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Abstract. This is an updated version of [41]. We study the automorphism group G of an extension
F |k of algebraically closed �elds, especially in the case of countable transcendence degree and zero
characteristic. In connection with their applications to algebraic geometry (birational geometry,
algebraic cycles, motives, di�erential forms and sheaves in various topologies), we study the smooth
linear and semi-linear representations of G.

Compared to [41], the principal new result is Theorem 1.1.5. It re�nes [35, Theorem 3.15]=[41,
Theorem 1.1.10 1)]: the objects of IG are characterized by their irreducible subquotients.
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1. Introduction

The study of �eld automorphism groups is an old subject. Without any attempt of describing
its complicated history, let me just mention that many topological groups are �eld automorphism
groups. E.g., automorphism groups of algebraic �eld extensions form usual Galois groups, and
automorphism groups of function �elds of algebraic varieties over topological �elds contain groups
of points of algebraic groups over that �elds. Besides, groups of points of p-adic groups for p <∞
(and also of �nite adelic) arise also as automorphism groups of automorphic function �elds. Some
continuous automorphism groups of topological �elds, e.g. of the Laurent series, have been also
studied.

Let F |k be a �eld extension of countable (this will be the principal case) or �nite transcendence
degree n, 0 ≤ n ≤ ∞, and G = GF |k be its automorphism group.

Following the very general idea that a �su�ciently symmetric� (mathematical, physical or another)
system is determined by a representation of its symmetry group, one tries to compare various
�geometric categories over k�, where F is interpreted as a �limit object�, with various categories of
representations of G.

To ensure that the representation theory of G is rich enough, F should be �big enough�. For this
reason, F will be usually algebraically closed. So F is �the function �eld of the universal tower of
k-varieties of dimension ≤ n�.

Some general notations, conventions and goals. Let F |k be an extension of countable or
�nite transcendence degree n, 1 ≤ n ≤ ∞. In order to avoid already complicated enough Galois
theory, we assume by default that the �elds F and k are algebraically closed �elds of characteristic
zero. The exceptions are �2.1, p.16, and �4.1, p.36. Following [14, 32, 44, 13] (and generalizing
the case of algebraic extensions from [20]), we endow its automorphism group G = GF |k with the
topology, whose base of open subgroups is given by the stabilizers of �nite subsets in F . For a
pair of �eld extensions K, L of k the set of all �eld embeddings of L into K over k is denoted by

{L
/k
↪→ K}. Let E be a �eld of characteristic zero. The E-vector space with the base given by a set

S is denoted by E[S].
We study the structure of G, its E-linear and F -semi-linear representations with open stabilizers,

and their links with birational geometry, motives, di�erential forms and sheaves. In particular, we
look for analogues of known results of representation theory of locally compact (especially, of p-adic)
groups in the case of G.

1.1. How to translate geometric questions to the language of representation theory?
Depending on type of geometric questions we shall consider one of the following four categories
of representations of G: ΦG ⊂ SmG ⊃ IG ⊃ Adm, roughly corresponding to birational geometry
over k and its more restrictive (�less functorial�) version, birational motivic questions (such as those
concerned with the structure of Chow groups of 0-cycles) and ��nite-dimensional� birational motivic
questions (such as description of �classical� motivic categories).

SmG. Usually an �algebro-geometric datum� D over F consists of a �nite number of polynomial
equations involving a �nite number of coe�cients a1, . . . , aN ∈ F , and the group G acts on the set
of �similar� data. Then the stabilizer of D in G is open, since contains GF |k(a1,...,aN ).

For a k-variety X, its F -subvarieties are examples of such data.
In particular, the Q-vector space Q[X(F )] of 0-cycles on XF := X ×k F is a G-module. Such

representation is huge, but this is just a starting point.
Note that it is smooth, i.e. its stabilizers are open, so all representations we are going to consider

will be smooth.
Conversely, any smooth representation of G with cyclic vector is isomorphic to a quotient of the

G-module Q[{k(X)
/k
↪→ F}] of �generic� 0-cycles on XF (equivalently, formal Q-linear combinations

of embeddings of the function �eld k(X) into F over k), i.e., 0-cycles outside of the union of the
divisors on X de�ned over k, for an appropriate irreducible variety X of dimension ≤ n over k.
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This follows from Lemma 3.1.3. If we �x a k-�eld embedding of the function �eld k(X) into F then
the module of generic 0-cycles on XF becomes the representation Q[G/GF |k(X)], coinduced by the
trivial representation of GF |k(X). These G-modules are very complicated.

Remarks. 1. As Q[X(F )] =
⊕

x∈X Q[{k(x)
/k
↪→ F}], the representation Q[X(F )] re�ects rather

the class of X in the Grothendieck group K0(V ark) of partitions of k-varieties, than X itself.
Moreover, suppose that Z ⊂ X is such a closed subset that any subvariety of Z is birational to

in�nitely many subvarieties of X rZ, e.g. Z is a �nite set of closed points of X. Then Q[X(F )] ∼=
Q[(X r Z)(F )].

2. It is not clear, whether the birational type ofX is determined by the representation Q[{k(X)
/k
↪→

F}] of G of generic 0-cycles on XF . There do exist pairs of non-birational varieties X and Y , whose
G-modules of generic 0-cycles have the same irreducible subquotients, cf. �3.5. E.g., if a map X −→
Y is generically �nite then the pull-back induces an embedding Q[{k(Y )

/k
↪→ F}] ↪→ Q[{k(X)

/k
↪→ F}].

On the other hand, if X = Z × P1, Y = Z ′ × P1 and Z ′ is a twofold cover of Z then there is also

an embedding in the opposite direction Q[{k(X)
/k
↪→ F}] ↪→ Q[{k(Y )

/k
↪→ F}]. What is in common

between X and Y in this example, is that their primitive motives (see below) coincide (and vanish).
But it seems that even this is not essential.

3. However, at least if n =∞, one can extract dimension of X (dimX = min{q ≥ 0 | WGF |L 6=
0, where tr.deg(L|k) = q}) and �birational motivic� invariants �modulo isogenies�, such as Alb(X),

Γ(X,Ω•X|k), out of W = Q[{k(X)
/k
↪→ F}], cf. Theorem 1.1.6 (1), (3), (4), and Proposition 4.1.11.

4. IfW = Q[X(F )] then Q[{k(X)
/k
↪→ F}] is a nonzero quotient ofW by the submodule generated

by all WGF |L with tr.deg(L|k) < q for a maximal possible q(= dimX).
5. Consider the category of smooth k-varieties with the morphisms, given by formal Q-linear

combinations of non-degenerate generically �nite correspondences, i.e. irreducible subvarieties in
the product of the source and the target, generically �nite over a connected component of the source
and dominant over a connected component of the target: Hom(X,Y ) = ZdimY (k(X)⊗k k(Y ))Q (:=
Q[{prime ideals of k(X)⊗k k(Y ) of depth equal to dimY }]) for connected X and Y .

In the case n = ∞ there is a full embedding of this category into the category of smooth

representations of G, given by X 7→ ZdimX(k(X)⊗k F )Q = Q[{k(X)
/k
↪→ F}].

Denote by SmG(E) the category of smooth representations of G over a �eld E. This is a full
abelian subcategory of the category of all representations of G over E.

It follows from the topological simplicity of G (Theorem 2.2.1) that in the case n = ∞ any
�nite-dimensional smooth representation of G is trivial.

Adm. Now consider a more concrete geometric category, the category of motives.
An (e�ective) pure covariant motive is a pair (X,π), consisting of a smooth projective variety

X over k with irreducible components Xj and a projector π = π2 ∈
⊕

j B
dimXj (Xj ×k Xj) in the

algebra of correspondences on X modulo numerical equivalence. The morphisms are de�ned by
Hom((X ′, π′), (X,π)) =

⊕
i,j πj · BdimXj (Xj ×k X ′i) · π′i. The category of pure covariant motives

carries an additive and a tensor structures:

(X ′, π′)
⊕

(X,π) := (X ′
∐

X,π′ ⊕ π), (X ′, π′)⊗ (X,π) := (X ′ ×k X,π′ ×k π).

A primitive q-motive is a pair (X,π) as above, where dimX = q and Hom(Y × P1, (X,π)) :=
π · Bq(X ×k Y × P1) = 0 for any smooth projective variety Y over k of dimension < q. E.g., it
follows from Lefschetz's theorem on (1, 1)-classes that the category of pure primitive 1-motives is
equivalent to the category of abelian varieties over k with morphisms tensored with Q. It is a result
of Jannsen ([15]) that pure motives form an abelian semi-simple category. This implies that any
pure motive admits a �primitive� decomposition

⊕
i,jMij ⊗ L⊗i, where Mij is a primitive j-motive

and L = (P1,P1 × {0}) is the Lefschetz motive (cf. Remark on p.43).
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Remark. Replacing the numerical equivalence by an arbitrary adequate equivalence relation we
get a pseudoabelian tensor category of covariant Grothendieck motives.

Definition. A representation W of a totally disconnected topological group is called admissible

if it is smooth and the �xed subspaces WU are �nite-dimensional for all open subgroups U .
Denote by Adm = AdmG(Q) the category of admissible representations of G over Q.
Note that there are in�nite direct sums among admissible representations. For instance, let {Aα}

be a collection of pairwise non-isogeneous simple abelian varieties over k. Then the representation⊕
α(Aα(F )/Aα(k)) of G is admissible.

Theorem 1.1.1 ([35]). Adm is a Serre subcategory in SmG := SmG(Q).

In other words, Adm is abelian, stable under taking subquotients (this is the point in the case
n = ∞!) in the category of representations of G, and under taking extensions in SmG. This is
shown in [35, Corollary 6.5] using an embedding of Adm into a bigger category IG.

Theorem 1.1.2 ([35]). If n =∞ then there exists a fully faithful functor B•:

Mk :=
{

pure covariant
k-motives

}
B•−→
{

graded semi-simple admissible
representations of G over Q of �nite length

}
.

The grading corresponds to the powers of the motive L in the above �primitive� decomposition.

Roughly speaking, the functor B• =
⊕graded

j B[j] is de�ned as the space of 0-cycles over F

modulo �numerical equivalence over k�. More precisely, B• =
⊕graded

j lim
L−→

Hom
(
[L]prim ⊗ L⊗j ,−

)
is a graded direct sum of pro-representable functors. Here L runs over the set of all sub�elds in F
of �nite type over k, and [L]prim is the quotient of the motive of any smooth projective model of L
over k by the sum of all submotives of type M ⊗ L for all e�ective motives M .

Thus, the categoryMk becomes a full subcategory of the category of graded semi-simple admis-
sible representations of G over Q of �nite length.

Examples. The motive of the point Spec(k) is mapped to the trivial representation Q in degree
0. The motive of a smooth proper curve C over k is sent to Q⊕ JC(F )/JC(F )⊕Q[1], where JC is
the Jacobian of C and Q[1] denotes the trivial representation in degree 1.

Conjecture 1.1.3. The functor B• is an equivalence of categories.

Of course, it would be more interesting to describe in a similar way the abelian category MM
of mixed motives over k, whose semi-simple objects are pure. This is one more reason to study the
category Adm of admissible representations of G.

Proposition 1.1.4 ([35]). Assuming n =∞, for any W ∈ Adm, any abelian variety A over k and,
conjecturally, for any e�ective motive M one has
Ext>0

Adm(Q,W ) = 0 Ext>0
MM(Q,M) = 0

Ext1
Adm(A(F )

A(k) ,W ) = HomZ(A(k),WG)
HomG(A(F )/A(k),W/WG)

Ext1
MM(H1(A),M) = A(k)⊗W0M

HomMM(H1(A),M/W0M)

Ext≥2
Adm(A(F )/A(k),W ) = 0 Ext≥2

MM(H1(A),M) = 0

As A(F )/A(k) is a canonical direct �H1�-summand of B•(A), we see that the admissible repre-
sentations of �nite length should be related to e�ective motives. At least the Ext's between some
irreducible objects are dual.

IG. The formal properties ofAdm are not very nice. E.g., to prove Theorem 1.1.1 and Proposition
1.1.4 and also to give an evidence to Conjecture 1.1.3, one uses an inclusion of Adm into a bigger
full subcategory in the category of smooth representations of G.

Definition. An object W ∈ SmG(E) is called �homotopy invariant� (in birational sense; the

etymology comes from �3.4) if WGF |L = WGF |L′ for any purely transcendental subextension L′|L in
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F |k. The full subcategory in SmG(E) of �homotopy invariant� objects is denoted by IG(E). (The
result will be the same, if we restrict ourselves to only those L′, which are of �nite type over k, cf.
[35, Corollary 6.2].)

A typical object of IG is the Q-vector space CHq(XF )Q of cycles of codimension q ≥ 0 on the
scheme X ×k F modulo rational equivalence, for any smooth variety X over k. (This follows from

the descent property: CH∗(XF )
GF |L
Q = CH∗(XL)Q.)

On the other hand, if F̃ is an algebraic closure of F (t) in an algebraic extension of F ((t)) then

usually CH∗(X eF )Q 6∈ IG, since F̃GF |L(x) ( F̃GF |L(x) if x 6∈ L. For instance, if X is an elliptic curve

u2 = P (v) then k(x)((t)) 3 P (xt)1/2 6∈ k((t))(x) and [u 7→ P (xt)1/2, v 7→ xt] ∈ CH0(Xk((xt))) ⊆
CH0(Xk(x)((t))), but 6∈ CH0(X

k(t)
)Q.

Let us �rst prove the following characterization of the �homotopy invariant� representations.

Theorem 1.1.5 (n =∞). A smooth representation of G is �homotopy invariant� if and only if all
its irreducible subquotients are. In particular, the category IG(E) is a Serre subcategory in SmG(E).

Proof. Suppose that W 6∈ IG, but all its irreducible subquotients are �homotopy invariant�.
According to [35, Corollary 6.2], there exist a sub�eld L in F |k, an element x ∈ F rL and a vector
v ∈WGF |L(x) rWGF |L , i.e., there exists σ ∈ GF |L such that σv − v =: u 6= 0.

Clearly, GF |L 6⊂ Stabv ∪ Stab
L(x)

. (Indeed, if a group H is a union of a pair of its subgroups,

H = H1 ∪ H2, and H1 6= H then hH1 ⊂ H2 for any h ∈ H r H1, so H1 ⊆ H2, and therefore,
H2 = H.) In other words, we may assume that σ ∈ GF |L r Stab

L(x)
.

We may replace W by the quotient by a maximal subrepresentation not containing u. Then the
subrepresentation 〈u〉 generated by u becomes irreducible, and thus, an object of IG.

By its de�nition, u ∈WGF |L(x)+WGF |L(σx) ⊆WGF |L(x,σx) . As 〈u〉 ∈ IG and x, σx are algebraically
independent over L, we conclude that u ∈ WGF |L . This implies that σv ∈ WGF |L(x) . On the other
hand, σv ∈ WGF |L(σx) , so σv ∈ WGF |L(x) ∩WGF |L(σx) . By [35, Lemma 2.16], the latter space is
WGF |L , and �nally, v ∈WGF |L , contradicting our assumptions.

The converse is known from Lemma 4.1.1. �

Theorem 1.1.6 ([35], n =∞). (1) The inclusion functor IG(E) ↪→ SmG(E) admits a left and

a right adjoints I,−(0) : SmG(E) −→ IG(E), the universal quotient and subobject in IG(E).
(2) Adm(E) ⊂ IG(E), i.e. any admissible representation of G is �homotopy invariant�.

(3) The objects Ck(X) := IQ[{k(X)
/k
↪→ F}] for all birational classes X of irreducible varieties

over k form a system of projective generators of IG.
(4) For any smooth proper k-variety X there is a canonical �ltration Ck(X) ⊃ F1 ⊃ F2 ⊃ . . . ,

canonical isomorphisms Ck(X)/F1 = Q and F1/F2 = Alb(XF )Q, and a non-canonical

splitting Ck(X)
∼= Q ⊕ Alb(XF )Q ⊕ F2. The term F2 is determined by these conditions

together with HomG(F2,Q) = HomG(F2, A(F )/A(k)) = 0 for any abelian variety A over k.
Here Alb is the Albanese variety. (Corollary 6.24)

(5) For any smooth proper k-variety X there is a canonical surjection Ck(X) −→ CH0(XF )Q,
which is injective if X unirational over a curve (and in some other cases when CH0(X) is
�known�, e.g., if X is a quotient of even-dimensional Fermat hypersurface of degree dimX+2
or dimX + 3, such that CH0(X) is cyclic).

(6) There exist (co-) limits in IG(E).

Two �ltrations. For a representation M of G de�ne NjM as the subspace, spanned by the

invariants M
GF |Fj for all sub�elds Fj ⊆ F of transcendence degree j over k. From the point of view

of �3.4, on the smooth G-modules, Nj is �part coming from dimension ≤ j�. Clearly, the �level�
�ltration N• is increasing and functorial.

Then the term F jW of a functorial descending �ltration F• on an object W of IG is de�ned as
the intersection of the kernels of all G-homomorphisms ϕ from W to the objects W ′ ∈ IG of level

j, i.e., such that W ′ = NjW
′. If W = NqW then Fq+1W = 0, since ker(W id−→W ) = 0.
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It seems that in the case of G-modules of type CH0(XF )Q for a smooth proper k-variety X this
is the motivic �ltration (cf. [5] and [7]), which agrees with Theorem 1.1.6 (4).

The following two conjectures link the Chow motives and the K�ahler di�erentials (in fact, the
holomorphic part of the de Rham cohomology, cf. Proposition 4.1.11 below) via the category IG.
Conjecture 1.1.7 ([35]). If n = ∞ then the natural surjection Ck(X) −→ CH0(X ×k F )Q is an
isomorphism for any smooth proper irreducible variety X over k.

The �ltration F• on Ck(X) coincides with the motivic �ltration on the Chow groups of 0-cycles.

Remarks. 1. One deduces from Theorem 1.1.6 (5) a description of the category of abelian varieties
over k with the groups of morphisms tensored with Q as a full subcategory of AdmG ⊂ IG in terms
of the �level� �ltration N• on smooth G-modules.

2. The conjecture of Bloch and Beilinson ([5] and [7]) on the �motivic� �ltration on the Chow
groups together with the semi-simplicity �standard� conjecture of Grothendieck (asserting that nu-
merical and homological equivalences coincide on smooth proper varieties) imply that �numerical�
and rational equivalences coincide on the cycles on the spectrum of the tensor product of a pair of
�elds over a common sub�eld. More precisely, for any smooth proper k-varieties X and Y the sur-
jective localization homomorphism CH∗(X×k Y ) −→ CH∗(k(X)⊗k k(Y ))Q �kills� the numerically
trivial cycles (cf. [4] �1.4, or [38] Prop.1.1.1), or equivalently, that CHj(k(X)⊗kF )Q coincides with

Bj(M) := B[0](M), where M is the maximal primitive j-submotive of (X,∆X).
If combined with the �rst part of Conjecture 1.1.7, this would give (when n =∞) that

(a) B• is an equivalence of categories (Conjecture 1.1.3), cf. also �Corollary� 1.1.8.1 below;
(b) any irreducible object of IG is admissible; and
(c) the G-modules grNj W are semi-simple for any W ∈ IG (Conjecture 4.1.5), where N• is de�ned
above.

Indeed, for some collection of smooth projective j-dimensional k-varieties Y there is a surjective

morphism
⊕

Y Q[{k(Y )
/k
↪→ F}] ξ−→ grNj W , which factors through

⊕
Y gr

N
j Ck(Y ), cf. Proposition

4.1.3, p.36. If Ck(Y ) = CH0(Y ×k F )Q then grNj Ck(Y ) = CHj(k(Y ) ⊗k F )Q, so ξ factors through⊕
Y CH

j(k(Y )⊗k F )Q.
Finally, it follows from the semi-simplicity that there exist projectors πY and an isomorphism⊕
Y Bj((Y, πY )) ∼−→ grNj W . This proves (c), and taking an irreducible W (which coincides with

grNj W for some j), we get also (a) and (b).

3. For any pair W1,W2 ∈ SmG := SmG(Q) set W1 ⊗I W2 := I(W1 ⊗W2). As the example of
W1 = W2 = Q[F r k] and W3 = Q shows, this binary operation is not associative on SmG.

It follows from the �rst part of Conjecture 1.1.7 that there is a canonical isomorphism, the
�K�unneth formula�: Ck(X×kY )

∼−→ Ck(X) ⊗I Ck(Y ) for any pair of irreducible k-varieties X,Y . An
evidence for this �corollary� (and an unconditional proof of the �K�unneth formula� in the case when
X is a curve) is given in �4.2, p.38.

It would follow from the �K�unneth formula� that the restriction of ⊗I to IG is a commutative
associative tensor structure on IG (compatible with the inner Hom, cf. Remark on p.24 and
Proposition 4.1.10), and that the class of projective objects is stable under ⊗I .

It would be interesting to �nd a �semi-simple graded� version of ⊗I to make B• a tensor functor.

Conjecture 1.1.8 ([36]). Any irreducible object of IG is contained in the algebra Ω•F |k if n =∞.

�Corollary� 1.1.8.1 ([36], n =∞). • Any irreducible object of IG is admissible. So �IG ≈
Adm�.
• If numerical equivalence coincides with homological then B• is an equivalence of categories.

Proof. Let W be an irreducible object of IG. There exists a smooth projective k-variety Y
and a surjection Ck(Y ) −→→ W . Assuming Conjecture, the representation W embeds into Ωq

F |k for

an integer q ≥ 0. It follows from Proposition 4.1.11 that HomG(Ck(Y ),Ω
q
F |k) = Γ(Y,Ωq

Y |k), and
thus, any homomorphism Ck(Y ) −→ Ωq

F |k factors through AdimY (YF ), where A∗ is the space of
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cycles �modulo homological (de Rham) equivalence over k�. More precisely, AdimY (YF ) is the image
of CH0(YF )Q in H2∗

dR/k(YF ). As the singular cohomologies of the smooth complex k-varieties are

�nite-dimensional, the representation AdimY (YF ) is admissible, which implies the admissibility of
its quotient W .

To establish that B• is an equivalence of categories, it su�ces to show that any irreducible
admissible representation W of G is the degree-zero component of B•(M) for some motive M .
As W is a quotient of AdimY (YF ), this follows from the fact that AdimY (YF ) coincides with the
degree-zero component of B•(Y ), if numerical and homological equivalences coincide. �

Conjecture 1.1.8 is one of the main motivations for the study of semi-linear representations of G,
cf. �1.2. It has also the following geometric corollary, conjectured by S.Bloch.

�Corollary� 1.1.8.2 ([36]). If Γ(X,Ω≥2
X|k) = 0 for a smooth proper variety X over k then the

Albanese map induces an isomorphism CH0(X)0 ∼−→ Alb(X). In that case Ck(X) = CH0(XF )Q.
(The converse is well-known, cf. [30, 34].)

Proof. According to Theorem 1.1.6 (4), F2Ck(X) is a direct summand of the cyclic G-module

Ck(X): Ck(X)
∼= Q⊕AlbX(F )Q⊕F2Ck(X), where Alb is the Albanese variety. Thus, if the G-module

F2Ck(X) is non-zero then it is cyclic, and therefore, admits a non-zero irreducible quotient W ∈ IG.
It follows from Conjecture 1.1.8 that there is an integer q ≥ 0 and an embedding W ↪→ Ωq

F |k.

However, it follows from Proposition 4.1.11 that HomG(Ck(X),Ω•F |k) = Γ(X,Ω•X|k), and there-

fore, HomG(Ck(X),Ω
q
F |k) = HomG(Q ⊕ AlbX(F )Q,Ω

q
F |k), if q ≤ 1, so q ≥ 2. This means that

HomG(Ck(X),Ω
q
F |k) = Γ(X,Ωq

X|k) is non-zero for some integer q ≥ 2. �

ΦG and cohomology of smooth representations. As it is explained in �1.1, (at least some)
irreducible admissible representations correspond to irreducible pure motives and the Ext-groups
between certain irreducible admissible representations are dual to the expected values of the Ext-
groups between the corresponding pure motives. Then there arise such problems as

• to �nd other groups Ext∗Adm and Ext∗SmG and compare them with conjectural values of
corresponding Ext∗MM;
• to enlarge Adm (or IG) and relate this bigger category Ψ to the category of e�ective mixed
motives, so that in particular, Ψ would contain such (non-admissible) objects as F×/k×

(playing the r�ole of the Tate motive, since Ext1
SmG(F×/k×,Q) = Hom(k×,Q), cf. Proposi-

tion 1.1.9) and Q was still its projective object.

If it is possible to describe the abelian categoryMMk in a way similar to Conjecture 1.1.3 (or at
least to Theorem 1.1.2), one should probably consider the category of smooth G-modules of �nite
length with no subquotients of certain type (e.g., isomorphic to F/k).

However, we shall see (after Proposition 1.1.11, p.9) that Ext1
SmG(A(F )/A(k), F×/k×) 6= 0 for

any abelian k-variety A. Thus, the weight considerations show that in any case the relation between
MMk and SmG cannot be very straightforward.

As an �upper bound� for Ψ, one can take the following full additive subcategory ΦG of SmG. Let
Gl be the category of smooth k-varieties, whose morphisms are compositions of smooth ones and
closed embeddings of type X ↪→ X × Y de�ned by k-points of Y . The objects of ΦG are limits
F(F ) := lim

A−→
F(Spec(A)), where F is a functor on Gl, and A runs over the �nitely generated

smooth k-subalgebras in F . Examples of objects of ΦG are
⊗•

F Ω1
F |k, or A(F )Q for any commutative

k-group A, and Q[{L
/k
↪→ F}] for any L|k of �nite type, but not Q[{L

/k
↪→ F}]◦ := ker[Q[{L

/k
↪→

F}] deg−→ Q].

Proposition 1.1.9 ([35], 5.1, 5.2). Let n = ∞ and A be an irreducible commutative algebraic
group over k. Then one has Ext1

SmG(A(F )Q,Q) = 0 and therefore, Ext1
SmG(A(F )/A(k),Q) =

Hom(A(k),Q).
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One could guess that Ext∗SmG(W1,W2) = Ext∗IG(W1,W2) for W1,W2 ∈ IG, if n = ∞. This

follows from Theorem 1.1.5, when ∗ ≤ 1. If W1,W2 ∈ IqG and W1 is projective in IqG then

Ext1
SmG(W1,W2) = Ext1

IG(W1,W2) = Ext1
IqG

(W1,W2) = 0 by Lemma 4.1.1.

It is shown in [18] that the objects of the subcategories ΦG and IG of SmG are acyclic. In the
proof one interprets the smooth representations as sheaves in the dominant topology on Spec(k), and
interprets their cohomology as �Cech cohomology. Details are in �3.4. There are some applications
of the acyclicity conditions to the irreducibility criteria of representations of G.

To look at a smooth representation of G �more geometrically�, one would like to associate a �more
geometric� sheaf to it, e.g. a sheaf in the smooth topology on Spec(k). This could be done, assuming
some good properties of the functors (−)v from Proposition 1.2.2. (But, of course, the resulting
sheaf can be zero.) This type of questions is discussed in �4.4.

Di�erential forms. To compare various cohomology theories H∗, one can associate with them
some G-modules, such as H∗(F ) := lim

−→
H∗(U), where U runs over spectra of smooth subalgebras in

F �nitely generated over k, or the image H∗c (F ) in H∗(F ) of lim
−→

H∗(X), where X runs over smooth

proper models of sub�elds in F of �nite type over k.
Clearly, H∗c (F ) is an admissible representation of G over H∗(k). It would follow from the semi-

simplicity standard conjecture that it is semi-simple. If H∗c (F ) is semi-simple, one can omit the
reference to the semi-simplicity standard conjecture in Remark 2 on p.6.

In the case H∗ = H∗dR/k of the de Rham cohomology the graded quotients of the (descending)

Hodge �ltration on Hq
dR/k,c(F ) are Hp,q−p

F |k = lim
−→

coker[Hp−1(D,Ωq−p−1
D|k ) −→ Hp(X,Ωq−p

X|k)], where

(X,D) runs over the set of pairs consisting of a smooth proper variety X with k(X) ⊂ F and a

normal crossing divisor D on X with smooth irreducible components. More particularly, Hq,0
F |k =

Ωq
F |k,reg ⊂ H

q
dR/k,c(F ) is the G-submodule spanned by the spaces Γ(X,Ω•X|k) of regular di�erential

forms on all smooth projective k-varieties X with the function �elds embedded into F .
Another motivation for the study of di�erential forms Ω•F |k is the calculation of integrals. To

calculate an integral of a meromorphic di�erential form ω on an algebraic complex variety, one can
transfer ω to other variety via a correspondence. In coordinates this looks as an algebraic change
of variables. Assuming that all function �elds are contained in a common �eld F , the problem
of description of the properties of the (iterated) integrals of ω (of ω1, . . . ωN ) becomes related to
determining the structure of the G-submodule in the algebra of K�ahler di�erentials Ω•F |k (resp., in

Ω•F |k ⊗k · · · ⊗k Ω•F |k) generated by ω (resp., by ω1 ⊗ · · · ⊗ ωN ).
Let Hq

dR/k,c(F ) be the image in Hq
dR/k(F ) of lim

−→
Hq

dR/k(X), where X runs over smooth proper

models of sub�elds in F of �nite type over k. Clearly, this is an admissible representation over
k. The Hodge �ltration on Ω•X|k induces a descending �ltration on Hq

dR/k,c(F ) with the graded

quotients Hp,q−p
F |k = lim

−→
coker[Hp−1(D,Ωq−p−1

D|k ) −→ Hp(X,Ωq−p
X|k)], where (X,D) runs over the same

pairs as above. More particularly, Hq,0
F |k = Ωq

F |k,reg ⊂ H
q
dR/k,c(F ).

Proposition 1.1.10 ([18]). Suppose that the cardinality of k is at most continuum. Fix an embed-
ding ι : k ↪→ C to the �eld of complex numbers. Then

• there exist a non-canonical Q-linear isomorphism Hp,q
F |k
∼= Hq,p

F |k, and a canonical C-anti-

linear isomorphism (depending on ι) Hp,q
F |k ⊗k,ι C ∼= Hq,p

F |k ⊗k,ι C;

• the representation Hn
dR/k,c(F ) (and thus, Ωn

F |k,reg) is semi-simple for any 1 ≤ n <∞.

It follows from Proposition 4.1.11 that the �homotopy invariant� part of
⊗•

F Ω1
F |k, i.e., its maximal

subobject in IG, coincides with Ω•F |k,reg, if n =∞. This con�rms once more the idea that the objects

of IG are of cohomological nature, since Ω•F |k,reg ⊂ H
q
dR/k,c(F ).

8



The above examples of G-modules come from certain (pro-)varieties over k by extending the base
�eld to F . More generally, to each birationally invariant functor F on a category of k-varieties, or
on a category of �eld extensions of k (as in Corollary 4.3.7), one can associate a G-module.

One gets two more examples of G-modules of this type from the birationally invariant functor
Divalg of algebraically trivial divisors on the category of smooth proper k-varieties, and from the

Picard functor: Div◦Q = lim
U−→

Divalg(YU )Q, and Pic◦Q = lim
U−→

Pic◦(YU )Q = coker[F×/k× div−→ Div◦Q],

where U runs over the set of open subgroups of type GF |L and YU is a smooth projective model of

FU = L over k. Clearly, H1
dR/k,c(F ) = ker[H1

dR/k(F ) Res−→ k ⊗Div◦Q].

Proposition 1.1.11 ([35], 3.11). Let 1 ≤ n ≤ ∞ and A∨ := Pic◦A be the dual abelian variety of an
abelian variety A. Then Pic◦Q =

⊕
A

A∨(k)⊗EndA (A(F )/A(k)), where A runs over the set of isogeny

classes of simple abelian varieties over k.

Let us show that Ext1
SmG(A(F )/A(k), F×/k×) 6= 0 for any abelian variety A over k. The G-

module Div◦Q �ts into the exact sequence 0 −→ F×/k× −→ Div◦Q −→ Pic◦Q −→ 0. According to

Proposition 1.1.11, any non-zero element of A∨(k)Q provides an embedding A(F )/A(k) into Pic◦Q,
thus inducing an extension of A(F )/A(k) by F×/k× inside Div◦Q. To see that this extension does
not split, note that any generic F -point x of A, considered as an element of A(F )Q, identi�es
HomG(A(F )Q,Div◦Q) with a subspace in (Div◦Q)Stabx , whose elements are the Q-divisors on A,
invariant under translations by torsion elements in A(k). As the torsion subgroup in A(k) is Zariski
dense, any such divisor is zero, i.e., this subspace is zero.

It is not hard to deduce from Proposition 1.1.11 (modi�ed in an evident way) the following
description of the representation Ω1

F |k,closed for any 1 ≤ n ≤ ∞.

Proposition 1.1.12. Let 1 ≤ n ≤ ∞.

• The maximal semi-simple subrepresentation of G in Ω1
F |k,closed is canonically isomorphic to⊕

A Γ(A,Ω1
A|k)

A(k) ⊗End(A) (A(F )/A(k)) = (F/k) ⊕ k ⊗ (F×/k×) ⊕ Ω1
F |k,reg, where A runs

over the set of isogeny classes of simple commutative algebraic k-groups.
• The maximal semi-simple subrepresentation of G in H1

dR/k(F ) is canonically isomorphic

to
⊕

AH
1
dR/k(A) ⊗End(A) (A(F )/A(k)) = k ⊗ (F×/k×) ⊕ H1

dR/k,c(F ), where A runs over

the set of isogeny classes of simple commutative algebraic k-groups (with the zero summand
corresponding to Ga).
• The representation H1

dR/k(F )/(k ⊗ (F×/k×)) of G is canonically isomorphic to the direct

sum
⊕

A[H1
dR/k(k(A))/(k ⊗ (k(A)×/k×))]⊗End(A) (A(F )/A(k)), where A runs over the set

of isogeny classes of simple abelian k-varieties.

This suggests that (i) the isomorphism classes of irreducible subquotients of H∗c (F ) are the same
as that of Ω•F |k,reg, (ii) they can be naturally identi�ed with the irreducible e�ective primitive

motives, and (iii) the isomorphism classes of irreducible subquotients of H∗(F ) are related to more
general irreducible e�ective motives, such as the Tate motive Q(−1) in the case of H1

dR/k(F ).

1.2. From linear to semi-linear representations. The representation Ω•F |k of G is also an F -

vector space endowed with a semi-linear G-action.

Definition. Let K be a �eld, H be a semigroup of endomorphisms of K and k = KH .
A semi-linear representation of H over K is a K-vector space V endowed with a semi-linear

H-action, i.e., with an additive H-action H × V → V such that σ(a · v) = σa · σv for any σ ∈ H,
v ∈ V and a ∈ K. This is the same as a module over the associative central k-algebra K〈H〉 :=
K⊗Z Z[H] with the evident left K-action and the diagonal left H-action. We say that a semi-linear
representations of H non-degenerate if the action of each element of H is injective. (If dimK V <∞
this is equivalent to the condition K ⊗σ(K) σ(V ) = V .)
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The semi-linear representations of H, �nite-dimensional over K, form an abelian tensor k-linear
category. This category is rigid if the elements of H are invertible. The set of isomorphism classes
of non-degenerate semi-linear K-representations of H of degree r is canonically identi�ed with the
set H1(H,GLrK).

Denote by C the category of smooth semi-linear representations of G over F .
It is well-known after Hilbert, Tate, Sen, Fontaine... that the semi-linear representations is a

powerful tool in the study of Galois representations. We try to use them in non-Galois context,
namely, in the context of representations of G.

Once again, we are interested in linear representations of G, especially in irreducible ones, and
more particularly, in irreducible �homotopy invariant� representations, i.e., objects of IG.

There are faithful forgetful functors SmG
for←− C for−→ SmG(k), admitting left adjoint functors of

extending of coe�cients to F : SmG
⊗F−→ C ⊗kF←− SmG(k), where SmG(k) is the category of smooth

representations of G over k, so W ↪→ for(W ⊗ F ), or W ↪→ for(W ⊗k F ).
The functor F⊗k is faithful, but it is not full. E.g, if U ⊂ G is an open subgroup and f ∈

(F×/k×)U r {1} then [σ] 7→ σf · [σ] determines an element of EndC(F [G/U ]), which is not in
the subspace EndSmG(k)(k[G/U ]). Another example: EndSmG(k)(F ) = k, but EndC(F ⊗k F ) =
k · id⊕ k · (m⊗ 1), where m : F ⊗k F −→ F is the multiplication map.

On the other hand, the functor IG(k) F⊗k−→ C is fully faithful ([37, Lemma 0.1]), and any object
W ∈ IG(k) can be reconstructed from W ⊗k F ∈ C, cf. Lemma 1.2.3.

Though the functor F⊗k does not respect the irreducibility, for any irreducible W ∈ SmG the
object W ⊗ F ∈ C admits an irreducible semi-linear quotient V with an inclusion W ⊂ V .

Thus, any irreducible object SmG is contained in an irreducible object of C, and the problem of
description of irreducible objects of SmG splits into description of i) irreducible objects of C and ii)
their linear submodules.

Here are two arguments, suggesting that in some respects C is simpler than SmG.

• All representations A(F )/A(k) of G for all abelian k-varieties A (i.e. corresponding to all
pure 1-motives) are contained in the irreducible object Ω1

F |k of C. Namely, any su�ciently

general 1-form η ∈ Γ(A,Ω1
A|k) gives an embedding A(F )/A(k) ↪→ Ω1

F |k, by sending a point

k(A)
σ
↪→ F to ση ∈ Ω1

F |k.

• It follows from Hilbert's Theorem 90 that the category C admits a countable system of cyclic

generators: Pm := F [{Km
/k
↪→ F}], where Km is a purely transcendental �eld extension of k

of transcendence degree m.

In general, for an arbitrary group, it may well happen that there are �much more� semi-linear
representations than linear ones. E.g., if µ∞ ∼= Q/Z acts on k(t) by ζ : t 7→ ζt, then the space

of one-dimensional semi-linear representations H1(µ∞, k(t)×) =
(

lim
←−n

k(t)×/k(tn)×
)
/k(t)× is

enormous (and non-separated in the natural topology), though the space of one-dimensional E-

linear representations Hom(µ∞, E×) ⊆ Ẑ is relatively small.
If k is countable then the cardinality of the set of isomorphism classes of irreducible objects of

C is continuum. (Proof. Let F ′ be an algebraically closed sub�eld of F |k of a �nite transcendence
degree. For each one-dimensional representation ϕ : GF ′|k −→ k× �x an irreducible quotient Vϕ ∈ C
of F [G/GF |F ′ ] ⊗k[GF ′|k] ϕ. Note, that there is a subrepresentation of GF ′|k in V

GF |F ′
ϕ isomorphic

to ϕ. Let us say that ϕ ∼ ψ if Vϕ ∼= Vψ. If ϕ ∼ ψ then there is a subrepresentation of GF ′|k in

V
GF |F ′
ϕ , isomorphic to ψ. As |V

GF |F ′
ϕ | = |k|, the equivalence classes are of cardinality ≤ |k|. Note,

that there are ≥ 2|N| only those of ϕ, that factor through the modulus of GF ′|k. Therefore, the set

of equivalence classes of ϕ is of cardinality ≥ 2|N|, if k is countable, as we were going to show.
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The upper bound ≤ 2|k| for cardinality of the set of isomorphism classes of cyclic objects of C
comes from the fact that there is a countable system {Pm}m∈N of generators of C, and the cardinality
of each of Pm is |k|.)

On the other hand, I am not aware of a procedure, producing that many irreducible objects
of C, even conjecturally. It would be therefore natural to restrict oneself to a �relatively small�
full subcategory in C. (For instance, such that its objects are spanned as F -vector spaces by
subrepresentations from IG(k). Another, though a weaker, but a little bit more explicit condition,
of �being globally generated�, on the semi-linear quotients of W ⊗ F for W ∈ IG is given below.)

However, the category C is �simple� in the sense that there are no non-trivial proper subcategories
in it, closed under direct products and subquotients in C. More precisely,

Lemma 1.2.1. The annihilator in lim
←−U

F [G/U ] of any object 0 6= V ∈ C is zero.

For any integer m ≥ 0 there is an embedding of Pm into a direct product in C of copies of V .

Proof. If 0 6= α ∈ lim
←−U

F [G/U ] annihilates V then for any L of �nite type over k the projection

0 6= αL =
∑N

i=1 aiσi ∈ F [G/GF |L] annihilates V GF |L . Fix L, 0 6= v ∈ V GF |L and a functional

ϕ ∈ HomF (V, F ) such that ϕ(σiv) 6= 0 for all 1 ≤ i ≤ N . Then ϕ(α(fv)) =
∑N

i=1 aiϕ(σiv) · σif
vanishes for any f ∈ L×, contradicting to Artin's theorem on independence of characters of L×.

HomC(Pm, V ) is a non-zero Km-vector space (by de�nition, tα : [id] 7→ t · α[id] for any t ∈
Km). Thus,

⋂
α∈HomC(Pm,V ) kerα ⊆

⋂
t∈K×m ker(Pm

tα−→ V ) = 0 for any α 6= 0 due to the linear

independence of characters Hom(K×m, F
×). �

Remark. This means that the central k-algebra lim
←−U

F [G/U ] is topologically simple, compare

with [22, 23] in the case of �nite Galois extensions.
Therefore, any �relatively small� subcategory of C cannot be �too nice�.

Suppose from now on (until the end of this section) that n =∞.

Valuations and associated functors ([39]). In order to associate a functor on a category of
k-varieties to a representation of G one can try to �approximate� rings by their sub�elds. Evidently,
this does not work literally, but apparently works in the case of discrete valuation rings of F .

Let v : F×/k× −→ Q be a discrete valuation of rank 1, and Ov be the valuation ring.
Set Gv := {σ ∈ G | σ(Ov) = Ov}. This is a maximal closed non-open subgroup in G.

Proposition 1.2.2. For any discrete valuation v : F×/k× −→ Q the additive functor (−)v :
SmG −→ SmGv , W 7→Wv :=

∑
F ′⊂Ov W

GF |F ′ ⊆W , is fully faithful and preserves surjections and
injections.

Then the additive subfunctor Γ : SmG −→ SmG of the identity functor, de�ned by W 7→
Γ(W ) :=

⋂
vWv, where v runs over the set of discrete valuations of rank 1 trivial on k, preserves

the injections.
Example. Γ(Ω1

F |k) = Ω1
F |k,reg

∼=
⊕

A(A(F )/A(k)) ⊗EndA Γ(A,Ω1
A|k), where A runs over the set

of isogeny classes of simple abelian varieties over k, is the space of regular 1-forms.

Lemma 1.2.3. If k = k then the functor IG(k) F⊗k−→ C is fully faithful. The compositions IG(k) F⊗k−→

C
Γ◦for
−−→ SmG(k) and IG ↪→ SmG

Γ−→ SmG are identical.

The �rst part is [37, Lemma 0.1] and the second part follows from Lemmas 4.4.4 and 4.4.5.

Remarks. 1. To �nd a description of the Serre envelope of the abelian subcategory IG ⊗ F of C
is a principal problem on the way to understand the structure of the category IG(k). Conjecture
1.1.8 can serve as an indication in that direction.
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2. It follows from Lemma 1.2.3 that any semi-linear quotient V of W ⊗ F , with W ∈ IG, (in
particular, any irreducible semi-linear representation V containing a �homotopy invariant� repre-
sentation), is �globally generated�, i.e., Γ(V )⊗ F −→→ V is surjective.

This is the condition one can impose on the class of �interesting� semi-linear representations.
There are some reasons to expect that (−)v is exact, cf. [39]. This would imply some nice properties
of the category of �globally generated� semi-linear representations.

Admissible semi-linear representations. As in the study of linear representations of any
group, it is natural to start the study of semi-linear representations with the �nite-dimensional
representations. However, it will follow from Corollary 3.4.8 that they are trivial.

Theorem 1.2.4 ([35]). Any �nite-dimensional smooth semi-linear representation of G over F is
trivial, if n =∞.

Definition. A smooth semi-linear representation V of G over F is called admissible if, for any
open subgroup U ⊆ G, the �xed subspace V U is �nite-dimensional over the �xed sub�eld FU (or
equivalently, dimL V

GF |L <∞ for any sub�eld L ⊂ F of �nite type over k).

Theorem 1.2.5 ([36, 37]). The admissible semi-linear representations of G over F form an abelian
tensor (but not rigid) category, denoted by A.

The functor H0(GF |L,−) is exact on A for any sub�eld L ⊆ F , so F is a projective object of A.

The fact that A is a tensor category follows from Proposition 3.2.2.
As it is shown in [37, Lemma 3.1], one can take the quotients Qn := F [G/Un] of the cyclic

generators Pn of the category C for all n � 0 as cyclic generators of the category A, since
HomC(Qn, V ) = V Un

n . Here Un denotes the preimage in G{F,Kn}|k ⊂ G of the subgroup in GKn|k of
translations by cyclotomic elements, i.e. consisting of transformations of type xj 7→ xj + bj for all

1 ≤ j ≤ n, where bj ∈ Qab.

Example. Denote by m the kernel of the multiplication homomorphism F ⊗k0 F
×−→ F , where

k0 = k ∩ Q is the number sub�eld of k. This is an ideal in the algebra F ⊗k0 F . We consider its
powers ms ⊆ F ⊗k0 F as objects of C for all s ≥ 0 with the F -multiplication on the left, via F ⊗Q Q.

Note that ms/ms+1 = Syms
FΩ1

F , so the semi-linear representations
∧•
F (m/ms) and

⊗q
F (m/ms)

are admissible for any q ≥ 0 and s ≥ 2, if the transcendence degree of k is �nite, and the object
Syms

FΩ•F |k is admissible for any s ≥ 1.

In the case of k = Q, the �eld of algebraic complex numbers, the category A admits the following
explicit description.

For any q ≥ 0 and V ∈ A letW qV be the sum of the images of the F -tensor powers
⊗≥q

F m under
all morphisms in C to V . Clearly, W • is a functorial descending �ltration on the objects of A, and
it is multiplicative: (W pV1)⊗F (W qV2) ⊆W p+q(V1 ⊗F V2) for any p, q ≥ 0 and any V1, V2 ∈ A.

(1) The graded quotients grqW of the �ltration W • on the objects of A are �nite direct sums of
direct summands of

⊗q
F Ω1

F , cf. [37, Theorem 4.10]. In particular, any object of A admits
an irreducible quotient.

(2) The category A splits into the direct sum of its two full abelian subcategories, the �rst one
equivalent to the category of �nite-dimensional k-vector spaces, and the second one � A◦ �
consisting of objects V such that V G = 0, cf. [37, Lemma 4.13].

(3) Any object V of A◦ is a quotient of a direct sum of objects (of �nite length) of type⊗q
F (m/ms) for some q, s ≥ 1 ([37, Theorem 4.10]).

(4) If V ∈ A is �nitely generated then it is of �nite length and dimk ExtjA(V, V ′) < ∞ for any

j ≥ 0 and any V ′ ∈ A; if V ∈ A is irreducible and Ext1
A(m/mq, V ) 6= 0 for some q ≥ 2 then

V ∼= Symq
FΩ1

F and Ext1
A(m/mq, V ) ∼= k ([37, Corollary 4.17]).
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(5) There are no non-zero projective objects in A◦ ([37, Corollary 4.14]), but
⊗q

F m are its

�projective pro-generators�: the functor HomC(
⊗q

F m,−) = lim
−→

HomA(
⊗q

F (m/mN ),−) is

exact on A for any q ([37, Corollary 4.16]).

Moreover, (at least if k = Q) there is a functor S : V 7−→ (Y 7→ VY (Y )), providing an equivalence
of A and the category of �coherent� sheaves in smooth topology Smk on Spec(k), cf. [37, Corollary
5.2]. By de�nition, the underlying category of Smk is the category of locally dominant morphisms
of smooth k-varieties. We endow Smk with the pretopology, where the coverings are the smooth
surjective morphisms. Clearly, the base changes preserve the coverings.

A sheaf of O-modules on Smk is called �coherent� if its restriction to the small �etale site (or
equivalently, to the small Zariski site) of any smooth k-variety is coherent. Here O is the structure
presheaf of the site Smk (which associates to each Y ∈ Smk its k-algebra of regular functions
O(Y )). Clearly, O is a sheaf on Smk.

First, one determines the restrictions of the sheaf S(V ) to the projective spaces (they turn out
to be sheaves of sections of homogeneous vector bundles). This part relies on some results on
the �abstract� homomorphisms of algebraic groups, cf. [11, 26, 45]. Then the sheaves on the
projective spaces can be locally extended to the arbitrary smooth k-varieties as pull-backs under
�etale morphisms to projective spaces. It is not hard to check that the sheaf S(V ) is well-de�ned,
when the object V ∈ A is described explicitly, cf. [37, Lemma 5.1].

The k-linear representations of G of particular interest are admissible ones, forming a full sub-
category in IG(k). Though tensoring with F does not transform them to admissible semi-linear
representations,1 there exists a similar functor in the opposite direction Γ : A −→ SmG(k), the
�global sections� functor, faithful and left-exact, at least if k = Q. The functor Γ was already
de�ned on p.11, even in a greater generality. However, it is sometimes useful to associate �rst to
each smooth representation V of G a sheaf V on Smk, and only after that take the �global sections�.

One has the following universal (though far from being unique) way of �globalization� of smooth
representations of G. Let V ∈ SmG, Y be an irreducible smooth k-variety, D ∈ Y 1 be an irreducible
divisor, and vD be the corresponding discrete valuation of k(Y ). Choose an embedding k(Y ) into

F over k and an extension v of vD to a discrete valuation of rank 1 of F . Let F̃ ⊂ F be a maximal
sub�eld over k such that v(F̃×) = v(k(Y )×). Set VY,D = V GF |k(Y ) ∩

⋂ eF (
∑

k⊂F ′⊂ eF∩Ov V GF |F ′ ).
Note, that in the previous construction S(V )|Y = VY is a locally free coherent sheaf on Y with the

generic �bre V GF |k(Y ) for each V ∈ A. The functoriality follows from the fact that for any dominant

morphism X
π−→ Y of smooth k-varieties the inclusion of generic �bres k(X) ⊗k(Y ) V

GF |k(Y ) ⊆
V GF |k(X) induces an embedding of coherent sheaves π∗VY ↪→ VX on X.

Slightly more generally, the �coherent� sheaves are contained in the category F l of �at (as O-
modules) �quasi-coherent� sheaves in the smooth topology. For any �at �quasi-coherent� sheaf V in
the smooth topology the k-vector space Γ(Y,VY ) is a birational invariant of a smooth proper Y .
This follows from the Hartogs principle and the fact that any birational map is a composition of a
birational morphism and of the inverse of a birational morphism, which is well-de�ned outside of
codimension ≥ 2, cf. [37, Lemma 5.3].

Due to the birational invariance, one can de�ne a left exact (but non-faithful) functor F l Γ−→
SmG(k) by V 7→ lim

−→
Γ(Y,VY ), where Y runs over smooth projective models of sub�elds in F of

�nite type over k. Then Γ(V ) = Γ (V). The restriction of Γ to the subcategory of the �coherent�
sheaves is faithful, since Γ(Y ′,VY ′) generates the generic �bre of the sheaf VY ′ for appropriate �nite
covers Y ′ of Y , if V is �coherent�.

1Suppose that W ⊗ F is admissible for a smooth representation W of G for n ≤ ∞. Let us show that W is
�nite-dimensional. It follows from the inclusion (W ⊗F )GF |L ⊇WGF |L ⊗L that dimWGF |L <∞ for any L of �nite
transcendence degree over k. Therefore, dimW <∞ if n <∞. If n =∞ then W is trivial by Proposition 3.0.2, and
everything is clear. �
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If Γ(Y,VY ) has the Galois descent property then Γ(V ) = Γ (V) is admissible. However, there is
no Galois descent property in general, and Γ(V ) is not admissible.
Example. Let Y ′ be a smooth projective hyperelliptic curve, considered as a two-fold cover of

the projective line Y . Then for V = (Ω1
O|k)

⊗2 the tensor square of any regular di�erential on Y ′ is

a Galois-invariant element of Γ(Y ′,VY ′), which is not in Γ(Y,VY ) = 0.
The functor Γ coincides with the composition of the forgetful functor of the �generic �bre� to

SmG(k) with the functor Γ, de�ned on p.11. The functor Γ = Γ ◦ S is faithful on A. However, it
is not full, and the objects in its image are highly reducible, cf. Example on p.11 (and it might be
added that S(Ω1

F |k)(Y ) = Γ(Y,Ω1
Y |k)).

Conjecture 1.2.6. (1) The functor HomC(
⊗q

F m,−) is exact on A for any q ≥ 0.
(2) Irreducible objects of A are direct summands of the tensor algebra

⊗•
F Ω1

F |k.

(3) A is equivalent to the category of �coherent� sheaves on Smk.

It would follow from Conjecture 1.2.6 (1) that, e.g., Ext1
A(Ω1

F |k, F ) is isomorphic to the space of

derivations of k: a non-zero η ∈ Homk(Ω1
k, k) is sent to the class of 0 −→ F

·η−1(1)
−−−→ Ω1

F / ker η⊗kF −→
Ω1
F |k −→ 0 in A. This is compatible with [37, Lemma 3.10].

As another evidence for Conjecture 1.2.6 (2), in addition to the case k = Q, it is shown in [37,
Theorem 2.4] that for any L ⊂ F purely transcendental of degree m over k and any V ∈ A any
irreducible subquotient of the L-semi-linear representation V GF |L of PGLm+1k is a direct summand
of
⊗•

L Ω1
L|k.

There exist too many smooth irreducible semi-linear representations. In particular, most of
them are not admissible. For instance, neither of quotients (including the irreducible ones) of the
cyclic object F [{L ⊂ F | L ∼= Kq}]◦, consisting of formal degree-zero F -linear combinations of
algebraically closed sub�elds in F of transcendence degree q over k for some integer q ≥ 1, belongs
to A, cf. [37, Corollary 3.5]. However, I do not even know, whether these objects are reducible. It is
therefore unclear, how to describe the irreducible objects of C explicitly. Thus, one cannot replace
the category A in the part (2) of Conjecture 1.2.6 by the whole category C, and has to put some
additional conditions, e.g., the one mentioned on p.11.

Remarks. 1. Assuming the part (2) of Conjecture 1.2.6, one can reformulate Conjecture 1.1.8 in
the following linguistically more convincing form:

Any irreducible object of Adm (and of IG) is contained in an irreducible object of A.
This reformulation is based on Proposition 4.1.11.
2. It does not always make sense to study the irreducible objects of an abelian category. E.g.,

there are no irreducible objects in the quotient of the category of vector spaces over a �eld by
its subcategory of �nite-dimensional vector spaces (as well as there are neither in�nite sums, nor
products in this quotient category).

On the other hand, any sheaf of vector spaces, or a quasi-coherent sheaf F on a scheme Y admits
a quotient supported on a point p: U 7→ lim−−→

V 3p
F(V ) if p ∈ U ; U 7→ 0 if p 6∈ U . Therefore, the

irreducible objects correspond to the points of Y .

1.3. Notations, conventions and terminology. Fields, their extensions, automorphisms,
etc. Let K be a �eld, and H be a group of its automorphisms. We consider H as a topological
group with a base of open subgroups generated by the stabilizers of the elements of K. Then H
becomes a Hausdor� totally disconnected group, i.e., any neighbourhood of its arbitrary element
contains a closed subneighbourhood.

For any collection of subsets K0, (Kα)α∈I of a �eld K the subgroup of H, consisting of the
elements, leaving K0 �xed and inducing automorphisms of each of Kα, is closed in H. In the case,
when Kα are sub�elds, the natural homomorphism from this subgroup to the automorphism group
of Kα is continuous. We denote by G{K,(Kα)α∈I}|K0

the group of automorphisms of K, leaving K0

�xed and preserving each of Kα. Set GK|K0
:= G{K}|K0

.
14



If K is a sub�eld in F then K denotes the algebraic closure of K in F , and tr.deg(F |K) is the
transcendence degree of an extension F |K (possibly in�nite, but countable).

If the opposite is not stated explicitly, then F |k is an extension of algebraically closed �elds count-
able (by default) or �nite transcendence degree tr.deg(F |k) = n ≥ 1, and G := GF |k. Everywhere,
unless stated otherwise, the characteristic of k is zero.

General notations. Q is the �eld of rational numbers, and a module is always a Q-vector space
(with a few exceptions, where the characteristic of k is allowed to be positive).

For an abelian group A set AQ = A⊗Q.
For a k-variety X and for any �eld extension E|k we set XE := X ×k E.
PMK denotes M -dimensional projective space over a �eld K.
Let R be a ring. If U is a set then R[U ] denotes the free R-module with the basis U . If M is a

R-module and m ∈M then 〈m〉R denotes the R-submodule in M , generated by m. If R = Z then
〈m〉 := 〈m〉R. Stabw denotes the stabilizer of w.

If H is the group acting on the set S on the left (e.g., S is a group and H ⊆ S is a subgroup)
then H\S denotes the set of H-orbits (rights cosets), and if S1 is a subset of a set S then S r S1 is
the complement in S to S1. NHH1 denotes the normalizer of a subgroup H1 in H.

If S is a set then |S| denotes its cardinality. If α, β ∈ S then δαβ is the Kronecker symbol:
δαβ = 1, if α = β, and δαβ = 0, if α 6= β.

Topological groups, their representations, measures, etc. If H is a totally disconnected
topological group, denote by H◦ its subgroup, generated by all compact subgroups, and by Hab the
quotient of H by the closure of its commutant. Clearly, H◦ is a normal subgroup in H, which is
open, at least if H is locally compact.

An H-set (or a representation of H in a vector space over a �eld, etc.) W is called smooth, if
the stabilizers of all the elements of W are open. A smooth representation W is called admissible,
if the �xed vectors of each open subgroup form a �nite-dimensional subspace in W .

Q(χH) is the H-module of right-invariant measures on H, and χH : H −→ Q×+ is the modulus, if
H is locally compact, cf. p.16. Q(χ) := Q(χG) and χ := χG if n <∞.
SmH(E) is the category of smooth representations of H over a �eld E of characteristic zero.

AdmH(E) is its full subcategory of admissible E-representations. IG(E) is the full subcategory of

SmG(E), consisting of the representations W of G such that WGF |L = WGF |L′ for any extension
L|k in F and any purely transcendental extension L′|L in F . When discussing IG(E), the principal
case will be n =∞. Set SmH = SmH(Q) and IG = IG(Q).

The Hecke algebras HE(H,U) for compact subgroups U in H are de�ned at the beginning of �3,
p.25. The identity of HE(H,U), the Haar measure on U , is denoted by hU . There one can �nd
also a de�nition of the action of the algebra of �measures� DE(H) := HE(H, {1}) on the objects of
SmH(E). Set DE = DE(G) and HE(U) = HE(G,U).

The level �ltration N• is de�ned on p.5.

2. The structure of G and Galois theories

In this section the principal results on the topological group G are described (in arbitrary charac-
teristic, cf. Theorem 2.2.1), such as i) its simplicity in the case n =∞; ii) simplicity of its (normal)
subgroup G◦, generated by all compact subgroups. In particular, G◦ is dense in G if n =∞. Part i)
complements a result of D.Lascar, [24]: G is simple as a discrete group, if the transcendence degree
of F |k is not countable.

Clearly, G◦ is open if n < ∞, so the projection G −→→ G/G◦ with the discrete topology on
the target is continuous. If n = 1 Lemma 2.4.5 presents G/G◦ as a quotient of a certain, rather
�structured� group. It is not known much on G/G◦. This is why one is usually forced to work in
the �stable� case n = ∞, and to pose questions in a way to be able to avoid the knowledge of the
structure of this group.
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If n =∞ it follows from the simplicity of G ([35, Corollary 2.11]) that any non-trivial continuous
homomorphism from G is injective; and if n < ∞ any non-injective continuous homomorphism
from G factors through G/G◦. One more consequence is that there are neither non-trivial smooth
representations of G◦ (and of G, if n = ∞) of �nite degree, nor proper closed subgroups of �nite
index.

Corollary ([35], 2.11). For any subgroup H of G, containing G◦, and any continuous homomor-
phism π from H either π is injective, or the restriction of π to G◦ is trivial.

Let H be a locally compact group, and Q(χH) be the quotient of the free abelian group, generated
by the set of compact open subgroups ofH, by the relations [U ] = [U : U ′]·[U ′] for all U ′ ⊂ U . As the
intersection of any pair of compact open subgroups ofH is of �nite index in both of them, Q(χH) is a
one-dimensional Q-vector space, oriented by the condition [U ] > 0 for any U . In other words, Q(χH)
is the space of Q-valued right-invariant measures on H. The group of bi-continuous automorphisms
of H acts on it. In particular, the group H acts on it by conjugations. Let χH : H −→ Q×+ be the
character of this representation of H, the modulus of H. It is trivial in the restriction to the (open)
subgroup H◦, generated by all compact subgroups of H.

In �2.5 a locally compact group G is introduced. If n < ∞ then G := G, while if n = ∞, there
there is a continuous group embedding G ↪→ G with a dense image. It is clear from an explicit
description of the modulus χ := χG that χ is surjective for all 1 ≤ n ≤ ∞.

However, I do not even know, whether the discrete group kerχ/G◦ is trivial. If it is trivial for
n = 1 then it is trivial in general, cf. [35, Lemma 2.15].

It follows from Theorem 2.2.1 that G◦ is a topologically simple group.

2.1. Galois theory for compact subgroups. Let F |k be an arbitrary extension of arbitrary
�elds, and G = GF |k be its automorphism group. The topology on G, described in Introduction,
p.2, has been studied in [14, p.151, Exercise 5], [32], [44, Ch.6, �6.3], and [13, Ch.2, Part 1, �1].
It is shown there that G is a Hausdor� and totally disconnected group, and for any intermediate
sub�eld K in F |k the topology on GF |K coincides with the restriction of the topology on G. The
subgroups G{F,(Fα)α∈I}|k are closed in G, since if σ(Fα) ⊆ Fα, σ(F r Fα) ⊆ F r Fα and σ(F ) = F
then σ(Fα) = Fα.

The Galois�Krull theory associates intermediate sub�elds of a Galois extension to the closed
(=compact) subgroups of the Galois group of this extension, and vice versa. Namely, one associates
to a subgroup its �xed �eld, and associates to a sub�eld the group of automorphisms leaving it
�xed.

These operations are mutually inverse to each other and admit the following direct generalization.
Definition. 1. A non-empty collection L of sub�elds in F is called a sieve, if it contains all

extensions of its arbitrary element. We call the saturation of an arbitrary collection L of sub�elds
in F the sieve L, whose elements are the extensions in F of the elements of L.

2. A collection of sub�elds is called directed, if it contains the intersection of each pair of its
elements.
Examples. a) The saturation of collections, consisting of a single sub�eld, de�nes an embedding

of the set of sub�elds in F |k to the set of sieves of sub�elds in F |k. b) For a descending sequence
K1 ⊇ K2 ⊇ K3 ⊇ . . . of sub�elds Kj in F |k, over which F is algebraic, the collection of all the
extensions of all Kj is a directed sieve. Clearly, the saturations of the collections (Kj)j≥1 and
(Kj)j∈S coincide for any in�nite subset S of the natural numbers.

Proposition 2.1.1. There is a morphism of unitary monoids (transforming the compositum of
sub�elds to the intersection of subgroups), inverting the inclusions, injective, if char(k) = 0 and F
is algebraically closed,

(1) β : {sub�elds in F over k} −→ {closed subgroups in G},

given by K 7→ Aut(F |K) =: GF |K . It preserves the neutral elements: k 7→ G. The image of β
is stable under the passages to sup-/sub- groups with compact quotients; if F is algebraically closed
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then the �bres of β consist of the sub�elds of F with the same sets of perfect sub�elds containing
them; β induces compatible bijections{

directed sieves consisting of such
K in F |k that F |K are Galois extensions

}
A↔

{
subgroups of G, exhausted by

compact subgroups

}
↑ saturation

⋃{
sub�elds K in F |k such that
F |K is a Galois extension

}
B↔ {compact subgroups in G}⋃ ⋃

sub�elds K in F |k such that there is
a sub�eld L in K|k of �nite type

such that F |K ′ is a Galois extension only
for K ′ = K if K ′ is a sub�eld in K|L

 C↔
{

compact open
subgroups in G

}
.

The latter set is non-empty if and only if G is locally compact. In particular, it is non-empty if
transcendence degree of F |FG is �nite (e.g., if F = F and n <∞).

The inverse correspondences in the cases B and C are given by G ⊃ H 7−→ FH (the �xed sub�eld
in F of H). �

The correspondence B can be found in [32, �3, Lemma 1], or [44, Prop.6.11]; and C can be found
in [14], or follows immediately from loc.cit., or [44, Prop.6.12]. In the case of an algebraically closed
F there are the perfect closures K in F of sub�elds of �nite type over k such that F |K is a Galois
extension on the left hand side of C. The correspondence A is induced by the maps{

subgroups in G, generated
by compact subgroups

}
β �

γ

{
sieves consisting of sub�elds

in F |k, over which F is algebraic

}
given by β : G ⊃ H 7→ (FC ⊆ F )C , where C runs over the compact subgroups in H, and
γ : L 7→

⋃
K∈LGF |K .

Examples. 1. If F is algebraically closed then those sub�elds of F |k, over which F is a Galois
extension, are the perfect sub�elds containing k, over which F is algebraic. If, moreover, n = 1 then
the proper subgroups in the image of β are the compact subgroups.

2. Let char(k) = 0, F = k(x), and let H be generated by GF |k((x−a)2) for all a ∈ k. Fix an

embedding F ↪→ k((x−1/∞)), and de�ne the action of the translations by the elements of k on the
formal Puiseux series in the evident way. This gives a group embedding k ↪→ G. Let Γ be the image
of k ↪→ G. Then the multiplication GF |k(x2) × Γ −→ H is bijective. Clearly, the intersection of H
with the union of the compact subgroups in G is not a group.

3. The group G may be locally compact, even if tr.deg(F |FG) = ∞. E.g., let a polynomial
P (X,Y, Z) over k de�ne a surface with no birational automorphisms, and let x, yi, where i ∈ Z,
be independent variables, and let zi satisfy the conditions P (τ ix, yi, zi) = 0 for all i ∈ Z and some
element τ ∈ Gk(x)|k of in�nite order (e.g., τx = x + 1 if char(k) = 0, or τx = qx if q ∈ k× r µ∞).
Set F = k(x, yi, zi | i ∈ Z). Then GF |k(x) = {1}, i.e., the group is discrete. On the other hand,
G contains such an element σ that σx = τx, σyi = yi+1 and σzi = zi+1 for all i ∈ Z, and thus,
FG = F 〈σ〉 = k.

4. The map H 7→ FH inverts the order, but in general it is not compatible with β. If F is
algebraically closed then it is left inverse to the restriction of β to the perfect sub�elds, any perfect
sub�eld is of type FH and G contains the automorphism groups of all extensions in F |k as its
subquotients. But H 7→ FH does not respect the monoid structure: G{F,k(x2)}|k, G{F,k((x+1)2)}|k 7→
k, but G{F,k(x2)}|k ∩G{F,k((x+1)2)}|k = GF |k(x) 7→ k(x) 6= k.

5. Further examples can be found in [33].

2.2. Topological simplicity of G◦ and of G. From now on the �eld F will be algebraically
closed.

We say that a topological group is topologically simple, if its arbitrary closed normal proper
subgroup is trivial.
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Theorem 2.2.1 ([35], 2.9). If n <∞ then any non-trivial subgroup in G normalized by G◦ is dense
in G◦. If n =∞ then any non-trivial normal subgroup in G, e.g. G◦, is everywhere dense.

Here F |k is an arbitrary extension of algebraically closed �elds of an arbitrary characteristic. In
particular, the subgroup G◦ of G, generated by the compact subgroups, is open and topologically
simple, if n <∞; if n =∞ then G is topologically simple.

Remarks. 1. If n = 1 and char(k) 6= 0 then the separable closure of k(x) in F is generated by
the G◦-orbit of x for any x ∈ F r k, cf. Proposition 3.3.1.

2. An argument of [24] shows that G is simple as a discrete group provided that transcendence
degree F over k is not countable.

It follows from the following lemma that G◦ is dense in G, if n =∞.

Lemma 2.2.2. Let L be a sub�eld of F such that tr.deg(F |L) = ∞. Then GF |L is the closure of
the set of products of all pairs of elements of all compact subgroups in GF |L.

Proof. Let σ ∈ GF |L. We have to show that the restriction of σ to any �nite subset S ⊂ F
coincides with the restriction of the product of a pair of elements of some compact subgroups in
GF |L. Let T ⊂ F be a subset of order |S| such that the elements of T are algebraically independent
over L(S, σ(S)). Choose a sub�eld K in the algebraic closure of L(T ), isomorphic to L(S) over L.
Clearly, there are elements τ1, τ2 of some compact subgroups such that τ1 interchanges L(S) and
K, τ2 interchanges L(σ(S)) and K, and τ2τ1|S = σ|S . �

Proposition 2.2.3 ([35], 2.14, [39], 2.5). Let L1 and L2 be sub�elds of F such that L1
⋂
L2 is

algebraic over L1
⋂
L2 and tr.deg(F |L2) = ∞, or tr.deg(L1|L1

⋂
L2) < ∞. Then the subgroup in

G, generated by GF |L1
and GF |L2

is dense in GF |L1
T
L2
.

Remark. This (and [35, Lemma 2.16], cf. proof of Lemma 2.2.4) is an analogue of the following
result from [3]: the Lie algebra of di�erentiations Der(F |L1

⋂
L2) is topologically generated by its

Lie subalgebras Der(F |L1) and Der(F |L2). (A base of open Lie subalgebras in Der(F |L) is given
by the annihilators of �nite subsets in F .)

Lemma 2.2.4. Let L0 ⊂ L1 ⊂ L2 be a pair of non-trivial purely transcendental extensions in F
of �nite type. Let S be a transitive permutation group of a transcendence base S of L2 over L0,
extending a transcendence base of L1 over L0. Let H be a subgroup in GF |L0

, preserving L2 and
projecting onto a subgroup in GL2|L0

, containing S. Then the subgroup G′ in G, generated by GF |L1

and H, coincides with GF |L0
.

Proof. G′ contains the subgroups, conjugated to GF |L1
by all elements of H. In particular, G′

contains the subgroups GF |L0(Sr{x}) for all x ∈ S. According to [35, Lemma 2.16], for any sub�eld L
in F , and any subset S in F consisting of elements, algebraically independent over L, the subgroup
generated by the subgroups GF |L(Sr{x}) for all x ∈ S, is dense in GF |L. Therefore, G′ coincides
with GF |L0

. �

2.3. Open and maximal proper subgroups; Galois theories, [39]. The study of smooth
representations of G and of stabilizers of their vectors leads to the study of open subgroups of G.
For any tr.deg(F |k) = n ≤ ∞ there is a morphism of commutative associative monoids with the
(minimal) unity, inverting inclusions, (transforming the intersection of subgroups to the algebraic
closure of the compositum of sub�elds, and the unity G to the unity k)

α : {open subgroups of G} −→→
{

algebraically closed sub�elds of F
of �nite transcendence degree over k

}
=: AΠ.

It is determined uniquely by the following equivalent conditions:

• each open subgroupH ⊆ G contains GF |α(H) as a normal subgroup2 and, if possible, α(H) 6=
F ;
• GF |α(H) ⊆ H and the transcendence degree of α(U) over k is minimal.

2i.e. H contains in the normalizer G{F,α(H)}|k of GF |α(H).
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In particular, for any non-trivial algebraically closed extension L 6= F of k of �nite transcendence
degree in F the normalizer G{F,L}|k in G of GF |L (which is evidently open) is maximal among the
proper subgroups of G.

In the case n = ∞ any open proper subgroup of G is contained in a maximal proper open
subgroup of G; and any maximal proper open subgroup of G is of type G{F,L}|k for some L ∈ AΠ,
L 6= k. Besides that, α(H) = α(NGH).

Questions. 1. The preimage of any proper subgroup of a prime (�nite) index in Q×+ under the
modulus character, if n < ∞, is one more type of maximal open proper subgroups, not encounted
by Proposition 2.3. Any compact subset of G is contained in in�nitely many subgroups of this type.
Are there any other maximal proper open subgroups?

2. Do there exist closed subgroups not contained in maximal proper ones?
3. Can the maximal proper open subgroups be realized as stabilizers in irreducible (semi-)linear

representations (if n =∞) of G? The answer would be negative, if the representations Q[{[L] | k ⊂
L ⊂ F, tr.deg(L|k) = m}]◦ (resp., F [{[L] | k ⊂ L ⊂ F, tr.deg(L|k) = m}]◦ ∈ C) turned out to be
irreducible for all m ≥ 1.

In the case of arbitrary transcendence degree the stabilizers of discrete valuations of rank one is
another type of closed, but now not open maximal proper subgroups, cf. Proposition 2.4.3. Using
them, one associates functors on categories of smooth k-varieties to the representations of G, cf.
�1.2, p.11.

Remarks. 1. If n < ∞ and H ⊂ G is contained in neither subgroup of type G{F,L}|k, where
L ∈ AΠ r {k, F}, then F is algebraic over the sub�eld, generated over k by the H-orbit of x for
any x ∈ F r k.

2. If tr.deg(L|k) = tr.deg(F |L) = ∞ then G{F,L}|k is maximal among closed proper subgroups

of G, i.e.., the subgroup H, generated by G{F,L}|k and by any σ ∈ G such that σ(L) 6= L, is dense

in G. Question. Can one replace the condition �tr.deg(F |L) =∞� by the condition �F 6= L�?
3. If sub�elds K and L are in general position then the subgroup G{F,K,L}|k is contained in

exactly three maximal proper open subgroups of G: G{F,K}|k, G{F,L}|k and G{F,KL}|k, since if

σ ∈ G preserves neither of K, L and KL then 〈σ,G{F,K,L}|k〉 = G.

The union of proper open subgroups of G is characterized in the following way.

Corollary 2.3.1 ([39]). The union of proper open subgroups of G is everywhere dense in G, and
does not coincide with G if n =∞. The following properties of an element σ ∈ G are equivalent:

(1) σ does not belong to the union of the proper open subgroups of G,

(2) W 〈σ〉 = WG for any smooth G-set W ,
(3) there are no non-zero σ-invariant �nite-dimensional F -vector subspaces in Ω1

F |k.

Remark. If n = ∞ then any countable free group H = ∗j∈SZ can be embedded into G in
such a way that its intersection with any proper open subgroup in G is trivial. Namely, choose a
transcendence base of F |k, and enumerate it by the elements of H: {xh | h ∈ H}. De�ne an action
of the generators {hj | j ∈ S} of H on the transcendence base by hjxh = xhjh. Clearly, this action
extends, though not uniquely, to F .

Let A = Aσ := F 〈σ, σ−1〉 be the algebra of endomorphisms of the additive group F generated by

F and by σ±1 for some σ ∈ G. Clearly, A is a Euclidean simple central F 〈σ〉-algebra, cf. [31]. The
set of σ-invariant algebraically closed sub�elds in F |k injects into the set of A-submodules in Ω1

F |k
by L 7→ F ⊗L Ω1

L|k.

Suppose now that n = ∞ and σ does not belong to the union of the proper open subgroups of
G. In particular, Ω1

F |k is a torsion-free A-module of at most countable rank. In a standard manner

one checks that the �nitely generated torsion-free A-modules are free.
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An example of theA-module Ω1
F |k of rank 1, which is not free, is given by F = k(xi, yj | i ∈ Z, j ∈ N),

where xi, yj are algebraically independent, we set y0 = x0 and σxi = xi+1, σyj = yj−1 + yj . The
rank of the A-module Ω1

F |k is an invariant of the conjugacy class of σ. What are the others?

In the case F = k(xi | i ∈ Z), where xi are algebraically independent and σxi = xi+1, one has

A
∼−→ Ω1

F |k, α 7→ αdx0, so the set of A-submodules in Ω1
F |k is in bijection with the set of left ideals

in A, i.e., with the set of monic (non-commutative) polynomials in σ with non-zero constant term.

E.g., the polynomial σ + 1 corresponds to k(xi + xi+1 | i ∈ Z) 6= F .

One more Galois theory, [39]. Now, as a corollary for n = ∞, we get a complete, though
not very explicit, Galois theory of algebraically closed extensions of countable transcendence degree
(a question of Krull, cf. [21]), i.e., a construction of all subgroups H of G, coincident with the
automorphism groups of F over the �xed sub�elds FH .

One can characterize

(1) the normalizers G{F,L}|k of GF |L in G for all L ∈ AΠ r {k} as the maximal open proper
subgroups of G;

(2) the subgroups GF |L for all L ∈ AΠ r {k} as minimal closed non-trivial normal subgroups
in G{F,L}|k (this follows from the topological simplicity of G);

(3) subgroups GF |L of G for all non-trivial extensions L|k in F of �nite type as the open
subgroups containing normal co-compact subgroups of type GF |L from (2) (this follows

from the classical Galois theory for L|k);
(4) the proper subgroups in the image of β as intersections of subgroups from (3).

Remark. The subgroups GF |L of G for all extensions L|k in F of �nite type and transcendence
degree one are the subgroups from (3) with the only maximal proper subgroup of G containing
them.

2.4. Valuations and associated subgroups, [39]. Let Ov be a valuation ring in F , mv = OvrO×v
be the maximal ideal, and κ(v) be the residue �eld of v. If k ⊆ Ov, �x a sub�eld k ⊆ F ′ ⊆ Ov
identi�ed with κ(v) by the reduction modulo mv. In this case κ(v) is of characteristic zero (and
algebraically closed).

Set Gv := {σ ∈ G | σ(Ov) = Ov}. This is a closed subgroup in G.
The valuation group Γ := F×/O×v ∼= Qr is totally ordered: v(x) ≥ v(y) if and only if xy−1 ∈ Ov,

where v : F× −→ Γ is the natural projection.
We call r = dimQ Γ the rank of v. We assume that it is �nite.
Assume that the characteristics of a �eld L and of the residue �eld κ of a valuation w of L

are equal. Then w is called discrete, if L is algebraic over the sub�eld generated by a lift of a
transcendence base of κ and by a lift of a basis of the valuation group. In particular, v is discrete
if and only if the transcendence degree of F over F ′ is equal to r.

Choose an arbitrary algebraically closed F ′ in F , over which F is of transcendence degree r,

a transcendence base x1, . . . , xr of F |F ′, and embeddings F ↪→ lim
N−→

F ′((x1/N
1 )) . . . ((x1/N

r )) over

F ′(x1, . . . , xr). In this case v(xm1
1 ) < · · · < v(xmrr ) for all m1, . . . ,mr > 0.

If r <∞ and σ(Ov) ⊆ Ov for some σ ∈ G then σ ∈ Gv, since σ induces a surjective endomorphism
of Γ, i.e. an automorphism.

It is well-known, [48], or [2, Chapter 5, Exercise 32], that for any valuation ring Op with a
valuation group Γ the map p 7→ 〈v(Op r p)〉 gives a bijection between the set SpecOp of prime
ideals in Op and the set of isolated subgroups in Γ. Moreover, v(Oprp) is the set of all non-negative
elements of the corresponding isolated subgroup of Γ. Thus, there are exactly r+ 1 prime ideals in
Ov.
Remarks. 1. If p 6= 0 is a non-maximal prime ideal of �nite codimension in Ov and Ov′ := (Ov)p

then Gv ⊆ Gv′ (since any element σ ∈ Gv preserves p, thus also Ovrp, i.e. induces an automorphism
of Ov′).

2. The inclusion Gv ⊂ G{F,Ov [x−1
1 ]}|k is proper for r > 1, i.e. Gv is not maximal.
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Let PrL be the set of discrete valuation rings of rank r in L, containing k, admitting also the
following description.

Let CrX be the set of chains of irreducible normal subvarieties up to codimension r on an irreducible
proper normal variety X over k. Any proper surjection with irreducible �bres, e.g. a birational

morphism, X ′
π−→ X induces an embedding CrX ↪→ CrX′ , (Z1 ⊃ · · · ⊃ Zr) 7→ (W 1 ⊃ · · · ⊃ W r),

where W 0 := X ′ and W j is the proper preimage of Zj under the restriction of π to W j−1 for
1 ≤ j ≤ r (and π|W1 : W1

∼−→ Z1). If L is of �nite type over k then PrL ∼= lim
X−→

CrX , where X runs

over the models of L|k, and PrF = lim
←−L
PrL. For instance, if C is a smooth projective curve over k

then P1
k(C) is the set of closed scheme points of C.

Any proper surjection X ′
π−→ X induces embeddings Z[CrX ] ↪→ Z[CrX′ ] and Z[CrX ]◦ ↪→ Z[CrX′ ]◦,

where Z[CrX ]◦ :=
⋂r−1
j=0 ker

(
Z[CrX ] −→ Z[Cr,jX ]

)
, Cr,jX denotes the set of chains with no component of

codimension j and CrX −→ C
r,j
X is the omitting of such component.

Let Cr := lim
L−→

Z[PrL]◦, where L runs over the set of sub�elds in F |k of �nite type over k. Then

one can de�ne a morphism of smooth G-modules grW2qH
q
dR/k(F ) Res−→Cq⊗k by Res(αdt1t1 ∧· · ·∧

dtq
tq

) :=∑
σ∈Sq

sgn(σ)α|D1...q · (Dσ(1) ⊃ Dσ(1)σ(2) ⊃ · · · ⊃
⋂q
j=1Dj =: D1...q), where Di is given locally by

ti = 0 and α is regular in a neighbourhood of t1 = · · · = tq = 0.

Lemma 2.4.1. If 0 ≤ r < n+ 1 ≤ ∞ then the group G acts transitively on the set of pairs (v,Λ),
where v : F×/k× −→→ Γ ∼= Qr is a discrete valuation of rank r and Λ ∼= Zr is a lattice in Γ. The

stabilizer of (v,Λ) acts transitively on the set of maximal sub�elds F̃ in F |k such that v(F̃×) = Λ.
The residue �eld of F̃ coincides with κ(v) (in particular, it is algebraically closed).

The Gv-action on κ(v) induces a homomorphism Gv −→→ Gκ(v)|k. Let

G†v := {σ ∈ Gv | σx− x ∈ mv for any x ∈ Ov} = {σ ∈ G | σxx ∈ 1 + mv for any x ∈ O×v }
be its kernel, the �inertia� subgroup.

Let L be the function �eld of a d-dimensional variety over k, I ⊆ {1, . . . , r} be a subset and

Ov ∈ PrF , p ∈ P
|I|
L . Let Op,v,I be the set of all embeddings σ : L

/k
↪→ F such that σ−1(Ov) = Op and

σ(L×) ∩ Γi 6= σ(L×) ∩ Γi−1 if and only if 1 ≤ i ≤ r and i ∈ I.

Proposition 2.4.2. Ifm := max(0, r+d−n) ≤ |I| ≤M := min(d, r) then Op,v,I is a non-empty Gv-

orbit. The set {L
/k
↪→ F} of embeddings of L into F over k is a disjoint union of Op,v,I . In particular,

Q[{L
/k
↪→ F}]

G†v
=
⊕M

s=m

⊕
p∈PsL

Q[{κ(p)
/k
↪→ κ(v)}](

r
s) and Gv\{L

/k
↪→ F} =

∐M
s=m(PsL)

‘
(rs). If

|I| = r then the stabilizers of Op,v,I are isomorphic to Ẑr × Gκ(v)|κ(p) (and they are compact if
d = n).

Valuations and maximal subgroups. Example. If n = 1 and C is a smooth proper curve

over k then to any valuation v the decomposition {k(C)
/k
↪→ F} = C(F ) rC(k) =

∐
C(k)(mv r {0})

is associated.

Proposition 2.4.3. For any Ov ∈ P1
F the subgroup Gv is maximal among the closed subgroups of

G.

In the proof one checks that for any pair of distinct Ov,O′v ∈ P1
F the subgroup, generated by Gv

and Gv′ , is dense in G , i.e. it acts transitively on {L
/k
↪→ F} for any L|k of �nite type. The problem

can be reduced to the case of n = 1, where v and v′ are interpreted as compatible collections of
points on the �universal tower� of curves over k. Then it remains to show that for any pair of
distinct points p, q ∈ C(k) on a smooth proper curve C over k there exist a level Cβ of this tower
and a morphism from Cβ to C, sending the pair (vβ, v′β) to (p, q).
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Lemma 2.4.4. The group G1
v := {σ ∈ Gv | σx/x ∈ 1 + mv for any x ∈ F×} ⊂ G†v is discrete if

n <∞.

If n = r = 1 de�ne ϕ : G1
v −→ Γ ∪ {+∞} by ϕ(σ) = v(σx/x − 1) for any x ∈ mv r {0}, or

x ∈ F rOv. Clearly, ϕ is independent of x and determines a bounded non-archimedian bi-invariant
distance on G1

v. The logarithmic distance transforms the adjoint Gv-action on G1
v to the natural

Gv-action on Γ ∼= Q. Using the Puiseux series, it is not hard to show that the self-map of G1
v,

σ 7→ σN , is injective for any N ∈ N.
Let G1

v(β) := {σ ∈ G1
v | ϕ(σ) ≥ β}, where β ∈ Γ ⊗ R. This is a normal subgroup in G◦v.

Then G1
v = G1

v(0) = G1
v(0)+, where G1

v(β)+ :=
⋃
γ>β G

1
v(γ) = {σ ∈ G1

v | ϕ(σ) > β}. Clearly,

G1
v(β) 6= G1

v(γ), if β 6= γ. The group G1
v(β) is �very unipotent�. For instance, there is a canonical

isomorphism G1
v(β)/G1

v(β)+ ∼−→ Hom(Γ,m[β]), where

m[β] = {x ∈ m | v(x) ≥ β}/{x ∈ m | v(x) > β} ∼=
{
k, if β ∈ Γ and β > 0
0, otherwise

Lemma 2.4.5. G1
v(β) is surjective over G/G◦ for any β ∈ Γ⊗ R.

2.5. A �dense� locally compact �subgroup� G of G. It is well-known ([14, 32, 44, 13]) that in
the case of algebraically closed F the group G is locally compact if and only if n <∞.

Let n = ∞ and {x1, x2, . . . } be a transcendence base of F |k. Set Lm := k(xm, xm+1, . . . ) ⊂ F .
Then L• = (L1 ⊃ L2 ⊃ L3 ⊃ . . . ) is a descending sequence of sub�elds in F . Set G = GL• :=⋃
m≥1

GF |Lm . We take the set {GF |LL1
} of subgroups for all sub�elds L in F |k of �nite type as a base

of open subgroups.
Geometrically (in a sense, analogous to �3.4), this corresponds to an inverse system of in�nite-

dimensional irreducible k-varieties given by �nite systems of equations. They are related by domi-
nant morphisms a�ecting only �nitely many coordinates.

Then

• G is locally compact (since F is algebraic over L1), but is not unimodular;
• the inclusion G into G is continuous with dense image (since

⋂
m≥1 Lm = k).

To describe the modulus χ := χG : G −→ Q×+, for each σ ∈ GF |Lm ⊆ G choose a sub�eld
L in F |Lm of �nite type, over which F is algebraic, e.g., generated over Lm by a transcendence
base of F |Lm. Then [GF |L] = [Lσ(L) : Linsep] · [GF |Lσ(L)] and [GF |σ(L)] = [Lσ(L) : σ(L)insep] ·
[GF |Lσ(L)] for any σ ∈ G, where −insep is the purely inseparable closure in Lσ(L). Therefore,

χ(σ) = [Lσ(L):σ(L)insep]
[Lσ(L):Linsep]

.

For any integer q > 1 there is an element of G, leaving �xed all the elements of a transcendence
base of F |k, except one, t, on which its acts as t 7→ tq − t. Thus, χ is surjective for any 1 ≤ n ≤ ∞.

In particular, the group G is compactly generated for neither 1 ≤ n ≤ ∞, since otherwise the
value group of the modulus was �nitely generated, which is not the case for Q×+.

Examples of smooth semi-linear representations of G. We say that subsets I and J of N
are commesurable if I r (I ∩ J) is �nite and |I r (I ∩ J)| = |J r (I ∩ J)|. Denote by [I] the class of
subsets in N, commesurable with the subset I. This is a countable set.

De�ne Ω[I]
F |k as an F -vector space with the base {dxj1 ∧ dxj2 ∧ dxj3 ∧ . . . | J ∈ [I]}, where

J = (j1 < j2 < j3 < . . . ). The group G acts naturally on Ω[I]
F |k. If I is �nite of cardinality q then

we get the representation Ωq
F |k. If I = N then we get a representation of degree 1. If J = N r I

then there is a non-degenerate pairing Ω[I]
F |k ⊗F Ω[J ]

F |k −→ Ω[N]
F |k, natural if some I ∈ [I] is �xed. It

follows from [36, Lemma 7.7] that the semi-linear representation Ω[I]
F |k is irreducible.

Let M be the set of all self-maps f of N such that lim
m→∞

f(m) =∞. De�ne ΩM
F |k as an F -vector

space with the base {dxf(1) ⊗ dxf(2) ⊗ dxf(3) ⊗ . . . | f ∈ M}. The G-action is de�ned naturally.

De�ne Ω[f ]
F |k as an F -vector subspace in ΩM

F |k, spanned by the G-orbit of dxf(1)⊗dxf(2)⊗dxf(3)⊗ . . .
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2.6. Automorphisms of G. The group G is quite rigid in the sense that the group of its continuous
automorphisms is �of the same size� asG. Namely, it coincides with the group of �eld automorphisms
of F preserving the algebraically closed sub�eld k. If n > 1 this follows from a stronger result of
F.A.Bogomolov: any isomorphism between absolute Galois groups (and even between their maximal
pro-p-quotients by the second term of the lower central series) of the function �elds of k-varieties of
dimension >1 is induced by an isomorphism between these function �elds. The principal part of the
proof in this case consists of checking that all abelian subgroups of rank >1 in the absolute Galois
groups are contained in decomposition subgroups of various valuations, see [8, 9] and also [10].

If n = 1 this is shown in [40]. The general idea is as follows. The open compact subgroups
of G◦ is the same as the absolute Galois group of function �elds of curves over k with a marked
F -rational generic point. This curves can be described functorially in terms of the topological group
G◦ as projective schemes over Q. E.g., the absolute Galois group of function �elds of rational curves
over k is the same as the open compact subgroups U such that NG(U)/U is in�nite and has no
abelian subgroups of �nite index. In this case the decomposition subgroups in Uab are parametrized

by the set of parabolic subgroups P in NG(U)/U ∼= PGL2k: the subgroup DP
∼= Ẑ(1) consists

of elements of Uab, �xed under the adjoint P -action. For an arbitrary open compact subgroup
U = GF |L the decomposition subgroups in Uab can be described as the maximal subgroups in the

closure of the additive envelope of the images of the transfers Gab
F |k(x) −→ Gab

F |L for all x ∈ L r k,

whose projections to Gab
F |k(x) (with respect to the embedding Gab

F |L −→
∏
x∈LrkG

ab
F |k(x), induced

by inclusions GF |L ⊆ GF |k(x)) are subgroups of �nite index in some decomposition subgroups in

Gab
F |k(x).

This implies that an automorphism of G◦ induces an automorphism of the whole collection of
curves, i.e., an automorphism of F . A slightly more general statement looks as follows.

Theorem 2.6.1 ([40], 4.2). Let n = 1, and H be a subgroup of G, containing G◦. Then NGF |Q(H)
is contained in the group NGF |Q(G) of automorphisms of F , preserving k, and the adjoint action of

NGF |Q(H) on H induces an isomorphism of NGF |Q(H) onto the group of continuous open automor-

phisms of H. If H ⊇ kerχ then NGF |Q(H) = NGF |Q(G◦).

3. General properties of smooth representations of G and their realizations

Before discussing the representations of G, let us make some general remarks on the category
SmH(E) of smooth E-representations of an arbitrary totally disconnected topological group H.

0. It is well-known (cf., e.g., [43, Expos�e IV, �2.4�2.5] or [19, �8.1, Example 8.15 (iii)]), that the
smooth H-sets and their H-equivariant maps form a topos.

Let T = T(H,B) be a category, whose objects are the elements of some base B of open subgroups
of H and HomT(U, V ) = {h ∈ H | hUh−1 ⊇ V }/U . The composition is de�ned in the natural way.
We endow T with the maximal topology, i.e., we assume that any sieve is covering. Then the sheaves
of sets, groups, etc. are identi�ed with the smooth H-sets, groups, etc.: F 7→ lim−−−→

U∈B
F(U) (this is a

smooth H-set, since its arbitrary element belongs to the image of some F(U), and, by de�nition,
the U -action on it is trivial) and W 7→ (U 7→WU ).

E.g., if B = {1} (and in particular, H is discrete) then there is a unique object ∗ in T, and
HomT(∗, ∗) = H.

Let B be the set of open subgroups in G of type GF |L (where L|k is an extension of �nite type),

and T = T(G,B). Then HomT(GF |L, GF |K) = {h ∈ G | h(L) ⊆ K}/GF |L = {h : L
/k
↪→ K} is the

set of �eld embeddings over k. When n =∞, Lemma 3.4.1 describes the smooth G-sets as sheaves
on a slightly di�erent site, in the �dominant topology�.

1. a) There are enough injectives in the category SmH(E). Namely, the forgetful functor
SmH(E) −→ VecE admits a right adjoint I: for any E-vector space V de�ne I(V ) as the smooth
part of the module of V -valued functions on H, i.e., I(V ) := lim−−−→

U∈B
Maps(H/U, V ).
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The group H acts on I(V ) by translations of the argument. It follows from the semi-simplicity
of the category of E-vector spaces VecE that I(V ) is injective. If V is a smooth H-module then
there is an H-equivariant embedding V −→ I(V ), v 7→ (h 7→ hv).

b) The objects E[H/U ], where U ∈ B, form a generating system of SmH(E), i.e., any smooth

cyclic E-representation of H is a quotient of E[H/U ] for some U ∈ B. There are ≤ 2max(|H/U |,|E|)

quotients of the representation E[H/U ]. Thus, there are ≤ max(|B|, sup
U

2max(|H/U |,|E|)) cyclic E-

representations of H. In the case H = G we get the bound ≤ 2max(|k|,|E|). If H is locally compact,
but not unimodular, then there are ≥ max(2rk(χH(H)), |E|) irreducible representations. E.g., if

n <∞ then in the case of H = G we get the bound ≥ max(2|N|, |E|). Lower bounds in the case of
H = G can be found in Proposition 3.5.2.

c) There are direct sums, direct products, tensor products and the inner Hom functor in the
category SmH(E). They are the smooth parts of the corresponding functors on VecE . Namely, the
direct product of a family in SmH(E) is the smooth part of its set-theoretic direct product, and
Hom(W1,W2) := lim

U−→
HomE[U ](W1,W2), where U runs over open subgroups in H. The functor

Hom(W,−) is right adjoint to the functor −⊗E W :

HomSmH(E)(W1 ⊗E W,W2) = HomE[H](W1 ⊗E W,W2) = HomE[H](W1,HomE(W,W2)) =

= HomE[H](W1,Hom(W,W2)) = HomSmH(E)(W1,Hom(W,W2))

for any W1,W2,W ∈ SmH(E).
d) If ϕ : H2 −→ H1 is a homomorphism with a dense image then the pull-back functor ϕ−1 :

SmH1 −→ H2-mod is fully faithful. (Proof. Let W1,W2 ∈ SmH1 , α ∈ HomH2(ϕ−1W1, ϕ
−1W2),

v ∈ W1 and σ ∈ H1. Let S be the common stabilizer of the elements v and α(v). Choose some
element σ′ ∈ ϕ−1(σS) ⊆ H2. Then α(σv) = α(σ′v) = σ′α(v) = σα(v). �)

If ϕ is continuous then ϕ−1 factors through ϕ∗ : SmH1 −→ SmH2 .
If the homomorphism ϕ is continuous and with dense image then the functor ϕ∗ admits a right

adjoint ϕ∗ : W 7→
⋃
U W

U×H1
H2 , where U runs over open subgroups of H1. In particular, ϕ∗

preserves the irreducibility. (Proof. The H1-action on ϕ∗W is de�ned as follows. If w ∈ Wϕ−1(U)

and σ ∈ H1 then σw := σ′w, where σ′ ∈ H2 and ϕ(σ′) ∈ σU , which is independent of σ′. �)
Example. The forgetful functor SmG −→ G-mod is fully faithful, preserves the irreducibility,

factors through r : SmG −→ SmG, and r admits a right adjoint: W 7→
⋃
L

⋂
m≥1W

GF |LLm , where

L runs over the set of all sub�elds of �nite type in F |k.
2. If any open subgroup of H contains an open subgroup of in�nite index (e.g., H = G and

n =∞) then there are no non-zero projective objects in the category of smooth representations of
H.

(Proof. Let W be a projective object in the category of smooth E-representations of H. Choose
a generating system {ej}j∈J of the representation W . This gives rise to a surjective homomor-

phism
⊕

j∈J E[H/Stabej ]
π−→ W . Fix an element i0 ∈ J and for each j ∈ J �x an open subgroup

Uj of in�nite index in Stabej ∩ Stabei0 . As W is projective, the composition of π with the sur-

jection
⊕

j∈J E[H/Uj ] −→
⊕

j∈J E[H/Stabej ] splits, and therefore, there exists an element in⊕
j∈J E[H/Uj ] with the same stabilizer as ei0 . However, as E[H/Uj ]

Stabei0 = 0, this would imply

that ei0 = 0, and thus, W = 0. �)
3. a) If H is locally compact (e.g., H = G, cf. �2.5, for any n ≤ ∞) then the category SmH(E)

has enough projectives. Namely, any smooth H-module is a quotient of a direct sum of objects of
type E[H/U ] for some open compact subgroups U of H.

However, the G-modules E[G/U ] are too complicated, cf. �3.5. Besides that (Proposition

3.5.2), there are �too many� (≥ max(2|N|, |k|, |E|)) smooth irreducible representations of G for
any 1 ≤ n ≤ ∞. (This is one of the reasons to study rather IG from the following �4, where the
objects are supposed to be more controllable than in SmG(E), since it is expected that they are of
�cohomological nature�, cf. �1.1.)
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b) The category AdmH(E) of admissible representations of any totally disconnected group H is
closed under extensions and under the passages to subobjects in SmH(E).

If H is locally compact then AdmH(E) is a Serre subcategory in SmH(E).
4. Representation theory of locally compact groups is largely determined by representation theory

of Hecke algebras. Though, let H be arbitrary.
De�ne DE(H) := lim

←−U
E[H/U ], where E is a characteristic-zero �eld and the projective system

is formed with respect to the projection E[H/V ] rV U−→ E[H/U ] and H/V −→ H/U , induced by the
inclusions V ⊂ U of open subgroups of H. For any ν ∈ DE(H), σ ∈ H and an open subgroup U let
ν(σU) be the [σU ]-coe�cient in the image of ν in E[H/U ]. Clearly, any continuous homomorphism
H −→ H ′ induces a homomorphism of algebras DE(H) −→ DE(H ′).

For each smooth E-representation W of H de�ne a pairing DE(H) ×W −→ W by (ν, w) 7−→∑
σ∈H/U ν(σU) ·σw, where U is an arbitrary open subgroup in the stabilizer of w, e.g., U = Stabw.

Clearly, the result is independent of the choice of U . This determines a DE(H)-module structure on
W . When W = E[H/U ], this pairing is compatible with the projections rV U , so it gives rise to a
pairing DE(H)× lim

←−U
E[H/U ] −→ lim

←−U
E[H/U ] = DE(H), and thus, an associative multiplication

DE(H)×DE(H) ∗−→ DE(H), extending the convolution of the compactly supported measures. (The
support of ν is the minimal closed subset S in the semi-group lim

←−U
H/U such that ν(σU) = 0 for

σU , that does not meet S.)
The Hecke algebra of a pair (H,U), where U is a compact subgroup in H, is the subalgebra

HE(H,U) := hU ∗ DE(H) ∗ hU in DE(H) of U -biinvariant measures. Here hU is the Haar measure
on U , de�ned by the system (hU )V = [U : U

⋂
V ]−1

∑
σ∈U/U

T
V [σV ] ∈ Q[H/V ] for all open

subgroups V ⊂ H. hU is the unity of the algebra HE(H,U) and hUhU ′ = hU for a closed subgroup
U ′ ⊆ U . For any smooth E�representation W of H the Hecke algebra HE(H,U) act on WU , since
WU = hU (W ).

When H is locally compact, and U is open and compact, this de�nition of the Hecke algebra is
equivalent to the usual one, and for each smooth E-representation W of H the Hecke algebra act
on WU in the usual way, cf. [6].

In the case of H = G and n < ∞ the Hecke algebras become the algebras of non-degenerate
correspondences on some n-dimensional k-varieties, cf. �3.1, p.27.

5. The smooth representations of any compact group are semi-simple. Let U ⊆ H = G be a
compact subgroup, ρ be a non-zero smooth irreducible representation of U over Q, and σ ∈ H be
an element such that σ−1Hσ ⊆ H. De�ne the representation ρσ of U by (τ, u) 7→ (σ−1τσ)u for all
τ ∈ U and u ∈ ρ. Let W be a smooth representation of G. Then the multiplicity mW (ρ) ≥ 0 of ρ in

W is equal to
dimQ HomU (ρ,W )

dimQ EndU (ρ) . It is �nite, if W is admissible. De�ne an embedding HomU (ρ,W ) ↪→

HomU (ρσ,W ) by λ 7→ σλ:
u

σλ7−→ σλ(u)
↓ τ ↓ τ

(σ−1τσ)u σλ7−→ τσλ(u)
. In particular, if mW (ρ) 6= 0, then also

mW (ρσ) 6= 0. Clearly, EndU (ρ) ⊆ EndU (ρσ). Therefore, mW (ρ) = mW (ρσ), if σ−1Hσ = H.

Note, that for any pair of compact subgroups U1, U2 ⊂ G any pair of their smooth representations
intertwine in the usual sense, i.e., there exist g ∈ G and a non-zero ϕ ∈ Hom(ρ1, ρ2) such that if
gk1 = k2g and ki ∈ Ui, i ∈ {1, 2} then ϕρ1(k1) = ρ2(k2)ϕ. Namely, there exists g ∈ G such that
ρ1|U1∩g−1U2g and ρ2|U2∩gU1g−1 are trivial (if ρi are of �nite length). This can be explained by the
fact that the representation F (and therefore, the irreducible representation F/k) of G contains
all smooth irreducible (and thus, �nite-dimensional) representations of Ui (Hilbert's Satz 90). It is
easy to show that the same holds for F×/k×.

It is shown in [35, Appendix A, Theorem A.4] that for any compact subgroup K in G the centres
of the Hecke algebras HE(K) and HE(G◦,K) of the pairs (G,K) and (G◦,K) (the de�nition of
G◦ is in �1.3 of the introduction) coincide with E · hK , if n < ∞, i.e., consist of scalars. This is a
negative result, especially, compared to the analogous questions for p-adic groups.

25



In some cases the morphism groups between geometric objects can be identi�ed with the mor-
phism groups between the corresponding G-modules (cf. Propositions 3.1.5 and 3.3.2, and Corollary
3.1.6).

We establish (in Corollary 3.4.9) that the cohomological dimensions of SmG and of C (of smooth
semi-linear representations of G) are in�nite when n =∞.

By analogy with the Langlands correspondences, one can call the irreducible representations of
G in the image of the functor Bn cuspidal, where Bn is a functor on the category of primitive
n-motives, de�ned (in a greater generality) in �4. For groups GL over local non-archimedian �elds
there are several equivalent de�nitions of quasi-cuspidal representations. One of them (�niteness):
the supports of all matrix coe�cients of a smooth representation W of a topological group (i.e., the
functions on this group of type 〈σw, w̃〉 for some vector w ∈W and a vector with an open stabilizer
w̃ in the dual representation) are compact modulo centre. However, it is shown in [35, Proposition
4.6] that for n < ∞ any such representation of any subgroup of G, containing G◦, is zero. This is
deduced from the irreducibility of smooth representations F/k and/or F×/k× of the subgroup G◦

of G, and their faithfulness as modules over the corresponding algebras of measures on G: for any
1 ≤ n ≤ ∞ the annihilator of F/k in Dk as well as the annihilator of F

×/k× in DQ are trivial ([35,
Proposition 4.2]).

In the case n = ∞ one can establish some analogues of Hilbert's Satz 90. In particular, as it
follows from Corollary 3.4.8, any smooth G-torsor under a smooth G-group B(F ) is trivial for any
algebraic k-group B. However, there are interesting examples of torsors in the case n <∞.

According to Proposition 1.1.9, Ext1
SmG(Q)(A(F )/A(k),Q) = Hom(A(k),Q) if n = ∞ and A is

an irreducible commutative algebraic k-group. If A is an abelian variety then A(F )/A(k) = B1(A∨)
(here A∨ := Pic◦A is the dual abelian variety), where B1 is a functor on the category of primitive
1-motives, de�ned (in a greater generality) in �4. Therefore, it is natural to compare this equality
with the identity Ext1

MMk
(Q(0), H1(A)) = A(k)Q in the category of mixed motives over k.

If A = Gm then the identity Ext1
MMk

(Q(0),Q(1)) = k× ⊗ Q suggests that the smooth repre-

sentation F×/k× of G may admit a motivic interpretation, analogous to Q(1), though it is not
admissible.

The last section 3.5 contains examples of pairs of distinct extensions of �nite type L1 and L2

of k with the same collections JH(L1) and JH(L2) of irreducible subquotients of representations

Q[{L1
/k
↪→ F}] and Q[{L2

/k
↪→ F}]. In two of these examples the primitive motives of maximal level

of models of L1 and of L2 are trivial. In one more example L1 = k(X) and L2 = k(PdimX), where
X is a product of generically twofold covers of projective spaces (e.g., hyperelliptic curves) over k,
at least one of which is a curve of genus ≤ 1. Thus, it is not excluded that JH(L) depends only on
tr.deg(L|k).

Let us �rst generalize the fact that there are no �nite-dimensional non-trivial smooth represen-
tations of G if n =∞.

Proposition 3.0.2. Let W ∈ SmG(E), and for some sub�elds L1 $ L2 in F |k the subspaces

W
GF |L1 and W

GF |L2 be �nite-dimensional and non-zero. Then WG = W
GF |L1 6= 0. In particular,

if n =∞ and dimEW
GF |L <∞ for any L of su�ciently big �nite transcendence degree over k then

W is trivial.

Proof. The representation W
GF |L1 of G◦

L1|k
and the representation W

GF |L2 of G◦
L2|k

are trivial.

Therefore, any vector w ∈ WGF |L1 is �xed under the action of the subgroup H in G, generated by
the subgroups GF |L1

(in G{F,L1}|k ×GL1|k
G◦
L1|k

) and G{F,L2}|k ×GL2|k
G◦
L2|k

. It follows from Lemma

2.2.4 that this subgroup H coincides with G. �

3.1. Hecke algebras and correspondences. Let HE(U) := HE(G,U) = hU ∗ DE ∗ hU .

Proposition 3.1.1. (1) Let H be a totally disconnected topological group and T be a �ltering
family of its compact subgroups, i.e. such that any open subgroup contains an element of T .
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Then a smooth E-representation W of H is irreducible, resp. semi-simple, if and only if the
HE(H,U)-module WU is irreducible, resp. semi-simple, for each compact subgroup U ∈ T .
Example. LetH = G and T consists of compact subgroups U with FU purely inseparable

over a purely transcendental extension of an extension of k of �nite type.
(2) Let Wj for j = 1, 2 be smooth irreducible E-representations of H and WU

1 6= 0 for some
compact subgroup U . Then W1 is equivalent to W2 if and only if the HE(H,U)-modules WU

1

and WU
2 are equivalent.

(3) For each open compact subgroup U ⊂ H and each irreducible E-representation τ of the
algebra HE(H,U) there is a smooth irreducible representation W of H with τ ∼= WU .

Proofs from [6, Proposition 2.10] and [35, Lemma 3.2] go through with almost no modi�cations.

Remark. It would be natural to replace the semi-simplicity or irreducibility conditions for rep-
resentations of Hecke algebras from Proposition 3.1.1 by the corresponding conditions on the rep-
resentations of groups GF ′|k for algebraically closed extensions F ′|k in F of �nite transcendence
degree. For a certain small (but important) class of representations this is done in Lemma 4.3.1.
The following lemma is a very preliminary step in the general direction.

Lemma 3.1.2 ([18]). Let n =∞, H be a subcategory in SmG, closed under passages to subobjects,
and F ′|k be an algebraically closed extension in F of �nite transcendence degree. The following
conditions on the subcategory H and F ′ are equivalent.

(1) For any W ∈ H any GF ′|k-submodule U ⊆ WGF |F ′ coincides with the GF ′|k-submodule of

GF |F ′-invariants in G-submodule, spanned by U : U = 〈U〉
GF |F ′

G .

(2) For any W ∈ H any surjection Q[{L
/k
↪→ F}]N −→ W in SmG induces a surjection of

GF |F ′-invariants Q[{L
/k
↪→ F ′}]N −→WGF |F ′ in SmF ′|k, where F

′ = L.

(3) For any extension L|k in F of �nite type, where F ′ = L, and any Q ⊆ Q[{L
/k
↪→ F}]N such

that the quotient belongs to H, one has H1
SmG(GF |F ′ , Q) = 0.

For any irreducible variety Y over k with the function �eld k(Y ) = FU for a compact open
subgroup U in G one can identify the Hecke algebra HQ(U) with the Q-algebra of non-degenerate
correspondences on Y (i.e., of formal linear combinations of n-subvarieties in Y ×k Y dominant over
both factors Y ). This follows from the following Lemma and the facts that

• the set of double classes U\G/U can be identi�ed with a basis of HQ(U) as a Q-space via
[σ] 7−→ hU ∗ σ ∗ hU ;
• that irreducible n-subvarieties in Y ×k Y dominant over both factors Y are in a natural
bijection with the set of maximal ideals of the algebra FU ⊗k FU .

Lemma 3.1.3 ([35], 3.3). Let L,K ⊆ F be �eld subextension of k with tr.deg(L|k) = q < ∞.
Then the set of double classes GF |K\G/GF |L is canonically identi�ed with the set of all points in

Spec(L⊗k K) of codimension ≥ q − tr.deg(F |K) (so GF |K\G/GF |L = Max(L⊗k K), if F = K).
Here G/GF |L is the set of all embeddings of L into F over k.

Let Aq(Y ) be the quotient of the Q-vector space Zq(Y ) of cycles on a smooth proper variety
Y over k of codimension q by the Q-vector subspace Zq∼(Y ) of cycles ∼-equivalent to zero for an
adequate equivalence relation ∼. According to Hironaka theorem on resolution of singularities, each
smooth variety X admits an open embedding i into a smooth proper variety X over k. Then Aq(−)
can be extended to arbitrary smooth variety X as the cokernel of the map Zq∼(X) i∗−→ Zq(X)
induced by restriction of cycles. This is independent of the choice of variety X.3

3since for any pair of smooth compacti�cations (X,X
′
) of X there is their common re�nement X

β←− X ′′ β′−→ X
′
,

i∗ factors through Zq∼(X)
β∗−→ Zq∼(X

′′
)

(i′′)∗

−−−→ Zq(X) and i∗Zq∼(X) = (i′′)∗Zq∼(X
′′
).
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In the standard way one extends the contravariant functors Aq( ) and Zq( ) to contravariant
functors on the category of smooth pro-varieties over k. Namely, if for a set of indices I, an inverse
system (Xj)j∈I of smooth varieties over k is formed with respect to �at morphisms and X is the
limit, then Zq(X) = lim

j∈I−→
Zq(Xj), where the direct system is formed with respect to the pull-

backs, and similarly for Aq( ). Then Aq(X) is the cokernel of
⊕

j∈I Z
q
∼(Xj) −→ Zq(X). This is

independent of the choice of the projective system de�ning X.
In particular, as for any commutative k-algebra R the scheme Spec(R) is an inverse limit of a

system of k-varieties, Aq(R) := Aq(Spec(R)) is de�ned. Any automorphism α of the k-algebra
R induces a morphism of a system (Xj)j∈I de�ning Spec(R) to a system (α∗(Xj))j∈I canonically
equivalent to (Xj)j∈I , and therefore, induces an automorphism of Aq(YR) for any k-scheme Y . This
gives a contravariant functor from a category of varieties over k to the category of Aut(R|k)-modules.

In what follows X will be of type YF for a k-subscheme Y in a variety over k.

The homomorphism of algebras HQ(U)(U) −→ AdimY (Y ×k Y ) is surjective for any smooth
projective Y , where k(Y ) ⊂ F and U = GF |k(Y ). This can be seen from the following �moving
lemma�, applied in the case X1 = X2 = Y and Z = X1 ×k X2. (Its present form is suggested by
the referee of [35].)

Lemma 3.1.4 ([35], 3.4). Let Z,X1, . . . , Xr be irreducible projective varieties over k, and let

Z
pj−→ Xj be surjective maps. Let α ⊂ Z be an irreducible subvariety of dimension at least

max
1≤j≤r

dimXj. Then α is rationally equivalent to a linear combination of some irreducible subva-

rieties in Z surjective (under the maps pj) over all Xj's.
In particular, the natural projection Zq(k(X) ⊗k k(Y )) −→ CHq(X ×k Y ) is surjective for q ≤

dimX ≤ dimY ; and Zq(k(Y )⊗k F ) −→ CHq(YF ) is surjective for q ≤ dimY ≤ n.

Proposition 3.1.5 ([35], 3.6 +ε). Let Y be a smooth irreducible proper variety over k and dimY ≤
n. Let X be a smooth variety over k, and W be a quotient G-representation of Aq(XF ) for some

q ≥ 0. Then there are canonical isomorphisms Aq(Xk(Y ))
∼−→ HomG(AdimY (YF ), Aq(XF )) and

HomG(AdimY (YF ),W ) ∼−→ HomG(ZdimY (k(Y )⊗k F ),W )

Proof uses Lemmas 3.1.4, 3.1.3 and elementary intersection theory.

Corollary 3.1.6 ([35], 3.7). For any �eld L′ of �nite type and of transcendence degree m ≤ n
over k, any �eld L of �nite type over k and any integer q ≥ m there is a canonical isomorphism
Aq(L⊗k L′)

∼−→ HomG(Am(L′ ⊗k F ), Aq(L⊗k F )), where the both groups are zero if q > m.

3.2. Invariants of subgroups and tensor products.

Lemma 3.2.1. Let W be a smooth G-set, and L be an extension of k in F . Then WGF |L =⋃
L0⊆LW

GF |L0 , where L0 runs over extensions of k of �nite type.

The proof is identical to the proof of [35, Lemma 6.1].

Proposition 3.2.2. Let E be either F , or any characteristic zero �eld with the trivial G-action,
and let W1,W2 be smooth semi-linear representations of G over E. Assume that either a subgroup
H ⊆ G admits no non-trivial smooth �nite-dimensional semi-linear representations over E, or
tr.deg(F |k) =∞ and H = GF |L for a �eld extension L of k in F . Then one has (W1 ⊗E W2)H =
WH

1 ⊗EH WH
2 .

(This is not true if tr.deg(F |k) < ∞. Namely, if W1 and W2 are non-trivial mutually dual
representations of G of degree one then (W1 ⊗E W2)G = EG, but WG

1 = WG
2 = 0.)

�Conversely�, if for a subgroup H ⊂ G one has (W1 ⊗EW2)H = WH
1 ⊗EH WH

2 then the �eld FH

is algebraically closed.

(This is a tiny generalization of [36, Lemma 7.5], the proof is similar.)
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3.3. G- and G◦-modules of type A(F )/A(k), where A is a commutative k-group, mor-
phisms between them and a separable closure of a one-dimensional extension of k.

Proposition 3.3.1. If n = 1 then the G◦-orbit of x generates the separable closure Kx of k(x) in F
for any x ∈ F r k. More precisely, K×x /k

× is an irreducible G◦-module, and Kx/k is an irreducible
G◦-module if char(k) 6= 2.

The G◦-modules F/k and F×/k× are irreducible if either char(k) = 0, or 2 ≤ n ≤ ∞.

Proof. Let A be the additive subgroup of F generated by the G◦-orbit of some x ∈ F r k. It
is shown in [35, Prop. 4.1] that if char(k) 6= 2 then A is a sub�eld of F . Besides that, if M is
the multiplicative subgroup of F× generated by the G◦-orbit of some x ∈ F r k then M

⋃
{0} is a

G◦-invariant sub�eld of F .
Clearly, A = M

⋃
{0} = F if n ≥ 2. If n = 1 then Gal(F |Q(G◦x)) is a compact normal subgroup

in G◦, i.e., it is trivial by Theorem 2.2.1. Thus, the extension F |Q(G◦x) is purely inseparable.
Let us show that k(G◦x) is a separable extension of k(x). Equivalently, that if σNx = x for some

N ≥ 1 then k(x, σx) is a separable extension of k(x). Let P (x, σx) be a minimal polynomial. Then
PIdx+PIId(σx) = 0 ∈ Ω1

k(x,σx)|k, where either PI 6= 0, or PII 6= 0 as otherwise P = Qp for another

polynomial Q. If PII 6= 0 then k(x, σx) is a separable extension of k(x). If PI 6= 0 then k(x, σx)
is a separable extension of k(σx), and thus, k(x, σ−1x) is a separable extension of k(x). Then the

sub�eld, generated over k by x, σ−1x, . . . , σ−(N−1)x = σx, is a separable extension of k(x). �

Proposition 3.3.2 ([35], 3.6, 4.3). Let 1 ≤ n ≤ ∞. Let A and B be reduced irreducible group
schemes over k. Then the natural map Hom(A,B) −→ HomG(A(F ), B(F )), where Hom(A,B) :=
Homgroup schemes/k(A,B) and HomG is the set of G-homomorphisms, is bijective.

Suppose that the k-groups A and B commutative and simple. Then

Hom(A,B)Q
∼−→ HomG(A(F )/A(k), B(F )/B(k)) ∼−→ HomG◦(A(F )/A(k), B(F )/B(k)).

Unfortunately, the proof of the second part consists of checking individual cases: A and B are
simple abelian varieties, Ga, or Gm.

3.4. The dominant topology, acyclicity of certain smooth representations of G and co-
homological dimension ([18]). In this section we are going to identify the smooth representations
with the abelian sheaves on a �small� site, and interpret the smooth cohomology (i.e. Ext∗SmG(Q,−))
as �Cech cohomology of sheaves.

We shall assume that F |k is an extension of algebraically closed �elds of characteristic zero of
countable transcendence degree.

Let Dmk be the category of smooth morphisms of smooth k-schemes. We endow Dmk with the
pre-topology, where the coverings are the dominant morphisms.

Lemma 3.4.1 ([18], 1.1). The category of sheaves on Dmk is equivalent to the category of smooth
G-sets.

To a sheaf one associates its �generic �bre�, i.e., lim
U−→

F(U), where U runs over the smooth

integral k-varieties with the function �eld embedded into F over k.

Proposition 3.4.2. Let the transcendence degree of an extension F ′|k in F be in�nite. Then
H>0
SmG(GF |F ′ ,W ) = H>0

SmG(GF |F ′ ,W ⊗Q) = 0 for any smooth G-module W .

�Cech cohomology.

Lemma 3.4.3. The complex (· · · → Q[{L(Y 2)
/k
↪→ F}] → Q[{L(Y )

/k
↪→ F}] → Q[{L

/k
↪→ F}] → 0)

is acyclic for any L-variety Y . If L = k and Y is smooth and proper then the complexes · · · →
Ck(Y 2) → Ck(Y ) → Q→ 0 and · · · → CH0(Y 2)Q → CH0(Y )Q → Q→ 0 are also acyclic.

Corollary 3.4.4. For any W ∈ IG the complex 0→WG →WGF |k(Y ) →W
GF |k(Y 2) → . . . is exact.

In particular, 0→ CHq(X)Q → CHq(Xk(Y ))Q → CHq(Xk(Y 2))Q → . . . is exact.
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As I is right exact, we get from Lemma 3.4.3 the following

Corollary 3.4.5. Sending the function �eld L of a k-variety to Q[{L
/k
↪→ F}] ∈ SmG, resp. to

CL ∈ IG, de�nes a sheaf on Dmk with values in Smop
G , resp. in Iop

G . �

Denote by Ȟ∗ the �Cech cohomology.

Corollary 3.4.6 ([29], Ch.III, Corollary 2.5). Ȟ∗ coincides with H∗ for any sheaf if and only if
Ȟ∗ transforms any short exact sequence of sheaves to a long exact sequence of �Cech cohomologies.

For any extension K of k in F with F of in�nite transcendence degree over K �x a tran-

scendence basis {x1, x2, x3, . . . } = {x(K)
1 , x

(K)
2 , x

(K)
3 , . . . } of F over K. For each m ≥ 0 set

Fm = K(x2m , x2m·3, x2m·5, . . . ), and for each j ≥ 0 �x a self-embedding σj of F over K such

that σj |Fs = id if j > s and σj |Fs = σs|Fs : Fs
∼−→ Fs+1 if j ≤ s. For any extension L of K we �x

L0 ⊆ F0 isomorphic to L over K and set Ls := σs0(L0).

For a G-module W set LKW
• := (WGF |L0

σ0−σ1

−−→ WGF |L0L1

σ0−σ1+σ2

−−−−−→ WGF |L0L1L2 −→ . . . ),

Proposition 3.4.7. Hq
SmG(GF |K ,W ) = Hq( FKW

•) for any smooth representation W of G and any
algebraically closed extension K ⊇ k in F .

Acyclicity of �geometric� G-modules and cohomological dimension of SmG. As in the
proof of Lemma 3.4.1, we associate to a presheaf F on Dmk and a �ltered union O = lim

U−→
A

of �nitely generated smooth k-subalgebras A a smooth Aut(O|k)-set F(O) := lim
A−→

F(Spec(A)).

Our main examples of O will be F and Ov.
Let us show that F(F )GF |F ′ = F(F ′) for any F ′ = F ′ ⊆ F with tr.deg(F ′|k) =∞.

(As it shows the example of the presheaf F : U 7→ Γ(U,
⊗2
O Ω1

U/k
), the condition F ′ = F ′ is

essential.)

Fix an isomorphism α : F ∼−→ F ′ over k. Then α∗ : lim
U−→

F(U) ∼−→ lim
V −→

F(V ), where

O(U) ⊂ F and O(V ) ⊂ F ′ are smooth. For any U there is σ ∈ G such that σ|O(U) = α|O(U), so

lim
V −→

F(V ) = lim
(U,σ)−→

σF(U) = F(F )GF |F ′ , cf. Lemma 4.1.2.

Assume that F is endowed with transformations ixX,Y : F(X ×k Y ) −→ F(Y ) for any smooth

X,Y and any x ∈ X(k) such that ixX,Y ◦ Xpr∗Y = idF(Y ) and ixX,Y×kZ ◦ Zpr∗X×kY = Zpr∗Y ◦ ixX,Y ,
where XprY : X ×k Y −→ Y is the projection.

Let R be a presheaf of commutative rings, and F be an R-module. Then the representation F(F )
is an R(F )-module, and such representations (for a �xed R and for all F) form a tensor category
with respect to the operation ⊗R(F ). In particular, the category of representations of type F(F )
for F taking values in commutative groups is tensor.

Corollary 3.4.8 ([18]). H>0
Sm(G,W ) = 0 for any W ∈ IG; H1

Sm(G,F(F )) = {∗} for any group-

valued F ; and H>0
Sm(G,F(F )) = 0 for any F with values in commutative groups.

Examples of representations of type F(F ) as in Corollary 3.4.8 are A(F ) for any group k-variety
A, or A(F )/A(k), if A is commutative, CH0(XF )Q, Ω•F |k,reg,

⊗•
F Ω1

F |k0 , Ω•F |k0,closed, Ω•F |k0,exact, and
H•dR/k0

(F ) for any k0 ⊆ k. (Corresponding functors are: A(O), or A(O)/A(k), CH0(X ×k (−))Q,

Γ(−,Ω•O|k),
⊗•
O Ω1

O|k0 , Ω•O|k0,closed, Ω•O|k0,exact, and H
•
dR/k0

(O).)

Corollary 3.4.9 ([18]). (1) The categories SmG and C (cf. �1.2) admit systems of acyclic

generators {Q[{L
/k
↪→ F}]}L and {F [{L

/k
↪→ F}]}L, where L runs over the sub�elds of �nite

type over k, containing any given extension of k of �nite type.
(2) Cohomological dimensions of SmG and C are in�nite.
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A1-invariance of some presheaves. Let Vk be a category of k-varieties, containing all smooth
varieties. Let L be a category, where all self-embeddings are isomorphisms (e.g., an abelian category
such that for any object the multiplicities of its irreducible subquotients are �nite4).

An L-valued presheaf F on Vk is A1-invariant, if F(U) = F(U × A1) for any U ∈ Vk.
Consider any pretopology on Vk such that A1

k −→ Speck, (A1
k r {0})

∐
(A1

k r {1}) −→ A1
k and

Gm,k −→ Gm,k, x 7→ x2 are coverings (in particular, F(A1
X) −→ F(Gm,X) is injective for any

X ∈ Vk and any sheaf on Vk).

Proposition 3.4.10 ([18]). Any sheaf F on Vk with values in L is A1-invariant.

For a proof one has to note that A1×A1 r∆A1 is isomorphic to its quotient by the permutation σ
of the two multiples A1, and therefore, as open dense embeddings are covers, F(U×A1×A1) embeds
into the S2-invariant part of F(U × A1 × A1), i.e., σ acts trivially. As U × A1 −→ U is a cover,
pr1 = pr2 ◦ σ, and F(U) is the equalizer of the injections pr∗1,pr∗2 : F(U ×A1)⇒ F(U ×A1 ×A1),
induced by the projections, we get that F(U) −→ F(U × A1) is an isomorphism.

Proposition 3.4.11. • Any sheaf in dominant topology F is birationally invariant and has the
Galois descent property, i.e. for any Galois covering Y → X one has F(X) = F(Y )Aut(Y |X).
• Any A1- and birationally invariant presheaf F with the Galois descent property is a sheaf.

Proof.

• This is clear, since �etale morphisms with dense images are covering and Y×XY ∼= Y
∐
· · ·
∐
Y

for (copies correspond to the elements of Aut(Y |X), the �rst projection is identical on each
copy and the second projection on the copy corresponding to g ∈ Aut(Y |X) is given by g).
• Clearly, any birationally invariant A1-invariant Galois-separable presheaf is separable: if
Y → X is a cover, i.e. a smooth dominant morphism, then for any su�ciently general
dominant map ϕ : Y 99K Pδ (where δ = dimY − dimX) we can choose a dominant �etale

morphism Ỹ → Y so that the composition Ỹ → Y 99K X × Pδ is Galois with the group H,

and therefore, the composition F(X) ∼−→ F(X × Pδ) −→ F(Y ) −→ F(Ỹ ) is injective. In
the commutative diagram

F(X) → F(Ỹ ) ⇒ F(Ỹ ×X Ỹ )
↑ ↑ ↑

F(X) → F(Y ) ⇒ F(Y ×X Y )
↑ ↑ ↑

F(X) → F(X × Pδ) ⇒ F(X × Pδ × Pδ)

the vertical arrows are injective, so it su�ces to show the exactness of the upper row.

Let f be an element of the equalizer of F(Ỹ ) ⇒ F(Ỹ ×X Ỹ ), considered as an element of

F(Ỹ ×X Ỹ ). Then f ∈ F(Ỹ ×X Ỹ )H×{1} and f ∈ F(Ỹ ×X Ỹ ){1}×H , so f ∈ F(Ỹ ×X Ỹ )H×H =
F(X × Pδ × Pδ) = F(X). �

3.5. Coinduced representations. Let K,L,M be a triple of algebraically closed �eld extensions

of k. Denote by iLK the coinduction functor W 7→ Z[{K
/k
↪→ L}] ⊗Z[GK|k] W from the category of

smooth E-representations of GK|k to the category of smooth E-representations of GL|k. Clearly, if

K and L are isomorphic then iLK is an equivalence of categories. If K is a sub�eld of L then the
functor iLK coincides with the functor W 7→ Z[GL|k]⊗Z[G{L,K}|k] W , and iKK is the identity functor.

Proposition 3.5.1. • There is a natural isomorphism of functors H0(GM |L,−) ◦ iMK = iLK .

• If K is embeddable into L and L is embeddable into M then the functors iML ◦ iLK and iMK
are naturally isomorphic.

4The multiplicity of an irreducible object X in W is de�ned inductively: it is 0 if for any �ltration W ⊇ Y ⊇ Z
the quotient Y/Z is not isomorphic to X; it is N > 0 if there is a �ltration W ⊇ Y ⊇ Z such that Y/Z ∼= X and the
sum the multiplicities of X in W/Y and in Z is N − 1. By Jordan�H�older theorem, the multiplicity is well-de�ned.
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• For any smooth E-representation W1 of GL|k and any smooth E-representation W2 of GK|k
one has HomE[GM|k](iML (W1), iMK (W2)) = HomE[GL|k](W1, i

L
K(W2)).

In particular, if K is embedded into L then

• the coinduction functor iLK is fully faithful,
• the functor H0(GL|K ,−) is its left quasi-inverse and

• the representation iLKW2 is �homotopy invariant�, cf. �1.1, p.4, if and only if either W2 = 0
or K = L (therefore, the natural morphism iFKW

GF |K −→W is never injective for non-zero
W ∈ IG).

Proof. One has

HomE[GM|k](i
M
L (W1), iMK (W2)) = HomE[G{M,L}|k](W1, i

M
K (W2)) = HomE[GL|k](W1, (iMK (W2))GM|L).

Suppose that
∑

i aiσi⊗wi is a shortest presentation of an element of the module iMK (W2) = Z[{K
/k
↪→

M}]⊗Z[GK|k] W2, which is �xed by the group GM |L. Then, for each i, the orbit GM |Lσi, considered

as a subset of the set of sub�elds in M |k isomorphic to K, should be �nite. This can happen if and

only if σi(K) ⊆ L, i.e., (iMK (W2))GM|L = Z[{K
/k
↪→ L}]⊗Z[GK|k] W2.

Assume that K is properly embedded into L. Let K ′ be a non-trivial purely transcendental

extension of K. There is such a �eld embedding ξ : K
/k
↪→ K ′ that its GK′|K′-orbit consists of the

same amount of embeddings as the GK′|K′-orbit of its image. Therefore, the sum of elements of

the GK′|K′-orbit of ξ ⊗ v is non-zero in iLK(W2) for any non-zero v ∈ W2 and does not belong to

(iLK(W2))GL|K . �

In this section we give an example (in Proposition 3.5.3) of a pair of essentially distinct open
compact subgroups U and U ′ in G such that there are embeddings of E-representations E[G/U ] ↪→
E[G/U ′] and E[G/U ′] ↪→ E[G/U ] of G. This implies that the irreducible subquotients of E[G/U ]
and of E[G/U ′] are the same. In this example the primitive motives of the maximal level of models

of the �elds FU and FU
′
coincide (and vanish). However, as it shows the example of Proposition

3.5.4, the coincidence of the collections of irreducible subquotients is a rather general phenomenon.
But let us start with some general remarks.
Remarks. 0. If U ⊂ U ′ ⊂ H are subgroups, and index of U in U ′ is �nite then there is a natural

embedding E[H/U ′] ↪→ E[H/U ], [u] 7→
∑

h∈H/U, hU ′=uU ′ [h].
1. Representations of G/G◦. Let E be an arbitrary �eld, and U be a compact open subgroup

of G. Then any irreducible E-representation of G, that factors through G/G◦, is a quotient of the
E-representation E[G/U ] of G.

Proposition 3.5.2. Let 1 ≤ n ≤ ∞, F ′|k be an algebraically closed extension in F of a �nite tran-
scendence degree, and ϕ be a smooth irreducible E-representation of GF ′|k. Let W be an irreducible

quotient of the (cyclic, generated by any non-zero element of V GF |F ′ = [id] ⊗ ϕ) representation
V := E[G/GF |F ′ ] ⊗E[GF ′|k] ϕ. Then there are ≤ max(|k|, |E|) irreducible subrepresentations of

GF ′|k, one of which is ϕ, in WGF |F ′ .

There are ≥ |k| smooth irreducible E-representations of G. There are exactly 2|N| smooth irre-
ducible E-representations of G, if k and E are countable.

Proof. Note, that there are |Hom(Q×+, E×)| = max(2|N|, |E|) one-dimensional representations of
GF ′|k −→ E×, factorizing through the modulus of GF ′|k. For each ϕ choose W =: Wϕ. We say

that ϕ ∼ ψ if Wϕ
∼= Wψ. As |WGF |F ′ | ≤ |W | = max(|k|, |E|), the cardinalities of the equivalence

classes are ≤ max(|k|, |E|). Therefore, |{ϕ}/ ∼ | ≥ max(2|N|, |E|), if it is > max(|k|, |E|), i.e. if

2|N| > |k| and 2|N| > |E|. In any case, there are |k| smooth irreducible representations of G of type
(A(F )/A(k))⊗ E, where A is an elliptic curve over k without complex multiplication. �

2. Twists by one-dimensional representations. Let n < ∞, and ϕ be a homomorphism
from G/G◦ to E×. Consider E[G/U ](ϕ) as the same E-vector space as E[G/U ], but with the
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G-action by [σ] τ7−→ ϕ(τ) · [τσ]. Then λϕ([σ]) := ϕ(σ) · [σ] gives an isomorphism of representations

E[G/U ]
λϕ−→ E[G/U ](ϕ) of G.

This implies that for any irreducible E-representation W of G the multiplicities of W and of
W (ϕ) in E[G/U ] coincide. It is likely, however, that these multiplicities are in�nite.

E.g., let L be an extension of k of �nite type and of transcendence degree q in F . Then, at least
if certain conjectures hold, any motivic G-module of level < q is a subquotient of Q[G/GF |L] of
in�nite multiplicity. To see this, �x a transcendence base x1, . . . , xq of L over k. Then there is a
surjection Q[G/GF |L] −→ Ωs

F |k, given by [1] 7−→ xs+1dx1 ∧ · · · ∧ dxs for any s < q. Any motivic

G-module of level s is a submodule of Ωs
F |k of in�nite multiplicity. (In the case s = 1 this is shown

in Proposition 1.1.12.)

Purely transcendental extensions of quadratic extensions.

Proposition 3.5.3 ([35], Corollary 7.3). Let L′′ ⊂ F be a sub�eld, �nitely generated over k, and

F 6= L′′. For some u ∈
√

(L′′)×r (L′′)× and some t ∈ F , transcendental over L′′, set L = L′′(u, T ),
where T = (2t − u)2, and L′ = L′′(t). Then for U = GF |L and U ′ = GF |L′ there are embeddings
E[G/U ′] ↪→ E[G/U ] and E[G/U ] ↪→ E[G/U ′].

This results from the following combinatorial claim ([35, Lemma 7.2]).
Let H be a group and U and U ′ be subgroups of H such that U

⋂
U ′ is of index two in U :

U = (U
⋂
U ′)

⋃
σ(U

⋂
U ′). Suppose that τ1 · · · τN 6= 1 for any integer N ≥ 1 and for any collection

τ1, . . . , τN ∈ U ′σ r U . Then the morphism of E-representations E[H/U ]
[ξ] 7→[ξσ]+[ξ]
−−−−−−−→ E[H/U ′] of H

is injective.

Proposition 3.5.4 ([35], 7.4). Fix an odd integer m ≥ 1, and let m− 1 ≤ n ≤ ∞. Fix a collection
x1, . . . , xm of elements in F with the only relation

∑m
j=1 x

d
j = 1 over k, where d ∈ {m+1,m+2}. Set

L′′ = k(x1, . . . , xm) and L = (L′′)〈e1e
2
2···emm〉, where eixj = ζδij ·xj for a primitive d-th root of unity ζ.

Let L′ be a maximal purely transcendental extension of k in L. Then if U = GF |L and U ′ = GF |L′ ,
the E-representations E[G/U ] and E[G/U ′] of G have the same irreducible subquotients.

Proposition 3.5.5. Let g1, . . . , gN be rational involutions of a k-variety X, generating an in�nite

group. Then the natural map of E-representations r : E[{k(X)
/k
↪→ F}] −→

⊕N
j=1E[{k(X)〈gj〉

/k
↪→

F}] of G is injective.

Proof. If a non-zero 0-cycle α is in the kernel of r, and P is a point in the support of α, then the
support of α contains the 〈g1, . . . , gN 〉-orbit of the point P . As this orbit is in�nite, but the support
of α is �nite, we get the contradiction, i.e., α = 0. �
Examples. 1. Let X be an algebraic k-group, g1 : x 7→ x−1 and g2 : x 7→ h ·x−1, where h ∈ X(k)

is a point of in�nite order. Then the E-representations E[{k(X)
/k
↪→ F}] and E[{k(K(X))

/k
↪→ F}]

of G have the same irreducible subquotients, where K(X) is the quotient of X by the involution g1

(the Kummer variety).
2. If Yj are generically twofold covers of projective spaces over k, at least one of which, for example

Y1, is a curve of genus ≤ 1 then there are embeddings of G-representations E[{k(
∏N
j=1 Yj)

/k
↪→

F}] ↪→
⊕N

i=1E[{k(
∏

1≤j≤N, j 6=i Yj)(Pdi)
/k
↪→ F}]1+δ1i ↪→ E[{k(Pd)

/k
↪→ F}]N+1, where di = dimYi

and d =
∑N

j=1 dj .

4. Homotopy invariant representations of G

In this section we continue describing the abelian category IG (cf. �1.1, p.4 and further).
The category IG is closed under taking subquotients in SmG (Lemma 4.1.1). If n = ∞ then a

smooth representation of G is �homotopy invariant� if and only if all its irreducible subquotients
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are (Theorem 1.1.5).5 If n =∞ then the subcategory IG is closed under the inner Hom functor on
SmG (Proposition 4.1.10). It follows from Lemma 3.4.1 and Proposition 3.4.10 that IG(E) contains
the category AdmG(E) of admissible representations of G (Theorem 1.1.6(2)), if n = ∞. A direct
(but essentially the same) proof can be found in [35, Proposition 6.4].

The inclusion functor IG ↪→ SmG admits a left adjoint I = ( lim
←−L

CL)⊗DQ : SmG −→ IG, cf.
�4.6, so any morphism from W ∈ SmG to an object of IG factors through IW ∈ IG (Proposition
4.1.3).

In the case n = ∞ there are no non-zero projective objects in SmG (Remark on p.24). Unlike
SmG, there are enough projective objects in IG (Theorem 1.1.6 (3)). Namely, the objects CL :=

IQ[{L
/k
↪→ F}] for all �eld extensions of �nite type L|k form a system of projective generators of IG.

The sheaf X 7→ Ck(X) on Dmk with values in Iop
G (Corollary 3.4.5) in A1-invariant (Lemma 4.1.6).

For any smooth irreducible proper k-variety X there is a natural surjection Ck(X) −→ CH0(X×k
F )Q. The �rst part of Conjecture 1.1.7 asserts that this is an isomorphism if n = ∞. If X is a
curve then this is veri�ed in Corollary 4.1.7. It is explained in Remark 3 on p.6 that this conjecture
implies the existence of a commutative associative tensor structure on IG.

There are some reasons to expect that the category of mixed motives can be linked to a full
subcategory of the category of smooth G-modules, whose objects have �motivic� irreducible sub-
quotients. In particular, by analogy with the Hodge theory, it is conjectured (Conjecture 4.1.5) that
the adjoint quotients of the level �ltration N• are semi-simple for any object of IG. This implies
easily (�Corollary� 4.1.5.1) that the level �ltration N• is strictly compatible with morphisms in IG.
In particular, extensions of G-modules from IG of lower level by irreducible G-modules from IG of
higher level are (canonically) split. In turn, Conjecture 4.1.5 follows from the �rst part of Conjecture
1.1.7 and from the �motivic� conjectures, cf. Remark 2 on p.6.

It is desirable to extend the category IG in order to be able to consider such G-modules as F×/k×,
and to extend the �ltration N• on IG to a �weight �ltration� in such a way that it was still strictly
compatible with the morphisms.

Note, that this is not true for the �ltration N• on the arbitrary smooth G-modules. E.g., any
irreducible admissible G-module of level 1 (corresponding to an abelian variety) admits a non-trivial
extension by the irreducible G-module F×/k× (which is also of level 1), cf. p.9.

Usually, the weight of an irreducible object W1 is greater than the weight of an irreducible object
W2, if Ext1(W1,W2) 6= 0, so weight(Q) <weight(F×/k×) <weight(A(F )/A(k)) for any abelian
variety A over k, which is not good, if A(F )/A(k) corresponds to the motive H1(A) of weight 1. To
resolve this �contradiction� one could try to use a grading of rank > 1.

This bigger category should admit a duality functor, which is absent in the case of the category
IG.

We summarize the principal results of �4.3, except those mentioned in �1.1, in the following way.

Theorem 4.0.6. (1) For any 1 ≤ n ≤ ∞ and q ≥ 0 there is a functor Bq:

{pure primitive q-motives over k} Bq

−→
{

semi-simple admissible G-modules
of �nite type and of level q

}
,

fully faithful for q ≤ n. (The level of a G-module W is an integer q such that NqW = W
and Nq−1W = 0 for the �ltration N•, de�ned on p.5.)

(2) If n < ∞ then there is a bilinear symmetric non-degenerate G-equivariant form on the
G-module Bn(M) with values in the oriented G-module Q(χ) of degree 1, where M =
(X,∆k(X)) is the maximal primitive n-submotive of the motive (X,∆X) and dimX = n.

This form is de�nite, if for the (n − 1)-cycles on the 2n-dimensional complex varieties
numerical and homological equivalences coincide (e.g., if n ≤ 2), and therefore, Bn factors
through the subcategory of �polarizable� G-modules (i.e., admitting a positive form as above).

5If n < ∞ then there exist non-trivial extensions of Q by Q, i.e., the category IG is not closed under extensions
in SmG.
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This follows directly from Corollary 3.1.6 and Propositions 4.3.2, 4.3.11, 4.3.13. Roughly speak-
ing, the functor Bq is de�ned as the space of 0-cycles over F modulo �numerical equivalence over
k�. Details are in �4.3, p.42, where it is shown that it is pro-representable. It follows from Propo-
sition 4.3.9 that Bq((X,π)) depends only on the birational class of X. Moreover, it follows from
Proposition 3.3.2 that the composition of the functor B1 with the foretful functor to the category
of G◦-modules is also fully faithful, and the functor B1 from Theorem 4.0.6(1) is an equivalence of
categories if n =∞, cf. �4.1.

Conjecture 1.1.3 admits the following form, �convenient for checking in particular cases�.

Conjecture 4.0.7. For any q ≥ 0 the functor Bq is an equivalence of categories if n =∞.

One can show that if U 6= 0 is a quotient of F× then the functor U⊗ : IG −→ SmG is fully
faithful. Therefore, there exist other fully faithful functors from the category of pure motives to the
category of smooth graded representations of G, besides B•, cf. also Lemma 1.2.3. However, these
functors do not preserve the irreducibility.6

There are some indications that the category of primitive n-motives �is not too far� from the cat-
egory of polarizable (in the sense of Theorem 4.0.6(2)) G-modules (at least if n ≤ 2). In particular,
the vanishing of the subspaces in the polarizable G-representations �xed by the compact subgroup
GF |L(x) (here L|k is a subextension in F , and x is an element of F , transcendental over L, such that

F = L(x)), corresponds to the triviallity of the primitive n-submotives of the motive (Y × P1, π),
where dimY < n. However, one has to impose some extra conditions, since it can be easily deduced
from Proposition 3.3.2 and the full faithfulness of the functor B1 that for any G-module W there is
at most one character ψ such that W (ψ) ∼= B1(M) for a pure 1-motive M , cf. [35, Corollary 4.5],
but the twists of polarizable G-modules by the characters of G of order 2 are also polarizable.

Possible links to mixed motives. There are several cohomology theories of algebraic varieties
are related by comparison isomorphisms and behave in a parallel way. This led A.Grothendieck,
P.Deligne, A.A.Beilinson et al to a conjecture on existence of a universal cohomology theory � with
values in an abelian category of mixed motives � and on identities between the extension groups
between these cohomological objects and K-groups.

The references for this circle of ideas are, e.g., [5], [16].
For smooth projective varieties this theory is given by the Grothendieck motives, but only under

assumption that numerical and homological equivalences coincide.
V.A.Voevodsky, M.Levine and M.Hanamura (cf. [46, 25, 12]) have de�ned triangulated categories,

supposed to be equivalent to the derived category of mixed motives. The principal di�culty consists
of constructing of a t-structure, whose core was the desired abelian category of mixed motives.
This would be possible, if the �standard� (including Beilinson's) conjectures were proved, cf. [4].
(It should follow from Conjecture 1.1.7 that IG is equivalent to a localization of the homotopy
t-structure on the Voevodsky triangulated category of motives.)

Another approach, due to Deligne and Jannsen, cf. [17], consists of considering of compatible
collections of �realizations�. Here the di�culties are related to the Hodge and Tate conjectures.

As it is mentioned in �1.1, to a given cohomology theory H∗ one can associate the G-module
H∗c (F ) := lim

−→
H∗(Y )/N1H∗(Y ), where Y runs over all smooth proper irreducible varieties over k

with function �elds embedded into F , and N• is the coniveau �ltration. Clearly, H∗c (F ) ∈ IG and
if H∗(k) is �nite-dimensional over a �eld E then H∗c (F ) ∈ AdmG(E).

Then (assuming that numerical and homological equivalences coincide) H∗c (F ) is a semi-simple
G-module, admitting a decomposition H∗c (F ) ∼=

⊕
M H∗(M) ⊗End(M) B(M), where M runs over

the isomorphism classes of irreducible primitive motives (as in Proposition 1.1.11). This implies, in

6W ⊗ U is irreducible only if U is irreducible and W 6∼= U . Therefore, if U 6= 0 is a quotient of A(F ) for a
commutative k-group A then one may suppose that A is simple and it is not an abelian variety, i.e. either Gm, or

Ga, and that U = A(F )/A(k). If W = E(F )/E(k) for an elliptic curve E over k then the morphism W ⊗U ω∧η−→ Ω2
F |k

is non-zero and it is not injective, where ω is a non-zero regular 1-form on E, and η is a non-zero invariant 1-form on
A, i.e., W ⊗ U is reducible.
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notations of �4.3, that H∗(N) ∼=
⊕

i HomG(B[i](N), H∗c (F )) for any motive N . Thus, the realization
functor (on the category of pure motives over k), corresponding to a theory H∗, can be decomposed
into a composition of the functor B• and a (contravariant) functor HomG(−, H∗c (F )) (on the category
of G-modules).

4.1. The category IG, level �ltration, di�erential forms...

Lemma 4.1.1 ([35], 6.6). The functor H0(GF |L,−) : IG −→ VectQ is exact for any �eld extension
L of k in F . IG is closed under taking subquotients in SmG.

For each integer q ≥ 0 let IqG be the full subcategory in IG with the objectsW such thatWGF |F ′ = 0
for any algebraically closed F ′ with tr.deg(F ′|k) = q − 1. Then {IqG}q≥0 is a descending �ltration

of IG by Serre subcategories.7

This implies that AdmG(E) is an abelian Serre subcategory in SmG(E), [35, Corollary 6.5].

Lemma 4.1.2 ([35], 6.7). If F ′|k is an extension in F of in�nite transcendence degree then the
functor H0(GF |F ′ ,−) from SmG to SmG

F ′|k
is an equivalence of categories (inducing an equiva-

lence of IG and IG
F ′|k

). The functor H0(GF |K ,−) from SmG to VectQ is exact if and only if

tr.deg(K|k) = tr.deg(F |k)(≤ ∞).

The proof makes use of a �eld isomorphism F
∼−→ F ′, identical on k.

The functor I. The level �ltration N• on a G-module M is de�ned on p.5. Equivalently,

NjM is the minimal subrepresentation of G in M , containing M
GF |Fj for some algebraically closed

Fj ⊆ F . Clearly, N• is a functorial (restriction to NjM of any G-homomorphism M −→ M ′

factors through NjM
′) non-negative increasing (NjM ⊆ Nj+1M) multiplicative (with respect to

the tensor products: Ni+j(M1⊗M2) ⊇ NiM1⊗NjM2) �ltration, which is exhausting on the smooth
representations (M =

⋃
j≥0NjM , if M is smooth).

Proposition 4.1.3 ([35], 6.8). For any integer q ≥ 0 any W ∈ SmG admits a quotient IqW ∈ IqG
such that any G-homomorphism from W to any object of IqG factors through IqW . The functor

SmG
Iq−→ IqG, given by W 7−→ IqW , is right exact and IqW = IW/Nq−1IW .

One can deduce the existence of the functors Iq from general categorical facts, cf. [27, �5.8].
However, they are constructed in [35] �explicitly�, which makes a link from the generators of IG to
the Chow groups of 0-cycles rather transparent, cf. [35, Proposition 6.17]:

Proposition 4.1.4. If n = ∞ then for any irreducible variety X over k the kernel of the natural

projection Q[{k(X)
/k
↪→ F}] −→ Ck(X) is the sum over all curves y ∈ (k(X)⊗k F )1 of the subspaces

spanned by those linear combinations of generic (with respect to some �eld of de�nition of the

curves y) F -points of the curves {y} that are linearly equivalent to zero on any compacti�cation of

the normalization of {y}.

Example. Let A be a one-dimensional group scheme over k, m ≥ 1 be an integer, andW = NqW
be a smooth representation of G, where q ≤ n− 1. Then I(SmA(F )⊗W ) = 0, if either m is even,

or A = Ga, or A = Gm. In particlar, the natural projection A(F )⊗NQ −→
∧N

EndQA
A(F )Q induces an

isomorphism I(A(F )⊗NQ ) ∼−→ I(
∧N

EndQA
A(F )Q), if n ≥ N − 1. (This is shown in [35, p.204] when

EndA = Z; the general case is similar.)

Remark. I is not left exact. E.g., it transforms embedding k ↪→ F to k −→ 0.

Conjecture 4.1.5. If n = ∞ then for any j ≥ 0 and any W ∈ IG the representation grNj W of G
is semi-simple.

7A full subcategory of an abelian category B is called a Serre subcategory, if it is closed under taking subquotients
and extensions in B.
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This is clear, when j = 0, and can be easily deduced from Corollary 4.1.8, when j = 1.

�Corollary� 4.1.5.1. Suppose that n = ∞ and Conjecture 4.1.5 holds for any 0 ≤ j ≤ q − 1. Let
L|k be an extension of �nite type and tr.deg(L|k) < q. Then

• the functor Iq is exact on IG (which is equivalent to the strict compatibility of the �ltration
N0 ⊆ · · · ⊆ Nq−1 with morphisms in IG);
• the algebra A = CHs (Spec(L⊗k L))Q of correspondences modulo rational equivalence is

semi-simple and its length is �nite,8 where s = tr.deg(L|k).

The �rst part of this �Corollary� is proved in [35, Corollary 6.10], and the second one is evident
from the formula A = EndG(W ), where W := CHs (Spec(L⊗k F ))Q = grNs W is semi-simple and
cyclic.

Remark. The inclusion Q[G/GF |L]◦ ↪→ Q[G/GF |L] is an example of a morphism of smooth
G-modules, which is not strictly compatible with the �ltration N•, since Ntr.deg(L|k)Q[G/GF |L]◦

coincides with ∑
[σ]∈G/GF |L

aσ[σ]
∣∣∣∣ ∑
σ(L)⊂F ′

aσ = 0 for any F ′ with tr.deg(F ′|k) = tr.deg(L|k)

 ,

which is di�erent from Q[G/GF |L]◦, whereas Q[G/GF |L] = Ntr.deg(L|k)Q[G/GF |L].

Lemma 4.1.6 ([35], 6.12). For any 1 ≤ n ≤ ∞, any sub�eld L1 ⊂ F of �nite type over k, and any

unirational extension L2 of L1 in F of �nite type there is a natural isomorphism CL2

∼−→ CL1.

The objects of IG of level 1. For any W ∈ SmG there is a surjection
⊕

e∈WGF |F ′ 〈e〉G −→
N1W , where F ′|k is an algebraically closed extension in F with tr.deg(F ′|k) = 1. This means that
to describe the objects of IG of level 1, it su�ces to treat the case ofW = 〈e〉G, where Stabe ⊇ GF |L
with L ∼= k(X) for a smooth proper curve X over k of genus g ≥ 0. Then W is dominated by CL.
Let PicjX be the Picard variety of the linear equivalence classes of divisors on X of degree j.

Proposition 4.1.7 ([35], 6.20 + 6.21). Let X be a smooth projective curve over k, k(X) be its func-

tion �eld, Zrat
0 (k(X) ⊗k F ) be the kernel of the natural projection Q[{k(X)

/k
↪→ F}] −→ Pic(XF )Q

and Q[{k(X)
/k
↪→ F}]◦ be the group of generic degree-zero 0-cycles over F . If n = ∞ then

IZrat
0 (k(X)⊗k F ) = 0, IQ[{k(X)

/k
↪→ F}]◦ = Pic◦(XF )Q and Ck(X) = Pic(XF )Q.

The proof is based on the facts that i) su�ciently big symmetric powers of a smooth projective
curve are projective bundles over its Jacobian; ii) [35, Lemma 6.18]: the G-module Zrat

0 (k(X)⊗k F )
is generated by wN =

∑N
j=1 σj −

∑N
j=1 τj for all N � 0, where (σ1, . . . , σN ; τ1, . . . , τN ) is the

generic F -point of the �bre over zero of the morphism XN ×k XN pN−→ Pic◦X, sending a point
(x1, . . . , xN ; y1, . . . , yN ) to the class of

∑N
j=1(xj − yj).

Corollary 4.1.8 ([35], 6.22 + 6.23). If n = ∞ then A(F )Q is a projective object of IG for any
abelian k-variety A, and any object of IG of level 1 is a direct sum of a trivial module and a quotient
of a direct sum of modules A(F )Q for some A by a trivial submodule.

The inner Hom.

Corollary 4.1.9 ([35], 6.25). The inclusion Q[{L(X)
/L
↪→ F}] ⊆ Q[{k(X)

/k
↪→ F}] induces a

surjection of GF |L-modules Q[{L(X)
/L
↪→ F}] −→ Ck(X) for any extension L of k in F with

tr.deg(F |L) =∞ and any irreducible k-variety X.

8Together with �Corollary� 1.1.8.1 this would imply that in particular the algebra A is �nite-dimensional over Q.
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Theorem 1.1.5 and the following Proposition indicate a connection between IG and the category
of e�ective homological motives. In �4.3 one discusses also non-e�ective motives.

Proposition 4.1.10 ([35], 6.26). The inner Hom functor on SmG (cf. �3, p.24) induces an inner
Hom functor on IG, if n = ∞. The level of Hom(W1,W2) is ≤ q, if W1,W2 = NqW2 ∈ IG and
q ≤ 1.

Example. Representing G as the cokernel of a closed embedding G
F (X)|F (X)

↪→ G{F (X),F}|k(X)

of topological groups, one gets a G-action on the set of orbits {k(Y )
/k
↪→ F (X)}/Gal(F (X)|F (X)).

Then Hom(Ck(X), CH0(YF )Q) = CH0(YF (X))Q.

Remark. Unlike the objects of IG (in the case n = ∞), for any totally disconnected topological
groupH there are many smooth representationsH with non-trivial contragredients. Namely, theH-
equivariant pairing Q[H/U ]⊗Q[H/U ] −→ Q, given by [σ]⊗[τ ] 7−→ 0, if [σ] 6= [τ ], and [σ]⊗[σ] 7−→ 1,
de�nes an embedding of Q[H/U ] into its contragredient. Here U is any open subgroup of H.

Proposition 4.1.11 ([36], 7.6). Let W ∈ IG and q ≥ 0 be an integer. Then

• any G-homomorphism W
ϕ−→
⊗q

F Ω1
F |k factors through W −→ Ωq

F |k ⊆
⊗q

F Ω1
F |k;

• for any smooth proper k-variety Y a �eld embedding k(Y )
ι
↪→ F over k induces an injection

ϕ(W )
⋂
ι∗Ω

q
k(Y )|k ↪→ Γ(Y,Ωq

Y |k), and there are the following canonical isomorphisms

(2) HomG(Ck(Y ),
⊗•

F
Ω1
F |k)

∼←− Γ(Y,Ω•Y |k)
∼−→ HomG(CH0(YF ),

⊗•

F
Ω1
F |k).

The �rst isomorphism is functorial with respect to the dominant morphisms Y −→ Y ′, the
second one is functorial with respect to arbitrary morphisms Y −→ Y ′.

Sketch of the proof. ω ∈
⊗q

F Ω1
F |k is interpreted as a rational section of the coherent sheaf

Ωq
Y q |k|∆Y

on a smooth projective k-variety Y . The principal idea: if ω is not in the span of the

images of Γ(Y,Ω•Y |k) for smooth proper k-varieties Y then the direct image f∗ω = tr/k(PM )(ω) of

ω is a �xed non-zero element of the G-module, generated by ω, for an appropriate �nite morphism
f : Y −→ PMk . To ensure that f∗ω 6= 0, one uses the poles. Even if ω has no poles, but does not
belong to Ω•F |k, its direct image under an appropriate �nite rami�ed morphism has poles.

4.2. The �K�unneth formula� and tensor structure. A tensor structure on IG. As it shows
Example after Proposition 4.1.3 on p.36, IG is not closed under tensor products in SmG. De�ne
W1 ⊗I W2 by I(W1 ⊗W2).

It can be seen from the following example that this operation is not associative on SmG. Let

Wj = Q[{k(Xj)
/k
↪→ F}] for some irreducible k-varieties Xj , 1 ≤ j ≤ N , N ≥ 2. Then W1 ⊗ · · · ⊗

WN =
⊕

x∈Spec(k(X1)⊗k···⊗kk(XN ))

Q[{k(x)
/k
↪→ F}], so I(W1 ⊗ · · · ⊗WN ) is isomorphic to the direct sum

over all x ∈ Spec(k(X1) ⊗k · · · ⊗k k(XN )) of the representations Ck(x). If X1 = X2 = A1
k then

IW1 = IW2 = Q, and therefore, W1 ⊗I (W2 ⊗I Q) = W1 ⊗I IW2 = IW1 = Q.
On the other hand, by Noether's Normalization Lemma, (W1⊗IW2)⊗IQ = I(W1⊗W2) contains

submodules, isomorphic to Ck(X) for any curve X over k.

Lemma 4.2.1 ([35], 6.27 + 6.28). Let n =∞. Then for any �nite collection of smooth irreducible
proper k-varieties X1, . . . , XN there is a canonical surjective morphism I(α) : Ck(X1×k···×kXN ) −→
I
(
Ck(X1) ⊗ · · · ⊗ Ck(XN )

)
of G-modules.

If Ck(X1×k···×kXN ) = CH0((X1 ×k · · · ×k XN )F )Q then I(α) is an isomorphism.
If I(α) is an isomorphism then ⊗I is associative, the class of projective objects of IG is closed

under ⊗I , and W1 ⊗I · · · ⊗I WN = I (W1 ⊗ · · · ⊗WN ).
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The �K�unneth formula� for products with curves. The restriction map τ 7→ τ |k(X)⊗τ |k(Y )

de�nes a G-homomorphism Q[{k(X) ⊗k k(Y )
/k
↪→ F}] α−→ Ck(X) ⊗ Ck(Y ). It follows from Lemma

4.2.1 that α is surjective, which gives a surjection Ck(X×kY ) −→ Ck(X) ⊗I Ck(Y ).

For arbitrary A ∈ Ck(X) and B ∈ Ck(Y ) choose some liftings Ã ∈ Q[{k(X)
/k
↪→ F}] and B̃ ∈

Q[{k(Y )
/k
↪→ F}] such that all embeddings from Ã and from B̃ are pairwise in general position.9

One has to check that the class of Ã × B̃ ∈ Q[{k(X ×k Y )
/k
↪→ F}] in Ck(X×kY ) is independent

of the choice of Ã and B̃. If some other liftings Ã′ ∈ Q[{k(X)
/k
↪→ F}] and B̃′ ∈ Q[{k(Y )

/k
↪→ F}]

are de�ned similarly, choose some lifting B̃′′ ∈ Q[{k(Y )
/k
↪→ F}] of B such that all embeddings

from Ã and from B̃′′, as well as from Ã′ and from B̃′′, are pairwise in general position. Then

Ã× B̃ − Ã′ × B̃′ = (Ã− Ã′)× B̃′′ + Ã× (B̃ − B̃′′) + Ã′ × (B̃′′ − B̃′).

Thus, one has to check the following condition ?X,Y : if the class of
N∑
i=1

aiτi ∈ Q[{k(X)
/k
↪→ F}]

in Ck(X) is zero and all τi are in general position with respect to σ : k(Y )
/k
↪→ F then the class of

γ :=
N∑
i=1

ai(τi, σ) ∈ Q[{k(X ×k Y )
/k
↪→ F}] in Ck(X×kY ) is zero. Also, one has to check the condition

?Y,X .
By de�nition of the functor I, there exist purely transcendental extensions L′j |Lj , elements αj ∈

Q[{k(X)
/k
↪→ F}]

GF |L′
j and ξj ∈ GF |Lj such that

N∑
i=1

aiτi =
∑

j(ξjαj − αj).

If σ is in general position with respect to the compositum L of all τi(k(X)) then there exists
κ ∈ GF |L such that κσ =: σ′ is in general position with respect to the compositum of all L′j . Then

γ′ := κγ =
∑

i ai(τi, σ
′) =

∑
j(ξjαj − αj)⊗ σ′. Set Kj := Ljσ

′(k(Y )) and K ′j := L′jσ
′(k(Y )). Then

αj⊗σ′ ∈ Q[{k(X×k Y )
/k
↪→ F}]

GF |K′
j , K ′j is a purely transcendental extension of Kj , and there exist

ξ′j ∈ GF |σ′(k(Y )) such that ξ′j |L′j = ξj |L′j . This implies that γ′ =
∑

j(ξ
′
j(αj ⊗ σ′)− αj ⊗ σ′) belongs,

by de�nition of the functor I, to the kernel of the projection Q[{k(X ×k Y )
/k
↪→ F}] −→ Ck(X×kY ),

and therefore, the same is true for γ.
Let us check that the conditions ?X,Y and ?Y,X are equivalent. Let a generic curve C on Y ,

passing through σ, be de�ned over a �eld containing all τi(k(X)). Then σ is linearly equivalent to
a linear combination β of generic points of C (which are therefore generic points of Y ). Then the
image of γ in Ck(X×kY ) coincides with the image of

∑
i aiτi × (σ − β), which shows the implication

?Y,X ⇒ ?X,Y .
Example. Let us check the condition ?X,Y in the case, when X is a smooth proper curve.

Let K = σ(k(Y )). Then
∑

i aiτi is a generic divisor on the curve XK over K, linearly equivalent
to zero. According to [35, Lemma 6.18], the GF |K-module of generic divisors on XK over K,

linearly equivalent to zero, is generated by the elements wM =
M∑
j=1

(σj − σ′j) for all M � 0, where

(σ1, . . . , σM ;σ′1, . . . , σ
′
M ) is a generic F -point of the �bre over 0 of the morphism XM

K ×K XM
K −→

Pic◦XK , sending (x1, . . . , xM ; y1, . . . , yM ) to the class of
M∑
j=1

(xj−yj). Clearly, the compositum of all

σj(k(X))σ′j(k(X)) is in general position with respect to K. The same is true for any other element

in the GF |K-orbit of wM . Therefore, as we have already seen above, the image of
∑

i ai(τi, σ) in
Ck(X×kY ) is zero.

9First, choose arbitrary eA and eB. For each point P of the support of eB choose a generic curve CP passing through
P , on which P is a generic point with respect to a �eld of de�nition of CP . Replace P by a linearly equivalent linear

combination of points of CP in general position with respect to eA. Then we get the desired eB.
39



Thus, one has a canonical G-module surjection Ck(X) ⊗ Ck(Y ) −→→ Ck(X×kY ), at least if X is a
curve, and the composition Ck(X×kY ) −→ Ck(X) ⊗I Ck(Y ) −→ Ck(X×kY ) is identical.

Corollary 4.2.2. If n =∞, X and Y are irreducible k-varieties, and X is a curve then Ck(X×kY ) =
Ck(X) ⊗I Ck(Y ). �

Example. Let Xj , 1 ≤ j ≤ N , and Y be irreducible k-varieties. Assume that all Xj ,
possibly except one of them, are curves. Let Y 99K Xj , 1 ≤ j ≤ N , be dominant maps.
Then there is a natural morphism Ck(Y ) −→ Ck(

QN
j=1Xj)

. Indeed, in this case there is a natu-

ral morphism
⊗N

j=1Ck(Xj) −→→ Ck(
QN
j=1Xj)

, such that its composition with Q[{k(Y )
/k
↪→ F}] −→

Q[
∏N
j=1{k(Xj)

/k
↪→ F}] =

⊗N
j=1 Q[{k(Xj)

/k
↪→ F}] −→→

⊗N
j=1Ck(Xj) factors through Ck(Y ). As-

suming that the functor (−)v from Proposition 1.2.2 is exact (cf. also p.44), one can construct a
natural morphism Ck(D) −→ Ck(X) for any irreducible divisor D on any irreducible k-variety X, cf.
Corollary 4.4.8.

4.3. Geometric construction of admissible representations. Now we turn to constructing
of a supply of semi-simple admissible representations of G. Conjecturally, in the case n = ∞ all
semi-simple admissible representations of G are obtained in this way.

Set Bq(X) = Aq(X), if ∼ is numerical equivalence (over k!). As before, XE := X ×k E for any
k-variety X and any �eld extension E|k.

Recall, that Bq(X) is a limit of certain quotients of Q-vector spaces of numerical equivalence
classes of cycles of codimension q on the smooth proper k-varieties, but not over F , even if X = YF ,
cf. p.27 before Lemma 3.1.4.

Lemma 4.3.1. Let W ∈ SmG. If HomG(ZdimX(k(X)⊗k F ),W ) = HomG(CH0(XF ),W ) for any

smooth proper k-variety X then W is semi-simple if and only if the GF ′|k-modules WGF |F ′ are
semi-simple for all algebraically closed F ′ of �nite transcendence degree over k.

Proof. Clearly, W ∈ IG. By Proposition 3.1.1, G-module W is semi-simple if and only if for
any L ⊂ F of �nite type over k and any purely transcendental extension L′|L in F with L′ = F

the module WGF |L′ = WGF |L over the Hecke algebra HGF |L′ = hL′DhL′ ⊇ 〈hL′σhL′ | σ ∈ G〉Q
is semi-simple. Here hL′ is the Haar measure on GF |L′ . As W is a quotient of a direct sum of

objects of type CH0(XF )Q, the action D⊗WGF |L −→→ Q[G/GF |L]⊗WGF |L −→W factors through

CH0(YF )Q⊗WGF |L −→W , where Y is a smooth proper model of L|k, cf. Proposition 3.1.5. Then
the action HGF |L′ factors through CH0(Yk(Y ))Q = hL′CH0(YF )Q.

In other words, the action of HGF |L′ (G) on WGF |L is determined by the action of HGL|L(GL|k),

so the semi-simplicity of the HGF |L′ (G)-module WGF |L is equivalent to its semi-simplicity as a

HGL|L(GL|k)-module. �

Proposition 4.3.2. G-module Bq
X := Bq(XF ) is admissible and semi-simple for any smooth proper

k-variety X and any q ≥ 0. If q ∈ {0, 1}, or q = dimX ≤ n then Bq
X is of �nite length.

Proof. By the standard argument, we may assume that k is embedded into the �eld C of complex
numbers, and thus, for any smooth irreducible proper d-dimensional k-variety Y with k(Y ) =:
L ⊂ F , the space Bq(XF )GF |L is a quotient of a �nite-dimensional space Zq(X ×k Y )/ ∼hom⊆
H2q((X ×k Y )(C),Q(q)), so the representation Bq(XF ) is admissible.

By Proposition 3.1.5 and Lemma 4.3.1 (with W = Bq(XF ), WGF |L′ = WGF |L = Bq(XL)), the
semi-simplicity of the G-module Bq(XF ) is equivalent to the semi-simplicity of the HGL|L(GL|k)-
modules Bq(XL) for all L ⊂ F as above.

The kernel of Aq(X ×k Y ) −→ Aq(Xk(Y )) is a Ad(Y ×k Y )-submodule in Aq(X ×k Y ), since
α ◦ β = pr13∗(pr∗12α · pr∗23β) for its arbitrary element α and for any element β ∈ Ad(Y ×k Y ), so the
projection to Y of the support of α ◦ β is contained in pr2((D ×k Y )

⋂
supp(β)) for some divisor
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D on Y . As its dimension is equal to d − 1, the divisor D cannot dominate Y . This implies that
Aq(Xk(Y )) carries a natural Ad(Y ×k Y )-module structure.

According to [15], the algebra Bd(Y ×k Y ) is semi-simple, so the Bd(Y ×k Y )-module Bq(Xk(Y ))
is also semi-simple. By the moving Lemma 3.1.4, the ring homomorphism HGL|L(GL|k) −→
Bd(Y ×k Y ), induced by the identi�cation of the Hecke algebra HGL|L(GL|k) with the algebra of

non-degenerate correspondences on Y (cf. p.27), is surjective. This endows any Bd(Y ×kY )-module
with a structure of a (semi-simple) HGL|L(GL|k)-module.

The length of any cyclic semi-simple G-module, in particular of BdimX
X (Lemma 3.1.4), is �nite.

It follows from Lefschetz' theorems on hyperplane section and on (1,1)-classes that Bq
X is a

subquotient of Bq
H for any smooth q-dimensional plane section H of X, so the length of Bq

X is also
�nite. �

Corollary 4.3.3. HomG(Bq(L′ ⊗k F ), Bp(L ⊗k F )) = 0 for any pair of �elds L,L′ of �nite type
over k with tr.deg(L|k) = p, tr.deg(L′|k) = q and p 6= q.

Proof. If either p > n, or q > n, then at least one of the modules Bq(L′⊗k F ) and Bp(L⊗k F ) is
zero, so we may assume that max(p, q) ≤ n. By Proposition 4.3.2, the G-modules Bq(L′ ⊗k F ) and
Bp(L⊗k F ) are semi-simple, so HomG(Bq(L′ ⊗k F ), Bp(L⊗k F )) is isomorphic to HomG(Bp(L⊗k
F ), Bq(L′ ⊗k F )), so we may assume that p > q. Then, by Corollary 3.1.6, HomG(Bq(L′ ⊗k
F ), Bp(L⊗k F )) = Bp(L⊗k L′) = 0. �

Corollary 4.3.4 ([35], 3.12). For any smooth irreducible k-variety X of dimension ≤ n + 1 and
for q ∈ {0, 1, 2,dimX} there exists a unique G-submodule in Bq

X = Bq(X ×k F ), isomorphic to
Bq(k(X)⊗k F ).

For each open compact subgroup U ⊂ G and a smooth irreducible k-variety Y with k(Y ) = FU

de�ne a semi-simple G-module (of �nite length) Bq
Z,Y as the minimal one among such that the

HQ(U)-module (Bq
Z,Y )U is isomorphic to Bq(Z ×k Y ). By Proposition 3.1.1, it exists and it is

unique.

Lemma 4.3.5 ([35], 3.13). Let X, Y and Z be smooth irreducible k-varieties, dimX = dimY =
n ≥ dimZ, and p, q ≥ 0 be integers.

Then HomHQ(U)(Bq(Z ×k Y ), Bp(k(X) ⊗k k(Y ))) = 0, if either q = dimZ < p, or q = n and

dimZ < p, or q > n and p+ q > dimZ + n, or q < p and q ∈ {0, 1}.

Proposition 4.3.6 ([35], 3.14). Let X and Y be smooth irreducible k-varieties, and either q ∈
{0, 1, 2}, or q = dimX = dimY . Then there is a unique submodule in Bq(X ×k Y ) over the algebra(
BdimX(X ×k X)⊗BdimY (Y ×k Y )op

)
, isomorphic to its quotient Bq(k(X)⊗k k(Y )).

The existence of such submodule follows from the semi-simplicity of the module Bq(X ×k Y )
([15]). The uniqueness follows from Lemma 4.3.5.

Representations contragredient to the motivic ones. For each open compact subgroup
U in G (cf. �2.5) �x a smooth proper irreducible k-variety YU and an embedding of its function
�eld into F such that FU = k(YU )Lm for an integer m ≥ 1, where k(YU ) and Lm are algebraically
independent over k, i.e. dimk YU = m − 1. Let nU := dimk YU . If Y ′U is another variety with

the same properties then there is a canonical isomorphism Bn′U ((Y ′U )L) = BnU ((YU )L), induced by
direct image isomorphisms of type BnU ((YU )L) = BnU+q((YU × Pq)L).

For any ordered pair of open compact subgroups U ⊇ U ′ in G one can choose smooth proper irre-
ducible k-varieties YU , YU ′ and embeddings of their function �elds into F such that FU = k(YU )Lm
and FU

′
= k(YU ′)Lm for an integer m ≥ 1, and k(YU )k(YU ′) and Lm are algebraically indepen-

dent over k. Then the direct image homomorphism induces a canonical embedding BnU ((YU )L) ↪→
BnU′ ((YU ′)L).

This enables us to form an inductive system (BnU ((YU )k(X)))U , where U runs over the set of
open compact subgroups in G.
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Corollary 4.3.7. Let X and Y be smooth irreducible proper k-varieties. then the Q-vector spaces
BdimX(Xk(Y )) and BdimY (Yk(X)) are naturally dual to each other. If dimX ≤ n then this duality
induces a non-degenerate G-equivariant pairing of admissible G-modules

BdimX(XF )⊗ lim
U−→

BnU ((YU )k(X)) −→ Q(χ).

Proof. Let n ≥ dimY ≥ dimX. By Proposition 3.1.5,

BdimX(Xk(Y )) = HomG(BdimY (YF ), BdimX(XF ))

and BdimY (Yk(X)) = HomG(BdimX(XF ), BdimY (YF )). By Proposition 4.3.2, the representations

BdimY (YF ) and BdimX(XF ) of G are semi-simple, and their lengths are �nite. For any α ∈
BdimX(Xk(Y )) and β ∈ BdimY (Yk(X)) set 〈α · β〉 = tr(α ◦ β) (= tr(β ◦ α)). Here α and β are

considered as G-homomorphisms. If α 6= 0 then there is an element γ ∈ BdimY (Yk(X)) such that

α ◦ γ is a non-zero projector in EndGBdimX(XF ), so the form 〈 · 〉 is non-degenerate. De�ne a
form BdimX(XF )⊗ lim

U−→
BnU ((YU )k(X)) −→ Q(χ) by α⊗β 7−→ 〈α·β〉·[U ] for any α ∈ BdimX(XF )U

and β ∈ BnU ((YU )k(X)). This is well-de�ned by the projection formula. �

The projector ∆k(X). For any pair of varieties X,Y let t be the transposing of cycles,

induced by X × Y ∼−→ Y × X. Denote by ∆k(X) = t∆k(X) the identity (diagonal) element in

BdimX(k(X)⊗k k(X)), considered as an element of the ring BdimX(X ×k X).

Lemma 4.3.8 ([35], 3.15, 3.16). For any irreducible smooth proper k-variety X of dimension
n the element ∆k(X) is a central projector of the algebra Bn(X ×k X). The left (equivalently,
the right) ideal, generated by ∆k(X), coincides with (the image of the ring) Bn(k(X) ⊗k k(X)).
∆k(X)B

dimX(XL) = BdimX(k(X)⊗k L) for any �eld extension L|k.

Proposition 4.3.9 ([35], 3.17). (X,∆k(X)) is the maximal primitive n-submotive of the motive
(X,∆X) for any irreducible smooth proper n-dimensional k-variety X. The motive (X,∆k(X)) is a
birational invariant of X.

The birational invariantness of (X,∆k(X)) follows from the birational invariantness of Y prim for
any smooth projective k-variety Y , cf. p.42 below.

Corollary 4.3.10 ([35], 3.18). Let X and Y be smooth irreducible proper k-varieties, and dimX =
dimY = n. Then ∆k(X) · Bn(X ×k Y ) = Bn(X ×k Y ) · ∆k(Y ) = ∆k(X) · Bn(X ×k Y ) · ∆k(Y )

is a unique (Bn(X ×k X)⊗Bn(Y ×k Y )op)-submodule in Bn(X ×k Y ), isomorphic to its quotient
Bn(k(X)⊗k k(Y )). Similarly, Bq(k(X)⊗k k(Y )) = ∆k(X) ·Bq(X ×k Y ) ·∆k(Y ) for q = 0, 1.

The functors B• and Bq. For a smooth projective k-variety Y let the motive Y prim be de�ned
as the intersection of the kernels of all morphisms ϕ : Y −→M ⊗L for all possible e�ective motives
M , or equivalently, Y prim is the cokernel of the morphism

∑
ϕ :

⊕
M⊗L ϕ−→Y

M ⊗ L −→ Y (with the

same M). Clearly, Y 7−→ Y prim is a functor from the category of smooth projective varieties to the
category of pure motives. Any birational map is a composition of a blow-up and a blow-down with
smooth centres ([1, 47]). As a blow-up does not a�ect Y prim (cf. [28]), this implies that Y prim is an
invariant of the function �eld k(Y ). According to the Hironaka theorem, for any extension L|k in
F of �nite type there is a smooth projective k-variety Y[L] with the function �eld L, and therefore,

we get a canonical projective system of motives {Y prim
[L] }L, indexed by the sub�elds L in F of �nite

type over k.
Now de�ne the functor B• =

⊕
B[i] in Theorem 1.1.2 from the category of pure motives to the

category of graded Q-vector spaces, by setting B[i] = lim
L−→

Hom
(
Y prim

[L] ⊗ L⊗i,−
)
for its degree i

component. Let also Bq denote the restriction of B[0] to the subcategory of primitive q-motives.
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G acts on the projective system {Y prim
[L] }L by Y[L]

σ−→ Y[σ(L)], σ(L) σ−1

−→ L, so G acts on the limits

Bq(M) and B•(M).

Remark. Any pure motive M = (X,π) is isomorphic to
⊕

0≤i,j,i+j≤dimX

Mij ⊗ L⊗i, where Mij is a

primitive j-motive and L = (P1,P1×{0}), so B[i](M) ∼=
⊕

j Bj(Mij). This is proved by induction on
dimension d of X as follows. LetM0d =

⋂
ϕ ker(ϕ), where ϕ runs over the morphisms fromM to the

motives of type (Y ×P1,∆) for all Y with dimY < d. (By Proposition 4.3.9,M0d = (X,π◦∆k(X)).)
As the length of M is ≤ dimQ End(M) < ∞, the motive M/M0d can be embedded into a �nite
direct sum of motives (Yj × P1,∆) with dimYj < d. As (Yj × P1,∆) = (Yj ,∆) ⊕ (Yj ,∆) ⊗ L, the
induction is completed. In fact, the decompositionM =

⊕
0≤i,j,i+j≤dimX

M̃ij , where M̃ij is isomorphic

to Mij ⊗L⊗i, is canonical, since M̃ij is the sum of the images of all morphisms ϕ : N ⊗L⊗i −→M
for all possible primitive j-motives N .

Proposition 4.3.11 ([35], 3.19). If dimX = q ≤ n and M = (X,π) is a primitive q-motive then

Bq(M) = B[0](M) = πBq(XF ).

The proof uses an equivariant version of resoluiton of singularities and [15].
It follows from Proposition 4.3.11 and Lemma 4.3.8 that

Corollary 4.3.12 ([35], 3.20). ∆k(X)B
d(X ×k Y ) = Bd(k(X) ⊗k k(Y )), and ∆k(X)B

q(X ×k Y )
vanishes for any q < d := dimX, any irreducible smooth proper k-variety X and any irreducible
smooth k-variety Y .

�Polarization� on Bn(k(X)⊗k F ) and polarizable G-modules.

Proposition 4.3.13 ([35], 3.21). For any irreducible k-variety X of dimension n there exists a
symmetric G-equivariant non-degenerate pairing

Bn(k(X)⊗k F )⊗Bn(k(X)⊗k F )
〈 , 〉−→ Q(χ)

such that 〈p∗(·), · 〉 = 〈 · , p∗(·)〉 for any generically �nite rational map p. In particular, 〈 , 〉 induces
a non-degenerate pairing between the submodules W := πBn(k(X)⊗kF ) and tW := tπBn(k(X)⊗k
F ) for all projectors π ∈ Bn(k(X)⊗k k(X)).

If for the (n− 1)-cycles on the 2n-dimensional complex varieties numerical equivalence coincides
with homological one then 〈 , 〉 is (−1)n-de�nite. E.g., this is true for n ≤ 2.

The form 〈α, γ〉 ∈ Q(χ) is de�ned as 〈α̂ · γ̂〉 · [U ], where α, γ ∈ Bn(k(X) ⊗k F ) are �xed by a
compact open subgroup U ⊂ G, α̂, γ̂ are the images of α, γ ∈ Bn(k(X)⊗k k(YU )) in Bn(X×kYU ) in
the sense of Proposition 4.3.6. Here YU is a smooth proper k-variety with the function �eld k(YU ),
identi�ed with FU , and 〈 · 〉 is the intersection form on Bn(X ×k YU ). By the projection formula,
〈α, γ〉 is independent of the choices made, and 〈p∗(·), · 〉 = 〈 · , p∗(·)〉.

The rest of the proof uses the standard intersection theory, Lemma 4.3.5, and Hodge index
theorem.

4.4. Valuations and associated functors, [39]. In this section to each smooth representation of
G we associate a sheaf in the smooth topology on Spec(k). For that to each smooth k-variety X,

its scheme-theoretic point p ∈ X and an embedding k(Xp)
/k
↪→ F we associate a collection JX,p of

sub�elds in F , and de�ne the stalks by WX,p := WGF |k(Xp) ∩
(∑

F ′′∈JX,pW
GF |F ′′

)
.

Naturally, for each q ≥ 0 we would like to obtain the sheaf Ωq
O|k from the smooth representation

Ωq
F |k of G. There are two options for the representation

⊗q
F Ω1

F |k: one �homotopy invariant� (and

more natural) �
⊗q
O Ω1

O|k, and another with the Galois descent property. The �homotopy invariance�

means that for any projective bundle X −→ Y over a smooth proper base Y the induced map of
sections is an isomorphism.
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The `'globalization� functor. For any collection J of sub�elds F ′′ ⊂ F the additive functor
ΦJ : W 7→

∑
F ′′∈JW

GF |F ′′ on SmG preserves the surjections, if any element of J is contained in an
element of J of an arbitrary big �nite, or countable transcendence degree over k, and the injections
in general.

Remark. If a collection J consists of all purely transcendental extensions of k then ΦJ(Ωq
F |k) =

Ωq
F |k if n > q, and ΦJ(Ωq

F |k,reg) = 0 for any q ≥ 1. Therefore, in general ΦJ is not exact, even if
n =∞.

In particular, to any discrete valuation ring Ov ∈ PrF one can associate the set J of all its sub�elds.

We consider the following functor ΦJ : (−)v : SmG −→ SmGv , W 7→ Wv :=
∑

σ∈Gv W
GF |σ(F ′) =∑

σ∈G†v
WGF |σ(F ′) ⊆ W . Set Γr(W ) :=

⋂
Ov∈PrF

Wv and Γ := Γ1, i.e., Γr are additive functors on

SmG to itself.

Example. Q[{L
/k
↪→ F}]v = Q[{L

/k
↪→ Ov}] and (F [{L

/k
↪→ F}])v = Ov[{L

/k
↪→ Ov}] (and all these

modules are zero, if tr.deg(L|k) > n− r); Γ(Q[{L
/k
↪→ F}]) = Γ(F [{L

/k
↪→ F}]) = 0, if L 6= k.

Lemma 4.4.1. If n =∞ then there are canonical isomorphisms

HomG(W,W ′) ∼−→ HomGv(Wv,W
′) = HomGv(Wv,W

′
v)

for any W,W ′ ∈ SmG. In particular, the functor (−)v : SmG −→ SmGv is fully faithful.

Remark. Clearly, the functor (−)v does not preserve the irreducibility: usually the surjection

Wv −→ H0(G†v,Wv) is non-trivial and non-injective. E.g., the length of the Gv-module (F/k) is
r + 1: (F/k)v = Ov/k % mv = p1 % p2 % · · · % pr. However, (−)v preserves the existence of a

cyclic vector: if W ∈ SmG is cyclic then the GF ′/k-module WGF/F ′ admits some cyclic vector w

(as H0(GF/F ′ ,−) : SmG −→ SmGF ′/k is an equivalence of categories), and thus, w generates the

Gv-module Wv. It follows from Lemma 4.4.1 that if W is irreducible and Wv is semi-simple then
Wv is irreducible.

Lemma 4.4.2. Let J be a collection of algebraically closed sub�elds F ′′ ⊂ F of countable transcen-
dence degree over k. Then the functor ΦJ is exact if and only if one of the following equivalent
conditions on J holds:

• for any integer N ≥ 1, any extension L of k of �nite type, any collection of embeddings

ξj : L
/k
↪→ Fj such that Fj ∈ J for all 1 ≤ j ≤ N , and any σ : L

/k
↪→ F there is an element

α ∈ Q[G] such that αξj = 0 for all 1 ≤ j ≤ N and ασ − σ ∈ Q[{L
/k
↪→ F ′′ | F ′′ ∈ J}];

• for any irreducible k-variety X, any integer N ≥ 1, any collection of dominant k-morphisms
fj : X −→ Yj such that dimYj < dimX for all 0 ≤ j ≤ N and f0 factors through fj for

neither of 1 ≤ j ≤ N , and any generic point σ : k(Y0)
/k
↪→ F there is a generic 0-cycle

α ∈ Q[X(F )] such that (fj)∗α = 0 for all 1 ≤ j ≤ N , and (f0)∗α − σ ∈ Q[{k(Y0)
/k
↪→

F ′′ | F ′′ ∈ J}].

The conditions of Lemma 4.4.2 are satis�ed for σ in general position with respect to the com-
positum of all ξj(L). This and the following fact suggest that the functor (−)v can be exact.

Proposition 4.4.3. Let H be an algebraic k-group, N ≥ 1 be an integer, and Hi be a k-subgroup
for each 0 ≤ i ≤ N . Suppose that Hj normalizes Hi for each pair 0 ≤ i < j ≤ N , and Hi is
contained in H0 for neither 1 ≤ i ≤ N . Denote by fi : H −→ H/Hi the corresponding projections.
Then there exits a 0-cycle α ∈ Q[H(F )] such that (fi)∗α = 0 for any 1 ≤ i ≤ N , and (f0)∗α 6= 0.
More explicitly, almost all 0-cycles of type (h1 − 1) · · · (hN − 1), where hi ∈ Hi for all 1 ≤ i ≤ N ,
satisfy these conditions.

Denote by I = I/k = IF |k : SmG −→ IG the left adjoint of the inclusion functor IG ↪→ SmG,

and set CL := IF |kQ[{L
/k
↪→ F}] for any �nitely generated extension L|k, cf. Theorem 1.1.6 (3).

44



Lemma 4.4.4. If n = ∞ and r = 1 the projection Q[{k(X)
/k
↪→ Ov}] −→ Ck(X) is surjective

for any irreducible variety X over k. In particular, (Ck(X))v = Ck(X), and Wv = W (and thus,
Γ(W ) = Wv = W ) for any W ∈ IG.

Lemma 4.4.5. Suppose that n = ∞. Then (W1 ⊗W2)v ⊆ (W1)v ⊗ (W2)v and Γ(W1 ⊗W2) ⊆
Γ(W1) ⊗ Γ(W2) for any W1,W2 ∈ SmG. However, (W ⊗ W )v 6= Wv ⊗ Wv, if W = Q[F r k].
If either W1 is a quotient of A(F ) for some commutative algebraic k-group A, or W1 ∈ IG, then
(W1 ⊗W2)v = (W1)v ⊗ (W2)v for any W2 ∈ SmG.

Remark. 1. If W carries an F -vector space structure F ⊗W −→ W then, by Lemma 4.4.5, Wv

carries an Ov-module structure: (F⊗W )v = Ov⊗Wv −→Wv. Clearly, the morphism F⊗OvWv −→

W is injective, but not surjective, as it shows the example of W = F [{L
/k
↪→ F}].

2. Clearly, Γr preserves injection, but not surjections. Namely, let W :=
⊗N

k F −→ ΩN−1
F |k be

given by a1 ⊗ · · · ⊗ aN 7→ a1da2 ∧ · · · ∧ daN . Then Wv =
⊗N

k Ov, if n ≥ 2N , so (
⊗N−1

F Ω1
F |k0)v =⊗N−1

F Ω1
Ov |k0 for any k0 ⊆ k; and Γ(

⊗N
k F ) = k, but Γr(Ω•F |k) = Ω•F |k,reg for any r ≥ 1, cf. [39]. In

the case n =∞ one can also use Lemma 4.4.5.

For an integral normal k-variety X with k(X) ⊂ F let V(X) be the set of all discrete valuations
of F of rank one, trivial on k such that their restrictions to k(X) are either trivial, or correspond
to divisors on X.

Set W(X) := WGF |k(X) ∩
⋂
v∈V(X)Wv ⊆ W.

Clearly, if a dominant morphism U −→ X transforms the divisors on U to divisors on X then
V(U) ⊆ V(X), so W(X) ⊆ W(U).

If X = U1 ∪U2 then V(X) = V(U1)∪V(U2), since X1 = U1
1 ∪U1

2 , so W(X) =W(U1)∩W(U2),
i.e., U 7→ W(U) for open U ⊆ X is a Zariski sheaf on X.

Remark. WGF |k(X) ∩Wv depends only on the restriction of v to k(X), since the set of GF |k(X)-
orbits GF |k(X)\G/Gv of valuations of F coincides, by Proposition 2.4.2, with the set of discrete

valuations of k(X) of rank ≤ r. E.g., if the restriction of v to k(X) is trivial then WGF |k(X) ⊆Wv.

Examples. 1. If V = Q[{L
/k
↪→ F}], or V = F [{L

/k
↪→ F}] then V(U) = 0 for any non-trivial �eld

extension L|k of �nite type and any smooth U over k.
2. If V = Ω•F |k then V(U) = Ω•O(U)|k for any smooth U over k.

3. If V = Syms
FΩ1

F |k then V(U) ⊂ Syms
k(U)Ω

1
k(U)|k consists of elements with poles (with respect

to the lattice Syms
O(U)Ω

1
O(U)|k) of order < s for any smooth curve U over k.

Note, that V is functorial with respect to all morphisms of smooth k-varieties; Γ(V ) is �homotopy
invariant� if and only if s = 1.

4. If V = W ⊗ F for some W ∈ IG then V(U) = (WG
F |k(U) ⊗O(U))Gk(U)|k(U) for any irreducible

smooth a�ne U over k, where O(U) is the integral closure of O(U) in F .

Consider the following site H. The objects of H are the smooth k-varieties. The morphisms
in H are the locally dominant morphisms, transforming the non-dominant divisors to divisors.
The coverings are smooth morphisms, surjective over the generic point of each divisor downstairs.
Denote by Shv(H) the category of sheaves on H. Consider the functor Φ : Shv(H) −→ SmG, given
by F 7→ F(F ) := lim

A−→
F(Spec(A)) ∈ SmG. Here A runs over the smooth k-subalgebras of F .

Example. If j ≤ 1 then F : X 7→ Zj(XL) is a sheaf on H, and F(F ) = Zj(L⊗k F ). In particular,
Φ is not faithful, since F(F ) = 0 if j = 1 and L = k.

Proposition 4.4.6. A choice of embeddings into F over k of the function �elds of all irreducible
k-varieties determines a functor SmG −→ Shv(H), V 7→ V.

Question. Is it right adjoint to Φ?
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The �specialization� functor.

Lemma 4.4.7. If r = 1 and n = ∞ then H0(G†v,−v) gives functors SmG −→ SmGκ(v)|k and

IG −→ IGκ(v)|k . The natural homomorphisms of Gκ(v)|k-modules WGF |F ′ −→→ H0(G†v,Wv) are

surjective for all W ∈ SmG. They are isomorphisms, if the functor (−)v is exact.

Corollary 4.4.8. For any smooth irreducible divisor D on any smooth proper irreducible k-variety
X there is a natural morphism Ck(D) −→ Ck(X), if (−)v is exact for r = 1, making commutative

the diagram
Ck(D) −→→ CH0(DF )Q
↓ ↓

Ck(X) −→→ CH0(XF )Q

.

This would be evident if the �rst part of Conjecture 1.1.7 hold true.

Lemma 4.4.9. Let F be a functor on the category of smooth k-varieties (and of all their mor-

phisms). Suppose that F(Ov) = F(F )v, cf. p.30. Then H0(G†v,F(F )v) = F(κ(v)).

Examples. 1. For a smooth proper k-variety X and q ≥ 0 the functor F : Y 7→ CHq(X ×k Y )
satis�es the assumptions of Lemma 4.4.9, and F(F ) = CHq(XF ).

The isomorphism H0(G†v, CHq(XF )) = CHq(Xκ(v)) is nothing but the specialization homomor-

phism CHq(XF ) −→→ CHq(Xκ(v)) (cf. [42]), which is G†v-invariant, and thus, factors through the

coinvariants H0(G†v, CHq(XF )).
2. The functor F : Y 7→ Γ(Y ,Ω•

Y |k), where Y is a smooth compacti�cation of Y , also satis�es

the assumptions of Lemma 4.4.9, and F(F ) = F(F )v = Ω•F |k,reg.
The reduction modulo the maximal ideal induces a surjection Ω•Ov |k −→→ Ω•κ(v)|k and an isomor-

phism H0(G†v,Ω•F |k,reg) = Ω•κ(v)|k,reg. �
3. F : Y 7→ Q[O(Y )] is an example of a functor with F(Ov) = Q[Ov] 6= F(F )v = Q[Ov r (k +

mv)]⊕Q[k]. However, even in this case one has H0(G†v,F(F )v) = F(κ(v)) = Q[κ(v)].

Corollary 4.4.10. Let X be an irreducible variety over k with the function �eld embedded into F ,
and Y ⊂ X be an irreducible divisor. The discrete valuations v : F×/k× −→→ Γ of F of rank 1 such
that k(X) ∩ Ov = OX,Y (so κ(v|k(X)) = k(Y )) form a single GF |k(X)-orbit. Then any embedding

k(Y )
/k
↪→ F induces a canonical isomorphism WGF |k(Y )

∼−→ H0(G†v,Wv)GF |k(X)∩Gv , if (−)v is exact.

Proof. By Lemma 4.4.7, WGF |F ′ ∼−→ H0(G†v,Wv). One can show that the sequence 1 −→
GF |L ∩G

†
v −→ GF |L ∩Gv −→ Gκ(v)|κ(v|L) −→ 1 is exact, which implies that(
WGF |F ′

)Gκ(v)|κ(v|L) ∼−→ H0(G†v,Wv)GF |L∩Gv = H0(G†v,Wv)Gκ(v)|κ(v|L) . �

Restrictions on the objects of IG and on the quotients of objects of IG ⊗ F . Suppose
that n =∞.

One gets from Lemma 1.2.3 the conditions Vv⊗Ov F = V and Γ(V )⊗k F −→→ V for any W ∈ IG
and any semi-linear quotient V of W ⊗ F (�the interesting objects of the category C of smooth
semi-linear representations of G are globally generated�). However, it remains to check that these
conditions are non-empty on the set of irreducible objects.

Corollary 4.4.11. Let I ′G be the maximal full subcategory of IG, such that for its objects W the

map WGF |F ′ −→ H0(G†v,W ) is an isomorphism, where v is a discrete valuation of rank 1 trivial on
k. If n =∞ then I ′G is an abelian subcategory, closed under passages to the subquotients in IG.

The proof uses Lemmas 4.1.2 and 4.4.7. It follows from Conjecture 1.1.7 that I ′G = IG.

Let I+
G (resp., C−) be the (maximal) full subcategory of SmG (resp., of C), whose objects W

satisfy W = Wv (resp., W = F ⊗Ov Wv). Clearly, these subcategories are closed under taking the
quotients and contain IG (resp., IG ⊗ F ).
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Lemma 4.4.12. Assume that (−)v is exact. Then I+
G (resp., C−) is a Serre subcategory in SmG

(resp., in C). Moreover, I+
G 6= IG.

The inclusion functors I+
G ↪→ SmG and C− ↪→ C admit right adjoints W 7→ Γ(W ) and V 7→⋂

v(F ⊗Ov Vv), respectively, but do not admit left adjoints.

Remark. Assuming that Corollary 4.4.10 holds, the following construction should give a fully
faithful functor from I+

G to a category of (birationally invariant) functors on the smooth k-varieties
with all, not necessarily smooth, morphisms, which is a right quasi-inverse of Φ : F 7→ F(F ), cf.
p.45.

As usually, we assume that the function �elds of irreducible k-varieties Y ⊂ X are embed-

ded into F . For any W ∈ I+
G the natural homomorphism WGF |k(X) −→ H0(G†v,W ) factors through

WGF |k(X) −→ H0(G†v,Wv)Gv∩GF |k(X) . By Corollary 4.4.10, the spaceH0(G†v,Wv)Gv∩GF |k(X) is canon-
ically isomorphic to WGF |k(Y ) if k(X) ∩ Ov = OX,Y . �

4.5. Restriction of the objects of IG to some special Galois subgroups, and I-induction.
In the spirit of Howe, Bushnell�Kutzko et al., one can study the smooth representations of a locally
compact group, restricting them to open compact subgroups.

In the case of group G and n =∞, if one restricts oneself to the subcategory IG then a natural
replacement of open compact subgroups is the open compact subgroups of G, cf. Proposition 4.6.1.
Fix a sub�eld K in F , purely transcendental over k, over which F is algebraic.

Let Π be the set of isomorphism classes of all (non-zero) smooth irreducible representations ρ of
U := GF |K over Q, andW be a smooth representation of G. Then, as a U -module, W is isomorphic
to a direct sum of all representations ρ ∈ Π with some multiplicities m(ρ) ≥ 0. Let σ ∈ G be
an element such that σ(K) ⊆ K. The twist ρσ of a representation ρ of U , and an embedding
HomU (ρ,W ) ↪→ HomU (ρσ,W ) were de�ned in �3, p.25. It was mentioned there that if m(ρ) 6= 0
then m(ρσ) 6= 0. Besides, m(ρ) = m(ρσ), if σ(K) = K.

Remark. It was mentioned at the beginning of �3, p.25 that any pair ρ, ρ′ ∈ Π intertwine.

The restriction of the I-induction functor SmU −→ IG to the �nite-dimensional ρ is de�ned
by ρ 7→ Wρ := I(Q[G] ⊗Q[G

F |LU ] ρ), where F ker ρ is unirational over L, L|k �nitely generated and

U -invariant. In general, the functor of the I-induction is de�ned by the additivity.

Conjecture 4.5.1. (1) There are �nitely many (or there are no) isomorphism classes of irre-
ducible objects of IG containing a given irreducible smooth representation of GF |K , where
K is purely transcendental over k and F is algebraic over K.

(2) Any irreducible object of IG contains an irreducible (smooth) representation of GF |K that
does not enter in any other irreducible object of IG.

Remarks. 1. There are many irreducible smooth representation of GF |K , entering in neither of

objects of IG. Any non-trivial ρ ∈ Π such that F ker ρ ⊇ K is unirational (e.g., purely transcendental)
over k is an example of such representation.

2. Examples of representation of GF |K , entering into a unique irreducible object of IG, are the
trivial one-dimensional and such non-trivial irreducible ρ ∈ SmGF |K , entering into at least one

object of IG, that F ker ρ is a purely transcendental extension of the function �eld of a smooth
projective curve over k with a simple (non-zero!) Jacobian.

3. Let us deduce the part (1) of this Conjecture from the motivic conjectures and Conjecture
1.1.7.

Let ρ be an irreducible smooth representation of GF |K , and F
ker ρ be a �nite extension of K, i.e.

a purely transcendental extension of L, which is of �nite type over k. If W contains ρ then GF |L
has a �xed vector. If W is irreducible then there is a surjection CL −→ W . Let us show that,
assuming �all the conjectures�, CL has only a �nitely many irreducible quotients. The quotients of

level j are the quotients of grjFCL. If CL coincides with the Chow group CH0(XF )Q for any smooth
projective model X of an extension L|k, and the �ltration F• coincides with the motivic one then

grjFCL is determined by the motive H2 dimX−j(X,Q(dimX)) ∼= Hj(X,Q(j)). We may thus assume
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that X is j-dimensional. In that case the quotients of level j are the summands of the semi-simple
representation grNj CH0(XF )Q = CH0(k(X)⊗k F )Q of �nite length.

4.6. Alternative descriptions of IG. There are (at least) three more ways to describe the cate-
gory IG: 1) as the category of non-degenerate modules over an associative idempotented algebra;
2) as a full subcategory in SmG; 3) as a category of homotopy invariant sheaves of vector spaces in
the dominant topology on Spec(k), cf. �3.4.

�Homotopy invariant� representations as non-degenerate modules. If n = ∞ then the
action of the associative algebra DE := lim

←−U
E[G/U ] of the �oscillating� measures on G (for which

all open subgroups and their translates are measurable), cf. the beginning of �3, p.25, on any
object of IG(E) factors through the action of its quotient CE := lim

←−L
CL⊗E, since the morphism

E[G/GF |L] ⊗E WGF |L −→ W of representations of G factors through I(E[G/GF |L] ⊗E WGF |L) =
CL ⊗WGF |L −→W .

For any compact subgroup U in G the action of its Hecke algebra HE(U) := hU ∗DE ∗ hU on
WU factors through the action of its quotient CE(U) := hU ∗CE ∗ hU in CE for any W ∈ IG(E).
E.g., if FU is purely transcendental over L and L is of �nite type k then CE(U) = CUL ⊗ E =
EndIG(E)(CL ⊗ E).

Let HI := lim
K−→

lim
←−L

C
GF |K
L be the associative idempotented algebra without unity. The images

hK of the Haar measures on GF |K for purely transcendental extensions K of sub�elds of �nite type
over k in F over which F is algebraic, are projectors in the algebra HI .

Then the category IG is equivalent to the category of non-degenerate modules over HI , i.e. such
modules W that W = HIW .

The algebra HI is isomorphic to the Hecke algebra (of locally invariant measures with compact
support) of neither locally compact group, since any, e.g. �nite-dimensional, subspace in lim

←−L
CGL

is a left ideal in HI , which never happens in the Hecke algebras. Indeed, if there is a non-zero
�nite-dimensional left ideal a in the Hecke algebra of a locally compact group H then the union
of the supports of the measures in a is compact and left-invariant, and therefore, the group H is
compact. Then the smooth representations of H are semi-simple. It follows from the Mittag-Le�er
property of the system (CGL )L and from Theorem 1.1.6 (4) that lim

←−L
CGL 6= 0.

The categories IG and AdmG. The category IG admits also a description in terms of the
locally compact group G from �2.5, if n = ∞. Namely, de�ne IG as the full subcategory in SmG

with �homotopy invariant� objects W : WGF |LLm = WGF |LLm(S) for any m ≥ 1, any extension L|k
in F of �nite type and any transcendence base S of F over LLm.

Proposition 4.6.1. If n = ∞ then the forgetful functor to the category of G-modules induces the
following equivalences of categories: IG

∼−→ IG and AdmG
∼−→ IG ∩ AdmG.

Proof. To construct a quasi-inverse functor IG −→ IG we have to de�ne the value of σv for some
given W ∈ IG, v ∈W and σ ∈ G. There exist a sub�eld L ⊂ F of �nite type over k and an integer
m ≥ 1 such that the stabilizer of v contains GF |LLm . Let LLm = L′Lm′ , where L

′ ⊂ F is of �nite
type over k, and let L′ and Lm′ be algebraically independent over k.

Let N > m′ be an integer such that L′σ(L′) and LN are algebraically independent over k. Take

any σ′ ∈ GF |LN such that σ′|L′ = σ|L′ and set σv := σ′v. One has v ∈ WGF |L′Lm′ = W
GF |L′LN , so

σv is independent of particular choices of N and of σ′.

Now we check independence of L′. Suppose that v ∈ W
GF |L′Lm′ ∩ WGF |L′′Lm′′ . Since v ∈

W
GF |L′L′′Lm′+m′′ , it su�ces to treat the case L′ ⊆ L′′. As above, we choose an integer N > m′′

such that L′′σ(L′′) and LN are algebraically independent over k, and some σ′′ ∈ GF |LN such that
σ′′|L′′ = σ|L′′ . Then σ′′ can also serve as a σ′, i.e., σ′′v = σ′v.
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This gives us a map G×W −→W . Clearly, this is a linear action, and the stabilizer of v contains
the open subgroup GF |L′ , and thus, W becomes an object of IG.

As Lj is purely transcendental over Lj+1 for any j � 1, and the admissible representations of G
are �homotopy invariant�, the forgetful functor induces AdmG −→ AdmG, thus giving the second
equivalence. �

Remarks. 1. There exist admissible representations of G outside of IG, e.g. Q(ρ) 6∈ IG for any
non-trivial character ρ of G.

2. IG is closed under taking subquotients and direct products (cf. �3, p.24), but not under
extensions in SmG. As any morphism from W ∈ SmG to an object of IG factors through the
canonical map to the direct product over all morphisms fromW to representatives of all isomorphism
classes in IG, there is a functor I : SmG −→ IG left adjoint to the inclusion functor IG ↪→ SmG.

The I-induction functor from �4.5 is the composition of the coinducing SmU −→ SmG, of I and
of the equivalence from Proposition 4.6.1.
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