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Abstract

We prove that TH?(X; L) = {0} for any toric variety X, any per-
versity ¢ and any local system £ which is strongly non-trivial with
respect to the cone complex ¥ which defines X. The class of strongly
non-trivial local systems includes all non-trivial 1-dimensional local
systems. We use a topological definition of X due to R. MacPher-
son ([Mac2]) and prove the theorem by reducing to an analogous lo-
cal statement on each of the elements of a certain (closed) covering

{xa}aeﬂ of X.

1 Introduction

The study of the intersection homology groups IH.?(X;E) where X is a
toric variety and £ is a 1-dimensional local system, is of interest beyond the
realm of toric varieties. For the trivial local system £ = Qyx, the ranks of
the middle perversity groups TH™(X;Qx) have been computed and were
found to be combinatorial invariants of the underlying polytope. This led
to the definition of the generalized h-vectors for general convex polytopes
([St]). On the other hand, in their study of generalized hypergeometric func-
tions, Gelfand, Kapranov and Zelevinsky have shown that the irreducible
D-modules on a toric variety X are in 1 — 1 correspondence with the middle
perversity intersection homology sheaves IC™(S; £), where S is the closure
of a stratum of X (and hence also a toric variety) and £ is an irreducible
local system on S {((GKZ],[Macl]). Over C, all irreducible local system are
1-dimensional.



In this paper we prove that under certain conditions on a local system
for intersection homology on a toric variety X, the groups TH?(X; L) all
vanish. In prticular, these conditions are satisfied by any non-trivial 1-
dimensional local system.

We use a topological definition of X which, in ignoring the addi-
tional algebraic structure, uses only elementary topological constructions
and properties of the underlying cone complex. We define a filtration of X
and use spectral sequence arguments to reduce the general theorem to an
analogous local theorem on certain subspaces X, C X which arein 1 -1
correspondence with the cones o of the underlying cone complex.

2 Definitions

A cone complez (a.k.a. complete fan) £ in R™ is a decomposition of R™ into a
finite number of closed, convex, rational polyhedral cones, each with apex 0,
such that any face of a cone ¢ € ¥ isitself in £ and such that the intersection
of any two cones is a common face of both.

Let ¥ be a cone complex in R". Let D denote the unit ball in
R™ and let S be its boundary. S is decomposed into polyhedral cells by
intersecting with the positive dimensional cones of %. Define the dual cell
complez P = Px to be the n-dimensional polyhedral cell complex whose
(n — 1)-skeleton is the dual cell-block decomposition of S and whose unique
(open) n-cell is the interior of D. The cells of P are dually paired with the
cones of . We denote by & € P the cell dual to a cone o € L.

Note: This explicit construction of P is given only for convenience in the
proof of the main theorem. In general, any realization of the abstract cell-
complex whose face lattice is dual to that of £ would yield an isomorphic
toric variety.

For every cone ¢ € L set P, = P No and 'Pga = U,coP-. For each
0 <k <n set PX = Udgimo<kPo-

Definition 2.1 Let 7" = R"/Z" denote the n-torus. Define the toric va-
riety X = Xg to be P x T"/ ~, where {z,7) ~ (z,7') if and only if
z’ = z € relintd for some ¢ € T and there exist liftings ¢,¢' € R™ of 7 and 7/
such that t — t' € spano. Thus if z € relintd, then since spane is a rational
subspace of R", the torus {z} x 7" is collapsed in X to a torus of dimension
n — dimo = dim &. There is an obvious projection 7: X — P.



X has a natural stratification
XoC X2C...C Xppaoq) C Xon =X

where for each k, X, is the inverse image under = of the k-skeleton of
P. The “non-singular” (open) stratum X \ Xz,-3 is equal to int(D) x T"
and hence is homeomorphic to (C*)*. Fix once and for all a base point
ceX \ Xap-2-

Definition 2.2 A k-dimensional local system for intersection homology on
a stratified pseudomanifold consists of a local system on the non-singular
stratum. In particular, a local system for intersection homology on X con-
sists of a bundle over (C*)" whose fibre V is a k-dimensional vector space
over a field F (usually C or Q). Equivalently, it consists of a vector space V
and a representation of Z" = 7{(X \ X242, ¢) into Aut(V). Let V,, denote
the fiber of £ over a point z € X. Any z € Z" determines a monodromy
T, € Aut(V.). We will use the same notation for a local system and for its
restriction to a subspace whenever the context is clear.

Definition 2.3 Let ¥ be a cone complex in R™ and let ¢ € £ be a k-
dimensional cone. Let £ be a local system for intersection homology on the
associated toric variety X = Xg. An ordered basis B = {z1,...,2,} of Z"
is a o-basis if z; € spano for 1 < i < k (thus {z,..., 2} form a basis of
Z" Nspanc). We say that £ is strongly non-trivial with respect to o if every
T C o admits a r-basis {z),...,2,} of Z" such that T,, — I : V. — V_ is
invertible for some 1 € ¢ < n. L is strongly non-trivial (with respect to X)
if every 7 € ¥ admits such a basis.

Remark 2.4 Any non-trivial 1-dimensional local system for intersection
homology on X is strongly non-trivial,

Proof: Forany o € T choose a basis of Z"Nspanc and complete it to a basis
of Z". Since £ is non-trivial and 1-dimensional, one of the monodromies
corresponding to this basis is equal to multiplication by some constant d # 1,
whence multiplication by d — 1 is invertible. 0o

The main result of this paper is

Theorem 2.5 Let T be a cone complex in R and let X be the associated
toric variety. Let £ be a local system for intersection homology on X which

is strongly non-trivial with respect to . Then for any perversity § and for
al 0 < i< 2n, THA(X; L) = 0.



To prove theorem 2.5 we define a filtration of X and show that in the cor-
responding spectral sequence the E! term vanishes. First, we need the
following lemma.

Lemma 2.6 Let (Y, y) be a stratified pseudomanifold where y is some fixed
point in the non-singular stratum and let (S!, s) be the circle with base point
s. Let £ be a local system for intersection homology on S! x Y and let £’
be its restriction to {s} x Y.

Let V(, ) be the fiber of £ over the point (s,y) and let &, : V(, ., — V)
be the monodromy associated to one of the generators of x1($! x {y}, (s, ¥)).
Then the groups THP(S' x Y; L) all vanish if either

(1) THP({s} xY;L)=0Vi,or

(3) &y — I': V(, ) = V(5 is invertible.

The proof of lemma 2.6 is deferred to section 4 where we first present the
formal definitions and some essential lemmas concerning local systems for
intersection homology in the category of piecewise linear geometric chains.

Corollary 2.7 Ifin addition Y’ is a PL-subspace of Y and either IH?({S} X
Y, {s} x Y £') = 0 Vi or &, — I is invertible, then Vi, TH?(S! x Y,S! x
Y L)=0.

Proof: This follows from lemma 2.6 and the long exact sequence of the pair
(8'x Y,S' x Y. a

Definition 2.8 The filtration of X . For each 0 € T set X, = 7~ 1(P,)
and Xp, = 771 (Py,). Foreach 0 < k < n set Xk = .ﬂ,—l(npk) -
Udimo=kXo. This defines a filtration of X by closed subspaces

T"=X°cX'c...cX"=X.
The essence of the proof of theorem 2.5 stems from the following

Lemma 2.9 Properties of the filtration:

For any k-dimensional cones 0,7 € L,

(1) X, N X, € X*-1,

(1) X, N X*-1 = Xg,.

(#41) If k = n then X, = ¢(Xa,) (here ¢(Y') denotes the topological cone on
Y, stratified by the cones on the strata of Y along with the apex of the cone
as the unique O-stratum).



(iv) If ¥ < n then there is an (n — 1)-dimensional cone complex ¥’ with
o € ¥ such that for the associated toric variety X', X, = S! x X', and
Xgoo = S! x X'a,.

Proof: (i) and (#i) are immediate while (i4%) is easy.
Proof of (iv) : Let {z,...,2,} be a o-basis for Z". We make the identifica-
tions :

n=1
"' =PIz, and (1)
=1
n-—1
R = B Rz (2)
=1
Also for each 1 € i < n let 7; be the image of Rz; in 7", and identify
T l=r X...X Theg and T =TV x 7y, (3)

Complete o arbitrarily to a cone complex &’ in R*™! and denote by P’ the
dual cell complex and by X’ the associated toric variety. Then P, = P,,
and X/, is obtained from P/ x 7"~! by collapsing certain subtori of 77!
over the faces of P’ which P, meets. On the other hand, X, is obtained
from P, x 7" = P. x 77! x 1, by collapsing the same subtori of 77
over the same points of P. It follows that X, = X/ x 7,, and hence also
that Xy, = X}, X . O
Note that the sets X, are, topologically, strong deformation retracts of the
affine toric varieties X5 defined in [Da).

The following corollary follows from (i) and (ii) above :

Corollary 2.10 For each 0 < k < n and for any perversity p,

THEXE, XN 0y= @@ THP(X,, Xo0i L) (4)
dimp =k
a

Therfore, to prove theorem 2.5 it suffices to show that each of the terms on
the right hand side of (4) is trivial. This follows from

Lemma 2.11 Let £ be a cone complex in R", X the associated toric variety,
p a perversity and £ a local system for intersection homology on X which is
strongly non-trivial with respect to a cone ¢ € . Then IH?(X,,Xs,; L) =
0 Vi,



Proof: The proof is by induction on n.

There is only one cone complex ¥ in R!. It has a unique O-cone oy and
two 1-cones oy and 02. Let T : V — V be the monodromy corresponding
to one of the generators of Z. The strong non-triviality of £ with respect
to any one of the cones of ¥ is equivalent to the invertability of T — I.
Now X,, = S whence IH.(X,,; L) = H.(S'; L), and it can easily be seen
that Ho(SY; L) = coker(T — I) and Hq(S'; L) = ker(T — I), both of which
are trivial. Now, since X,, = ¢(Xq,) (by (ii?) above), it follows from [Bo,
p. 29, Prop. 3.1] that TH?(X,,,Xpe,; £) = THE (X4, X0o; £) = {0}, and
similarly for a4,

Now let ¥ be a cone complex in R™ with X the associated toric
variety and let ¢ € £ with dime =k < n.
Case 1 : there exists a g-basis {21,...,2,} of Z" with T;; — I invertible
for some § > k. Then we may assume that 7 = n. Use this basis to obtain
the decompositions (1), (2) and (3) and write (X,, Xa,) = S! x (X7, X}%,)
accordingly. Then condition (i) of lemma 2.6 is satisfied and the assertion
follows from corollary 2.7.
Case 2: for any o-basis {z1,...,2,} of Z", if T;;;— I invertible for some ¢ then
i < k (and consequently z; € spano). Let {z,...,2,} be any o-basis of Z"
and write (X4, Xp,) = S! x (X%, X}, ) accordingly as in part (iv) of lemma
2.9. Then the restricted local system £’ = L|x: is strongly non-trivial with
respect to o (considered as a cone in £’). Thus by the inductive hypothesis,
ITHE(X!,X%,; L") = {0} so that part (£) of lemma 2.6 is satisfied, and once
again our assertion follows from corollary 2.7.

Finally, suppose dim ¢ = n. Then by (iii) above, X, = ¢(Xs,). By
its construction, the filtration of X restricts to Xa, so that corollary 2.10
holds for the restricted spectral sequence namely foreach 1 <1< n -1,

THP(X'N X350, X" 1N Xpoi £) = € THY(X;, Xori L)  (5)

i 7
However since L is strongly non-trivial with respect to o, it is in particular
strongly non-trivial with respect to any cone 7 C 8o and hence it follows
from the previous step that all of the terms on the right hand side of (5)
vanish whence TH?(Xg,;L£) = {0}. Thus once again it follows by [Bo, p.
29, Prop. 3.1] that TH?(X4, Xas; £) = 0, Vi. o



3 A counter example for general local systems

In general, the intersection homology with twisted coefficients of a toric
variety X is not trivial. Consider the toric variety X 2 §2 associated to the
unique cone complex £ in R!. Let ¢ € X \ X 2 C* be a base point. Let £
be a k-dimensional local system for intersection homology on X with fiber V
such that the monodromy T' € Aut(V.) associated to one of the generators
of m (X \ Xo,c) satisfies 0 < rank(T — I) < k. One easily computes :
IHgO)(X; L) =ker(T~1I) and IHéO)(X; L) = coker(T — I), neither of which
is {0}.

One can construct examples in any (even) dimension, for example
using the Kiinneth theorem ([CGL]) and the previous example and noting
that any product of 2-spheres §% x --- x §2 is a toric variety.

4 Local Systems and Intersection Homology

A thorough treatment of local systems for intersection homology in the var-
ious categories in which intersection homology is defined can be found in
[Macl]. We repeat here the essential definitions in the category of piecewise
linear geometric chains.

4.1 Geometric Chains

Definition 4.1 Geometric Prechains.

Let M be a manifold and £ a local system on M, i.e. a vector bundle over
M whose fiber V, over any point z € M is isomorphic to some (fixed) finite
dimensional vector space V over a field F (usually Q or C). A degree-k
piecewise linear geometric prechain C in M with coefficients in £ consists
of the following data:

1. A piecewise linear subspace § C M called the presupport of C.

2. A Whitney stratification § = |JS4 of § such that each stratum is a
piecewise linear subspace of M and such that § is the closure of the union
of the k-dimensional strata.

3. For each k-dimensional stratum S,, a multiplicity map c, : S, — Lls,,
where S, denotes the orientation double cover of S,. This map is required
to satisfy the following property : If O, and O}, are the two orientations
of S, over some point m, then ¢a(Or,) = —¢o(O),) in V.



There is an equivalence relation on prechains under which two prechains are
identified if their respective images are equal under some common refinement
of stratifications (see [Macl]). We thus define :

Definition 4.2 Geometric Chains. A piecewise linear geometric k-chain
is an equivalence class of prechains. The complex of piecewise linear geo-
metric chains is denoted C.(M; L).

4.2 The product with S!

Let Y be a stratified pseudomanifold and let yo be a point in the non-
singular stratum. Let S! be the 1-sphere which we regard as the quotient
of the interval [0, 1] modulo the relation 0 ~ 1, oriented accordingly. Then
S! X Y is a stratified pseudomanifold whose i-dimensional strata are the
products of S! with the (i — 1)-strata of Y. We represent points in S! x Y
by pairs (s,y) with0 < s<landyeY.

Let £ be a local system for intersection homology on S! X Y and let
L’ and L£"” denote its respective restrictions to {0} x Y and S! X {y}-

Definition 4.3 Define a map xS : Cp({s} X Y; £') = Ciy1(S* x Y; L) as
follows. Let £ € Ck({3} x Y; L’) be represented by a prechain C. Denote by
S! x C the prechain in S! x Y whose support is S! x supp(C) and whose
strata are the respective products of {0} and of S \ {0} with the strata of
C. The multiplicities are defined as follows :

Let (s,y) be a point in the (k + 1)-stratum (S \ {0}) x S, and let ¢, :
So — L'|s, be the multiplicity map on S,. The path in S! x Y defined
by t = (st,y) (0 <t < 1) defines an isomorphism @, ) : Vo) = Vi,
Define the multiplicity map ¢, on (S'\ {0}) x S, by

60(87 y) = ¢(av,y)c’cm(o’ y)

The multiplicity maps ¢, on the strata S, are unchanged. The geometric
chain xS'(£) which we will henceforth denote by S! x £, is defined to be the
equivalence class of prechains represented by S' x C.

The boundary of S! x ¢

Foranyy€ Ylet &,:V, 3 V, be the monodromy corresponding to the
path which goes around S! x {y} once in the positive direction. Let £ be a



k-chain in {0} x Y and let C be a representative prechain with multiplicity
map ¢, on each k-stratum S,. Denote by (@ — I)¢ the chain in {0} X Y
represented by the prechain C' whose support and stratification are the same
as those of ', and whose multiplicity maps ¢, are given by

¢a(0,9) = (®y — Ioca(0, y) = ®yoca(0,y) ~ ca(0, y).
The boundary of S! x £ is given by:
S x £) = (9 - )& - S! x 8¢.

In the proof of lemma 2.6 we will also make use of the chain ($—1)~1¢ which
is defined whenever (®,—1TI) is invertible for some (equivalently every) y € Y.
It is represented by the prechain C” whose support and stratification are
the same as those of C, and whose multiplicity maps are

c"(0,y) = (8y — I)"loca(0, y).

Remark 4.4 If £ is 1-dimensional then there is some constant d € F such
that the monodromies ®, are all equal to multiplication by d and hence

A(S'x €) = (d—-1)-S' x 8¢

Note that if £” is non-trivial then 4 # 1.

Lemma 4.5 The map XxS! induces an isomorphism on intersection homol-
ogy )
THP({s} x Y; L) > THE, (S x Y, {5} x Y; L)

for any perversity p.

Proof: The proof is virtually identical to [Bo, p. 25, Prop. 2.1], using
the canonical isomorphism TH?(S! x Y,{s} x Y) & IH’(R x Y) . The
introduction of a local system poses no additional problem. (m]

Corollary 4.8 Let ID2(S! x Y; L) C ICZ(S! x Y; L) be the subcomplex
whose k& chain group is generated by the chains & € ICf({s} X Y; L") and
{S? X &1 | €k—1 € ICP_, ({8} x Y; L£")}. Then the inclusion i : ID.{S! x
Y; L) — IC.(S' X Y; L) induces an isomorphism on homology.



Proof: Consider the two-step filtration {s} x Y C S! x Y and the corre-
sponding filtrations of the chain complexes :

ICP({s} x Y; LN C ICP(S' x Y; L) (6)
and

ICP({s} x Y; L") C IDE(S' x Y; L). (7)
It follows from lemma 4.5 that the inclusion i induces an isomorphism on
the E! terms of the associated spectral sequences. (m]

4.3 The proof of lemma 2.6

(i) If TH?({s} x Y;L') = {0} then by lemma 4.5, the E' term vanishes in
the spectral sequence associated to the filtered complex (6).

(#7) Now suppose that ®, — I is invertible. By corollary 4.6, any class in
THY(S' x Y; L) is represented by a cycle of the form

=6 +S" x &y

with & € TCP({s} x Y; L") and &y € IC?_ ({s} x Y; L'). We show that
this cycle is a boundary. Since

O = 06, + (® — D€y — S X 8¢ = 0,

we have in particular that 8¢ = —(® — I)éx—q and 3&k—y = 0.
Now consider the (k + 1)-chain

P =8 % (®- 1"
Its boundary is given by

0p=(@-IN®-I)""6—S'x (&~ I)'06 = & + S x &—1.
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