Max-Planck-Institut fur Mathematik
Bonn

Twisted loop transgression and higher Jandl gerbes over
finite groupoids

by

Behrang Noohi
Matthew B. Young

Max-Planck-Institut fir Mathematik
Preprint Series 2019 (55)






Twisted loop transgression and higher Jandl
gerbes over finite groupoids

Behrang Noohi
Matthew B. Young

Max-Planck-Institut flir Mathematik School of Mathematical Sciences
Vivatsgasse 7 Queen Mary University of London
53111 Bonn Mile End Road

Germany London E1 4NS

United Kingdom

MPIM 19-55






TWISTED LOOP TRANSGRESSION AND HIGHER JANDL
GERBES OVER FINITE GROUPOIDS

BEHRANG NOOHI AND MATTHEW B. YOUNG

ABSTRACT. Given a double cover m : G — G of finite groupoids, we explicitly
construct twisted loop transgression maps, T, and T, thereby associating to a

s

Jandl n-gerbe A on G a Jandl (n—1)-gerbe T, (\) on the quotient loop groupoid of
G and an ordinary (n — 1)-gerbe T2¢/(\) on the unoriented quotient loop groupoid
of G. For n = 1,2, we interpret the character theory (resp. centre) of the category
of Real A-twisted n-vector bundles over G in terms of flat sections of the (n —1)-

vector bundle associated to T2f()\) (resp. the Real (n—1)-vector bundle associated

to T (\)). We relate our results to Real versions of twisted Drinfeld doubles and
pointed fusion categories and to discrete torsion in orientifold string and M-theory.
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INTRODUCTION

The goal of this paper is to construct and compute twisted versions of loop trans-
gression maps on the cohomology of finite groupoids and to explain their relevance
to Real (categorical) representation theory, monoidal categories and discrete torsion
in string and M-theory with orientifolds.

To put our results into context, recall that the ordinary loop transgression map
T associates to a degree n cohomology class on a sufficiently nice space X a degree
(n — 1) class on its free loop space Map(S*!, X). See, for example, [7]. When X
is replaced with a finite groupoid G, which is the focus of this paper, Willerton
[31] constructed and computed a loop transgression cochain map T : C*(G) —
C*1(AG) for U(1)-valued simplicial cochains. Here AG = Homc.(BZ,G) is the
loop groupoid of G, whose geometric realization |AG| is homotopy equivalent to
Map(S?,|G|). The map T has found applications in many areas of mathematics,
including representation theory and topological field theory; see, for example, [14],
81, [31], 117, [21 A

Suppose now that m : G — BZ, is a finite Zs-graded groupoid, such as the
classifying space of a Zy-graded group G — Z,. Let G — G be the associated
double cover and C"”(@ the m-twisted cochain complex of G. Define quotient
loop groupoids AG = AG /7y and A;efQA = ANG/Zs by Zs-actions on AG given
by deck transformations of G and the diagonal action of deck transformations and
reflection of the circle BZ, respectively. Our first result is as follows.

Theorem A (Theorems and . There exist twisted loop transgression maps
T;_ef . C«o+7r<é) N C«o—l(A;eng)
and R R
T, Co+7r(g) N Co—l-‘rﬂAﬂ—G (Aﬂg)’

both of which are cochain maps and have explicit combinatorial expressions. Here
LINIR AG — A, G is the canonical double cover.

For example, when 6 € C*t™(G) and [w]y € C1(A™G), we have

R R (o) —1 ) w(w), ,—1
() () = By )y 3 L)
O([wly™])
The map T has already appeared, in the form of its explicit expressions in low
degrees, in work on Real 2-representation theory [32] and unoriented topological
field theory [33], where its geometry was also foreshadowed. Theorem [A| gives
an a priori construction of T and T, in all degrees, and establishes that they
are cochain maps, which is important for applications in [32], [33] and difficult to

verify directly in all but the simplest cases. Upon restriction along G — G, both
maps T T, recover Willerton’s transgression map t. Our proof of Theorem
is necessarily different from Willerton’s proof for T, however, since the latter relies
on an explicit homotopy equivalence |AG| ~ Map(S?, |G|) which is not equivariant
for circle reflection. We instead work categorically, without passing to geometric
realizations, where all constructions are equivariant.

In the remainder of the paper we explain the relevance of Theorem [A] to Real
(categorical) representation theory and related areas. Following Atiyah [I], the

term “Real” indicates a C-linear object with a C-anti-linear involution. We take a
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geometric approach and, using terminology of [29], [31], interpret a twisted cocycle
A€ Z"1H76(G) as a (flat) Jandl (or Real) n-gerbe on G, that is, an n-gerbe on G
with conjugation-twisted equivariance data for the double cover G — Q . Forn =
—1,0, 1, this is a Real U(1)-valued function, a Real U(1)-bundle and a Jandl gerbe

on G, respectively. Jandl gerbes play an important role in unoriented topological
field theory [20], [33], orientifold string theory [29], [10] and topological phases of

matter with time reversal symmetry [4]. The twisted transgression maps associate
to the Jandl n-gerbe A an ordinary (n — 1)-gerbe T ()\) on A™G and a Jandl
(n — 1)-gerbe T,(A\) on A;G. Our results indicate that () and T,(\) control
the character theory and centre, respectively, of the category of M-twisted n-vector
bundles over G. We formulate precisely and prove these statements for n < 2.

In Section |3, after briefly treating the rather simple case of n = 0, we study the

s

case n = 1. As is well-known [15], [26], [12], complex vector bundles over G can
be twisted by a Jandl gerbe § € Z2*76(G). The collection of such twisted bundles
forms an R-linear category Vecté(g ) whose Grothendieck group K?(G) is a twisted
form of the K R-theory of G. We prove that the character theory of Vectf;(gA) is

naturally described in terms of the transgressed U(1)-bundle T (§) on A™G.

Theorem B (Theorem [3.10). The Real character map induces an isomorphism of
complex inner product spaces

X : Ké(é') ®zC = FA;efg’}(T:ref(ék)

with target the space of flat sections of the associated complex line bundle T(6)c.

The proof of Theorem [B| uses Theorem [A| to identify I Arefg(rfgref (é)c) as the ap-

propriate space of class functions. For certain simple choices of G and é, Theorem
reduces to known results in the real and quaternionic representation theory of
finite groups [28], [6]. As an application of Theorem [B] we prove in Corollary
a Real version of a theorem of Schur, computing the number of simple objects of

Vectf;(g) as a f-weighted count of Real conjugacy classes. )
Unlike the ordinary (non-Real) case, the centre Z (Vect’.(G)) and Grothendieck

group K%(G) of Vect’.(G) are not directly related. Instead, Z(Vect’(G)) can be
understood in terms of the twisted transgression map T,.

Theorem C (Theorem [3.15)). There is an R-algebra isomorphism
Z(Vectz(G)) ~ T g(to(0)c"),
where the right hand side is the space of flat sections of the Real line bundle Tﬂ(é)él.

In Section [4] we study 2-categorical analogues of the results of Section [3| Fix a
Jandl 2-gerbe 7 € Z3t™(BG). Motivated by Willerton’s interpretation of the twisted
Drinfeld double D"(G), n € Z3(BG), of a finite group G as the t(n)-twisted groupoid
algebra of ABG [31], we use T ()) and () to define thickened twisted Drinfeld
doubles D7(G) and D7(G), respectively. These are complex vector spaces with
possibly anti-linear associative multiplications which, for G = ker(r), contain D"(G)
as a subalgebra. Characters of D’A7(C})—modules7 which because of their connection
with two dimensional topological field theory we call twisted one-loop characters,
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are shown in Proposition to give an interesting extension of twisted elliptic
characters of G by a Klein bottle sector. Next, we construct from 7 a Real fusion
category Vectg(é), which we view as a categorified twisted Real group algebra of G,
and show in Proposition [4.4] that categories of this form exhaust Real pointed fusion
categories. We also identify their Drinfeld centres, giving the following 2-categorical
version of Theorem [Cl

Theorem D (Theorem [1.5). There is an R-linear monoidal equivalence
Zp(Vectl(G)) ~ Vectg(ﬁ)_l(A,,BC).

We prove that the monoidal structure of Vect" ) (A,BG) arising from Theorem

~

@ is induced by a Real quasi-bialgebra structure on D7(G), providing a tighter
connection with D(G). In Section 4.4 we explain that Real Vectl.(G)-module cat-

egories recover the bicategory 2Vectg(g ) of n-twisted 2-vector bundles over B C, as
developed in [32] in the form of Real 2-representation theory. One of the main re-
sults of [32] is the existence of a categorical version of the Real character map from
Theorem [B] This Real categorical character theory is most naturally formulated in
terms of Dﬁ(é)—modules and twisted one-loop characters, illustrating the character
theoretic meaning of T° (7). Finally, in Section we interpret T in terms of
discrete torsion phase factors of non-orientable 2- and 3-manifolds in string and
M-theory with orientifolds, thereby recovering and providing a new perspective on
computations of Bantay [3] and Sharpe [30].

In this paper we have restricted attention to finite groupoids, both for simplicity
and because of our applications. In on-going work [27] we study more general
twisted transgression maps in the geometric setting of topological stacks.

Acknowledgements. The authors thank Grégory Ginot and Mahmoud Zeinalian for
discussions. M. B. Y. thanks Chi-Kwong Fok, Konrad Waldorf and Siye Wu for
discussions. The authors are grateful to the Max Planck Institute for Mathematics
for its hospitality and financial support during the preparation of this paper.

1. LOOP GROUPOIDS AND THEIR QUOTIENTS

1.1. Essentially finite groupoids. We recall some basic results about groupoids.

A groupoid G is said to be essentially finite if its set of connected components,
mo(G), is finite and each object of G has finitely many automorphisms. Unless
mentioned otherwise, all groupoids in this paper are assumed to be essentially finite.

Example. Let G be a group and X a (left) G-set. The action groupoid X /G has
objects X and morphisms Homy/g(21,22) = {9 € G | g1 = x2}. Morphisms are
composed using multiplication in G. The groupoid X /G is essentially finite if and
only if X has finitely many G-orbits and each orbit has finite stabilizer.

When X consists of a single point, we write BG in place of X //G. <
Let Co(G) := Co(G;Z) be the complex of simplicial chains on G. Explicitly, C,,(G)
is the free abelian group generated by symbols [g,| - - - |g1], where z; £ -+ Z% 2,y
is a diagram in G. The differential of C4(G) is
n—1

Olgnl -+ 191) = [gnal -~ g1 + D _(=1)"lgnl - lg3+195] -+ |ga] + (—=1)"[gn] - - - | 2]

j=1
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Let A be an abelian group, written multiplicatively, and x : G — BAut(A) a func-
tor. The complex of k-twisted cochains on G is the abelian group Homyz(C.(G), A).
The differential d sends A € Homgz(C,,—1(G), A) to the n-cochain

dA([gnl -~ [91]) = K (gn) - Algn-al- - -1a]) 1:[ AGal -+ |gja1] -+ la]) D"
X A([ga] -+ 1g2) V"

The inclusion of the subcomplex C***(G;A) := Homy(Ce(G),A) of normalized
cochains of Homy(Ce(G),A) is a quasi-isomorphism. Denote by Z*t%(G;A) and
H*t%(G; A) the cocycles and cohomology of C**%(G; A), respectively. Write C*T*(G)
for C**%(G; A) if A is fixed and omit  from the notation if it is trivial.

1.2. Essentially finite groupoids over BZ,. Let Zs be the multiplicative group
{£1}. We sometimes denote its non-identity element by (.

A groupoid over BZ,, or a Zy-graded groupoid, is a functor g : G — BZ,. Write
7 for g if it will not cause confusion. The degree of a morphism w € Mor(G) is
m(w) € Zs. We assume that 7 is strongly non-trivial in the sense that, for each
r € G there exists a morphism of degree —1 with source x. This assumption is
easily removed at the cost of slightly complicating the statements which follow.

There is a canonical decomposition m(G) = m(G)_1 U m(G)1, with m(G)_y
the subset of connected components consisting of objects which have at least one
automorphism of degree —1. By strong non-triviality, for each representative x €
WO(C;)l, we can choose a morphism of degree —1 with source x, whose target we
denote by T. Note that x # . Let QA{x@} C G be the full subcategory on {z,7}.

Proposition 1.1. There is an equivalence of Zs-graded groupoids

~

g~ |_| BAutg |_| Q{x T}

zemo(G)_1 zemo(G)1

Proof. Tt suffices to prove the statement for connected G. The case wo(g) = 70(G) 1

is left to the reader. Suppose that wo(g) = WO(Q) For each y € G, there exists a
morphism g, of degree +1 from y to = or from y to 7, but not both. Fix a choice

of such morphisms. Then the functor G — QA{%E} which sends an object y to the
target of g, and a morphism w : y; — ya to g,,wg,, 1'is quasi-inverse to the inclusion
QA{x@} s G and is compatible with the structure maps to BZs,. O

The functor 7 : G — BZ, classifies a double cover 7 : G, — G. The use of
for both the classifying map and the double cover should not cause confusion. We
often write G for G,. The functor 7 : G — Q admits the following explicit model
[16, §10.4]. The objects and morphisms of G are Obj(G) x Z, and

Homg (21, €1), (72, €2)) = {w € Homg (1, 12) | m(w)er = €2}

Morphisms are composed as in G. The functor 7 sends a diagram (1, €,) <> (22, €5)
in G to r; — xo. The deck transformation og : G — G is the strict involution which
sends a diagram (x1, €;) = (22, €2) to (21, —€1) = (29, —€2).
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Example. Let 1 - G — G 5 Zy — 1 be an exact sequence of groups. We call G
a Zo-graded group. Let X be a G-set. There is an induced Zo-grading 7 : X/ G—
BZ,. The choice of an element ¢ € G\ G identifies X/G — X //G with the double
cover (X//G)r — X//G, under which the deck transformation 0% ye s XJG— X)G

-1
is the weak involution given on morphisms by (x; EN To) > STy 2% 5 ¢xy. The
action of ¢? € G defines a natural isomorphism 1, 16 = (0% //G)2. <

For an abelian group A, let Zy < Aut(A) be the subgroup generated by inver-
sion. A Zy-grading g : G — BZ, therefore defines a twisted cochain complex

C**73(G). A description of C**™¢(G) in terms of the double cover G is as follows.
Let [wy| -+ |wi]e, € Cn(G) be the chain associated to the diagram

(%;61) Sy S ($n+1,€n+1)

in G. The notation is unambiguous, since €; = m(w<;_1)€1, where we; 1= w; - - ws.
The complex Co(G) is a Z[Zy]-module via

Cfwnl - lwi]e, = [wal -+ Jwi] ¢ - (1)

Write A and A_ for the trivial and non-trivial Z[Z,]-module structures on A, re-
spectively. For example, ¢q + ¢1( € Z[Zs] acts on A_ by z +» 2071,

Lemma 1.2. There are mutually inverse cochain isomorphisms

O_: C*"76(G) S Homyy, (Co(G),AL) : U

given by
S (A)([wal -+ Jwr]er) = Alwn] -+ - o] )1
and
V(@) (wnl - - en]) = filwn] - - [wrlroc,))-
Proof. This is a direct calculation. U

There is an untwisted version of Lemma (1.2} in which A replaces A_ and maps ®
and W are defined as for ®_ and W_, but with the signs removed.

1.3. Loop groupoids. Following Willerton [31] (see also [25]), the loop groupoid
of an essentially finite groupoid G is defined to be the functor category

AG := Homc,(BZ,G).

Objects of AG can be identified with loops (z,7) in G, that is, morphisms 7y : © — =z,
in which case a morphism (z1,7) — (x2,72) is a morphism ¢ : ; — x2 in G which
satisfies 75 = ¢gv19~*. Composition of morphisms is as in G. The groupoid AG is
essentially finite if G is so. Since G is essentially finite, its loop groupoid and inertia
groupoid coincide, hence our notation.

It is known ([31, Theorem 2|, [25, Proposition 6.1.1]) that the geometric realiza-
tion of AG is homotopy equivalent to the free loop space of the geometric realization

of G, that is, |AG| ~ Map(S™, G]).
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1.4. Quotients of loop groupoids. Let 7 : G — BZ, be an essentially finite
Zo-graded groupoid with double cover G — G. We introduce two quotients of AG.

Definition. The quotient loop groupoid of G is the groupoid A-G with objects the
loops (x,v) of degree +1 in G and morphisms

Hom, ¢((z1,M), (22,72)) = {w € Homg(zy1, 22) | 72 = wyw '}

There is a strongly non-trivial grading 7, ¢ : A+G — BZ, which sends a mor-
phism w to 7(w). To identify the associated double cover, let p : AG — A,G be the

w w

functor which sends a diagram ((x1,€1),v1) — ((z2,€2),72) to (x1,71) = (x2,72).

Lemma 1.3. The double cover classified by 7, ¢ is equivalent to p.

Proof. Let AG — (A,G) ; be the functor defined on diagrams by

[(@r,@)i) 2 ((@2,e2).%)| = (@), ) 2 (@272, e2)

This is an equivalence and is compatible with the structure maps to A,G. U

Because of Lemma , we henceforth write 7, ¢ for p. Under the equivalence of
Lemma (and its obvious inverse functor), the deck transformation o,g : AG —
AG is the strict involution given on objects by ((x,€),v) — ((z,—€),7) and on
morphisms by the identity or, in terms of functors,

OAG Homcat(BZ, g) — Homcat(BZ, g), F— 0g © F.

In particular, A,G is the quotient of AG by o,g.
Next, we define a modification of A;G which incorporates reflection of the circle.

Definition. The unoriented quotient loop groupoid of G is the groupoid Affng with
objects the loops (x,7y) of degree +1 in G and morphisms

HomA;eng(@h%% (72,72)) = {w € Homg(z1,72) | 72 = wvf(w)w_l}.

There is a strongly non-trivial grading 7,e¢ : A;efQA — BZ,. Let p™f : AG —
A™G be the functor given by [((z1,€1),711) = (22, €2),72)] = (@1,71") = (2,752).

Lemma 1.4. The double cover classified by T y.etg 15 equivalent to pref.

Proof. The equivalence AG — (Afff.C’;)wA is defined by

grefg

((331761)7'71) i> ((1‘2,62)772)} = ((xlv,ﬁl)’el) i> ((1’2,’7;2),62).
U

ref

We henceforth write 7,,.rg for p™. Under the equivalence of Lemma , the deck

ref . ref

transformation o} : AG — AG is the strict involution oy ((z,€),v) = ((x, —€),7™!)
or, in terms of functors, o34 (F) = og o F o Bi, where ¢ : Z — Z is negation.

Example. Let G be a Zy-graded group. The Real conjugation action of GonGis
w-g=wg"w (w,g) € G x G. With this notation, there are equivalences

ABG~G)G, ABG~G)G,  A*BG~ GG,
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where the group actions on G are by (Real) conjugation. The choice of an element
¢ € G\ G identifies the double covers

ABG — A,BG,  ABG — A BG

with the canonical functors

G/G — GG, G/G — G/rG.

1

The deck transformations are given on objects by o, pa(v) = <77 and 0 e g (7) =

¢y~'¢~! and on morphisms by 0 gen g (w) = sws™ <

2. TWISTED LOOP TRANSGRESSION

2.1. Oriented loop transgression. We begin by recalling the ordinary (oriented)
loop transgression map in the setting of essentially finite groupoids. For detailed
discussions, the reader is referred to [31] or, in the geometric setting, [7], [25].

Let G be an essentially finite groupoid. The evaluation functor ev : BZxAG — G
is given on morphisms by

[(951,71) M (I2772)] = 21 abit: LN Ta.

Let pryg : BZ x AG — AG be the projection and consider the span of groupoids

B7Z x AG

ev Prag (2)

Passing to geometric realizations gives a diagram which is homotopy equivalent to
the standard evaluation-projection correspondence for Map(S*,|g|).

Let [1] := [ EN o] € C(BZ), which we view as a fundamental cycle of | BZ| ~ S*.
The composition

C.(AG) ME5 01 (BZ) @4 CU(AG) B5 Cuii(BZ x AG) &5 Cuii(G) (3)

defines the chain level loop transgression map. Here EZ is the Eilenberg—Zilber
shuffle map. Let ez be the composition EZ o ([1] ® —). Then pushforward along
prag is the map

prag : C*(BZ x AG) — C*71(AG), A= Aoezp (4)
and the loop transgression map is defined by push-pull along the diagram :

T C%(G) T et (A g,

The map T anti-commutes with the differentials, dt(\) = t(d\)™!, and so descends
to a map on cocycles and cohomologies.

To compute T, let [g,] - - |g1]7 € Cn(AG) be the chain associated to the diagram
v=m Dy B oo 2 4 in AG. Then we have

n

ez ([gal -+ 191]7) = D _(=1)""[gal - |gis1 |Llgil - - lg1]
i=0
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where we have introduced the shorthands g; = (0, ¢;) and 1 = (1,1d,) for morphisms
in BZ x AG. The result of applying the map (3] to [g.] - |g1]7y is thus

n

D (=D gal g lvisalgl - - g1].

=0

Dualizing and passing to A-coefficients gives for A € C""!(G) the expression

TN ([gal - 191]7) HA Gnl -+ g isalgil - 1)V, (5)

which is precisely the result of Wlllerton [31, Theorem 3]. Willerton’s derivation
of equation is rather different from that presented here, relying on a particular
homotopy equivalence |[AG| ~ Map(S?, |G|), the so-called Parmesan map [31, Theo-
rem 2]. The Parmesan map is not equivariant for the reflection action on the circle,
and so is not well-suited for the purposes of this paper.

2.2. Twisted pushforwards for groupoids. We begin by generalizing the un-
twisted pushforward map so as to include a twist on the codomain.

Lemma 2.1. Let G be an essentially finite groupoid and k : G — BAut(A) a
functor. Then the abelian group homomorphism

: C*PISR(BZ x G) — C*1(G), A Ao ez,
anti-commutes wzth the differentials.

Proof. This follows from the equality 0 o ezj;) = —ezpj 0 0. U

Let now G be an essentially finite Zo-graded groupoid. Consider the strict Zo-
action on BZ which negates morphisms. Then prg : BZ x G — G is strictly
equivariant for the diagonal Zs-action on BZ x G and so descends to a functor

ptg : BZ xz,G — G.

The category BZ xz,G := (BZ x G)|7Z5 is the naive quotient, which is well-defined
because the Zs-action is free on objects. Write TBZx3,0 - B7ZxG — BZ xyz,G for the
canonical double cover. The objective of this section is to construct a pushforward

pvrg! : C'+TFBZ><ZQQ+7T*BZ><ZQQ“(BZ X7, g) N C'_1+“(Q).

In view of our later applications, we consider only the case in which « is trivial or
r = mg. Note that, in the latter case, mpzx,,g + TRzx,,gh 18 the trivial twist.

We begin with some notation. Given morphisms wy, ..., w, in G , set
1 ifr(w,) = =7(w) = —1,
Awﬂd W1 = .
0 otherwise.

By convention, Ay = 1. For each € € Zy and i > 1, let
s¢=1le| —¢|--|(=1)"e] € Ci(BZ).

Define a Z-linear map

n+1

fa: Cu(G) = €D Cr(BZ) @7 Crs1—1(G)

k=1
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by

fn([wn‘ T |w1]61) = ‘En-&-lsiwr1 ® [wn| T |W1]61+

n—

—_

(_1)ien-&-l—iAwn,---,wnqSze‘rél ® [Wn—l—il T |W1]e1'

I
o

%

For notational simplicity, we often write sg for 3? and A, 5 for A, . o

We regard Co(BZ) ®7 Cs(G) as a Z[Zs]-module with its standard tensor product
differential. An element of Cy(BZ)®7C4(G) is called degenerate if it can be written
in the form ) . a; ®b; where, for each 4, at least one of a; or b; is a degenerate chain.

Proposition 2.2. Let ¢ € Co(G). The following equalities hold:

(1) f(C-c) =—C- fle).
(ii) f(Oc) = —0f(c) + (degenerate elements).

Proof. The first statement follows from a direct calculation using equation ((1)).
Consider then the second statement. To begin, note that

0s¢ = 57 + (—1)'s5_, + (degenerate chains).

Since we are not concerned with degenerate elements, we henceforth omit them
from all equalities. Using this, we find that the terms of 0f,([ws|- - |w1]) and
—fa_1(0lwy] - - - |w1]) which involve sy are

—en1s @ O]+ hon] - ena (57 + 517) @ fna )
and
n—1
— enS] @ (w1 | Jwi] = €nr Y (1) @ [wa -+ Jwiawy] - fwi]
j=1
— €1 (—1)"s1T @ [wa] - - - Jwal,
respectively. The term [wy,| - - - |ws] appears with coefficient (—1)"*'e, 157" in both
of these expressions while [w,,_1]| - |wi] appears with coefficients
—enp18TT F e A, (sl_(nH) + 871”1) and — €357

When A,, = 0, these are plainly equal. When A, = 1, the first becomes
€8] — €n (s’f + sf”) = —€,5].

Fix now @ > 1. The terms of Jf,([wy|---|wi]) and —f,—1(Owy]| - - - |w1]) which

- +
involve s; | are

(D enrailha s (55D S ) @ o] o]

+ €n+27iAn,...,n+17i3?I11 ® a[wn7i| s |w1]
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and
— (=) ens1-iDn1, St ® [Wpo1—i - |wi]
- (_1)%1 Z (_1)jJrienfiAn,...,n+17is?_:_11 ® [wp—il - - ‘ijerj‘ s o]
j<n—t (7)
— (1) e 00 Gy St @ (Wil fw]
o 2{: (__1)n_1+j+d€n+&—dlxnru(j+&)$“wn4d32:f'é@ kun_i_1|---|aq],
Jj>n—i
respectively, where j, = n—i. The coefficients of [wy,_;| - - - |wgr1wk| - - - |w1] in @ and
(7 are both (—1)" " *e, 0 A, ni1-ssis while the coefficients of [wy,—1—| - - - |wi]
are
<_1)i€n+1—iAn,,..,n—i (5;_(?4_1) + <_1)13?i11) + €n+2—iAn,...,n+1—i3?:11 (8)
and

— (=1 enp—iDnt, sty — (1) Ay LGSttt
- Z (=) e DN )i ST (9)
j>n—i
The sum (§) is non-zero in exactly two cases:
o A, ,—;=1,in which case is

() enraisin + (=D enpa( (1) + (~)7)silh = (D ensaishyy

which is equal to @
o A, n+1-i = 1 and 7(w,—;) = 1, in which case is en+2_is?j11, which is
equal to @D (corresponding to the term with j, = n — i).

It remains to consider the case in which is zero. It suffices to assume that
exactly one of w,, ..., w,_; has degree +1; otherwise @ is zero. We can also assume
that m(w,_;) = —1, the case m(w,_;) = 1 having been treated above. We need to
show that (9)) is zero. If m(w,) = 1, then (9) is equal to (take j =n — 1)

(1) eprrmisiy — (1) e s = 0.

In all other cases, @ is equal to

n—14j+i n+1
— E (—1) Ent1—-iln,. (+1)j,..n—iSip1 & [Wn—i—1] - |wi].
j>n—t
This sum vanishes, as its two non-zero terms have consecutive j indices. O

Let ezy : Co(G) — Cop1(BZ x G) be the composition EZ o f.

Proposition 2.3. Let  : G — BZ, be either the trivial functor or the Zy-grading
7g. Then the map

Homy(Co(BZ x G),A) — Homz(Ce_1(G),A), ¢+ ¢oezy

defines an abelian group homomorphism
If)vrg! : C'+WBZXZQQ+WBZXZ2QK(BZ X7, g) N CoflJrn(gA)'

which anti-commutes with the differentials.
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Proof. We consider the case in which « is trivial; the other case is completely
analogous. Let ¢ € Homyz; (Co(BZ x G),A-) and ¢ € C,_1(G). We compute

Prgi(9)(C - ) = G(EZ(f(( - ) = H(EZ(—C - f(e))) = 6(—C - EZ(f(c)))
= G(EZ(f(c))) = prgy(d)(c).

The second, third and fourth equalities follow from Proposition[2.2[(i), the naturality
and hence Z,-equivariance) of EZ and the Z[Z,)-linearity of ¢, respectively. Lemma
therefore implies that we obtain a map C*"?%%9(BZ x4, G) — C*~1(G).
To see that prg, anti-commutes with the differentials, we compute

(dptg(0))(c) = G(EZ(f(Dc))) = H(EZ(—Df(c))) = ¢(—IEZ(f(c)))
= (d)(EZ(f(c)))™" = Prg:(dd)(c) ™

The second and third equalities follow from Proposition [2.2[ii), the normalization
of ¢ and that EZ is a chain map which sends degenerate elements to degenerate
chains. O

Remark. The map [1] ® — : Co(G) = C1(BZ) ®z Ce(G), used to define prg, in
Lemmal2.1] satisfies part (ii) of Proposition [2.2] (without working modulo degenerate
elements), but not part (i). Indeed, [—1] and —[1] are homologous but not equal.

The map prg, has the expected functorial properties of a pushforward.

Proposition 2.4. Let I : G—Hbea functor of Zsy-graded groupoids with induced
morphism of double covers F : G — H. Then there is a commutative diagram

TP T (B g, H) —y O ()

(idexF)*l lF*

Co-‘rﬂ'BZxZ Q+7"BZ><Z g (BZ XZQ g) Tgl) C.flJrF*/{(gA).

Proof. Explicitly, the functor F': G — H is given on a diagram by

F(w)

[(xl,el) CX (xz,@)} s (F(1),61) 2% (F(20), e0).

Direct inspection then shows that (ide,(pz) ® Fi) o fg = fu o F.. Now use the
naturality of EZ and Proposition [2.3] O

2.3. Twisted loop transgression. We define and explicitly compute variants of
loop transgression maps, producing possibly twisted cochains on the (unoriented)
quotient loop groupoid Al )g from possibly twisted cochains on G.

Let g : G — BZ, be an essentially finite Zy-graded groupoid. Consider BZ
with its trivial Zo-action. Then is a diagram of strictly equivariant functors
of groupoids with strict Zs-actions. It follows that there is a strictly commutative
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diagram
B7Z x AG -
ev - \
Trgl BZ %z, AG lmé

g% %Aﬂg

whose squares are Cartesian. There is a natural equivalence BZ Xz, AG ~ BZ x AWQA
under which pr,g is identified with pry ¢ and T BZxz, AG with idpz X m, ¢.
Define the twisted loop transgression map as the composition

T, 0 C*76(G) 5 O (BT x5, AG) ~ C*P46™0e6 (BZ x4, AG)

A% CF 6 (A G).

The middle isomorphism is constructed using the Cartesian squares of diagram
(10). The final map prpg = (idpz X ™, _g) is that of Lemma The map T,
anti-commutes with the differentials.

Theorem 2.5. Let A € C"'476(G) and [wy] - |wi]y € Co(A:G). There is an
equality

Te(X) ([wn] - Jwn]y) = H Mewn] -+ lwiga [ o] - - |w1])(71)n_i.
i=0

Proof. Consider the commutative diagram

ek*) PTag!
Homy,,)(Ca(G),A-) v | Homy,)(Cort (AG). A-)
‘I’—J( C.-HTBZXZZAQ (BZ X7, Ag) J{\I/,
yw = .
C*+7e (g) ev” m C.ilHrA”g’(Awg)'

The vertical maps are chain isomorphisms by Lemma[l.2] Setting ¢; = +1, we find

~ ~

Te(A)([wal - Jwnly) = (W oprygroevi o @ J(A)([wal - - |wn]v)

~

= O (N)(ev.EZ([1] @ [wn] - - - |w1](7, €ns1)))
= H 5\([Wn‘ s |wiga i - |w1])(71)n_i-
=0
The last equality follows from calculations similar to Section and the equality

7(w<n) = €n+1, which ensures that the sign introduced by ®_ cancels with €,41. O

Suppose now that Z, acts by negation on BZ. Then ( € Zy acts on morphisms
in BZ x AG by

(_n’w)

¢ [ (@rs e ) 2 (@2, e2). )| = (=€), 27" 2 (@2, —e2).75").

Again, both functors ev : BZ x AG — G and pr,g : BZ x AG — AG are strictly
equivariant and we obtain a strictly commutative diagram of Cartesian squares
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similar to , but with A,.G replaced by A;eng . Passing to (twisted) cochains gives
the commutative diagram
Hom%[ZQJ(C.(BZ X Ag), A,)

* Prag
T —

Homy, 1 (Ce(G), A-) ‘I’*l Homy; 1 (Ce—1(AG), A) (11)
\II,J/ O.+TFBZXZQAQ (BZ X7, Ag) l\l,
CoJr‘rrg (G) 4) m C.—I(A;eng)'

By Lemma [[.2] the vertical arrows are isomorphisms. Using Proposition we
define the reflection twisted loop transgression map

ref Oo—i-Trg(g) ﬁ) OoJrﬂ'BZxZQAg(BZ XZ2 Ag) pAgv Oo I(Arefg)

which anti-commutes with the differentials. The map pr,g, is that of Proposition
2.3l with trivial twist .

To compute Tref we introduce some notation. For 1 <i < n+1,let G, 41 C G,44
be the subset of i- shuﬁjles Given s € 6,41, denote by s - [wy,| - - - |w1]y the (n 4 1)-

~ 'Jrlﬂ. w
simplex of G whose s(;j)™ entry, 1 < j < i, is 7;(];)2 (wen)

entries are wy,_ii1,-..,w;, With w1 appearing after wg. In symbols,

and whose remaining

S [wn| e ’wlh/ [ ’75 > w<n)|w5(2) 2‘ |ws |'75 (wen) |w5(1) 1| ’WI]-
Given A € C"*'*76(G), put
sh; (A )([Wn| Jwi]y) = H )\ Jwnl - |w1h)sgn(5).

5667, n+1

The map T can now be described as follows.
Theorem 2.6. Let A € C™476(G) and |wy|-- - |wi]y € Co(A™G). There is an
equality
re N o N -1 n+jAn ,,,,, n—j
) ([wal -+ wr]7) = T Shasrmy (V) ([wal -+ wr]7)) ™ S (12)
7=0

Proof. Setting ¢; = +1, we have
TN (lwn] - an]y) = (¥ OAISVTAQ! oevt o ®_)(A)([wn| - wi]y)
= O_(A)(eViEZ(fo(lwn] - [wi](7,€1))))

where

Jallwnl -] (v, €1)) = €nirst™ @ [wal - Jwi] (v, 1)+

n—1
Z(_l)i€n+l—iAn, n— 7,3?:—21 ® [wn—l—i| e |Cd1](’}/, 61)-
i=0
The definition of ®_ shows that the first term of the right hand side contributes to
T (N) (Jwn |+ - - Jwi]y) with an overall sign of €2, = 1, yielding the j = n factor of

the product while, if at all, the 7** term of the sum contributes with an overall
sign of
(1) ens1-i€ni = (=1)'m(wn—) = (1)
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This gives the j = n—1—1 factor of the product . In each of these statements we
have used that, by construction, the map sh realizes the composition ev, o EZ. [

For example, when & € C'*™¢(G) Theorem gives T (a)([]y) = a([y]). If
instead 6 € C**™¢(G) and 7 € C**™(G), then

., 9([@37”(“%*1@])
0([w|y™)])

ot O)([wlr) =6y D~
while T (1) ([wa|wi]7y) is equal to

) A2 (ﬁ([wwﬂ(wl)wﬂwwﬂ( Jwr |w])ip([wi [y ]y ”1)])) B
A([wry=m@Dwr ws [ym@n])
i ([wlwr [y ™)) ([wawry™ M wi wy Hws|wi])
i ([walwry™@2nwi w])

By direct observation, there is a commutative diagram

Ay

O (G) ——F—— O (AIG)
”Zl l”jiwg (13)
C*G) ————— ¢ (MG,

This allows us to interpret the terms involving A, ,—;, 1 < i < n, in equation (|12))
as corrections to Willerton’s expression ([5)) which take into account the failure of
the map pr,g to be orientable.

Continuing, define a third twisted loop transgression map

~ref Co(g) é{/* C.<BZXZ2AQ> ~ C.-‘:—QT&'BZXZQAQ (BZXZQAQ) P~rAg! C.flﬁ’ﬂ'A%efg (A;‘Tefg/\)
The final map is that of Proposition when the twist & is T,erg 1 AG — A;efé.

~ref

Again, T° anti-commutes with the differentials.

Theorem 2.7. Let A € C"(G) and [wy| - - |wi]y € Co(AG). There is an equality
~ref / - An,...n—j
T ([wal - fwn]y) = T T (shna—s (N (wnl -+ Jwi]7) :
7=0

Proof. Set e = +1. The obvious analogue of diagram gives
TN (wal - ln)y) = (P- o prpg oev’ o @)(N)([wal -+ |wi]y)
= QN (ev.EZ(fu([wnl - - [wi](7, €nt1))))

where, because of the initial object (v, €,41), we have

fa([wnl -+ lan] (7, €n41)) = 51 @ [wal -+ wn] (7, €nga) +
n—1
Z(_l)iﬂ—(wZn—i-{-l)An ..... n—i3?£§2n7i+l) ® [Wn_l_i| T ’UJl](")/, En—l—l)-

After noting that if A, ,_; # 0, then 7(w>,_;41) = (—1)°, the remainder of the
proof is similar to that of Theorem [2.6] O
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3. JANDL TWISTED VECTOR BUNDLES

We explain the appearance of twisted transgression maps in the study of Jandl
gerbes.

Throughout this section, G is an essentially finite groupoid and G is an essentially
finite groupoid over BZ,. If G is the ob ject of interest, then G is its associated double
cover. The coefficient group is A = U(1). Given a complex vector space V, let V
be its complex conjugate. Set 7'V := V and ~'V := V, with similar notation ¢z
for z € C. A map ¢ :V — W between complex vector spaces is called e-linear if
¢V — W is C-linear.

3.1. Real functions and Real line bundles. A 0-cocycle 8 € Z°(G) is a locally
constant U(1)-valued function on (the objects of) G. The integral of /3 is

/5:22 B(x) _ Z B(x)

where |z — | is the number of morphisms in G with source x. The equality follows
from the closedness of g . X R

Similarly, 3 € Z°7™(G) is a U(1)-valued function on G which satisfies 3(xy) =
B(x1)™@) for each morphism w : z; — zy.

As explained in [31), §2.2], a 1-cocycle a € Z'(G) defines a trivialized flat complex
line bundle a¢ over G. This is the data of trivialized complex lines L,, r € G, and
linear (multiplication) maps

a(xy EN x9) : Ly, — Ly, g € Mor(G)

which satisfy the obvious associativity constraintsﬂ Flat sections of agc, that is,
collections of complex numbers s, € L,, = € G, satisfying a(x1 L 22)s,, = Sa,,
g € Mor(G), form a complex vector space I'g(ac). Given sy1,s2 € I'g(ac), the
fibrewise product 5;s is in Z°(G). Define an inner product on I'g(agc) by

<81,82> = /3182.
g

Similarly, & € Z'7¢(G) defines a trivialized flat Real line bundle é¢ over G. This
is the data of trivialized complex lines L., z € G, and linear maps
a(ry S a) "L, — L., w € Mor(G)
which satisfy the associativity condition
a(zy 25 15) = dzg 2 x5) - "Dz D 2,).
A flat section of a¢ is a collection of complex numbers s, € L,, x € G, satisfying

Gz S 22)("Ws,, ) = sS4, w € Mor(G).

Setting (s1,s2) = [5 3152, flat sections of a¢ form a real inner product space I'g(éc).
Proposition 3.1. For each & € Z1+”G(Q), there is an equality

1

=~ dimg I'(ac) = / (@),

2 Ag(eng

INote that ac is also the associated complex line bundle of a U(1)-bundle with connection on G
determined by «. Similar comments apply below.
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Proof. As both sides of the equality are additive with respect to disjoint union
and equivalence of groupoids over BZs, it suffices to consider the model cases of
Proposition When G = BG, a section s € C\ 0 of a¢ is flat if and only if

a([g])s = s for g € G and &([w])s = s for w € G\ G. The first condition implies
& g = 1. By the cocycle condition, le\G is constant. The second condition is

1
Arg(s) = §Arg(d|é\c) mod 7Z.

It follows that I'z¢(Gc) is {0} unless qyg = 1, in which case I'g¢(Gc) ~ R. On the
other hand, Theorem [2.6] gives

[\;efBC Tfff((i) - Z a2<|[g]‘) .

v€G

As in [31, Theorem 6], the sum is zero unless &g = 1, in which case it is 1.

When G = QA{IE}, a flat section of a¢ consists of s,,sz € C. The equality
a(r 2 T)s; = sz for m(w) = —1 implies that, if the section is non-zero, both s,
and sz are non-zero. Hence, & is the identity on degree 1 morphisms and constant
on degree —1 morphisms and I's(éc) ~ C. On the other hand,

ref &) = &(['7]) d(h/])
/A;cfg”() 2 )Z\Auté(x)\Jr 2 2] Autl(7)]

1 1 /=
’yGAutg (z 'yGAutg (T)
is zero unless & is the identity on degree 1 morphisms, in which case it is one. [

Remarks. (i) For later comparison, observe that Proposition can also be
stated as the equality 5 dimg Tg(ac) = [, 5T(@) 7" The freedom to use
T.(&)71 or T°(&) is an artifact of the small cohomological degree of a.

(ii) As an alternative proof of Proposition 3.1} it can be shown that I's(dc)
defines a real structure on I'g(ac), in that I'g(dc) @& C >~ T'g(ac). It follows
that dimg I'¢(ac) = dime I'g(ac), the right hand side of which is computed
in [31, Theorem 6]. This strategy is used in Proposition below.

3.2. Jandl twisted vector bundles. We explain how Z*7™¢(G) can be used to
twist complex vector bundles over G, following the non-Real [31], §2.3] and continu-
ous cases [29], [18], [26], [16]. Since our groupoids are essentially finite, we can give
a simplified treatment. )

Let 6 € Z%+76 (C;) Define a groupoid ?G by

A A ~

Obj("G) = Obj(G), Homgs(z,y) = U(1) x Homg(x, y).

Morphisms in 0G are composed according to the rule

(w2)

(a9, ws) o (ar,wr) = (O(Jwa|wi])azaT™?  wowy ).

The category 9G is a twisted central extension of G by BU(1), in that there are
canonical functors

Obj(G) x BU(1) - %G 25 G
with p surjective on objects and full and ¢ an isomorphism onto the subgroupoid of
morphisms which map to an identity in G. The twisted centrality condition is

am (@)

woi(r) = 1) =i(ry —— 22) 0w,
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where ¢ € U(1) and w : 7 — 9 in G. Compare with [16, §1.2]. Following the
geometric case [29], a twisted central extension of G by BU(1) is called a Jandl
gerbe over G. By Choosmg sections of p, we verify that any Jandl gerbe over G is
equivalent to 9G for some 0 € 7%t (Q), well-defined up to exact 2-cocycles. In this
way, H 2*”@(@) classifies equivalence classes of Jandl gerbes over G.

Consider Vectc as the defining 2-representation of BU(1). The anti-linear complex
conjugation functor on Vectc is compatible with the complex conJugatlon action

on BU(1). We can therefore associate to G a Real 2-line bundle p : 6 — G.
Concretely, let RVectc be the category of finite dimensional complex vector spaces
and their complex linear or anti-linear maps. There is a natural functor RVectec —
BZ, which records the linearity of morphisms. Then fc is the category with objects
Obj(RVectc) x Obj(G), morphisms
Homéc((vlv xl)? (V27 1'2)) =
{(¢,w) € Hompvect. (V1, V2) x Homg (21, 22) | @ is m(w)-linear}

and composition law

(92, w2) 0 (p1,w1) = (é([w2|wl])902¢1aw2wl)~
The functor p : 6 — G sends an object (V,z) to z and a morphism (p,w) to w.
Definition. A O-twisted vector bundle over G is a functor F : G — RVectc over

BZ, such that, for each (a,z) € U(1) x G, the map F(a,id,) : F(x) — F(x) is
multiplication by a.

Let Vectg(g ) be the category of O-twisted vector bundles over C; and their C-linear
natural transformations. This category is R-linear and additive.
Lemma 3.2. An object F € Vectg(é) 18 equivalent to each of the following datum:

(i) Complex vector spaces F(x), x € G, together with complex linear maps
F(x1 5 25) : " F(21) = F(xy), w € Mor(G)
which satisfy F(id,) = idpw), © € G, and
F(wa)F(w1) = 0([wswn)) Fwpwr),  (wr,ws) € Mor®(G). (14)
(i) A section F: G — 0c of p:0c — G.

Proof. That the first datum is equivalent to a O-twisted vector bundle is a direct
verification. The second datum is clearly equivalent to the first. O

~

In view of Lemma (ii), we regard Vectf:(é) as the category of sections I's(0c).

Example. Let G = G x Zy with 7 the projection. Then Vect’(BG) is equiva-
lent to the category of real (resp. quaternion}c) representations of G when 0 =1
(resp. O([wa|wi]) = ™21, Similarly, Vect’*(BG) consists of Real representa-
tions (with respect to G) of G, in the sense of Atiyah-Segal [2] and Karoubi [21].
In general, VectC(BG) consists of f-projective Real representations of G. For this
reason, we often refer to f-twisted vector bundles as 6-twisted representations. <
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To give a module theoretic interpretation of Vectg(g), let C?[G] be the complex

vector space with basis {lw}weMor(G) and associative C-semi-linear product

& ("D en)0([wolor ey I (w1, w2) € Mor®(G),
0 otherwise.

(C2lw2) : (Cllwl) = {

We call C? [G] the f-twisted groupoid algebra of G. A Real representation of Ce[g]

is a complex vector space V together with a C-linear map p : C [G] — Endg(V)
which is an R-algebra homomorphism and is such that p(l,) is 7(w)-linear. Real

representations and their C-linear C?[G]-module homomorphisms form an R-linear
category C?[G]-mod™.

Proposition 3.3. There is an R-linear equivalence Vectg(g’;) ~ CY[G]-mod"®.
Proof. This follows from Lemma [3.2(1). O

Proposition 3.4 (Cf. [31 Theorem 18]). Fiz an equivalence as in Proposition .
Then the restriction along this equivalence defines an equivalence

Vect(é((j' @ Vect(c”(BAut )& @ Vect '{“}(Q{gm})

z€mo(G)—1 zemo(9)1

Proof. As in Proposition , it suffices to prove the statement for connected G.
Suppose that mo(G) = m(G)_1 and let p € Vect?:x (BAutg(z)) with fibre V,. For

~

each y € G, fix a degree 1 morphism g, : y — 2 and define a F, € Vectg:(g) by
F,(y) =V, y € G, and (cf. [31, §2.4.1])

Py % o) = o)

— 7 h(gawglt). 15
Wigaog; o) %) 1)

This defines a functor Vectgz(BAutgA(x)) — Vect(éc(é) which is quasi-inverse to

restriction to {z}. Indeed, let F' € Vectf:(é) with F}, = p. Then ®, = F(g,) are
the components of a natural isomorphism (IJ F=F,

If instead 7(G) = 7(G)1, let p € Vect Ot *}(g{m) with fibres V, and V4. Us-
ing notation from the proof of Proposition , define F € Vect’(G) by F,(y) =
Viarget(s,)» Y € U, with F,(y = 2) as in equation (I5). The resulting functor

012y 5 N . - _
Vectd ™ (Grum) — Vecth(G) is quasi-inverse to restriction to {z,7}. O

Proposition 3.5. The category Vecté(g) is semisimple.

Proof. This can be proved in the two model cases by first employing a variation
of Weyl’s unitary trick to unitarize a 6-twisted bundle and then taking orthogonal
complements of subbundles. Since semisimplicity is preserved under equivalences,
the general case then follows from Proposition [3.4! U

Definition. The O-twisted K-theory of G is the Grothendieck group Ké(é) =
Ko(Vect?(G)).
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This is a special case of the twisted K-theory studied in [16] and reduces to the
K R-theory of [2], [21] when 6 is trivial. By Proposition [3.5] K%(G) is the free
abelian group generated by isomorphism classes of simple é—twigted vector bundles.

We end this section with a fixed point interpretation of Vect%(@). For simplicity,
take ¢ = BG. Bach ¢ € G \ G determines an anti-linear involution (Q°,©°) of
the C-linear category Vect(BG) of f-twisted vector bundles over BG. The functor
Q° : Vect’(BG) — Vect’.(BG) is given on objects by Q°(V,p) = (V, p°), where
0°(9) = t(0)([<lg) - plcgs—). That Q5(V, p) is indeed a H-twisted representation
follows from the identity

Mg o) _ w=O(@erw=0@e) o ics g

0([gs]g1])7) T (0)([w]g291)

which can be proved directly or, after slightly changing conventions, by using [23]
Proposition 8.1]. The natural isomorphism ©° : ly.qs(g) = (Q°)* has components

O = 0([s]s])~2p(s~2) and satisfies Q°(0,) = O©0s(p)- Up to equivzﬂergce of categories
with involution, (Vect’(BG),Q°, ©°) depends only on the pair (G, 6).

Proposition 3.6. There is an equivalence Vect’s(BG)"@©) ~ Vect’.(BG) of R-
linear categories, where the left hand side denotes the homotopy fixed point category.

Proof. At the level of objects, the equivalence Vect’(BG)M@*9%) — Vectf:(B G) as-

signs to a homotopy fixed point ¢, : (V, p) = Q°(V, p) the O-twisted representation
p which is equal to p as a f-twisted representation and has

pw) = 0(wls Dp(ws ™) oy,  weG\G.
On morphisms F* is the identity. U
Using Proposition [3.6] define the hyperbolic induction functor
HIndg - Vect?.(BG) — Vectf:(BC)

so that it assigns to (V; p) € Vect?(BG) the -twisted representation with underlying
O-twisted representation V @ Q°(V') and on which w € G\ G acts on by

pitna(p (@) (01, 02) = (D1l Polers™ v, B(lcle]) - plew)on ).

3.3. Character theory of Vecté(é ). We begin by characterizing the equivariance
of characters of f-twisted vector bundles.

Proposition 3.7. The assignment of an object F' € Vectf:(é) to the function
xr s ObJ(AF'G) = €, (2,7) =t F(7)
defines an abelian group homomorphism x : Ké(é) — FArwefg(Tﬁff(é)(c).
Proof. Let w LT = T be a morphism in G. Equation and the twisted 2-cocycle
condition on # imply
O([wy W |w])

Flan™ ™) = =5 o)

F(w)F (") F(w)™. (17)
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When 7(w) = —1 we can use equation to replace F/(y~1) with ([y|y 1)) F (7).
Doing so and taking the trace of equation gives

00 (e F (0™ w™) = T (0) (W) tr ey (F (@) F(7) " F(w) 7).

Since F(w) is m(w)-linear and trp(,,)(F'(7)™") = trpe,)F(7) (see the proof of [31]
Proposition 10]), we arrive at the equality

A~

60 (an) F (w0 ™) = T O) (W) trren F (),

ref

'H(0)c). Since Xper = XFm + XE, this completes the proof.
U

We call xr the Real character of F. The pullback of yr along AG — A;efé is

the character of the f-twisted vector bundle which underlying F', as defined in [31],
§2.3.3]. Proposition is a twisted reality condition on x . Indeed, when G = BG
with G = G x Zy and 0 = 1, Proposition reduces to the reality of the character
of a representation of G over R.

Given a trivially twisted vector bundle F' € Vecté;(QA ), let ' (F7) be the real vector

space of its flat sections. We have the following generalization of Proposition (3.1

that is, xr € I'jrerg(T

Proposition 3.8 (cf. [31, Proposition 7). The equality 5 dimg Ug(F) = Jrsetg XF
holds. ’

Consider the Hom bifunctor

(—, =) : Vect’ (G) x Vect’(G) — Vectr,  (Fy, Fy) — Hom By,

Vectg(G) (

which we regard as a categorical inner product on Vect%(g). There is a canonical
real vector space isomorphism

(Fy, Fy) ~ Ty(FY @ F), (18)
the right hand side being the space of flat sections of FyY ® F» € Vecté(g).
Lemma 3.9. Let Fy, F, € Vectg(g’;). The equality dimg (Fy, Fy) = (XFy s XE,) holds.
Proof. The proof is as in [31], Proposition 10]. We compute

. ~\ Ea. @@ . ~ . Prop. B38) 1
dimg (F), F5) P dimg T (Fy ® F3) rop:§/ XY eR,
Aretg

Since X pvgp, = X * Xf,» the right hand side is equal to S (XP XEy)- O

It is proved in [31, Theorem 11] that, for any § € Z*(G), the (ordinary) character
map induces an isomorphism

x: K(G) ®7C 5 Thg(t(0)c). (19)

The next result is a Real generalization of this isomorphism. Special cases, in terms
of projective representations of G over R twisted by Z?(BG;R*), can be found in
[28, Theorem 6], [22, §10.2].

Theorem 3.10. The character map induces an isomorphism
X K(G) 92 € 5 T g (15 (6)c)

of complex inner product spaces.
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Proof. Proposition gives an isomorphism of abelian groups

K'G) ~ @ K(BAutg@)od @ K1 (Grm). (20)

TEM (g) 1 $€Tr0 1

Lemma together with Schur’s Lemma for f-twisted vector bundles, then implies
that x is injective.

In view of the isomorphism , it suffices to prove surjectivity of y in the
two model cases. Suppose that G = BG. Let Irr?(G) is the set of isomorphism
classes of simple objects of Vect’(BG). Use the isomorphism to write s €

T peer o (T (B)c) € Tapa(t(6)c) as
§= Z (Xv, 8)Xv-
velr?(G)
The additional symmetry conditions on s, namely
sy w™) =TI 0)(W)s(v),  7€G weG\G,

imply that the function V + (xy,s) descends to the orbit space Irt?(G)/(Q°). Tt
follows that for any fixed ¢ € G\ G,

1
s = Z aoZXv=§ Z ao Z(Xv+xc~v)
0em?(G)/(Qs)  VeO oclr?(G)/(Qs) V€O
for some ap € C. Noting that x,, Gy = XV + Xov, we see that Dy, Xv, and
ndg

hence s, is in the image of Ké(BC) ®z C.
Suppose instead that G = g{x 7y and let s € I'jrerg (T T (@)c) C Tag(T()c). Write

5 = > (Xxv,s)xv + > (Xvrs $)xvr.
Vel (Aut g (2) Vietnl7 (Auty (7))
Fix a morphism ¢ : # — T of degree —1 and use the isomorphism Auts(x) =
Autg(Z), v — ¢7¢7, to identify Irr9|Z(Autg(x)) and Irrg\z(Autg(E)). The additional

symmetry condition on s implies that

s = Z (xXvir 8) (Xv, + X13),

veln'le (Autg(z))

where V5 € VectéE(BAutg(f)) is the pullback of V, along ¢. Explicitly, a loop
¢ys ! at T acts on Vi =V, by
O([sIn)0([svls~ ])p
O([svs<])

The sum V, & Vi becomes a f-twisted vector bundle by taking p(s) : Vo, — V& to
be the identity map (which is anti-linear) and setting p(s7y) := 9([ \ ]) p(S)p(y)-
) ®

(7)-

Moreover, xv,ev. = Xv, + X5, Whence s is in the image of K 9(
The statement about inner products follows from Lemma, 3.9, Il

Corollary 3.11. The category Vectf:(Q) has ezxactly fAArefg TTref(H) simple objects.
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Proof. By Proposition 3.5, the rank of K é(Q ) equals the number of simple f-twisted
vector bundles. The corollary now follows from Theorem [3.10| and the equality
Janreré ¥ (f) = dime T Arerg (T 7 (0)¢), which follows from [31, Theorem 6]. O

Specializing Corollary m to G = BG gives the following result.

Corollary 3.12. The number of simple O-twisted representations of G is

e ) 1 A —A, 0 %

™0 =g X bty e

g (7,w)eGXG

y=wy" w1
The right hand side of equation decomposes into two sums, corresponding to
7m(w) = 1and m(w) = —1. The former sum is one half the number of simple d-twisted
class functions of G which, by Schur (see [22] §3.6]), is one half the number of simple
f-twisted representations. The latter sum is one half the number of Real simple 6-
twisted class functions, where Real means that y(wy™@w™) = v (0)([w]y)x(7)
for some (and hence any) w € G \ G. Corollary is thus a Real version of Schur’s
result. When G = G x Zo and é‘G = 1, Corollary |3.12| recovers a standard result in

the real/quaternionic representation theory of G |6, Theorem I1.6.3].

3.4. The centre of Vectg(gA). The centre Z(Vect’.(G)), that is, the algebra of C-
linear endofunctors of Vect’(G), is isomorphic to T'ag(T(#)g"). In fact, the map
K°(G) x Z(Vecte(G)) = C, (Vi) = tryny
defines a perfect pairing between K?(G)®zC and Z(Vect%(G)), giving a compatibil-
ity between two decategorifications of Vect’(G) [31], §2.3.4]. There is no analogous
compatibility in the Real setting. Instead, we will describe Z (Vectc(g )) using T,.
The image of the R-linear embedding T'x_g(T,(8)g!) — CG), s — > enn Syl

is stable under multiplication of c? [g], as follows from equation , and so gives
Ta.g(t:(0)c") the structure of an R-algebra.

Proposition 3.13. The centre of the R-algebra C? [G] is isomorphic to FAWQ(TW(QA)(EI).
Proof. For each morphism w : 1 — 5 in G and c,, € C, we have equalities
lw(cxllidzl) - ﬂ(w)cxllw; (C:cllidzl )lw - 5:01,r20x1 lw

in C°[G]. Elements of the centre Z(C?[G]) are therefore of the form 3 enn g Crla-
Requiring this element to commute with [, gives

0(Jwdw 1w
L Z Cyly = ( Z C'yl'y>lw = Z —([é 5| ])Cw(;wﬂlwl(s
YEARG ~vEARG SEALC ([wld])

A

O([wdw™ 1w
= lw Z 7T(w)(wcw6wl)l5'
)
It follows that
0 -1 5
¢ = m(w) (Mcw’ywl>7 v E Awg (22)

O([w)
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Conversely, the equalities ensure that > HeALG cyl, commutes with [,,. The map

Z(C’[G]) = T, ((0)c"). Yool ()
vEARG
is therefore well-defined and gives the desired isomorphism. O

The R-algebra Z(CY[G)) is isomorphic to the centre of C?[G]-mod, the category
of modules over the R-algebra C?[G]. To relate this to the centre of C?[G]-mod® ~

Vectg(g), let A be a finite dimensional Real algebra, that is, a Zy-graded complex
vector space which has the structure of a unital R-algebra which satisfies

(CQCLQ) . (clal) = CQ(W(QQ)Cl)CLQal
for all ¢; € C and homogeneous a; € A.

Lemma 3.14. The R-algebra Z(A-mod®) is isomorphic to Z(A),, the degree 1
subalgebra of Z(A).

Proof. This is a straightforward variation of the proof that the centre of the category
of modules over a unital algebra is isomorphic to the centre of the algebra. ]

Theorem 3.15. There is a canonical R-algebra isomorphism
Z(Vectz(§)) = Ty ¢(tx(0)c").

Proof. By Proposition , the categories c? [G]—modR and Vectg(g) are equivalent.
Proposition and Lemma then give algebra isomorphisms

Pao(t(0)c") = Z(C7(d)) = Z(C7[G])1 = 7(Vect!(G)).
The middle equality follows from the explicit description of Z(C[G]). O

Corollary 3.16. For any finite Zo-graded group C, there is an equality

~ . 1 é
dimpg Z(Vect%(BG)) N Z A([Ql’ﬂz]).
Gl e 0(lg21on)
9192=g2491
Proof. This follows by combining Proposition [3.1] and Theorem [3.15] ]

In particular, the dimension of Z (Vectg(BC)) is independent of the lift (G, ) of
(G,0). In fact, by [31, Theorem 6], we have

dimg Z(Vect’,(BG)) = dime Z(Vect’,(BG)).
A conceptual explanation of this equality is as follows.

Proposition 3.17. For each < € G \ G, the pair (Q°,0°) induces a s-independent
anti-linear algebra involution

q: Z(Vect?(BG)) — Z(Vect’.(BG))

whose fized point set is Z(Vectf:(BC)).
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Proof. Under the equivalence Vect’(BG) ~ C?[BG]-mod, the functor Q¢ becomes
the anti-linear algebra automorphism

¢ : C’[BG = C'[BG], > coly = Y Tl(0)([s]g) " Cyleger-
g€eG g€eG
Closedness of T,,(é) implies that ¢ squares to Adl§2. It follows that ¢° restricts to
an anti-linear algebra involution ¢ : I'ype (t(0)c") = Tapc(t(f)c") which, again by
the closedness of TF(G) is 1ndependent of ¢. The explicit form of ¢° shows that the
fixed point set of ¢ is 'y pe (T,,(@) 1). To finish the proof, apply Theorem m O

4. JANDL TWISTED 2-VECTOR BUNDLES

We study representation theoretic aspects of Z3+7¢ ((j’) For simplicity, we restrict
attention to Zs-graded groupoids of the form G = BG.

4.1. Thickened Drinfeld doubles. Let G be a finite group and n € Z3(BG).
The n-twisted Drinfeld double D"(G) is a quasi-Hopf algebra with explicitly defined
product and coproduct [9]. The starting point of this section is Willerton’s algebra
isomorphism between D"(G) and the twisted groupoid algebra C*"[ABG] [31], §3.1].
This provides a conceptual definition of the algebra D"(G) and leads to short proofs
of a number of its fundamental properties, such as a description of its character
theory [31].

Turning to the Real setting, fix a finite Zy-graded group G.

Definition. Let 7} € Z3¢(BG) and 7j € Z3(BG) be lifts of n € Z*(BG).
(i) Define R-algebras by D7(G) := C=M[A,BG] and D(G) := C=' M [A™BG].
(ii) Define a C-algebra by D7(G) := C™ (D[A*BG].

Compatibility of the oriented and twisted loop transgression maps, as in diagram
for ¢ implies that D"(G) embeds into each of D(G), D7(G) and D(G) as
the complex subalgebra of degree 1 morphisms. We therefore refer to any of the
algebras in the above definition as twisted thickened Drinfeld doubles.

The results of Section can be applied to the representation theory of thickened
Drinfeld doubles. To begin, we identify their representation groups. Motivated by
[31], §3.2], we view these results as Real counterparts of the Freed—Hopkins—Teleman
theorem [15, Theorem 1] in our (much simpler) finite setting. A Real analogue for

compact, connected and simply connected Lie groups is [13, Theorem 5.12].

Proposition 4.1. There are isomorphisms of abelian groups
KT%ef<ﬁ>(G//R€;) ~ Ko(D(G)-mod),
(G /rG) = Ko(D7(G)-mod™)

and )

K=(G)G) ~ Ky(D"(G)-mod®?).
Proof. Recall that A™BG ~ G/rG and A,BG ~ G/G. The first isomorphism
follows from the equivalence Vectg ) (ArefBG) ~ C% A BG]-mod (see [31]

Proposition 8]) and the second from VectT (")(ArefBG) ~ C%' D [A BGl-mod®
(see Proposition E The third 1somorphlsm is proved in the same way. O
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Only the final two isomorphisms of Proposition involve a form of Real equi-
variant K-theory of G. The first isomorphism still has a Real flavour, however, as it
involves AfffBC. The second isomorphism is the finite analogue of the result of Fok
[13]; it would be interesting to combine them to describe the twisted G-equivariant
K-theory of G for G an arbitrary compact Zs-graded Lie group.

Writing the appropriate loop groupoid as a disjoint union of standard models
(see Proposition leads to a decomposition of the representation categories of
thickened Drinfeld doubles. For example,

~ oA ref (.
D'G)mod~ @D Vecty 7(BZE(g)).
9€m0(G/rG)
where Zg‘(g) = {w e G | wg™w™ = g} is the Real centralizer of g. Simple

Dﬁ(é)—modules are therefore labelled by a Real conjugacy class of G and a simple
twisted representation of its Real centralizer. Similarly, Proposition shows that
D7(G)-mod® decomposes as

P Vel MBzigne @ Vead VUN(G[rbya).
9€m0(G/rG) -1 {9.9}€m0(G/rG)1
The first sum is over conjugacy classes of G which are fixed by the involution deter-
mined by G and the second is over the Zo-quotient of its complement. The previous
two decompositions, and the quasi-inverse from the proof of Proposition [3.4] show
that a collection of twisted (Real) representations of the groupoids appearing on

the right hand side determines a representation of the thickened Drinfeld double.
This gives Real versions of Dijkgraaf-Pasquier—Roche induction [9, §2.2], [31, §3.3].

4.2. Twisted one-loop characters. The following definition is motivated by the
definition of twisted elliptic characters in [31], §3.4]. See also [19].

Definition. Let 7 € Z*t76(BG). Elements of Ty weipe(TT(A)c) are called -
twisted one-loop characters of G.

To make this definition explicit, let G C G2 be the set of commuting pairs in G
and let
G? = {(g,w) € Gx G| gw = wg™)}
be the set of graded commuting pairs in G. Then a twisted one-loop character is a
function y : G2 — C which satisfies

ref

(g™ o™ owo ™) = 1t () ([olg % g)x(g,w). o €G.
The relevance of this definition to the representation theory of D(G) is as follows.
Proposition 4.2. The character map is an isometry
X 1 Ko(D'(G)-mod) @z C = Ty e (TT (1) ).
Proof. Since D(G) = C™ M[A™f BG], this follows from [3T, Theorem 11]. O

The term one-loop character is motivated by two dimensional unoriented topo-
logical (or conformal) field theory, where the (closed) one-loop sector is made up
by the 2-torus T? and the Klein bottle K. There is a canonical decomposition

re: A 2 re: A re ~
1—‘AAﬁffB(AE (TTﬂ’ f(U)C) = P’jI;A;efBG (TTﬂ' f(U)C) D FHEA;efBG (TTw f(n)@) )
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where the first and second summands consists of suitably C—equivariant functions
on the sets G@ and (G x (G \ G)) N G2, respectively. The (graded) commuting
conditions which define these sets are precisely the defining relations of 7 (T?) and
m1(K) in their standard presentations. The first summand is a subspace of the 7-
twisted elliptic characters I'y2p¢(T%(n)c) while the second consists of what we call
7-twisted Klein characters. As suggested by the appearance of fundamental groups,

the summands can be interpreted in terms of certain moduli spaces of G-bundles
on T? or K. See [31], [33] §3.2] for details.

Corollary 4.3. The number of simple D(G)-modules is [ronret e TTE(R).

s

Proof. Proposition [4.2] implies that
rank Ko(D?(G)-mod) = dimg T et e (T () ).

By [31, Theorem 6] the right hand side is equal to [, . ge TT (7). O

Straightforward modifications of the previous discussion apply to ]D)ﬁ(é) and

D7(G). We limit ourselves to describing the character theory of D7(G), which is
rather different from that of D7(G). Theorem gives

Ko(D(G)-mod®) @7 C ~ FA;efAWBG<Tme7T(7A7>(C>‘

T

The right hand side is the set of functions y : G — C which satisfy

A

1 ref

x(ogo 00370 = T () (0)gr > 91)  x(91.02). 0 €G.
Characters of Real Dﬁ(é)-representations therefore form a subspace of the space of
n-twisted elliptic characters. In particular, there is no Klein sector.

4.3. Real pointed fusion categories and their centres. In this section, we
categorify the f-twisted groupoid algebra C? [Q] of Section . We use coefficients
A = C*. For background on monoidal categories, the reader is referred to [11].

To begin, we introduce a Real version of monoidal categories. This can be seen
as a modification of the notion of a Z,-graded extension of a monoidal category
which takes into account complex conjugation twists.

Definition. A Real monoidal category is a C-linear abelian category C with
(i) a decomposition C = C™Y @ C—Y) into full abelian subcategories,
(i1) an additive functor ® : C x C — C which restricts to C-bilinear functors

®:CO xiCV) - W) g e Ty,

where Y1CY) = CY) and ~'CY) is the complex conjugate category of CV,
(11i) an object 1 € C, together with left and right unitors, and
(iv) for homogeneous Xy € C, k = 1,2, 3, natural C-linear associativity isomor-
phisms ax, x, x, 1 (X3 ® X2) @ X1 = X3 ® (X2 ® Xq)



28 B. NOOHI AND M.B. YOUNG
such that the evident triangle axioms holds and the following diagram commutes:

(X4 ®X3) @ Xs) ® X,
ax4,x3y Wg,xl
(Xya® (X3 ® X9)) @ Xy (X4 ®X3)® (Xo® X))
°‘X4=XS®X2~X1\L lam,xs,xmm

Xy ® (X530 Xy) ® X7) X1® (X3 ® (X2 ® X1)).

idX4®W(X4)D‘X3,X2,X1

In particular, underlying a Real monoidal category is an R-linear monoidal cat-
egory. Note also that the subcategory C™V) is a C-linear monoidal category which
contains the unit object 1.

Definition. (i) A Real fusion category is a finite semisimple Real monoidal
category which is rigid and has a stmple monoidal unat.
(i1) A Real fusion category is called pointed if its simple objects are invertible.

Real pointed fusion categories and their C-linear monoidal equivalences form a
groupoid RPFus. The assignment C — C") extends to a functor from RPFus to the
groupoid of pointed fusion categories.

Example. Let G be a finite Zy-graded group and 7 € Z3t76(BG). Let Vectg(é)
be the C-linear category of finite dimensional G—graded complex vector spaces. We
write objects of as V = @ eV, Given w € G, let C, € Vectz(é]) be the simple
object which is a copy of C in degree w. Any simple of Vectg(é) is isomorphic to

one of this form. Define a Real monoidal structure ® on Vect.(G) by

(V(z) ® V(1)>w _ @ VW(ZQ) ®c "Iy M)

wi ?

w1,w2EG
wWw=waw1

with a similar formula for morphisms. The associator component

(Vw(f) Qc W(W3)V¢522)) Qc W(w:awz)vugll) N Vugf) Q¢ (W(w:a)v(

w2

2) Qc W(wswz)v(l))

w1

is 7)([ws|wz|wi]) times the canonical associator. The pentagon axiom is equivalent
to the twisted cocycle condition on 7). Let 1 = C, with right and left unitors

pv:VC,—V, vy ® ¢ "@ey,
and
Ay CoV =V, CR® U, > CU.
Define the dual V* of V by (V*), = "@VY,. The non-trivial evaluation and
coevaluation maps are
ev: VeV —C, Uy @@ f SN ([wlw™Hw]) £ (vs),
where 9 - is a delta function, and
coev, : C, —» C, o C, 1= A([w|w™ Hw]) coev(1), w e G.

Then Vectg(é) is a Real pointed fusion category. The subcategory Vectz(é)(l) ~
Vect!(G) is the C-linear pointed fusion category associated to G and the restricted
3-cocycle n € Z3(BG) as described in [I1, Example 2.3.8]. <
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The group Autgrp,, (G) of Zy-graded group automorphisms of G acts by pullback

on H3*"(B C) The category RPFus is described by the following result, which has
a well-known C-linear analogue.

Proposition 4.4. (i) Any object of RPFus is equivalent to a Real pointed fusion
category of the form Vectl(G).
(1i) There is a short exact sequence of groups

1 — H*™s(BG) — moAutgrprus(Vect)(G)) — Stf:LbAutGrp/Z2 &) =1,

where WoAutRpFus(Vectg(C)) is the group of isomorphism classes of autoe-
quivalences of Vect!.(G) € RPFus.

Proof. Let C € RPFus. Its group G of isomorphism classes of simple objects inherits
a natural Zy-grading from the decomposition C = C" @ €=V and compatibility of
the functor ®. Choose a representative simple object for each element of G. Then
the components of the associator at simple objects define a cocycle 7 € Z 3+”¢(BG).
The full inclusion Vectg(é) — C is then an equivalence.

Consider the second statement. After noting that any ® € AutRpFus(Vectg(G))
preserves the set of simple objects with its Zs-grading, we find that the sequence is
right exact. Suppose then that ® is the identity on objects. The component of the
monoidal data

¢(C.,) ® ©(C.,) = 2(C, ® Cy))

is multiplication by a complex number, say (|ws|w:]). Compatibility of this data
with the associator is the condition § € Z*™¢(BG). Changing ® within its isomor-
phism class changes 6 by an exact 2-cocycle. This completes the proof. U

We can now prove a 2-categorical analogue of Theorem [3.15]
Theorem 4.5. There is an R-linear equivalence of categories
Zp(Vect’(G)) = Vect™™ " (A, BG),
where the left hand side is the Drinfled centre of Vect?:(c).

Proof. Let (V,3) € ZD(Veth(G)), so that V' € Vectg(é) and B: =@V =V®-—
is a natural isomorphism which satisfies a hexagon axiom. The component of 5 at
C,, is the data of C-linear isomorphisms

6(5,0.1 : CUJ ®(C W(W)‘/(s :> dewfl ®(C W((S)(Cw’ 5 - G

If V5 is non-zero for some § € G \ G, then fs.(c ® vs) = vs ® ¢. Consider the
morphism my : C, — C, given by multiplication by A € C. Naturality of § in C,
requires commutativity of the diagram

C6®C%L>%®(C(C_e

m,\®idV5J/ lid\/(; @My

Ce®c Vs —— Vs @cCe,
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which is the case if and only if A € R. It follows that V is supported on G. The
hexagon axiom for (V, ) implies that the remaining structure maps f,., (¢g,w) €

G x G, give V the structure of a 7, (7)) -twisted vector bundle over A, BG. O

Since it is a Drinfeld double, Z D(Vectg(é)) has canonical R-linear monoidal struc-
ture. Under the equivalence Vecty" @) (A,BG) ~ D(G)-mod®, this monoidal struc-
ture is induced by a quasi-associative coproduct A : D7(G) — D"(G) ®@¢c D?(G). To

~

describe this, first recall that the subgroup Inn(G) < Autg, /ZZ(C) of inner auto-

morphisms acts trivially on H*t7(G). More precisely, for ¢; € G and w € G, we
have

i([wgsw " |wgsw |wgsw ™)) _
1([g3]92191])™) = (dcu)(lgslgz|n]) (23)

where ¢, € C?(BG) is given by (see [23, Proposition 8.1])

N([wgaw™|wlg])
N([wlg2lgi))i(lwgaw ™ wgrw ™ w])

cw([g2]g1]) =

The, for lg w, € Dﬁ(é) the basis vector corresponding to the morphism w : g —
wgw™! in A, BG, define

Al =) = Z Co(lgalrl)l | oy @1

91,92€G
9291=g

with associator
= illosleelgl, o @1 o &L -
91,92,93€G

Formally, these are the same definitions as those for the quasi-bialgebra D"(G) [9].
The defining equation implies that ® is an associator while the equation (cf.
[23, Corollary 8.3], which uses slightly different conventions)

T (1) ([wa|w1]g2) Tr (7) (lwa|an]g1) Cunwr ([92191])
T (M) ([we|wi]g2g1) Cun ([92191])72) - oy ([wrgowy Hwrgrw; ')

implies that A is a morphism of Real algebras. We say that Dﬁ(é) is a Real quasi-
bialgebra. Finally, note that D"(G) is a complex sub-quasi-bialgebra of D7(G)g.

4.4. Connection with Real 2-representation theory. We relate the categori-
fied group algebra Vectg(é) and the Real 2-representation theory of G, that is, the
2-categorical generalization of Sections and [3.3 The latter theory is developed
in detail in [32], so we limit ourselves to a few points.

Let Vect’(G)-mod® be the bicategory whose objects are left Real Vectl(G)-
module categories, that is, pairs (F, M) consisting of a finite semisimple C-linear
category M and a C-linear monoidal functor F' : Vect.(G) — Endg(M) such that
the functor

A

F(C,) "M M, weG

2It also has a braiding, but we will not discuss this.
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is C-linear. The 1-morphisms of Veth(C-})—modR are C-linear functors with inter-
twining data for the Vectg(é)—actions while 2-morphisms are their compatible C-
linear natural transformations. With these definitions, there is an R-linear biequiv-
alence o o

Vectl.(G)-mod™ =~ 2Vect].(BG), (24)
where the right hand side is the bicategory of n-twisted Real 2-representations of
G on Kapranov—Voevodsky 2-vector spaces, as defined in [32, §5.4]. This is the
2-categorical analogue of Proposition [3.3] A central result of [32] is a categorified
character theory for 2Veth(BC—]), which we summarize as follows.

Theorem 4.6 ([32]). A Real 2-representation p € 2Vect.(BG) has

(1) a Real categorical character Tr, € Vectgf(ﬁ) (A™'BG), and
(it) a Real 2-character x, € T’y yrerpg (tTei(h)e).

In particular, the twisted transgression map T plays a central role in the charac-

ter theory of 2Vect.(BG). An important technical point in [32] is that the 2-cochain
(7)) is in fact closed. It is possible to verify this directly, but this is a rather un-

pleasant task. The approach of Section gives a much more efficient verification.

Remark. It can be shown that there is an R-linear monoidal equivalence
Z(2Vect(BG)) ~ Zp(Vect(G)),

where the right hand size is the monoidal category of pseudonatural transformations
of the identity pseudofunctor of 2Vectg(BC). In view of the equivalence ([24]), this
can be proved as a modification of the proof of [5, Corollary 5.3]. We omit the
details. However, let us mention that this equivalence allows to restate Theorem
in a way which is more obviously a 2-categorical analogue of Theorem [3.15]

4.5. Discrete torsion in string and M-theory with orientifolds. We show
that T encodes the one-loop discrete torsion in unoriented string and M-theory.

Consider first discrete torsion in orientifold string theory (or unoriented conformal
field theory). A twisted 2-cocycle 0 e 72t (BG) can be seen as an orientifold
discrete torsion, in that it is an orientifold compatible B-field for orientifold string
theory defined on a global quotient by G [I0], [30]. The iterated transgression
¥ (f) is a locally constant function on Obj(AA™ BG) = G2, Its value on (g,w) €
G is

A _ 0 glw
01g~ g - )
0([wlg™])
which is precisely the discrete torsion phase factor of T? if 7(w) = 1 and K if

m(w) = —1; see [3, Eqn. 16], [30 §5.1].

Turning to M-theory, we regard a cocycle 7 € Z37™¢(B G) as a M-theory analogue
of discrete torsion, determining a universal orientifold compatible C-field [30]. Then
2 (7) is a locally constant function on A2A™ BG. There is a natural bijection

OBi(APAZ'BE) = 6% i {(g,wn,z) € 6 x G| (g.0) € 67, (wr,) € GO,

The set G®) decomposes according to the degrees of a triple (g, wy,ws) € C<3>7 which
we interpret as determining a closed unoriented 3-manifold M whose orientation
double cover is either T? LIT?® or T®. When 7(w;) = m(wz) = 1 we have M = T3
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and, from the explicit expression for T2 from Section [2.3} the value of T21(7}) on
(9, w1, ws) € G® is
A([walglwi])A([w |ws|g])A([glws]wi])
A([walwr|g)A([glwz|wr])A([wrlglwa])

The remaining three cases, in which at least one w; is of degree —1, correspond to
M =K x St. When 7(w;) = 1 = —7(wy), the value of Tt () is

(25)

i[9~ glwr])(wrlg ™ g]) A(lorlwalg D)i(lglor|wa])A(walg™ on])

(26)
(lg~ e lg]) A([wilglwa]) i ([walwilg=11)i ([glwz|wr])
When 7(w;) = —1 = —m(ws), the formula is similar. Finally, when 7(w;) = m(wq) =
—1 the value of T2 (#) is

(g~ walg~ D)Alg~  glwr A ((wrlglg™]) Awr|walgDA((glwr wa])([walg ™ |wn])
(g~ glwal)i([walglg~ A (lg~ wrlg ™) Afwrlg ™ w2l ([walwr g ([glwzlwr])

In this final case the triple (g,wiw; ', ws) is of the previous type and, after some
calculation, the expression is of the form (26)). The phases and appear in
the work of Sharpe [30} §6.2] as C-field discrete torsion phase factors in orientifold
M-theory on the manifolds T? and K x S*, respectively. In Sharpe’s notation, we
have g1 = wy, go = ¢g and g3 = wy. Explicitly, the equality of a summand of
with Sharpe’s phase factor follows from the identity

(19~ gl )A(wrlglg]) _ A(lglg™ |wr])A(lwrlglg™])
(lg~|wrlg]) ([glwilg™])

, g,w € G.
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