Centralizers in free Poisson algebras

Leonid Makar-Limanov^1 Department of Mathematics & Computer Science, Bar-Ilan University, 52900 Ramat-Gan, Israel and Department of Mathematics, Wayne State University, Detroit, MI 48202, USA e-mail: lml@math.wayne.edu and Ualbai Umirbaev Department of Mathematics, Eurasian National University Astana, 473021, Kazakhstan e-mail: umirbaev@yahoo.com

Abstract

We prove an analog of the Bergman Centralizer Theorem [1] for free Poisson algebras over an arbitrary field of characteristic 0. Some open problems are formulated.

Mathematics Subject Classification (2000): Primary 17B63, 17A50; Secondary 17B40, 17A36, 16S10.

Key words: Poisson algebras, centralizers, subalgebras.

1 Introduction

There are many results, some of them quite deep, known about the structure of polynomial algebras, free associative algebras, and free Lie algebras. Though free Poisson algebras are very closely connected with these algebras, only few results are known about them up to now.

Free Poisson algebras are sometimes useful in research of polynomial algebras. For example free Poisson algebra of rank three and Poisson brackets were used recently in [20, 14, 15, 16] to prove that the Nagata automorphism (see [12])

σ = (x + (x^2 − yz)z, y + 2(x^2 − yz)x + (x^2 − yz)^2z, z)

1This author was supported by an NSA grant while working on this project

of the polynomial algebra F [x, y, z] over a field F of characteristic 0 is wild.

Among very few works devoted exclusively to Poisson algebras let us mention [6] were all homogeneous quadratic Poisson structures on F [x, y, z] are described and [13] where algebraic quantizations of free Poisson algebras are constructed.

One of the fundamental results about free associative algebras is the Bergman Centralizer Theorem ( see [1]) which says that the centralizer of any nonconstant element is a polynomial algebra on a single variable. This Theorem plays crucial role in the study of algorithmic and combinatorial questions.

An analog of this theorem for polynomial algebras was proved in [15], see also [22]. In Section 2 of this paper we prove that in the characteristic zero case the centralizer of any nonconstant element of a free Poisson algebra is a polynomial algebra on a single variable. Though the Bergman’s Theorem is characteristic-free, in our setting we should assume that the characteristic of the ground field F is zero. When characteristic is finite free Poisson algebras have large centers and the centralizers are much larger than in the zero characteristic case.

Some open problems are formulated in Section 3.

2 Centralizers in free Poisson algebras

First, we recall the definition of Poisson algebras. A vector space B over a field F endowed with two bilinear operations x·y (a multiplication) and [x, y] (a Poisson bracket) is called a Poisson algebra if B is a commutative associative algebra under x · y, B is a Lie algebra under [x, y], and B satisfies the following identity (the Leibniz identity):

[x · y, z] = [x, z] · y + x · [y, z].

Of course, the Leibniz identity just says that for every x ∈ B the map

ad x : B −→ B, (y → [y, x]),

is a derivation of B as an associative algebra.

An important class of Poisson algebras is given by the following construction. Let L be a Lie algebra with a linear basis l_1, l_2, . . . , l_k, . . . over F . Denote by P (L) the polynomial algebra on the variables l_1, l_2, . . . , l_k, . . .. Using the Leibniz identity we can uniquely extend the Lie bracket [x, y] of L to a Poisson bracket [x, y] on P (L), and P (L) becomes a Poisson algebra. This algebra is called a Poisson-Lie algebra.

We will say that elements f and g of P (L) are polynomially dependent if there exists a nonzero polynomial h(x, y) ∈ F [x, y] such that h(f, g) = 0.

Lemma 1 If f, g ∈ P (L) are polynomially dependent then [f, g] = 0.

Proof. The proof is quite standard. Take a polynomial dependence h of f and g with, say minimal degree relative to g possible. Then 0 = [f, h(f, g)] = [f, g]^{∂h}_{∂g} (f, g) and since ∂h ∂g (f, g) ≠ 0 we see that [f, g] = 0. �

Remark. Though the statement of this Lemma is correct when characteristic is finite, this proof is good only for the characteristic zero case.

Let A = F [z_1, . . . , z_n . . .] be a polynomial algebra in any number of variables. Let f ∈ A. Denote by C(f) the set of all elements of A which are polynomially dependent with f. By a theorem of A. Zaks [22] C(f) ∼= F [t]. So in order to prove “the centralizer” theorem for a Poisson-Lie algebra P it is sufficient to check that commuting elements of P are also polynomial dependent. Of course it cannot be done without additional restrictions. As we already mentioned characteristic is essential. It is also clear that the structure of L plays role: if e. g. L is abelian then P (L) is commutative, etc.. So from now on we assume that L is a free Lie algebra.

Let L be a free Lie algebra with free (Lie) generators x_1, x_2, . . . , x_n. We will call P (L) a free Poisson algebra on the same set of generators and denote this algebra by P = P ⟨x_1, x_2, . . . , x_n⟩.

We can introduce a degree function deg on L by taking deg[. . . [x_{i1} , x_{i2} ], . . . , x_{ik} ] = k if [. . . [x_{i1} , x_{i2} ], . . . , x_{ik} ] ≠ 0 and extending it on L linearly.

Let us choose a homogeneous basis

x_1, x_2, . . . , x_n, [x_1, x_2], . . . , [x_1, x_n], . . . , [x_{n−1}, x_n], [[x_1, x_2], x_3], . . .

of L. Algebra P ⟨x_1, x_2, . . . , x_n⟩ coincides with the algebra of polynomials on these elements. We can extend the function deg on P by deg fg = deg f + deg g. Evidently P is graded by this degree and for every element f ∈ P the highest homogeneous part f̄ can be defined in the ordinary way. Note that

fg = f̄ḡ, deg[f, g] ≤ deg f + deg g.

For every f ∈ P the set of elements

C(f) = {g ∈ A | [f, g] = 0}

is called the centralizer of f. It follows immediately from Leibniz and Jacoby identities that C(f) is a subalgebra of P .

Take f ∈ P \ F . We would like to prove that any g ∈ C(f) is polynomially dependent with f. So let us assume that some g ∈ C is not polynomially dependent with f. It is well known (see, for example [8] or [15]) that there exists h ∈ F [f, g] ⊂ C such that f̄ and h̄ are also polynomially independent. Since [f, h] = 0 and consequently [f̄, h̄] = 0 we may assume that there is a pair of homogeneous independent commuting elements.

There is another natural degree function on P , just the total degree on P as a polynomial ring. Denote it by pdeg and observe that pdeg [a, b] = pdeg a + pdeg b − 1 for any p-homogeneous a, b ∈ P if [a, b] ≠ 0. Therefore if [f, g] = 0 and ~a denotes the highest p-homogeneous form of a then [ ~f, ~g] = 0 as well. Of course, the result mentioned above

([8] or [15]) implies that if f and g are independent then there exists an h ∈ F [f, g] for which ~f and ~h are independent. So if we start with a pair of independent commuting elements we can obtain a pair of independent commuting elements which are homogeneous an p-homogeneous. Let us call such elements bi-homogeneous.

Lemma 2 Let f and g be bi-homogeneous elements of P \ F such that [f, g] = 0. Then there exists a ∈ P such that f, g ∈ F [a] i. e. f and g are polynomially dependent.

Proof. Let us denote elements of the basis

x_1, x_2, . . . , x_n, [x_1, x_2], . . . , [x_1, x_n], . . . , [x_{n−1}, x_n], [[x_1, x_2], x_3], . . .

by e_1, e_2, . . . , e_n, . . .. Put e_i < e_j if i < j. It is clear that [e_m, e_n] is a bi-homogeneous element of P and that deg[e_m, e_n] = deg e_m + deg e_n if m ≠ n. So if k ≤ m < n then [e_m, e_n] is a linear combination of {e_i} where all i > k.

For every element f ∈ P put

S(f) = {e_{i1} , e_{i2} , . . . , e_{ik} }

if f ∈ F [S(f)] and f /∈ F [S(f) \ {e_{ij} }], where 1 ≤ j ≤ k.

Assume now that f and g are bi-homogeneous independent elements of P such that [f, g] = 0 and the number of elements |S(f)| in S(f) is minimal possible; of course then |S(f)| ≤ |S(g)|.

Let x be the minimal element of S(f). Then

f = f_0 + f_1x + . . . + f_mx^m,

where f_m ≠ 0, m > 0, and x /∈ S(f_i) and

g = g_0 + g_1x + . . . + g_nx^n,

where g_n ≠ 0 and x /∈ S(g_i). We can assume that f_mx^m and g_nx^n are independent. Indeed, we introduce a new degree function on P (considered as a polynomial ring) which is induced by deg x = 1 and deg e_i = 0 if e_i ≠ x and use the result we mentioned before ([8] or [15] ) to find h ∈ F [f, g] such that f̄ and h̄ are polynomially independent.

Now,

[f, g] = � i≤m+n

d_ix^i = 0,

where x /∈ S(d_i). Consequently, d_i = 0. So d_{m+n} = [f_m, g_n] = 0. Since |S(f_m)| < |S(f)| we can assume that f_m and g_n are dependent and since they are homogeneous there exists a ∈ P \ F such that f_m = a^s and g_p = a^t. Therefore

d_{m+n−1} = [ta^{t−1}f_{m−1} − sa^{s−1}g_{n−1} + (mt − ns)a^{s+t−1}x, a] = 0 where mt − ns ≠ 0 since otherwise f_mx^m and g_nx^n are dependent. So a and ta^{t−1}f_{m−1} − sa^{s−1}g_{n−1} + (mt − ns)a^{s+t−1}x are polynomially independent. Hence s = 0 since if s > 0 then |S(a)| < |S(f)| and we would have a contradiction with our choice of f. So s = 0 and [f_{m−1} +mx, a] = 0. Since |S(f_{m−1} +mx)| ≤ |S(f)| we can assume that f = f_{m−1} +mx and g = a. Also f is a linear polynomial in which all variables have the same degree deg because f is bi-homogeneous.

Let y be the minimal element of S(g). Then

f = f_0 + f_1y

where f_1 ∈ F and y /∈ S(f_0) and

g = g_0 + g_1y + . . . + g_ny^n,

where g_n ≠ 0, n > 0, and y /∈ S(g_i). Of course y ≠ x since S(g) = S(a) ∌ x. As above, [f, g] = 0 implies [f_0 + f_1y, g_n] = 0 and by induction on |S(g_n)| we can conclude that up to multiplication by a constant g_n = (f_0 + f_1y)^t. Hence t = 0 since otherwise S(g_n) ∋ x. So g_n ∈ F . Next, [f_0, g_{n−1}] + ng_n[f_0, y] + f_1[y, g_{n−1}] = 0. But [f_0, g_{n−1}] + ng_n[f_0, y] + f_1[y, g_{n−1}] = [f_0 + f_1y, g_{n−1} + ng_ny]. Both f_0 + f_1y and g_{n−1} + ng_ny are linear polynomials. Therefore we can treat them as elements of L. These elements are linearly independent since x ∈ S(f_0 + f_1y) and x /∈ S(g_{n−1} + ng_ny). So they cannot commute because L is a free Lie algebra. Lemma is proved. �

Lemmas 1 and 2 give us the main result.

Theorem 1 In free Poisson algebras over a field of characteristic 0 the centralizer of every nonconstant element is a polynomial algebra on single variable.

3 Problems

Let P ⟨x_1, x_2, . . . , x_n⟩ be a free Poisson algebra over a field F in variables x_1, x_2, . . . , x_n. For every f ∈ P ⟨x_1, x_2, . . . , x_n⟩ we denote by (f) the two-sided ideal of P ⟨x_1, x_2, . . . , x_n⟩ generated by f.

Problem 1 (Freiheitssatz) If f ∈ P ⟨x_1, x_2, . . . , x_n⟩ and f /∈ P ⟨x_1, x_2, . . . , x_{n−1}⟩, then is it true that (f) ∩ P ⟨x_1, x_2, . . . , x_{n−1}⟩ = 0?

Freiheitssatz was proved by A. I. Shirshov [18] for free Lie algebras and by L. Makar- Limanov [11] for free associative algebras over a field of characteristic 0.

If L is a finitely presented Lie algebra with undecidable word problem [2], then P (L) is a finitely presented Poisson algebra with undecidable word problem. Thus the word problem is undecidable for Poisson algebras in general formulation.

Problem 2 Is the word problem decidable for Poisson algebras with a single defining relation?

The decidability of the word problem for Lie algebras with a single defining relation was also proved by A. I. Shirshov [18]. The analogs of this question for associative algebras and for semigroups are open.

It is well known [4] that elements f and g of a free associative algebra are algebraically dependent if and only if [f, g] = 0.

Problem 3 If F is a field of characteristic 0, then is it true that elements f and g of P ⟨x_1, x_2, . . . , x_n⟩ are algebraically dependent if and only if [f, g] = 0?

There exists an algorithm which decides whether a finite set of elements in a free Lie algebra is algebraically dependent (see, for example [17]) and it is known that for free associative algebras algebraic dependence of a finite set of elements is algorithmically unrecognizable [19].

Problem 4 Is algebraic dependence of a finite set of elements of a free Poisson algebra algorithmically recognizable?

In 1968 P.Cohn [3] proved that the automorphisms of a free Lie algebra with a finite set of generators are tame. It is well known [5, 7, 9, 10] that automorphisms of polynomial algebras and free associative algebras in two variables are also tame.

Problem 5 Is it true that automorphisms of two generated free Poisson algebras are tame?

Note that Nagata automorphism is a wild automorphism of free Poisson algebras in three variables.

Acknowledgments

We are grateful to Max-Planck Institute für Mathematik for hospitality and exellent working conditions.

References

[1] G. M. Bergman, Centralizers in free associative algebras, Trans. Amer. Math. Soc., 137 (1969), 327–344.

[2] L. A. Bokut, Unsolvability of the word problem, and subalgebras of finitely presented Lie algebras, Izv. Akad. Nauk SSSR, Ser. Mat., 36 (1972), 1173–1219.

[3] P. M. Cohn, Subalgebras of free associative algebras, Proc. London Math. Soc., 56 (1964), 618–632.

[4] P. M. Cohn, Free rings and their relations, 2nd Ed., Academic Press, London, 1985.

[5] A. G. Czerniakiewicz, Automorphisms of a free associative algebra of rank 2, I, II, Trans. Amer. Math. Soc., 160 (1971), 393–401; 171 (1972), 309–315.

[6] J. Donin and L. Makar-Limanov, Quantization of quadratic Poisson brackets on a polynomial algebra of three variables, J. Pure Appl. Algebra, 129 (1998), no. 3, 247–261.

[7] H. W. E. Jung, Uber ganze birationale Transformationen der Ebene, J. reine angew.

Math., 184 (1942), 161–174.

[8] S. Kaliman, L. Makar-Limanov, On the Russel-Koras contractible threefolds, Journal of Algebraic Geometry, 6 (1997), 247–268.

[9] W. van der Kulk, On polynomial rings in two variables, Nieuw Archief voor Wiskunde, (3)1 (1953), 33–41.

[10] L. Makar-Limanov, The automorphisms of the free algebra with two generators, Funksional. Anal. i Prilozhen. 4(1970), no.3, 107-108; English translation: in Functional Anal. Appl. 4 (1970), 262–263.

[11] L. Makar-Limanov, Algebraically closed skew fields, J. Algebra, 93 (1985), no. 1, 117–135.

[12] M. Nagata, On the automorphism group of k[x, y], Lect. in Math., Kyoto Univ., Kinokuniya, Tokio, 1972.

[13] I. P. Shestakov, Quantization of Poisson superalgebras and speciality of Jordan Poisson superalgebras, Algebra i logika, 32(1993), no. 5, 571–584; English translation: in Algebra and Logic, 32(1993), no. 5, 309–317.

[14] I. P. Shestakov and U. U. Umirbaev, The Nagata automorphism is wild, Proc. Nat.

Acad. Sci. USA, 100 (2003), no. 22, 12561–12563.

[15] I. P. Shestakov and U. U. Umirbaev, Poisson brackets and two generated subalgebras of rings of polynomials, Journal of the American Mathematical Society, 17 (2004), 181–196.

[16] I. P. Shestakov and U. U. Umirbaev, Tame and wild automorphisms of rings of polynomials in three variables, Journal of the American Mathematical Society, 17 (2004), 197–227.

[17] A. I. Shirshov, Subalgebras of free Lie algebras, Mat. Sbornik, 33(75) (1953), 441–452.

[18] A. I. Shirshov, Some algorithm problems for Lie algebras, Sibirsk. Mat. Z., 3 (1962), 292–296.

[19] U. U. Umirbaev, Some algorithmic questions concerning associative algebras. (Russian) Algebra i Logika 32 (1993), no. 4, 450–470, 474; English translation: in Algebra and Logic, 32 (1993), no. 4, 244–255 (1994)

[20] U. U. Umirbaev and I. P. Shestakov, Subalgebras and automorphisms of polynomial rings, Dokl. Akad. Nauk 386 (2002), no. 6, 745-748.

[21] E. Witt, Die Unterringe der freien Lieschen Ringe, Math. Z., 64(1956), 195–216.

[22] A. Zaks, Dedekind subrings of k[x_1, x_2, . . . , x_n] are rings of polynomials, Israel J.

Math., 9(1971), 285–289.