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§ 1. Introduction.

The aim of this. paper is the following result.

1.1 Theorem. Let A be a small additive category and E be the category of all-functors from
A to the category of modules over the ring R . Let :

N:A" — R—-mod, n22,
be a functor with. the property that
(1.2) N(Xp,---,Xn) =0 if thereis i € {1,---,n} with X;=0.

Let
N%:4 — R—mod

be the composition of N with the diagonal embedding A — A= Then
Extgs(M, N“) =0= Ezt"g(Nd, M) ,g>0,

whenever F' has degree (in sense of Eilenberg and MacLane [EM] at most n — 1 .

This theorem was proved in [P] in case n = 2 . Using 3.9 [JP] we deduce from theorem
1.1 the

1.3 Corollary. Suppose that the values of M are projective R-modules. Then
H (é, Homp (M, Nd)) =0
where Homp(M, N?) is the bifunctor on 4 given by

(X,Y) — Homp(M(X), N(Y,++,Y)).

§ 2. Proof of the theorem:

We recall that for any functor T: 4 — R'—mod and any « > 0 the s —th cross-effect
of T is a functor

Tc: A" — R—mod,
such that for X, --, X € Ob A there exists a natural decomposition (see [EM]
(2.1) T(Xl@"’@Xm)=®T‘(X|'1,"‘,X|'n),

where the sum is taken overall 1 <) < -+ <3 £ m . The functor T has degree at most

m if T4t = 0. We denote by 57 «(X) the projection on the summand T.(X,---,X) of
1.9 ~

the map T(X) — T(@ X ) which is induced by diagonal map X — @ X . Then we
=1 =1

obtain the natural trans:‘.ormation‘ ‘

nT,,‘:T—>T,f.



Here T? denotes the composition of Ty : A* — R — mod with the diagonal :embed- - -
ding 4 — A" . Let &7.(X) be the restriction’ on the: summand. T X} of_the map

K
(EB X )} —— T(X) which is induced by the codiagonal map EB X -— X -~ Then we
have the natural transformation . . e T

bro: T8 —T.
2.2 Lemma. Let N : A" — R—mod be the functor satisfying condition 1.2 and T' = N d

Then 7T, is a split monomorphism and {7, is a.split epimorphism.
Proof. Let X, -+, X, € ObA and let

(X1, Xa)  PT(X10 0K 0 Xa) —*T(@X')

=1 =1

be induced by the inclusion

X0 0Xio--0X.a—PXi.

i=1

Then 2.1 implies that the column in the following diagramm is exact.

P T(Xe-0Xo--0X)

im)

T(diag) nl % n n
T(X) = N(X, -, X) = T(@x) =N(®X,--~,EB~X)
) N(Pl ""vpn) : im]l |=1 l=1
fTn
TH(X)
!
0.

Here pr is the projection in the decomposition 2.1 and

p;:é-x—-»x

=1

is the projection on the i-th summand. Hence we get

nT,n = pr o T(diag) ,
Npl,- L ,pn) oT(diag) = lT(X) y
N(py, -+ pn)oa=0.

This shows that there is a retraction of nr, . A similar argument shows that ér, has a
section.

Lemma 2.3 Let F(n) be the category of all functors from A" to R — mod . Then there
is a functor

¥:E£(a) — E(a)

with the following properties-



i) ¥ is an exact functor _ S

if) ¥(W) satisfies property 1.2 ———

iii) if W satisfies property 1.2 then (W) = W :

iv) if NV satisfies property 1.2 and W is an arbitrary object in g(g then
Homg(z)(W,N) = Homp(,) ($(W), N)

and
v) 1 sends injective and projective objects to injective and projective objects
resepectively.

Proof. We define 3 by

(YW (X1, Xa) =Ker(W(X1,-~-,X,,) RA @W(xl,..-,o,--.,x,.)) :

=1

Here ~ is induced by X; — 0. Then ii) and iii) follows from the definition. Since + has
a section YW is a direct summand of W and we have

(YWY (X1, oor, Xn) = coker(@ W(Xy, 0, Xa) = W(Xy, - ,X,,)) .

=1

From this. follows i). We remark that v) formally follows from i) and iii). Let f: W — N -
be a natural transformation. Then the commutative diagramm

W(X1,-- -, Xa) f( Xy Xo) N(X1,---, Xn)
T T

n n
@W(le'uioa”'yxn) ef(Xh_,P, !X'l) @N(Xla”')oa"'axn):()

=1 i=1
shows that f(Xi,---,X,) uniquely factors through (W) and we obtain the first isomor-
phism in iii). The second is proved by the dual argument.

2.4 Lemma. Let W be an injective (resp. projective) object in F(n) . Then W* is an
injective (resp. a: projective) object in F' .

Proof. We recall that for an arbitrary small category C the following family of functors is
a family of injective (resp. projective) generators in (R — mod)g :

X HMaps(g(é,g),I) (resp.X H-R'Q(C,X)]) .

Here c€ ObC, I is an injective generator in the category of R-modules and R[S] is the
free: R-module with base S . Therefore it is sufficient to consider the case

W(Xh e :Xn) = MGPS(é(Xl,Cl) XX é(Xnv Cﬂ)’ I) ’
resp. the case

W(Xh' T an) = RE(Cth) X X A(cn)Xn)]



where ¢1,:++,cn € Ob A . Hence
wi(x) = Maps(A(X,c1 X -+ X ¢ca), I)

resp.
WX) = R[Alc1® - D cn, X)) -
Therefore W¢ is injective (resp. projective) in F .
2.5 Proof of the theorem. First consider the case when ¢ = 0. Let
r:M—T=N*
(resp.
o: N =T F)

be a natural transformation with deg M < n and assume N satisfies condition.1.2. Since
nT,n and {7, are natural with respect T', we obtain the following commutative diagrams.

M LA T T¢ i Fé = 0
am | Lorn 2 L érn
0= M7 3 T T % F.

By 2.2 77, is a monomorphism and {7, is an epimorphism, therefore 7 = o = 0 . Let
0 — N — I* be an injective resolution in- F(n) . Then 0 — N — ¢(I*) is also an
injective resolution by 2.3. Therefore 0 — N — (y(I ‘))d is an injective resolution too (by
2.4). But ¥(I*) satisfies the property 2.1 by 2.3. Therefore

Ezt‘g(M, Nd) B* (Homg (M, (4(I")) ) =80 =0.
By the dual argument we obtain the second equality

Eaty (N", M) =0.
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