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ABSTRACT.

The geometrical resolution problem for singular lagrangian

varieties is formulated and the partial classification of images

of lagrangian submanifolds and singular symplectic structures is

given. An introductory syrnplectic framework for extended descrip

tion of the composite thermodynamical systems is proposed. We

explain, us~ng simpler smooth symplectic objects, appearance of

singular lagrangian varieties as the models for the real states

of physical systems in equilibrium. Thus the Maxwell's convention

is obtained as a consequence of the existence of the appropriate

symplectic resolution of the system. In the standard singularity

theory approach the classification of general constitutive sets

is given and the normal forms for the generic singularities of

the reduced constitutive sets are described in small dimensions.

Using the theory of eonstitutive sets and their singularities

the geometrie classifieation of phase transitions and singular

phase diagrams for the classical systems 1s proved.



1. INTRODUCTION

The simplest problem concerning singular lagrangian varieties

is the following resolution problem: Let (P,w) be a symplectic

rnanifold. Let (P,X,n) be a differential fibration and 8 a

1-forrn on P such that w = d8 . The quadruple (P,X,~,8) is

called a special symplectic structure on P if there is a diffeo

rnorphism Cl: P -> T*X such that ~ = 7T
X

0 a, 8 = ct* 8x (cf.

[1], [26]). Let L c(P,w) be a germ of singular lagrangian

variety, i.e. the stratified subset of P the maximal strata of

which are lagrangian [22]. The question 1s: do there exist

a special symplectic structure (P,X,n,e) on (P,w)(i)

(ii) a submersion p : A -> X , for some smooth manifold A •

(iii) a regular (i.e. transversal to the fibres of T*A , thus

generated by a function F: A -> R ) lagrangian submanifold

N Si (T* A , da A)' ,

such that L is an image of N with respect ot the canonical

cotangent bundle lifting of p, i.e.

L = T*p (N) (see § 2)

Such problems appear naturally in a study of constitutive

sets in mechanics and thermodynamics [24] as weIl as in the

investigations of wave front singularities in the presence of

obstacle [3]. Representation of singular equilibrium spaces of

states, for var~ous systems encountered in physics, by the

corresponding smooth resolutions, bring some light on the geome-
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trical structure and the physical sense of these singularities.

The corresponding smooth representatives give us the calcula

tional possib~lity to indicate many universal characteristics

(e.g. of the equation of states) for the systems near phase

transitions.

Our aim in this paper is to give the postulational basis

for resolution of thermodynamical spaces. As the main result

we obtain the classification of singular constitutive sets and

singular syrnplectic structures. We also provide the exact resol

ving procedure for the so-called simple thermodynamical systems,

the droplet system and chemical system in the presence of

chemical reactions.

In Section 2 we recall the relevant definitons and facts

concerning symplectic images as weIl as we classify the singular

symplectic structrues. In Sections 3 and 4 we present the georne

trical approach to thermodynamical composite systems and discuss

qualitative properties of reduced lagrangian varieties as the

models of various phenomenological phenomena. In Section 5 we

develop the geo~etry of constitutive sets and provide the classi

fication of their stable images. Direct application of the theory

of images of constltutive sets to coexistence of phases is dis

cussed in Section 6. In this section we show how useful the

syrnplectic approach is in understanding quite complicated struc

ture of phase transitions.
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§2. SYMPLECTIC IMAGES AND SINGULAR SYMPLECTIC STRUCTURES

Let (P 1 ,W1 ) and (P2 ,W2
) be two syrnplectic rnanifolds

(for the basies of symplectic geometry see e.g. [1],[25]). Let

Tri : P1 x P2 -.-> Pi (1= 1,2) be the cartesian projections. We

define a syrnplectic relation R from (P1'w 1 ) to (P2 ,w2 )

as an imrnersed lagrangian submanifold of the syrnplectic manifold

•

(see e.g. [6] p.9).

(P1'w 1 ) , i.e. at each xEC,

the syrnplectic polar of T C. x
§ {.(TxC) = v E Tx P 1 ; < v n u, w1 >

defined by

= 0"'uET C}
x

For any subset F c ~1 -, the set R (F) = {P2 E P
2

; there· exists

P1 E F such that (P1 ,P2) E.R} c P2 is called the image of F

with respect to the relation R. If S c P2 then the set

tR(S) cP1 will be called the counterimage of S with respect

to R. Here t R is the transposed relation,

t R = {(P2'P,) EP2xP,; (P,'P2) ER}C(P2 XP, ,-1TiOJ2+1T~OJ,)

(P 1 x P 2 ' - Tr ; W1 + 1TiW2 ) (cf. [ 6] , [2 5 ] ). Le t C be a 5 ubman i f 01d

of P
1

' let the symplectic relation R be given as a graph of

an appropriate differentiable submersion Tf: C --> P2 . Then

R is called the reduction relation from (P 1 ,w 1 ) to (P2,w2~

(cf. [7], p. 561), arid C is a soisot~opic submanifold of

(T C) § c·T C Vlhere (T C)§ is
x - x. x

Most applications of syrnplectic geometry use the cotangent

bundles as the typical examples of symplectic manifolds (cf.

[15},[14],[23],[22]). Hence in what follws we deal with syrnplectic

manifolds endowed with the special cotangent bundle structures

(cf. [24]).
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Now let X and Y be two smooth manifolds and let

f X --> Y be a smooth mapping. We define the set

T*f = {(1;, n) E T*X x T*Y ; I; = f*n }

It is easy to check (see e.g. [26], p.S) that T*f is a

symplectic relation in (T*X x T*Y , rrid6y - rrid6x) , where

6X,6 y are the Liouville forms corresponding to T*X and T*Y

respectively (see [1]). This is the graph of symplectornorphism

if and only if f is a diffeomorphism.

PROPOSITION 2.1. Let p: X --> Y be a srnooth submersion

(i.e. rank d p (x) = dirn Y at each x EX). Then the set

T* P c (T*X x T*Y rr*d6 - 7T*d e) is the sympl,ectic reduction, 2 Y 1 X

relation fram T*X to T*Y.

PROOF. We have the natural mappings associated to p (cf. [1]):

(*) T*X <..!l.::, X x, yT*Y L> T*y

where p is the restriction to of the projection of

X x T*Y onto the second factar. Since h is an immersion, we

identify X x yT*Y (the f ihre pullbacek of T*y by means of p

to its image C in T*X. It is easy to see that T*p is a

symplectic relation (see [6], p.13). Moreover on the basis of (*)

we see that T*p 1s the graph of differentiable submersion

C --> T*Y (because of p is submersion) defined by p . Hence
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T*p is the reduction relation and e is the corresponding

coisotropic submanifold of it.

In more general context (see [6]), to each coisotropic

submanifold eS (T*X,d6 x) corresponds the canonical sYrnplectic

manifold, defined by the so-called hom?geneous system, i.e. the

triplet (T*X,d6 x,C) defining the corresponding characteristic

distribution on C. If B is the set of its integral manifolds

adrnitting a differentiable structure then there is a unique

symplectic structure ß on B such that

P*ß - d6 I = 0X C

where p: C --> B is -the canonical submersion (see [6], p.13).

Let L b~ a lagrangian submanifold of (T*X,d8x) . The

singularity structure of the image of L with respect to the

reduction relation T*p depends on the properties of mutual

intersection of L' and C (here also C = tT*p(T*Y» .

PROPOSITION 2.2. Let T* P c (T*X x T*Y n*d8 - n*d8 )-' , 2 Y 1 X be the

reduction relation (as in Proposition 2.1). Let L be a lagran-
.

gian submanifold of (T*X, d8
X

) and let C be the above defined

coisotropic submanifold of (T*X,d8x) -. We -assurne that C n L is

smooth and T (C n L) = TC n TL (clean intersection condi tion

[25]). Then pl~ n L: C n L --> T*Y- (defined in (*» has a con

stant rank and T*p(L)' is an irnmersed lagrangian submanifold of

(T*y,d8 y ) .
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The proof of this proposition follows imrnediately on the

basis of [7] Proposition 2.

Proposition 2.2 1s very useful in representing the lagran-

gian submanifolds in cotangent bundles by the so-called gene-

rating families, or Morse families (see [26]). Let L ~ (T*X, d8 X)

be a lagrangian submanifold generated by a smooth function

F : X --> R i.e. dF(X) = L , dF X --> T*X . If L is

transversal to C = tT*p(T*Y) then F 1s called the Morse

family generating of the lagrangian submanifold

T* p (L) .s: (T*Y, d8y >'. • A lagrangian submanifold of a cotangent

bundle can always be generated, at least locally, by Morse

families (see ["26], Lecture 6). If (y,A) are coordinates of X

adapted to the submersion p: X --,> Y , then the transversality

condition for a function (y,A) --> F(y,A) is formulated as

the maximality of the rank of the matrix (cf. [4])

In terms of canonical coordinates (y,p) of T*Y , the lagran-

gian submanifold T*p(L) 1s described by equations:

o = aar, (y, A) , i = 1 , ••• , d im Y ,

J
j = 1 , ••• , dirn X - d im Y

There are many examples where the above introduced trans-

versality conditiens er clean-intersection conditions are not
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fulfilled (see [4], [17], [23]). If this 1s so the image set

T*p(L) is no longer a differential submanifold . The aim of

this paper is to describe the fundamental properties of such

varieties encountered in classical physics.

EXAMPLE 2.3. (c n L is not smooth submanifol of T*X).

Let dirn T*X = 4 and (xl' x 2 ; t; 1 ' t;2) are coordinates on T*X.

We difine C = {p € T*X ; 1;2 =o} and L = dF (X) , where

141 2
F(x1 ,x2 ) =·4x 2 + 2x,x2 · We see that

C n L = {p € T*X ; 1';, - ~x~ = 0 , (x~ + x, )x2 = 0 , 1;2 = o} isnot

regular. Obviously the reduced set S = T*p(L) , where

P(x1 ,x2 ) = xl ' is not a submanifold of T*Y .

EXAMPLE 2.4. (C n L is a submanifold of T*X, however T* p (L)

is singular). Let (T*X,d6x) and CST*X be as in Example 2.3,

here P(xl,x2'~1) = (x 1 ,t;1) · Let the generating function for

15232
L c (T*X,d6x) has a form F (x, , x 2 ) = SX2 - '3x , X z + xZx, . In

this case CnL = {P€T*X; 1;, - jx~ = 0, x, - x~ = 0,1;2 = o}

Hence the reduced set S = T*p (L) = {(X1 ' I; 1) € T*Y ; 91;~ = 16X~}

has the cusp singularity (cf. [20]) at zero. It is easy to check

that pI C n L has no constant rank in this case, which is a

reason of appearance of this singularity. It also appeared as

a mernber of the hierarchy of open-swallowtails introduced by

Arnold [4] (cf. [, 7 ] ) .

We generalize now the construction, introduced in [4],

which was apart of original motivation for our investigations

of singular images of lagrangian submanifolds [17].
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Let C, V be two coisotropic submanifolds of a syrnplectic

manifold (P, w) , codirn C =codim V =k • Let TI : C -> M be

the canonical characteristic projection. M is the corresponding

syrnplectic manifold, dirn M = 2n - 2k , dirn P = 2n . Let V and

C intersect transv~rsally, so we have the next submanifeld

W~ C , W = V n C , and i ts smooth rnapping K onte M, K = TI Iw •

As an immediate consequence of this construction we obtain.

PROPOSITION 2.5. The singular generic syrnplecitc structures on

W (dirn W =2 (n-k) are classified by classifying smooth rnappings

K = TIlw treated as the rnapping diagrarns W ~> C ~> M

(cf. [27]) with dirn Ker K* ::i k •

COROLLARY 2.6. (cf. [4]). Let k = 1 , then generically the

singular symplectic structures on W, say ww' are classified

by the follewing germs of Whitney project1ons (see [20])

where Ww = K~wM' TI (YO'··· ,YN) = (Y1'··. ,YN) , dirn W =N and

wM is the canonical syrnplecitc structure on M. Moreover if

r ::i 3 Ww has the corresponding normal forms

r=1 dp. A dq.
1. 1.

dp. 1\ dq.
1. 1.

n-2
+ dP1 A dq1 + I dPi 1\ dqi

1=3

3 n-2
d (PO + P1 P O) 1\ dP1 + l

1=2

4 2
= dq2 A d (PO + P2 PO + Q2 PO)

w =w·

r=3

r=2
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where (qo, ... ,qn'PO' •.. 'Pn ) are the corresponding Darboux

coordinates on P in which TI : C -> M , 1T (q, • • · , q , PO' ... , P ) =n n

PROOF. On the basis of Whitney's theorem (see [2], p.163),

elassifying the stable projections Tl'
W <=....-> C -> M , by an

appropriate eho1ee of loeal coordinates on W, C and M,

we can reduee 1T to the form 1T (yO'·· · ,YN ) = (Y 1 ,··· ,YN) and

W = { . r+ 1 r-l o} Apply1ng [ 3 ]Y E C i YO + Y1Y:O + ... - Yr =

(Theorems 1 , 2 , ) , ror the cases r = 1 ,2 ,3 , we ean reduee

the symplectic forms· wM'w be diffeomorphism preserving the

corresponding swallowtail to the Darboux normal forms

W

n n
= L dp 11\ dq. , W = L dp J.' 1\ dql' C = {(p , q) E P i q 0 = O}

1=0 1. M 1=1

where the respeetive hypersurfaee W is given in the following

form:

r=1 W {(P,q) E C
2 o}= Po + P1 =

r=2 W { (p,q) EC
3

+ P1PO o}= i Po + ql =

r=3 W { (p, q) E C
. 4 2

P2}= Po + P1 PO + q2 PO +

Taking the appropriate pullbacks

of Corollary 2.6.

K* Wv M we obtain the results

The singular symplectic structures (classified in

Corollary 2.6) where used in [3] and [4] to indicate the generie
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singular lagrangian varieties, so-called open swallowtails,

appearing in the variational problem of bypassing of obstacle.

The more cornprehensive study of these singularities was done

in [1 7] .

REMARK 2. 7 . Let dirn P = 8 and k = 2 , then the generic

singular structures on: w are classified by the germs of

the following stable mappings (see e.g. [2] p.68)

r1 ,0
K(Y1'···'Y4)

2= (Y1'Y2'Y3'Y4)

l:1,1,0
K (y 1 ' • • • , Y4 ) (Y 1 'Y2'Y3'Y1Y4

3
= + Y4)

,>:1,1,1,0
K (y 1 ' • ~ • , y 4 )

2 4= (Y1'Y2'Y3'Y1 Y4 +Y2Y4 +Y4)

11 ,1, 1,0
K(Y 1 '···'Y4)

235= (Y1 ' Y2' Y3' Y 1Y4 + Y2Y4 + Y3Y4 + Y4)

r2 ,0 K(Y1'···'Y4) = ( 2 + 2 )
Y1 ' Y2 ' Y3 - Y4 + Y1Y3 + Y2Y4 ' Y3Y4

where coordinates {Y1' .•. 'Y4} are not necessary adapted to the

Darboux normal form of the symplectic structure 'wM
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§3. COMPOSITE SYSTEMS AND SYMPLECTIC REDUCTION RELATIONS

Now we consider a simple therrnodynarnical system (see e.g.

[9]), with the chart of extensive variables {x1 ,·· .. ,xn }

parametrizing the space of equilibriurn states of the system

(cf. [16]). Here the x.
~

syrnbolize the independent physical

quantities, e.g. the internal energy U, the valurne V and the

mole nurnbers N.. Following [16] (cf. [24]) we introduce the
J

phase space of the system as the syrnplectic rnanifold (T*X, d8 x) ,.

where 8
X

is the corresponding form of equilibriurn entropy.

The space of equilibriurn states, say L, of some real system

i5 a lagrangian submanifold of the phase ·space (T*X,d6 x )

(see [241, p.113). Equilibriurn entropy S of tl:Le system is

a generating function of L. This function provides the so-

called fundamental equation of the system (e.g. S = S(U,V,N)

for one-component simple system [9]) ~

The form of an equilibrium entropy is as follows

where Pi are the therrnodynamical intensities, e.g. 1/T

1/T, P /T, -IJ. j /T (T - temperat ure, p-pressure, IJ. j - chemical

potentials). The corresponding equations of state

. are deterrninded by the obvious relation.
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T*X --> X 1s the cotangent bundle

In classical therrnodynarnics (see [9], [1"9], [18]), the

'composite system is defined as a conjunction of spatially dis-

joint volurne elements, i.e. isolated subsystems, each of them

is characterized by the set of additive (conserved) quantities -

extensive parameters. The walls or internal bo~ndaries limiting

thermodynarnic subsystems are assurned to be restrictive (or non-

restrictive) with respect to the transfer of the various quan-

tities. Manipulations by means of the boundary conditions

(imposition or relaxation of constraints) are called thermody

namic operations. The therrnodynamic processes are defined as

transfers of additive lnvariants between sUbsystems after the

thermodynamic operations. The sequences of thermodynamic

operations applied to the starting system is calIed a therrnody

namic deformation (e.g. in chemical systems as an example of

thermodynamic deformation we can consider a simple bringing into

the system some new chmical constituents).

The phase space of a composite system has a form:

where (T*X ,d6x ) i5 the phase space for the corresponding
4' <P

isolated subsystem and ~~:TbTT*Xb --> T*X
lP

is the cartesian

projectlon (lP,b, are integers).
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Assurning only the thermodynarnical interaction betwe~n

subsystems (cf. [9], [22]), for the total entropy we can write

S = L
a

Sa

where S is the entropy func~ion for the corresponding sub
a

system. By a relaxation of constraints we evoke the correspon-

ding therrnodynamic process as a transfer of additive invariants

between subsystems, thus we have the transition (irreversible

in general) from a more constrained state to a less constrained

equilibrium. In such therrnodynarnic processes some previously

controlled parameters tend spontaneously to equilibriurn values

deterrnined rnainly by the remaining controlled additive invariants.

EXAMPLE 3.1. Let us consider the class of thermodynarnic deforma-

t10ns of the simple one-component,system onto two spatially dis-

joint isolated subsystems. The corresponding phase space of this

composite system 1s following

where in the respective local coordinates we have

{U.,V.,N.} , (i= 1,2)
~ 1. 1.
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By removing the thermal constraint between subsystems the new

controlled extensive variables space is as follows

(see e.g. [9]) and the possible range for the spontaneous

changes of extensive parameters is defined by the submersion:

It is easy to check that the corresponding coisotropic sub-

manifold of T*X x T*X
1 2 defined by the syrnplectic relation

has a form

Hence, this example suggests that in general thermodynamical

context equilibrium condition has the structure of coisotropic

submanifold. We can ~ormulate the following

HYPOTHESIS 3.2. Equilibriurn of a thermodynamical system sub-

jected to the elass of deformations is determined by the corres-

ponding reduction relation

T*p _c (T*X x T*Y TT*W - TT*"\ ), 2 Y 11,,1,/X
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where p: X --> Y is a submersion defining the control

variables, and (T*X,wX) is a phase space corresponding to

the intermediate composite system.

The coisotropic submanifold C = tT*p(T*Y) c (T*X,wX) is called

the condition of equilibrium with respect to the imposed class

of therrnodynarnic deforrnations.

REMARK 3.3. Thermodynarnic processes caused by the thermodynarnic

operations are irreversible, so one can generalize the above

introduced nations to the irreversible therrnodynarnics framework.

However in this paper we consider the transition from the more

constrained to a less constrained equilibrium (cf. [9]) and we

deal only with the initial and final equilibriurn states, (the

initial lagrangian submanifold and the reduced lagrangian sub

maniföld respe~tively), ignoring both interrnediate non-equilibriurn

situations and also the time dalay involved in the transitions.

EXAMPLE 3.1. (continuation) In the standard composite system

(see Fig. -1 ), by removing all constraints, we can contr61 the

total sums of the corresponding additive extensive invariants,

i.e. the submersion p: X --> Y is as follows (system composed

of k-subsystems)

(E . U . ,E iV . ,E . N . )
1. 1. 1. ~ 1.

Hence, the corresponding reduction relation
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= 1 Pi -.e Ui _ J.L }
T'T

i
-T'T

i
-T' 1=1, ..• ,k

•

and the equilibrium condition (cf.[18], [9] and Prop.2.1) 1s

as follows

EXAMPLE 3.4. (Droplet equilibrium). Let us look at the droplet

in sorne surrounding gas as a composite system. The corresponding

phase space (T*X,d6x) can be characterized as follows

1 1 P1 P2 J.L 1 U2ex = -T dU1 + - dU + - dV + -- dV - -- dN 1 - -- dN2 - ßda
1 T2 2 T1 1 T2 2 T1 T2

where a is an area of the droplet (see Fig. 2) and

{u"u2 ,v"V2 ,N"N2 ,a} are the standard coordinates of X. The

natural submersion meddeling the equilibrium of the droplet has

a form

where g: X --> R is the function of a possible dependence

of a on the rest of extensive variables. We can assume that

g depends only on two variables, say a and V
1

the droplet) .

{volume of
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By simple calculations using the local coordinates we

obtain the corresponding equilibrium condition:

T T = ~ = P2 + ~v (0, V1 ) a , -ß =~ (0 , V1 ) a , a E R}
1 = 2' J,11 J,12'T T 0 1

1 2

This 1s equivalent to the equation

P1 - P2 = - 0:~ (0, V 1 ) / t; (0 , V 1) =
1

da
ct dV, g(a,v

1
) = 0

where 0: = ßT is a surface tension of the droplet (cf.[18]). In

this example we used a little more general notion of reduction,

namely the reduction relation with constraint. In what follows

we give the precise description of such objects.

REMARK 3.5. In the standard phase space of thermodynamics (let

us take the internal energy representation [24], [9])

(T*Q, ,d8Q ) , T*Q1 : {S,V,N,T,-p,J,1} , 80 = TdS - pdV + UdN , there
1 1

is an additional structure, namely the structure defined by the
•

so-called Gibbs-Duhem distribution r = {X =·O~} , where

X = -SdT + Vdp - NdU • This distrubution is not integrable (it

is easy to check that X n dX 'f 0 on T*O, ) . However every

tangent hyperplane r c T T*01 is a coisotropic subspace , sop p
taking the syrnplectic polar r~ to every rp we obtain the

corresponding characteristic distribution r§ (see §2). r§

is one dimensional and integrable, r § = {cSsL + cSV~ + 6NLas av aN
NoS + SoN = 0 and NoV = VON} . The space of equilibrium
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states of the system 1s a lagrangian submanifold L S (T*Q1/d6Q )
1

such that TLc,r • Let F: Q1 --> R be a generating function

for Land i : L --> T*Q1 its immersion. Let us define the

following function G: T*Q1 -> R I G (S I V ,N IT ,P ,IJ.) = TS - pV + IJ.N

The condi tion TL c r irnplies

i*dG = TdS - pdV + J,l.dN + SdT - Vdp + NdJ,l. I L = B
Q1

I L - XIL =dP

and the corresponding Euler equation for F.

(cf. [9] I [1 9 ] ) •

i*G = 'IT Q1 I L* F
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4. REDUCED SPACE OF EQUILIBRIUM STATES.

By Hypothesis 3.2. the symplectic reduction relation

describes the corresponding process of establishing of equili

br iurn in deformed systems. Let LoS (T*Q ,WO) be aspace of

equilibriurn states of a thermodynarnical system endowed with the'

shase space (T*Q,wa)

HYPOTHESIS 4.1. Let the assurnptions of Hypothesis 3.2. be

fulf illed. Let the lagrangian submanifold L ~ (T*X ,wX) represents

the space of equilibriurn stat~s of the composite system correspon

ding to the considered class of deformations of the initial system

L s;;; (T*Q,w
O

) • Then the space of equilibriurn states of the deforrned

equilibrium system Wc (T*Y,wy ) 1s represented as a symplectic

image; i.e.

W = T* p (L)

The therrnodynamical phenomena do not suggest in general any

regular intersection condit1on between the lagrangian submanifold

L s (T*X,wX) and the corresponding equilibriurn condition

C ~ (T*X,wx) (see Hypothesis 3.2). Hence the space of equilibrium

states of the deforrned system can be very compl1cated and not

'smooth in general (see Fig. 3 .).. Our aim in' this

paper 1s to give the geometrical framework adapted to the '

canonical representation of the singular constitutive sets by

their smooth resolutions (cf. [17]).
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If we assurne that the redueed phase space is isomorphie

to the phase space af the initial perfeet system, i.e. we have

the following diagram

T*p

(T*X,WX'C)

l'
/

./
I

/
/

/ ~
Ei:

(T*Q,w
O

) <:---> (T*Y,w y )

deformation

Then the stability nation' of the initial space of equilibriurn

states L S (T*Q ,wO) can be defined.

DEFINITION 4.2. Let L =(T*Q, w
a

) be aspace of equilibriurn

states of the system. We say that L is stable wlth respect

to the given group', of deformations if and only if Land

T*p(~) are isomorphie, i.e. there exists a symplectomorphism

~ : (T*a,wO) --> (T*Y,wy ) such that

lP(L) = T*p(L)

where t and p were defined before and are determined by

the class of deformatlons .

.As an example of the unstable space of equilibrium states

we take the smooth surface given by the Van der Waals equation

(see [15], [9]). The stabilization of this space (near eritical

points) with respect to the standard deformations into two
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thermodynamically interacting subsystems corresponds exactly

to the so-called Maxwell convention. The stabilized space is

no longer smooth (see Fig. 3.). Because of the universality

of this example we give its more precise formulation.

Let us continue Exarnple 3.1. In the first step we asswne

for simplicity that the constraint separating the corresponding

two subsystems is diatermic (cf. [9]). This suggests the use of

Helmholtz cotangent bundle structure (special symplectie

structure [24]) for the phase space of the system i.e.

T*Q : {T, V, N; -8 ,-p, ~}, 6Q = -8dT - pdV + ~dN • The corresponding

condition of thermol equilibrium in . (T*Q, + T*Q2 , 1T td6Q, + 1Tid6Q2)

has a form (see Exarnple 3.1.)

Since the phase transitions are isobaric and isothermic

processes it is reasonable to fix one of the intensive parameters,

say T, and loealize the other one (p) in the point of phase

transition. In what follows we use the proposed geometrie view

point to describe forrnally some aspeets of phase transitions

(see [21], [19])."

We see that the space of characteristics of C
T

is cano

nically isomorphie to (T*X,d6x) where X is an open subset

of R
5

with local chart {T,V"V2 ,N"N2 } and

6x = -5dT - P1 dV1 - P2 dV2 + ~1dN1 + ~2dN2 ' where 5 = 51 + 52 ·

The corresponding submersion p: C
T

--> T*X defined in §2

is as follows:
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P (T,Vl,Nl,T,V2,N2,-Sl'-Pl,~,,-S2'-P2'~2) =

= (T, V1,V2' N, ,N2 , - (5, + 52) , -Pl ,-P2 ,~, '~2)

Let the space of equilibrium states L S (T*a,d8
a

) be

defined by the Helmholtz free energy function F: a --> R

(cf. [24], p.113). Then the corresponding generating function

for lagrangian suhmanifold LS (T*X,d8x) representing the

equilibr1um states of the composite system (with respect to the

considered class of deformations) has a form

s1nce the two subsystems have the same nature.

The submersion p (cf. Hypothesis 3.2) for the full contact

of subsystems 15 as follows:

and the corresponding equilibrium condition

We see that (T*a,d8a) a (T*Y,d8y ) so we can ask for the

stability of the considered space of equilibrium states L. Tc

give an answer tc this question we roust look at the image of

lagrangian submanifold L,S (T*X,d8x) with respect to the

symplectic relation T* p. c (T*X x T*Y 7T*d8 - 7T*d8 )
- '2 Y 1 X •
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Let us consider the Van der Waals system (see [9]) in the

neighbourhood of critical point (cf. [21]) or the system with

the space of"equilibriurn states of type A
3

(cf. [16], [8],

[10]). Let us fix the total nurnber of moles, i.e. N = const. ,

so we have now the new pararnetrization for Q, Q : {T,V} and

respect1vely T*Q: {T,Vi-5,-P} , deQ = -pdV - 5dT .

X : = {(T , V1 ' V2 ' N1 ' N 2) i N1 + N2 = cons t. }

p(T,V
1

,V2 ,N1 ,N2 ) = (T,V 1 +V2 ) By simple calculations, using

the standard formula (cf. [24], [5]) and Proposition 2.1. we

obtain

PROPOSITION 4.3. For the class of deformations of the system

onto two isolated sUbsystems the corresponding image T*p(L)

1s described by the following equations

(1) a
F(T ,.v - V1 ' N _. N1 )-p = aV

(2) -5
aF (T,V 1 ,N 1 ) + aF (T,V-V1 ,N-N,)= aT dT

(3) 0
d

(F(T,V"N,) + F(T,V-V"N-N,)= av,

(4) 0
a

(F(T,V, ,N,) + F (T , V - v, ,N - N, ) )= aN,

PROOF. It is easy to check that the image of L with respect

to T*p is described by the "following equation

which implies the equations of Proposition 4.3.
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F is a homogeneous function (with respect ot the extensive

variables - Gibbs-Duhem equation [9] and Remark 3.5.). Thus we

can write

where f 1s a different1able function. We immediately have

COROLLARY 4.4. Let us assume the homogeneouity property (5)

for the function F . Then the equations (3) / (4), in terms of

function f, can be rewritten in the following form:

(6 ) .2! (T v ) =av ' 1

(7)

Let us fix T. By M we denote the set of pairs

2(v1 ' v 2 ) € R such that (6), (7) are fulfilled. We denote

2
6 = {( v 1 ' v2) € R ; v 1 =v 2 } , thus M ...... /), we call the set of

Maxwell points. Obviously, the pairs (v
1

,v2 ) E /), are solutions

to equations (6) and (7). This irnplies that the initial space L

is contained in the corresponding reduced space T*p(L) .

By simple reformulation of Corollary 4.4. we obtain

COROLLARY 4.5. The following conditions are equivalent
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of) of of- ov (T, v,) dv = 0 and ov (T, v,) - ov (T, v 2) = 0(b)

(a) (v"v2 ) E M' 6

v2

f (~;(T,V)
v,

Let us notice that the condition (6) in Corollary 4.5 is

equvalent to the condition of equal areas (0, =°2 ) introduced

by Maxwell 9 for the Van der Waals gas (see Fig. 3.). So the

method of stabilizing of L give us the space of equilibrium

states endowed with the Maxwell's additional part.

For the Van der Waals system we have

(8) f (T,v) = CvT In ~~ - RT In (v-b) - ~

(cf. [ 9 ] ) •

PROPOSITION 4.6. Let the function f have a form (8) and the

assurnptions of ~roposition 4.3. are fulfilled. Then in the neigh

bourhood of critical point (of the Van der Haals system) we have

and the smooth components L"L
2

have the following form

C

L, (-5, -p) = (N l.'n (eRTK) v, dN
2

RTN)
(V/N-b) R ' 7 - V-bN

. ·C _. . C

( ) (
.'!:..v2N (eK) v , V- v,N . (eK \ v , a RT)

-5 , -p = In - + In -) - -~
v,-v2 RT (v,--b)R v 2-v, RT, (v

2
-b)R' v~ v,-u
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Ba
= 27Rb

where (v
1

,v2 ) is a Maxwell point depending on T (see Fig. 3.).

PROOF. Using Proposition 4.3., Corollary 4.5. and the form (8)

of function f after straightforward calculations we obtain the

desired structure of T*p(L)

REMARK 4.7. The component L1

(cf. [15]).

(see Fig. 3 .) of T* p (L) repre-

sents the standard homogeneous states of matter (stahle gas and

stable liquid, and metastable respectlvely). However L 2

describes the equilibri~ space of coexistence states (coexistence

of liquid and gas phases [19]) and has the structure of con

strained lagrangian submanifold (for definiton see [24], p.103)

defined over the constraining,variety representing the correspon-

ding phase diagram. The classification of such spaces of coexis-. ",-'

tencestates can be found in [15]. As an immediate consequence of

Proposition 4.7. we'have the Clapeyrqn-Clausins equation (cf. [9])

representing the relation beween the slope of phase diagram and

affine parameters of the line of coexisting states:

~(T)
dT

51 (T) - 52 (T)
= V

1
(T) - v

2
(T)

•

where (v1 (T) ,V
2

(T» is the Maxwell point corresponding to

temperature T , and si(T) = af/aT(T,Vi(T» , i = 1,2.

EXAMPLE 3.4. (continuation) Let us consider the virtual droplets

in the Van der Waals gas. The corresponding phase space of the
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composite system in thermal equilibrium has a form

(T*X, d8 x) ; 8x = -SdT - P1 dV1 - P2 dV2 + 11 1dN 1 + 1l 2dN2 + ada and

{T,v1 ,V2 ,N 1 ,N2 ,0} are local coordinates of X (cf. [18]).

Let us assume the spherical shape of the droplet, i.e.

g = 0
3 - 36TTV~ . The corresponding submersion p . (with constraints)

defining equilibrium of the reduced system is as follows

P (T, V1 ' V2 ' N1 ' N2 ,0) N
1

+ N
2

=N = const. = (T, V1 + V 2)

3 2a - 36TTV1 = 0

and the generating function for the space of equilibrium states

of the composite system L c:: (T*X, d8 x) has a standard form

(cf. [1 8 ] ) .

It is easy to check, that the equations defining T*p (L) c T*Y

can be written as follows

( 9)

( 10)

p = P2

V = V
1

+ V
2

N = N
1

+ N
2 = const.

3 2
0a - 36 TTV 1 =
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432where we assumed, V1 = 3' iTr , a = 4 1T r , r > 0 • It 19 obvious

that the equations (9), (10) can be rewritten in the following

way

( 1 1 ) dv 2a
= v-2r

(12 ) 2a+- ,
r a '= 0

(see e.g. [18]). But these two equations have very convenient

geometrical interpretations (see Fig. 4.).

Follow1ng Widorn [28] we can assume in the critical region

(13) a (T) - (T - T ) U
c

where U 15 the corresponding crit1cal exponent (cf. [21]).

For the general A
J

' model (cf. [16]) we can derive the asympto

tic behaviour for minimal radius Rrnin of an equilibrium droplet

near a critical point.

By the scaling argument (see e.g. [21], [28]) we can obtain

an apporopriate value for the critical exponent ~ using the

scaling relations

u+v = y+2ß , Sv = y+2ß
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where v,y,ß are standard critical exponents (cf. [21J)

and S 1s a dimensionality of the system.

The measured value ~ = l.28 ± 0.06 is a realistic

estimate for u which 1s believed to be universal (s~e [21J).

Thus we can deduce frorn (14) that in the critical region only

fluctuations of density exist and any new phase can appear.
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§5. THE GEOMETRY OF CONSTITUTlVESETS

The space of equilibriurn states for the system introduced

in the preceding section, is a particular case of the so-called

constitutive set the notion coming from the contral theory of

static mechanical systems (cf. [23]).

Let K be an arbitrary subset of the manifold X. We

assume K to be semialgebraic (cf. [12]). Let us consider the

set of partially ordered subdivisions of Konto disjoint

union of semialgebraic components (see [13]). As an example of

such subdivision one can take the standard stratification (into

smooth submanifolds) which always exists for semialgebraic

sets (see [1 3], [2]).

Let E; be a subdivision of K c X , say K = U K i • We
iEI

define the subset TKi of TX by

TKi = {v E TX ; there exists an integral curve y: R -> X

for v such that y ([0, E [) c: K i ' for some E > 0 }

So the corresponding tangent space of K subordinate to the

subdivi5ion E; i5 defined as follows

U TK ilEI

For the trivial one-component subdivision of K we use also

notation TK. For the constraints we write (K,E;)
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The censtitutive set of a system, endowed with the phase

space (T*X,d6x) , i.e. the set of points in T*X defining

certain "external force s ". (cf. [ 2 3 ]) under which the system

will remain in equilibrium, 1s defined as fellows:

( 1 5 ) s = {p E T*X; 1T
X

(p) E K, <v,p> ::> <v,a> for each

such that

where a: X --> T*X 1s a 1-form (defining the regular system

before the constraints Kare imposed [23]), and .5 is called

the const1tutive set corresponding to the subdivision ~ .

EXAMPLE 5. 1 • Let a material point move freely on the line. Two

stops restrict the rnovernents of the point to the interval

-a ~ x ~ a , a > 0 • It is easy to check that the constitutive

set corresponding to the trivialsubdivision is described by

Ix I :s a

f = 0 . if

f :s 0 if

•
f '= 0 if

lxI< a
x =-a

x = a

where (x, f) are coordinates of T*X Si R2 .

If (K,~) represents the physical constraints irnposed

on the system with internal energy U X --> R . Then the

corresponding constitutive set S of the constrained system is

defined by the variational principle (15) with a = dU . This
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principle 1s the generalization of the principle

v E TK such that

<v,p> = <v,dU> for each

valid for"the constraint represented by a smooth submanifold

K c X wi thout boundary.

Let p: X -> Y be a submersion, let K c X be a sertli-

algebraic subset of X, thus described by a number of polynornial

equations and inequalities gi(x) = 0 I gj(x) ~o •

DEFINITION 5.2. The subset SC(T*y / d8 y ) defined as follows

S = {p E T*Y;1Ty (p) E p (K) , <Tp (v) ,p> ;S <v,a > for each

VET(~)K such that p('x(v)l = 1T y (Pl}

19 called the reduced constitutlve set. We denote it also by

T* PK (aj (where a: X -> T*X 15 the one-form). Usually the
( ~)

9ubdlvision of" p(K) cY is determined by the structure'of thls

reduction procedure.

EXAMPLE 5.3. A freely rnoving material point on the plane

2 2R I (x/y) I confined to the parabole {Y - x = O} with "yll

only the controlled variable can be described as a reduced con-

stitutive set. Here we have

p (x, y) = Y I K = {y_x2 = o} (wi th trivial subdivision); cr:: 0



- 33 -

and S 1s described by the following conditions

y '= 0

f = 0

f E R

-if

if

y>O

y=O (y , f) E T*Y

We see that thls is the constitutive set over p (K) = {y;;:. O}

corresponding to the natural subdivision p (K) = {y = O} u {y'> O} •

If the constraint K c X is a smooth hypersurface then the

loeal singularities of the eonstitutive set 5 are determined

by the mutual position of K and fibres of the fibre-map

p : X -> Y •

The. eonsti tutive set (15) wi th a:: 0 we call the -free

constltutlve set. The free constltutlve sets are responsible for

the equilibriurn configurations governed by the constraints and

they determine the· stru~ture of singularities in the presence of

internal forces (0 ;z: 0) . Now we provide their stable reduced

types (for the definitions see [20]).

PROPOSITION 5.4. Let dirn X -.1 = dirn Y = rJ. , KcX , codim K = 1

and let p: X --> Y be a submersion. For the generic, redueed

free consti tutive. set ~ I around eaeh point x E K and around

the eorresponding point p(x) EY -we ean ehoose the Ioeal coordi

nates in whieh 5 can be reduced to one from the following normal

forms
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Sk ={ (f,y) E T*Y; 3 such that
xOER

k+1 k-1
Xo +y 1X o + · · · +yk-1 X o-yk =0 I

for each n+1
(v 0 I • • • , vn ) E R ~. such that

where· k E N I k Sn.

PROOF. For the rnapping diagrams of type

(* ) K C--> X _0_> Y

w1th the standard equivalence relation (see [2Jp.175)

K C--> X -E....> y

l.P 1 1 1l.P2 1l.P3

K c--> X 01

Y lP. - diffeomorphisrn (i=1,2,3)--> I
~

we have the Whitney classification theorem (see [27]). According

to this theorem the generic mapping diagram (*) with K-hypersur-

face and p-submersion with one-dimensional fibres, is locally

equivalent to one of the following normal forms:

P (xO, x 1 I··· IXn ) = (x1 I •• • IXn ) E Y

{
k+1 k-1 }

K = (x 0 I X 1 I • • • I xn ) EX; x 0 + x 1x 0 + • • • +xk = 0

whe re k =0 I • • • I n
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Insertingthis loeal expressions into the forrnula of Definition

5.2, after straightforward ealculations we obtain the thesis

of Proposition 5.4:

If dirn Y = n ;S,3 we can obtain even more, narnely the classi-

fication of normal forms for the generic images T*PK(dF)

PROPOSITION 5.5. Let the assumptions of'Propos~tion 5.4. be

valid. Let dirn Y = n ;S 3 . Then for the gene r ic constit ut i ve

set 5 = T*PK(dF) , the corresponding germ of S. for every point

p € S is equi~alent to one, .represented by P ,K,F , fram the

following list:

P :x ... y KS;X F . X~R.

(x o,Xl)'" Xl {XOaO} + 2
1 xl-xl

(X o 'Xl) ~ Xl {XZ-X ::lIO} XO+PI(X;)o I

-_(X O,Xl ,XZ) ~ (Xl ,XZ) {XO=O}
. + 2+ Z

XI,-XI-XZ

2 (XO,xl,XZ)-' (xl,XZ) {X~-XI=O} z 3
XZ+XO,±XZ+XO,XZ+XO±XZXO

(XO,XI'XZ)~ (XI,XZ) {X;+XOXZ-XI-O} ±XO+PZ(X;+XOX2'XZ)

(XO,XI ,X 2 ,X 3) -: (X I ,X Z 'X 3) {XO=O} + Z 2+ ZXl,-XI XZ-X3

(X O,XI ,X 2 ,X 3) ... (X I 'XZ'X 3) {XZ-X =O} . ±XZ±XZ
o I X2+X O,X O- Z- 3'X 2+X OX3 ,

X2±XOXZ+X~±XOX;

3 (X O'X1 'X2 'X 3 ) -. (X I ,xZ 'X 3) {X~+XOX2-XI:clO} XO+X3'XO±X~+P3(X~+XOxZ'X2)'

X3±X~+XOP4(X~+XOX2'XZ)

(X O,Xl ,XZ,X 3) ... (Xl ,XZ ,X 3) {X~+XZx +x x -x =o} ±X +P5(X~+X~XZ+X X ,x ,x )o 0 Z 0 3 I o 0 3 Z 3

where Pi (i = 1 , •.. ,5) are smooth functions.
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PROOF. On the basis of Proposition 5.4. we can reduce the

classification problem for the generic images T*PK(dF) to

the classification of mapping diagrams

F n
R <- K C-> X -t:...> Y

endowed with the so-called strong equivalence (see [2]). In the

loeal coordinates of Proposition 5.4. using the Whitney lowerable

·veetor fields on K we can classify the generic singularities

of F (see [2 J, p. 356) .

Then, as we see from the definition of the reduced consti

tutive set 5, we can take for F an arbitrary smooth extension

of F. Taking the trivial extension of F we obtain the list

of Proposition 5.5.
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§6. COEXISTENCE OF PHASES, EXTENDED APPROACH

We consider the closed system consisting of n moles of

Van der Waals gas divided into k open subsystems in equilibriurn

(composite system §3). Let (T*X,d6 x) be the phase space of this

system (cf. [18]).

X "R
3k

: {(Vi)' (si)' (ni)}

T*X" R
6k

{(Vi)' (si)' (-ni)' hr i ), (Ti)' (~i)}

k

ex = i ~ 1 hr i d v i + Tid si + ~ i dn i )

where " (~.), (s;), (ni) etc. are the molar coordinates correspon-
~ ~

ding to the division into cells (see [9]). The adjoint variables

expressed in the standard thermodynamical coordinates are the

following (cr. Section 3) .

be the generating function for the space of

Let the internal ene"rgy
k

= 1: niu(v.,s.)
i=1 ~ ~

equllibriurn states

( (vi) , (s i ) , (.ni) ). -+ ij ( (vi) , (s i) , (n i) . =

of the compesi te system. "The configura-

tional demain K cX (attainable states) 1s defined as fellows,

K={((Vi ),(5 i ),(ni »)EX; vi>O , 5 i >0 , ni<:O ,

k
for 1=1, ••. ,k, L n

1
= n>o}

i=1
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We adapt Definiton 5.2. in variational form, to obtain all

equilibrium states of the reduced system.

Let (T*Y,d8 y ) be the standard control phase space

(see Sectioh 4), i.e., T*Y: {V,.S,-p,T} , 8 y = TdS - pdV •

HYPOTHESIS 6.1. Let p: X-.Y, p«vi),(si},(ni )} =

= ( ~ n i Vi' ~ n i Si) be the canonical submersion. ~hen tbe space
i= 1 i= 1

of equilibrium states Wc (T*Y,dS y ) for the reduced (deforrned)

system is represented as the reduced constitutive set

where L 1s the corresponding, regular constitutive set in

(T*X,dS X) • Now we verify this hypothesis in the case of the Van

der Waals system (see Section 4). By Definition 5.2. we have:

such that

1° p«vi),(si},(ni » = (V,S)

2° ~po( ~ nivi ) + TO( ~ nisi);s Ö .U( (vi)' (Si)' (ni»
i=1 1=1

for all displacements «OVi ) ,(05 i ), (oni» compatible with K.

According to the structure of K we have the two cases:

·(K');ni>O for i=1, ... ,k (k subsystemsi

k
L on i = o}

1=1

taking on! 1'0 , fram 2° we obtain
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(16) p = i = 1, ••. ,k

Inserting into 2 0
, OV~ = 0 , oSm = 0 , for 1 ~ 9..,m :;; k and

on
i

+ on. = 0 were on
r

= 0 if r ~ i, j , we obt'ain
. J

Taking into account the legendre transformation of u(v,s) ,

namely f T (v) = u (v, s, (v, T» - Ts (v, T) , where ~~ (v, s (v, T» =T

the equations (16), (17) can be rewritten as follows

-p dv = 0

But they are equations obtained in Section 4. for t~e Van der

Waals system. In this case, near the critical point, we have

maximally two different solutions with appropriate values of p

and T . Let 1
1

be a subset of K = {1, •.• ,k} corresponding

subset corresponding to the second solution

vely. Hence we can write:

1 1
(v ,5 )to the solution, say be the

respecti

:2
+ Nz5 ,

1 2 = K - 1
1

. 2 2
(v , s )

1
, S = N

1
S

, and let

1 2
V = N

1
v + N

2
v

andl n., N2 = l n iiEI, ~ iEI 2

N =,

-p au(' 1)
= av v , s , T au( 1 1)= äS v ,5

which are equations describing the coexistence of the two

phases (see [9]) with the Maxwell convention as a consequence

of the approach.
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rE I 1

Let us suppase that the r-th cell became empty, i.e.

K" = { ( (vi) , (si) , (ni» ; vi > 0 , si > 0 , n r = 0 for some r E 1 1 '

n i > 0 for i E K - {r}} . By Definition 5.2. we have

( 18)

-p = .dU (v s)
~ .,.
aV

i
~ ~

, T for iEK-{r}

and

-v = v
1 Ln. + v

2 ~ n
jEI

1
-{r} ] iEI2 i ' S =

Let us take

on. = - L on
] iEX-{ j} i

for same j;e r • Substi tuting this farmulae ta 2 0 we obtain

.r (-Pvi+Tsi+Pv.-Ts.)oni~ "}: (u(v.,s.') -u(v.,s.))on.
i~-{j} ] ] iEK-{j} 1 1 J J l

By independence of on
i

we have

( 1 9 )

(20)

-p(v.-v.) +T(s.-s.) =u(vi,si) - u(v.,s.), for i,j;;tr
~ ] 1 ] ] ]

-p (v -v.) + T (5 -5.) ~ U (v ,5 ) - u (v . ,5 . ), 1 ~ j ~ k
r ] r ] r r ] ]
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It is easy to check that (20) is autornatically fulfilled and

(18) together with (19) reconstruct the modified Van der Waals

variety (see Fig. 3 .).

REMARK 6.2. Considering the condi tions 1 0', 2 0 for generic

potential function fT(v) (see [9], [16]) we obtain the tripie

points (i.e. coexistence of three phases). The presented georne-

trlcal approach can be easily extended into more general thermo-

dynamical systems providing guite useful methods for unifying

the descriptions of phase transitions in cornplicated systems

(cf.[19]). Moreover one can find easily the universal geometr~cal

meaning for rnajority of standard procedures "in classical theory

of phase transitions (see [18], [21], [9]).

Let us adapt our methods to the chemical equilibrium .' ......

(cf. [9]). Let (T*~,de~) be the phase space of the spatially

and chemically (with rnany ingradients) cornposite system.

esr =
k m
L (- S" dT. + V. dp. + LU.·· dn "i)

i=1 ~ 1 1 1 j=1)1 J

where "i ll numbers the cells and lIjll numbers the chemlcal

components of the cells.

For sirnplicity we assurne now that only one phase realizes

and only one chemical reaction can appear. So the corresponding

phase space for this chemical cemposite system is as fellows
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(T*X,d6 X) , T*X

are mole numbers of the chemical components. The

m
6

X
= -SdT + Vdp + I ~L. dn . ,

j =1 J J

where n.
J

chemical reaction 1s commonly symbolized by equation (see [9])

(21 ) ,

where vi are stoichiometric coefficients.

Equation (21) shows that the changes in mole numbers of all

substances taking part in the reaction are completely determined

by a single mole number, say n
1

• The course of reaction can,

therefore, be described in the form dni • vidA , i = 1, ••• ,m

where a is called the progress variable (cf. [9]). öß 1s

the increment in the time the reaction takes place. Thus the

phase space adapted to the presence cf chemical react10ns can be

defined as

,

.
where r 1s a number of reactions (here r = 1 ). Rr is the

space of so-called progress parameters.

Let (~*Y,-SdT + Vdp) as before be the standard thermody

namical phase space and p: X x R -> Y , P (p,T, (ni) ,A) = (p,T)

Thus the corresponding constttutive set Q c T*Y in the presence

of chemical reaction can be written as follows (see Definition

5.2. and Hypothesis 6.1.)
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(p,T,V,-S) EQcT*Y if there exists

such that

A
Vöp - SöT ~ ÖG(p,T, (ni) ,n)

A
(p,T, (ni) ,n) E C

for all virtual displacements compatible' wi th TC n z ,

where C = {(p,T,(ni),ii) : p>O, T>O, nil:o}, ZcT(YxR) i5

a distribution defined by the reaction

and G: X x R -> R is a generating functi0J::l (free enthalpy [9])

for the space of equilibriurn states L in the phase space

(T* (X)( R), d6x )( R) of the composite system. G does not depend

directly on A.
Let us suppose (without restriction of generality) that all

chemical components are either reactants or products of the con-

sidered reaction. Hence we have to take into account the four

steps of the variational principle (22).

1 0 •

Vöp - SdT S aG oP + aG oT +. ap . aT
m aGr an,on!

i==1 ~

where on. " 50 have:= 'Jion . we
~

aG aG m
aGV == 5 =--

i~1 an,V i
= 0

ap
,

aT
,

~
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where the last condition expresses the equilipriurn condition

(cf. [ 9] )

m
L ~i vi = 0

i=1

when all reactants and products are present.

2°. not all products are present

Let n = 0r for some r E I 2 (V
r

> 0) , where the subset of

indeces I
2

corresponds to the products and the- subset I
1

corresponds to reactants respectively. Now we have

m
Vop - SöT ~ aG Op + ~GT öT + L aG on , where (op,öT, (on

i
) ,öA)ap 0 i= 1 an i i

15 such that ön i;; 0 and öA: '= 0 . So we otain
r

aG
V = op aG

S = - aT

(23) o '~

If we introduce the quantity

A =
m
r

i=1
1...1;. v. = - 6.G

1. 1.

so-called affinity of the reaction, thus (23) corresponds to

the well-known criterion for the possibility of reaction

6G ~ 0 , A :s 0 (reaction possible)



- 45 -

3°. not all reactants are present.

In this case n = 0k for sorne k E I
1

(V
k

< 0) • Hence

analogously as above we obtain

v oG
S

oG= op = - oT

rn oGL anion! i?: 0
1=1

where

Thus

and (because of

rn
6G = L ~. Vi < 0 , A > 0 (reaction impossible)

. 1 ~
~=

or

6G = 0 , A = 0 (chemical equilibrium)

n =0r
for some and n - 0k- for some k E I 1 •

In this case we. do not obtain any additional equilibrium

condition, because reaction can not appear. This problem reduces

to the thermodynamical equilibrium without chemical reactions.
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FINAL REMARK:

Let the volume V of the container be 5ubdivided into

cells of volume 6. It i5 5upposed that 6 15 so large that

it contains many particles, but so small that the potential i5

practically constant inside 6. This imposes the condition that

the range of potential must be very long, and that the density

must be so high that many particles interact simultaneously.

For this system we have the following phase space

(T*X,d6X) T*X .. {T V (n) S p (J.L )}, , i'-'-' i

where (ni) defines the cofiguration of particles. The free

energy for this,cornposite system has a form

F(T,V,(n.))
~

where -wij ts the attractive potential between cells ni,n j •

The whole variational analysis of the system is anologous to

this one conducted in Section 5, nevertheless the proposed

formulation provides the natural geometrie approach to the

continuous media.

The proposed symplectic approach to thermodynarnics gives

an adequate language for expressing the geometry of constitutlve

sets and frequently observed reciprocity relations [Z3] • Our
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concept of deformation of the system generalizes the notion

of virtual state (cf. (9]) and provides quite effective quanti

tative analysis of systems near phase transitions. One of the

,consequences of this approach is a derivation in the very

general phenomenological context, the so-called Maxwell rule

[22] which gives a hope that the very peculiar constitutive

space of states in rnechanics and thermodynarnics can be resolved

by the canonical symplectic procedures.
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