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Introduction

For zero-dimensional schemes in p 2 there are many interesting results such that

- The Hilbert functions of sets of points in uniform position is of decreasing type.
- Cayley-Bacharach theorem on the configuration of points.
- Dubreil theorem on bounds for the n1inilual number of generators of the dcfining ideals.

For all these results the Hilbert-Burch structure theoren1 usually plays an important
role. It is well-known that there is no similar structure theoren1 for zero-dimensional
schemes in higher projective spaces. But one may still raise thc questiol1 whether tbe
above mentioned results can be extended to zero-din1ensional schen1es in pn, n > 2.

In this paper we will present a method to do that. This method is based on a well
known property of graded artinian Gorenstein rings which gives a sort of duality between
an ideal and its annihilator. This idea already appeared in [DGO]. Using this method
we will study properties of a zero-dül1ensional scheme X in pn by means of the degree
of thc hypersurfaces of a c01l1plete intersection passing through X. Algebraically, we
have to study properties of ideals in a artinian graded cOluplete intersectioll ring (which
is Gorenstein).

The main result of this paper (Theorem 2.1) gives strong infonnation on the ba
haviour of the Hilbert function hx(t) of X. More precisely, we can control thc h-vector
of hX ( t) for the last part. As applications we present large classes of zero-dimesional
schemes X in pn for which the h-vector of hx(t) is of uniInodal type or decreasing
type. Such behaviours of the Hilbert functions are of interest for different reasons [Ha],
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2 ON ZERO-DIMENSIONAL SUBSCHEMES OF COMPLETE INTERSECTIONS

(MR], [St], [Hi]. These classes include for exalnple all zero-dimesional schemes in p2 01'

those in p3 which lie on irreduciblc quadries 01' cubics.

Moreover, we also obtain results on the superabundance of linear systenls of hyper
surfaces passing through X and on upper bounds far the miniInal number of generators
of the defining ideal of X. Fronl these results we can generalize Cayley-Bacharach the
oreln (Theorem 3.2) and Dubreil theorenl (Theoreln 4.2 ) to zero-dimensional scheInes
in pn, n > 2.

1. Basic facts

Let k be any infinite field. By a graded ring A we always mean a standard graded
k-algebra of finite type, that is, A is the quotient of a polynomial ring over k by an
homogeneous ideal. We denote by

h/Yl(t) := dir"-"kA1t

the Hilbert function of any finitely generated graded A-module A1. The generating
function of this numerical function is the formal power series PM(Z) := I:t>o hM(t)zt.
In the case M = A, as a consequence of the Hilbert-Serre theorem, we- ean write
PA(z) = H A(z)/(1- z)d, where HA(z) E Z[z] is a polynomial with integer coefficients
such that HA(1) f:. O. The natural number HA(1) is the multiplicity e(A) of A while
the degree of HA (z) is the 80ele degree of A. We will write s(A) ta indicate the soele
degree of A. From the definition we get that the sade degree of a graded artinian ring
A is s if hA(s) > 0 and hA(s + 1) = O. For eXaIuple, the soele degree of an artinian
eomplete intersection k(XJ, ... ,Xn]/(F1 , . .. ,Fn) is I:~=l deg(Ft} - n.

We sha11 often use the fact (see e.g. [StD that if A is a graded artinian Gorenstein
ring, then the Hilbert funetion of A is sYIlllnetrie, whieh Iueans that if we let s := s(A)
then

for every t = 0, ... , s.

The basic result for our investigation is the following well-known property of the
Hilbert funetion of an ideal in a graded artinian Gorenstein ring.

Thearenl 1.1. Let A be a graded artinian Gorenstein ring and let I be all hOlnoge
neous ideal of A. Tl1ell for every t = 0, ... ,s(A)

hA(t) = hA/1(t) + hA/(o:I)(s(A) - t).

A proof far Theorem 1.1 eaIl be founel for exampIe in [D GO] .

The following consequence of Theorem 1.1 is more 01' less a well-known result in the
ideal theory of Gorenstein rings.

For an homogeneous ideal I of A let v(I) denote the olinimal nunlber of generators
of I. Let r(A) denote the Cohen-Macaulay type of A. Note that if A is aIl artinian
graded ring, T(A) is the dimension of the soele 0 : Al of A.
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Corollary 1.2. Let A be a graded artinian Gorenstein ring and I an homogeneous
ideal of A. Tl1en for every t = 0, ... ,s(A)

III particular
v(l) = T(.4/(O : I))

Proof. By Theorenl 1.1 we have hA(t) = hA/1(t) + hA/(o:l)(s(A) - t), hence H1(t) =
hA/(O:I)(s(A) - t). In the same way we get hAtI(t) = hA/(o:A t1)(s(A) - t). Hence

hl/Atf(t) = hA/(o:i)(s(A) - t) - hA/(O:AtI)(s(A) - t).

This proves the first assertion. Since v (I) = dim k ( I / All) and

T(A/(O : I)) = dimk((O : I) : Al )/(0 : I)) = dimk((O : A l 1)/(0 : I)),

the second assertion follows as weIl.

2. Hilbert Function

The main result of this paper is the following theorem whieh gives strong information
on the Hilbert funetion of the graded ring R/I in terms of the degrees of the elements
of a regular sequenee in I.

Theorenl 2.1. Let R = k[XI , ... , X n ] and I be a zero-dimensional homogeneous
ideals of R such that I eontains a regular sequence Fb ... , Fn of farIns of degrees
d] ::; ... ::; dn . Set d := L:~::] di - n.

(a) Jf i is an integer, 1 ::; i ::; n, then

hR/1(t) ~ hR/1(t + 1) + n - i

for d - di + 1 ::; t < s(R/I). More0 ver,

if di ::; d] + ... + di _] - i + 1.
(b) H i is an integer, 1 :::; i :::; n - 1, such that (FI , ... , Fi -1) is a prirne ideal, then

hRjl(t) ~ min{nhR//(t + 1), hR/1(t + 1) + 2n - i - 2}

for d - di + 1 ::; t < s(R/1).

The most interesting eases of Theorem 2.1 are for i = n, n - 1. In these eases, we
have the following statements on the behaviour of the Hilbert funetion of R/ I near to
s(R/I).
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Corollary 2.2. Let I be a. zero-dimensional hOlnogeneous ideal a.s in ThcoreIll 1.1.
Tllen

(a) hR/lU) is not increasing for t 2: d - dn + 1. Moreover,

if and only if there is a fornl of degree ::; d) + ... + dn-l - n + 1 in I which does not
belong to (F), . .. ,Fn - 1 ).

(b) hR/l(t) is decreasing for cl - dn-l + 1 ::; t < s(R/I). Moreover,

iE dn -} ::; d) + + dn - 2 - n + 2 .
(c) H (F), ,Fn - 2 ) is a prime ideal, then

hR/l(t) 2: hR/J(t +1) +n - 1

for d - dn-l + 1 ::; t < s(R/I).

This eorollary covers sonle interesting results on the postulation of zero-dimesional
schemes.

Let X be a zero-dimensional sehenle in pn = pn(k), where k is an algebrajcally
closed field. We denote by 6.x(t) the first differenee of the Hilbert function of X , which
is defined as follows:

{
I if t = 0,

6.x(t) =
hx(t) - hx(t - 1) if t > O.

The non-zero values of 6. x (t) form the so ealled h-veetor of hx(t).

Following [St] and [MG] we say that the Hilbert funetion hx(t) of J1{ is of unimodal
type if 6.x(t) is non-decreasing up to the maximulll of 6.x(t) and then non-inereasing
(i.e. 6. x (t) has only a loeal maXill1Um) and that hx(t) is of decreasing type if llloreover
6.x(t) is (strietly) deereasing until it reaeh zero onee it starts to decrease.

The first notion has been studied maillly from the eombinatorial point of view' (see
e.g. [St], [Hi]). It was eonjeetured that if the honl0geneous eoordinate ring of .\'" is
G.orenstein, then X is of unimodal type [Hi, Conjeeture 1.5]. The latter nation plays
an important role in the characterizatiol1 of zero-dimensianal schemes in p2 (e.g. points
in uniform psoition) whieh arise as hyperplane sections of SllloOth curves in p3. In fact,
Harris [Ha] showed that the Hilbert function of such a zero-dilllensional scheme is of
decreasing type. By [GP] and [MR], this condition exactly characterizes the Hilbert
fUllctions of hyperplane sections of redueed irreducible curves (see also [GM]). Similar
results on the postulation of zero-dimensional scheInes 011 SlllOoth quadrics in p3 have
been recel1tly discovered by Raeiti, Paxia and Ragusa [Rl], {R2], [PRR]. We shall see
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that for many zero-dimensional schemes Uus behaviour of the Hilbert functions are easy
consequences of Corollary 2.2.

In the sequel we will denote by al (X) ::; ... ::; ar(X) the degrees of the elelnents
of a homogeneous nlinimal basic of the defining ideal of X arranged in non-decreasing
order.

Theorenl 2.3. Let X be a lloll-degellerate zero-diInesiollal schenle in pn and ai =
ai(X), Assume that X lies on a. complete intersectioll of n - 1 hypersurfaces of degree
a!, . .. ,an-! and an 2: aI + ... + an-I - n. Then hx(t) is of unimodal type.

Proof. Let I(X) be the defining ideal of X in S = k[Xo, . .. ,Xn ]. vVithout restriction
we Inay assurne that X o is a l1on-zeroclivisor of I(X). Let I denote the artinian
reduction I(X) + (Xo)/(Xo) of I(X) in R = k[X I , ... ,Xn ]. Then hR/1(t) = 6x(t).
Moreover, there exists in I a regular sequence FI ,... ,Fn with deg Fi = ai, i =
1, ... ,n - 1, and deg Fn 2: an' It is clear that for t ::; an - 1, h RfI (t) equals the Hilbert
function of B = RI(F!, . .. ,Fn -!). Since B is a one-dilllensional Cohen-:Nlacaulay ring,
the lat tel' function is increasing until it reachs t = al +... +an -1 - n +1 when it reIuail1s
constant. Put d i = deg Fi and d = 2:7=1 di - n. Note that d - dn = al +... +a n -l - n.
Then hR/ J( t) is increasing for t ::; d - du if an 2: al +... an-l - n +1 or for t ::; d- dn -1
if an = al + ... a n -l - n. On the other hand, the statement (a) of Corollary 2.2 say
that hR/l(t) is non-increasing afterwards. Hence hx(t) is of unilnodal type.

In Theorem 2.3 we can replace the condition that X lies on a complete intersection
of n - 1 hypersurfaces of degree al, . .. ,an -l by the stronger condition that X lies on
an irreducible complete intersection C of n - 2 hypersurfaces of clegree al, ... ,an -2'

Mareover, the condition an 2: al + ... + a n -l - n is satisfied in the following cases:

n = 2;

n = 3, al ::; 3;

n = 4, al = a2 = 2.

Now we will present some cases where hx(t) is of decreasing type. Let us assume
that X lies on a complete intersection of n hypersurfaces of clegree al,' .. ,an' By the
praof of Theorem 2.3, 6x(t) is increasing up to t = min{al + ... +an-l -n+ 1, an -1}
when it evel1tually remail1s constant until t = an - 1. Now using the statement (b) of
Corollary 2.2 we have that .6.x(t) is decreasing for for t 2: an if d - a n -l + 1 ::; an or
d - an-l = an and an-I::; al + ... + a n -2 - n + 2, where d = 2:;~1 ai - n. It is easy
to check that these conditions are satisfied only for the following cases:

11 = 2;

n = 3, al = 2;

n = 4, al = az = a3 = 2.

Combining the above observations with Theorenl 2.3 and Corollary 2.2 (c) we obtain
the following results on the postulation of zero-dimensional schemes in pn, n = 2,3,4.
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Corollary 2.4. (cf. [HJ) Let X be a zero-dinlensionaJ scheIne in P2. Then
(a) hx (t) is of uniInodal type.
(h) hx (t) is of decreasing type if X lies on a complete intersection C of two curves

of degrees a ::; b sudl that there is no curve of degree < b passing through X but not
C.

The assulnption of Corollary 2.4 (h) is satisfied if X arises as an hyperplane section
of an reduced irreducihle curve of p3. According to [Sau) and [GM] (see also [HTV])
any reduced irreducible curve V in p3 lies on a complete intersection C of two surfaces
of degrees a ::; b such that there is no surface of degree < b passing through V hut not
CI.

Corollary 2.5. (cf. [R2], [PRR]) Let )( be a non-degenerate zero-diInensional scheme
in p3. Then

(a) hx(t) is of unimodal type iE X lies on an irreducible quadric or cubic.
(b) hx(t) is of decreasing type if X lies on a complete intersection C of a quadric

with two surfaces of degree a ::; b such tbat there is no surface of degree < b passing
through X hut not C. lvloreover, if the quadric is irreducible, then ~x(t) ::::: ~x(t) +2
for t ~ b.

By the above reluark, the assulnption of Corollary 2.5 (b) is satisfied if X is the
intersection of a quadric with a reduced irreducihle curve in p3.

Corollary 2.6. Let X be a non-degenerate zero-diInensionaJ scheme in p4 .
(a) hx(t) is ofunimodal type if X lies on an irreducible complete intersectioll of two

quadrics.
(h) hx(t) is of decreasing type if X is lies on a cOll1plete intersection C of three

quadrics and an hypersurface of degree a ~ 2 and there is no hypersurface of degree
< a passing througl1 X but not C. Moreover, ~x(t) ~ ~x(t) + 3 for t > a.

For Corollary 2.6 (h) we can show that C lies on an irreducihle complete intersection
of two quadrics by using a kind of Bertini theorem (see e.g. [T, Hauptsatz]).

Now we want to show that from Theorem 2.1 we easily get a strong version of a
classical result which, accordingly to [D], was first noted by Castelnuovo and reborn a
number of times since: see [Ho], [GP], [Hs], [DGM] and especially [D] where a new and
elelnentary proof is presented. This classical result is a special case, namely the case
n = 2, of the following corollary.

Corollary 2.7. Let R = k[.Y1 , .•. , X n ] aJld V be a proper subspace of R~ whose
elements generate an ideal of height n. JE t is 811 integer such that t ~ ns - 28 - n +1
and codim(RtV) > 0, then
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Proof. Let I be the ideal generated by a vector base of V. Then 1t+ 8 +1 = R t+1V and
It+8 = R tV. Hence codiml.;(Rt+1V) = hR/ J(i + s +1) and codi1n I.;(RtV) = hR/ [(i +s).
The conelusion now follows from Corollary 2.1 (a) because sn - s - n+1 ::; i+s ::; s (Rj I),
where the last inequality follows from the assumption that codimk(RtV) > O.

Another easy consequence of Theorem 2.1 is the following result which has been
proved in [DGM, Theoreln 2.4] by using an anusual genericity argument. Here we write
t:::..h A for the first difference of the Hilbert function of a graded ring A, which is defined
as follows:

{
1 if i = 0,

t:::..hA(i) =
hA(i) - hA(i - 1) if i > 0.

Corollary 2.8. Let R = k[X, Y] and J ~ I be homogeneous ideals oE R such thai
J = (F, G) where F, G is a regular sequence oE degree a ::; b. Then

for every i = 0, ... ,s(RjI) + 1.

Proof. It is weH known that

if 0::; i ::; a - 2

if a - 1 ::; i ::; b - 2

if b - 1 ::; i ::; a + b - 2.

Since hR/ J(n + 1) - hR/[(n) ::; 1 for every n 2:: 0, the conclusion follows imlnediately
in the interval 0 ::; i ::; a - 2, while in the interval a - 1 ::; i ::; s (R/I), it is a trivial
consequence of the CoroHary 2.2 (c).

The following eXaInple shows that this result does not hold if R has diInension > 2.

Example. Let R = k(X, Y, Z], J = (X 3 , y 4 , ZS) anel I = (X 3 , X 2 y, X Z3, y 4 , ZS).
Then s(Rj I) = 7 but t:::..h R / J (7) = -3 while t:::..h R / 1(7) = -2.

For the proof of Theorem 2.1 we need the following lemlna.

Lenuna 2.9. Let A be a graded ring oE depth g ;:: 1 and embedding dünensioll n. If
V is a subspace oE At of dünension r > 0, then

Further, iE 9 2:: 2 allel V contains an element which is a non zero divisor in A, then
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Proof. Let FI , .•• , Fr be a vector base of V and let Xl, ..• , X g be a regular sequence
of linear fonns in A. Set X := (x 1, ... , xg ).

Claim 1. The vector space xV generated by the rg vectors {XiFj}, i = 1, ... ,g and
J = 1, ... ,r, cannot be generatecl by a set of vectors {XiFj} involving only Xl, ... ,Xm

with m < g.

Assurne the contrary. Then we have xgFj E xV C (Xl, ... , Xm), hence Fj E
(Xl, ... ,Xm ) for every J. Thus XV C (Xl, . .. ,xm )2, and, for every J, we get xgFj E
xV C (x I , ... , X m)2. Since x I, ... , X 9 is a regular sequence, this implies that for ev
ery J, Fj E (X1, ... ,xm )2 so that xV C (XI, ... ,xm )3. Going on in this way, we get
xV C (x 1, ... ,xm) t+2, W hich is ilnpossible. This proves Clainl 1.

Now it is clear that ."C I F1 , X I F2 , •.• , X I Fr are vectors in x V which are linearly inde
pendent. vVe can use 9 - 1 tiInes Clailn 1 to find vectors X2 Fi'J , ... , x 9 Ftg in x V such
that

are linearly independent. This proves the first part of Lemlna 2.9.
As for the second assertion, let Xl, ... ,X n be the linear forills which are a k -basis of

Al. We lllay assurne that F1 , xl, ... ,Xg-I form a regular sequcnce in A.

Claim 2. FI Xl, FIX2, . .. ,FI Xn, F 2xI, . .. ,FrXl are linearly independent vcctors in Al V.

Let
n r

L AiFIXi + L !-LiFiXI = 0
i=l i=2

for some Ai, !-Li E k. Then we get

This implies L:~=2 fliFi E (FI ). Since FI ,.. .. ,Fr share the sanle degree and are linearly
independent, we get !-L2, ... , J-Lr = O. Since F1 is a non zero divisor in A, we get
I:~=l Aixi = 0 and this implies Al = ... = An = 0 by the linear independence of
Xl, • .• ,X n . This proves ClaiIn 2.

Claim 2 implies that we have n+r-1 vectors in Al V which are linearly independent.
Hence, if l' = 1, then n + r - 1 = rn anel the conclusion follows.

Claim 9. Let l' 2:: 2 and x := (Xl,"" Xg-l)' Then xV cannot be generated by

plus a set of vectors {XiFj} involving only Xl, ... , Xm with 111 < 9 - 1.
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Assume the contrary. Then we have

hence Fj E (FI , Xl,' .. ,Xm ) for every j. Thus XV c (FI ) + (Xl, ... ,Xm )2 anel, for
every j, we get

x 9 -1 Fj E X V C (PI) + (X 1 , ... , X m )
2

.

Since F I , Xl, ... ,X m is a regular sequence, this implies that for every j, Fj E (Ft ) +
(Xl, ... ,Xm? so that xV C (FI ) + (Xl, ... ,xm)3. Going on in this way we get xV C
(FI ) + (Xl, ... ,Xm )t+2 so that X V c (FI ). This inlplies for exanlple Xl Fz = FIL for
same linear form L in A. Hence Fz = aFI , a contradiction. This proves Claim 3.

We cau use 9 - 2 times Clainl 3 to find vectors X2Fi2, . .. ,xg-IFig_l in x V such that

are linearly independent. This proves the second part of Lemlna 2.9.

Proo/ 0/ Theorem 2.1. Let A := RjJ and I := I j J, where J = (FI , ... , Fn ). Using
Theorem 1.1 we get

hR/l(t) = hAlTet) = HA(t) - hA/O:J(d - t)

= HA(t) - HA(d - t) + ho:!(d - t) = ho:J(d - t)

for every t :::; d. For convenience we set m. = d - t.
Ta prove the first assertion of Theoreln 2.1 (a) we need to verify that

for d-s(RjI) < m:::; dj-l. Set B = Rj(FI, ... ,Fi-l) and Q = (J: I)j(FI , ... ,Pj-I)'
For 1n :::; di - 1, we have Jm= (FI , ... ,Fi-I)Ol so that we nlay identify 0 : Im = (J :
I j J)Ol with the subspace QOl of BOl' For 1n > d - s(RjI), we have t < s(RjI) so
that

dimkQm-l = hO:j(1n - 1) = hR/l(t + 1) > O.

Therefore we can apply the first part of Lemlna 2.9 to Qm-l. Note that B has depth
n - i + 1 > O. Then we get

hO:j(m) = dirnkQm 2:: dimkQm-lBI

.2:: dimkQOl-l +n - i = ho:J(rn - 1) + n - i,

which proves the first assertion of Theorenl 2.1 (a). The srune arguments also shows
that the second part of Lemma 2.9 gives Theorem 2.1 (h).
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It remains to prove the second assertion of Theorem 2.2 (a). For this we need to
show that

if d i :::; d l + ... + di - l - i + 1. vVe have seen that

Since Jdi = (Fl, ... ,Fi)di , it is easy to check that

Without restrietion we may assulue that ){l, ... ,Xn-i+l forills a regular sequence
in B. Then f3 = B /(XI , . .. ,Xn-i+I)B is a graded artinian Gorenstein ring with
s(B) = d l + +d i - 1 - i +1. If d i :::; cll +... +di - l - i +1, we may further aSSlll11e that
Qdi-l ~ (XI, ,Xn-i+I)B. Since s(B) > di -1, the iluage of Qdi-l in f3 is not
contained in the sode of f3. So we have Qdi-IBI ~ (Xl, ... ,Xn-i+I)B. By the proof
for the first part of Lemma 2.9 this iInplies that dinlk Qdi-IBI > dimk Qdi-l + n - i.
Since Qdi-IBI ~ Qdi' we get

so that hO:j(di) +1 > ho:j ( di - 1) +n - i, as required. The proof of Theorenl 2.1 is now
cOlllplete.

Prool 01 COTollary 2.2. All statements of Corollary 2.2 follow froln Theorelll 2.1 except
the second assertion of Corollary 2.2 (a). To prove this we follow the proof of the second
assertion of Theorem 2.1 (a). ",,·.,Te need to show that

if and only if there is a fornl of degree :::; d l + ... +dn - 1 -n+1 in I which does not belong
to (Fl, ,Fn- 1 ), where Q is now the ideal (J : I)/(FI , • .• ,Fn-d of the ring B =
R/(FI , ,Fn - l ). We have seen that hQ(dn ) > hQ(dn -1) if dn :::; d] +.. ·+dn - 1 -n+1.
In this case, Fn is a form in I which does not belong to (FI , ... ,Fn - l ). So we may
assulne froln the beginning that dn > d l +... + dn - l - n + 1.

If hQ(dn) > hQ(dn -1), then we have Qdn-l :f. Bdn-l so that hB/Q(dn - 1) > O.
Since RjJ : I ~ B /Q, we get hR/ J:I(dn - 1) > O. By Theorem 1.1 this ilnplies

Therefore there exists a fonu in Id-dn+l which does not belong to Jd-dn+l. Since
d - dn + 1 = dl + ... + dn-l - n + 1 < ein, we have Jd-dn+l = (F1 , ... ,Fn-t). So
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we can find a form of degree d1 + ... + dn - 1 - n + 1 in I which does not belong to
(Fb . .. ,Fn -1 ) .

Conversely, if there is a form of clegrec ::; d l + ... + dn-l - n + 1 in I whieh eIoes
not belong to (FIl ••• ,Fn-d l then we ean always find a fornl of degree d - dn+ 1 =
d l + ... + dn-l - n + 1 in I whieh does not belong to (F1 , ••. ,Fn - l ). Similarly as
above, we ean show that this implies hQ(cln ) > hQ(dn - 1), as required.

3. Superabundance

Let X be a zero-dimensional schenle in pn. Vve know that hx(t) is strietly increasing
until it reaches the degree deg(..X) of X , at which it stabilizes. The number wx(t) :=
deg(X) - hx(t) is called the s'lLperabundance of the linear system of hypersurfaces of
degree t passing through X. Also wx(t) = hl~X(t), where ~x is the ideal sheaf of X.

The next result gives a formula relating the Hilbert function of a zero-dimensional
complete intersection X in pn, that of a proper subschme Y of X l and the super
abundance of the residual scheIne Z of Y on X. This result extends to arbitrary n
a result proved by J.Harris in the ease n = 2 (see [H2, LeInnla] and [C, 3.2]). Recall
that if J is the defining ideal of X and I that of Y in S := k[XO, " • ,Xn ] l then the
residual 3cheme Z of y~ on X is defined by the ideal J : I.

Proposition 3.1. Let X be a zel'o-dünensionEll schenlc in pu whic1l is thc complete
intersection oE n hypersurEaces oE degree dl, ... l dn alld d := L;~l d i - 11. Let Y be a
proper subscheme oE X anel Z tlle residual sc1lelne of Y on X. Then

wz(t) = hx(d - t - 1) - hy(d - t - 1)

for very integer t such that 0 :::; t :::; d - 1.

Proof. It is weH known that under our assumptions the defining ideals J, I and J : I
of X, Y, and Z are perfect ideals of codirnension n such that

e(SjJ) = e(SjI) + e(Sj(J: I)).

We Inay assume that X o is a nOll-z~rodivisor Inoelulo I, J and J : I. Let - denote
reduction Inodulo X o and let R = k[Xll ... ,Xn ]. By Theorem 1.1 we get

for every 0 :::; i :::; d. On the other hand, we have

e(RjJ: I) = e(Sj(J: I)) = e(SjJ) - e(SjI) = e(RjJ) - e(Rjl) = e(Rj(J: I)).
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Since J : I ~ J : I, we get J: I = J : 1. This inlplies für every t, 0 ::; t ::; d - 1,

d-t-l

hs/J(d - t - 1) - hS/I(d - t - 1) = L [hR/J(i) - hR/I(i)]
i=O

d-t-l

- L hR/J:1(d - i)
i=ü

d

L hR/J:1(j) = hS/(J:I)(d) - hS/(J:I)(t).
j=t+l

Since J ~ J : I, we have 0 ~ hR/J:I(s) ::; hR/J(s) = 0 für every s 2: d+ 1. This implies

hS/(J:I)(d) = e(Sj(J : I)) anel the conclusion follows.

As a trivial application of Proposition 3.1 we get the following very general version of
the classical Cayley-Bacharach theorem, which says that every curve of degree a. + b- 3
in p2 passing through ab - 1 of ab points of an intersection of two curves of degree a
and b has to pass the remaining point of the intersection. The possibility of extending
the classical Caley-Bacharach theorelll to zerü-diInensional subschemes of pn has been
already observed by Davis, Geramita, and Orecchia [DGO].

Theorenl 3.2. Let .Y. be a c10sed zero-diInensional subscbelnc oE pn wbich is tbc
complete intcrsection oE 11, llypersulfaces oE degrees dI, ... 1 dn . Let d := I:~=1 di - n
and t an integer such that 0 ::; t ::; d -1. JE Y is a proper subsellelne oE X such tbat tbc
residual scheIne Z has wz(t) = 0, then every hypersurface oE degree d - t - 1 passing
through Y lIas to contain X.

If Z is a set of points, then wz(t) = 0 if and only if Z imposes IZI independent
conditions on hypersurfaces of degree t. In particular, if lZI = (n~t), this illeans that
Z is not contained in auy hypersurface of degree t. Hence Theorelll 3.2 has the following
interesting consequence.

Corollary 3.3. Let X be a set oE d1 .•• du points oE tbe intersection oE n hypersurEaces
oE degrees d1,... ,dn . Let d := I:~=1 d i - n and t an integer such that 0 :::; t :::; d - 1.
If Y is a subset oE 1.\""1 - (n~t) points oE ..:Y SUell that tlle set oE tbe renlaining points
of X does not lie Oll any llypersulface oE degree t, tllen every lJypersurEace oE degree
d - t - 1 passing tllrough Y has to contain X.

TheoreIll 3.2 (for points) and Corollary 3.3 have been proved recently by M.-A. Coppo
[Cl. The classical Cayley-Bacharach theorem is the case n = 2, t = 0 of Corollary 3.3.

Another application is the following result of J. Briancon which gives a condition for
a zero-dimensional scheme to be a complete intersection.
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Corollary 3.4. [B] Let X be a zero-dimensional scheme in pn wllich is the complete
illtersection of n hypersurfaces of degree dJ, ... ,dn . Let d := 2:::::1 d i - n, alld }~ a
subscheme of X with wy(d - 1) > 0, tllen y~ = X.

Proof.. By Proposition 3.1 we have wz(o) = Hx(d - 1) - Hy(d - 1). This implies

IXI- IYI- Hy(O) = IXI- 1 - (IYI- wy(d - 1))

which gives Hz(O) = 1 - wy(d - 1) for Z = X \ Y. Thus we get Hz(O) = 0, hence
I(Z) = (1) which implies Z = 0 and y~ = x.

4. N ulllber of generators

In this last section we apply our lnethods to bound the lninilnal number of generators
v(I) of a hOlnogeueOus ideal I of a polynolllial ring R = k[X1 , • •. ,Xn ].

Dur idea is to combine Theoreln 1.1 with a silnple resllit of J. Sally [Sa] which
says that the minimal number of generators of any ideal in a one-diInensional Cohen
Macaulay local (or hOlnogeneolls) ring A is bounded above by the multiplicity e(A) of
A (cf. [C, Proposition 1.2]). For this we shall neecl the following easy leuulla.

Lemula 4.1 •. Let A be a graded ring. Then

max v(I) = rnax r(A/ J).
I~A J~A

Proof. For every honl0geneous ideal I we let J to be the ideal Al I. Then we have

On the other hand for every homogeneous ideal J in A we have

Now the conclusion is immediate.

The lnain result of this section is a generalization of a classical theoreln of Dubreil
[D, Theoreme II] which says that for any homogeneolls ideal I of height 2 in k[X1 , X 2 ],

v(I) :::; a + b - s + 1, where a is the least degree of fonns in I, b is the least number
such that I contains a regular sequence of two fonns of degrec a and b, anel s is the
sode degree of k[X1 , X 2 ]/I.

Theorem 4.2 .. Let I be a height n hOITIogeneous ideal of R := k[Xl, ... , X n ],

n 2:: 2. Assume tbat there exists in I a regular sequence PI, . .. ,Fn of fOrIns of degrees
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dl ~ ... 2:: d n such that (FI , ••. ,Fn - 2 ) is a prime ideal. Let d = L?=l d j - n and s
be the sade degree aE R/r. Then

n-2

v(I) :::; (d - s) TI d j + n.
i=l

Proof.. Let A = R/(Ft , .•• , Fn ) and 1= I/(Ft , •.• ,Fn ). Then s(A) = cl and

v(I) :::; v(l) +n.

By Theorenl 1.1 we get hO:I( d - s) = hAI l(s) > O. Hence there exists a fann F E Rd-a
such that the image of F in A is a non-zero elelllent of 0 : I. V-.je may write

v(l) = r(A/O : I) = r(B /Q),

where B = R/(Fl , . .• ,Fn - 2 , F) anel Q is the preimage of the ideal 0 : I in B. Since
(FI , ... ,Fn - 2 ) is a prime ideal and F r:j. (FI , ... , Fn ), the sequence F I , ... 1 Fn - 2 , F
is regular, hence B is a one-dinlensional Cohen-Macaulay ring. Using Lenuna 4.1 anel
Sally's bound for the number of generators of ideals in B we get

n-2

r(B/Q) :::; e(B) = (d - s) TI di

i=]

which gives the conclusion.

Note that Theorelu 4.2 does not hold if we drop the assUl11ption that (FI , ... ,Fn - 2 )

is a prime ideal. If d - s > dn-l , ane shauld use instead of Theorem 4.2 the follawing
trivial application of Sally's bound.

Lemilla 4.3. (cf. [G, Proposition 3.7]) Let I be an halllogcneous ideal of R :=

k[X1 , • .• ,Xn ], n ~ 2. H tllere exists a regular sequence F1 , ... , Fn - 1 in I of degree
d1 , • •. ,dn - 1 , then

n-]

V (I) :::; TI di + n - l.
i=1

Proof. Let B = R/(F1 , ... , Fn - 1 ) and Q = I/(F1 , .•. ,Fn - 1 ). Then v(I) :::; v(Q) +11.

1. Since e(B) = TI?:/ di , fronl Sally' s bounel we get v (Q) ::; TI?:/ di •

Note that for n = 2, Lemm'a 4.3 gives another classical result of Dubreil [Du, The
oreme I] (see also [G] and [DGM]). Now we will use Lemma 4.3 to prove a moelified
version of Theorern 4.1 which sometinles gives a better bounel for v(I).
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Theorem 4.4. Let I be a l1eight n hOl11ogene0l1s ideal of R := k[X1 , .•. ,Xn ], n 2: 2.
Assulne that there exists in I a regular sequence F I , ... ,Fn of forms of degrees d1 2:
... 2: dn such that (FI , ... ,Fn - 2 ) is a prüne ideaL Let d = I:~=l di - n allel 1n be tl1e
largest degree of the elements of a hOllIogeneous nlinimal basis for I. Then

n-2

v( I) :s; (d - tn) II di +n + 1.
i=I

Proof. Consider the artinian Gorenstein ring A := R/ J wherc J := (F1 , ••. , F n ). If
rn :::; du, then

n-2 n-2

(d - rn) II di +n + 1 2: (d - dn ) II di + n + 1
i=l ;=1

n-I n-2

= (L di - n) II d; + n + 1
;=1 i=1

71-2 n-2 n-J

= 2 +(L di - n) II di + II di + n - 1
i=I i=l i=I

n-I

2: II di + n - 1,
i=l

Therefore, if tn :s; d n , the conclusion follows from Leluma 4.3.
Let tn > dn and 1 = 1/J. By Corollary 1.2 we have

This means that we can find an element F E Rd-m such that the image f of F in A
belongs to 0 : Al I but f tt 0 : I. Using Corollary 1.2 we also get

v(I) :s; v(l) + n = r(A/O : l) + n

::; v((O : l) : Al) +n = v(O : All) + n.

If m = d, then 0 : All = A and thc conclusion follows. If m < d, then since
(FI , • •. ,Fn - 2 ) is a prinle ideal which does not contain F, we get that FI , •.• , Fn - 2 , F
fonn a regular sequence anel the ring B := R/(F1 , . •• ,Fn - 2 , F) is Gorenstein of dimen
sion 1. Therefore

n-2

:s; v((J : R 1I)/(FI , .•. , Fn - 2 , F)) + 1 :s; (d - rn) II di + 1,
i=l
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where the last inequality follows again by the quotecl Sally's bound for the number of
generators of ideals in B. The proof of Theoreln 4.4 is now complete.

In general we always have 1n :::; s + 1. Hence Theorem 4.4 give a better bound for
v(I) than Theorem 4.2 only if rn = s +l.

The following exalnple shows that in Theoreln 4.2 and Theorem 4.4 we can not delete
the assumption that (F1 , •.• , Fn - 2 ) is a prinle ideal in R.

Example .. Let R = k[X, Y, Z] and I = (.y2, .yy2,XZ2 ,XYZ, y 3, Z4, y 2Z3). Then
d1 = 2, d2 = 3, d3 = 4, d = 6, S = 4, and 111. = 5. But v(I) = 7, while

(d - s )d1 + 2 - 1 = (d - m )d1 + 3 + 1 = 6.
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