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FREE RELATIONS FOR MATRIX INVARIANTS IN MODULAR
CASE

A.A. LOPATIN

ABSTRACT. A classical linear group G < GL(n) acts on d-tuples of
n X n matrices by simultaneous conjugation. Working over an infinite
field of characteristic different from two we establish that the ideal of
free relations, i.e. relations valid for matrices of any order, between
generators for matrix O(n)- and Sp(n)-invariants is zero. We also prove
similar result for invariants of mixed representations of quivers.

These results can be considered as a generalization of the character-
istic isomorphism ch : § — J between the graded ring S = ®32,S4,
where Sg is the character group of the symmetric group Sq, and the in-
verse limit J with respect to n of rings of symmetric polynomials in n
variables.

As a consequence, we complete the description of relations between
generators for O(n)-invariants as well as the description of relations for
invariants of mixed representations of quivers. We also obtain an inde-
pendent proof of the result that the ideal of free relations for GL(n)-
invariants is zero, which was proved by Donkin in [Math. Proc. Cam-
bridge Philos. Soc. 113 (1993), 23-43].

Keywords: invariant theory, polynomial invariants, classical linear
groups, polynomial identities.
2010 MSC: 13A50; 16R30; 16G20.

1. INTRODUCTION

We assume that F is an infinite field of arbitrary characteristic p = charF. All
vector spaces, algebras and modules are over F and all algebras are associative with
unity unless otherwise stated.

1.1. Matrix invariants. Consider a group G from the list GL(n), O(n) = {A €
F*n | AAT = E}, 9(n) = {A € F"X"| AA* = E}, where we assume that p # 2
in case G is O(n) and n is even in the case of Sp(n). Here F™"*™ is the space of
n x n matrices over F and A* = —JA”TJ is the symplectic transpose of A, where

-F 0
acts on V = (F"*™)®4 by the diagonal conjugation:

g-(A1,...,Ay) = (gAlg_l,...,gAdg_l)

for g € G and Aq,..., Ag in F"*". The coordinate algebra of V' is the polynomial
ring

J= < 0 B ) is the matrix of the skew-symmetric bilinear form. The group G

in n2d variables. The ring R is generated by the entries of generic matrices Xy, =

(xij(k))1<ij<n (1 < k < d). The action of G on V induces the action on R as
1
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follows:

g-zij(k) = (i,7)™ entry of g7* X} g.

Denote by R® the algebra of matriz G-invariants, where
feRCiff g-f=fforallgeq.

Consider an arbitrary n X n matrix X. Denote coefficients in the characteristic
polynomial of X by o+(X), i.e.,

det(X + AE) = > AN"oy(X).
t=0

So, 09(X) =1, 01(X) = tr(X) and 0, (X) = det(X).
The following definitions were given in [10]. Let M be the monoid (without
unity) freely generated by letters

e zy,...,xq, if G =GL(n);

e zy,...,xq,27, ... 2T, otherwise.
Assume that a = a; - - - a, and b are elements of M, where a1, ...,a, are letters.
e Introduce an involution 7 on M as follows. If G = GL(n), then o’ = a.

Otherwise, define b7 = b for a letter b and a’ = al ---af € M.
e We say that a and b are cyclic equivalent and write a ~ b if there exists a
cyclic permutation w € S, such that a1y - ar,) =b. If a ~bora~bT,
then we say that a and b are equivalent and write a ~ b.
An element from M is called primitive if it is not equal to the power of a shorter
monomial.

e Let NV C M be the subset of primitive elements.

e Let N, be a ring with unity of (commutative) polynomials over F freely
generated by “symbolic” elements o¢(a), where t > 0 and a € N ranges
over ~-equivalence classes.

We will use the following conventions: o¢(a) = 1 and oy(a) = tr(a), where a € N.
For a letter b € M define
Xk, ifb= Tl
X, =< XF, ifo=2z] and G=0(n)
X}, ifb=x{ and G = Sp(n)

Given a = a1---a, € M, where a; is a letter, we set X, = X,, -+ X,,. It is
known that the algebra of matrix G-invariants R C R is generated over F by
o1(X,), where 1 <¢ <n and a € N. These results were established in [15], [12] in
characteristic zero case and in [3], [17] in the general case. Note that if in the case
of p = 0 we drop the restriction that a is primitive, then it is enough to take tr(X,)
instead of 0;(X,), 1 <t < n, in the description of generators for R®. Relations
between the mentioned generators were established by Razmyslov [13], Procesi [12]
in case p = 0 and Zubkov [16] in case G = GL(n) and p > 0.
Consider a surjective homomorphism

\I/n:./\/g—>RG

defined by o¢(a) — 04(X,), if t < n, and o4(a) — 0 otherwise. Note that for any
n x n matrices A, B over R and 1 <t < n we have 04(A%) = 0,(A), (A%)% = A, and
(AB)® = B°A° where 6 stands for the transposition or symplectic transposition.
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Hence, the map V¥, is well defined. Its kernel K, is the ideal of relations for RC.
Elements of
Ko=) Ki
i>0

are called free relations. In other words, a relation between the above mentioned
generators for RS is called free if it is valid for nxn generic matrices for an arbitrary
n > 0. In characteristic zero case all free relations are zero (for example, see [12]).
We generalize this result to the case of arbitrary characteristic different from two:

Theorem 1.1. If G is O(n) or §p(n) and p # 2, then the ideal Ko of free relations
for RC is zero.

This theorem is proven at the end of Section 5. As a consequence, we obtain an
independent proof of the result by Donkin [4] that for an arbitrary p there is no
free relations for RE%(™) (see Remark 5.5). The following conjecture is discussed in
Remark 5.6.

Conjecture 1.2. If p = 2, then the ideal Ko, of free relations for RP™ is
generated by oy(a) for a € N satisfying a ~ a™ and odd t € {1,...,n}.

Applying Theorem 1.1 to Theorem 1.1 from [10], which was proved using an

approach from [20], we complete the description of relations between generators for
RO(™).

Theorem 1.3. If G = O(n), then the ideal of relations K,, for RO ~ N, /K, is
generated by oy (a,b,c), where t +2r >n (t,r > 0) and a,b,c are linear combina-
tions of elements from M.

The exact definition of 0y ,-(a, b, ¢) € N, can be found in Section 3 of [10]. Note that
the function oy, was introduced by Zubkov in [20] and it relates to the determinant-
pfaffian from [6] in the same way as oy relates to the determinant. More details
on the different approaches to the definition of oy, can be found in Section 1.3
of [10]. Let us remark that the definition of oy, from [10] is slightly different from
the original definition from [20] (see Lemma 7.14 of [10] for details).

The description of relations for RO was applied to the special case of n = 3
in [8] and [9].

1.2. Mixed representations of quivers. The notion of supermized representa-
tions of a quiver was introduced by Zubkov [18] and [19]. It is equivalent to the
notion of representations of a signed quiver considered by Shmelkin in [14]. Or-
thogonal and symplectic representations of symmetric quivers studied by Derksen
and Weyman in [2] as well as mized representations of quivers are partial cases of
supermixed representations. More details can be found in Section 2.1 of [7].

Section 6 is dedicated to the algebra of invariants I(Q,n, 1) of mixed represen-
tations of a quiver Q. As example, a special case of I(Q,n,%) is the algebra of
invariants of bilinear forms on vector spaces V = F" and V* under the action of
GL(n) as base change (see Example 6.3).

Zubkov established generators for I(Q,n,) in [19] and described relations be-
tween generators modulo free relations in [20]. In Lemma 6.1 we show that there
are no non-zero free relations for I(Q, n, %) and in Theorem 6.2 we complete the de-
scription of relations for I(Q,n,%). Applying Theorem 6.2, in upcoming paper [11]
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we will explicitly describe a minimal generating set for invariants of bilinear forms
in dimension two case.

2. AUXILIARIES

Denote the degree of a € M by dega, the degree of a in a letter b (i.e., the
number of appearances of the letters b and b7 in a) by deg,a. For t > 0 we set
dego;(a) = tdega and define deg f for a monomial f € N, in the natural way.

Assume that m is a positive integer. Given i € Z, we write |i|,, for 1 < j <m
such that ¢ = j (mod m).

Definition 2.1 (of l-subword). Assume that a = a1 ---a,, b =b1---bs € M, and
[ > 0, where a;, b; are letters for all 7, j. We say that

e ais an [-subword of b, if a; = bjjy;_q), for all 1 <7 <r;

e ais an {T-subword of b, if a; = b\TlfiHls forall 1 <i<r.

As an example, for a = z17921 4 € M we have that zz47; is a 3-subword of

a and 27 z! is an 17-subword of a.

Remark 2.2. If a ~ b for a,b € M, then a is an I-subword of b or {T-subword of b
for some [ > 0.

Lemma 2.3. Let b,c € M. Then

a) if bc = cb, then there is an e € M such that b = €' and ¢ = ¢’ for some
1,7 > 0.
b) if b="0b", then b = cc’ for a c € M.
Proof. a) The proof is by induction on degb+ degc > 1. If degb + degc = 2, then
b = c is a letter and the statement is valid.

If degb = degec, then b = ¢ and the required is proven. Otherwise, without loss
of generality we can assume that degb > degc. Then b = cb; for a by € M. Thus,
bic = cby. Induction hypothesis completes the proof.

b) The proof is by induction on degb > 0. If bis a letter, then b # b”. Otherwise,
b = yb; for a letter y and by € M. Since yb; = bTy?, we have by = boy” for a
by € Mjy. Then by = bg and the induction hypothesis implies by = cc’ for a
¢ € Mj. Therefore, b = yc(yc)T. O

Lemma 2.4. Assume that a € N with dega =1 and 1 <1 <r. Then
a) a is an l-subword of a if and only if l = 1;

b) if a # a”, then a is not an 1T -subword of a;
c) a~a” if and only if there exists a b € N satisfying a ~ b and b = b”;
d) if a =a®, then a is an T -subword of a if and only if | = 7.

Proof. a) If a is an l-subword of a for 1 < I < m, then there are a1,a3 € M such
that @ = ajas and ajas = asa;. Part a) of Lemma 2.3 implies a contradiction.

b) If a is an [T-subword of a, then a = aias for a1,as € M; satisfying ajas =
atal. Thus a; = ol and, by part b) of Lemma 2.3, a; = c;cl for ¢1,c0 € My

. C . .
(i = 1,2). Therefore, a = cyclcoct’ < a5 a contradiction.
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T T

. C . .
¢) Since a ~ a*, we have a = ajas for ay,as € M satisfying ajas = alTaQ.

As in the proof of part b), we obtain a = cyclcack, where ¢1,co € My. Then

b= clco(cley)T satisfies the required condition.

d) Let a = a” and a be an [T-subword of a for 1 <1 < m. As in the proof of
part b), we obtain a = ci¢f cacd, where ¢1,co € M. Then for b; = ¢;cl (i = 1,2)
we have b1by = byby. Part a) of Lemma 2.3 implies that a = bybs is not primitive;
a contradiction. O

3. DERIVATIONS
In this section we assume that G is O(n) or Sp(n). Given g > 0, we set
R=R&®F[yij(k,q)|1<i,j<n,1<k<dq>0] and Yiy = (yi;(k,q))1<i j<n-
Let G act on R by the same way as on R:
9-yij(k.q) = (i, )" entry of g~ 'V 4 g.

Define a linear map 9y : R — R as follows: given an f € E, we have

Z Z yqu)

k= 11<z,j<n
where 5~ (k) stands for the partial derivation. As an example, if f =
x11(1) y22(2 r), then
9(f) = y11(1,9) y22(2,7) and 8201 (f) = 0.

For an n x n matrix A = (fij)1<i,j<n OVer R we set 04(A) = (04(fij))1<ii<n-
Obviously, 9y(Xk) = Yi,qs 0g(Yi,r) = 0 and 9,(AT) = 9,(A)T for q,r > 0.

Remark 3.1. The linear map 0, has the usual properties of the derivation. Namely,
if f,h € R and m > 0, then

0q(f1) = 04 (f) + fOq(h) and Oy (f™) = mf™ =0, (f).

Lemma 3.2. For anynxn matrices A, B over R and q > 0 the following properties
hold:

a) 0,(AB) = 0,(A)B + Ad,(B);
b) 94(0:(A)) = Zi;é(—l)’ tr(A°0,(A)) o—i—1(A) for all 1 <t < n.

P?”OOf For ShOI't we write 0 for 8q. Let A = (fij)lgi,jgn and B = (hij)lgi,jgrr
Remark 3.1 implies that (i, 5)*™® entry of (AB) is equal to

Z (fir)hij + fireO(hij)) .

Hence, part a) is proven. Slnce
(1) oi(A) = Z Z S (T) fir ivy  fivsivgeys
1<ip<---<it<n TES:

Remark 3.1 implies that 9(o:(A)) is the coefficient of AX'" !y in the polynomial
ot(AA 4+ pd(A)) in A, p. Amitsur’s formula from [1] completes the proof of part b).
(]
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Example 3.3. Applying Lemma 3.2, we obtain the next equalities.
o Let f =02(X1). Then 04(f) = —tr(Y14X1) + tr(X1) tr(Yig).
o Let f = tr(X1)?tr(X1X3) and p = 2. Then 9;(f) = tr(X1)? tr(Y11 X2) +
tI‘(Xl)QtI'(X1Y'21) and 8281(f) = tI‘(Xl)Q tI‘(Y11Y22) + tI‘(Xl)ztI'(legxfgl).
Note that 9101(f) = 0.

Similarly to M, N, N, we introduce the following notions.

e For ¢ > 0 we denote by M\(q) the monoid (without unity) freely generated
by letters xk,xf,yks,ygs, where 1 < k < dand 1 < s < ¢, and set M =
Ugs0M(q). Note that M(0) = M.

e Define the involution 7 and the equivalences ~ and ~ on M in the same
way as they were defined on M.

o Let M\l - MU {1} and M\F be the vector space with the basis M.

e We denote by N'(q) € M (¢) and N C M subsets of primitive elements and
define ./\A/'g(q), N, similarly to N .

Define the notion of degree for M and N, in the same way as for M and N,. For
a letter b € M define the n x n matrix X, as follows:

Yis, b= yrs

YL, ifb=yl and G=0(n)

Xp = Yy, ifb=yl and G = (n)
Xy, ifbeM
Given letters aq,...,a, € M\, we set Xgy.q, = Xa, -+ Xq,- A homomorphism

\Tln : N, — RS is defined by o4(a) — 04(X,), if t < n, and o¢(a) — 0 otherwise.
Assume that ¢ > 0. We define a linear map 9, : M\]F — /\//\lm as follows:
e 0,(xk) = Yrg, Oy(zl) = y,{q, and 0y (yrs) = Oy(yl,) =0 forall 1 <k < d
and s > 0;
o Jy(ar---ay) =>1_jar--ai—104(a;) ajs1 - a, for letters aq,...,a, € M.

~

Define a linear map 9, : Ny(¢ — 1) — ./\A/'g(q) as follows: for a,aq,...,a, €
./T/l\(qf 1) and ¢,t1,...,t. > 0, we set
e Jy(a) =0 for o € F;
o 9y(ov(a)) = S2I20 (—1) tr(a’dy(a)) o4—i—1(a), where we use the convention
that
tr(ay + -+ ap) = tr(aq) + - - + tr(a,);

e Oy(ot,(a1)---or.(ar)) =
Z o, (a1) oty (ai—1) Og(o1,(ai)) o1,y (ait1) - - - o, (ar).

Since an element (ay -+~ a,)'ay - -aj_1 94(a;) aj41 - - - a, is either primitive or zero,
where aq,...,a, € M(q—1) are letters, the following remark implies that the map
0y : No(q — 1) — N;(q) is well defined.

Remark 3.4. For a,b € M and q > 0 we have
o 94(a”) = 04(a)";
o if a ~ b, then tr(a™0,(a)) = tr(b™0,(b)) for all m > 0.
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Note that by abuse of notation we denote three different linear maps by one and
the same symbol 0.

Lemma 3.5. For q > 0 the following diagram is commutative:
-A70( - 1) &) ﬁG
1 94
O'(Q) — EG
In particular, if f € ./Vc,(q — 1) is a free relation (i.e., (I\ln(f) =0 for alln > 0),
then 04(f) € Ny is also a free relation.

Proof. Obviously, the statement of the lemma holds for tr(X,), where a € M is
a letter. Lemma 3.2 and the definition of 9, : N,(¢ — 1) — N, (g) complete the
proof. ([

In the proof of the next lemma we use statements from Section 2, which obviously
hold for elements from M.

Lemma 3.6. Assume that ¢,s >0 and a € J\Af(q — 1) satisfies
a) deg,, (a) #0 for some 1 <k < d;
C
b) a % al.
Let monomials

r;
fi = HUZZ”(@) e N,
j=1

be pairwise different, where r; > 0, t;1 > -+ > tip, > 1 and my1,...,mi, > 0 are
not divided by p (1 < i <s). Then 04(f1),...,04(fs) are linear independent over
F.

Proof. Let a104(f1) + -+ + @s04(fs) = 0, where a; € F, be a non-trivial linear
combination. Then without loss of generality we can assume that «; # 0 for all 4.
Moreover, without loss of generality we can assume that

t11 = max{t;;}.
i,
For short, we denote t = t1;. We have
O4(a) =by+---+ b,
for pairwise different by,...,b, € N and r > 0. By the definition of 9y,
aq(fl) = Z /gi,wfi,w’
wEe;
where €2; is equal to the set of pairs
{(u,0,B) |1 <u<r;, 0<v <ty l<k<r}
Bi(uv,k) = (—1)"myy is non-zero, and
Fituwie) = 00, (@)™ tr(abg) 0v—o1(a) [ 0 (a).
1<j<r;, j#u

We claim that for ig = 1 and wy = (1,¢ — 1,1) the following statement holds:
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If fiw = fig,wo, then @ =iy and w = wy.

Assume that ¢ and w = (u,v, k) satisfy fiw = fiow,- There exists a unique
1 < k' < d such that deg,(b;) = 1 for z = yr 4. The only multiplier of f;; w,
that contains 2 or 27 is tr(a’~!b;) and the only multiplier of f; ,, that can contain
z or 27 is tr(a’by). Therefore, a’~'b; ~ a’b,. The last equivalence implies that
v =1 — 1 and one of the following cases holds:
1. a'by < al~thy;
2. a7 by < (at o)L
Note that the result of the substitutions z — zp/, 27 — xf, in by as well as in by
is a. Thus, making these substitutions in the above equivalences, we obtain that
a is the [-subword of @ in case 1 and a is the [T-subword of @ in case 2, where
1 <1 < dega. Part b) of Lemma 2.4 implies a contradiction in case 2. Part a) of
Lemma 2.4 implies that { = 1 in case 1. Thus, a’~'b; = a*~'b, and k = 1. Since
v < tj, < t, we obtain t;,, = t. The inequalities t;; > --- > ¢;,, imply v = 1.
Therefore, w = wy.
It is not difficult to see that in the quotient field of ./\A/'U we have

fi t—1 f1 t—1
f, crt(a) r(a‘ 1) an fo’ 0 O't((l) r(a 1)
Thus ¢ = 1 and the claim is proven. Obviously, the claim implies a contradiction
to the fact that «;, # 0. The lemma is proven. O

Lemma 3.7. Assume that in the formulation of Lemma 3.6 we have a ~ aT
instead of condition b). Then

o if p#2, then 9,(f1),...,04(fs) are linear independent over F;

o if p=2, then 0,(f;) =0 for all i.

Proof. We use notations from the formulation of Lemma 3.6. Without loss of
generality we can assume that

tll = max{t”}
2,

For short, we denote t = t1;. By part b) of Lemma 2.3 and part ¢) of Lemma 2.4,
without loss of generality we can assume that a = cc” for some ¢ € M. We have

O4(c) = b1 + -+ - + by, where by,...,b, € M are pairwise different and » > 0. By
Remark 3.4,

Og(a) = bic” +-- bt 4 bl + -+ ebl.
Since tr(avbgc?) = tr(a’chl) for all 1 < k < r and v > 0, we obtain that
04(f) =D Biwliows
we;
where §2; is equal to the set of pairs
{(u, 0, k) |1 <u <7, 0 <o <y, 1 <k<r}
Bi (u,o,k) = 2(=1)"Myy, and

fiwwiy = 0t (@)™ r(@bpe ) o —o1(a) [ or(a).
1<j<ri, j#u
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Therefore, if p = 2, then 9,(f;) = 0 for all ¢ and the required is proven.

Let p # 2. We claim that if f; ,, = fiy,w,, then ¢ = ip and w = wop, where i =1
and wo = (1,¢t —1,1).

Let ¢ and w = (u,v, k) satisfy fiw = fiow,- There exists a unique 1 < k' <d
such that deg,(b;) = 1 for z = y 4. The only multiplier of f;, ., that contains
z or 27 is tr(at_lblcT) and the only multiplier of f;,, that can contain z or 2T
is tr(avbgpc’). Therefore, a'~'bic’ ~ a’brc’. The last equivalence implies that
v =1 — 1 and one of the following cases holds:

1. a* b " < at~ bt

2. a1y’ < at~lebl
Note that the result of the substitutions z — x5/, 27 — x{, in b; as well as in by, is
c. Making these substitutions, we obtain that a is the I-subword of a in both cases,
where 1 <[ < dega. Part a) of Lemma 2.4 implies that [ = 1. Since deg,(a) = 0,
we obtain a contradiction in case 2 and the equality a’~'b, = a’~ b, in case 1.

So, we proved that k£ = 1. The rest of the proof of the claim is the same as in
the proof of Lemma 3.6 and the required follows from the claim. O

4. pP-MULTILINEAR FREE RELATIONS

We assume that G is O(n) or Sp(n). Let f € N, be a monomial. If p > 0, then
we write f = fTf~ for

(2) fr=of(a1) - of (a;) and f~ = o2 (b1) - 0 (bs),

where ai,...,a.,b1,...,bs € J\A/, 1 <q,...,qs < p, and oy, (b1),...,01,(bs) are
pairwise different elements of A,. If p =0, then we set f© =1 and f~ = f.
As example, if f = tr%(z;) and p = 2, then f+ = tr'*(z1) and f~ = tr(z).

Definition 4.1. Let f =) . awfuw € J\Afg, where «, € F is non-zero and f,, is a
monomial. Then f is called multilinear if deg,(f,,) < 1 for every letter z € M and
w € Q.
The element f is called p-multilinear if there is a subset I C {zx, yr,q|1 < k <
d, q¢ > 0} such that every w € Q satisfies the following conditions:
e deg,(f.f) =0 and deg,(f,) <1 for every letter z & I;
o deg,(f,) =0 for every z € I.

In this section we prove that if there is a non-zero free relation, then there exists
a non-zero p-multilinear free relation (see Corollary 4.4 below).
For f as in Definition 4.1 we set

d
deg™(f) = max {deg(f,;)} and deg™(f) = max {Z deg,, (f;)} :
k=1

Note that for ¢ > 0 and a monomial f € ./\70 we have
(3) 0q(f) = f10,(f7).

The next remark follows from the definition of 9, and the fact that if b = ¢* for

b,c € M and r, s > 0, then there is an e € M such that b = ¢’ and ¢ = ¢’ for some
i,7 > 0 (see part a) of Lemma 2.3).
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Remark 4.2. Let ¢,t,0 > 0, a,b € N(q— 1), Oq(o(a)) = >, £fi and 94(oy(b)) =
Zj +h; for monomials f;, h;. Then there exist ¢, j with f; = h; if and only if a ~ b
and t = 1.

Lemma 4.3. Let p # 2 and f € N,. Then there is a ¢ > 0 such that 9y -- - O1(f)
is a non-zero p-multilinear element of N.

Proof. Let ¢ > 0. Consider h = Zweﬂ Quhy € ./\70 for non-zero elements «,, € F
and pairwise different monomials f,, € N, Let h be in /Vg(q —1) and

(4) deg,, . (ht) =0 and degyks(h;) <1

forall 1 <k <d, s> 0. Then we claim that one the following possibilities holds:
e h is a p-multilinear;
e h/ = 9,(h) is non-zero, h’ satisfies condition (4) and deg™(h') < deg™(h).
If deg=(h) = 0, then h is p-multilinear for I = {x1,...,24}.
We assume that deg™(h) > 0. Let {a1,...,as} be a subset of A such that for
every w € ) we have
hw = H hw,ia

1<i<s

where h,,; is a product of some elements of the set {o;(a;) |t > 0} or hy,; = 1.
Given 1 < i < s, denote by ©; the set of w € 2 with deg,, (h,, ;) # 0 for some
1<k<d

Since deg=(h) > 0, the set ©;, is not empty for some 1 < iy < s. Using
formula (3) and the equality h,, = [[;_, hy, ;, we obtain that for every w € Q2

w,i?

(5) 8q(hw) = h$ Z h;,l T h;,i—laQ(h;,i) 1;,1'+1 T h1_u,s7

where the sum ranges over 1 < i < s satisfying w € ©;. Note that if w ¢ ©; for all
i, then 0y (hy) = 0. Applying Lemmas 3.6 and 3.7, we obtain that {9y (h,, ;) |w €
©;,} are linear independent over F. Thus, the definition of h, ; together with
Remark 4.2 implies that b’ = 04(h) # 0. It follows from formula (5) that A’
satisfies condition (4) and deg™(h’) < deg™ (h). Therefore, the claim is proven.
Applying the claim to f, 01(f), 92(01(f)) and so on, we prove the required
statement by induction on deg™(f). 0

Corollary 4.4. Let G be O(n) or Sp(n) and p # 2. Assume that f € N, is a
non-zero free relation and d >> 0 is large enough. Then there exists a non-zero
p-multilinear free relation h € Ny with degt(h) < deg™(f).

Proof. Applying Lemma 4.3, we obtain ¢ > 0 such that f' = 9,---91(f) is a non-
zero p-multilinear element of N,. By Lemma 3.5, f’ is a free relation. Equality (3)
implies that deg™(f") < deg™*(f).

Let f' =3 a;f; for non-zero «; € F and pairwise different monomials f;. Since d
is large enough, there is an injective map ¢ from the set of yy s satisfying deg,, (f:) #
0 for some i (1 < k < d, s > 0) to the set of z; satisfying deg, (f;) = 0 for all
i (1 < j < d). Making substitutions yrs — ¢(ygs) and y,{s — o(yrs)T in f', we
obtain the required h € N. O
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5. MULTILINEAR FREE RELATIONS

We assume that G is O(n) or Sp(n). Given an n x n matrix A = (fij)1<ij<n
over R, we denote

AP = (fB)1<ij<n.

Remark 5.1. Let A be a commutative F-algebra and p > 0. Then for ay,...,a, €
A we have (a; + -+ +a,)P =al +-- +aP.

Lemma 5.2. For n x n matrices A and B over R the following properties hold:
a) (AB)®) = A B®);
b) O't(A)P = O't(A(P)) fOT 1<t<n;
c) if n is even, then (A*)(P) = (A®))*,

Proof. We set A = (fij)1<ij<n and B = (hij)i<ij<n. Then (i,7)t" entry of AB
is (3"p_; fikhk;)P and Remark 5.1 completes the proof of part a). Part b) follows
from formula (1) and Remark 5.1. Part ¢) follows from part a). d

Lemma 5.3. Assume that p # 2, f € N is a non-zero p-multilinear free relation
and d >>0 is large enough. Then there exists a non-zero multilinear free relation

in N,.

Proof. Without loss of generality we can assume that p > 0. Let f = > o o fuw €
N, be not multilinear, where c,, € F is non-zero and f,, is a monomial. Note that
[ = kP for some h,, € N,. Definition 4.1 implies that there is aset I C {1,...,d}
such that for every w the element f,; “depends” only on {zy |k € I} whereas f,,
“depends” only on {zy |k & I}. Hence h = ) o awhyf, is a non-zero element
of N, satisfying deg™(h) < deg™*(f).

Given n > 0, we have U, (f) = 0. By Remark 5.1, ¥,,(h%)) is a polynomial in
xfj(k‘), where k € I and 1 < 7,5 < n. It follows from Lemma 5.2 that the result
of substitution z7;(k) — x;(k) (k € I, 1 < 4,5 < n) in ¥, (h,) is ¥, (hy). Thus,
applying the mentioned substitution to ¥,,(f) = 0 we obtain ¥,,(h) = 0. Therefore,
h is a free relation.

Applying Corollary 4.4 to h, we obtain a non-zero p-multilinear free relation f’
satisfying deg™(f’) < deg™(h). Repeating this procedure several times and using
the fact that deg®(f) decreases at each step by at least one, we finally obtain a
non-zero multilinear free relation. (]

Lemma 5.4. There is no a non-zero multilinear free relation in Ny for p > 0.

Proof. We assume that f = >, awfuw € Ny is a non-zero multilinear free relation
for non-zero a,, € F and pairwise different monomials f,. Since F is infinite,
without loss of generality we can assume that f is homogeneous with respect to
N?-grading of N, i.e., deg,, (fuw) =---=deg,, (fu) =1 for all w.

We set n = d in case G is the orthogonal group and n = 2d in case G is the
symplectic group. Denote by e;; the n x n matrix whose (i, 7)™ entry is 1 and
any other entry is 0. Let u € Q and f,, = tr(aq1) - - tr(a,) for some a,...,a, € N.
Given a; = 21---2s, G2 = 2Zg+1--- 2], and so on, where z1,...,2; are letters, we
set Z; = e;j 41 for 1 <4 < s and Z; = e,1. Similarly, we define Z; = e; ;41 for



12 A.A. LOPATIN

s+1<i<land Z; = e s41. Considering as,...,a,, we define Z; for all [ <i <d
as above.

Note that in the symplectic case €;; = €j1q,i+a for 1 <4,j < d. Hence in both
cases the result of substitutions

xii(k) — (i,7)™ entry of Z, (1 <k <d)

in U, (fw) is zero for w # u and one for w = u. Since f is a free relation, we have
U,.(f) = 0. Thus we obtain «, = 0; a contradiction. O

We now can prove Theorem 1.1:

Proof. Let f be a non-zero free relation. Obviously, without loss of generality we
can assume that d is large enough. Then Corollary 4.4 and Lemmas 5.3, 5.4 imply
a contradiction. O

Remark 5.5. In case G = GL(n) we can repeat the proof of Theorem 1.1 without
reference to Lemma 3.7, where the restriction p # 2 is essential. As the result, we
obtain that there is no free relations for REX(™ for an arbitrary p.

Remark 5.6. Let p = 2 and G = 9p(n). By straightforward calculations we can
see that tr(AA*) = 0 for every n x n matrix A over R. By part b) of Lemma 2.3 and
part c) of Lemma 2.4, elements tr(a) € N, with a ~ a” are free relations. On the
other hand, it is not difficult to see that o2(z;x7) is not a free relation (1 < i < d).

6. INVARIANTS OF MIXED REPRESENTATIONS OF QUIVERS

A quiver @ = (Qp, Q1) is a finite oriented graph, where Qg (Q1, respectively)
stands for the set of vertices (the set of arrows, respectively). For an arrow a,
denote by a’ its head and by a” its tail. We say that a = ay---a, is a path in
Q (where ay,...,a, € Qy), if af = ab,...,a!_; = al.. The head of the path a is
a’ = a} and the tail is «” = a!’. A path a is called closed if o’ = a”.

Given a dimension vector n = (n, |v € Qyp), we consider

e the space H = ) o Fmo XM =57 o Hom(F"",F");

e the coordinate ring R = F[mfj la€ Q1,1<i<ng,1<j<ng]of H;

e the ny X ng» generic matrix X, = (x‘;]) for every a € Qy;

e the group GL(n) =3 .o GL(n,), acting on H as the base change, i.e.,

g (ha) = (ga’haga_//l)
for g = (gv) € GL(n) and (h,) € H; this action induces the action of
GL(n) on R.
Given a path a = ay - - - a, with a; € Q1, we write X, for X,, --- X, . Donkin [5]
proved that the algebra of invariants of representations of Q

I(Q, n) — RGL(n)

is the subalgebra of R generated by o4(X,), where a is a closed path in Q and
1 <t < mngy. Moreover, we can assume that a is primitive, i.e., is not equal to the
power of a shorter closed path in Q.

Let 4 : Qy — Qp be an involution, i.e., 4° is the identical map, satisfying i(v) # v
and n;(,) = n, for every vertex v € Qp. Define
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o the group GL(n,i) C GL(n) by (g,) € GL(n, 1) if and only if g,g/,) = E
for all v;
e the double quiver QP by OF = Qp and QP = 9, [[{a” |a € Q;}, where
(@) =i(a"), (a)" = i(d’) for all a € Q.
We set X,r = XI for all a € Q;. Zubkov [19] showed that the algebra of invariants
of mized representations of Q

I(Q, n, ’L) — RGL(n,i)

is the subalgebra of R generated by o;(X,), where a is a closed path in QP and
1 <t < mngy. As above, we can assume that a is primitive. An example of mixed
representations of a quiver is given at the end of the section.

Let Q, n, i be as above. We write M(Q, ) for the set of all closed paths in QF
and N(Q, 1) for the subset of primitive paths. Given a path a in QF, we define
the path a” in QP and introduce ~-equivalence on M(Q, %) in the same way as
in Section 1. Denote by Mp(Q, 1) the vector space with the basis M(Q,%) and
define N, (Q, %) in the same way as N, have been defined in Section 1. Consider a
surjective homomorphism

T : Ny (Q,%) — I(Q,n, 1)
defined by o((a) — 04(X,), if t < ny, and 04(a) — 0 otherwise. Its kernel K, (Q,?)
is the ideal of relations for I(Q,n,4). Elements of K(Q,%) = (1,50 Km(Q,1) are
called free relations for I(Q, n, ).

Let u,v € Qp be vertices. We say that a € Mp(Q,4) goes from u to v if
a =), oa;, where a; € F and a; € M(Q,1) satisfies af = u, a] = v. If a goes
from u to u, then we say that a is incident to u.

Lemma 6.1. The ideal K(Q,t) of free relations for 1(Q,n,t) is zero for an
arbitrary p.

Proof. If f is a free relation, then f € K,,(Q,%) for a dimension vector m =
(m,...,m) of Q, where m > 0 is arbitrary. By part b) of Lemma 2.3 and part c)
of Lemma 2.4, there does not exist a closed path ¢ in QP with a ~ a”. Hence f
does not contain a summand with a multiplier o:(a), where a is a closed path in
0P with a ~ aT and t > 0.

Exactly in the same way as we proved Theorem 1.1 for G = O(m), we can show
that f = 0. Here we do not use the first part of Lemma 3.7, which holds for p = 2,
but we only need Lemma 3.6, which holds for an arbitrary p. (]

Let us recall that the definition of o, can be found in Section 3 of [10].

Theorem 6.2. The ideal of relations K (Q,%) for I(Q,n,1) ~ N, (Q,1)/Kn(Q,1)
is generated by

orr(a,b,c) € No(Q, 1),
where t+2r > n, (t,r >0), a,b,c € My(Q,1), a is incident to some vertexv € Qy,
b goes from i(v) to v, ¢ goes from v to i(v).
Proof. As in [20], we denote by J(Q, 1) the inverse limit of algebras

{I(Qa n(l),z), Pn(1),n(2) |n(1) > n(2)}a
where @1y n2) : 1(Q,n(1),4) — I1(Q,m(2),4) is the natural epimorphism. It
is not difficult to see that J(Q,1) ~ N,(Q,1)/K(Q,%). Lemma 6.1 implies that
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J(9,%) ~ N,(Q,%). By Theorem 2 of [20], the kernel of the natural epimorphism
J(Q,1) — I(Q,n,1) is generated by elements from Theorem 6.2. O

Example 6.3. Let (+,-)1,...,(,*)r be bilinear forms on V = F" defined by n x n
matrices Ag,..., A, and (-,")1,..., (-, )s be bilinear forms on the dual space V*
defined by n x n matrices By, ..., Bs;. Then G = GL(n) acts on the space

T S
H = @]ann ® @ann
k=1 1=1
of the above mentioned bilinear forms as base change:

g- (A17 ce 7AT7B17 ceey BQ) = (gAlgT7 s 5gATgTagiTBlgila cee 7giTBSgil)7
where g=7 stands for (¢7)~.
coordinate ring

Denote generic matrices by X, = (z;5(k)) and Y7 = (v45(1)). Let Q be the following
quiver

This action induces the action of GL(n) on the

A1ye.eyQp
LT T
@w@ ’
b1,...,bs

where there are r arrows from v to u and s arrows in the opposite direction, i(u) =
v, and n = (n,n). Then the algebra of invariants F[H]““(") is isomorphic to
I(Q,n,4). By the above mentioned result of Zubkov [19], F[H]“X(™) is generated
by 0¢(Z1 -+ Z), where 1 <t < n and Z; is one of the following products:

XpY, XY, XeY XY (1<k<r 1<1<s).

Relations between these generators are described by Theorem 6.2.
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