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Abstract

An asymptotic formula for the derivatives at zero as the order of
the derivative tends to infinity is found for the function introduced by
P. R. Taylor, for which the Riemann hypothesis on the zeros holds.
As a corollary an asymptotic formula for the derivatives at any point
of the function which plays an important role in the theory of the
Riemann zeta-function (main term in Riemann’s ¢-function) as the
order of the derivative tends to infinity is derived. The comparison of
each of the obtained asymptotic formulae with that found earlier by
L. D. Pustyl'nikov for the Riemann &-function is given.

Keywords and Phrases Riemann hypothesis, zeta-function, asymp-
totic formula, Riemann function.

2000 Mathematics Subjet Classification. 11MO06, 11M26, 11M35, 11NO5,
11M41.

LDP was supported in part by the Russian Foundation for Basic Re-
search (grant no. 03-01-00027).

1 The Basic Result

We derive an asymptotic formula for the derivatives of the function G(s) =
&1(s+1/2) — & (s — 1/2) at the point s = 0 as the order of the derivative



tends to the infinity. Here &1(s) = 7 %/2T'(s/2)C(s), I'(s) is the gamma
function, and ((s) is the Riemann zeta function. It is proved in [1] that for
the function G(s) the Riemann hypothesis on the zeros holds, i.e. that all
nontrivial zeros of G(s) are on the critical line fts = 1/2. On the other hand,
in [2] and [3] for the Riemann function {(s) which is by definition

§(s) = (1/2)s(s = 1)€1(s) (1)

an asymptotic formula for its derivatives at the point s = 1/2 as the order
of the derivative tends to the infinity has been found.

Hence it is of interest in relation of the Riemann hypothesis on the zeros
to compare these asymptotic formulae. To this end we first find asymptotic
formulae of the derivatives of the functions

Gi(s) =& (s+1/2) and Ga(s) =&1(s —1/2) (2)

at the point s = 0 as the order of the derivative tends to the infinity. These
formulae give then the corresponding asymptotics for G(s).

Remark Because of the equality £(s) = £(1 —s) and (1) the odd deriva-
tives of G1(s) at the point s = 0 are all equal to zero.

The main result of our paper is the following.

Theorem For the derivative of the function G(s) at the point s = 0 the
following asymptotic expression holds as the order of the derivative r tends
to the infinity:

@(0) N =2l (1 = ) if v s odd,
ds" 271+ &) if 7 iseven.

(We use the notation a(r) ~ b(r) for a(r)/b(r) — 1 as r — o0.) The
theorem clearly follows from the remark above, Theorem 1 and Theorem 2
given below which rely on a basic estimate of integrals given in Theorem 3
involving these functions. The methods of proofs are similar to that devel-
oped in [3] .

2 An Asymptotic Formula for the Function G(s)

The following theorem holds based on Theorem 3 proved in Section 3.

Theorem 1 For the even-order derivative of the function G1(s) at the
point s = 0 the following asymptotic expression holds as the order r of the
derivative tends to the infinity:

d"Gy

~ =22y
7o 0) r (3)




Proof
Let us consider the well-known relation (see [4] )

72T (s/2)C(s) = 1/(s(s = 1)) + f(5) + g(s) , (4)

where s # 0, 1, and

fls) = /OO 2?7 Vo(z) dx, g(s) = /OO =527 2(2) da, (5)

1 1

and w(z) =3 00 e~™°%_ Tt is clear that the relation

f(s)=9(1—s) (6)

holds. From (5) and (6) for each even natural number r follows

w (3) i (3) =2 () =) [Tt

Further, one clearly sees that for each even natural r

d" 1
i = =272
ds” s(s — 1) |5—1/2 " (8)

holds. Now Theorem 1 easily follows from the definition of the function
G1(s), the equalities (2), (7), (8) and Corollary of Theorem 3 given below.
1

3 An Asymptotic Formula for the Function G,(s)

The following theorem holds based on Theorem 3 proved in Section 3.

Theorem 2 For the derivative of the function Ga(s) at the point s =0
the following asymptotic expression holds as the order r of the derivative
tends to the infinity:

d" G . 1
- (0) ~2 e - 3T+1) . (9)

Proof In view of (4 — 6) we have

d" d"
ds” Ga(s) ls=0 = ds”

(1/(s(s =)+ f(s) + f(1 = 8)) [s=—1p2 - (10)



Further we have
d" 1
ds™ s(s —1)

1
‘s:—1/2 = 2r+1r!(1 - 37«4_1) : (11)

Then Theorem 2 follows from (10), (5), (11) and Corollary of Theorem 3
given below. 1

4 Formulation and Proof of Theorem 3

1. For every natural r > 2 and for each real a let

I o= /1 (In" z)zw(x) dx (12)

with w(z) as in Section 2.
Theorem 3 We have the following asymptotic expression as r — oo:

Lo~ (In= —Inln = + B)" exp (_r(ln I)—leﬁ)
T e T

< (L (mi)‘l)““ VT BT

™ s 1 1
" (2(1ng—1n1ng)2 + 21n§)

where the function B = B(r) satisfies lim, . B(r) = 0.
The proof of Theorem 3 is given in subsections 2 - 6.
2. Set w = Inx. Then

I, :/ u" ety (e) du :/ e qu | (14)
0 0
where
Fu)=rlnhutula+1)—me"+In(l+1(e")), Y(z) = Ze_("Q_l)m . (15)
n=2

Differentiation of the function F'(u) results in the relations

ar, = r o - dIn(1+(e"))
%(u) = +a+1—me"+ 7 , (16)
d*F r o d2In(1+(e"))



Let us consider the equation

dF r dIn(1 +¥(e*))
70 (u) ” +a+ me' + Tu 0 (18)
for ©w > 0. Since
. dF . dF
oy G () = ¥eo s B G () = e

and the inequality %(u) < 0 holds for u > 0 for large r, equation (18) has
a unique solution for u > 0 and large r.
We consider the “approximating equation”

r u
- = =0. 19
" e (19)

By Lemma 1.2 in [3], its solution w = @ has the form
ﬂzlni—lnlni—l—cl, (20)
T T

where the function ¢; = ¢q(r) satisfies the condition lim, . ci1(r) = 0.
Therefore, by (20), (18), and (17), the solution u = @ of equation (18) can
be written as

G=In. —Inln " + e, (21)
™ ™

where the function co = co(r) satisfies the same condition as ¢; = ¢;(r), that
is,

lim cp(r) =0. (22)

r—00

Let €, be a constant such that 0 < e, < u. We represent the integral I, , in
the form

U—Ep U+-er 00
Lo = / ') qu + / P dy + / Wy . (23)
0 U U

—&r +Er

Substitution of (21) in the first equation in (15) gives

eF@ = <lnZ —lnlnZ +02)T
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Next, by (22), the asymptotic relation

(e )"~ (07T @

holds as r» — oo, and

o (HnD) ) o

Therefore, by (24), we obtain the asymptotic formula

_ -1
eF@ <lnZ —Inln = + cz)rexp (—7“ (lnz) eCQ>

T T T
_1\ o+l
X (f (ln 1) ) (26)
T\
as r — o0o. Substitution of (21) in (17) yields

d*F  _ _ r

——(4) =
du? (ln% —Inln = —1—02)2

— Texp (lnz —lnlnz —1—02)
T T

d*In(1+¢(exp(In L —Inln £ + ¢3)))
du?

r
(InZ —Inln £ + ¢9)?

-7 (1112)_1 e? +o(l) < —c3r (ln %)_1 ’ (27)

™

where ¢3 > 0 does not depend on r and lim,_,o, o(1) = 0.
Let us estimate |d®F(u)/du?| for @ — &, < u < @ + ¢,. Differentiating
(17), we obtain

3 3 u
BF 2r o, Pl uer)

@ = au?
Therefore, by (21),

dB3F

sup —du3

u—er<u<tute,

()

<ec " + <lnr)_leET
r(ln 2
4 (Inf—Inlnt+ec—g)? T ’

where ¢4 > 0 is a constant not depending on r.



For @ — ¢, < u < 4+ &, the equality
F(u) = F(u) + F(u) (29)
holds, where

~ 2 . 3
Flw) = F(@) + 5o m @)=, Pl = 55

and @ — &, < (1 < U+ ¢,. Applying Lemma 2.1 from [3] and formula (27),
we obtain

/+ exp @%;(a)(u - a>2> du=—Y" _(1+R.),

—&r

(C)w—a)*,  (30)

where

|R5T| <

Therefore, by (27),

dter 1d*F e R
/ﬂ—ar o (2 auz M > W= Aoy T BY
where
A= 1 exp(c2)

~2(InZ —-Inlni+4¢)?  2InL

and
exp(—re2A + £,0(1))

1+ /1 —exp(—re2A +&,0(1))

(32)

|R5T|

By (29), we have

~ A ~ ~

exp(F(u)) = exp(F(u) + F(u)) = exp(F(u)) + exp(F(u))(exp(F(u)) — 1) .

Consequently,

U+ter Uter .
/ e duy = / ") du + R;r , (33)

—€&r —€&r

where, according to (30),

, 3 N U+ter 1 d2F
IR, | < el'(@) sup |exp(F(u))—1| / exp ( (a)(u— 11)2> du .

2 du?
i—e,<u<iite, —ey 2 du



Applying the relation for '(u) in (30) and inequality (28), and assuming
that e3r does not exceed a constant not depending on r, we derive the
inequality

sup lexp(F(u)) — 1| < cse A

T T
e, <u<iite, In -

where ¢5 is a constant not depending on r. But if the relation

lim 5,?37’ =0 (35)

holds, then the previous inequality implies that
: : i 1d°F
and, by (33), the asymptotic relation
U+er _ U+er 1d2F
/ﬁ—ar e duy ~ (@) /ﬂ—ar exp (5(;7(@)(16 — ﬂ)2> du (36)

holds as r — oc.
We now apply (36), (26), (31), and (32) and, assuming (35) and the
relation

lim e2r = oo, (37)

obtain the asymptotic expression

u+ter
/ W dy ~ (ln T mmly cz)r exp (—r(ln z)_le”)
a T T T

. (Z_?lni)“)a“ VT (38)

1 1
\/T (2(1ng—1n1ng)2 + 21n£>

as r — 0o, where the function co = co(r) satisfies the inequality (22).
3. We write uy =4+ ¢, and u_ = % — &,. Since u = @ is a solution of
equation (18), we have

. e2d’F . e d’F
F(uy) :F(u)+EW(§+), Fu-) ZF(U)JFEW(C—), (39)
where the numbers ¢ and (_ satisfy the inequalities
u<(r<u+e, w—e<(<u. (40)



The application of (17), (21) and (40) results in

max (2260 5560) < - d

du? " du? (InLZ —InlnZ +4cy+e,)?

where cg is a constant not depending on r. Now let
1
g =r~ 1270 g <§< 5 (42)

Then (35) and (37) hold and, by (39) and (41), we have the inequalities

F(@) — Fuy) > e, F(a) — F(u_) > e7r?,

F F(a)—(F(@)-F '@
ef'(us) — F(@)=(F(a)=F(ut)) - — (43)
eC T
_ _ F(a)
l'(u=) — JF(@)—(F (@)= F(u-)) 667 7

where ¢y > 0 is a constant not depending on 7.

By (17), the inequality ‘ng < 0 holds for r large enough and 0 < u < 1,

and thus we have 4L (%) = 0, and F(u) is a monotone increasing function as

u grows. Therefore formulae (43) and (21) imply the inequality

/ ' FWay < eyl )
0

InZ —InlnZ + ¢p)ef @
< cg(n“ i c)e : (44)

ecTr

where cg > 0 is a constant not depending on r.
4. Suppose that a positive number &, satisfies the equation

In" Z, = exp(mdz,) , (45)
where § is the parameter introduced in (42). Then the relation

ro_ T , (46)

mo - Inln a::T
holds. From this we deduce

lnL = h’lﬂj?T —h’lh’llnﬂ;r = y:r _lnanjT‘ )
m



where

Let us set

Then p = f(y,). Let g, satisfy the equation

p=Yr—Ing, . (48)
By (46) and (48), we have

@) >, flw) <p,

and, since f(y) is a monotone increasing function as y grows, relation (46)
implies that 1, satisties the inequality

< y:r < Yr (49)

According to (46) and Lemma 1.1 from [3], the solution g, of equation
(48) has the form

Qr:1HL+lnlnL+69,
7o 7o

and the function cg = ¢g(r) satisfies the condition lim,_,, cg(r) = 0. Con-
sequently, by (49) and (47), we have

ln%<lnfr<ln%+lnln%+c§), Tim co(r) = 0. (50)

The application of (43) and (50) gives

In :E:,«
/ e gy
Ut

< )|z, —uy

(@)

e r r
< W(ln%—l—lnln%—l—@—u.}) . (51)
5. Let us estimate the integral
~ o0
I, = / (In" x)zw(x) dx | (52)
Ty

where z, is defined by (45) and w(z) is the function introduced at the
beginning of this section. According to (45), (50) and the definitions of

10



w(z) and Z,, we have

o0

i < / o (Ze—m(n2_5)) da

n=1

< / z? e_”("2_5)> dz . (53)
r/(w6) (;

6. According to the definition of the integral I, , the following inequality
holds:

U—Er U+er In % 00
Lo = / e du + / e du + / e du + / du, (54)
0 N i 1

—Er +er n,

where u, €., and x:r are the numbers introduced above. For ¢, as in (42) we
obtain, by (44) and (51)—(53), the inequality

U—ep [e%s)
/ P qoy + / e dy
0 u+ter

+ / x® (Z e_”(”Q_‘s)) dx (55)

/(78) n=1

(Inf —InlnZ + c11)ef (@
< C10 eC7T5

for all r sufficiently large, where c1¢ and c11 are constants not depending on
r.

As r — oo the first term on the right-hand side of (55), by (36), (31),
and (32), is

and the second term there is o(1). Therefore the asymptotic relation

uter
Ipq ~ / eF ) gy
U—Erp

holds as r — oo and, by (38), the same is true for the asymptotic relation

Ir,a ~ (111 z —Inln z + C2)T exp <_7«(1n 1)—1602)
T T T

e ey @

1 1
r (2(1n£—1n1n£)2 - 21ng)

11



where the function co = co(r) satisfies (22).
Thus, Theorem 3 with ((r) = ca(r) is proved. 1
Corollary We have the following asymptotic expression as r — oo:

Lt~ (3 Eotan o o)
y <z (1111)‘1)““ VT , (57)

™ ™ 1 1
r <2(1n%—lnln%)2 + 21n£>

with the function f(s) defined in (5), a =b/2—1 and the function 5 = B(r)
for which lim, .., B(r) = 0 holds.

5 Discussion

In [3] the following asymptotic formula for the even-order derivative of the
Riemann function & = £(s 4+ 1/2) at the point s = 0 as the order r of the
derivative tends to oo was found:

T

d £(s+1/2)| 02 (22 g 2 i
dSr s=0 T T v

X eXp (—(7‘ —2) <ln - 2>_1 e“’) (r—2)Y4r(r — 1)

™

1/4

r—9 -1/4
X <ln > ,
T 1 1
\/(T/2 o 1) <(ln T—;Q—lnln TT72)2 + In Tw2>

where the function v = v(r) satisfies the condition lim,_,. y(r) = 0.

One can easily compare this formula first with that given here in our
main Theorem for P. R. Taylor’s function G(s) for which the Riemann
hypothesis holds (see [1]) and then with (57) given in Corollary above for
b = 1/2. In the first case we see that the absolute value of the even-order
derivatives of G(s) at the point s = 0 growfor » — oo more quickly than
that of the Riemann function § = £(s + 1/2) at the same point s = 0. In
the second case for the function f(s) both formulae are very similar and the
main term in (57) can be obtained from the main term in (58) by replacing
initr—2byr.

(58)
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