REDUCED K-THEORY OF AZUMAYA ALGEBRAS

ROOZBEH HAZRAT

Abstract. In the theory of central simple algebras, often we are dealing with abelian groups which arise from the kernel or co-kernel of functors which respect transfer maps (for example K-functors). Since a central simple algebra splits and the functors above are “trivial” in the split case, one can prove certain calculus on these functors. The common examples are kernel or co-kernel of the maps Ki(F ) → Ki(D), where Ki are Quillen K-groups, D is a division algebra and F its centre, or the homotopy fiber arising from the long exact sequence of above map, or the reduced Whitehead group SK1. In this note we introduce an abstract functor over the category of Azumaya algebras which covers all the functors mentioned above and prove the usual calculus for it. This, for example, immediately shows that K-theory of an Azumaya algebra over a local ring is “almost” the same as K-theory of the base ring.

The main result is to prove that reduced K-theory of an Azumaya algebra over a Henselian ring coincides with reduced K-theory of its residue central simple algebra.

The note ends with some calculation trying to determine the homotopy fibers mentioned above.

Contents

1. Introduction 1 2. K-theory of Azumaya algebras 3 3. SK_1 of Azumaya algebras over Henselian rings 6 4. On lower K-groups of Azumaya algebras 12 References 15

1. Introduction

In the theory of central simple algebras, often we are dealing with abelian groups which arise from the kernel or co-kernel of functors which respect transfer maps (for example K-functors). Since a central simple algebra splits and the functors above are “trivial” in the split case, the abelian groups are n torsion (annihilated by a power of n) where n is the degree of the algebra. This immediately implies that extensions of degree relatively prime to n and

Date: August 17, 2005. 1

decomposition of the algebra to its primary components are “understood”^1 by these groups.

For example consider a division algebra D with centre F . Let K_i(D) for i ≥ 0 denote the Quillen K-groups. The inclusion map id : F →D gives rise to the long exact sequence

(1) F_i→K_i(F )→K_i(D),

in K-theory where F_i are the homotopy fibers. If ZK_i(D) and CK_i(D) are the kernel and co-kernel of K_i(F ) → K_i(D) respectively, then

(2) 1 → CK_{i+1}(D) → F_i → ZK_i(D) → 1.

The functors CK_i, F_i and ZK_i are all examples of the abelian groups mentioned above. From (2) it is clear that computation of CK_i and ZK_i leads us to the determination of the long exact sequence of K-theory. Let i = 0. Since K_0(F ) ∼= K_0(D) = Z, one can immediately see from (2) that the homotopy fibre F_0 ∼= CK_1(D) ∼= D^∗/F^∗D^′. On the other hand ZK_1(D) = D^′ ∩F^∗ = Z(D^′) which is the centre of the commutator subgroup D^′. In [8] Valuation theory of division algebras is used to compute the group CK_1 for some valued division algebras. For example this group is determined for totally ramified division algebras and in particular for any finite cyclic group G, a division algebra D such that CK_1(D) = G or G × G is constructed. It seems computation of the group CK_2 is a difficult task. It is very desirable to relate the group CK_i(D) to CK_i(D̄), where D is a valued division algebra and D̄ is its residue division algebra.

On the other hand, since splitness characterises Azumaya algebras, one can work in the category of Azumaya algebras. Thus in Section 2 we define an abstract functor D which captures the properties of the functors mentioned above. We show that D-functors are n^2 torsion. As a first application, this immediately implies that K-theory of an Azumaya algebra over a local ring is very close to the K-theory of the base ring itself (Corollary 2.3).

Another example of D-functors are the reduced Whitehead groups which brings us to the main section of this note. In Section 3 we attempt to investigate the behaviour of the reduced Whitehead group SK_1(A), where A is an Azumaya algebra over a commutative ring R. Beginning with the work of V. Platonov, who answered the Bass-Tannaka-Artin problem (SK_1(D) is not trivial in general) there have been extensive investigation both on functorial behaviour and computational aspect of this group over the category of central simple algebras. On the other hand study of Azumaya algebras over commutative rings and extending some theorems from the theory of central simple algebras to Azumaya algebras, has shown that in certain cases these two objects behave similar (although there are also essential points of difference).

Here we initiate a study of the functor SK_1 over the category of Azumaya Algebras. We recall a construction of reduced norm in this setting. Let A be

1This terminology is used by van der Kallen

an Azumaya algebra over a commutative ring R. A commutative R-algebra S is called a splitting ring of A if there is a finitely generated faithfully projective S-module P , such that A ⊗_R S ≃ Hom_S (P, P ). S is called a proper splitting ring if R ⊆ S. The existence of a proper splitting ring in general seems to be an open question. Let A be an Azumaya R-algebra with a proper splitting ring S, and consider A ⊗_R S ≃ Hom_S (P, P ). Then for any a ∈ A,

Nrd_A(a) = det_P (a ⊗ 1) Trd_A(a) = tr_p(a ⊗ 1)

where Nrd_A and Trd_A are called the reduced norm and the reduced trace of A respectively (see [3]). Now consider the kernel of the reduced norm SL(1, A) and form the reduced Whitehead group SK_1(A) = SL(1, A)/A^′ where A^′ is the derived subgroup of A^∗, invertible elements of A.

A question naturally arises here is the following: What is the relation of the reduced Whitehead group of an Azumaya algebra to the reduced Whitehead groups of its extensions. In particular what is the relation of SK_1 of an Azumaya algebra to SK_1 of its residue central simple algebras. To be precise, let A be an Azumaya algebra over R and m a maximal ideal of R. Since Nrd_{A/R}(a) = Nrd¯_{A/}¯_R(ā) where R̄ = R/m and Ā = A/mA, it follows that there is a homomorphism SK_1(A) → SK_1(Ā). On the other direction, if S is a multiplicative closed subset of R, since the reduced norm respects the extension, there is a homomorphism SK_1(A) → SK_1(A ⊗_R S^{−1}R). In particular if R is an integral domain then SK_1(A) → SK_1(A_K ) where K is a quotient field of R and A_K is the central simple algebra over K. The question arises here is, under what circumstances these homomorphisms would be mono or isomorphisms. The following observation shows that even in the case of a split Azumaya algebra, these two groups could differ: consider the split Azumaya algebra A = M_n(R) where R is an arbitrary commutative ring. In this case the reduced norm coincide with the ordinary determinant and SK_1(A) = SL_n(R)/[GL_n(R), GL_n(R)]. There are examples of an integral domain R (even Dedekind domain) such that SK_1(A) ≠ 1. But in this setting, obviously SK_1(Ā) = 1 and SK_1(A_K ) = 1 (for some examples see [21], Chapter 2).

In Section 3 we study this question. We shall show that over a Henselian ring R, SK_1 of an Azumaya algebra coincides with SK_1 of its residue central simple algebra. Section 4 focuses on the functors CK_i. We will proide some examples where CK_i’s are trivial and compute some K-sequences of these examples.

2. K-theory of Azumaya algebras

Definition 2.1. Let R a the category of rings, with morphisms as follow. Let A and B be two rings with centres R and S respectively such that S is an R-algebra (or R ⊆ S). Then an R-algebra homomorphism f : A → B is considered as a morphism of the category. Let G : R → Ab be an abelian group valued functor such that

(1) (Determinant Property) For any natural number m, there is a homomorphism d_m : G(M_m(A)) → G(A) such that d_mi_m = η_m where i_m : G(A) → G(M_m(A)) induced by the natural embedding A → M_m(A).

(2) (Torsion Property) For any a ∈ Ker(d_m), a^m = 1.

(3) (Transfer Map) For any ring A with centre R and any commutative R-algebra S free over R of rank [S : R], there is a homomorphism t : G(A⊗_R S) → G(A) such that ti = η_{[S:R]} where i : G(A) → G(A⊗_R S) induced by the natural embedding A → A ⊗_R S.

(4) For any commutative ring R, G(R) = 1. Then G is called a D-functor.

Let A be a ring with centre R. Consider the Quillen K-groups K_i(A) for i ≥ 0. Let P(A) and P(M_m(A)) be categories of finitely generated projective modules over A and M_m(A) respectively. The natural embedding A→M_m(A) induces P(A)−→P(M_m(A)) p → M_m(A) ⊗_A p.

Furthermore, if

P(M_m(A))−→P(A) q → A^m ⊗_{Mm(A)} q one can see that the above maps induces the sequence

K_i(A)−→K_i(M_m(A))^{∼=}−→ K_i(A)

of K-groups where the composition is η_m. On the other hand the inclusion map id : R → A gives the following exact sequence

(3) 1 → ZK_i(A) → K_i(R) → K_i(A) → CK_i(A) → 1

where ZK_i(A) and CK_i(A) are the kernel and co-kernel of K_i(R) → K_i(A) respectively. The following diagram is commutative

1 � ZKi(Mm(A)) � � K_i(R) �

η_m � K_i(M_m(A)) � ∼= � CK_i(M_m(A)) � � 1

1 � ZKi(A) � Ki(R) � Ki(A) � CKi(A) � 1

which shows that K_i functors and therefore CK_i functors satisfy the first condition of D-functors.

Condition (2) follows from chasing the element a ∈ Ker(CK_i(M_m(A)) → CK_i(A)) in the diagram, and using the fact that K_i(M_m(A)) → K_i(A) is an isomorphism.

Since S is a free R-module, the regular representation r : S → End_R(S) ∼= M_n(R) where [S : R] = n and thus the commutative diagram

K_i(A) � � � � � K_i(A ⊗_R S) 1⊗r � K_i(M_n(A))

implies that K_i and therefore CK_i satisfy the condition (3) of D-functors.

Therefore the functors CK_i and ZK_i are D-functors (we shall later show that the reduced Whitehead group SK_1 is also a D-functor on the category of Azumaya algebras over local rings).

In the rest of this section we assume that the functor G is a D-functor. Our aim is to show that if a ring A splits, then G(A) is torsion of bounded exponent. Thus from now on, we shall restrict the category to the category of Azumaya algebras over local rings Az.

Proposition 2.2. Let A be an Azumaya algebra over a local ring R of rank n^2. Then G(A) is a torsion group of bounded exponent n^2.

Proof. Since R is a local ring, there is a faithfully projective R-algebra S of rank n which splits A (e.g. S could be a maximal commutative subalgebra of A separable over R, see [12] Lemma 5.1.17). Since G is a D-functor, there is a sequence G(A)^i→ G(A ⊗_R S)^t→ G(A) such that ti(x) = x^n. But A ⊗_R S ≃ End_S (S^n). Conditions 2 and 4 of being a D-functor force that G(End_S (S^n)) to be a torsion group of exponent n. Now from the sequence above the assertion of the theorem follows. □

Corollary 2.3. Let A be an Azumaya algebra over a local ring R of rank n^2. Then K_i(R) ⊗ Z[n^{−1}] ∼= K_i(A) ⊗ Z[n^{−1}], i ≥ 0.

Proof. Since ZK_i and CK_i are D-functors, from Proposition 2.2 follows that these groups are n^2-torsion. Tensoring the exact sequence (3) with Z[n^{−1}] the result follows. □

Remark 2.4. Corollary 2.3 implies that for a finite dimensional division algebra D over its centre F with index n, K_i(F )⊗Z[n^{−1}] ∼= K_i(D)⊗Z[n^{−1}], i ≥ 0 (Compare this with [10]).

Corollary 2.5. Let A be an Azumaya algebra over a local ring R of rank n^2 and S a projective R-algebra such that (n^2, [S : R]) = 1. Then G(A)^i→ G(A ⊗_R S) is a monomorphism.

Proof. From 2.2 and Condition 2 of 2.1 the kernel of the map i is simultaneously n^2 and [S : R] torsion. Since these numbers are relatively prime it follows that the kernel is trivial. □

Let A and B be R-Azumaya algebras where B has constant rank [B : R]. Consider the regular representation B → End_R(B) and the sequence,

G(A) → G(A ⊗_R B) → G(A ⊗_R End_R(B))^d→ G(A).

The composition of the above homomorphisms is η_{[B:R]}. If we further assume that R is a local ring then G(A) and G(B) are torsion of exponent [A : R] and [B : R] respectively. Therefore if [A : R] and [B : R] are relatively prime, we can prove that G has a decomposition property similar to the reduced Whitehead group SK_1 for central simple algebras. The proof follows the same pattern as the one for SK_1 for central simple algebras and is spelled out in [8].

Theorem 2.6. Let A and B be Azumaya algebras over a local ring R such that (i(A), i(B)) = 1. Then G(A ⊗_R B) ≃ G(A) × (B). Example 2.7. SK_1 is Morita equivalent

Consider a local ring A with more than two elements. For any integer m, one can see that GL_m(A) = E_m(A)δ(A^∗) where δ(A^∗) are matrices with elements of A^∗ in a_{11}-position, units in the rest of diagonal, and zero elsewhere. Plus E_m(A) ∩ δ(A^∗) = δ(A^′) (These all follow from the fact that the Dieudonné determinant extends to local rings ([21], §2.2)).

Now assume that A is a local Azumaya algebra. Since the splitting ring of A, is a splitting ring for the matrix algebra M_m(A), one can easily see that Nrd_{Mm(A)}(δ(a)) = Nrd_A(a). This immediately implies that SK_1 is Morita equivalent for local Azumaya algebras. On the other hand over a Henselian ring, any Azumaya algebra is a full matrix algebra over a local Azumaya algebra ([2], Theorem 26). Thus it follows from the above argument that over Henselian rings, SK_1 is Morita equivalent. Example 2.8. SK_1 as D-functors

Recently Vaserstein showed that the analogue of the Dieudonné determinant exists for a semilocal ring A which is free of M_2(Z_2) components and have at most one copy of Z_2 in the decomposition into simple rings in A/J(A) [25]. Using this result, one can extend Example 2.7 to all Azumaya algebras A over local rings (R, m) such that either R/m ≠ Z_2 or rankA > 2.

Now consider the full subcategory of Azumaya algebras over local rings of Az and exclude the exceptional cases above. As the determinant is present in this category, take d_m just the usual determinant for semi local rings. It is then easy to see that the group SK_1 satisfy all the conditions of being a D-functor.

3. SK_1 of Azumaya algebras over Henselian rings

The aim of this section is to show that the reduced Whitehead group SK_1 of a tame Azumaya algebra over a Henselian ring coincides with the SK_1 of its residue division algebra. As indicated in Example 2.7, the reduced Whitehead group is Morita equivalent for Azumaya algebras over Henselian rings. Thus it is enough to work with local Azumaya algebras. Therefore throughout this section we assume the ring R is local with maximal ideal m and A is a local Azumaya algebra, i.e., Ā = A/mA is a division ring unless stated otherwise. The index of A is defined to be the square root of the rank of A over R.

Theorem 3.1. Let A be a local Azumaya algebra over a local ring R of rank n^2. Consider the sequence

K_1(A)^{NrdA}−→ K_1(R)^i−→ K_1(A). Then i ∘ Nrd_A = η_n where η_n(a) = a^n.

Proof. Since A is an Azumaya algebra over a local ring R, there exist a maximal commutative subalgebra S of A which splits A as follows A⊗_R S ≃ M_n(S) (see Lemma 5.1.13 and 5.1.17 and their proofs in [12]). Consider the sequence of R-algebra homomorphism

ϕ : A −→ A ⊗_R S^≃−→ M_n(S) → M_n(A)

and also the embedding i : A → M_n(A). For any Azumaya algebra over a semi-local ring the Skolem-Noether theorem is valid, i.e. if B is an Azumaya subalgebra of A, then any R-algebra homomorphism ϕ : B → A can be extended to an inner automorphism of A. Thus there is a g ∈ GL_n(A) such that ϕ(x) = gi(x)g^{−1} for any x ∈ A. Now taking the Dieudonné determinant from the both sides of the above equality, we have Nrd_{A/R}(x) = x^nd_x where d_x ∈ A^′. This completes the proof. □

Corollary 3.2. Let A be a local Azumaya algebra over a local ring R. Then for any x ∈ A^∗, x^n = Nrd_{A/R}(x)d_x where n^2 is the rank of A over R and d_x ∈ A^′. In particular the reduced Whitehead group SK_1(A) is torsion of bounded exponent n.

In order to establish a relation between SK_1 of an Azumaya algebra to that of a central simple algebra, we need a version of Platonov’s congruence theorem in the setting of Azumaya algebras. The original proof of congruence theorem is quite complicated and seems to be not possible to adopt it in the setting of Azumaya algebras. It is now two short proofs of the theorem in the case of a tame division algebra available, one due to Suslin (buried in [23]) and one due to the author [7]. Here it seems the Suslin proof is the suitable one to adopt for this category. Before we state the congruence theorem we establish some useful facts needed later in this note.

From now on we assume that the base ring is Henselian. Recall that a commutative local ring R is Henselian if f(x) ∈ R[x] and f̄ = g_0h_0 with g_0 monic and g_0 and h_0 coprime in R̄[x], then f factors as f = gh with g monic and ḡ = g_0, h̄ = h_0. Here R̄ = R/m and f̄ is the reduction of f(x) with respect to m. (see §30, [17]). Now let A be an Azumaya algebra over R. Thus A = M_m(B) where B is a local Azumaya algebra. We say A is tame if Char R̄ does not divide the index of B.

Proposition 3.3. Let A be a tame local Azumaya algebra of rank n^2 over a Henselian ring R with maximal ideal m. Then

1. The map η_n : 1+m −→ 1+m where η_n(x) = x^n is an automorphism. 2. Nrd_A(1 + mA) = 1 + m. 3. 1 + mA is a n-divisible group.

Proof. 1. Take a ∈ 1 + m. Since R is Henselian and Char R̄ does not divide n, the polynomial x^n − a has a simple root in R̄[x], hence a simple root b for x^n − a. This shows η_n is epimorphism. But if 1 + a^′ ∈ (1 + m) ∩ SL(1, A) then (1 + a^′)^n = 1. Since R is local and Char R̄ ∤ n, it follows that a = 0 and this shows that η_n is also monomorphism.

2. This follows from the fact that Nrd_{A/R}(a) = Nrd¯_{A/}¯_R(ā) and the first part of this Proposition.

3. We shall show that for any a ∈ 1+mA, there is a b ∈ 1+mA such that a = b^n. Since A is finite over its centre R, any element of A is integral over R. Take a ∈ 1 + mA. Consider the ring R[a] generated by a and R. R[a] is a local ring. In general any commutative subalgebra S of A is a local ring. For consider the R/m subalgebra S/(mA ∩ S) of A/mA. Since A/mA is a division ring, mA ∩ S is a maximal ideal of S. But any element of mA ∩ S is quasi-regular in A and therefore in S (see [2], Corollary to Theorem 9). It follows that mA ∩ S is a unique maximal ideal of S. So the ring R[a] is local and finitely generated as a R-module. Since any local ring which is integral over a Henselian ring R is Henselian ([17] Corollary 43.13), it follows that R[a] is Henselian. Now because a ∈ 1 + mA, thus a ∈ 1 + m_{R[a]} where m_{R[a]} is a unique maximal ideal of R[a]. The first part of this Proposition guarantee an element b ∈ 1 + m_{R[a]}, such that b^n = a. From this it follows that 1 + mA is a n-divisible group. □

Consider the commutative diagram

1 � SK1(A) � � K_1(A)^{NrdA} � � K_1(R) � � SH^0(A) � � 1

1 � SK1(Ā) � K_1(Ā)^{NrdĀ} � K_1(R̄) � SH^0(Ā) � 1

where the vertical maps are canonical epimorphism and SH^0 are the cokernel of the reduced norm maps.

Theorem 3.4. Let R be a Henselian ring and A a tame Azumaya algebra over R. Then SH^0(A) ≃ SH^0(Ā).

Proof. Since the image of the reduced norm is Morita equivalent (see Example 2.7), it is enought to prove the theorem for A a local Azumaya algebra. The canonical homomorphism

R^∗/ Nrd_A(A^∗) → R̄^∗/ Nrd¯_A(Ā^∗)

is clearly an epimorphism. Let a ∈ R^∗ such that ā ∈ Nrd¯_A(Ā^∗). Thus there is a b̄ in Ā^∗ such that Nrd_A(b)a^{−1} ∈ 1 + m where m is the maximal ideal of R. Now by Part one of the Proposition 3.3, there is an c ∈ 1 + m such that Nrd_A(bc^{−1}) = a. This completes the proof. □

Theorem 3.5. (Congruence Theorem). Let A be a tame local Azumaya algebra over a Henselian ring R. Then (1 + mA) ∩ SL(1, A) ⊆ A^′.

Proof. Let a ∈ (1 + mA) ∩ SL(1, A). By the third part of the Proposition 3.3 there is a b ∈ 1 + mA such that b^n = a. Now Nrd_{A/R}(b)^n = 1, so by the first and second part of the Proposition, Nrd_{A/R}(b) = 1. Thus b ∈ SL(1, A). But by Corollary 3.2, SK_1(A) is n-torsion, thus a = b^n ∈ A^′. □

Now we are ready to state our main theorem.

Theorem 3.6. Let R be a Henselian ring and A a tame Azumaya algebra over R. Then for any ideal I of R, SK_1(A) ≃ SK_1(A/IA). In particular SK_1(A) ≃ SK_1(Ā).

Proof. We can assume that A is a local Azumaya algebra (see Example 2.7). It is enough to prove the theorem for I = m. Since Nrd_{A/R}(a) = Nrd¯_{A/}¯_R(ā), the restriction of the reduction map to SL(1, A) gives the well define homomorphism SL(1, A) −→ SL(1, Ā), a → ā. This map is epimorphism. For if ā ∈ SL(1, Ā) then Nrd_{A/R}(a) = 1. Thus Nrd_{A/R}(a) ∈ 1 + m. From the second part of the Proposition 3.3 follows that there is a b ∈ 1 + mA such that Nrd_{A/R}(a) = Nrd_{A/R}(b). Therefore ab^{−1} → ā. Thus we have the following isomorphism,

SL(1, A)/(1 + mA) ∩ SL(1, A) −→ SL(1, Ā).

Now since A is local, A^′ = Ā^′, and the Congruence Theorem implies that SK_1(A) ≃ SK_1(Ā). □

Example 3.7. Let D be a division algebra over its centre F such that Char F does not divide the index of D. Consider the Azumaya algebra D ⊗_F F [[x]] over the Henselian ring F [[x]]. Then Theorem 3.6 guarantees that SK_1(D[[x]]) ≃ SK_1(D).

It seems that in the above example the condition Char F ∤ i(D) is not necessary. This suggest that there might be a weaker condition for being tame as it is available for valued division algebras observed by Ershov in [4].

We can obtain one of the functorial properties of the reduced Whitehead group, namely the stability of SK_1 under the reduction for unramified division algebra from the Theorem above.

Example 3.8. Let D be a tame unramified division algebra over a Henselian field F . Jacob and Wadsworth observed that V_D is an Azumaya algebra over its centre V_F (Example 2.4 [11]). Since D^∗ = F^∗U_D and V_D ⊗_{VF} F ≃ D, it can be seen that SK_1(D) = SK_1(V_D). On the other hand our main Theorem 3.6 states that SK_1(V_D) ≃ SK_1(D̄). Comparing these, we conclude the stability of SK_1 under reduction, namely SK_1(D) ≃ SK_1(D̄) (compare this with the original proof, Corollary 3.13 [18]).

Example 3.9. Let F be a Henselian and discrete valued field and V_F its valuation ring. It is known that any Azumaya algebra A over V_F is of the form M_r(V_D) where V_D is a valuation ring of D, a division algebra over F . It follows that D is an unramified division algebra over F . Thus from

Example 2.7 and Example 3.8 it follows that if Char F̄ is prime to index of D then SK_1(A) ≃ SK_1(V_D) ≃ SK_1(D̄) ≃ SK_1(D).

Let A be a local Azumaya algebra over a local ring R. Consider R^h the Henselisation ring of R and the extension ϕ : SK_1(A) → SK_1(A ⊗_R R^h). Since A ⊗_R R^h is an Azumaya algebra over the Henselian ring R^h, by Theorem 3.6, SK_1(A ⊗_R R^h) ∼= SK_1(A ⊗_R R^h) and we have the following

SK_1(A)^ϕ−→ SK_1(A ⊗_R R^h) ∼= SK_1(A ⊗_R R^h) ∼= SK_1(Ā).

The following example shows that ϕ is not injective in general and in particular Theorem 3.6 does not hold if the base ring R is not Henselian. I learned this example from David Saltman.

Example 3.10. Consider a field F with p^2-th primitive root of unity ρ and a, b, c, d ∈ F such that (a, b)_{(F,p)} ⊗_F (c, d)_{(F,p)} is a cyclic division algebra, where (a, b)_{(F,p)} is a symbol algebra, i.e., an algebra generated by symbols α and β subjected to the relations, α^p = a, β^p = b and βα = ρ^pαβ. Consider the polynomial ring F [x_1, x_2, x_3, x_4] where x_i are indeterminant, the local ring R = F [x_1, x_2, x_3, x_4]_{(x1−a,x2−b,x3−c,x4−d)} and function field L = F (x_1, x_2, x_3, x_4). Now the Azumaya algebra

A = (x_1, x_2)_{(R,p)} ⊗_R (x_3, x_4)_{(R,p)}

is contained in the central simple algebra

D = (x_1, x_2)_{(L,p)} ⊗_L (x_3, x_4)_{(L,p)}.

The algebra D is well understood (see [22], Example 3.6). In particular one knows that Nrd_D(ρ) = ρ^{p2} = 1 but ρ is not in derived subgroup D^′. That is ρ is a non trivial element of SK_1(D). Since A ⊆ D, ρ ∉ A^′. Consider the residue central simple algebra Ā which is (a, b)_{(F,p)} ⊗_F (c, d)_{(F,p)}. Since Ā is cyclic, ρ̄ is in Ā^′, and this shows that the map SK_1(A) → SK_1(Ā) and in particular ϕ is not injective.

For i = 1 one has the following commutative diagram,

1 � A^′ ∩ R^∗ � � K_1(R)^i � � K_1(A) � � CK_1(A) � � 1

1 � Ā^′ ∩ R̄^∗ � K1(R̄)^i � K1(Ā) � CK1(Ā) � 1

where the vertical maps are canonical epimorphisms. In Section 4 we shall compute the groups CK_i for certain Azumaya algebras. Here we show that following the same pattern as SK_1, the group CK_1(A) also coincides with its residue division algebra. Note that CK_1(A) = A^∗/R^∗A^′. The conjecture that CK_1 of a division algebra D is not trivial if D is not a quaternion algebra still remains open. This has connections with the study of normal and maximal subgroups of D^∗ (see [9] and references there).

Theorem 3.11. Let R be a Henselian ring and A an Azumaya algebra over R of rank n^2. If Char R̄ does not divide n, then CK_1(A) ≃ CK_1(Ā).

Proof. First assume that A is a local Azumaya algebra. Thus A is tame. We show that 1 + mA ⊆ (1 + m)A^′. Let a ∈ 1 + mA. By part 2 of Proposition 3.3, Nrd_{A/R}(a) = b ∈ 1 + m. Since 1 + m is n-divisible, there is a c ∈ 1 + m such that b = c^n. It follows that Nrd_{A/R}(ac^{−1}) = 1. Thus ac^{−1} ∈ SL(1, A) ∩ (1 + mA). Now by the congruence Theorem ac^{−1} ∈ A^′ and the claim follows. Now consider the following sequence

Ā^{∗ ≃}−→ A^∗/(1 + mA) −→ A^∗/(1 + m)A^′ −→ A^∗/R^∗A^′.

But the kernel of the composition of this sequence is R̄^∗Ā^′. Thus CK_1(A) ≃ CK_1(Ā). Now assume A is a matrix algebra M_s(B) where B is a local Azumaya algebra of rank t^2. Since Char R̄ does not divide t and s, it is not hard to see (repeating the same argument with (1 + m)^s = 1 + m) that also in this setting the CK_1’s coincide. □

Example 3.12. Let A be an Azumaya algebra (^{−1,x−1}_{F [[x]]} ) where F is a formally real Pythagorean field (i.e. F has an ordering and the sum of two square elements is a square). Then by Theorem 3.11, CK_1(^{−1,x−1}_{F [[x]]} ) ≃ CK_1(^{−1,−1}_F ). It is not hard to see that the latter group is trivial ([9]). Thus A^∗ = F [[x]]^∗A^′.

On the other direction, the question of when the reduced Whitehead group SK_1(A) coincides with its extension SK_1(A ⊗_R K) where K is the field of fraction of R would follow if the Gersten complex of K-groups is exact as we will observe below. It is a conjecture that the Gersten complex is exact for an Azumaya algebra over a regular semilocal ring ([13] and the references there). Thus it is plausible to make the following conjecture:

Conjecture 3.13. Let A be an Azumaya algebra over a regular semilocal ring R. Then SK_1(A) ∼= SK_1(A ⊗_R K) where K is the field of fraction of R.

Using results of [13], one can observe that the above conjecture holds in the case of semilocal ring of geometric type. Recall that such a ring is obtained by localising a finite type algebra R over a field with respect to finitely many primes q, such that the ring R_q is regular.

In [13], Panin and Suslin prove that the following Gersten complex is exact where R is a semilocal ring of geometric type and A an Azumaya algebra over R:

0 → K_i(A) → K_i(A⊗_RK) → ⨁ ht(p)=1

K_{i−1}(A_p/pA_p) → ⨁ ht(p)=2

K_{i−2}(A_p/pA_p) → · · ·

For i = 1 one arrives at

0 → K_1(A) → K_1(A ⊗_R K) → ⨁ ht(p)=1

K_0(A_p/pA_p) → 0.

Considering the same exact sequence for A = R, since the reduced norm map is compatible with the rest of maps, one gets the following commutative diagram

1 � K1(A) � Nrd � K_1(A ⊗_R K) � Nrd �

⨁ ht(p)=1 K0(Ap/pAp) � Nrd � 1

1 � K1(R) � K1(K) � ⨁ ht(p)=1 K0(Rp/pRp) � 1

Now the snake lemma immediately gives SK_1(A) = SK_1(A ⊗_R K) thanks to the fact that K_0’s in the above sequence are Z and K_0(A_p/pA_p) → K_0(R_p/pR_p) is injective.

4. On lower K-groups of Azumaya algebras

In the light of Theorem 3.11, in this section we try to determine the groups CK_i (and ZK_i) for Azumaya algebras over fields for i = 1 and 2. It would be interesting, among other things, to find out when these groups are trivial.

Recall that F is real Pythagorean if −1 ∉ F^{∗2} and sum of any two square elements is a square in F . It follows immediately that F is an ordered field. F is called Euclidean if F^{∗2} is an ordering of F . Let D = (^{−1,−1}_F ) be an ordinary quaternion division algebra over a field F . It is not hard to see that CK_1(D) is trivial if and only if F is a real Pythagorean field (see the proof of Theorem 4.1). The main result of [1] is to show that CK_2(D) is trivial for a Euclidean field F . Using results of Dennis and Rehmann we can observe that in fact CK_2(D) is trivial for any ordinary quaternion division algebra over a real Pythagorean field (Theorem 4.1). This enables one to construct interesting examples of CK_2. Before we start, let us remind a generalisation of Matsumoto’s theorem for division rings due to Rehmann [19].

Let D be a division ring and St_1(D) a group generated by {u, v} where u, v ∈ D^∗ subjected to the relations

U1 {u, 1 − u} = 1 where 1 − u ≠ 0 U2 {uv, w} = {^uv,^uw}{u, w} U3 {u, vw}{v, wu}{w, uv} = 1 then there is an exact sequence

1→K_2(D)→ St_1(D)→D^′→1,

where {u, v} ∈ St_1(D) maps to the commutator [u, v]. Furthermore it is observed that ([20], Proposition 4.1) for a quaternion division algebra D, K_2(D) is generated by elements of the form {u, v} where u and v commutes. We are ready to observe,

Theorem 4.1. Let D = (^{−1,−1}_F ) be the ordinary quaternion division algebra over a real Pythagorean field F . Then CK_2(D) = 1 and we have the following long exact sequence of K-theory,

K_2(F )→K_2(D)→Z_2→K_1(F )→K_1(D)→1.

Proof. Consider the long exact sequence (1). Since K_0(D) ∼= K_0(F ) = Z one immediately deduce F_0 ≃ CK_1(D). On the other hand, since SK_1(D) is trivial, CK_1(D) ∼= Nrd(D^∗)/F^{∗2} and the reduced norm of elements of (^{−1,−1}_F ) are the sum of four squares, one can easily see that F is a real Pythagorean if and only if CK_1(D) is trivial. Thus F_0 is trivial. We are left to calculate the homotopy fiber F_1. K_2(D) is generated by {u,v}, such that [u,v]=1. On the other hand if E is a quadratic extension of F , one can easily see that K_2(E) is generated by {α, a} where α ∈ F^∗, a ∈ E^∗. It follows that K_2(D) is generated by {α, a} where α ∈ F^∗ and a ∈ D^∗. But CK_1(D) = 1 thus D^∗ = F^∗D^′. It follows that K_2(D) is generated by {α, β} where α, β ∈ F^∗. Thus CK_2(D) = 1. One can easily see that ZK_1(D) = D^′ ∩ F^∗ = Z_2. Thus from (2), it follows that F_1 = Z_2. This completes the proof. □

Remark 4.2. It is well-known that F is a real Pythagorean field if and only if D = (^{−1,−1}_F ) is a division algebra and every maximal subfield of D is F -isomorphic to F ( √ −1) (see [5]). Combining this fact with the similar argument as in Theorem 4.1, one can see that for any maximal subfield E of D, the map K_2(E)→K_2(D) is an epimorphism. (compare this with §6 [15]).

Example 4.3. We are ready to present an example of a F division algebra D which contains a F subdivision algebra A, such that CK_i(D) ∼= CK_i(A) for i = 1, 2. For this we need the Fein-Schacher-Wadsworth example of a division algebra of index 2p over a Pythagorean field F [6]. We briefly recall the construction. Let p be an odd prime and K/F be a cyclic extension of dimension p of real Pythagorean fields, and let σ be a generator of Gal(K/F ). Then K((x))/F ((x)) is a cyclic extension where K((x)) and F ((x)) are the Laurant power series fields of K and F , respectively. The algebra D = (−1, −1

F ((x)) ) ⊗_{F ((x))} ( K((x))/F ((x)), σ, x )

was shown to be a division algebra of index 2p. Since F is real Pythagorean, so is F ((x)). Now by Theorem 2.6,

CK_i(D) ∼= CK_i

(−1, −1

F ((x)) ) × CK_i(A)

where A = ( K((x))/F ((x)), σ, x ) . By Theorem 4.1, CK_i(^{−1,−1}_{F ((x))} ) = 1 for i = 1, 2. Thus CK_i(D) ∼= CK_i(A). This in particular shows that the exponent of the group CK_i(D) does not follow the same pattern as exponent of D.

In the following theorem we first show that if D is a (unique) quaternion division algebra over a real closed field (a Euclidean field such that every polynomial of odd degree has a zero, e.g. R), then CK_2(D(x)) = 1; The first deviation from the functor CK_1.

Theorem 4.4. Let D be a quaternion division algebra over F a real closed field. Then CK_2(D(x)) = 1 and we have the following long exact sequence of K-theory,

K_2(F (x))→K_2(D(x))→Z_2→K_1(F (x))→K_1(D(x))→ ⊕_∞ Z_2→1.

Proof. Consider the following commutative diagram which is obtained from the localisation exact sequence of algebraic K-theory (see [24], Lemma 16.6),

1 � K2(F ) � �

K_2(F (x)) �

�

∏ p∈F [x] K1(

F [x]

p ) � � 1

1 � K2(D) � K2(D(x)) � ∏ p∈F [x] K1(D ⊗F

F [x]

p ) � 1

where p runs over the irreducible monic polynomial of F [x]. The snake lemma immediately gives

CK_2(D)−→ CK_2(D(x))−→ ∏ p∈F [x]

CK_1(D ⊗_F

F [x] p )−→1.

Now, since F is real closed, in particular Euclidean, Theorem 4.1 implies that CK_2(D) = 1. Considering the fact that the irreducible polynomials of F [x] have either degree one or two, and the quadratic extension of F is algebraically closed, a simple calculation shows that ∏ p∈F [x]

CK_1(D ⊗_F

F [x] p ) ∼= CK_1(D) ⊕ CK_1(M_2(F̄ )) = 1.

Thus CK_2(D(x)) = 1 and F_1 = D(x)^′ ∩ F (x). One can easily see that D(x)^′ ∩ F (x) ∼= Z_2. It remains to compute F_0 = CK_1(D(x)). One way to compute this group is to consider again the commutative diagram which is obtained from the localisation exact sequence (see [8] Theorem 2.10),

1 � K1(F ) � � K_1(F (x)) � �

∏ p∈F [x] Z � � 1

1 � K1(D) � K1(D(x)) � ∏ p∈F [x] n_p

n Z � 1

where p runs over the irreducible monic polynomials of F [x] and n_p is the index of D ⊗_F F [x]/p. Considering the fact that the irreducible polynomials of F [x] have either degree one or two, the snake lemma immediately implies that CK_1(D(x)) = ⊕_∞Z_2. This completes the proof. □

Acknowledgement. Most part of this work has been done when the author was a Postdoc at the Australian National University, Canberra. I wish to thank my host Amnon Neeman in Canberra for his care and attention. I would also like to thank Adrian Wadsworth for his illuminating comments and Alexei Stepanov for making some Russian literature available to me.

References

[1] Alperin, R. C.; Dennis, R. Keith. K2 of quaternion algebras. J. Algebra 56 (1979), no. 1, 262–273.

[2] Azumaya, Goro. On maximally central algebras, Nagoya Math. J. 2, (1951). 119–150. [3] Endo, S., Watanabe, Y., On separable algebras over a commutative ring, Osaka J.

Math. 4 1967 233–242 [4] Ershov, Yu. L. Henselian valuations of division rings and the group SK1, (Russian) Mat. Sb. (N.S.) 117(159) (1982), no. 1, 60–68.

[5] Fein B., Schacher M., The ordinary quaternions over a Pythagorean field. Proc. Amer.

Math. Soc. 60 (1976), 16–18 (1977).

[6] Fein B., Schacher M., Wadsworth A., Division rings and the square root of −1. J.

Algebra 65 (1980), no. 2, 340–346.

[7] Hazrat, R. Wedderburn’s factorization theorem application to reduced K-theory, Proc. Amer. Math. Soc. 130 (2002), no. 2, 311–314 [8] Hazrat, R. SK1-like functors for division algebras, J. Algebra 239 (2001), no. 2, 573– 588.

[9] Hazrat, R.; Wadsworth, A. Nontriviality of NK1 for division algebras, preprint [10] Green, S., Handelman, D., Roberts, P., K-theory of finite dimensional division algebras, J. Pure Appl. Algebra 12 (1978), no. 2, 153–158.

[11] Jacob, B.; Wadsworth, A. Division algebras over Henselian fields, J. Algebra 128 (1990), no. 1, 126–179.

[12] Knus, Max-Albert. Quadratic and Hermitian forms over rings, Springer-Verlag, Berlin, 1991.

[13] Panin, I. A.; Suslin, A. A. On a conjecture of Grothendieck concerning Azumaya algebras, St. Petersburg Math. J. 9 (1998), no. 4, 851–858 [14] Merkurjev, A. S. K-theory of simple algebras, 65–83, Proc. Sympos. Pure Math., 58, Part 1, Amer. Math. Soc., Providence, RI, 1995.

[15] Merkurjev, A. S.; Suslin, A. A. K-cohomology of Severi-Brauer varieties and the norm residue homomorphism, Math. USSR, Izv, 21 (1983), 307-340 [16] Milne, James S. Etale cohomology, Princeton Mathematical Series, 33. Princeton University Press, Princeton, N.J., 1980.

[17] Nagata, Masayoshi. Local rings, Interscience Tracts in Pure and Applied Mathematics, No. 13, John Wiley 1962 [18] Platonov, V. P. The Tannaka-Artin problem and reduced K-theory, Math USSR Izv.

10 (1976) 211-243 [19] Rehmann, Ulf. Zentrale Erweiterungen der speziellen linearen Gruppe eines Schiefkoerpers, J. Reine Angew. Math. 301 (1978), 77–10 [20] Rehmann, Ulf; Stuhler, Ulrich. On K2 of finite-dimensional division algebras over arithmetical fields. Invent. Math. 50 (1978/79), no. 1, 75–90.

[21] Rosenberg, Jonathan. Algebraic K-theory and its applications, Graduate Texts in Mathematics, 147. Springer-Verlag, 1994.

[22] Tignol, J.-P.; Wadsworth, A. R. Totally ramified valuations on finite-dimensional division algebras. Trans. Amer. Math. Soc. 302 (1987), no. 1, 223–250 [23] Suslin, A. A. SK1 of division algebras and Galois cohomology, Algebraic K-theory, 75–99, Adv. Soviet Math., 4, Amer. Math. Soc., Providence, RI, 1991.

[24] Suslin, A. A. Algebraic K-theory and norm residue homomorphisms, J. Sov, Math.

30 (1985), 2556-2611.

[25] Vaserstein, L. N. On the Whitehead determinant for semi-local rings, J. Algebra 283 (2005), no. 2, 690–699

Department of Pure Mathematics, Queen’s University, Belfast BT7 1NN, U.K.

Max Planck Institute, Vivatsgasse 7, D-53111 Bonn, Germany E-mail address: r.hazrat@qub.ac.uk