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Planar open books with four binding components

YANKI LEKILI

We study an explicit construction of planar open books wathrfhinding compo-
nents on any three-manifold which is given by integral styga three component
pure braid closures. This construction is general, indegdpéanar open book
with four binding components is given this way. Using thiastuction and results
on exceptional surgeries on hyperbolic links, we show thgt@ntact structure
of S* supports a planar open book with four binding componentgraening
the minimal number of binding components needed for plapandooks sup-
porting these contact structures. In addition, we studyaascbf monodromies
of a planar open book with four binding components in detdie characterize
all the symplectically fillable contact structures in thlass and we determine
when the Ozsath-Szab contact invariant vanishes. As an application, we give an
example of a right-veering diffeomorphism on the four-fidoéphere which is not
destabilizable and yet supports an overtwisted contaettstre. This provides a
counterexample to a conjecture of Honda, Kazez, 8/fatim [16).

1 Introduction

Let Y be a closed oriented 3—manifold aficbe a contact structure on. Recall that
an open book is a fibration : Y — B — S' whereB is an oriented link inY such
that the fibres ofr are Seifert surfaces fdB. The contact structur€ is said to be
supported by an open bookif ¢ is the kernel of a one-formy such thatn evaluates
positively on the positively oriented tangent vectordBadind da restricts to a positive
area form on each fibre af. The fibres ofr are calledpages of the open book.
We will consider abstract open bookS, ¢) whereS is a page of the open book, and
¢ € Diff (S 09). Itis easy to construct an open book as above, starting fnendata
(S ) (see B).

Itis well known that every contact structugds supported by an open book ¥rand all
open book decompositions ®fsupportings are equivalent up to positive stabilizations
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and destabilizationslp)]. In light of this theorem, to study contact structures, wk w
study abstract open bookS, ¢) supporting them. We should note that in our case the
right notion of equivalence provided by the Giroux’s theoris contact isomorphism
(not contact isotopy, seé).

In [6], Etnyre proved that every overtwisted contact structarguipported by a planar
open book. On the other hand, there are known obstructiorstight contact structure
to admit a supporting planar open boo#], [22], [25].

For a contact structureY(¢), in [7], Etnyre and Ozbagci defined invariants by
a measure of topological complexity of its supporting opeols. We recall these
here:

sng) = min{—x(x1(®))|r : Y — B — S" supportst}

sg€) = min{g(=—1(8))|r : Y — B — S' supportst}
bn() = min{|B||7 : Y — B — S' supportst and g(7~1(6)) = sy(¢)} ,
wheref is any pointinSt , g(.) is the genus, anf| is the number of components.

These are calledupport norm, support genus andbinding number in the order given
above. In general, it is hard to compute these invarianta fiven¢. From the above
definition, it is easy to see that $i(< 2sg€) + bn(€) — 2, however it is known that
in general these invariants are independent of each o#efJ]).

In this article, we will determine all of these invariants fdl the contact structures
on S*. Previously for any contact structu¢éeon S*, Etnyre and Ozbagci showed that
sg(&) = 0, bn(¢) < 6 andsn(¢) < 4. Recall that, there exists a unique tight contact
structure onS® havingds = —%. It is easy to show that this is supported by the open
book (2,id), hencesy = 0, bn = 1 andsn = —1 for the tight contact structure on
S*. The overtwisted contact structures $hare classified by theitl; invariants which
takes values irZ + % We will write &, for the overtwisted contact structure &
with d3 = n. Our first result determines the invariant of these:

Theorem 1.1 Let &, be the overtwisted contact structure ®hwith ds(&,) = n, then
sg(&én) = O for all n,

bn(¢y) =2
br(¢_4) = bn(&3) = 3
bn(¢n) = 4 for all n £ —%, %,g

sn(%) =0



sn(€_1) = sn(€s) =1
113

= 2 for all —=,=, =
Sn(fn) ora n7é 272a2
Note that the results fan = —31, 1, 3 were calculated by7] via an easy classification
of planar open books with three or less boundary componetish we review here.
Let (Y, &) be the contact three-manifold supported By¢). Below, we write ¥, )
to denote the unique tight contact structureYowheneverY has a unique tight contact
structure. These descriptions and more can be found.in [

e If S=D?, then¢ =id and [Y, &) = (S, &g).

e ForS=S'x[0,1], let a denote the simple closed curve generatiidS). If
¢ =74 , then ¢,€) = (L(p,p — 1),&q) for p > 0, (Y,8) = (S x &, &) for
p=0,and ¥, &) = (L(p, 1), &) for p < 0, wheref is overtwisted withe(¢) = 0
andds(¢) = 3;". Note thatS® appears exactly fop = +1. Forp = 1, this is
a stabilization of the standard open book of tight contacicstire inS®, and for
p = —1, we get the overtwisted contact structgre

e When S has three boundary components, aae,\tb,2 ¢ denote boundary parallel
simple closed curves. b = gfgfg, thenY is the Seifert fibered space with
€ = [~%] + [—%] + [—#] as shown in Figurd. We only note that it is easy
to draw a contact surgery diagram of these contact strig{dte The authors
calculate exactly whe®® has such an open book, it turns out all of these open

books support eithef_% or gg .

To determinebn(&,) for the remaining cases, we simply construct planar op&kdo
with four binding components supportirgg for the remaining cases. This determines
bn(¢n). To calculatesn(&n), we show that none of these contact structures can be
supported by an open book with page a torus with one boundsmpanent.

c
D q r

o0 ) &6

Figure 1: Open books with page a three-holed sphere

In [15], Honda, Kazez and Mdtiproves that a contact structugas tight if and only if
all of the open book decompositionS ) supportings have right-veering monodromy
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¢ € AUt(S,09). This result is useful in proving that is overtwisted by exhibiting a
supporting open book with a monodromy which is not a rigterireg diffeomorphism.
On the other hand, whe8 is a punctured torus, the same authorslifl also prove
that the supported contact structure is tight if and onlyhé given monodromy is
right-veering. In general, however a right-veering differphism does not always
correspond to a tight contact structure. In fact, any opeasklman be stabilized to a
right-veering one. However, Honda, Kazez and Katptimistically conjecture that
if the monodromy is given by a right veering diffeomorphishatt does not admit a
destabilization (in the sense of Giroux stabilization)th®e supported contact structure
is tight. Our next result gives a counterexample to this ectojre:

Theorem 1.2 There exists an open bodfs, ¢) on the Poinca homology sphere
¥(2, 3,5) whereS is a four-holed sphere antl= t3m27crq7s 2 which is right-veering
and not destabilizable such that the supported contactsteais an overtwisted contact
structure.

Figure 2: Generators of the mapping class group of fouréhgdere

Of independent interest, we also prove the following charaation concerning pos-
itive factorizations of a family of elements in the mappirlgss group of four-holed
sphere. We denote by (¢) the Ozsath-Szab contact invariant of the contact struc-
ture supported byS ¢), whereS is the four-holed sphere.

Theorem 1.3 Let ¢ = TngTgfgrng”, then ¢ admits a positive factorization if
and only ifmin{a, 8,v,6} > max{—e, —n,0}. Furthermore, this latter condition is
satisfied if and only i€t (¢) # O.

Note that the results o2p] and [20] together with the above proposition imply that the
contact structure supported b, (—gvrf rdrirér") admits a Steinfilling (or equivalently



a weak-symplectic filling) if and only if mifx, 5,v,6} > max{—e,—n,0}. An
interesting question left open is whether all non-fillabbatact structures in the class
of monodromies considered above are overtwisted. Notetieatan easily show that
some monodromies give overtwisted contact structures bwislg that they are not
right-veering, however Theorefin2 shows that right-veering restriction by itself is not
enough to answer this question.

We pause here to declare our conventions for the rest of therp&\Ve denote by,
a right handed Dehn twist around the curve We will adhere to braid notation for
compositions:Ta, means applying a right handed Dehn twist aroarfitst and then
a right handed Dehn twist arourld We will also use the following conventions for
braid groups: Our braids will be drawn from top to bottom wiltle strands numbered
1,2,...,n from left to right. The convention for positive and negathaf twist is as

shown below.
i i+1 i i+1
o 0;1

Figure 3: Braid group generators

2 Atopological study of planar open books

2.1 Planar open books and Dehn surgery

We first recall a classical proposition relating the mappstags group of an-holed
disk with Dehn surgery on pure braids (see for examp8 for more than presented
here). Let¢ be a diffeomorphism of the-holed disk, identity on the boundary. This
diffeomorphism can be extended to a diffeomorph&m‘ the disk simply by extending
¢ by identity. Since any dlffeomorphlsm of the disk identigathe boundary is isotopic
to identity, there exists an |sotom( such thatqﬁo =id and qﬁl = qs Letxy,...,X, be
points in the disks that fills the holes, then we obtain a puagd3 () by considering
the union of arcst(gfbt(xi)) in D? x [0,1], t € [0, 1] (see Figures for an example).
This pure braid almost captures the whaleexcepty can have extra boundary twists
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around the holes. We summarize this in the proposition helat D, denote then
holed disk, and Maj§,,, 0D,)) be the mapping class group of diffeomorphisms which
are identical on the boundary. LB}, be the pure braid group amstrands.

Proposition 2.1 Map(Dy,, 9Dp) = P x Z" O

L
=DN

Figure 4: Pure braid associated with a mapping class

Note thatn-holed disk is topologically the same as+ 1-holed sphere, however the
above isomorphism is meaningful only after choosing a banndomponent of the

n + 1-holed sphere to be identified with the boundaryDsf after filling in the other
boundary components with disks. Nevertheless, such aelwaic be made once and
for all. By looking at Figure2, we choose the boundary component parallel to the curve
d to correspond to the boundary B?, and the pure braid will be obtained by filling
the boundary components parallel to the curagb andc, in addition we choose the
ordering of the strands of the pure braid in this order.

This proposition gives us an alternative way to describeuth@erlying topological
manifold supported by an open bodR ¢). Namely if Y has an open boolD(, ¢),

thenY is obtained by Dehn surgery on the braid closﬁ(é) of the braid(¢) with

surgery coefficients determined by the above isomorphism.

In this article, we study planar open books with four bindocwmponents. For the
sake of explicitness, we give a more precise statement @libee discussion for this
case.

Let S = D3 denote a four-holed sphere, the mapping class gidap(S, 99 is not

a free abelian group in contrast to the case three-holedresphia particular it has

a subgroup isomorphic tb,, the free group on two generators, generated by Dehn
twists arounde andf in Figure2. In fact, it is a classical fact tha¥lap(S, 9S) can

be seen as a direct produét x F» (see P]). We can see this as follows: Because
of Proposition2.1, it suffices to see thaP; is Z x F,. Recall thatP3 is isomorphic

to the fundamental group of the space of triples of distirints on the plane {0)).
Consider the forgetful map, frof; — P2, given by forgetting about the middle strand.



P, is Z and the kernel of this map i& (C — {—1, 1}, 0), which isF,. Thus we have
a short exact sequence:
O—-F,—>Ps—7Z—0

where the kernel is generated b§ and a%, and the image is generated by the central
element ¢20105)? which corresponds to a full right-handed twist of the thsé@nds.
Therefore, any pure 3-braid is expressed uniquelyasi2)?o>1o3™ . . . o2%g3™,
whereJd, €, n; are integers.

Therefore, under the identification of Propositthhany mapping clasgé € Map(S, 99
can be represented by:

_ By d e _m €K1k
O =TTy TdTYTE Tf - . . TehTY

and such representation is unique.

Here ¢ is identified with the pure braidi(¢) = (020102)% 02 05™ . .. 02%05™, and

the integers d, 3,~). For such open books, we have the following propositionaat p
of the general discussion above:

Proposition 2.2 Let S be the four-holed sphere ard—= 570 g T{r&r™ . . . 78
Lete = K ¢ andn = YK . Then the topological manifold given

by the open booKS, ¢) can be obtained by Dehn surgery on the braid closure of

the pure three braid = (020102)%02%05™ ... 02%a5™, with surgery coefficients

(a+0+e,B+0+e+ny+6+n). O

2.2 Planar open books on the three-sphere

We would like to construct planar open books with four bougdeomponents on
S*. We will look for planar open books with simple monodoromytleé form ¢ =
Tgfffgfgfgﬂ In light of Proposition2.2, we would like to know when a surgery

on a braid closure of a pure three-braid of the fofin= (agalaz)z%fﬁag” yields
S*. Fortunately, this question is completely resolved by Asranabria and Eudave-
Mufioz in [8] by depending on deep results on Dehn surgery on knots. htpar,
the authors list several infinite families. Therefore, we dascribe precisely when an
open book §, Tngrgrgrng") is an open book 05°.

From the list provided ing] we pick a convenient family. By using Kirby calculus, we
will verify independently that these indeed gig#8, and our next task is to calculate the
ds invariants of the contact structures supported by the spaeding open books. The
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difficulty is that we would like to see that any valueZn+ % can be achieved. We will
apply several tricks to ensure this. Therefore, as a comswguof these calculations,
we show that every contact structure $his supported by an open book with a planar
page with at most four binding components.

Proof of Theorem1.1:  We will start with the braid3 = (c20102)%0; %05 *. Figure5
is a picture of the closure of this braid, also known as thércliak. The hyperbolic
structure on its complement was first constructed by Tharstdis notes 24], and
this manifold has been called as the “magic manifold” by @oreind Wu [L3] [14] as
one gets most of the hyperbolic manifolds and most of theesteng non-hyperbolic
fillings of cusped hyperbolic manifolds (seH] for a classification ofll exceptional
surgeries on this link). It is the smallest known hyperbatianifold with 3 cusps of
smallest known volume and complexity]|

It is easy to see by blowing down twice that1, —2, —4) surgery on this link yields
S® (see below for the more general case).

—a

Figure 5: Surgery on the chain link

Therefore, by our PropositioR.2, it follows that the open book with pagg, a four-
holed sphere, and = 727 7d 47¢ 22 is an open book o® when

(Oé - 1a/8 - 37'7 - 1) = (_17 _27 _4)
More generally, consider the braitl= (020102)201_2%2‘4 and perform Dehn surgery
with coefficients (1— p, —p, —4). In Figure6, we verify that we still obtairs®.

By reflecting (which amounts to changing orientation), vé@a&now that Dehn surgery
on 8 = (020102) 20570 with coefficients p — 1, p, 4) also yieldsS?.

After some experimentation, the author found that the ¥alg two families of open
books (which are obtained from one another by reflecting thatas above) will be
sufficient for our purposes. (Note that reflecting the braitbants to changing the



he,,

blow-down blow-down

- — > 4

blow-down

53

blow-down

blow-down

—_—

blow-down

—9 -3
/& 0
Al +1
71<_/I:\T>)2_p .;

Figure 6: Surgery on a family of links yields®

orientation, but since&s® has an orientation reversing diffeomorphism, this willl sti
give an open book 08°. Though, as we will see below the supported contact streictur
will change!)

It will suffice to consider the following two possibilities:

3 __p -2
$p = ToTc TdTe pr

- 13 1.p 2
Pp = Ty TeTq TETH

We will denote the supported contact structureipyandf_p. Note that in both open
books the monodromies have boundary parallel negative Brlts, it is easy to see
that in this case, the monodromies are not right-veeringerdfore, the supported
contact structures are overtwisted.

To determine the contact structures, following the desoripin [7] (see also 3]), we

will next compute theds invariants of the supported contact structures from the-mon
odoromy data of the open books. First, we briefly review thetat)y, for more details
see [7]. Given ¢ as a product Dehn twists around homologically non-triviaives
ai,...,a on a planar surfac& with n boundary components, one first constructs
the Stein manifoldS x D? in a standard way by attachingone-handles t®* along
Legendrian unknots, then one attaches 2-handles alongntlgge realizations o

on S with £1 framing depending on whether the Dehn twist aroands negative
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or positive. LetW be thus constructed 4-manifold, then the contact manifgld
supported by the open boo8, () is the boundary oWW. Aslong asci(§) = 0 (or more
generally a torsion class) iH3(Y), dz(¢) is an element of) and may be computed by
the formula,

(€) = (W) — 2x(W) — 35(W)) + g

whereq is the number of negative Dehn twists in the factorizatio ofFurthermore,
c2(W) is the square of the clasfW) € H2(W) which is Poincaé dual to the class
Eik:lrot(a;)Ci € Ha(W,Y), whereC; is the cocore of the 2-handle attached alangnd
rot(a) is the rotation number ad; which can be computed as the winding number of
a with respect to a standard trivialization of the tangentdderof the page. Since we
assume1(€) = 0, ¢(W) maps to zero under the natural map(W) — H2(Y), hence

it comes from class iH2(W, Y) whose square is?(W) that appear in the formula
above.

Now, Figure7 is a Kirby diagram for the page of a planar open book with four
boundary components. We drew all the cungb, c,d,e andf that appear in the
above monodromies.

Figure 7: The diagram of the page

In order to compute the rotation numbers, we chose an otientaf the curves (note
that the computation af?(W) is independent of this choice). One then computes the
winding numbers of these curves to get:

rot(@) = rot(b) = rot(e) = 1
rot(c) = rot(f) = rot(d) = 0

The rest of the proof is a direct homology calculation basadtl®e descriptions
above.



11

Computation of ds(&p) and ds(&p)

Let X, Y, andZ bethe 1-handles, which form a basi<ifW; Z). LetB, {C4, Cy, C3},
D, {E1,Ez, ... Ep}, {F1,F2} be the cores of the handles attached corresponding to
the factorizationg, = TbTC_3TdTe_ pr_z_ These form a basis of,(W;Z) and the
boundary map can be read off the diagram in Figure be :

dB) = Y-—Xd(C)=X

dD) = ZdD-E)=Xd(F)=Y
Thus, H1(W) = 0 andHx(W) = ZIPI+4. It will be convenient to pick the following
basis of generators:
{C1—-D+Ep,Ct—D+Ep-_1,---,C1 —D+E,B+Cy—F1,B+Cp— Fy,

B+Cs—F1,F2—Fq}

Note that we haveB? = D? = —1 andC? = C3 = C{ = F? = F2 = 1 and
E? = sgnf) and any cross term intersection number is zero. The intBosematrix
takes particularly nice form if we add or subtract the fpglements in the above basis
to the p + 1)" element according to whetheris negative or postive. So, our new

basis is given by
{Cl— D—I—E|p‘,C1— D+E\p|—1>--->cl_ D + Ey,
B+ (1—-p)Cy+pD —F1—sgnP)Ey — ... — sgnp)E,
B+C,—F1,B+Cs—Fy1,Fo —F1}

Therefore, the intersection matrix 8 in the this basis can be calculated to be:

sgnp) O .- N 0
0 0 0

0 sgnp) 0 0

Qw = 0 1-p 0 0 1
0 1 0 1

: : : 0 0 1 1

O 0 0 1 1 1 2

From this one can easily compute thafwW) = 2 + p, and also we know that
x(W) = |p| 4+ 5. To computec?(W), let us denote the cocores By {C;, Cy, C3}, D,
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{E1,...Ep}, {F1,F2}. Then from the calculation of rotation numbers it followsih
c(W) is Poincae dual to
B+Ei+...+Ep

Evaluating c(W) on our basis ofH,(W), we get the vector (1..,1,1 —p,1,1,0)
hence the Poincardual to the pull back af(W) to H3(W, Y) isgivenby (1...,1,1—
p,1,1,0) - (Qw)~%, which one can calculate to be:

sgnp) O 0 1
0 0 0 :
0 sgnp) O 0 1
0 o -1 -1 1 1-p
-1 p -1+p 1-p
: : : -1 —-1+p p 1-p
0 0 0 1 1-p 1-p -—-1+p
Hence
A(W) = (sgnf),...,sgnp),—2,—2+3p,—2+3p,3—3p)-(1,...,1,1—p,1,1,0)

= 9p—-6

The number of negative Dehn twists is given gfV) = 5 + 'p‘%’ Finally, we
compute:
pl+p 1

—p_ =
2 P=3

() = 7(9 — 6 2(pl +5)~ 32+ ) + 5+

This only covers half of th_e overtwisted contact structwes3, to get the other half,
we conside. Note, that{, is obtained by orientation reversal. Therefore, we do not
need to compute all the above invariants from scratch. N@mel have:

A(-W) = —cA(W)=-9p+6
x(-W) = x(W)=|p|+5
o(-W) = —o(W)=-p-2

Therefore, we have:

ds(Gp) = (9P + 6~ 2(p| +5)~ 3(-p—2) + 2+
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We determined the binding number of all the overtwisted &cinstructures. The
proof of Theoreml.1 will be completed once we determine the support norm of
the overtwisted contact structures. Note that becausef dtleoovertwisted contact
structures are supported by a planar open book with page-h&ded sphere, we have
that sn(¢) < 2 for all £. We also know that ifds(¢) # —3, 3,3, thenbn(¢) = 4,
therefore the only way for these contact structures to happat norm strictly less
than 2 is when they are supported by an open book with pagaswoth one boundary
component. Now, recall the well-known fact that the onlyggeane fibred knots o8°

are trefoil and figure-eight knot and the corresponding dpsoks have monodromy
Tailrgﬁl, wherea and b are standard generators of the homology of the torus, (this
follows from for example 17]). It is now easy to see thatym, 747, b i, are
obtained by positively stabilizing the open books with doeypage supporting the
unique tight contact structure, and the overtwisted cargaactureé:, and Ta_lTb_ 1

is obtained by negatively stabilizir@% , hence corresponds 15% . This completes the

proof of Theorentl.1 O
n<_% n:—% n:% n:% n>% st
bn 4 3 2 3 4 1
sn 2 1 0 1 2 -1
sg 0 0 0 0 0 0

3 Positive factorizations

In this section we give a proof of Theorehi3in the following two propositions. Re-
call that for the four-holed spher®, Map(S, 9S) = Z* x F,. The first homology is
Hi(Map(S, 89) = Z° where the class of ageneral element 707 70 7{r&r™ . . . 78k7/*

is given by ¢, f,~, 5,2!‘:1 €k, Z!‘Zlnk). We will prove the following proposi-
tion:

Proposition 3.1 Let ¢ = 737573 r3rér{!, then¢ admits a positive factorization if
and only ifmin{«, 8,7,0} > max{—e, —n, 0}

Proof Supposep = ¢, ... 7¢, is a positive factorization iviap(S, 9S). We consider
the quotient relation i, (Map(S, 09)) = Z°.

(Oé, 57 v 57 €, 77) = [’7'(:1] o [TCk]
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Now, by topological classification of surfaces observe #irat simple closed curve
C; is conjugate inMap(S, 09 to one of the curves, b,c,d,e,f or g in Figure 2.
The classes of Dehn twists around these curvésiiMap(S, 09) are given by t5] =
(4,0,0,0,0,0),[,] = (0,1,0,0,0,0),[<] = (0,0,1,0,0,0),[rq] =(0,0,0,1,0,0), ¢ =
(0,0,0,0,1,0),[7] = (0,0,0,0,0,1) and [g] = (1,1,1,1,-1,—-1). For the latter,
observe that by the lantern relation we haye= TaTbTCTdTe_le_l. Let us denote
by & € Z° to be the vector with™ coordinate 1 and other coordinates 0 and let
n= (1,111 -1 -1). Therefore, each classd] is equal to either some or n.
Now, if ¢ has positive factorization then

6
(a75777576777) = pOn"‘Zpﬂ

for somep; > 0. Thus ife or 7 is negative,pp > max{—e, —n}, which shows that
min{«, 3,7,0} > max{—e, —n, 0} as desired.

Conversely, ife,n > 0, thenthe given factorization is positive as long as {nirg, v, 6} >
0. Without loss of generality, suppose next that 0 andn = e+ r forr > 0. We
have mifa, 8,7,0} > —e, set—e = k > 0. Then by using the lantern relatidn
times, we obtain the central elememv(erg)k. We first use this to kill the negative
powers off , to get:

a—k 5 k —k_d—k
a—k 5 k Y k o—k_—k_—
a (I e f ( e g)

The proof will be completed once we show th%TkJrng(Te’Tg)k_l has a positive
factorization. We do this by induction and using the welbm fact that iff : S— S

a diffeomorphism and a simple closed curve then the equalityc) = f~1rcf holds.
Fork = 1, the expression is equal tg so it is positive. We write

Skl (kD) k2

Te k+17’g(’7'e7'g)k_1 = 75 7'97' T (7'e7'g)k_2

k—2
T k1) 7o 20, (TeTg)

The latter expression is positive by induction hypothesisich completes the proof.
In fact, we can simply see that

a—k_pB—k k_d—k r
p=T14 "1 T Ty T kg Trk=2(g) - - Tre(Q) TG
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Remark 3.2 Suppose more generally that= TaO‘TfTQTgTélem c.Te . Lete =

S K ek andy = 3K | nk. Then the same argument usilig(Map(S, 89) gives that

¢ has a positive factorization only if mry, 5,+,0} > max{—e, —n, 0}. However, it

is easy to see that this is not sufficient. For examrga,rglq‘l satisfies this condition,
but one can check that this is not a right-veering monodorbemnce cannot be written
as a product of right-handed Dehn twists (][the supported contact structure can
not even be tight). On the other hand, the argument givenerabiove proof clearly
gives a positive factorization af if min{«, 8,~,d} > E!‘zl max{ei, ni, 0} .

We next determine whether or not the CaswvSzab contact invariant vanishes for
these contact structures. In our case, it turns out thaigréguivalent to whether or
not the contact structure is Stein fillable.

Proposition 3.3 Let¢ = TgTbB rdr3rér!, then the contact invariaet (¢) is non-zero
if and only if min{a, 8,v,} > max{—e, —n, 0}

Proof Let us definegs, ¢n, ¢c, ¢g the induced monodromies on the three-holed
planar surface after one “caps off” the boundary componeatsllel toa, b , ¢

or d by gluing a disk to the corresponding boundary componentextieinding the
monodromy by identity on this disk. Let,, &b, & and &g be the corresponding
contact structures obtained this way.

In [2] Corollary 1.3, Baldwin proves that if the contact invatiar any of the contact
structuresta, &b, & andéy is zero, then it must be the case tledt(¢) = 0. Without
loss of generality, suppose that= —k < 0, anda < k. Then let's consider the
open bookg, where the boundary component parallel to the curve capped off. In
that caseg becomes isotopic ta, and no other curves become isotopic to these pair.
Therefore, the monodromy, hask — « left-handed Dehn twists around the boundary
component corresponding & which shows that the supported contact strucigye

is overtwisted 15]. Therefore, the contact invariawt™(&,) = 0 by [21]. Hence, it
follows thatc™(¢) = 0

Conversely, if mifa, 8,7,6} > max{—e, —n, 0}, then by the previous proposition,
the supported contact structure is Stein fillable, heriog) +# 0 by [21]. O

Remark 3.4 Asinthe previous remark, for the more general class ofaiifferphisms,
¢ = Tgrfrgrgrélrfm ...7e*¢*, the above argument shows that(¢) = 0 when
min{«a, 3,7,0} < max—e, —n,0}. However, the converse is not true again by the
same example given there, namewrme—lrf‘l has vanishingc™(¢) = 0, since it



16 Lekili

supports an overtwisted contact structu]]. We would like to point out that this is
an overtwisted contact structure @A.

4 An example

4.1 Poinca€ homology sphere

Once we have the surgery description on pure three-braglids, it is easy to play
around with simple three-braids and surgeries on them tongmtesting open book
decompositions on various manifolds.

Proof of Theorem 1.2: The simplest non-trivial pure three-braid is arguably=
(020102)20—1‘4 whose braid closure is shown in Fig8e

Figure 8: The braid closure ¢f = (0'20'10'2)20'1_4

We first verify below that if we do surgery on the closure o$thiiaid with surgery coeffi-
cients k, 1, 2), then the resultik— 5 surgery on the left-handed trefoil. By Proposition
2.2, we obtain an open book with page a four-holed spherefandrf+1r2rcrg7s 2. In
particular, the (41, 2) surgery yields the infamous Poinéanomology sphere which
has a unique tight contact structure. It is easy to see ti@trbnodromy is right-
veering (the monodromy is given by a multi-curve, and it isyeto see that all the
boundary components are protected. To be more careful aamapply Corollary 3.4 of
[15] to each boundary component for the monodromy, 7475 2 and use the fact that
the right-veering diffeomorphisms is a submonoid of the piag class group).

We next prove that§ ¢) is also not destabilizable. If it were, then it would be
a stabilization of an open bookP(¢’), with pageP a three-holed sphere, where
¢ = T§TST(§ for the curvesa, b andc are as in Figurd. As we noted before, such
a (P, ¢') is an open book on a Seifert fibred space vegh= L—%J + L—%J +[-1].
Now, sinceeg for the Poincae homology sphere is-2, it follows that at least one
of the exponentp,q or r is negative (for exampler; 27272 is an open book on the
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Figure 9: Surgery on the left-handed trefoil

Poincaé homology sphere). Any stabilization which gives a pagé eur holed
sphere must be obtained by attaching a Hopf blard a fixed boundary component
of P and introducing a new monodromy curgevhich intersects the cocore of at

a unique point, so that = 75¢’ , where ¢’ is extended by identity along to a
diffeomorphism ofS. We now argue that the monodromy of every such open book is
not right-veering. Indeed, by noting that the cusis constraint to intersect the cocore
of h (which is a properly embedded arc that connects the top twodery components
of S, in Figure10), it is easy to see that one could always find a diffeomorplro$m
S (not necessarily fixing boundary components but sendingndbety components to
boundary components), such that the configuration of maoalp curves inrs¢’ is
as in FigurelO, where the sets of curves y and z depicted are a permutation of
the images of the sets curves corresponding to Dehn twistshdra, b and c after
stabilization. IndeedSis composed of two pair-of-pants, separated by a curvelphral
to x curves in Figurel0, and noting the fact that intersects cocore di at a unique
point, we can arrange by isotopy so that it intersects thensomboundary of the
two pair-of-pants at precisely two points, and now applyfeedmorphism of the pair-
of-pants at the bottom, which fixes the boundary componeralphto x curves, but
rotates the other boundary components if necessary. ¥isatice we know that at
least one of the sets of curvesor y or z are all negative Dehn twists, by looking at
Figure 10, it is now easy to see that the monodromy’ is not right-veering. This
proves thatp cannot be destabilized.

Figure 10: Stabilized open books
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On the other hand, it follows from the obstruction result 6f that the unique tight
contact structure on the Poinéanomology sphere cannot support a planar open book.
(Alternatively, it is known that the unique tight contactustture on the Poincar
homology sphere is Stein fillable, hence, by the results aidMgR6€], if a planar open
book supports this contact structure, it should have a ipediactorization but this
contradicts our Theoreh.3. )

Therefore, the contact structure supported by the open o+ 127475 2) is an
overtwisted one, which completes the proof of our Theotebn

Remark 4.1 Note that the way we argued for the overtwistednessXefrcq7s 2 is
quite special to the case of Poinedromology sphere. In particular, it used the fact that
there exists a unique tight contact structure on the Pagnlsamology sphere. Same
argument can be made fér = 0, 1,2, 3 to obtain right-veering, not destabilizable
monodromies which support overtwisted contact struct@usgng the classification
result in [L1], which in particular says that all the tight contact stiwes on these
manifolds are Stein fillable). However, we do not knowf-1 727,475 2 is overtwisted
or tight for k > 4. These are Seifert fibered manifolt¥{—2; %, :%, Wkl), they have
eo(M) = —2 but they are not L-spaces. The classification of tight airgauctures
on these Seifert manifolds seems not yet to have been cadpleNote that the
corresponding monodromies are all right-veering diffegshesms and the contact
invariants of the corresponding contact structures ame zer
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