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ON THE TENTH-ORDER MOCK THETA FUNCTIONS
ERIC T. MORTENSON

ABSTRACT. Using properties of Appell-Lerch functions, we give insightful proofs for six
of Ramanujan’s identities for the tenth-order mock theta functions.

0. NOTATION
Let ¢ := ¢, = ¥ 7 € H:= {z € C|Im(z) > 0}, and define C* := C — {0}. Recall

(@) = @b = [[(1~d0). (@) = @0 = [[(1— '),
J(@50) = (@)we(@/0) (@) = > (—1)q(2)am,

and j(z1,22,...,Tn;q) = j(21:9)7 (725 q) - - - j (203 q),

where in the penultimate line the equivalence of product and sum follows from Jacobi’s
triple product identity. Here a and m are integers with m positive. Define

Ja,m = j(qaa qm)7 Jm = Jm,3m = H(l - sz)> and 7a,m = j(_qav qm)
i>1
We will use the following definition of an Appell-Lerch function [8|, 13]

oo

_1\r (;)ZT
m(z,q,z) == ! Z (=1 (0.1)

J(z;q) 1 —qlzz’

r=—00

1. INTRODUCTION

Ramanujan’s mock theta functions have puzzled and fascinated mathematicians for
decades. After work of Zwegers [13], the functions may be viewed as holomorphic parts
of weak Maass forms [2, [3]. Here we will revisit the tenth-order mock theta functions

(") ("3?)
$(q) =Z(qqu w(q) :Z(qqu (1.1)
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(_1>nqn2 (_1)nq(n+1)2
X)=) ——— x@)=) ~——~——
ng (= q)2n ; (=4 @ann1

which satisfy many identities such as the slightly-rewritten [4] 5]
Y(wg) — Y(w’q) —qﬁ J315J6

*0(q”) — = 1.2
ooy, Whwg) —wWPo(wiq) i Jeass
= 1.3
X(qg) . wx(wg) — w’x(w?q) _ ;_]1,4 J1s.30J3 (1.4)
W — WQ J3712 Jﬁ ’
X(wg) — X(wq) J1a Joz0/s
9 2 3714 J6,
+ = (¢ =), 1.5
x(¢") +q = q y A (1.5)
where w is a primitive third root of unity, as well as the [0]
- - J12j(=¢% —4"
o) — (") + () = L, (16)
J125(=4% —¢"
vla) + ao(—a) + (") = ZIELET), 17)

The six identities were originally found in the lost notebook [I1] but first proved by
Choi [4, Bl 6]. TIdentities — were recently given significantly shorter proofs by
Zwegers [14]. In this note, we will give short proofs of Ramanujan’s six identities for the
tenth-order mock theta functions using a recent result of Hickerson and the author:

Theorem 1.1. [8, Theorem 3.5] For generic x, z, 2 € C*

g ()i (= g~z ) (g 2 )

Dy(z,q,2,7)=2J> — , (1.8)
= Jez )i q7)i(— g (=)t )i (g2 q")
where
n—1
Di(w,q.2,2") == mlx,q,2) = Y q (3 (—a)ym(—¢D " (—)", ¢, ). (1.9)
r=0

In so doing, we will keep this note as independent as possible from Choi’s work. Although
we will take Choi’s Hecke-type double-sum expansions of the four functions ¢, ¢, X, and
X, that is where the similarity of our papers and any dependence ends.

In Section 2], we recall background information. In Section [3] we take Choi’s Hecke-type
double-sum expansions of the four functions and use a specialization of [§, Theorem 1.3]
to express the double-sums in terms of the m(x, ¢, z) function. We see in Section {4| that
once identities f have been written in terms of Appell-Lerch functions, that
the identities may be written in terms of specializations of the D, (x,q, z,z") function,
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so perhaps Ramanujan knew something along the lines of [§, Theorem 3.5]. In Section
, we evaluate the specializations of ((1.9) in terms of single-quotient theta functions. In
Section |§|, we prove identities ((1.6)) and (1.7]). In Section , we prove and , and
in Section |8, we prove and ((1.5)).

For the interested reader, we point out that [8 Theorem 3.5] and its parent identity [8],
Theorem 3.9] also give an elegant proof [9] of celebrated results of Bringmann et al. on
Dyson’s ranks and Maass forms [2] [3].

2. PRELIMINARIES

We have the general identities:

jla"wsq) = (~1)"q Da=j(z:0), ne, (2.1a)
i(wiq) = j(a/x;q) = —wj(a™"sq), (2.1b)
j(wiq) = Jij(x,qz,. .., ¢" " wq") /Ty ifn > 1, (2.1c)
j(w—q) = j(@:¢°)j(—qr:4°) /14, (2.1d)
ei) = 31 (g e, g (2.1¢)
k=0
JE5 ) = T (@, o, G g ") LT i > 1 (2.16)
where (, is a primitive n-th root of unity. We state additional useful results:
Proposition 2.1. [7, Theorems 1.0, 1.1, and 1.2] For generic z,y,z € C*
jlaz* @) + zj(@*a* ¢*) = j(—210)j (a2 ¢%) ) o = Juj (2% 0)/§ (23 0), (2:2a)
i(#0)i(ya) = 3 (—ay; 6*)j(—ax™y; ¢°) — wi(—qzy; )i (=2~ y; ¢), (2.2b)
3(=230)j (ys @) + (25 0)j (—ys a) = 25 (xy; ¢°) g (g y; ¢°). (2-2c)

We recall the three-term Weierstrass relation for theta functions [12, (1.)], [10]:
Proposition 2.2. For generic a,b,c,d € C*
jlac,a/c,bd,b/d;q) = j(ad,a/d,be,b/c;q) + b/c- j(ab,a/b,cd, c/d;q). (2.3)

The Appell-Lerch function m(z, g, z) satisfies several functional equations and identi-
ties, which we collect in the form of a proposition [, [13]:

Proposition 2.3. For generic x,z € C*

m(z,q,z) = m(z, q,qz), (2.4a)
m(x,q,2) =z 'm(zt, q,27"), (2.4b)
m(maCL Z) = m(xacbx_lz_l)a (24C)
3.4 . : .
(e, g, 21) — mla, g, 20) = 2191/ 0 DI (E20213.0) (2.4d)

3(2050)7 (215 Q) (w205 q)j (215 )
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We point out the n = 2 and n = 3 specializations of [§, Theorem 3.5|:

Corollary 2.4. For generic z,z,z € C*

DQ(ZE,(],Z, Z/) (25)
_ 23 J(arz23q")j(22/qY)  (=a*a?224")j (a2 )5 ")
J(xz;q)j(2"5¢*) U j(—qz?2;¢2)j(2: %) J(—qx?2";4?)j(qz; )
where
Ds(z,q,2,7') == m(z,q,2) — m(—qz?,¢*,2") + ¢ am(—q 2%, ¢*, 7). (2.6)

Corollary 2.5. For generic x,z,z" € C*

173 L2 3Vi(23 /2" o°
D3($,Q,Z,Z,): : : '/Z g : —— |:_.]('T ZZ,.q)j(?)Z /27Q) (27)
J(x2;59)7 (25 ¢°)j(232;¢3) L2 i(z:¢°)
v jlqr’z2;4%)j(¢°2 2 q°) N w2z j(Paz25 ¢°)j (g% ) qg)}
q 7(qz; %) q 3@z ¢?) ’
where
Ds(z,q,2,2') :=m(x,q,2) — m<q3x3, ¢, z’) (2.8)

i q_lxm<$3,q9,z'> _ q_3$2m<q_3x3,q9, z').
We present a result similar to [I Theorem 1.3] and prove two theta function identities.

Theorem 2.6. We have
2

i@y d®) = > (=12 j(— 02y ) (¢ ety 1) (2.9)
i=—2

Proof. We write
J@9)i(y:d®) = Y (=17 Y (1)t

reL SEL
_ E 7"+5 (7‘ —r+652—6s)/2 rys
r,5€Z

Break this into five pieces, depending on (r — 2s) mod 5. Let r = 2s + bu + i with
—2<4¢<2 Thenlet s=v—wu,sor=3u+2v+1:

i@ 0)i(y: ¢°)

_ Z Z (_1)2u+3v+iq(15u2+(6i+3)u)/2+5v2+(2i—4)v+(i2—i)/2x3u+2fu+iy—u+v

i=—2 u,vEL

2
7 ) U 7 v _Bv? i—4)v v
_ Z(_l) /2 Zq (15u2+(6i+3)u )/2(1" y ) Z(_l) q5 +(21—4) ($2y>

i=—2 UEZ VEZL
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2
i (i2—i i; i - S0 21
= (1)U (=" 02y ¢10) (P 2Py ). O
i=—2

Corollary 2.7. We have
3(x;9)j (=2 ¢°) = Js15 [qsx‘Qj(—q‘3x5; ¢") — zj(—¢’2"; qm)] (2.10)
+ Jo.15 [j(—qar5; ¢"%) — qu~ ' j(—q "2 q“’)} :
Proof. Substitute y = —z% in (2.9):
2
. . i (i2—i i . i
j(w:9)i(—a% ¢°) = Z(_l) ¢ Jivo150 (—¢* 2% "),
i——2

The 7 = 2 term is zero, and the other terms can be combined in pairs to give the stated
results, USiIlg J3715 = J12715 and J6715 = J9’15. [

Corollary 2.8. The following two identities are true,

Ji5J12.30 — qJasJez0 = J1ad312 = Ji 1, (2.11)
J110d6.15 + qJo10d315 = J14d36 = JaJ1 3. (2.12)

Proof. The second equality of each identity is just a product rearrangement. To prove
(2.11)), we first substitute z — ¢, ¢ — ¢* in (2.10)):

J1,273,12 = J6,30 <q4j—1,20 - q711,20> + J12,30 <77,20 - C]73,20)-

By (2.1¢) with m = 2, we have
Jis = Jr20 — qJ1720 = J120 — T390
and
Jos = Jo20 — ¢*J1020 = J11.20 — ¢ _1.20,

SO

J10J310 = <]6,30< — qJ2,5) + Ji2.30J15 = Ji5J12,30 — 9J2,5J6 30-
To prove 1’ we substitute z — —¢q in 1) and use 71,1 = 70,1 = 271,4:
271,4J3,6 = 71,1J3,6 = J315 (qJ2,10 + qJS,lO) + Js,15 <J6,10 + J4,1o)

= 2(J4,10J6,15 + qJ2,10J3,15>- 0
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3. TENTH-ORDER MOCK THETA FUNCTIONS AND APPELL-LERCH FUNCTIONS

We recall the definition for Hecke-type double-sums:

Definition 3.1. Let z,y € C* and a, b, ¢ be non-negative integers, then

( Z _ Z )(_1)7‘+Sm7’ysqa(;)+brs+c(;)‘

r,s>0  7r,s<0

Taking the n = 2, p = 1 specialization of [§ Theorem 1.3], we have

Proposition 3.2. For generic x,y,z € C*

e 2 ﬁ10_1_.3.2 Q_3J2 _
Faaa(w,y,q) = 5w ¢ )m{ =35, ¢, yilg e g )m{ =5 a,

633'2

. q . gz
+3(y; q2)m<?, ¢, —1> —zj(¢’y; qg)m<?, q", —1>

Ly (=25 )i Py °)

Joro qr  J(—=a*y3 /2% @P)j(—q*a3 [y? ¢°)

Rewriting the respective Hecke-type double-sums from [4, [5]:
Ji20(q) = f2,3,2(927 7, q),
To¥(q) = —¢° fa2(d* 4", 9),
71,4X(Q) = f2,3,2(_q3a —q”, qz)’
J142 = x(0) = afosa(—a7" a7, ).
Corollary 3.3. The following are true
o(q) = —q"'m(q,q", q) — ¢ 'm(q, ¢"°, ¢),
W) = —m(a’,q" q) —m(a’,¢"°, &),
X(q) =m(=¢*.a",q) + m(=¢*.¢", ¢"),
x(@) = m(=q,¢,¢*) + m(=q.4°, ¢*).
We state a lemma:

Lemma 3.4. We have

I3 Js 10
Dg(—qQ,q5,q,—1) _ q_2_ i0/5,10/12,20
J25J0,20J1,10J4,10

I3 J5.105.10.
1)2(_(]27(]57(]47 _1) — q—2_10_5,10 3,210 4,20 .
J1,5J0,20J1710J4,10

)

(3.1)

(3.2)

(3.11)

(3.12)

Proof. For the first identity, use Corollary [2.4] Note that one of the two theta quotients

of (2.5) vanishes. For the second identity, we use Corollary to obtain

D2(_q27 q57 q47 _1)
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3 i 3 Wi
_92 J10J3,10J8,20 + 1 J10J2,10J2,20
5 7 5 7 2
J15J0.20J1,104,10 J15J0.20J7 10

J3 — —

—2 10

=q ‘== [J3,10J1,10J8,20 + qJ2,10J4,10J2,20]
J1570.2007 104,10

J3 J:

—2 10 <20 10N : (4. 10V - 4. 10
=q [ q; q J\q;q )J\q 5q " )j\—1q 5 g

TroTond Pl T (¢%a')i(a:¢")i( )i ( )

+ai(q% 4" (0" )5 g 4" (~igi )|
9 Ji Ja0
Jl SJO 20J1 1()J4 10 J

where in the last two equalities we have used (2.1f) and then (2.3) with ¢ — ¢'° and
a=q* b=¢q? c=q,d=1i. Theresult then follows from product rearrangements. O

Proof of Corollary[3.3. The proofs for (3.7) and (3.8)) are similar, so we will only do the
first identity. Using Proposition and Hecke sum identity (3.3), we have

=q [ (@°;4")i(d* ¢")i(iq*; ¢"0) 5 (—ig; qlo)] ,

f2,3,2(q2; 92; Q)

1300
= —q ') 2m<q, —1> - q_1J172m<q,q10, —1> + 61_5—3752’5
J0,10J1,5
= —q’1J1,2m<q, qm,q) — q’1J1,2m<q, qlo,q?) (by (24d))
q ' ThJ1272.10 [ 1 J3,10 } " q I3 o2 )os
Jo,1042,10 Jigo Jii0dz0 Jo 10J1 5

= —q‘1J1,2m(q, qw,q) — q‘1J1,2m<q, 7", ¢* )
B q_ljf’on]mjz,lo 71,10J3,10 + J1,1073,10 n q_1J§70,2J2,5
Jo,10J2,10 J110J1,1093,10 707107?5

= _q_1J1,2m<Q> qlo,q) - q‘lJmm(fL qlo,q2> (by (2:2d))
g T 12 d 210 2J420 12,20 N g 2 Toadas
Jo10J210  J1,1071,1005,10 Jo, 10J1 5

= —q‘lj(q;f)m@,qm,q) —q g ¢ )m(q,q ,q2>,

where the last line follows by elementary product rearrangements. The proofs for (3.9)
and (3.10)) are similar, so we will only do the third identity. Using Proposition [3.2] the
Hecke sum identity (3.5)), and Lemma [3.4] we have

f2,3,2(_q37 _q37 q2)
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= j1,4m( — ¢, ¢, —1> + q_37174m( —q ', _1>
+ 71,477’&( - qg, q20, —1) + q_371,4m< — q_l, qzo, —1> -+ q_2M
JO,20J12,1[)
= Jiam(=¢*,¢°,q) + Jram(—¢*, ¢, ¢")
72_Ji0’071,4J5,10 [7_12,20 n @,1074,20] 42 Ji070,4<]2,10
Jo20J1,10J400 b J25 J15J1,10 Jo20J7 10
= 71,4m(—q2, ¢, q) + 7174m(—q2, @, q") (by )

_9 Jf’oleJE),lo J_120[ 712,20 i J3,1074,20 }_{_ _2J§070,4J2,10

Jo20J1.100010 J5 LTa10d310  J11076.1071.10 70,20J12,10
7 - oI Joad210
= J1am(=¢*,¢*,q) + Joam(—=¢*, ¢, ¢") + ¢ P ===
JO,20J1710
) J§071,4J5,10 J_120 [712,2071,1076,10J1,10 + J3,1072,1073,1074,20]
Jo20J110J410 J5 J210J3,1091,1076,1071,10
iy 2 5 5 > 5 4y, —2Ji0Joadz0
= J1am(=q¢", ¢, q) + J1am(=¢".¢",¢") + ¢ " =——"— (by (2.11))
J0,20<]1,10
Ly IhJiads0 I [712,20J2,20=76,20716,20 +jQ,20712,20J6,2074720}
Jo,20J1,10J4,10 J5J50 Ja210J310J1,10J6,10J1,10

T T o5 70 4J2.10
= J1,4m(—q2, q, q) + J174m(—q2, 7, q4) 4 g2t A

JO,20J12710
_Z_Jf‘ole J5.10 Jir)o = —712’—2074’—20 [Jz 206,20 + J2.20J6 20}
Jo201 100410 J5J50 Ja10d310 10060 100 b T
_ - oI Joul:
= T1am(—% ¢, q) + Tram(—q*, ¢, ¢") + ¢ 22222
JO,20J1,10
3T 14 J3 Ji2.20
—9 Jipd14J510  Jip 12,204 4,20
= ’ =2 - 2J3 40J24,40, (by (2.2d))
Jo0,20J1,10J4,10 Js 35y J210J3,10J1,10J6,1071,10
and the result follows by elementary product rearrangements. 0]

4. THE SIX IDENTITIES IN TERMS OF THE D,(z,q, z,2') FUNCTION
We rewrite Ramanujan’s six identities for the tenth-order mock theta functions.

Lemma 4.1. We have
V(q) + go(—q*) + X(¢*) = —Da(¢*, ¢"°, 4% ¢7®) — Da(¢®, 4", ¢*, ¢®), (4.1)
o(q) — ¢ "(=¢") + ¢ *x(¢®) = —¢ "' D2(q,¢"°, 6%, ") — ¢ ' Dalq, 4", ¢*, ¢ ). (4.2)
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Proof. The proofs for (4.1)) and (4.2) are similar, so we will only do the first. Using ({3.7)),
BS). and (B.9), we have
() + qo(—q*) + X (¢°)
=-m(¢’, 4", q) = m(®. 4", ¢*) + ¢ *m(—¢*, ¢, —¢*) + ¢ *m(—¢*, ", ¢°)
+m(—q¢'%,¢", ¢*) + m(=¢'°, ¢, ¢*),
=-—m(>,¢", ") —m(¢®.¢". ¢") — ¢ Tm(=a, ¢, ) — ¢ Tm(—q*, ¢, %)
4 m(_q16 q407 q8) + m(_qlﬁ’ q407 q—8)’

where we have used (22.4d)), (2.4a)), (2.4b). The result then follows from ({2.6)). O

Lemma 4.2. We have

o(q") — w(wa - fi‘“” (4.3)
1

l— [Ds(q?’,wqw, ¢*,¢") = Ds(¢*,w*q", ¢, ¢")

+ Ds(¢°, wq™, 4% ¢"*) — Ds(¢®,w?q", ¢°, qlg)] :

o)+ LA ) 49
g !

T w— W2 [D3(wq>wqm7 ¢ % q¢7%) — D3(wq,w’¢", ¢, q77)

+ D3(wq,wq'’, ¢%, ¢7%") — Ds(w’q,w’q", ¢, ¢7*")|.

Proof. Rewriting identity (1.2]) with expansions (3.7) and (3.8]) gives

q2¢<q9) _ @Z)(WQ) — ¢(W2Q)

w — w?
=—q¢ "m(¢",¢",¢") — ¢ "m(’, ¢, ¢
1
+ [m(q?’,wqw, wa) +m(¢’,wq", ¢*) = (¢, ¢, w’q) — m(q’, wq", q?’)}

=—q¢ "m(¢",¢",¢") — ¢ "m(’, ¢, ¢
1

+
w— w?

[m(q?’, wq'?, ¢%) + m(¢®, wq'’, ¢*) — m(¢®,w?q"%, ¢°) — m(¢®, w?q", q3)] :

where we have used (2.4a)) and (2.4c)). The result then follows from ([2.8). The argument
for (4.4]) is similar but uses (2.4b)), (2.4c|), and (2.4a)). O
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Lemma 4.3. We have

wx(wg) — w?x(wq)
X(¢°) — — (4.5)
1 _ _ _ _
= _1 y D3(_wq7w2q57_q 37_q 9) _WD3(_w2q7wq57_q 37_q 9)

+ D3(_wq7 W2q57 937 q9) - WD3<_w2q7 (UCZE), 6137 qg)] )

2 X (wg) — X(wq) (4.6)

2
q
= [Ds(—w2q2,w2q5, ¢°,q"%) = Ds(~we?,wa’, ¢°,¢**)

x(@°) +q

+ Dy(~w?¢*,w’¢°,¢", ¢*") — Ds(~we*,wq’, ¢°, q27)} :
Proof. Rewriting identity (1.4)) with expansions (3.9) and (3.10) gives
_ wx(wg) —wx(wq)

X(¢") —
— m(—q'8,¢%, ¢%) + m(—q'%, ¢, ¢*) — ﬁ [m(—wq,w2q5,w2q2)
+m(—wq,w’¢’, ¢*) — wm(—w?q,wg’, wg®) — wm(—w?q, we’, q3)]
=m(—¢"%,¢,¢") + m(=¢"*,¢®, —¢7°) - ﬁ [m(—wq,wzq"’, —-q7?)

+m(-wq,w’q’, ¢°) — wm(~w'qwg’, —¢7%) — wm(-w’q,we’, q3)] ,
where we have used (2.4a)) and (2.4c). The result then follows from (2.8)). The proof of
identity (4.6) is similar but uses (2.4a)). O

5. SPECIALIZATIONS OF THE D, (x,q, z,z') FUNCTION

We have the following technical lemmas:
Lemma 5.1. We have

I3 T14.90:
D2<q37 q107 q67 qu) = 2014202020 (51>

- — )
J1,108,40J8,206 20
=
J20J18,20J20,40
J7.10J8,40J 4,20 96,20

Proof. For each identity, use Corollary [2.4] O

Lemma 5.2. We have

Ds(q,¢", ¢% ¢ ") = —q

Do(¢*,¢", q*,¢%) = —¢ (5.2)

3=
J20J6,20J20,40

J9.10J24,40J 12,20 18,20
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5=
-16) — _g? J50J2,20J20,40

Dy(q,4", ¢%,q (5.4)

J310016,40 220220
Proof. For each identity, use Corollary [2.4] O

Lemma 5.3. We have

JaoJ12.30 1
D qg,qw,q?’,qg _ _qfs . 30712, . : 55
3( ) J6,30J9,30J9,90J18,30 J5,30J7,30J13,30 ( )

3 10 6 18 -3 J§0J12,30 1
DB(q ,q .4 ,4 ) = —q (56)

J6,3009,30 18,00 127,30 Ja30J5,30 14,30
Proof. For the first identity, we use Corollary [2.5] to have

9 J4 J J
D3 10’ 3’ 9y _ 4" J30 [78 1,30 19 11,30]
(@004 J6,1049,90/18,30 1

_ J_g’o ¢ T3 [ —sJ130 et Jn,ao]

J13,30 J23,30

J10 J6,30J16,30/26,309,90 18,30 J13,30 J23,30
-3 77
_ q "5 [J4,30J10,30J14,30 J12,30}
— . ,
J10,30J6,3016,30J26,30 49,90 /18,30 L J5307,30 13,30 Jo.30

where we have used (2.1d) with n = 3 followed by the relation (2.3) with ¢ — ¢**, a = ¢',
b=¢q", c= ¢ d=q* The result follows from simplifying. The second identity is similar
but follows from ¢ — ¢*°, a = ¢'¢, b = ¢'°, c = ¢°, d = ¢*. O

Lemma 5.4. We have

10 -9 27 T30 1
Dl ) = = ooTam Trsodsan T’
-3 . J50 ) 1
Ji,30J0.00/330  J5.307,30 13,30
Proof. For the first identity, we use Corollary to have
oy J30 [J23,3o _ J13,30]

J2,10J27,90J24,30

Ds(q,¢", ¢ %,¢7%) = —q

D 10 —9’
S(Q7 q .4 q J1730 J11,30

4

_ J30 [J2,30J6,30J8,30J10,30]

- )
J2,.10J27,90J24,30 LJ1,303,305,30 11,30

where we have used the relation (2.3) with ¢ — ¢*°, a = ¢°, b = ¢*, ¢ = ¢* d = ¢.
9
a

The result follows from simplification. The second identity follows from ¢ — ¢%°, a = ¢°,
b=q' c=¢" d=q O
Lemma 5.5. We have
5 -3 _ 9 Is 1
Dy(~q.¢°,—¢°,—q") = — (5.7)

j— j— hl— j— j— 9
Ji215J9450315  Jo15 7150 5,15
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2 74
-1 Ji5/303,15 . 1
Jo.a512,15-12,30 J2,30J8,30J5,30

Proof. For the first identity, we use Corollary 2.5 to obtain

Di(—q,¢°,¢*,¢") = ¢

_ _ J T 7
Da(—q,q5,—q 3,—q 9) = 15 [ 415 2_1,15}

Jo 59450615 L2153 715
_J_ig’5 Jis [74,15 _ 271,15}
Js Jaj5715 12,15 9,4506,15 LS 2,15 Jr1s
_ Jis [ J2.15J5,157,15 06,15 ]
Js 1502150715 12,15 9,45 06,15 L 2150715 5,153,150

where we have used (2.1c) with n = 3 followed by (2.3) with ¢ — ¢'*, a = —¢*, b = ¢°,
c=q¢*, d = —¢* The proof for the second identity is similar but uses instead (2.2al). [

Lemma 5.6. We have

4
D3<_q27q57q67q18) = —q- J30£125J6715 . ]_ 7
J18,45J9715J24’30 J4730J14730J5730
2 J30Ji55c]3,15 1

Dy(—¢*,¢°, ¢, ¢*") = ¢* - — : —.
J27,45 J3,15 J12,30 J1,15 J4,15 J5,15

Proof. For both identities we use Corollary [2.5] For the first identity, we obtain
qJi T, 1 1
Dy(=¢*, 4", 4", ¢"%) = === [ -
J275J18,45J9715 J11,15 J1,15
CIJ145«75,15 J6,15J5,15

Jos 18450915 J21503,15 07,15
where we have used the relation with ¢ — ¢'°, a = ¢°, b = ¢%, ¢ = ¢, d = q. The second
identity follows from ¢ — ¢, a = —¢%, b=¢*, c = ¢*, d =q. 0
6. PROOFS OF IDENTITIES AND
Using identity and Lemma , we have
¥(q) +qd(—q¢") + X (")

3 T 37
- 5o J1420J20,40 qJ5%  J18,20J20,40
JLIOJSAO J8,20J6,20 J7,10J8,40 J4,20J6,20
3
o JQ(]JQOAO 1

= e [J14,20J7,10J4,20 + qJ18,20J1,10J8,20]
J8.40J6,20 J1 107,10 1,20 820

J50J20.40 1

J10J8,406,20 J1 107,10 4,20 8,20

[74,10J7,10 + qj2,10<]1,10}
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_ _JiJnsw L [j(—q'—q5)j(—q3'—q5)]
J10J8.40J6.20 J1 107,10 1,20 8,20 7 ’ 7

where we have used (2.1c|) for the penultimate equality and (2.2b)) for the last equality.
The result then follows from product rearrangements.

Using (4.2) and Lemma [5.2| gives
é(q) —a~ ' v(=q") + a7*x(d")

J§’0J20 40 1 [— - = i
= — . — = | J6,2003,10 4,20 + qJ 2,20 J9,10J12,20]
Jaa40J220  J310J4,40J9,1012,20
J50J20.40 1 [ = =
= ’ . = — 310 400 + qJ2,10J9,10]
J10J24.2092,20  J310J 4,209,107 12,20
J50J20,40 1

, 5\ir2. 5
= . = = I —q)I\q 5 —4 :|a
J10J24,20J220  J310J 4209107 12,20 [ ( i )

where we have used (2.1c|) for the penultimate equality and (2.2b)) for the last equality.
The result then follows from product rearrangements.

7. PROOFS OF IDENTITIES ([1.2)) AND ([1.3])
To prove identity (L.2), we use identity (£.3) and Lemma [5.3] to obtain

Y(wq) — h(w?q)

2009\
7" 9(q") L
- 1 Q73J§0J12,30 [ 1
w — w? J6,30J9,30J9,90J18,30 j(w2q5; q30)j(wq7; QSO)j(WQ13§ 6130)

1
(Wt 63) (w7 ¢2) (wq'; q30)}
o1 q 33 J12.30 [ 1
w — w? J6,30J9,30J18,90J27,30 j(wq4; q30)j(w2q5; C]3O)j(w2q14§ qgo)

; }
J(w2qh ¢30)j(we®; ¢%°) 5 (wq't; ¢*)
_ 1 q_3J370J12,30 J_So J5.30J7.30J13 30 _
w — w? J6,30J9,30J9,90J18,30 J??() J15,90J21,90J39,90
: [j (W?q% ™) (wq"; )i (wa': ¢*) — j(wa®; ¢*) i (wWq"; ¢%)j (wq"?; q3°)]
1 q‘3J§oJ12,3o J3 J1.30J5,3014,30 .

9
w— w? J6,30J9,30J18,90J27,30 Jg[) J12,90J15,90J52,90

- [j (wa*; ¢*)7 (¢ ) (w*q™; ¢*) — j(w ™ ¢*)i(we®; ¢*°)j (we™; q3°)] ,

+
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where We have pulled fractions over a common denominator. Usmg the relation (2.3)) Wlth
qg— ¢ a=q¢"2%b=q" c=w?¢®, d=wqg®, and also ¢ = ¢*°, a = ¢°, b = ¢'°, c = W2,
d = wq®, we have

P(wg) — P(wq)

2 00.9Y
7 é(q") .2
_ 1 q‘?’JgTole,so J_So J5,30J7,30J13,30 [w 5 J22,30J2,30J10,30j(w; q30)
w — w? J6,30J9,30J9,90J18,30 J;J?() J15,90J21,90J39,90 j(qu; q30>

1 q " J5012.30 J_é”o Ja305,30 1430
w — w? J6,30J9,30J18,90J27,30 J;?() J12,90J15,90J52,90
519,307 (075 ¢°°) J10,300 (w; ¢*°)
C|wae (15, ,. 415
J(q"w; ¢'9)
2 J:’?o Ja5J15 J320 J18,30 J175 Jis

Y
J9,30 J6,15J3,15 J9,30 J6,30 J6,15 J3,15

where the last line follows from elementary simplification. Proving identity (1.2)) thus
reduces to showing
2 I3 Jasdis J3o Jisso Jis Jis J12 J315J6

q _ q 2 2 = y 71
J9,30 ‘]6,15<]3,15 J9,30 J6,30 ‘]6,15 J3,15 J3 6 J3 ( )

which is obtained by dividing identity (2.11)) by J3715Jg,15/<]125.
To prove identity (|1.3]), we use identity (4.4) and Lemma to obtain

q72¢(q9> + w¢(wq(j ::;b(w )

_ qfl J7 [ 1
S w—w? Jis 30J2790J3 30 (WC] qso)j(w2q5;q30)](w2q11 q )
: ]
J(w?q; %) (we’; ¢°°)j (wqtt; ¢30)
q* Ji [ 1
w — w? J18 30J9 903 ,30 (qu q30)] (W(I7§ (ISO)j(W(Il?’? C]30)

+

1
(WP 6%)j (w27 ¢%) (w2q'; q3°)]
_ q' J3 JioJ1.3075,30011,30 '
w — w? Jig 3027,90J5.30 J50J3,9015,9033,90

- [j(w2q; ¢*°)j(wg’; ¢*)j(wg"; ¢*°) — j(wg; ¢°)j(w?q’; ¢*)j(wW?q"; ¢ )]
q* J3o Joo 5 3097.30013,30 _

9
w — w? J18,30J9,90J3,30 J30J15,90J21,90J39,90
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- [j(wq5;q3°)j(w2q7;q3°)j( 2¢'3,¢%) —j(w2q5;q3°)j(wq7;q?’O)J’(wag;qgo)]-

Using the relation (2.3) with ¢ — ¢®, a = ¢'°, b = ¢, ¢ = w?¢®, d = wq® and also ¢ — ¢,
a = q107 b - q127 Cc= W2q5, d = OJq5, ylelds

wp(wg) — w?p(w?)

—2.,/.9
q () + L
- q ! J;Zo JSOJ1,30J5,30J11,30 [qu16,3oJ4,30j (w; CISO)J10,30}
Cw—w? J18.30J27,90J3,30 J§OJ3,90J15,90J33,90 j(wq15, qso)
q* J3 Iy I5,3007,30J13,30 [_ wq® Ja2.20J2,20] (w; Q3O)J10,30}
w — w? Ji8.30J9,90J3,30 J§OJ15,90J21,90J39,90 J(wg', %)

J1,5J15 J320 J2,5J15 J??O

p— 2 )
J3,15 J6,15 J3,30 J3,15 J9,30

where the last line follows from simplification. Thus proving (|1.3)) is equivalent to showing

Jisdis I3 _qJ2,5J15 J3 _ J12 6,156 (7.2)
J3,15J6,15 J3.30 315 Jozo  Jze 3 '

which is obtained by dividing identity (2.11)) by J3 5.J615/J7s.

8. PROOFS OF IDENTITIES (|1.4)) AND (|1.5])
To prove identity (L.4), we use identity (4.5 and Lemma [5.5] to obtain
2(, 2
WX \Wq) — w X (W q
X<q9) _ ( ) ( )

W — w?
_ 1 s [ 1
l-w J12,15=_79,4573,15 J(=w?q% q1)j(—wq™; ¢*)j (—w?q; ¢19)

= }
J(=wa?; ¢%)j(—wq"; ¢"%) j(—wq®; ¢19)
wQ 1 J125J§0J3715 |: 1
I-wq J9,45712,15J12,30 J(@?q% ¢%°)j(w?q3; ¢*°)j (w?q5; ¢*°)

; }
J(wa?; @) (wed; ¢%°)j(wg®; ¢*°)
1 J175 J25J2,15 J5,15 J7,15

_ T 7 97 7
l-w Ji2,15J9.45 3,15 Ji5J6 45 15 45 21 45

[j (—wg?; ¢"°)j(—w*q"; ¢"°) i (—wq®; ¢")

— W~ )" )i~ g
w? 1 J125J340J3,15 J{;’o J2,30J8,30J5,30_

= 9
1 —wq JyasJ1215712,30 30 J6,9024,9015 90




16 ERIC T. MORTENSON
: [j(wq2;q30)j(wq8;q3o)j (wg®; ¢%) = (W’ ¢*)j (W ¢% )i (W% ¢™) |
Using the relation (2.3) with ¢ — ¢*°, a = ¢'°, b = —wq®, ¢ = —w?q¢®, d = ¢3, and with
q— ¢ a=we, b=uwP, c=¢, d=w, yields
oy wx(wg) —wx(wq)
X(q") - 5
w—w
_ 1 J175 J419’5J2,15J5,15J7,15 [J13,15J7,15J10,15j(w2§ Q15)
l—w J12,15J9,45J3,15 J?5J6,45J15,45J21,45 j(—w2q15; q15)
. w? 1 Jis 309315 J_é”o J2,30J8,30 5,30 )
1l —wq Jya5J1215)12.30 J50 J6.9024.9015.90

wq? J10,305 (W?; ¢*0) 7 (wq?; ¢*0) 7 (w?e?; q30)}

J5,30
2 2
o J4,30J14,30 J10J15 J2,30 J8,30 J10J15
- 7 2 - 2
Jo1s  J630J3 Js15  J6,30/50

where the last line follows from simplification. Thus proving (|1.4) is equivalent to showing
Jaz0 1430 Ji0J3s Ja00830 Ji0dts Jia J1s 003

3 z 3! > ==
Je15  J6307%5 Js15  Jes0dyy  Jziz Je

which is obtained by dividing identity ([2.12)) by J62,30 J12.30/ I3
To prove identity (L.5), we use identity (4.6) and Lemma [5.6] to obtain

x(q°) + q2X(wq£ — f}“q)

¢ J§0J125J6,15

_ - A .
W — w? Jiga5J9,15J24,30

, (8.1)

w w2 }
[j (wat; ¢39) (w2 ¢30)j(w2q%; ¢%°)  j(w2qh; @) (wa; ¢3)j(wab; ¢3°)
4 5
q J30J15J3,15

2 7 ’
W — w* Jaz.45J3,15J12,30

(.U2 w :|
[j (wag; ) j(wat; ¢19)j (=@ ¢%)  j(w?q; %) j(w?qt; %) j(—wa®; ¢'°)
q3 J§0J125J6,15 JSOJ4,30J14,30J5,30 .

_1 — W J1874579715J24730 J3?0J12,90J42,90J15,90
- [j (w?q*; ¢ j(wa'; %) (we’; ¢*°) — wi(wa®; ¢*°)(w?q™; ¢)j (W q3°)}
q4 l]?)()Ji—’)J3,15 J25J1,15J4,15‘75,15 .

_ 7 9 i
l—w Jar.45J315J12,30 Ji5J3,.45J12,45J 15,45




ON THE TENTH-ORDER MOCK THETA FUNCTIONS 17

: [j(wq; ¢"°)j(wa* q"°)j(—*a" ¢"°) — wi(w’q; ¢*°)i (e ¢"°) i (~wa’; ¢) |-
Using the relation (2.3) with ¢ — ¢*°, a = ¢°, b = W?¢®, ¢ = w¢®, d = w, and with ¢ — ¢*°,
a=¢q, b=wq’, c=wq®, d=—q°, yields
X(wg) — X(w?q)
x(¢") +¢° -
w—w
_ ¢ J§0J125J6,15 J§0J4,30J14,30J5,3o [j(wqgs qgo)j(WQ(]g; q30)j(w; q30)J10,30}
1l —w Jiga5J9.15J24.30 J50J12.90142.90 1590

J530
- q4 J30J{’5J3’15 J25J1,15J4,1575,15 [71,1574,15J5,15j(w2§ q15)}
l—w J27,4573,15J12,30 J?5J3,45J12,45715,45 J(—w; q")
3 J1,10 J125J30 4 Ja 10 @

= = o
Je15 J12,30J6,30 Js15 Ji230

where the last line follows from simplification. Thus proving ((1.5) is equivalent to showing

s Ji10  Jisds0 ~ ad210 JEs T30 _ g 71,4 J6.30J3 (8.2)
J6.15 J12,30J6,30 J315 Ji2.30 J312 Jo

which is obtained by dividing identity (2.12)) by Jss0J7 30/ /3.
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