorphism ϕ, we will denote this by RP(ϕ). One gets immediately the following statement.

Theorem 3.4. Suppose, R(ϕ) < ∞. Then G is ϕ-conjugacy separable if and only if G is RP(ϕ).

Proof. Indeed, let F_{ij} : G → K_{ij} distinguish ith and jth ϕ-conjugacy classes, where K_{ij} are finite groups, i, j = 1, . . . , R(ϕ). Let F : G → ⊕_{i,j}K_{ij} , F (g) = � i,j F_{ij}(g), be the diagonal mapping and K its image. Then F : G → K gives RP(ϕ).

The opposite implication is evident. □ Definition 3.5. A group G is twisted conjugacy separable if it is ϕ-conjugacy separable for any ϕ with R(ϕ) < ∞.

From Theorem 3.4 one immediately obtains Corollary 3.6. A group G is twisted conjugacy separable if and only if it is RP. Theorem 3.7. Let F : Γ → K be a morphism onto a finite group K which separates two conjugacy classes of Γ in G · t. Then the restriction F_G := F |_G : G → Im(F |_G) separates the corresponding (by the bijection from Lemma 2.2) ϕ-conjugacy classes in G. Proof. First of all let us remark that Ker(F_G) is ϕ-invariant. Indeed, suppose F_G(g) = F (g) = e. Then F_G(ϕ(g)) = F (ϕ(g)) = F (tgt^{−1}) = F (t)F (t)^{−1} = e (the kernel of F is a normal subgroup).

Let gt and ~gt be some representatives of the mentioned conjugacy classes. Then F ((ht^n)gt(ht^n)^{−1}) ≠ F (~gt), ∀h ∈ G, n ∈ Z, F (ht^ngt) ≠ F (~gtht^n), ∀h ∈ G, n ∈ Z, F (hϕ^n(g)t^{n+1}) ≠ F (~gϕ(h)t^{n+1}), ∀h ∈ G, n ∈ Z, F (hϕ^n(g)) ≠ F (~gϕ(h)), ∀h ∈ G, n ∈ Z, in particular, F (hgϕ(h^{−1})) ≠ F (~g) ∀h ∈ G. □ Theorem 3.8. Let some class of conjugacy separable groups be closed under taking semidirect products by Z. Then this class consists of twisted conjugacy separable groups. Proof. This follows immediately from Theorem 3.7 and Theorem 3.4. □

4. First examples: polycyclic-by-finite groups

As an application we obtain another proof of the main theorem for polycyclic-by-finite groups.

Let G^′ = [G, G] be the commutator subgroup or derived group of G, i.e. the subgroup generated by commutators. G^′ is invariant under any homomorphism, in particular it is normal. It is the smallest normal subgroup of G with an abelian factor group. Denoting G^{(0)} := G, G^{(1)} := G^′, G^{(n)} := (G^{(n−1)})^′, n ≥ 2, one obtains derived series of G:

(3) G = G^{(0)} ⊃ G^′ ⊃ G^{(2)} ⊃ · · · ⊃ G^{(n)} ⊃ . . .

If G^{(n)} = e for some n, i.e. the series (3) stabilizes by trivial group, the group G is solvable;

Definition 4.1. A solvable group with derived series with cyclic factors is called polycyclic group.

Theorem 4.2. Any polycyclic-by-finite group is a twisted conjugacy separable group.

Proof. The class of polycyclic-by-finite groups is closed under taking semidirect products by Z. Indeed, let G be an polycyclic-by-finite group. Then there exists a characteristic (polycyclic) subgroup P of finite index in G. Hence, P ⋊ Z is a polycyclic normal group of G ⋊ Z of the same finite index.

Polycyclic-by-finite groups are conjugacy separable ([28, 13], see also [30, Ch. 4]). It remains to apply Theorem 3.8. □

5. Twisted conjugacy separability and extensions

It is known that conjugacy separability does not respect extensions. In particular, in [15] an example of a group G which is not conjugacy separable, but contains a subgroup H of index 2 which is conjugacy separable, is given.

For twisted conjugacy separable groups the situation is much better under some finiteness conditions. More precisely one has the following statement.

Theorem 5.1. Suppose, there exists a commutative diagram

(4) 0 � H^i �

ϕ^′ � G^p � ϕ � G/H ϕ � � 0

0 � H^i � G^p � G/H � 0,

where H is a normal subgroup of a finitely generated group G. Suppose, R(ϕ) < ∞, G/H is a FC group, i.e., all conjugacy classes are finite, and H is a ϕ^′-conjugacy separable group. Then G is a ϕ-conjugacy separable group.

Proof. By Corollary 3.6 this follows from the corresponding statement for RP in [9]. □

6. Twisted conjugacy separability and twisted Burnside-Frobenius theorem

Definition 6.1. Denote by ^G_f the subset of the unitary dual ^G related to finite-dimen-sional representations. For an automorphism ϕ : G → G denote by S_f (ϕ) the number of fixed points of ^ϕ on ^G_f .

Theorem 6.2 (Twisted Burnside-Frobenius theorem for ϕ-conjugacy separable groups). Let G be a ϕ-conjugacy separable group. Then R(ϕ) = S_f (ϕ) if one of these numbers is finite.

Proof. The coefficients of finite-dimensional non-equivalent irreducible representations of G are linear independent by Frobenius-Schur theorem (see [3, (27.13)]). Moreover, the coefficients of non-equivalent unitary finite-dimensional irreducible representations are orthogonal to each other as functions on the universal compact group associated with the initial group [4, 16.1.3] by the Peter-Weyl theorem. Hence, their linear combinations are orthogonal to each other as well.

It is sufficient to verify the following three statements:

1) If R(ϕ) < ∞, than each ϕ-class function is a finite linear combination of twistedinvariant functionals being coefficients of points of Fix ^ϕ_f .

2) If ρ ∈ Fix ^ϕ_f , there exists one and only one (up to scaling) twisted invariant functional on ρ(C^∗(G)) (this is a finite full matrix algebra).

3) For different ρ the corresponding ϕ-class functions are linearly independent. This follows from the remark at the beginning of the proof.

Let us remark that the property RP implies in particular that ϕ-central functions (for ϕ with R(ϕ) < ∞) are functionals on C^∗(G), not only L^1(G), i.e. are in the Fourier-Stieltijes algebra B(G).

The statement 1) follows from the RP property. Indeed, this ϕ-class function f is a linear combination of functionals coming from some finite collection {ρ_i} of elements of ^G_f (these representations ρ_1, . . . , ρ_s are in fact representations of the form π_i ∘F , where π_i are irreducible representations of the finite group K and F : G → K, as in the definition of RP). So, f = s� i=1 f_i ∘ ρ_i, ρ_i : G → End(V_i), f_i : End(V_i) → C, ρ_i ≠ ρ_j , (i ≠ j).

For any g, ~g ∈ G one has s� i=1 f_i(ρ_i(~g)) = f(~g) = f(g~gϕ(g^{−1})) = s� i=1 f_i(ρ_i(g~gϕ(g^{−1}))).

By the observation at the beginning of the proof concerning linear independence,

f_i(ρ_i(~g)) = f_i(ρ_i(g~gϕ(g^{−1}))). i = 1, . . . , s,

i.e. f_i are twisted-invariant. For any ρ ∈ ^G_f , ρ : G → End(V ), any functional ω : End(V ) → C has the form a → Tr(ba) for some fixed b ∈ End(V ). Twisted invariance implies twisted invariance of b (evident details can be found in [10, Sect. 3]). Hence, b is intertwining between ρ and ρ ∘ ϕ and ρ ∈ Fix(^ϕ_f ). The uniqueness of intertwining operator (up to scaling) implies 2).

It remains to prove that R(ϕ) < ∞ if S_f (ϕ) < ∞. By the definition of a ϕ-conjugacy separable group the Reidemeister classes of ϕ can be separated by maps to finite groups. Hence, taking representations of these finite groups and applying the twisted Burnside- Frobenius theorem to these groups we obtain that for any pair of Reidemeister classes there exists a function being a coefficient of a finite-dimensional unitary representation, which distinguish these classes. Hence, if R(ϕ) = ∞, then there are infinitely many linear independent twisted invariant functions being coefficients of finite dimensional representations. But there are as many such functionals, as S_f (ϕ). □

7. Examples and counterexamples

Some of examples of groups, for which the twisted Burnside-Frobenius theorem in the above formulation is true, out of the class of polycyclic-by-finite groups were obtained by F. Indukaev [20]. Namely, it is proved that wreath products A ≀ Z are RP groups, where A is a finitely generated abelian group.

Now let us present some counterexamples to the twisted Burnside-Frobenius theorem in the above formulation for some discrete groups with extreme properties. Suppose, an infinite discrete group G has a finite number of conjugacy classes. Such examples can be found in [32] (HNN-group), [26, p. 471] (Ivanov group), and [27] (Osin group). Then evidently, the characteristic function of the unity element is not almost-periodic and the argument above is not valid. Moreover, let us show, that these groups give rise counterexamples to the above theorem.

Example 7.1. For the Osin group the Reidemeister number R(Id) = 2, while there is only trivial (1-dimensional) finite-dimensional representation. Indeed, Osin group is an infinite finitely generated group G with exactly two conjugacy classes. All nontrivial elements of this group G are conjugate. So, the group G is simple, i.e. G has no nontrivial normal subgroup. This implies that group G is not residually finite (by definition of residually finite group). Hence, it is not linear (by Mal’cev theorem [24], [29, 15.1.6]) and has no finite-dimensional irreducible unitary representations with trivial kernel. Hence, by simplicity of G, it has no finite-dimensional irreducible unitary representation with nontrivial kernel, except of the trivial one.

Let us remark that Osin group is non-amenable, contains the free group in two generators F_2, and has exponential growth.

Example 7.2. For large enough prime numbers p, the first examples of finitely generated infinite periodic groups with exactly p conjugacy classes were constructed by Ivanov as limits of hyperbolic groups (although hyperbolicity was not used explicitly) (see [26, Theorem 41.2]). Ivanov group G is infinite periodic 2-generator group, in contrast to the Osin group, which is torsion free. The Ivanov group G is also a simple group. The proof (kindly explained to us by M. Sapir) is the following. Denote by a and b the generators of G described in [26, Theorem 41.2]. In the proof of Theorem 41.2 on [26] it was shown that each of elements of G is conjugate in G to a power of generator a of order s. Let us consider any normal subgroup N of G. Suppose γ ∈ N. Then γ = ga^sg^{−1} for some g ∈ G and some s. Hence, a^s = g^{−1}γg ∈ N and from periodicity of a, it follows that also a ∈ N as well as a^k ∈ N for any k, because p is prime. Then any element h of G also belongs to N being of the form h = ~ha^k(~h)^{−1}, for some k, i.e., N = G. Thus, the group G is simple. The discussion can be completed in the same way as in the case of Osin group.

Example 7.3. In paper [19], Theorem III and its corollary, G. Higman, B. H. Neumann, and H. Neumann proved that any locally infinite countable group G can be embedded into a countable group G^∗ in which all elements except the unit element are conjugate to each other (see also [32]). The discussion above related Osin group remains valid for G^∗ groups.

Let us remark that polycyclic-by-finite group are residually finite (see e.g. [29, 5.4.17]) while the groups from these counterexamples are not residually finite, as it is clear by definition. That is why we would like to complete this section with the following question. Question. Suppose G is a residually finite group and ϕ is its endomorphism with finite R(ϕ). Does R(ϕ) equal S_f (ϕ)?

References

[1] J. Arthur and L. Clozel, Simple algebras, base change, and the advanced theory of the trace formula, Princeton University Press, Princeton, NJ, 1989. MR 90m:22041 [2] Valerij Bardakov, Leonid Bokut, and Andrei Vesnin, Twisted conjugacy in free groups and Makanin’s question, Southeast Asian Bull. Math. 29 (2005), no. 2, 209–226, (E-print arxiv:math.GR/0401349). MR MR2217530 [3] Charles W. Curtis and Irving Reiner, Representation theory of finite groups and associative algebras, Pure and Applied Mathematics, Vol. XI, Interscience Publishers, a division of John Wiley & Sons, New York-London, 1962. MR MR0144979 (26 #2519) [4] J. Dixmier, C*-algebras, North-Holland, Amsterdam, 1982.

[5] A. Fel’shtyn, Dynamical zeta functions, Nielsen theory and Reidemeister torsion, Mem. Amer. Math.

Soc. 147 (2000), no. 699, xii+146. MR 2001a:37031 [6] A. Fel’shtyn and R. Hill, The Reidemeister zeta function with applications to Nielsen theory and a connection with Reidemeister torsion, K-Theory 8 (1994), no. 4, 367–393. MR 95h:57025 [7] , Dynamical zeta functions, congruences in Nielsen theory and Reidemeister torsion, Nielsen theory and Reidemeister torsion (Warsaw, 1996), Polish Acad. Sci., Warsaw, 1999, pp. 77–116. MR 2001h:37047 [8] A. Fel’shtyn, F. Indukaev, and E. Troitsky, Twisted Burnside theorem for two-step torsion-free nilpotent groups, Preprint, Max-Planck-Institut für Mathematik, 2005.

[9] A. Fel’shtyn and E. Troitsky, Twisted Burnside theorem, Preprint 46, Max-Planck-Institut für Mathematik, 2005, math.GR/0606179.

[10] , A twisted Burnside theorem for countable groups and Reidemeister numbers, Noncommutative Geometry and Number Theory (C. Consani and M. Marcolli, eds.), Vieweg, Braunschweig, 2006, pp. 141–154 (Preprint MPIM2004–65, math.RT/0606155).

[11] A. Fel’shtyn, E. Troitsky, and A. Vershik, Twisted Burnside theorem for type II_1 groups: an example, Preprint 85, Max-Planck-Institut für Mathematik, 2004, (to appear in Math. Res. Lett., math.RT/0606161).

[12] Alexander Fel^′shtyn, Richard Hill, and Peter Wong, Reidemeister numbers of equivariant maps, Topology Appl. 67 (1995), no. 2, 119–131. MR MR1362078 (96j:58139) [13] E. Formanek, Conjugacy separability in polycyclic groups, J. Algebra 42 (1976), 1–10. [14] D. Gonçalves and P. Wong, Twisted conjugacy classes in exponential growth groups, Bull. London Math. Soc. 35 (2003), no. 2, 261–268. MR 2003j:20054 [15] A. V. Goryaga, Example of a finite extension of an FAC-group that is not an FAC-group, Sibirsk.

Mat. Zh. 27 (1986), no. 3, 203–205, 225. MR MR853899 (87m:20090) [16] R.I. Grigorchuk, On Burnside’s problem on periodic groups, Funct. Anal. Appl. 14 (1980), 41–43. [17] A. Grothendieck, Formules de Nielsen-Wecken et de Lefschetz en géométrie algébrique, Séminaire de Géométrie Algébrique du Bois-Marie 1965-66. SGA 5, Lecture Notes in Math., vol. 569, Springer- Verlag, Berlin, 1977, pp. 407–441.

[18] N. Gupta and S. Sidki, On the Burnside problem for periodic groups, Math. Z. 182 (1983), 385–388. [19] Graham Higman, B. H. Neumann, and Hanna Neumann, Embedding theorems for groups, J. London Math. Soc. 24 (1949), 247–254. MR MR0032641 (11,322d) [20] Fedor Indukaev, Twisted burnside theory for infinite groups: some examples, Master thesis, Moscow State University, May 2006.

[21] B. Jiang, Lectures on Nielsen fixed point theory, Contemp. Math., vol. 14, Amer. Math. Soc., Providence, RI, 1983.

[22] Bo ju Jiang, A characterization of fixed point classes, Fixed point theory and its applications (Berkeley, CA, 1986), Contemporary Math., no. 72, Amer. Math. Soc., 1988, pp. 157–160.

[23] A. A. Kirillov, Elements of the theory of representations, Springer-Verlag, Berlin Heidelberg New York, 1976.

[24] A. I. Mal’cev, On the faithful representations of infinite groups by matrices, Mat. Sb. (NS) 8(50) (1940), 405–422, (in Russian. English translation: Amer. Math. Soc. Transl. (2), 45 (1965), 1–18).

[25] Armando Martino, A proof that all Seifert 3-manifold groups and all virtual surface groups are conjugacy separable, E-print arxiv:math.GR/0505565, 2005.

[26] A. Yu. Ol^′shanskiĭ, Geometry of defining relations in groups, Mathematics and its Applications (Soviet Series), vol. 70, Kluwer Academic Publishers Group, Dordrecht, 1991, Translated from the 1989 Russian original by Yu. A. Bakhturin. MR MR1191619 (93g:20071) [27] D. Osin, Small cancellations over relatively hyperbolic groups and embedding theorems, Arxiv e-print math.GR/0411039, 2004.

[28] V. N. Remeslennikov, Conjugacy in polycyclic groups. (Russian), Algebra i Logika 8 (1969), 712–725. [29] Derek J. S. Robinson, A course in the theory of groups, second ed., Graduate Texts in Mathematics, vol. 80, Springer-Verlag, New York, 1996. MR MR1357169 (96f:20001) [30] Daniel Segal, Polycyclic groups, Cambridge Tracts in Mathematics, no. 82, Cambridge University Press, Cambridge, 1983.

[31] Jean-Pierre Serre, Linear representations of finite groups, Springer-Verlag, New York, 1977, Translated from the second French edition by Leonard L. Scott, Graduate Texts in Mathematics, Vol. 42. MR MR0450380 (56 #8675) [32] , Trees, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2003, Translated from the French original by John Stillwell, Corrected 2nd printing of the 1980 English translation. MR MR1954121 (2003m:20032) [33] Salahoddin Shokranian, The Selberg-Arthur trace formula, Lecture Notes in Mathematics, vol. 1503, Springer-Verlag, Berlin, 1992, Based on lectures by James Arthur. MR MR1176101 (93j:11029) [34] E. Troitsky, Noncommutative Riesz theorem and weak Burnside type theorem on twisted conjugacy, Funct. Anal. Pril. 40 (2006), no. 2, 44–54, In Russian, English translation: Funct. Anal. Appl. 40 (2006), No. 2, 117–125 (Preprint 86 (2004), Max-Planck-Institut für Mathematik, math.OA/0606191).

[35] J. S. Wilson and P. A. Zalesskii, Conjugacy separability of certain torsion groups, Arch. Math. (Basel) 68 (1997), no. 6, 441–449.

Instytut Matematyki, Uniwersytet Szczecinski, ul. Wielkopolska 15, 70-451 Szczecin, Poland and Department of Mathematics, Boise State University, 1910 University Drive, Boise, Idaho, 83725-155, USA

E-mail address: felshtyn@diamond.boisestate.edu, felshtyn@mpim-bonn.mpg.de

Dept. of Mech. and Math., Moscow State University, 119992 GSP-2 Moscow, Russia E-mail address: troitsky@mech.math.msu.su URL: http://mech.math.msu.su/~troitsky