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O. Introduction.

In this note we want to deal with projections of smooth surfaces

in 1P5( = 1P5(C» to 1P4. First of all we recall the following classical
resultJ which was proved by F. Seyeri in 1901 (cf. [Se]).

Theorem. Let YC!P5 be a smooth, connectedJ non-degenerate

surface. Then the secant variety of Y J Sec(Y), equals IPSJunless Y
is the Veronese surface.

Because the projection of !pS to !p 4 with center yE: [P5\ Y gives rise

to a closed embedding 1T y:Y --+ !p 4 iff y doesn't lie on asecant line

of Y, this means that no smooth surface in !p 5 except the

Veronese surface can be projected to a smooth surface in [P4.

In this paper we want to study projections with center on the
surface , i.e. we consider the following situation:

Let 1T y :!P 5-- --+ tp4 be the projection from a point yE:Y. Then 1T y

induces a morphism Y " (y) --+ tp4 (which we also denote by 1T y)

from the blow-up Y A (y) of Y in y to !p 4 .

A natural question is now : when is 1T y:Y " (y) -4 IP4 a closed

embedding ?
For this we have the following criterion which is quite easy to
verify.

Lemma. 1T y :Y A (y) -4 [P4 is a closed embedding if and only if y

does not lie on a trisecant of Y.

This means that a smooth surface YC!P5 can be projected (with

center on Y) to a smooth surface in 1P4 itt Trisec(Y) '" Y~ Y.



The purpose of this note is to' give a proof of the fo11owing
conjecture of A. Van de Yen, which IS In some sense an analogue
to Severi's theorem.

Con iecture There exist only finit~ly many families of smooth

surfaces Y in !p 5 with Trisec(Y)1"\ Y~Y.

Besides the classical (in-)equalities ( Severi's double point formula,
Miyaoka-Yau inequality, Hodge index theorem, ... ) the main tool
in our proof is a formula of P. Le Bar2. He calculates there the
degree of a certain zero cycle, whieh is in appropriate geometrie
situations just the number of trisecants of Y interseeting a

general plane in !p 5 , as an universal polynomial in the degree
and the Chern numbers of Y.
We prove that in our case the degree of this cyele has the right
geometrie meaning and that in faet it is zero.
This additional equality allows us to bound the degree of Y under
the assumption. Trisec(Y)1"\ Y~Y. Aetually it turns out that the
degree of Y has to be smaller or equal to 11, and with the help of

the list of smooth surfaees in !p 4 up to degree 10 (cf. Okonek,
Ionescu, Decker /Schreyer, Aure, Ranestad) we give here a

complete list of a11 the smooth surfaees in !p 4 whieh are
projections in the above sense.

In the first part of this paper we essentially state the result of P.
Le Barz (without proof), the seeond section is devoted to the proof
of our main theorem.

Aeknowledgements This result is part of my Ph.D. thesis at the
University of Bonn. I would like to thank my advisor Christian
Okonek for suggesting this research, following its development~

and for m.any stimulating discussions. I am. grateful to F .-0.
Schreyer, who pointed out to me amistake in a previous version.
It is a pleasure for roe to acknowledge rny indebtness to MPI in
Bonn for providing an excellent environment for my work.
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1. Background material.

In this section we want to recall some basic definitions and state
a result of P. Le Barz l which is essential for the proof of our main
theorem.

Throughout the paper Y shall be a smooth l connected l non

degenerate algebraic surface in IPS(= IPS(tt», and we shall denote
by K a canonical divisor and by H a hyperplane section.

By Hilb3 1P 5 I resp. Hilb3y I we denote the Hilbert scheme of zero

dimensional subschemes of 1P5 I respectively YI of length three
("3-tuples 01).

Hilbc
3 IP S is the open subset of Hilb3 1P 5 given by the 3-tuples lying

(loca11y around every point of the support) on a srnooth curve l

Hilhc
3y:= Hilb3y x Hilb3 [p5 Hilbc

3(p5.

(11) Rernark. Hilbc
3 [p5 IS smooth and has dimension 15

(compare [LB]l ).

A 13 IP 5 is the subva riety glven by these elernen ts of

Hilbc
3 [p51which are subscheme of som.e line in [p5.

(1 2) Remark. a) Al31P 5 is a srnooth subvariety of Hilbc
3 1P 51

b) one has a canonical fibration a: Al31P 5 -. lB(1 / [P5) (:= Grassm.ann

manifold of lines in (p5)1 where an element cf A131P 5 is mapped to
the line on which it lies l

c) A13[p5 is projective.

We' denote by [Hilbc
3y] the cycle (cf codimension 9) In the

Chowring Ch -( Hilbc
3 (p 5) associated to the irreducible end smooth

subscherne Hilbc
3y C Hilbc

3(p5.

:3



Therefore, by considering the canonical inclusion i: A13 [p 5--+

Hilb c
3 [p5 we get a cycle i*[Hilb c

3 Yl E: Ch9 (A131P 5 ). We call

i*[Hilbc
3Yl the trisecant cycle In A13[p5.

Let a E: Ch2 (03( 1, [p5)) be the Schubert cycle of lines In !p 5 , which

intersect a fixed plane in [p5.

With this set-up we are now able to forrnulate the theorem of P.
Le Barz.

(1.3) Theorem ( [LBlz, Theoreme 3). Let Yc [p5 be a smooth

surface of degree n, S the n umber of improper double points of a

generic projection of Y to [p4. Furthertnore let d be the degree of
the double curve end t the nutnber of tripie points of a generic

proj ection of Y to [p 3. Then the degree of the zero cycle

in Ch·( A13!p 5 ) is

n(n-1)(n-2)/6 + 2t + (n-2)(S-d)

(1 4) Remark. a) If one knows by geometrie reasons that there
exist only finitely nleny trisecants of Y intersecting a general

plane in !p 5 , then this number counted with appropriate
rnultiplieities, is equal to n(n-1)(n-2)/6 + 2t + (n-2)(S-d).
b) One can express the invariants t,S,d of Y in terms of H, K, cz(Y)

in the following way:

d = 1/2 ( n(n-4) - H.K ),

B = 112 (n(n-10) + ez - K 2 - 5 H.K ),

4



t = 1/6 (n(n2-12n+44) + 4K2 - 2c2 - 3H.K (n-B)) I

(cf. [LB]21 Annexe 6 ).

Finally we want to glve adefinition of the embedded trisecant
variety of Y.

Fer this we denote by Z the closure of a( Al3y ) in aJ( 1, [P5 ) I where

Al3y : = A13[p5 x Hilb
c3 [pS Hilbc

3y . We consider the flag manifold

F:= { (x,L) E: [p5 x aJ( 1, !P 5 ) : x E: L } with the two prejections

p : F --+ a3(1 , [P5)

q : F --+ [p5.

5

( 1 .5) Definition ( " embedded trisecant variety " ).

Trisec(Y) : = q(p-1(Z)) C IPs .

Obviously as a set Trisec(Y) is just the union of all trisecants of Y ,

where a trisecant is either a line contained in Y er a line in !p 5

which intersects Y in a zero dimensional subscheme of length at
least three.

2. The main theorem.

This section is devoted to formulate and prove ~ur maln result.

For this let Yc [pS as usual be a smooth ( connected, non
degenerate ) surface. We consider the diagrarn:



Y E: Y C

a T
Y A (y) -+

(p5

6

where 1T Y is the projection of !p 5 to !p 4 with center y and a 1S

the blow-up of Y in y. Then we have the following:

(2,1) Lemma. 1T y:Y A (y) -+ 1P4 is a closed embedding if end only

if y does not lie on a trisecent line of Y.

proof. Let H be a hyperplane section of Y J then 1T y:Y A (y) --. IP 4

is given by the linear system 1 H, - y I. Using [Ha] It 7.8.2 one
checks easily that I H - y I gives a closed embedding iff y is not an
element of Trisec(Y). Q.E.D.

Now we state our mein result.

(2.2) Theorem. Let YCIP5 be a smooth ( connected
J

non
degenerate ) surface with Trisec(Y) 1'\ Y~ Y. Then the degree of Y is
smaller or equal to 11.

As a consequence we get the conjecture of A. Van de Ven.

(2.3) Cerollary. There exist only finitely many families of smooth

surfaces YC 1P5 with Trisec(Y)1'\ Y~Y.

Pr eguivalently; There ex ist only finitely many families of

smooth surfaces in 1P 4 which are obtained by projection ( in the
abeve sense ).

Betere giving a proof of theorem (2.2) we need some auxiliary
results.



(2 4) Remark. Let Y be as in (2.2), K a canonical divisor of Y, H
a hyperplane section and e = e( Y) the topological Euler
characteristic of Y. Then

KZ - e = n Z - 12n - 5H.K + 8 ,

where n := degY.

proof. We choose a point y € Y which does not lie on a trisecant.

Then 1T y:Y A (y) ~ y l
C 1P 4 is a closed ernbedding. Obviously we

have then for the hyperplane section end cenonical divisor of y l
:

H' = H - E ~

7

therefore:

K ' = K + E

n l := degY ' = n - 1 ,

K'Z = K2 - 1 ,

H'.K' = H.K + 1

( where E : = a-1(y) )~

By Severi's double point forrnula for ylC 1P 4 ( cf. [Ha], Appendix A~

4.1.3 ) we get:

o = n 12 - 10n I - 5 H'.K' - 2K '2+ 12( 1 + Pa(y l» =

= (n - 1)2 - 10(n - 1) - 5(H.K + 1) - 2(K2 - 1) + 12(1 + pe.(yl»

= n Z - 12n - 5H.K + 8 - 2Kz + KZ + e ~

which ilnplies the assertion. Q.E.D.

(2.5) Lemma, Let YCIP5 be a srnooth surface with
Trisec(Y) 1"\ y~Y. Then the following holds ( with the same notation
es in (1.3):



n(n-l)(n-2)/6 + 2t + (n-Z)(B-d) =

=1/6( n 2 - lBn - 3nH.K + 22H.K + 4(K2 + 20) )

Proof This is just a straightforward calculation using (1.4)b) and
(2.4). Q.E.D.

We are now going to prove that the degree of the zero cycle in
(1.3) is in fact zero ( under the assumption Trisec(Y) 1"\ Y~ Y ). By

(l.4)a) we have to verify that for a general plane pe [pS it holds:
Trisec(Y) 1"\ P = ;1 I which is equivalent to the fact that the
dimension of Trisec(Y) is smaller or equal to two.

(Z .6) Proposition Let YC [pS be a smooth surface with
Trisec(Y)I"\Y~Y. Then every irreducible component of Trisec(Y)
has dimension smaller or equal to two.

Proof. Because Trisec(Y)I"\Y~Ywe see that Trisec(Y)I"\Y =: C has
dimension smaller or equal to one. Let C = U lii:s.rCi U U lijiS{X j}

be the decomposition of C in its irreducible components.
Assurne that there exists an irreducible component T of Trisec(Y)
( cf. (1.5) ) with dimT = 3 . Then we have the following possibilities
for T:

1) T = UXE:Ci TxY , where Ci is an irreducible component of C and

each of these trisecants is a tangent line at XE: Ci meeting Y in a

third point. Since dimT = 3 , this third point is not fixed. The union
of these points must then be an irreducible component Cj ( j ~ i )

of C.

2) T = UXE:Ci TxY, where Ci is an irreducible component of C and

every tangent line in each Tx Y meets Y in x of order at least

three.

3) T = Sec(C), where Ci is a reduced, irreducible component of C,

which is not contained in a plane.

8



4) T = Ci ... Cj ,where Ci ,Cj are redueed, irredueible eomponents

of C, and Ci U Cj is not eontained in a plane.

We are going to exelude step by step a11 these possibilities.

1) Note that for a11 x E: Ci it holds Cj C Tx Y. Therefore Cj rnust be

a line, because otherwise TxY would be an unique plane for all

x E: Ci eontradicting dirnT = 3. We state the following

Lernma Let ce IPn be an irreducible,redueed curve. If there exists

a line Lc IPn , s. th. each tangent line of C meets L, then C must be
a plane curve.

proof Let t be a loeal parameter of C, and v(t) a loeal lift to Cn + 1 .

Furthermore let ve Cn + 1 be the rank 2 veetor subspaee ,such

that L = IP(V). Then setting w(t) = p(v(t», where p: cn+1--+

cn+1/v is the natural projection, we have that w(t) and wl(t) are
always proportional, whence w(t) is eonstant. Q.E.D.

From the proof of the previous lemma we get that Ci is contained

in a plane 1T containing the line Cj . But then Tx Y = 1T for all

x E: Ci, since Tx Y is the span of Cj and the tangent line to Ci at x,

whieh again eontradicts dimT = 3.

2) We eonsider the Gauss map

9

'P: Y -+ lB(Z, IPS) ,

It is easy to verify that (dcp)y = 0 for a point y E: Y where every

tangen t line has contaet of order at least three and so 'P ICi i s

eonstant. Therefore also in this ease the dimension of T must be
smaller than three.

The eases 3),4) ean be treated simultaneously. The argument we
use is the same es in [A-C-G- H] p.ll0.
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T = Sec(C) ( resp. Ci * Cj )1 so for p,q E: Ci (resp. p E: Ci , q E: Cj )

the line p* q meets C in a third point v = u( p,q). After choosing
appropriate Iocal parameters S/t/U around p/q/v and viewing P(S)I

q(t), v(u) as functions with values in C6
I we can assurne:

Differentiation with respect to sand t gives:

Since dirnT = 3, it is clear that au/as and au/at are not
identically zero. Hence:

pi A q A v = A( p A ql A V ),

with A~OI which implies that p,pl,q,ql He in a C3 . So we have
shown that any two tangent Iines of Ci ( resp. a tangent line of Ci

and a tangent line of Cj always meet in a point. Because Ci (resp.

Ci U Cj ) is not contained in a plane this point rnust be the same

for all tangents ( in fact, if I)' are tangent lines of Ci I L is a

tangent line of Ci ( resp. Cj ), then if l' does not pass through 1 n LI

it is contained in the plane L. L ). Projection from this point ( we

call it c ) in 1P 4 gives a map

f: Ci \{c} ( resp. Ci U Cj \{C} ) -+ !p 4

with df = 0 and so Ci must be a line containing c ( resp. Ci U Cj

must be the union of two lines through C ) which is a
contradiction.

Alltagether we have shown that the dimension of T rnust be
strictly smaller than three. Q.E.D.

(2.7) Corollary. Let YC!PS be as in (2.6). Then



n 2 - 18n - 3nH.K + 22H.K + 4(K2 + 20) = 0 ,

where n is again the degree of Y.

11

Proof. This follows by eOnlbining (1.3), (l.4;}a), (2.5) and (2.6).
Q.E.D.

Proof of (2.2 L The aSSUnlption Trisee( Y) 1"\ Y ~ Y inlplies

(1) K2 - e = n 2 - 12n - 5H.K + 8

(2) n 2 - 18n - 3nH.K + 22H.K + 4(K2 + 20) = 0

1. ease. kod(Y) 1 0 or Y is rational.
Then it follows by the Miyaoka-Yau inequality :

K2 = -1/4( n 2 - 18n - 3nH.K + 22H.K + 80 ) i 3e =

=-3/4 ( 5n2 - 66n - 3nH.K + 2H.K + 112 )

end therefore one gets :

7n2 - gOn + 128
H.K 2

3n + 8

( ef. (2.4) ) I

( ef (2.7) ).

(3)

2, ease Y is a birationally ruled surface.

Using the inequality K2 i 2e we get by the sam.e caleulation es
above:

9n2 - 114n + 144

3n + 18

Fronl the Hodge index theorenl it follows now in both eases :

K2 = -1/4( n 2 - i8n - 3nH.K + 22H.K + 80 ) Sr (H.K)2/ n ,

(4)



w hich implies :

H.K ( 3n2 - 22n - 4H.K ) i n 3 - lBn2 + BOn. (5)

12

We assume tram naw on that the degree .2f y i.§. bigger m::
equal 12 ß and distinguish again between the two cases :

1, case, ked( y) ~ 0 er Y is ratienal.

a) 3n2 - 22n - 4H.K i 0,
This implies

H.K ~ 3/4n2 - 11/2n .

b) 3n2 - 22n - 4H.K > 0,
Then we have

7n2 - gOn + 12B

( 3n2 - 22n - 4H.K ) i

3n + B

i H.K ( 3n2 - 22n - 4H.K ) i n 3 - lBn2 + BOn.

Because 7n2 - gOn + 128 > 0 for n ~ 12 this implies

(3n + B)(n3 - 18n2 + BOn)

3n2 - 22n - 4H.K i

7n2 - gOn + 128

and therefere

(3n + B)(n3 - lBn2 + 80n)

H.K 2 3/4n2 - 11/2n -

4(7n2 - gOn + 128)

On the ether hand

(6)

(7)



n 3 - 18n2 + 80n
i 1/28n

28n2 - 360n + 512

for n ~ 12 as one easily checks and so we get finally

H.K 2 3/4n2 - 11/2n - 1/28n(3n + 8) = g/14n2 - 81/14n .

Alltogether we obtain in the first ease ( under the assumption n ~

12 ) :

H.K ~ min ( 3/4n2 - 11/Zn , 9/l4n2 - 81/14n )

13

= 9/l4n2 - 81/14n . (8)

2. esse. Y is a birationally ruled surfaee.
The same ealeulation as in ease 1 ( just replaeing (3) by (4) ) gives
rise to the following inequality ( again for n ~ 12 ) :

H.K 1 2/3n2 - 6n . (9)

Using the Castelnuovo inequality ( cf. [A-C-G-H] p. 116 ) for the

genus 1T of H ( considered as a smooth curve in 1P4 ) we obtain :

H.K = 21T - 2 - n i 2«3m(m-l)/Z + m(n-1-3m») - 2 - n ,

where m := [(n-l)/3] .

As an easy calculation shows, this implies :

H.K So 1/3n2 - 8/3n + 7/3 . ( 10)

Combining now (10) and (8) in the first ease ( resp. (9) in the
seeond ease ) we get the following inequalities :

1. ease: g/14n2 - 81/14n i H.K i 1/3n2 - 8/3n + 7/3



end

2. ease; 2/3n2 - 6n i H.K i 1/3n2 - 8/3n + 7/3 .

14

Cheeking that these two inequalities are never fulfilled for n ~ 12
we get a contradiction, end so it follows that the degree of Y hes
to be smeller or equal to 11. Q.E.D.

(2 8) Bemark 1) If y l
c!p4 is a smooth surfaee which comes

from !p 5 by projection, theorem (2.2) says that degY' i 10.

2) If Y' C !p 4 eontains an exceptional line end H1(Y',C}(H'») = 0,

then Y' arises from a smooth surfaee Y C !p 5 by projeetion with
center on Y.

Proof of 2).
sequence

Beeause H1(Y',C}(H')) = 0 we have the exact

o --+ HO(Y',O(H')) --+ HO(Y',C}(H'+E)) --+ HO(E,C}(H'+E)IE) --+ 0 ,

which shows that IH+EI gives an embedding c.p of Y'\E to !p 5 end
maps "E to a point p not conteined in c.p(Y'\E). That p is a smooth
point follows since

HO(Y',O(H'» -++ HO(E,O(H')IE) . Q.E.D.

Although it is not needed in the following we would like to
mention that in the ease of rational surfaces also the converse is
valid.

(2 g) Lemma Let Y' C 1P 4 be a smooth rational surface. Then Y'

is projeetion of a smooth surface Y C 8'5 with center on Y iff Y'

contains an exceptional line end H1(Y',O(H i
)) = O.



Proof, It suffices to show that if Y' c 1P4 arises by proj ection,

then Hl(Y',C}(H'» = 0, By Riemann-Roch we have

X(C}(H'» = 1/2 H'.(H' - K') + 1.

Since Y' is linearly normal, it holds moreover:

This implies:

By [Al] Proposition (4.2) it holds :

K'Z = 8 - m' ,

where m' = -1/2(n'-3)(n'-12) + 5h1(Y',C}(H'»

Putting these equalities together with (2.7) we obtain

o = n Z - iBn - 3nH.K + 22H.K + 4(KZ + 20) =

15

which implies h 1 (Y',C}(H'» = 0 or n' = :3 ( in which case also

h 1(Y')'(H'» = 0 ). Q,E.D.

(2.10) Theorem. The smooth, non-degenerate, connected surfaces

Y' C 1P4, which are projections of a smooth surface Y C 1P5 ( with
center on Y ) are exactly the following:



deg 1T Pg q kod structure of the surface

0 0 0 -1 [pz"'(x), IH'I = 12L - xl

4 1 0 0 -1 IP Z"'(x 1, .. ·,xs), IH'I = 13L - LXiI,

Y' = campl. inters. af two
quadrics

5 2 0 0 -1 IP z '" (x o,···,x 7), IH'I = 14L - 2xo -

L11i17xi I

6 3 0 0 -1 IP Z"'(x 1,· ..,x 10) IH'I = 14L -,

L11i110xil

7 4 0 0 -1 IP Z"'(x 1,···,x 6'Y1'···'Ys) ,

IH'I = 16L - L11i162xi - L11i1SYi I

7 5 1 0 0 K3-surface

8 5 0 0 -1 IP z "'(xo,···,x 10 ) ,

IH'I = 17L - x o - L11i1102xi I

9 5 0 0 0 Enriques surface .

15

Here 1T is the sectional genus of Y', Pg is the geometrie genus, q

the irregularity and kod the Kodaira dimension of Y·. L is the

striet transform of a line in IP 2.

proof. Checking the list of smooth surfaees in 1P 4 up to degree 10
( cf. [Al] for the rational surfaces, lOk] for degree smaller or equal
to 8, [A- Ra] for degree g, IRa] for degree 10 ) we see that all the
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surfaces except the ones in the above table are either minimal or
don't fulfill (2.7), which means that they are not projections.
The rational surfaces Y' in our list contain an exceptional line and

it holds H1(Y',O(H'» = 0 ( cf. [Al] Theoreme (1» and so they arise
by projection by (2.8). The Enriques surface is obtained by
projection ( cf. [Co-VeJ, [Do-Rei] ) and also the K3-surface ( which
is obtained by proj ecting the complete intersection of three

quadrics in IPs into 1P4 ( cf. [Ok] ). Q.E.D.
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