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§1. INTRODUCTION
1. In this paper we consider the (one-sided) Cauchy problem

p(x.t.Dx.Dt) u =0, t> o0, (1)

0,...,m-1, (2)

Uleeo T F5 v 3

Dy
for al class of linear partial differential operators with
analytic coefficients.Our main result is that the obstructions to
solve this problem are essentially of microlocal nature (cf.
theorem 1.5 and the related result on microregularity from theorem
1.18 ) .when microlocalisation is here with respect to the analytic
wave front set,this result is essentially known.For constant
coefficients it is in fact proved in Liess [3) and for analytic
coefficients it‘can be proved starting from a result of Schapira

[1] (also cf. sjoéstrand [1] and Bormander [7] ). We shall



therefore add an additional assumption on the operator under con-
sideration and gain adaitional precision in the results,in that
microlocality and microregularity will be obtained with respect to
some wave front set which is better adapted to the problem under
study . (In particular we should note that this wave front set
localizes on sets which are,in general,considerably smaller than
those which appear in the analytic wave front set.) Technically
our assumptions depend on some weight function on Rn and for a
particular choice of this function we recover standard analytic
microlocalisation. (Proofs could be simplified significantly in
that case .) For all other choices of the weight function our
additional assumption implies that the principal part of the
operator degenerates on a nontrivial set and that the lower

order terms satisfy a condition of Levi type.Typical examples

of equations which one then obtains are quasi-elliptic equations,
the Schrédinger equation,products of such equations perturbed

by low order terms,and the image of such equations under linear
changes of coordinates.

To be more precise,we shall assume that p(x;t,Dx,Dt) has the

form
- bl o 3
p(x,£,D ,D) = D) + jzm qq(x,8) D, Dy 4 (3)
lal+ § € m

for some real-analytic coefficients qja(x,t)rdefined for (x,t)

near O € R:’tkt . { Later on we will write 2z for (x,t),
qju(z) for qja(x,t) and p(z,D) for p(x,t,Dx,Dt) . As usual,
D: = (-1)|°](a/ax)“ , Dz = (-i)j(alat)j . ) The main assumption

is now that we are given some (globally) Lipschitz-continuous

function ¢ : Rn + R ( by this we mean, that

| ¢(&) - ¢(m)] sclg-nl|, VE Vne R" , for some C),



such that

m-3-|8]

Y 8 a [y]+1
IDx,t D¢ Z qju(x.t) £ ] s ¢ Y!$(E)

Vi, Vy, VB,VEeR" ,if |(x,t)]<e,(4)

for some ¢ >0 and e > O .

For technical reasons,we shall always assume that
$(E) 2 |£]6 , for some positive §&§ , at infinity, and ¢(E) > O,
VEe R" .

To give an example,assume that we are given some rational
numbers Mi 21 ,i=1,...,n, and suppose

= p® a _j
p(x,t,D ,D) =D + y a4 (X, E)D DY (5)
i<m
a1M1+---+anMn+ j£mn
for some real-analytic functions qju . (4) is then valid with

¢ = (14 gy y 1/M;

3
6 =1+ |g].

. Also note that (4) is always valid with

2. We now return to (1) and (2) . In order to give a meaning to

(2) ,we must at least assume that u is a germ of an extendable

+
distribution defined for t > O in a neighborhood of O € R" ! .

We may , and shall , then as well assume that u is a germ of a

distribution defined in a full neighborhood of 0 € R ! .Like-

wise , the fj will be germs of distributions defined near O € Rn .

We shall henceforth denote the space of germs of distributions

in n or n+1 variables,defined near O ¢ Rn or O ¢ Rn+1 by

D' . (The precise meaning of D' must be clear from the corntext.)
Our first concern is. then to see how much regularity on the

£ is required,if we want to find a solution for the problem

]
(1) and (2).



In the case of oPetétors of form (5) , the answer can be
formulated in terms of anisotropic Gevrey classes . Let us in fact
denote by GM the set of germs f of Cw functions,defined near
O ¢ R" such that for some € >0 and c¢ > O (which may depend
on f)

| o} £0x)] < olal+t

a0 e@ ™ L va, v, [x] <€

It is then a result (e.g.) of Persson [1] that (1) and (2) have

a solution if £, € GM s J=0,..., m~1 . Moreover,this solution

3

solves in fact the two-sided Cauchy problem

p(x,t,D_,D )u=0, near 0 ¢ R, (6)
Dju = f j=0 m-1 (7)
t |t=0 j ! reent !

and it is well-known ( in view of regularity results for quasi-
elliptic equations due to Cavalucci [1] ) that this result cannot

be improved,if no assumption on the type of the operator is made.

To state a similar result for the case of a general ¢ , we

introduce :

DEFINITION 1.1 (Liess-Rodino [1] ) : Consider x° ¢ R"" and let

f be a germ of a distribution defined near x° . We say that £

'is of class G, near x° , 1f there is a neighborhood X of x° '

¢

c > 0, and a bounded sequence of distributions fj € E'(Rn)
such that

a) f = f1 , in the sense of germs ,

b) fj'_'fk on X ,VvVj, Vk,

3

c) ]Ej(c)] < clci/eENT , 3=1,2,..., VE eR" .



E‘(Rn) is here the space of distributions with compact support
defined on R . (Mo?e generally, E'(u) = {u € E'(R™) ;

supp u € U} .) When v ¢ E'(Rn) we denote by v the Fourier-
Borel transform v(Z) = v(exp(-i<x,L>)) , [ € Cn, of v .

(Of course this definition is modelled on H&rmander's definition
of the analytic wave front set. Cf. Hdrmander [5]).

We denote by G, the set of germs of distributions defined

¢

near 'xo = 0 which are of class G there. Of course, when

¢
¢ = 2(1+lﬁj|)1/Mj we just have G, = .

Our first result in this paper is now:

THEOREM 1.2. Assume that P(x,t,D_,D.) satisfies (4) and let
fj € G¢ . 3 =0,...,m-1, be given. Then we can find a germ of a
C” function, defined near o e Rn+1 s for which (6) and (7) are
valid.

Note that this is just the natural formulation of the Cauchy-
Kowalewska theorem in G¢ classes. A proof of theorem 1.2, in
which we use the latter theorem (to which it actually reduces
when ¢ ~ |£]) will be given, after some preparations, in §7

below.

3. To state our next result, we shall, once more, place our-
selves at first in the quasihomogeneous case from (5). Thus assume
that Mi 21 ,41i=1,...,n, are given and choose x° € Rn '

2 e " R" = R™\{0} ) .

DEFINITION 1.3. Let f be a germ of a distribution defined near
x° . We shall say that (x°,§°) ¢ WFMf if we can find an open

M-quasicone T c R™ which contains Eo (a set A ¢ R" is
called an M-quasicone if a = (al,...,an) € A implies
(tMIal,...,tMnan) e A for all t>0) , c >0, and a bounded
sequence fj € E'(Rn) such that a) and b) from definition 1.1

are valid and such that



18,0 s etey/sen’ , 3=1,2,., cer.

1/M
Here ¢ = {(1+|5j|) 3.

(For similar definitions cf. Lascar [1], Liess-Rodino [1],
Rodino [1], Zanghirati [1].)

4. We also need

DEFINITION 1.4. Let P(x't'Dx'Dt) be as in (5) and consider some

germs of distributions fo""'fm— , defined near O € Rn . We

1
say that the one-sided Cauchy problem is solvable in microgerms

at (0,€°) if there is a germ of a distribution u o defined

near O € Rn+1 such that :
p(x,t,Dx,Dt)uEo =0, for t >0, (8)
(O,Eo) £ WE‘M(Dt_Ej u -f_‘) , 3 =0,...,m-1 . (9)
£ |t=0 -~

Our main result in this paper is now the following theorem,

and its variant in G classes from the theorems 1.9 and 1.12

¢

below:

THEOREM 1.5. Suppose that there are given  SRTTYE in D'
and assume that the Cauchy problem igs solvable in microgerms at
(0,£%) for any £° € " . Then we can find a solution u e D'

for (1) and (2) .

5. In the case of a general ¢ it seems difficult to asso-
ciate some wave front set directly with vectors £° € R" in a
natural way. In fact, as has been first observed in Hérmander (6],
wave front sets are associated rather with the points at infinity
of a suitable compactification of R" related to ¢ , than with
the points from R" . We avoid this difficulty altogether by

introducing



DEFINITION 1.6. (Liess-Rodino [1]). Let f be a germ of a distri-

bution defined near x° € Rn and consider T ¢ Rn . We shall

write that (O,T) n wp

o
X , ¢

¢f =@ , if there is a neighborhood X of

. 5 > 0, and a bounded sequence fj e E'(R™) such

that a) and b) from definition 1.1 are valid and such that

>0, ¢

£, < o te)3/0(50)3, V5 o if Qist(E,1) S c,0(E) .

To simplify the notations, we shall henceforth denote
{€ € R", aist(E,T) S cé(£)} by Pc¢ . If T' contains some set
of form Yc¢ then we say that T'' is a ¢-neigborhood of I and

write: T c¢ T .

be given germs of distributions

DEFINITION 1.7. Let f ,...,f
o m-1

defined near O € R and consider T c R" . we say that the one-

sided Cauchy problem is solvable in microgerms at (0O,TI') , if
: n+1

there is a germ of a distribution up defined near O € R for
which
p(x,t,Dx,Dt)ur =0, t>0 (10)
r n - j = j = cow = .
(o,T) WF¢(fj Dt uP|t=O) o, 3 o, ,m-1 (11)

REMARK 1.8, 1If p(x,t,Dx,Dt) has form (5) and if the Cauchy
problem is solvable in microgerms at (0,£%) (in GM) , then
there is an open M-quasicone T, t£°eT , such that the Cauchy

problem is solvable in microgerms at (0,T) .
We now have

THEOREM 1.9. C(Consider Pl,...,rs , some sets in R" such that
ur = &, and tet £ ,...,f
problem is solvable in microgerms at (O,Fk) for any % . Then

we can find a solution u for the problem (1), (2) .

be given. Assume that the Cauchy

Theorem 1.9 will be proved in §10 below.



REMARK 1.10. 1In vieq.of remark 1.8 it is clear that theorem 1.5

is a consequence of theorem 1.9 .

REMARK 1.11. The definitions 1.4 and 1.7 both refer to the one-

sided Cauchy problem. We obtain related definitions for the two-
sided Cauchy problem (6), (7), if we just drop the condition

"t > 0" in (8), respectively (10). In this way we arrive at
natural variants of the theorems 1.5 and 1.9, which are also true
(and in fact easier to prove. One can also obtain them by using

the uniqueness of the solutions.),

6. In the theorems 1.5 and 1.9 we have studied the solvabili-
ty of (1), (2), in distributions. One may ask if u is a Cm func-
ion, if the solutions for the corresponding microlocal problems
(8), (9), respetively (10), (11), are C functions. This is in-

deed the case:

THEOREM 1.12. Consider I’1,...,I‘$<:Rn with ur¥ = R" and let
£---0f _, Dbe given. Assume that for every k, 1 < k < s, there
is a C funetion up which satisfies (10) and (11). Then we can
find a germ of a ¢ function, defined near Oe R"+1, for which

(1) and (2) are valid.

Theorem 1.12 will be proved in §8 below.

7. So far we have only analyzed solvability questions for
(1) and (2). These questions are naturally related to guestions
of microlocal uniqueness {(or regularity) for the corresponding
solutions. To state the relevant results, we must at first intro-
duce a natural notion of boundary wave front set. As is customary we
shall define such boundary wave front sets only for a subclass of
distributions. Here we shall assume that u is ¢ in the t-vari-
able. We shall in fact denote by F the space of germs of
distributions u defined near O € Rn+1 with the following

property: 3¢ >0, Vb e R, 3b' ¢ R, 3c > 0O such that

&



+
Rn 1

lutv)| se¢ if ve C.:( ) satisfies

|viM) ] S explelm z| + € Im 17 + b In(1+]A]) + b'In(1+]c])) .

Here X = (g,1), L € Cn , T € C , are the Fourier-dual variables
to z = (x,t). Furthermore, when a ¢ R , then we denote by at
its positive part. Finally, we should mention perhaps that in the
above we have identified (as we shall also do later on) u with
some suitable distribution defining it.

If u e D' satisfies p(x,t,D ,D ) u=0 for t >0, then
it follows from theorem 4.3.1 in H3rmander [1] , that we can find
u' € F such that u=u' for t >0 .

To justify the notion of a boundary wave front set which we

introduce later on, we recall:

PROPOSITION 1.13, (cf. Liess-Rodino [1]). Consider £ ¢ D'(R") ,

o
T c Rn, X € R" . Then there are equivalent:

(1) (x°,T) nWF.f = ¢ .

) ?

(ii) There are 4d>0 , e€>0 ,¢c>0,c'>0 and be R

such that |v(f)] s ¢ whenever v ¢ C;D(Rn) satisfies

|G(;)| < exp(d¢(-Re £) + <x°,Im ¢> + ¢|Im Z]

+ Db In(1+]z])) , if zec" , Re Te-T ¢ (12)
|v(z)] < exp(<x®,Im £> + €]Im ¢| + b In(1+]z])) ,
if zecC', Re [ £ -T (13)

c'¢
Moreover, when f e'Cm(Rn) , then (i) and (ii) are also equiva-
lent to (ii)': There are a>0,e>0, c' >0, and for
every b some c > O such that ‘|v(f)| < ¢ , whenever
v e E'(R") satisfies (12) and (13).

In particular, f ¢ €®(R") defines an element in G¢,precisely
if we can find 4 >0 , € > 0, and for every b some c > O

such that |v(f)]| s ¢ whenever v ¢ E'(R") satisfies



|v(g)] < exp (Ap(-Re ) + elImg| + b ln(1+|g])) , v T e c” .

DEFINITION 1.14. Consider u ¢ F and T c R' . We say that

(0,I') 4is not in the boundary wave front set WF: of u ( "o

is here the one from RnH) , and write (O,T) n WF:u= @ ,if :

3d>0,3>0, 3¢ ,ybeR,3Ib' e R, 3C ,
00 n+1
such that |u(v)| < ¢ for any v ¢ C, (R) which satisfies

[v(A)] < exp (Qp(-Reg) + elImg| +¢Im o+ bln(1+]1])

+b'In(1+]z])) , if Rege Torg *

[v(2) | <exp (elimg |+eIm1:+ + bln(1+|1]) + b'In(1+|g]|)) ,

if Reyrp ¢{-T

.

c'¢
REMARK 1.15. various notions of boundary wave front sets have been
introduced in the literature,using a variety of definitions and
serving different purposes (cf. e.g. = Chazarain [1] , Melrose-

Sjdéstrand [1] , Sjéstrand [1] ).Any notion of boundary regulari-
ty should be such that boundary regularity for u implies at

least regularity of the traces Di ul . In the present situation,

t=0
this comes to :

" when  (0,T) n wp‘; u=g .then (0,1) n WE, p} Yo B0 VI

This is in fact an immediate consequence of proposition 1.13. In
particular , (O,T) n WF: u =@ implies that (O,T) n WF: u=g

in the sense from Sjdstrand [1] ,if ¢ = 1 + |g]| and
p(x,t,Dx,Dt) u = 0.(the latter condition is necessary since

WFZ is only defined for solutions of equations of type
p(x,t,Dx,Dt) u= 0 .) The converse is also true in view of theorem
1.18 below .

REMARK 1.16.It is ppssible to give a definition of WF: which is

much closer to L.H8rmander's definition of the analytic wave front



set.In fact,if X, € C:(Rn) is a sequence of functions such that

]DU. +8

. xj(x)] <ec c]Bl+1 lel ’ for |B] <3,

and if (O,T) N WF, u =¢ , then it follows from proposition 1.13

te U

(and its proof) , that we have

ENGAENE cMem/eE) ], if Eer (14),

c'¢ '

for gj(E,t) = ij(x) u(x,t) exp(-i <x , £>) dx , if

O S t<e for small € and if the supports of the Xj are
all small. Definition 1.14 is nothing but a quantitatively more
precise version of (14),in which also t-derivatives of u are

considered :

PROPOSITION 1.17. Consider u ¢ F . Then there are equivalent:

a) (O.I‘)HWFu=¢.

e 0

n

b) Let xj €C (R) be a sequence of functions such that xj(x)=o

(o]

for ]x] 2 C1 and such that xj(x) = 1 in some fixed neighbor-

hood of the origin. Moreover assume that

|D:+B xj(x)] < c o181+ 5181, if |8] < 3§, and that
if C1 is small enough,we can find 02 and for every k some
) such that
1] x, 00 DX u(x,t) exp ( -i< x ,£») ax| sc (¢, 3/¢(E))3
j t ' P v xSk '
if € €T .
C2¢

The proof of proposition 1.17 can be performed with the arguments
used in the proof of proposition 1.13.The reason why we prefer
here definition 1.14 over the property from part b) in

proposition 1.17 is of course that it is the former which we shall
directly use in the sequel.The proof of proposition 1.17 will not
be given in this paper.

A1



8. We can now state

THEOREM 1.18. Assume that u ¢ F s a solution of (1) and
denote by £

Dt ult=0' j 0,...,m1 . Let alBO PCR be

3
given and assume that (O,T) n wr¢fj =@ , V) . Then
(0,T) n WF:u =g .

Theorem 1.18 will be proved in §9 below.

REMARK 1.19, In the analytic category this theorem gives a
result of Schapira [1]. (Cf. also Sjdstrand [1] and theorem 9.6.9

in H6rmander [7]. For constant coefficients it is also a con-

" sequence of the arguments form Liess [3]). In the C category a

similar result appears in de Gosson [1].

9. We mention finally the following result, which may serve

as a justification for our notion of boundary wave front set.

PROPOSITION 1.20. Assume that f ¢ F is such that

(O,Rn) n WF:’f = @ . Then there is u € D' such that

p(x,t,Dx,Dt)u = f and such that Déju|t=o =0, 3=0,...,m1 .

Proposition 1.20 is proved in §7 .

10. Our main concern in this paper is to prove theorem 1,12,
The reason why we prefer to concentrate on this result, rather
than on theorem 1.9, is that the situation is notationally
simpler for €” solutions. |

The central idea in the proof of theorem 1.12 is to exploit
‘the analogy (by duality) between the Cauchy-Kowalewska theorem
and the Weierstrass preparation theorem. To use this analogy is
in fact common practice in constant coefficients (cf. e.g.
Kiselman [2]) and it has also been used by L. Ehrenpreis to re-
prove Petrowsky's theorem for strictly hyperboiic equaiions with
analytic coefficients. (Cf. Ehrenpreis [2]). The main (perhaps
new) ingredient which we use here is a non-commutative version

for the contour integration formulas which give (what corresponds

A



to) the quotient term %n the Weierstrass preparation theorem.These
formulas are derived in §4 and we use them in §5 to estimate the
aforementioned quotient term. In §6 we then explain,why one needs
these estimates to solve Cauchy problems by duality.The §§ 4 - 6
therefore form the core of the paper .The proofs from these
paragraphs are based on a number of technical preparations which
are collected in the §§ 2 and 3,and the proofs of the results
mentioned in the above are brought to an end in the §§ 7 - 10.
Unfortunately, the duality on which everything is based,does not
work initially for all distributions with compact support.We shall
therefore use a subclass of distributions,which have first been con-
sidered by L.Ehrenpreis,who also proved the remarkable fact that
these distributions are dense in the set of all distributions with
compact support .(Cf. Ehrenpreis [1] and §11 below.) These
distributions are closely related to Holmgren's method of deforma-
tion of noncharacteristic hypersurfaces and we study this relation

in §11 . The paper is concluded with a section of comments.
§ 2 . PREPARATIONS

1. In this paper we shall repeatedly use analytic functionals

n+1
u € A'(C ') which satisfy an estimate of form

[G(n ] < c exp(c'|Imz | + b ln(1+|z])) ,when |1} < c(1+]g])), (1)
respectively,an estimate of form

[a(x)| < c explc'|mmA | + b In(1+]A])) ,when || 2 c1+]g|)),(2)
or similar estimates,
Here and later on , we denote by A(U) the (topologized)

space of analytic functions defined on the open set U ¢ Cj by X'
strong dual of X ,if X is some given locally convex topological

13



~

vector space, and by u the Fourier-Borel transform of the

analytic functional u .

2. The importance of the analytic functionals satisfying (1) .
for the study (by duality) of the Cauchy problem has first been
observed by Ehrenpreis [1], who proved:

PROPOSITION 2.1. Let €' >0 and C > O be given. Then there

is € > O with the following property: for any
uekb'(ze Rn+1;|z| < g) there is ¢ > O and a sequence

v, € E'(]z] < €') such that

3

a) v, +u in E'(|z] <¢€")

3

b) IGj(x)| <cexple!|Im |y if |t] sca+leh ,
c) IGj(A)| Scexple'|Im A]) if || 2 cQ+|g]) .

1

+
Moreover, if supp u < {z € R™"', t 20} , then we can choose

the vj to have supports also in t 20 .

3. Using an idea from the proof of proposition 2.1 , we can
obtain the following variant of a result from Liess [31:

LEMMA 2.2. Let C > O be given. Then we can find C'>0, 4'>0,

+
and a plurisubharmonic function p : c” ! + R such that
+ .
Im T - |g] $p(A), (3)
p(A) S @ (t+|mz] +1m ), waecdt, . (a)
p(A) s a'(1+|mm Z)) 1f |t s c(i+)ch) . (5)

A similar statement is valid if we replace everywhere

Im 1" by |mm t] .

Proof of lemma 2.2 (scetch).We may assume (we can temporarily add

1¢-



a supplimentary variable) that n is odd. We denote by

—-— n .
B = {f € A(C") ; sup_ [£(x)] < 1}

xeC
|x]<1
and, for f € Bn ., by
n
2
h () = [ £(x) exp(-i<x,g> - i(t - § x)mdx . (6)
f n 3
XeR =1
Ix|<1
Further consider
X(A) = sup ln[hf(A)I ' (7)

feB
n

which is thus plurisubharmonic.

Note that hf is just the Fourier-Borel transform of a
distribution given by an analytic "density"concentrated on
{(e,t); x| 1, t = l-lez} and that precisely such distri-
butions were used by L. Ehrenpreis to prove proposition 2.1. It
is proved in lemma 2.3 from Liess [3], (using also lemma 9.22

from Ehrenpreis [1]), that
x(}) < C1(1+|Im g +Im ),
X(A) s ¢ (1+]1m z]) 1f || < c a4z,

x(A) 2c, Imt - |g] - 2 1n|t| ,

3
for |Re ¢| 2 21+1 , Im T 20,
for some positive constants Ci .
Note that the last property was stated in Liess, loc. cit.,
only for [ ¢ R" , but the proof carries over without any change
for [ € c" . |
A function p with the properties stated in the conclusions
of lemma 2.2 is then

15



p(A) = max [0,c,( sup X(Cg L,T40) + 2 Injt])] ,
.- BeR
|8]s2m+1

for suitable c4, CS .
4. For later purpose we now mention:
LEMMA 2.3. Consider €' >0, C>0, I'",I' c r" + and assume

that Fg¢ € T' for some ¢ > O. Then there are € > 0, ¢" >0,

and a plurisubhamronic function p' : Cn+1 + R such that

p'(A) Se'|tm z] + €'Im ™+, (8)

p'(A) < e'|Im g] + c"

if |1 SC(¢(-Re T) + |Im L|) an@ -Re L £ T' , (9)

elimg] +emt Sp'(\) if -Re L[ € IV . (10)

Moreover, the constants ¢,c" depend here on ¢',C,c, but not

directly on I anda TI'.

Proof of lemma 2.3. The situation is here similar to the one from

proposition 2.1 in Liess [3]. Before we start the proof, we note

that n£TI', 6 € I'" , implies |n-8] 2 c, ¢(n) for some c, >O.

If C2 > 0 1is given, we can therefore find C so that

|T] S Clé(-Re ¢) + |Im g|) implies l1] sc,(1+|Re T+E] + |Im g|)

if -Re L £ T' and & € I'" (the condition is of course just that

csc, and Csc Cy.
Let now X be the function defined in (7) and define

P"(A) = sup X(Z+E,T) + 2|Im ] + 2 1n|T] .
Eeru

With the notations from nr. 3 we thus have

P*() SC (1 + |Img| + In T) and

{3



p"(A) 2 Cy Im ™t + lmt| if -Re g eI,

Im Tt > O and !Re T| 2 2141 .

Moreover, in view of the discussion from the above, we have
p") Sc 1+ |mmg]) for 1] < C(¢(-Re £) + |Im z]|) provided
C is small.

The next thing is to replace p"(A) by
pl(l) = max (p" (\), IIm ;I) , for which Py 2 C3 Im T+ + |Im cl

if -Re L € T" and |Re t| 2 2m+1 . Finally we set

p'(A) = ¢ sup )

(c, g, t+60) ,
2 1g]s2m+t 3

1

for suitable cz,c3 .

5. In our next result we give a useful decomposition for
distributions of the type which appear in the definition of

boundary wave front sets,

PROPOSITION 2.4. Consider ¢' >0, d' >0, c' >0 and T cR" .,

Then we can find € >0, d> 0, b' 20 and for every b 2 0O
some ¢ with the following property:

if u e E‘(Rn+1) is given such that

IG(A)I S exp(d¢(-Re ¢) + €|Im ¢| + € Im v° + b ln(1+[A])) ,

for -Re [ €T ,

and

lu)| < exple|lIm g] + € Im 1% + b In(1+]A]))
for -Re [ £ T,

1

then we can find a sequence VirtVoreses in E'(Rn+ ) and a

2
Sequence 51,52,..., in T such that

a) um= Z v

j 14

17



B vyt s (c/3%) exp(a'd(-Re ¢) + €'|Im | + e'Im **

+ (b+b') In(1+|A])) if |Re ¢ + 53[ < cree) ,

ch(l)l s (e/3%) exp(e'|Im g| + e'Im t¥ + (b+b")1n(1+|2A]))

if |Re ¢ + Ejl 2 cre(ed) .

w
Moreover, when u € C° (Rn+1

different from O .

) , then only finitely many vj are

REMARK 2.5, Proposition 2.4 is a variant of proposition 1.4.5
from Liess-Rodino [1]. The fact that we can work here with Im '
instead of |Im 1] is a consequence of the fact that the
("weight") function ¢ does not depend on T at all.

6. We must now also study how distributions like the vj from
proposition 2.4 behave under multiplicatioh with analytic func-
tions. For later purpose we prove a result which is even a little

more complicated.

PROPOSITION 2.6. Consider c1 >0,C, C',0<C"<C,¢e'>0,

@' >0,beR, T cl'cR" and assume that I‘c,¢ c T'' for some

c' > 0 . Then there are c,cz,e,d, all positive, such that if
o
€ eTl, ve E'(Rn+1) and g € A(z ¢ cn+1;12[ < ¢e') , satisfy

lgz)] s 1,

v | < explelIm g| + b In(1+]z]))

if -Re £ £ T and |1] < C(¢(-Re D)+|Im C|) , (11)

IG(A)I < exp(e|Im | + € Im ™+ b in(1+]A])) ,

if |Re g+ £°] 2 c2¢(g°) , (12)

[v(d)]| s exp(dd(-Re L) + €|Im ¢| + € Im T  + b 1n(1+][A])) ,

1f |rRe g+ €] s 0,006 , (13)

18



then it follows that: w = gv satisfies

l;(k)[ Scexple'|lmz| +b In(1+]A]))

if -Re [ £ T' and 1| s Cc'(d(-Re D)+|Im ¢]) , (14)

IG(R)I <c exp(e'lIm gl + €'Im s b ln(1+lA])) ,

if |Re [ + E°| 2 c 4% , (15)

[W(A)] S c exp(a'é(-Re £) + €'|Im L] + €'Im T + b In(1+]A])),

if |Re T+ £°] 5 ¢ 0(E°) . (16)

Moreover, only c¢ depends here on b and the proposition is also
true when T =T' = ¢ or R".

7. Proof of proposition 2.6. Preparations.

Our first remark is that

G(A) - In+1 F(hg)(e);(x-e)de ' (17)
R

if he C;T(Rn+1) has support in |z| < €' and satisfies
hv = v ,

We now fix A and Eo and choose for h some function which
satisfies

lDa+B+y Bl

|a+B+y | +1
x,t 3

nx, )| s ¢ (c, $(-Re ;))'“’(c4¢(s°n|

1f la] < c é(-Re 1), |B] 5 c 9(E7)

and |y| s |b] +n+ 2, (18)

for some c3,c4 . The constant c¢ shall be chosen later on,

4

but cq must not depend on c, - It is wellknown that such func-
tions exist, if we assume (as we shall) that ¢ < ¢' . (Cf. e.q.

H8rmander [5]). It follows in particular from (18) that

1%



-|bl-n-2

|F(ng) (0)] < g (1+]0]) , (19)
c,9(-Re L)
[Fing) (0] 5 e 1+]0]) In] "2(c, 4(-re 0)/]0]) (20)
[o]
Inlons c,d(E%)
[Fhg) (0] < e (1+]0]) [ol-n 2(c 0062 /]0]) ® : (21)

for some Cg -
Note that, if here |0] 2 cg#(-Re ), e.g., then we can con-
clude from (20) that

-|b]-n—2

|F(ng) (8) | s eg(1+]6]) exp(-c, ¢(-Re L)) , = (22)

if we shrink c4 until c4/c6 < 1/e .

Similarily, we will have

-|b|-n—2

[F(ng) (8)] s c (1+]0]) exp(-c4¢(E°))

if |e] 2 c6¢(E°) , (23)

and

-|b|~n-2

[Fhg) (0)] < cg(1+]6]) exp(~c, ($(-Re T) + $(£))/2)

1 ]8] 2 c ($(E7) +p(-Re 1)) , (24)

for c4 small enough.

8. The next step in the proof of proposition 2.6 is:

LEMMA 2.7. a). Consider c7 > 1 . Then there is cB so that
lg-n] < 08¢(£)' implies

¢(n) < c7¢(5) , $(E) S c7¢(n) .

b) There is Gy S ¢; so that In-g] 2 cg(¢(5) + ¢(n))
for all £ €T and n g ' .
¢) There is 0 s cg SO that |6] s c1°¢(-Re g)- together

with ITI S C'(¢(-Re L) + |Im cl) implies

Q0



18 44T < Clo(-Re T+0") + lm ¢|) . (25)

Moreover,
|Re ¢ - 8' + £°] 2 c9¢(£°) if -Rez{T', (26)

1

then. Here 0 ¢ Rn+ , 8 =1(0',8 ) .

n+1

Proof of lemma 2.7. a) Assume [g-p| < cgd (£) . The first

inequality in the conclusion follows for small Cg from
$(n) s $(8) + clg-n| < (1+c883¢(g) and the second from
$(E) < ¢(n) + ;'c8¢(5) (which implies (1-c8)¢(£) < ¢(n) 1if

c Cq €1) . Here ¢ > O 4is such that |¢(€1) - ¢(£2)| < glil—izl-

b) From the assumption on T,TI'', it follows that we can find
4y >0 so that [£ - n| 2c11¢(n) whenever £ eI’ and n ¢ T' .
If, on the other hand, we had |t-n| < c,,$(&) , then we could
conclude from part a) that ¢(&) < 2¢(n) (for example), if 5
had been small enough. Thus |&-n| < 2012¢(n) , then, which would
contradict the choice of Cyy if 2c12 <Cyy - We conclude that
we must also have IE-nI 2 c12¢(€) for some small Cyp -
c) A first condition on ¢ is ¢, <C-C' . If 6 and =

10 10
are as in c), we conclude that

lenﬂ—Tl sc'|mgf + (c' + Cigl¢(-Re T) .

We will then obtain (25), if we shrink c10 until
le] < clo¢(-Re L) implies (C‘+é1°)¢(-Re Z) S Cé(Re g -6')
(cf. part a) ).

To obtain also (26), we apply part b). We conclude for the

8,%Z, under consideration that
[Re £ - 8" + £°| 2 c_¢(E%) + c é(-Re L) - c, ¢(-Rel )
9 9 10

o
2 c9¢(£ Y if clo's Cq -

aA



Before we return to the proof of proposition 2.6 we mention

the following corollary to lemma 2.7:

LEMMA 2.8. a) Let O < c < c' be given. Then we can find c"
so that [Pc¢]c"¢ c Pc,¢

b) Let ¢ >0 and T c R® be given. If c¢',c" are suitably
small and if

, for any T c R .

' ={ne Rn; 3 €T s.t. |&-n|] <c'¢(6)} ,

1
then Pc,¢ c I'c¢ .

9. We now turn effectively to the proof of proposition 2.6

and fix c, = c9/2 . There is no loss in generality if we assume
1 9 (we shrink 4
proof only) the notations

c, =¢ if necessary) and we introduce (for this

A={s ¢ ™Y, le] < ot (-Re DI},
B={0c¢ RP+1, [Re T - 6 + £°] 2 c2¢(E°) .

We also assume that |E-n| < c2¢(§) implies ¢(E) <2¢(n)s 4¢(E) .

10. Proof of (14). The assumption is -Re [ ¢ T'' and
lt] < c'(¢(-Re £) + |Im g]) . In view of lemma 2.7 we have A C B

for such X . We now distinguish in the integral from (17) three

cases:

I: 0 eA, IXI: 0/4/A,0eB, III: 6 4 (AU B) .

In the case I , we can estimate F(hg) by (19). To estimate
v(2-8) we use (11), which is applicable here in view of lemma
2.7. It follows (since © is real) that

|v(x-8)| s exp(e|Im g| + b 1n(1+[2]) + |b] 1n(1+]8])) .

Integration over A now leads to an estimate of the type (14).
In case II, we estimate F(hg) by (22) (we must shrink c,
until this is possible.). For v(A-8) we use (12) and get

AR



lv(r-0)| < exp(elim ¢| +ec'(d(-re €) + |1m T|)
+ b In(1+|2]) + |b] 1nc1+]e])) .

If ¢ is small, the factor exp(-c4¢(—Re z)) from (22) will
compensate for the factor exp(eC'¢(-Re Z)) 1in the estimation of
;(1-6) ; S0 we can again integrate and obtain an estimate of type
(14) if (e+eC') < €' .

It remains to consider the case III, when

IRe £ - 0' + £°| < c,0(6%) ana |6] > ¢, ¢(-Re 1) .

Since we still have -Re [ ¢ T'' , we also have

|Re &+ £%] 2 0(E%) , s0 [0'] 2 c,0(£%) in view of ¢, = cg/2 .
It follows that |8]| > (¢(-Re ) + ¢(£°)) all in all, so we can
now estimate F(hg) by (24). Furthermore, we estimate ;(A—B)
using (13), and we also have ¢(~-Re [ + 6') < 2¢(E°) (cf.nr. 9),
so together with |[1| < C'(¢(-Re ¢) + |Im Z|) , we obtain

l;u—e)l s exp(2a¢(E°%) + €|Im g] + €C'¢(-Re ) + eC'|Im |
+ b In(1+|x]) + |b] 1n(1+]|8])) .

If € and d are small we obtain an estimate of the desired

type by just integrating.

11. Proof of (15). The assumption is here

|Re T+ Eol 2 c1¢(§°) . This time we only consider the cases

8 eB, 6B . When O € B, we estimate F(hg) by (19) and
;(1-9) , starting from (12), by .

exp(e|Im ¢| + € Im ™+ b In(1+[A]) + Ib| In(1+|8|)) . In case
8¢£B, |0 2 c10¢(£°) , so we can estimate F(hg) by (23) and
v(A-0) by exp(e|Im g} + € Im 4 2a9(£°%) + b In(1+[a]) +

+ |b] 1n(1+|8])) , etc.

12, Proof of (16). Here |Re { + £| < c,0(°) . For 8¢ B,
we use

|v(r-0)]| < exp(e|Im ;| + € Im 7+ b 1n(1+|2]) + |b| 1n(1+|6])),

23



which leads to an estimation by ¢ 4 exp(elxm z]l + € Im s

1
+ b 1n(1+‘l|)) for the contribution of the integral over B in
(17), if we estimate F(hg) by (19). When 6 ¢ B , we use the

same estimate for F(hg) and also the fact that

|v(rz-8)| < exp(e|Im ¢] + € Im o+ dé(-Re £ + 8') + b ln(1+]1A])
+ |b| 1n@a+]e]) .

It remains to observe that
d¢(-Re ¢ + 8') < 2d¢(E°) < 4d¢(~Re ) < d'$(-Re [)

if 43 s @' , and to integrate.

13. We mention some corollaries of the propositions 2.4, 2.6,
and of their proofs.

PROPOSITION 2.9. Consider €' >0 , 4" >0, b 20, and

I,I'' <R such that T c¢ I'' . Then there are ¢ >0 ,d >0,
+

¢ > 0, b' , with the following property: whenever vV ¢ E' (R" 1)

satisfies

[v(A) | < exp(d¢(-Re T) + €|Im z]| + € Im v  + b In(1+[A])) ,
: ~-Re L €T,

’IG(A)I < exp(e|Im z] + e In T + b In(1+]A])) .
for -Re L £T ,

it follows that w=gv , g € A(z € Cn+1;|z| < ¢') satisfies

IG(1)| S c exp(d'¢(-Re §) + €'|Im | + €' Im o
+ (b+b") In(1+[A])) , -Re [ € I,

IG(X)I S cexple'|Img| + €' Im 7 + (b+b') In(1+[A]))
for =-Re [ £ T

if ig(z)l €1, (Only c depends here on b .)

A o



© n+l
when v € Co (R".7) this a a direct consequence of the

propositions 2.4 and 2.6: at first we split v according to
proposition 2.4, then we multiply each term in the sum with g
and then we add the resulting distributions. Note that the
constant ¢ which appears in tﬁis way does not depend on the
number of terms in the decomposition of v , since 2 1/j2 < @

+1
We can therefore obtain the conclusion in the case v € E'(Rn )

if we just approximate v by a sequence of C:’(Rn+1) functions
which satisfy similar inequalities. (Convolution with a sequence
of q:(RP+1) functions with small support in t 2 0 which
approximate the §-Dirac distribution will do.) We omit further
details., (Actually "approximation" is not necessary: cf. the proof

of proposition 2.11 below.)

COROLLARY 2.10. Let u be a germ of a C” function defined near
‘n+
0 e R" . and assume that (0,T) n WF;)u = @ . Then

(o,T) n WF;Dgu =@ if g is real-analytic near O .

14, The next result is just a completion of proposition 2.9,
which we shall state separately, in order to make references to

these propositions more transparent.

PROPOSITION 2.11. Let €', d', c', 0<C' <C, and I, T* ¢ R"
be given with T c¢ ' ., Then we can find € >0 , d > 0 and for

every b 2 0 some ¢ such that if we add to the assumptions in

proposition 2.9 that

[vix)| < exp(elim z] + b In(i+|z])) ,
for -Re L £ T and |t| € C(¢(-Re T) + |Im Z]) ,

then we can add to the conclusions that

[wd)| < c exple'|Im T| + (b+b') 1n(1+|Z]))
for -Re [ £ T' and |T| S C'(¢(-Re L) + |mm ) .

The proof of this result is similar to that of proposition



2.9. In fact, the main preliminary result, proposition 2.6, is
already in the form in which we need it, so we must only observe

that we can improve proposition 2.4 to

PROPOSITION 2,12, Let 4d', €', c', C, be given and consider

Pe,I'e R" . If €, d, b' are suitable we can then find for

every b20 some ¢ such that if we add to the assumptions in

proposition 2.4 that

|G(A)| < exp(e|Im Z| + b In(1+|z]))
for -Re L £ T and |t| S C(¢(-Re T) + |m z|) ,

then we can add to the conclusions that

le(A)l s (c/3%) exp(e'|Im ] + (b+b") 1n(1+[g]))
if ~Re L £ T' and |t] < C(¢(-Re T) + lm z|) .

15. One can prove proposition 2.12 either directly, or else

by reduction to proposition 2.4. In the second case we need:

n
PROPOSITION 2.13. Let C >0, €' >0, ¢, >0 and I,I'" ¢ R Dbe

1

given with Pc e, T' . Also choose ¢, soO that

LA 2
T=1{n; 3 €T s.t. |E-n] < c2¢(€)} T, 6 " Then we can find
1
b"20,¢e€e>0,d>0, and for every b 2 0 some ¢, with the

3
following property:

if v e E'(Rn+1) and E° e are given such that

IG(A)I < exp(dd(-Re T) + €|Im | + € Im T° + b In(1+]A])) ,

for |Re T + £°] s c2¢(€°) '

[via)] < exple|Im z] + € Im o+ In(1+]Al))
for |Re [ + Eol 2 c2¢(€°) '
2
then there are vl,v2 € E'(Rn+1) such that v = v1 + v and

such that



~1
IV ()| % ¢y expee'|tm ¢] + ¢ 1In ™+ (b + b') In(1+[A]))

VX e Cn+1

’

~2
V'] ¢, exp(@d(-Re ©) + e'|Im | + &' Inm 1

+ b+ b In(+Al)) , if |Re T+ €°] 5 c 0067

Vi) | s ey explet|mm g} + &' Im T + (b + b") In(1+]A]))

if |Re g + E°] 2 c2¢(£°) ,

V)| < ey exple' [m g| + (en')in(1+]g])),

if -Re L £ T' and |1| £ C(¢(-Re Z) + |Im Z|)

Proof of proposition 2.13. We choose c, so that Fc ¢ c¢ r
and consider e € C (R") for which e(f) = 1 if 4
el 21, EeT, e(§) =0 if £ ¢ T e 0 s e(f) <1,

Igrad el <¢c

5 -
We then define Fl,Fz, by Fy (A) = (1 - e(-Re C))V(l) '
FZ(X) = e(-Re C)V(A) . Let also € >0 and a plurisubharmonic

function p' be associated with T" = P and €' as in

c ¢'

lemma 2.3. It follows that 3?1 (= —3?2) satisfies

]5%1(A)| S ¢  exp(p'(X) + b In(1+|2]))

SO0 we can conclude from results concerning the Eloperator proved

+ — —
in Hormander [2] that there is H e C (C" 1) with 3H = 3F, such
that

[lB)|? expt-20"(A) - (b+n+3) 1n(1+[2[%)) ax s ) .

We thus have an Lz-estimate for B and a sup-norm estimate for
M . It is easy to conclude from this (for a related result cf.
e.g. Kiselman [1]) that

X?



)] S cg exple’[1m g] + €' Im T + (b+n+3) In(1+]A])) ,
respectively

[H(D | < cg exp(e'|Im g| + (b+n+3) 1ln(1+]A[))

if -Re L £ T' and |t| s C($(-Re ¥) + |Im C|) .

We can therefore define v1 by v1 = Fl-ﬂ and v2 by
v2 = F2 + H .

16. Proof of proposition 2.12. The proposition follows from

proposition 2.4, if we also apply proposition 2.13. To see this,
consider d',e',c' and rcR® . We are allowed to shrink c' if ne-
cessary, so we may assume (cf. lemma 2.8) that for some c",
I‘g% c I'' , where

I'" = {neR"; IEeT such that |E-n] < c'$(E)} .
Also choose ¢", d@", to be specified later on and consider u as
in proposition 2.4. Application of that result for suitable ¢,d,b’'
shows that we can find w, € E'(Rn+1) such that u = f wy and

J

such that the w 3 satisfy the inequalities from b), c¢) in propo-

sition 2.4, if we replace €' and d' by €" and d" . We now

split each "'j in the form w, = wl + wj2 , using proposition

3 3

2.13. If €" and 4" have been chosen suitably, we may assume

here that

l\:r; ] s (c9/j2) exp(e'|Im g| + €' Im 'r+

+ (b+b") 1n(1+[A])) ,

|;j2 | s (cg/jz) exp(@d(-Re Z) + €'|Im L] + €' Im T

+ (b+b") In(1+]A])) if |Re T+ £Y) < e oYy,

I\:jz (1)! < (c9/j2) exp(e'|Im ] + &' Im 'r+

+ (b+b") 1n(1+|A])) if |Re T + Ejl 2 c'¢(€j).

LY



Iﬁg(x)l < (cg/jz).exp(l:“lm z] + (o+p") In(+|z]|))
if -Rel £ T' and |t]| < C(¢(-Re ) + |Im g]) .

2
3 1
In(1+]t|)) , 4f -ReZ £ T' and |t] < C(¢(-Re §) + |Im ¢]) ,
and a.sfmilar estimate must then also be valid for ﬁ = 2 G; .
since W is just ; - 2 wf'.ihe desired decomposition is there-

fore obtained, e.g., with v, = wf , for 3 2 2 .,

Thus, in particular, |§ wo ] se

o exp(e'|Im | + (b+b')e

2
=W

3

+ W, vV

3
17. Finally we need:

PROPOSITION 2.14., Consider € > 0, €' > 0, c! > 0, and

Pi,...,Ps ¢ R" such that UPk = )" . Then we can find ¢ > O,

' n+1
b' 2 0, and for every b 2 0 some c such that any ve E'(R ")

which satisfies
]:r(l)l < exple|Im Z| + € Im o+ b In(1+]2]))

can be decomposed into the form v = v1 P S , where
n+l

v e E'(R Y ,
W) | s ¢ exple'|Im g + e'Inm 17 + (b+b") 1n(1+]A])) ,

VX € Cn+1 ’

and

lak(l)l < c exp(e'|Im g| + (b+b') In(1+|A[))

if -Re T ¢ Ft,¢ and |t| € C(¢(-Re ) + |Im g|) .

The proof follows by induction from the following result:

PROPOSITION 2.15. Let T ,T, © R" and ¢' C>0, c, c',

O < c' <c be given. Then we can find C', €, b' and for every

b some c" with the following property:
any v e E'(R™!) which satisties

IviA)| < exp(e|Im g| + € Im T + b In(1+|A])) , v e ™t

9



and
[vid)| < exp(elrm g + b 1n(2+]c]|))

for -Re [ ¢ (ryuly) .,

s and lt]sc'(¢(-Re T) + |Im L) ,

can be decomposed into the form v = Vi + vy e v, € E'(Rn+1) ’

b

Ivj(l)l S c” exple'|Im ¢| + €'Im o+ (b+b') 1n(1+[r])) ,
N A€ Cn+1 P

|vjtx)| < c" exple'|Im g + (b+b*) ln(i+|g|))

if -Re T £ (T and |t| < C(¢(-Re ) + |Im T|) .

j)C¢

Proof of proposition 2.15. The situation is similar to that in
proposition 2.13., We choose ¢

L]
1 with ¢ <c1<c.If c2>o

is very small, we have (cf. lemma 2.8)

ceryy 1 c (T

Yeyeic,e € Tyle -

Let further e € Cu(Rn) be some function such that e(§) =1
for -Ee (ri)c,¢ if |g| 21, e(f) =0 for -¢ £(r),
0 < e(g) £ 1, Vg, and such that |grad€ el sc
F (A) = e(Re ) v(A) . We thus have

1¢'

3 Define F by

|3 (W] S ey explelIm g] + € In 17+ b In(1+[A]N)

vA e !

and

3P (V] s c, exp(e|Im z|l + b 1n(1+|g]))

if -Re L £ B and |t| < C'(¢(-Re L) + |Im z]) ,

where B = [(rl)c1¢ \ (ri)c.¢] n (I‘z)c.¢ .
If ¢,C',b' have been suitably, we can now find H ¢ C“(Cn+1)

such that 9H = JF ’

3



la | S ¢, exp(etm t] + €' 1m T+ (+b*) n(1+(A])) ,
V) € Cn+1 ,
respectively
B | s e, exple’|Im L] + (b+b') 1n(1+]|z]))

1f -Re L ¢ B_ lt] < c(é¢(-Re T) + |Im z]) .

2¢ '

To obtain the existence of such an H , we can argue as in the

proof of proposition 2.13 (using once more lemma 2.3.). Now we

observe that, by the choice of Cyr Bc2¢ c (I‘j)c¢ for. j=1,2 .
The proof is therefore complete if we set vy = F -H , v, = H

+v(l-e(Re)).

§3. PRELIMINARIES CONCERNING PSEUDODIFFERENTIAL OPERATORS.

)

1. In this paragraph we recall some elementary results con-

cerning pseudodifferential operators related to G, classes.

. ¢
Let us then choose p of form (3), §1, and assume that (4),

§1, is valid for some Lipschitz-continuous ¢ .

Our first remark is:
LEMMA 3.1. Let ¢ : R" > R be given and assume that

Ip%q(E)| < ¢(s)j‘|°‘| if £Ee R ,Va .

Then
latz)| < (¢(Re g) + |Im |7 , Vi e C" .

Indeed, in view of Taylor's formula,

alg) =¥ [(3/36)% a(Re 2)1(Im £)%at ,
[+
={e]

latn)| s | 2 ¢(Re ;)j-lalllm z]%al s (¢(Re T) + |Im cl)j .
al<j



We conclude from (4), §1, that

y B a
lal Sm-j
< c|Yl“Y!(¢(Re g) + |Im cl)“"j"m.

Vy, VB, VL € C*, if |(x,t)| s € . (1)

Here we may even assume that (x,t) is complex. Let us also note

that (1) implies in particular

lt] s c (d(re &) + | g]) , if plx,t,5,m) =0, (2)

for some ¢, > O . (Cf. e.g. Malgrange [1, chapt. 1v].)

2. Let <, be such that (2) is valid. We denote by

G={ec™, |1] 2 (c, + 1) ($(re ©) + |m |y .

For X € G we then have |p(x,t,[,T)| 2 c2|1’|m if ¢, >0 is

2
small, (x,t) € Cn+1 , |(x,t)] < € . Together with (1) we conclude
that
IDI’t Dlep(x,t.t.'r)l s c:liﬂﬂl'rl-'s‘y! IP(x:t:C'T)l

if |(x,t)] <e and A €G. (3)

As is standard, we can deducé from this the existence of an inverse
symbol. Let us in fact denote by SFu(U,G) the space of formal
sums Z qj , qj € Cn(U,G), j=o0,1,2,..., where U is some
neighborhood of 0 € Cn+1 and where: "

a) the qj are analytic functions on UXG ,

b) there is c > O such that

o, DAB ay(z, | s C!YMB'HY! B! mu—lBl

if zeU, XeG. (4)



If 2 qj € SFu(U,G), then we define an element p © z qj in

+
sF " (U, G) by po 2 ay = Z r, . where
X

r, = y (i"“'/az)[(a/ax)“ p(z,A)(3/32)° a,(z,}) ,
lal+3 =X

and we shall say that s, ~1 in sF°(u,G) if

8
IpYp’ (1 - s, (z,1))
z "2 jé.c J |
< C.IYI+IBI+K+1Y! 81 «t |,|—|3|-|'<| , Yz eU,VieG. (5)

LEMMA 3.2. ‘There is 2 qy € SF "(U,G) such that p o z ay ~ 1 in
sF°(u,G) .

Lemma 3.2 is standard. (Cf. Hdrmander [3] and, for a result
closer to this one, Liess-Rodino [1]) . Let us note in fact that
po 2 qj is precisely the standard rule for the composition of
symbols and that one can therefore compute the qj recurently
from q, = 1/p ,

peq, = - Y (t/an) /3% p(z,0) +D® g, (2,1) . (6)
3 1< |a] 53 z “i-|al

One can then easily also prove (4) and (5), either using an in-
duction (which involves an inequality slightly more complicated
than (4) itself. Induction directly on (4) does not work) or else
using formal norms as in Boutet de Monvel-Kree [1]. We omit

further details.

3. We have recalled the construction of the qj in some

detail, since it is now also clear that we have
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LEMMA 3.3. Consider p. and 2 qj as in the above and fix d > 0.
Then

I /ane/m® ez o Y a(z) - 1
|a|<m j<a
= 3 (1/81) (/3% p(z, M) DS q (2,0 . (D)
B,k
|8] <m,x<a
8] +x 2 a

Proof. By the definition of the g 4 we have that

I ]23 (1/a1) (3/32)% p(z,)) D, CHERY
Q{+] = r

is equal to one or to zero,according to wether r = O or not. In

particular,we have that

T = J T (zan a/am® piz, ) D: ay(z0) - 1=0.
r<d J|al+j =1r

The right hand side of (7) is then what remains from the left hand
side in that inequality,if we remove T .

§4 . THE DIVISION ALGORITHM .

1. The proof of theorem 1.12 is by duality . The dual problem
is related to the decomposition of v ¢ E' (Rnﬂ) ,SUpPpv “"swall",
in the form

v-tp(z,D)w+ weDjs B
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where tp is the (formal) adjoint of p , the wj are in n vari-
ables and Gt is the Dirac distribution on the t-axis at t = O .
Unless p is hyperbolic in some sense, we cannot expect that the
w and wj are distributiéks with compact support, but it is easy

to prove the following result:

PROPOSITION 4.1. If d' 1is sufficiently small, then there is

d > 0 such that for every v ¢ A'(z ¢ Cn+1; |z] < d) there are
n+1’ |z|_< d') and

Wj € A'(x_e c; |x] < @) with (1). Moreover, there is a constant
C_such that if [v(A)| < exp(a|A]), then |w(M] s c expl@'|a]y ,
lwyear] s ¢ exprarfzly .

uniquely determined w € A'(z ¢ C

We should note that decompositions which are (apart from the
fact that tp is replaced by p ) formally close to (1) have also
been considered by P.Schapira [1] ,in a related context. The
decompositions from Schapira,loc.cit.,refer however to a subclass
of hyperfunctions and not to (general) analytic functionals.More-
over,the use which is made of the respective decompositions is

completely different here when compared with Schapira's paper.

Proposition 4.1 follows by dualization from the Cauchy-
Kowalewska theorem, which states, for suitable small choices 4,d°',
that the map

A(lzl < d4d')
. ¥ —  A(lz] <) ,
m-1
T A(]x] <an
j=0 -
which associates with (f'fo"°"fm-1) the solution u of the
= - j =
Cauchy problem p(z,D)u = £ , (-1)"D % t=0 fj ’

j=0,...,m1 , is everywhere defined and continuous. In fact,

the dual map t'I‘ associates with every v € A'(lz] < d) some

3§



analytic functionals w € A'('z( <d') , w, € A'(le < d')

such that

3

v(u) = w(f) + ) wy(£y)

= (*pz,D)w) (w) + § (wy 0 pJ 6, | (2)

and this gives (1) .

2. Now we return to (1). If p has constant coefficients,

then it follows from (1), applying Fourier transformation, that

v(A) = p(-l)&(l) + 2 Tj;j(C)‘, VA € Cn+1 .

This is a global variant of the Weierstrass preparation theo-

rem,and there are global contour integration formulas which give
the quotient term w and the remainder terms w, . This makes the

3

map v *> (w,wo,...,w )} very precise and leads to an efficient

study of the Cauchy pzo;lem (1), (2), §1.

In the variable-coefficient case, the Fourier-transformed of
(1) is not simpler than is (1) itself and it is not possible to
find explicit formulas for the map v = (;’;o"'°';h-1) . Never-
theless, it is possible to approximate this map well enough for
the applications which we have in mind in this paper. In all this

paragraph we assume that p satisfies (4), §1, for some fixed ¢ .

3. To obtain these formulas, we consider constants c¢,c',c",

¢ > 1, such that
Ip(z.k)l 2c'|t|® for z e ot . |z| <c* ana
A e e, [t] 2 cté(Re T) + |Im C]) . (3)
We denote by

G = {1 e c" |t] > c(¢(re T) + |Im ]} ,

and assume that c¢ is so large that we can find
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qu € sF(lz] <¢",.6) with po qy ~ 1 (cf. §3) .
c,c',c", shall be, from now on until the end of the paragraph, the
ones introcuced here.

Denote further, for A € Cn+1 , by

A = {o ec; |o| = c(|t]|+¢(-Re T) + |Im )} .

Note that |v+g| 2 c(¢(-Re ¢) + |Im z|) for o € A(A) (it is
here that we use c¢>1), so (-f,-1-0) € G. It follows that
qj(x,t,-c,—T-o) makes sense for o € A(A) .

Let us further denote by do the arc-element on A(d) ,
assuming that A(A) has anti-cl ockwise orientation.

We now define for every A € Cn+1 an operator

T, A'(lz] <e") » ¢ by

1

Ty = o i o~ 12/ (T, T40)> L § qj(x,t,—c,—T-o)da] '
A(X) 9 j<xa
(4)
where we have denoted by A = A(}) ,
A = |t| + ¢(-Re Z) + |Im | . (5)

X 1is here some small positive number to be chosen later on.
To simplify notations, we shall henceforth denote by
N= (0,...,0,1) , so that (g,T+0) = X + ON .

4. The definition of T depends on the choice of ¢ and ¥ .

A
Of course the dependence on c is only apparent (if ¢ satis-

fies the above assumptions) since o - qj(z, -A-0oN) is analytic.

On the other hand, T, does not depend on X too much either,

A
as long as X remains small:

PROPOSITION 4.2. Assume, as we shall always do from now on, that

O <e<c" . Let also b be given and choose X > O, X' > O,
x° >0 . If d1 >0, € and xo are small enough and if
X' £ xs x° , then we can find 3 and 4 > O such that
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R

= qj(z,-A—aN)dolf
AQ) X'AS3<xA

s ¢ exp(-da), Ve Cn+1 R (6)

for any v € E'(Rn+1) which satisfies

IG(A)I < exp(d ¢(-Re I) + elm ¢| + ¢|Im t] + b In(1+]A])) .

(Recall here that A depends also on X .)
We prepare the proof of proposition 4.2 with
LEMMA 4.3. If € and xo are small enough, and if we fix
0<x' <y =<x°, then we can find ¢, >0 and @" >0 for which

lqj(z,-l-aN)l < c, exp(-d"a)

1

if z € Cn+1, |z| <e,0€ A()) ,and X'A < J < XA .

Proof of lemma 4.3. At first we observe that

|qj(z,-k-oN)| < cg+1 ! |r+o|-j < c3(c3j/h)j (1)

if o e A(X) . If ¢ x° <€ 1/e we can now estimate the-right hand

side of (7) by

3

X'A o
c5(eaXx) s ¢, exp(-X'A)

for ¥%,X' and j as in the statement.

5. Proof of proposition 4.2. Since the length of A(A) is

2mcA and since the number of terms in the sum from (6) is smaller
than xA , which both can be estimated by c4(1+|1|) , it suffices
to show that

lV(qj(z,-l-oN) exp(-i<z,1+aN>)[ < cg exp(-dn) for o € A(A) .

This follows for suitable X ,¢ and d; from lemma 4.3 and
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proposition 2.9. In fact, we fix O < d" s d'/2 and €' > O and

can conclude that
IV(qj(zc-X—UN) exp(-i<z,A+aN>))|
= ¢g exp(-d"A) exp(d'¢(-Re I) + €' | Im(A+oN) |

+ (b + b") In(1+|r])) , o e AQ) ,

if dl' € and xo are small enough. The proof comes to an end

if we observe that we could have chosen €' so that
-d"A + d'¢(-Re L) + €'|Im(A+oN) | + (b + b') 1n(1+|2]))

< cy - (a'/2)a , etc .

6. Our next concern is to study how well one can estimate the
decomposition from proposition 4.1 if one uses the map 'rl . As a

preparation we prove:

PROPOSITION 4.4. There is xo such that for any fixed Y,

X < x° , we can find ¢ >0 , d > 0 , such that

lei<Z,A> -i<z,)> 5
3j %xA

S Cexp(-dn) , if zec™l, |z] <e, -2 eG. (8)

p(z,D) [e qj(z,-x)] -1

Proof.

exp(i<z,A>) p(z,D) [exp(-i<z,A>) 2 qj(z,—X)]
J<xA

p(z,-x+D) ¥ ay(z,-2)
J<xA

I wen p®@-n o} gz
Iu]Sm J<xa

= S5(z,2) )
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(a)

where p (z,)) = (q/ax)° plz,)) .

In view of lemma 3.3 it follows that

S(z,\) - 1 = y (1780 p® (z,-0) bl (z,-1) .
B,k
J8) sm, k<xa (9)
181+x 2 xA

In particular k 2 XA-m for Xk in the sum from the right
hand side of (9). Furthermore, the generic term from that sum can
be estimated for -A € G by

c]B]*k+1 lTlm.]Bl k! ,Tl—m~k

-18]
1 l

| X
< c2|r (czk/[tl)

I-]B‘

k

since k < XA and IT] >c,

as in the proof of proposition 4.2 .

A . We can now conclude the argument

PROPOSITION 4.5. Let b be given, If 4, >0 , € and X are

1
small enough, then we can find cl, d > 0 , such that

]Tx(tp(z,D)w) - ;(X)I < ¢ o dA , Vle o+l .

for any. v € E'(Rn+1) which satisfies

[v(0) | 5 exp(d,¢(-Re ©) + €|t | + €Im 7| + b n(a+]2])) .

Proof. ItAfollows from the definition of T that

A

T (*p(z,0)w) = (1/2m1) w( [ p(z,D) [exp(-i<z,A+oN>)(1/0) *
AN

. 2 qj(z,-x-cN)]do) .
J<xA

We now use proposition 4.4 and obtain



p{z,D) [exp(-i<z,i+cN>) 2 q.(z,-A-0oN) ]
j<xA ]
= exp(-i<z,A+oN>) (1 + S(z,A+0N)) ,

where

|s(z,A+oN)| < c, exp(-d(|t+o] + [1Im g| + $(-Re ¥))

2

if z e ™ , lzl <€, 0 e Q) .

Since (1/2mi) wl f exp(-i<z,A+oN>) (1/g)do] = w(}) (in view of
AN
Cauchy's formula), we can conclude the argument as in the proof

of proposition 4.2 .
7. In the next result, we will denote by

y* : A'(x € c; x| <€) »A'(z € Cnii; lz| <€)

) . Thus y (W) =wes,

*
the imbedding given by vy (w) (f) = w(fIt=o

PROPOSITION 4.6. Consider w e A'(x e C; |x| < ¢) and
s e {0,1,...,m~1} . Then

T, (D] YYen =0, w

Proof. In view of the definition of T_ ,

A
s % ) . s
T, (D y (W) = (1/2m) w[ [ (1/0) (-D )" (exp(~i<z,)+oN>) -
_ A
. I qj(Zi“A“aN))dolt=°]

2<yA

= (1/270) Wl [ /o) § (-1 ()T
ALX) r<s

. exp(~i<x,;>)nz-r§z: qj(x,t,—}-ou))!t=o dg].

XA

The proposition therefore follows if we can show that ..

[ (1/0) (t+0)” DI q (z,-h-oN)du = 0, Vsam , Vrss, Vi, VA.
A (10)
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To prove this, we need only observe that o > D:'rqj(z,-l-aN)
is analytic for |o| 2 cA and that

o

N rqj(z.-A-oN)| < c1|t+a[-m-j .

In fact it follows from this that

r-l-m

| (r+0) T (1/0) D:-rq (z,-x-oN) | < c() o] ,

3

so (10) follows after a contour deformation A(A) + =« (or, alter-

natively, if we apply the residuum theorem for o = = .)

§5. ESTIMATES FOR THE QUOTIENT AND FOR THE REMAINDER TERMS IN THE
DIVISION ALGORITHM.

1. We can now return to proposition 4.1 and give useful

estimates for w and w when

3

£ m-1
v = p(z,D)w + 2 w

3 .
oL 3 ® D 6t . (1)

We shall prove such estimates at first when v satisfies some

supplimentary inequalities.

PROPOSITION 5.1. Assume that ¢' > O, b, C' > O are given. Then

we can find ¢ > O, b', C> 0 and c (with ¢, b', and C in-
dependent of b), with the following property: consider
Ve E'(Rn+1) such that

IG(A)I < exple|Im ¢| + b In(1+|g|))

for |t| < C(¢(-Re T) + |Im z|) , (2)
respectively

|;(A)| < exp(e|Im ¢] + e|ImT| + b In(1+]A]))

for || 2 C(¢(-Re T) + [Im |) , (3)
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and assume that v, w, w, are related by (1). Then

3

lw(d)| < © exp(e'|Im ¢| + (b+b') ln(i+|g!))

if |t] s C'(¢(-Re T) + |Im C|) , (4)
IQ(A)I < ¢ exple'|Im g + €'|Im 1| + (b+b") 1n(1+|c|)) (5)

and
le(C)l < cexple'|mm g| + (b+b') 1n(1+|g])) . (6)

Moreover, the same assertion is valid, if we replace everywhere,

+
in the assumption and in the conclusion, |Im t| by Im 1t .

Remark 5.2. Before we turn to the proof of proposition 5.1 we
observe that (6) is a consequence of (4) and (5), if we write
z T ;j(c) = ;(A) - F(tp(z,D)w)(A) . (At this moment, it is per-
haps interesting to note that (6) is already a consequence of

(4), if we use arguments related to those from §2 .)

2. Proof of proposition 5.1. Assume that (1) is valid. We

apply TA on both sides of (1) and get in view of proposition
4.6 that '

t
Furthermore,
7, ("p(z,D)w) - w(})) = O(exp(-a(¢(-Re &) + |1m ¢| + [t]»)

for some 4@ > O (with "uniformity" in the constants) in view of

proposition 4.5. Therefore (4) follows from

PROPOSITION 5.3, If € and x from the definition of T
(cf. §4) are suitably small and if C is sufficiently large,
then
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IT, vl s e, exp(e’|1m ¢| + (b+b') 1n(1+|z]))

1
for |t| < c'(¢(-Re Z) + |Im g]) , n

if v satisfies (2) and (3).

Proof of proposition 5.3. At first we recall that

Tov = (1/2n1) | vl(1/0) e icz AboN>

* A
) ay(z,-A-oN) Jdo , (8)
jsxa

where, as in §4, A = |1| + ¢(-Re £) + |Im | and where
Ao) = {o e ¢; |o] = c|T] + ¢(-Re ©) + |Im |} .

Here c¢ is the one from nr. 3 in §4 .

Since the number of terms in the sum from (8) is bounded by
XA , it suffices to show that

|v(exp(—i<z,l+aN>) q.(z,-x-oN))| S c. exp(e'|Im ¢] + (b+b1) .

2
« In(1+]gl)) ,

3

1f §<xA, 0 € A(A) and |1| < C'(¢(-Re L) + |Im Z]) . (9)

Note that |[1| < C'(¢(-Re Z) + |Im Z|) implies for o € A())
that |t+0]| < (C' + C'c + c)(¢(-Re Z) + |Im Z|) . If we choose
C> (C' + C'c + ¢) we can then apply proposition 2.6 and get
(9) if X and € are small. (The condition on ¥ is that

3 for small 2z and for the 3j,)A,0, under con-
sideration. Such a choice is possible, when € is smdll, in view

of ‘Iqj(z.-k-oN)l < c4(c;j/lt+&|)j < c4(c;x)j )

lqj(z.-A-ON)l <c

3. We have now proved (4) and it remains to prove (5). We may
here assume that C' > 3c , so it suffices to prove (5) for
t] 2 3c(¢(-Re T) + |1m z]) . Again it suffices to estimate Tlv

instead of w . To do so, we replace the contour A()A) by
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At v A%2(0) |, vhere

M) = {o; lo] = clé(-Re ©) + |Im )},

Aoy = (o lo+1] = c(¢(-Re T) + |Im )}

-

( anticlockwise orientation).

If follows from the residuum theorem that T.v = I,  + I
where

1 = w/em) [ via/e) NN Y g z,ma-0m ] a0

A () j<xA
(10)

~ We compute 11 with the residuum theorem. The only residuum is
for 0 =0 and o + q,(z,-3~0N) has no singularity there in view
of |t| > 3c(¢(-Re ) + |1m z|) . Therefore

I1 = v(exp(=-i<z,A>) 2 qj(z,fx)) and we can estimate this by
j<xA

c, exp(e|m ¢| + e|Im ] + (b + b2) In(1+|2]|)) for small x and e.

6

It remains to estimate 12 . Here we can apply proposition 2.6

as in the proof of proposition 5.3. We can then estimate 12 by
the right hand side of (4). We omit further details.

4. We also need

PROPOSITION 5.4. Let 4d' > 0, €' > 0, be given. Then we can find

d>0, €>0, b', & with the following property:

if v e E'V(R™Y) satisfies

|v(X)| < exp(dd(-Re £) + €|Im £| + € Im T° + b In(1+[A])) ,
then it follows that

l;(l)l <c exp(d'¢(-Re g) + €'|Im z] + €' 1Im T + (b +b')

In(1+]2])) , (11)
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le(A)I S G exp(@'d(-Re &) + €'|Im T] + (b + b') InU+[A[)) .
(12)

Here only c depends on b .

Proof. We only consider the case of (11). Once this is proved,
(12) is an immediate consequence (cf. remark 5.2. Here we also

use proposition 2.9.). Also in this proof we consider the cases
It] < 3c(é(~Re T) + |Im ¢|) and |1| 2 3c(é(-Re ) + |1m z]) .

In the first case we can argue as in the proof of proposition 5.3,
using proposition 2.9 instead of proposition 2.6. In the case

|t] 2 3c(¢(~Re g) + |Im g|) the argument is as in the proof of
(5), i.e., we replace A(A) by the union of Al(l) and Az(l)
and write Tkv = 11 + 12 with ‘I given by (10). We omit further
details.

REMARK 5.5. 1In general, d' cannot be taken zero, even if d =0 .

5. We conclude this paragraph with a microlocalization of
proposition 5.1. In doing so we shall assume that v satisfies an
inequality of type

IG(X)! N exp(e|Im z| + b In(1+]g|))

for |t| < C(¢(-Re ¥) + |Im g}|) , (13)

where € and C are the constants from proposition 5.1. The
constant ¢, may here depend on v and the main point in the con-
clusion (cf. proposition 5.6 below) will be that the estimates

which we will obtain, do not depend on c, . The reason why we need

(13) at all is that 'we want to make sure ;ram the very beginning
that the w and wj associated with v as in proposition 4.1
are distributions.

Let now further I'' ¢ R be some given set. Our main

assumptions on v are that

|Q(x)| < exp(e|Im | + b In(1+|g]))

(only) for |t| s C($(-Re ) + ltm z|) and -Re Ce'ré'¢ ., (14)
. 2
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respectively that

|;(A)| < exp(e|Im C[ +eImt +b In(1+|3])), otherwise. (15)

Here c, is some given constant.

For w and wj we have then at least the estimates given by
proposition 5.4. We want to improve them when -Re [ is in a set
of type Pé3¢ . More precisely, we need: ”

PROPOSITION 5.6. Let €', ¢, (and b) be given. Then we can find

2
€>0,Db', C, c4 and A with the following property: assume

that v satisfies (14), (15) and (13) for some c1 and let w ,

wj » be associated with v as in (1). Then it follows that
IG(A)I s c, exp(e'|Im ] + €' Im T  + (b+b') In(1+]A]))
if -Re [ € I'":3¢ (16)
and
|Qj(;)| < ¢, exp(e'|Im ¢| + (b+b') 1n(1+]z]))
if ~Re § € Pé ¢ . (17}

3

Proof of proposition 5.6. Once again only (16) is a problem. In

fact, if we can prove (16) then we arrive at suitable estimates
for F(tp(z,D)w) if we use proposition 2.9 and the fact that for
-Re [ ¢ Pé we already have the estimates given by proposition

5.4, (We may have to shrink c¢. when passing from (16) to (17).)

3

We are thus reduced to the estimation of w , or, equivalent-

ly, to that of TAV when -Re [ € Pé $ , for some small ¢y -
3

Here we can now argue exactly as in the proof of proposition 5.1

(re_lying on proposition 2.11 this time.) We omit further details.
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§6. BACK TO RELATION (2), §4. THE CONSTRUCTION OF SOLUTIONS
FOR THE CAUCHY PROBLEM STARTING FROM IT.

1. We want to extend here the validity of (2), §4, to larger
classes of solutions of p(z,D)u = £ . Thus let p(z,D) and ¢
be as in §1 (including condition (4), §1) and assume that u is

a germ of a €” function which satisfies

p(z,D)u = £ (1)
plu,, = ¢ j=0,... m1 (2)
t |tﬂo j ’ ey X

in the sense of germs near O , for some £, £ . Choosing suitable

3
€” functions to represent u,f,f, , we may also assume that (1) and
(2) are equ_alities "in functions" for |z| < 2e' , respectively

le < 2¢' for some €' > 0.

PROPOSITION 6.1. For every €' there are € >0 , C > 0 , with

the following property: if v € E'(z ¢ Rn+1}‘|z| < g") satisfies

IG(A)I < exp(e"|Im g| + b In(1+]|2A]))

for |t| < C(¢(-Re T) + |Im £|))

and if w ¢ A'(Cn+1) R wj € A'(Cn) , are related to v by (1), §4,
then we have in fact that we E'(z ¢ n+1; lz| <€,
vy € E'(x € R"; [x] < €') and

m-1
v(u) = w(f) + § wy(-£,) . (3)
j=0
The first assertion is here a consequence of proposition 5.1 and

the second follows from the first.

REMARK 6.2. The same conclusions remain valid if u satisfies
(1) only for t 2 0 , provided that the support of v is con-
centrated in t 2 0,



2. One remarkable-thing about (3) is, that, if we know that a
solution u of the problem (1), (2), exists, then we can evaluate
v(u) for the subclass of distributions which appears in propo-
sition 6.1, before we know u . Moreover, we can even use this
relation to prove the existence of a solution, if the situation is

favorable. Let us in fact denote by

N={veE(ze Rn+1; |z| < €"); zesuppv=>t20,
and 3c, 3b such that IG(A)Isc:exp(e"lIm gl + b In(1+|g]))
if |t]| < c(¢(-Re §) + |1m ¢|)} (4)

" We endow N with the topology induced from E'(z e Rn+1; lz| <em) ,

which is the same than is the topology induced from
E'(z e %7, |z] <e, t 20} . _

If €" > 0 is small enough and C is large enough, we can
now, if fo""'fm—l' £, are given (germs of €” functions), define
a linear functional

m-1
L:N+>¢ by L(v) =wi(f) > § wyl-£5) (5)
3=0

where v and wj, w, are related by (1), §4.

(e" should here be small and for £, £, we must choose suitable

3

representatives).

PROPOSITION 6.3. Let fo""'fm—l' f be given and assume that

the map L : N+ C defined in (5) is continuous for suitable
‘e", C and suitable representatives for the fj' f£. Then there is

a solution u of (1), (2).

. -
Proof. In view of the Hahn-Banachtheorem we can find a C func-
tion u , defined for |z| < €" such that v(u) = L(v) if

v ¢ N . We must check that (1) and (2) are valid. (2) is trivial,
’ J

since the distributions "j ® D’ Gt are in N for any C , so
3 = 6y = w (- X (1 first
(wj ® Dt Gt)(u) L(wj ® Dt 6t) wj( fj) . To check ( ), we firs

®*9



observe that ( p(z,D)w)(u) = L("p(z,D)w) = w(£), at least when
tp(z,D)w e N . This dives w(p(z,D)u - £) =0 for all w for
which tp(z,D)w € N . In view of propositions 2.1 and 2.6 we can
conclude that for some suitably small € any

; e E'(z ¢ RP+1; Iz[ <€, t 20) can be approximated with
elements w for which tp(z,D)w e N . T™is gives p(z,D)u = £

for |z| <e,t20.

§7. PROOF OF THEOREM 1.2 AND OF PROPOSITION 1.20 IN THE CASE
OF C FUNCTIONS.

1. Consider fo,...,fm_1 € G¢ and let f be a germ of a

o n+1
C function defined near O € R such that

(O.Rn) n WF;)f =@ . We want to construct a c® solution of the

problem
p(z,D)u = £ , tzo, (1)
plu, = ¢ j=0,...,m1 (2)
t Itﬂo j ’ goeee -

Arguing in exactly the same way, we can also construct a Cw so-

lution for the problem

p(z,D)u =0, t<o0
3 = -
D f j—O,...,ml ’

t “le=0 T 3 ¢
and will have thus proved theorem 1.2 (in which £ = O) and propo-

sition 1.20 in the case of C solutions simultaneously.

2, The existence of a solution u for (1) and (2) is an
immediate consequence of proposition 6.3. The only preparation
which we still need in the case when f # O is

PROPOSITION 7.1, Consider T c R" and let f be a germ of a

o n+i
C function defined near O € R . Assume that

56



b
(o,T) n WF¢ f=0¢ . We can then find @ >0, € > 0, c', and for
every b some c such that |v(f)] S c for any v € E'(Rn+1)

which satisfies

|v(l)| S exp(dd(-Re T) + €|Im g| + ¢ Im T+ b ln(lf'll))

if Re [ € —Tc,¢ ’

IG(Z)I < exp(e|tm ¢] + ¢ Im 1% + b 1n(1+]|A]))

if Re L £ -Fc,¢ .
3. We postpone the proof of this result until the end of this

paragraph and return to the problem (1), (2). Let us then use

again the notation N from (4), §6. If v € N and if

a

v = tp(z,D)w + 3 vy ® Dg 6t , we can here estimate w and vy
using the propositions 5.1 and 5.4. If we fix €', d', then we can
choose here €" so small that, if C has been large, and if v

remains in a bounded set from N , then

Iv“vj(r.)l S c exp(d'$(-Re T) + €'|Im z] + b 1n(1+]g])) (3)

and
[wid)| s c exp(@'¢(-Re §) + €'|Im ¢| + €' Im T° + b In(1+|A]))
(4)

for some constants ¢, b. Note that it is precisely on distribu-
tions of the type from (3), (4), that suitable representatives for
the fj' f remain bounded if d4' and €' are small. (Cf. the
propositions 1.13 and 7.1.) This shows that (if €" is small
enough), we can find for any bounded set M ¢ N some constant

cy with [L(v)] s ¢y if veM (C nust be sufficiently large),
thus giving the desired continuity.

4. We must still prove proposition 7.1. This is in fact a con-

sequence of the following result:

S



PROPOSITION 7.2. Assume that I <, T' c R" and let ¢€,e',d,d' ,

O<E<E'",0<d<d" begiven., Then there are b',c' , and

for every b, 20 , b

n+1 ! 2
v e E'(R 7)) which satisfies

€ R, some b, and c¢ such that any

3

|¥(0)] < exp(dd(~Re Z) + elIm ¢| + € Im 17 + b, In(1+|A]))

1
if -Re [ € Pc'¢/3 , (5)

|;(1)| < exp(e|Im z] + € Im t7 + b, In(1+]Aly)

if -Re [ £ T (6)

c'é/3 ¢
can be decomposed in the form v = v1 + v2 , with vj satisfying

vty < e exp(d'¢(-Re T) + €'|Im ¢ + €' Im ¥ +

+ (b, +b1)1In(1+]A]) + b, In(1+]2])) , 1£ -Re TeT',

2

V'] S ¢ exptet|mg] + €t 1 T+ (bR +

+ b, In(t+fz]n , if -Re LfT',

[v2(2)] € c expe'|m z| + €' Im 15 + b, n(1+]A])) .

3
Proof -of proposition 7.2 (scetch). We fix c' with Pc,¢ C¢ re,
and consider e € C;’(Rn) such that e(£) = 1 when

dist(-E,T') < c'¢(-E)/3 , e(E) = O when dist(-§,l) 2 2c'¢$(-€)/3 ,
O<e(f) <1, VE e rR" , and |gradE el Sc If v satisfies

T -
(5) and if we choose some b4 (to be specified later on), then
FI = e(Re Z)v will satisfy

[Ft(l)l < c, exp(d'$(-Re T) + ¢'|imz| + ¢ Im s b1(1+|1|) +

+ b, In(1+[c|) for A € supp F, .

This is in fact a consequence of our assumption “¢(§) 2 c3|£|c

for some & > 0" on ¢ . Furthermore, 3?1 is concentrated on

S«



{A; c'¢(~Re §)/3 S dist(-Re [ ,T) < 2c'¢(-Re )/3} , so we have

IS%I(A)I S ¢, exp(e|Im ;l +eImt + b, In(1+]A])) .

1

and such that

©  n+l Y e
If we could find H e C (C °) such that 3H = BF1

[H(n ] < cg exp(e'|Im ¢| + €' Im 1" + (b, +b') In(1+]A])) ,

if -Ref €T',

(M) ] s c. exple'|Im ] + €' Im T+ + (b, +b') In(1+[a]) +

5
+ b, n(1+)z|)) , if =~ReZ £T',

-

then the proof would come to an end by setting, vy = Fi-H 'V, =

+v(1-e(ReL).).The existence of such an H is however a consequence
of results of Hormander[ 2], if we also use the following lemma

and start with b4 much smaller than b (cf. the proof of pro-

2
position 2.13 for a similar situation)

n
C¢ P2 c R be
given. Then we can find, b6, cl, and a plurisubharmonic function

LEMMA 7.3. Let b4 20, bS €0, A>0, and Pl

p : Cn <+ R such that

p(C) < b, In(1+[g]) + Al ¢| + ¢, , (7)
b, In(1+ |Re g]) - b, In(1+|m z]) < p(r) , if ~Re [ €T, , (8)
pP(Z) < b In(1+[g|) + AlIm ¢ + ¢, , if~Re & £ Ty - (9)

REMARK 7.4, Applying this with A replaced by A/2 and adding
AlIm t]/2 to the resulting p , we can replace (8) by

b, In(1+]|g]) s p(g) + ¢ if -Ref €T, .

2

Proof of lemma 7.3. Let us note at first that 6 € Pl s Nt P2
implies that

S3



le-n| 2 cy(4(8) +.9(n)) 2 catlﬁl‘s + Inl%
for some positive § , for which we may assume 6 < 1/2 , and C, -
This is a consequence of lemma 2.7 and of the assumption
$(E) 2 CSIE!G . This shows that
In(1+|08-n]) 2 (8/2)Min(1+|6]) + 1n(1+|n])] - e
for such 6,n .

The next thing is to define A' > O by

A=A'(-b. + b4)(2/6)

5

and to choose some plurisubharmonic function V¥ : Cn <+ R such that

ve s e, if |zl st , (10)
V(L) < A'lim z| - In(i+]g]) + e, » if lz] 21, (11)
Y(LE) = cg - n In(+|ED) , if £er” . (12)

(when n =1 we may take for Yy the function
£(Z) = 1n|[1 - exp(-iA'7)] / ¢| and for n > 1,
Y(g) = f(CI/n) + f(Cz/n) + ... + f(cn/n) will do.)

It remains to set for some suitable cgz

pP(L) = sup [b4 In(1+]6]) + (-b5+b4)(2/6)w(c+e)l +c
eeI‘1

9 L]

We omit further details. (Since practically all of this paper deals
Cwith € solutions, we could have taken the conclusion from propo-
sition 7.1 as a definition for (O,F) NWF, £ =  , when £ is

c .



§8. PROOF OF THEOREM 1.12 .

1. In view of proposition 6.3, theorem 1.12 is a consequence
of the following result:

PROPOSITION 8.1. Assume that fo,...,fm_1

1.12. Then there are C > 0 , € > 0 , and for every b 2 0 some

, are as in theorem

¢ > 0 with the following property:

if v,we E'(z € R7TY lz] <€) , w, € E'(x e Ry |x| <€)

3
are given such that
m-1 .
v = tp(z,D)w + y w, ® Dj s , (1)
NP | t t
J=0
v\ < expleltm z] + € Im ©° + b In(1+[A])) , (2)

respectively
[v(ay] < e exptelrm | + b 1n(1+|2])) ,
if || < c(¢(-Re §) + |Im ) , (3)
for some constant c¢' , which may depend on v , then

B wj(fj)l Sc. (4)

2. We start the proof of proposition 8.1 with a result of a

similar type, but which is more elementary:

PROPOSITION 8.2. Let I c R' be given and consider

£f.,...,f € Cw(IXI < g) for some ¢ > O . Assume that we can
o ~ =1

find € >0 and Ue C (|z| <€) such that
p(z,D)U = O , for t 20, (5)

(0,I') n WF (DjU

- = 6
¢t |t=0 £ =0. ‘ (6)

3

Then we can find cy > 0, c1 >0, g > 0 , and for every b 2 O

5§



some ¢ with the following property:

if v,w,w, satisfy (1), (2) and also

J
lv(n) | s exp(e, [Im | + b 1n(1+]g]))

if -Re [ £T_, and || S C (4(-Re 0) + m ¢|) , (7)

¢

respectively,

lvin| s ¢ exple, |1m ] + b 1n(1+]g]))

if || s C, (¢(-Re ) + lm z]) (8)

for some C' which may depend on v , then it follows that

]z wj(fj)| £c.

The important point is here of course that ¢ does not depend on
c' .

REMARK 8.3. 1If the conclusions of proposition 8.2 are valid for

some ¢, > 0, C, >0, €, > 0, then they also remain va;;d if we

1 1 1
shrink cl, 81 and enlarge C1 . If follows that if the assump-

tions from the proposition are satisfied for a finite collection

of cones Pk » k=1,...,5 , then we can find Cys Ci, € such

k

that the conclusions are valid if we replace T by I , whatever

k is.

3
L -
3. Proof of proposition 8.2. Denote fj fj Dt Ult

We can then find Cye €', and for every b some c3 with

[g(f5)| ey, 3=0,...m1, for all g e E'(R") which satisfy

l;(;)l < exp(¢(-Re ) + e'lIm z;] + b ln(1+lcl))

if <~Re [ € I'cz¢

respectively

l;(c)[ < exp(e'|Im | + b In(1+|g])) 4if -Rel £ r,

2%
If now the v, wj, w, are as in the assumption then we can con-

clude from the propositions 5.4 and 5.6 that the wj are of the



type of the g from ?gfore, provided that <, and €y is small
and that C, 4is large. On the orther hand, we have

2 wj(-fj) = X wj(~f5) ~ v(U) , if we also use proposition 6.1.
This gives the desired conclusion since v 1is in a bounded set
of distributions which are concentrated in t 2 0 and have small

support there.

4. Proof of proposition 8.1.' Let fo""'fm—l , and Pk '

k=1,...,s , be as in the assumption of theorem 1.12. Let also
c1, cl' El ,» be positive constants such that the conclusions from
proposition 8.2 hold for Cy v Cl, € if we replace T by Pk '
k=1,...,s (cf. remark 8.3). Also choose Cy 2Cyy €y
0 < €5 < € - C2 and €2 will be fixed during the proof, but
they have to satisfy some restrictions which we shall introduce
only when we need them effectively.

Let now v be given with (2) and (3). If € >0, C > O, b1
and c, are suitable, we can then split v (using proposition
2.14) into the form

v=3 v,

lfrkml <c exp(ezllm g| + (b+b,) In(1+|A]))

3

if Rel ¢ - rc L IR Cz(¢(-Re Z) + |mm z]) , (9)

1
respectively,

13"(1)] < ¢y exp(elem t| + e,Im - (b+b,) In(1+|a])) , (10)

otherwise.

X .
Let also w; ’ wk be such that vk = tp(z.D)wk + f wj @Dg Gt.

Of course we have f w; =w j - The problem is now that the v do
k

not necegsarily satisfy (8). In fact, otherwise we could apply

proposition 8.2 to conclude that |Y w;C(fj)l < ¢, and were done.

The idea to overcome this difficulty is here to approximate the

vk by some sequence of distributions vk1 ,1i=1,2,..., which



also satisfy (8). We pause for a moment in the proof of proposition

8.1 to prove:

4. PROPOSITION 8.4, Let _51, c1 be given. Then we can find
ez,cz,b2,c5 , with the following property: fix k and assume that
vk satisfies (9) and (10). Then we can find a sequence of distri-

butions {vki}:=1 such that

l;k(l) - Gkil < (csli) exp(sl[xm gl + €, Im "

+ (b+by) In(2+A])) , VA e ™ (11)

V¥ = VP | s (eg/1) exple, I ] + (b+b,) 1n(1+]g])

1f |t s ¢ ((-Re ©) + |Im t|) and -Re € £ - rs PR GES
1

;ki(l)l < c(i) exp(elllm gl + (b+b,) in(1+|z]))

if |t < C,(¢(-Re ) + |Im z]) , (13)

for some constants C(i) (which, of course, will tend to infinity).
Note in particular, that

ki

v s e exp(elllm g + e, Im 1 + (b+b,) m(i+|A]y)) ,

1
v ect, (14)
and
Gki(x)] sc" exp(elllm gl + (b+b,) In(1+]1]))

if ] < C1(°('Re Z) + |Im g|) and Re ¢ # -r: (15)

14’
as a consequence of (9), (10), (11) and (12) .

5. Proof of proposition 8.4. If €, > O is small enough, we

can find (cf. lemma 2.2) a plurisubharmonic function ¢ : Cn+1-vn

such that

€, In - e2|z| S V),

s&



V() S e (14 |Im ) + In /2,

VA < e1(1+|1m tly/2 1f 1| s 2c1(1+1:!) )

(We assume tacitely later on that |t| < Cy(¢(~Re T) + ltm z])
implies |t| s 2c1(1+|tl) .)

We further shrink 82 until 82

Let now g, € ™ ,1=1,2,..., bea sequence of func-

tions such that:

< 51/8 .

lg, (0] s cr @)+ |z]) expl-eylz] + 3¢,l1m T

for some constants C'(i) ,
139, (0] = (/i) +lz]) expi-e,lz] + 3¢, lmm 2]y ,
It - g @] s a/nas+leh .

Functions gi with such properties are implicit in HOrmander [4].
An explicit construction is given in Liess [4].

We now define hki by hki(l) = gi(c)ak(k) . The hki are our
first step towards constructing Gki ., but they cannot be of form

le by themselves, since they are not analytic on the whole of

+
Cn ! . We shall therefore add suitable "small" corrections to the

hki , to make them entire. The functions which we obtain in this
way are then the searched - for vki . We start by computing the
"defect" from analyticity. In fact, in view of (3/3;3hkl = 0 and

of (8/8E3hki = ;k(a/823gi , we have

|5hki<x)| S (cy/1) exple,|Im ¢l + e, Im - e2|C|

2
+ 352I1m g] + (b+b +1) In(1+]a]))

< (cy/1) exp(¥(A) + (e,/2) [Im g| + (b +1) In(1+]A])) .

Arguing as in the proof of proposition 2.13 it follows now from the

ki |
results in chapter IV from Hdrmander [2] that we can find f in



Cu(cn+1) such that 3}ki = 3hki and such that

lfki(l)l S (/1) exp(ellIm g + €, Im «

+ (b+by) In(1+]A[)) , viect?!,

1400 | s (eg/1) exple,|Im t| + (b4b,) In(1+[A]) ,

if || s 2c1(1+|cl) .

It remains now to set vki = hki - fki . We omit further details.

REMARK 8.5. It follows from the proof that

v = § V0] s (e /1) exple, |1m g] + (b+b) In(i+]g[))
k

“if |t] < C(¢(-Re T) + |Im C]) . (16)

In fact, v(iA) - vki = (l-gi(c)) v(A) + Z fki , etc.
k k
(c7 depends here on v .)
6. We have now proved proposition 8.4 and return to the proof
of proposition 8.1 . We decompose vki for each kX and i into

the form
m-1
vki = tp(z,D) wki + '2 wki ® Dj s, .
420 3 t 't

We obtain from (14), (15) and the choice of ei, cl, C1 , that
(f ) is uniformly bounded in i . Proposition 8.1 will

j
k.3
therefore be proved, if we can show that
Yw(£) = 1im § (X (f )) . (17)
37 T e b

To see this, we note at first that

lvin) = § V0] 5 (ey/1) exple,ltm t] + ¢, Tm 7
X
+ (b+b,) In(1+[A])) , vi e ™,
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Combining this with (16), we conclude from proposition 5.1 that
w, - Vvt 50 in E'(xer®; Ix] <€) if €
3L

to €' . If e' 4is here small enough, this gives (17) .

| Wwas small compared

§9. PROOF OF THEOREM 1,18 IN THE CASE OF C” SOLUTIONS

1. Let u be a C function defined for |z| < € such that
p(z,D)u =0 if |z| <e , t 20, and such that
3 = = -
(o,T) n WF¢Dt ult=0 ® for 3 =0,...,m1 . It follows from the
proof of proposition 8.2 that we can find 4,¢,C,c, and for every
b some c¢' with the following property:

if vet(ze Rn+1; l|z] <€, t 20) satisfies

!Gml < exp(d¢(-Re £) + €|Im £| + € Im T' + b 1n(1+]|A]))

for -Re [ € Pc (1)

¢“ '

|\;(l)] < exp(e|Im Z] + € Im o+ In(1+|A]))

for -Re [ £ Pc (2)

¢ [
and

sup |v(A)|/ exp(elIm z| + b In(1+|g])) <=,

Ae V

Vve={rec™ |t| <clé(-re 1) + |mm gD} , (3)

then |v(u)| s ¢' .

If it were not for condition (3), this were precisely what we

;Du = ¢ (Cf. proposition 7.1). Theorem 1.18

¢

is then for C solutions a consequence of the following result

need for (o,T') n wWF

(after a renotation):

PROPOSITION 9.1. Let €' and C be given. Then we can find b',

d and ¢ with the following property: for every b there is 4
such that whenever v ¢ E'(Rn+1) is given with (1), (2), we can

also find a sequence WeE(ze Rn+1; |x|] < €', £t 20) such that
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IG(A) - Gi(A>| S (c,/1) exp(dé(-Re T) + e'lIm ¢} + €' Im T
+ (b+b') 1n(1+]A])) , for -Re [ ¢ Teo *
(4)

V) = v' (0] s (e,/1) exple'|m g] + €' m T

+ (b+b') 1n(1+]|A])) , for -Re [ £ r.

* (5
IvE(A) | S c(1) exple’ |mm g| + (b+b') 1n(1+]z!))
if |1| < c(é(-Re T) + |mm ) . (6)
i . n+1 .
vi+v in E'(zeR ; |x| <€, t20) . (7

Proof of proposition 9.1. The proof is parallel to that of propo-

sition 8.4. For small ¢ we can find a plurisubharmonic function

v: ™! 5 R such that

eIt - elg]/2 s v,

YA S e (1+]Im g + Im THY/2,

V(A S e (1+]Im Z]y/2 if |1| s c(¢(~-Re §) + |Im Z])
and shrink € wuntil € < €'/8 . We may of course also assume that

db(-Re 1) S e|Re []/2+1.Let further g, e ™ ,41=1,2,... be

a sequence as in the proof of proposition 8.4 , with €, replaced

P 2
by € . We first set hi(l) = v(}A) gi(CJ and conclude that

i) ] < (1/0) explde]mm £] + w(1) + (b+1) In(+|a])) .

We can therefore find f- ¢ cm(cn+1) with 3l = 3hi and such

that
|fi(x)l < (czli) exp(e'|Im Z] + (b+b') ln(1+|c|))

1£ |1| s C(o(-Re ©) + |Im ¢|) ,
respectively

(4~



[£ 0| 5 (/1) exple|mm g| + ¢ 1m 7*

+ (b+b') 1n(1+|A])) for all other A .

Y . .
The searched-for vi s are then hl - fl . We omit further details.

§10. THE CASE OF DISTRIBUTION SOLUTIONS.

1. Until now we have mainly studied the case of c” solutions
of the equation p(z,D)u = 0.The reason why this is easier is
that b ln(1+ll|2) is plurisubharmonic for positive b , while
for negative b it is not. In fact, when arquing with slestimates,
a term of form b ln(1+]k|) (in the exponent), will be replaced
by a term of form (b+b') 1n(1+|A]) 4if b is positive and a
"loss" of estimates of type b'ln(1+|A|) will not produce any
trouble when u is C . On the other hand, if u € D' , then
u(v) will only make sense for those v € E' (R™!)  which satisfy

an estimate of form
[v(d)] € c exp(8]Im A + b 1n(1+]A]))

where b s bo for some bo € R b° is here related to the order
near O of the distribution u , and it will, in general, be much

smaller than O .

2. In most of the results from this paper it is not difficult
to obtain as much control of the b's as is needed later on. The
reason is that, although —ln(1+|l|2) is not plurisubharmonic,
it is not far from a plurisubharmonic function either. One can in

fact prove, e.g., the following result (cf. Liess [5])

LEMMA 10.1. Let A > O be given. Then there is ¢ > O and a

+1
plurisubharmonic function V¢ : c™* + R such that
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-2(n+1) 1n(1+|X]) s ¥())

+1
< -ln(1+|A|) + AlIn gl + A Im ™+ ’ Viect .

Using this result as a slcohomological tool, one can extend e.g.
proposition 2.4 to the case of negative b in the following

fashion:

PROPOSITION 10.2, Consider e' >0 , d' >0, ¢' >0 , and

I' c Rn . We can then find € >0 , 4 > 0 , and for every b1 € R
some b2 and ¢ , with the following property:

if u satisfies the inequalities from the statement of
proposition 2.4, with b replaced by b2 , then we can find a
sequence VitVayreess in E'(Rn+1) and a sequence 61,52,..., inT,
which satisfies a) from the statement of proposition 2.4 and such
that the inequalities from b) in that statement are valid if we

replace (b+b') by b1 .

2. On the other hand, it is not immediate that one can extend
results like proposition 2.14 in the way described just before to
the case of negative b . In fact application of lemma 10.1 would
reintroduce a factor exp(A Im T+) in the estimates and would ruin
the whole construction. One may here try to refine lemma 10.1, but
there is no need for doing so, if we use that we only look for
solutions u € F of p(z,D)u = O . Thus for example, the following
result is good enough to replace proposition 2.! 4:

PROPOSITION 10.3. Consider €' >0, C>0, ¢' >0 and let
1
T ,...,Ps , in rR? . be such that Urk

= Rn . Then: Je > 0 ,
3b' 20, Vb1 €eR, 3b, e R, Vb3 20, 3¢ >0 with the following

+
property: any v e E'(R" 1) which satisfies

lvi\)| s explelim g] + € Im 1" + by In(1+]|A] + b, In(1+]g]))

can be decomposed into the form v = v1 + ... + v8 » where

vk € E'(Rn+1) satisfies

6%



lvk(k)l Sc exp(ewlIm T + €'Im T+ + (b3+b') In(1+|A])

+ b, In(1+]g])) wec™!,

V()] < ¢ exple’|Im z] + (by+b') In(1+]A])) + by In(1+[z]))

k
c'd

1
if -Re [ 4T and |t| < C(¢(-Re T) + lxm.cl) .

This result can be proved with the arguments form the proof of
proposition 2.14, if we also use the n-dimensional variant of
lemma 10.1 (i.e. in lemma 10.1, ¥ is now defined on c” ., etc.) .
Using this result, we can for example show that the map L intro-
duced in (5), §6, is well-defined on the set N' of all distribu-
tions v in E'(z € Rn+1; |lz] < €, t 2 0) which satisfy esti-

mates of the form

[v(A)] S c exp(elIm g] + € Im t° + b, In(1+|2]) + b, in(1+]z!)) ,

(1)

1

[vid) | S ¢ exple]Im zl + b, In(1+]a]) + b2 In(1+|z])) ,

1
if |1] < C(¢(~Re T) + |Im g]) (2)

for suitable fixed bi' bz, and for some c¢ , which may depend on
v .

Of course this is of any value only if there are enough
distributions in the set N' in order to approximate. The follow-

ing result gives all we need:

PROPOSITION 10.3. Let C > O and € be given. Then:
Ib', 3e" > 0, Vbz, 3b Vbl’ 3¢ such that if

3!

Iv(d)] < exple|Im g| + €" Im 1" + b, 1n(1+|1])
+ b3 In(1+]¢])) ,

1

then we can find a sequence vi € E'(Rn+ ) such that the vi
satisfy (1) and (2) with b1 replaced by b14-b' and such that

s



v - vhH )] s (/1) expleltmg| + em «* +(b+p") n(1 + [A])

+b, In(1 + lg])).

Proposition 10.3 is a variant of proposition 2.1. It does not seem
however adequate to prove it with the methods from Ehrenpreis [1].
What we can do instead,is to use the arguments from the proof of

proposition 8.4 and of lemma 10.1.We omit further details.

§ 11 ,COMPARISION OF SOME ARGUMENTS FROM THIS PAPER WITH HOLMGREN'S
METHOD.

1.In this paragraph we discuss the relation of the methods from
this paper to the classical method of deformation of noncharacte-
ristic surfaces used in the proof of Holmgren's uniqueness theorem.
{"Holmgren's method").One hint that there might be such a relation
ig that theorem 1.18 is in fact a result on microlocal unigueness
in the noncharacteristic Cauchy problem. (Actually,results related
to theorem 1.18 are sometimes called "micro-Holmgren" theorems.)

Moteo#er,the distributions

g - | £(x) g(x,l-xz) ax , g eC:(Rnﬂ) '

Xe Rn
Ix]| s 1

of which (6),§2, is nothing but the Fourier-Borel transform,were
introduced by L.Ehrenpreis precisely to reprove Holmgren's
uniqueness theorem.In our discussion,we shall then also arrive at
a class of relevant éxamples of distributions which are as in pro-
position 2.1 ,thus making proposition 6.3 more explicit.Since no
precision would be gained by working with some specific weight
function ¢, we shall always assume in this paragraph that

=14+ lEl « In particular,the present discussion refers to any
noncharacteristic Cauchy problem,provided the operator under

consideration has analytic coefficients in some complex neighbor-
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1

hood Zz of 0 ¢ ™ .. All notations (i.e.,p(z,D ), C ,e", N,

etc,) are here used as in § 6.

2. In this part of the paragraph the arguments will be on a
heuristic level.It is in fact not difficult to make them precise,
but our main purpose is here to justify the construction from nr.3
below. Let us then consider some real-analytic,real-valued,
function h defined in some neighborhood X of O € Rn ,such
that h(0) > O . Assume moreover (although less is necessary) that
h(x) < 0 outside some small neighborhood of the origin,and denote
by S , respectively st , S ={(x,t); x € X, t=h(x)1},

s' = {(x,t) ¢ § ; t 20 }. We will also assume that S c 2 . If
now S is sufficiently flat,it will be noncharacteristic for p .
Therefore,if p is real-analytic in a neighborhood of S+ ,we can

solve the Cauchy problem

Y(z,0) g =0, (1)
(a/aﬁ)j I|g+ = o, | if 0< j < m1, (2)
(a/aﬁ)”"lgls+ = bt - (3)

in some neighborhood of s+ . Here B 4is the normal to S .More-
over,if all the data of our problem (i.e., p , h and the coeffi-
cients of p ) are analytic on some sufficiently large sets,and if
the analytic extension of S on such a set is sufficiently flat,
then we may assume that g is a solution of (1) in a neighborhood
of

x= {(x,t) e R" ; 05t <hx) .

In fact,a solution of (1),(2),(3) is given by the Cauchy-Kowalewska
theorem,s0 we can for example apply a result of Bony- Schapira
[1] ,concerning the domain of the existence of solutions in that
theorem (cf. also H&rmander [7] ),but we do not make this more

precise here.
Let us now denote by Xk the characteristic function of K

and by w=g Xg * It is then elementary that

6>



t m-1 j
p(z,D) w=p' + 'L wj ® D 8 ' (4)
j=0
for some distribution p' supported by S+ and for some w, in

b]
+
E'(Rn) . We have in fact p' = p'pm(z,ﬁ(z))ds ,where 1
is the principal symbol of p and ds+ is the surface element on

s+ .We can now also rewrite (4) in the form
“m=-1
' = b 3
p' = p(z,D)w - L wj ] Dt Gt ’
j=0
which means that we have found a decomposition of type (1),§4, for
p' .Note that (5) is just

(5)

. ulx,t) p(x,t)p (X.t,;(x,t))ds+ =
+ m

S m-1

| wix,t) £(x,t) axat - & fwj(x) £,(x) ax ,
X j=0 3

if u is a solution of (1),(2),§6, in a neighborhood of K .
This is precisely the duality which is used in Holmgren's method.

3.All this has been rather vague,but we can extract from it a
method to obtain examples of distributions in N . In fact,what is
interesting in (5) ,is that it gives a large class of distributions
for which we know immediately that the decomposition from
proposition 4.1 is in distributions and not merely in analytic
functionals.Moreover,as is clear from the above,the same conclusion
will hold for p' if we replace p by some other operator which
does not differ from p too much.This suggests that the distribu-
tions p' all lie in N . We shall essentially prove that this is
true (cf. remark 11.2 ) ,but it is more convenient to pass at first
to a slightly different class of distributions (in which in parti-
cular,no reference to pm is made) .

Let us in fact assume that W is some given bounded open convex
set in R" and that h is some real-valued,real-analytic,

function on W . A number of assumptions on h will be made,which
we now introduce .



a) There is some open,convex ,bounded set U such that h > O on

U and such that { x € W ; h(x) = 0 } is the boundary of U

(cf. here remark 11.3).

b) h extends analytically onto a complex neighborhood of the set

v c c" which is defined by the following two conditions for x ¢ V:
bl) Re x lies in U .

b2) For given x° ¢ " ' xol = 1 , denote by a(xo,x),b(xo,x),
the points in which the line u >+ Rex + uxo + W € R,
intersects the boundary of U . Then the condition on Imx is
that '
’[<x°,Imx>|:2 + |Rex - a(x®,x)/2 - b(xo,x)/zl2 <

o 2
la(x®,x) - b(x",x)|“/4 .
c)The third assumption will be that gradxh must be small on V.

The main result from this paragraph is now:

PROPOSITION 11.1., Assume that h satisfies a) and b) and let p

be an analytic function defined in a neighborhood of {(x,h(x));

x € V! . Also fix C > O . Then there are constants cl,cz,c3
n+1

such that the distribution v € E'(R ) defined by

g+ vig) = [ g(x,h(x)) p(x,h(x)) dx , (6)
U
satisfies
IG(A)I S ¢, exp (c, |mz] ) for|t|sc(l + |¢|) , (7)

provided that
[p(x,h(x))] + |graa h(x)]/c3 <1, for xeV.

Moreover,c2 can here be chosen as small as desired,provided that
U lies in a sufficiently small neighborhood of the origin.Finally,
v lies in N if c, s €' and if the support of v lies in an
e"-neighborhood of the origin.
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REMARK 11.2. Thus the-distributions defined in proposition 11.1
differ from the ones considered in nr.2 only in the way in which
a density is associated with p on S+ .If h, p and the
coefficients of p are defined in a complex neighborhood of S+.
then we can pass from one class to the other by a renotation for

p provided grad h is sufficiently small .

REMARK 11.3. As suggested by the argument in nr.2 ,it is important
in our construction that grad h is small (this corresponds
geometrically to the fact that the surface {(x,t) ;xe V,t=£(x)}
is sufficiently flat ) and that t = O on the boundary (in §8)

of that éortion of S on which we effectively integrate.On the
other hand,the convexity assumption from a) is only used here

to arrive at a simple expression for V .

REMARK 11.4. To give an example,assume that B is an entire
function on C" (wWhich is real valued for real arguments and for
which { x ; H(x) = 0} is the boundary of some bounded open
convex set U . Moreover,assume H(x) > O in U .All assumptions
from proposition 11.1 are then valid for h = cH ,if only c¢ is
sufficiently small.

REMARK 11.5. Let us note here that the proof of proposition 8.4
gives implicitly another tool to construct distributions in N .
Although this tool is very flexible from a theoretic point of view,

it is not explicit enough for our present discussion.

4. Proof of proposition 11.1. ( The ideea of the proof goes
back to. Ehrenpreis [1] ) .We note at first that it suffices to
prove (7) under the additional assumption that |ImZ |s|ReZ].

In fact,otherwise,the condition in (7) implies that
[ImA| s 2c(1 + |Imz|) ,s0 (7) is a consequence of the Paley-

Wiener estimates (if ¢, 4is large enough ).

2
Our next simplification is that,for fixed A ,we may assume ,after

a rotation,that Re cj =0 ,for j > 1 and that Re ‘1 > O.



We now project along the x -axis,and can therefore write that

1

u= {x; x'= (xz,...,xn) €A, wl(x') < x, < wz(x’)} for

1
some A C Rn-i and some functions wl,wz : A+ R . This shows
that

- 0, (x")
viy = [ oax' [ p(x,h(x)) e
A wl(x')

-ih(x)Tt ~-i<x,q> dx1] .

Here it is convenient to shift the integral in x, to an integral

1
on the complex contour

A, = {x1 €C; Imx, <0, |x

" 1 - 0, (x')/2 - 0, (x')/2 | =

1

I¢1(x')- wz(x‘)l /2 ,anticlockwise orientation } .

The conclusion of the proposition will follow,if we can show that

Re ( -~ ih(x)t -i<x , > ) < c2]Im;] + ¢, if x'e A,

4

x, € A, and lt] s 2c(1 + Re z,) .

The part - L ix, g, -ix, Im g, does not produce any problem
322 j o3 1 1

here,since Re Cj =0 when j 2 2 and x remains bounded.We now

parametrize A, by 6 > © (x')/2+ 0,(x')/2 + | 0, (x')/2 -

~9,(x')/2 | exp ~(10) ,0 € (0 ,m ( ® runs from m to O ,in
order to preserve the orientation ) and denote the function

6 > h( o (x')/2 + 9, (x")/2 +lm1(x')‘/2-<p2(x')/2l exp-(i6) , x' )

by H(8) . We can then estimate Re ( -ih(x)T - ixiRe cl) by
|H(B)+T] =~ sin® Re Z, | ®, (x')/2 - wz(x')/2[ . All will be

proved therefore,if we can show that for ¢, suitably.small,

3
la(ey| < (lwl(x')/2 - ©,(x')/2] sing)/(2c) . (8)

To analyze this,we observe here at first that H(@) vanishes for
both 8§ = 0and 6 = 7, so (8) is true at the endpoints.Moreover,
if we fix some . § > 0 , then (8) will be valid on the interval
(6, m - 8§ ) , provided cy is small enough, for IH(O)] can be
estimated in any case by wc3|w1(x')— wz(x')l /4 and sinb is

24



strictly positive on .(6 ,m -§) . It remains to observe that
on the intervals (0 ,8) , (m -8 ,m ) , the derivative of H
can be estimated by the derivative of | wi(x')/Z -wz(x')/zl .
sin 8 /(2C) if Cy is small. This concludes the proof of
proposition 11.1,

5. Starting from proposition 11.1,one can construct new
distributions in N by superposition.Assume,e.g.,that h satis-
fies the assumptions from proposition 11.1.So.does then also 6h

for 0SS 0 S 1 and therefore the distribution

wig) = [ g(x,t) £(x,t) dx dt , (9)
x €U
0O st <h(x)

is in N ,if £ 4is an entire analytic function and if the support
of w 4is in an eg"-neighborhood of the origin.We can in fact intro-
duce coordinates (y,8) for X = {(x,t) ; x € U,0 < t S h(x)} by

x=y, t =0h(y), so (9) reduces,after a renotation, to

1
wig) = [ [ g(x, 0h(x)) £(x, 6h(x)) h(x) dx a8 .
o U

For small U and h we see therefore that the characteristic
function Xg of K multiplied with an entire density is in N .

With this last remark,we can now make proposition 6.3 somewhat
more explicit.Assume in fact that O ¢ R" is in the interior of
U and let M be some bounded set of distributions in

E'(Rn+1 1£t20 ) which are all concentrated in a small neighborhood
X of O .If X is small enough,one can then find a set of entire
functions M' such that the distributions M" = { £, of € M},
form a bounded set in E'(K) and such that the closure of M"
contains M .A solution u of (1),(2),§6,will therefore exist

if we can find h such that for any set of entire functious M'
for which the set M" is bounded in E'(R™!) one can find ¢

for which IL(w)| S ¢ 4if we M" .



§ 12. COMMENTS AND REMARKS

1. Most of the results from this paper have been implicit in
Liess [3) in the case of constant coefficients , when ¢= 1+]§|.

In fact,many proofs from this paper have been based on an analogy
to that paper,although the situation is here more difficult.

2. There is an interesting interpretation of the fact that one
can define the functional L(v) from §6 for v € N (all notations
are here as in §6) before one has found a solution of the Cauchy
problem (1),(2),§6. Ip fact , for given fo""'fm-l'f' a solution
of this problem might ultimately fail to exist,but L(v) is defined
even in this case . In particular , it always makes sense to speak
about the "integral of u" over sufficiently flat,small,analytic
hypersurfaces,regardless if (the solution) u exists or not.This
is of course also seen easily directly from the duality in Holm-
gren's method (in fact,this author was told by F.John that he was
aware of this fact many years ago.) Moreover,if the solution u
actually exists,then one can recover it from suitably chosen
classes of such integrals in view of results related to the Radon
transform .(After a suitable coordinate transformation one can e.g.
apply results from V.G.Romanov [1] .).

3. We have already mentioned that the existence results from
§1 have two-sided analogues . The same is valid also for the re-
gulariﬁy results . Let us mention explicitly the following corollary

of the two sided variant of theorem 1.18 :

PROPOSITION 12.1. Let u be a solution of the two-sided Cauchy

problem (6),(7), §1 , and assume that fj € G¢ . Then we can find

® n+l
d>0,6e>0,b ,c, such that Ju(v)] < ¢ for any vel (R

which satisfies :

|[v()] € exp (@¢(-Re ) + €]ImA| + biln(1 + |g|)) .
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4. To give an interpretation of proposition 12.1 let us in-
+1
troduce the Lipschitzian function V¢ : R+ R by
V(E,T) = ¢(E) + |1| . Wwe can then introduce a regularity class

Gy and a notion WF, in analogy with the definitions from §1 ,

]
for germs of distributions in n+1 variables, defined near
0er,

Let also ¢ be fixed and denote by A=={A5Rn+1; 1} <co(E)} .

on A we have that ¢ ~ ¢y and we get from proposition 12.1:

COROLLARY 12,2. Whatever c¢ is, we have

(OUA) n WF‘pu = ¢ .

5. One can improve the conclusion from this corollary to
"ue GW " (still in the conditions from the beginning of the
paragraph). In fact, if ¢ 1is suitable, then we have that

0,0 nwFu=¢g

]
as a consequence of the Sato-HSrmander regularity theorem

(cf. theorem 4.3.1 from Liess-Rodino [1] ) in Gy classes. This
shows that (0,8""%) WEu =8 all in all (cf. Liess-Redino [11),
which means precisely that u € G¢ .

6. We conclude the paper with a brief discussion of some re-
sults for constant coefficient operators which are related to this
paper. In fact, in that case one can go much further in the study
of the solvability of the Cauchy problem and one also arrives in
a natural way at definitions of the type considered in this paper,
so this discussion should also serve as a justification for the
present approach.

For simplicity, we shall look at the two-sided Cauchy problem,
although most of the results have analogues for the one-sided
problem. Let us in fact consider some constant coefficient linear
partial differential operator p(D), which satisfies the assump-

tions from §1 for some Lipschitz-continuous function ¢ : R > R.
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(Recall that any p(xyt,Dx,Dt) of form (3), §1, satisf;es these
assumptions for ¢ =1 + ]El .) In particular we assume that the
operator is of order m . For fixed [ € c® we denote by
Tl(c),...,Tm(c) the roots of T * p(%,T) = O , labelled such
that |Im rl(c)[s vee S |Im rm(c)l . (A k- tuple root is written
k times.) The functions ]Im Ti(C)l are uniquely defined by this

prescription, although the functions Ti are not.

DEFINITION 12.3. We denote by Fj the set of germs of C func-
tions defined in neighborhood of O € R® for which 3d > 0 p
>0, V20, 3¢ >0 such that |v(f)] < c¢ for any

v € -C: (R") such that
|v(g)| < exp(d|Im T GO e|im t| + b In(1+]g])) . (1)

Thus. what was a property in proposition 1.13 is now a definition.

One cannot reduce however the study of spaces of type F to that

3

of G, classes, since the functions |Im T (%)| are not, in

¢

general, Lipschitz-continuous.

3

The following proposition should now serve as a justification

for the introduction of the functions Ti and ihe classes Fj .

PROPOSITION 12.4. Let £ € " be given. Then f£ € Fo if and

only if we can find a C solution u of p(D)u = O “such that

ult=0 = £ . Moreover, the condition fj € Fo r J=0,00.,m-1 ,

is enough for the solvability of the Cauchy problem
p(D)u = 0O (2)

=f jﬂo,...,m-’. (3)

3
D¢ Y| t=0 i

if and only if there is some constant ¢ such that

It (0] Sctt + || + @b .

The first part of this proposition is due to Ehrenpreis [1].



The second is a congequghce of the first,if we also use proposition
1 from Liess [1] .

7. The study of the solvabhility conditions for (2) , (3) can be
very often reduced completely to the study of the spaces.Fj. (This
question has been analyzed in detail in Liess [2] .) Theorems like
theorem 1.12 have then their counterparts in theorems concerning

microlocal characterizations of the relation "£f ¢ F,* (the latter

3

are much easier to prove . )
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