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1. INTRODUCTION

By a mathematical n-instanton vector bundle (shortly, a n-instanton) on 3-dimensional pro-
jective space P? we understand a rank-2 algebraic vector bundle E on P? with Chern classes

(1) c(E)=0, c(E)=n, n>1,
satisfying the vanishing conditions
(2) h’(E) = h*(E(-2)) = 0.

Denote by I, the set of isomorphism classes of n-instantons. This space is nonempty for any
n > 1-see, e.g., [BT|, [INT]. The condition h°(E) = 0 for a n-instanton F implies that F is stable
in the sense of Gieseker-Maruyama. Hence [, is a subset of the moduli scheme Mps(2;0,2,0)
of semistable rank-2 torsion-free sheaves on P? with Chern classes ¢; = 0, ¢ =n, ¢z = 0. The
condition h'(E(—2)) = 0 for [E] € I,, (called the instanton condition) by the semicontinuity
implies that [, is a Zariski open subset of Mps(2;0,2,0), i.e. I, is a quasiprojective scheme. It
is called the moduli scheme of mathematical n-instantons.

In this paper we study the problem of the irreducibility of the scheme I,,. This problem has
an affirmative solution for small values of n, up to n = 5. Namely, the cases n = 1,3, 3,4 and
5 were settled in papers |[B1|, [H], [ES|, [B3| and [CTT], respectively. The aim of this paper is
to prove the following result.

Theorem 1.1. For each n = 2m + 1, m > 0, the moduli scheme I, of mathematical n-
instantons is reduced and irreducible of dimension 8n — 3.

A guide to the paper is as follows. In section 3 we remind a well-known relation between
mathematical n-instantons and nets of quadrics in arithmetic n-dimensional vector space k”.
The nets of quadrics are considered as vectors of the space S, = S?*(k")Y ® A2V, where
V = H%Ops(1))", and those nets which correspond to n-instantons (we call them n-instanton
nets) satisfy the so-called Barth’s conditions - see definition (13). Thus the description of the
moduli space I, of n-instantons reduces to that of the locally closed subset M1, C S, of
n-instanton nets of quadrics which is crucial for our study.

In section 4 we prove one result of general position for the set of (2m + 1)-instanton nets of
quadrics M Iy, 1, m > 1. Essentially, this result means that the natural map M Iy, 1 — S,41
induced by a generic embedding k™*! <« k?"*! is dominating - see Remark 8.1.

Section 5 is a study of some linear algebra related to a direct sum decomposition & : k™1 @
k™ 5 k?™+1 giving the above embedding k™*! — k?*"*!  Using the result of section 4 we
obtain here the relation (61) which is a key instrument for our further considerations. Also, the
decomposition £ enables us to relate (2m + 1)-instantons E to rank-(2m + 2) symplectic vector
bundles Es,, > on P? satisfying the vanishing conditions h%(Ea,,19) = h?(Eami2(—2)) = 0.

In section 6 we introduce a new scheme X,, as a locally closed subset of the vector space
Simi1 x Hom(k™, (k™) @ A?2VY which is defined by linear algebraic data somewhat similar
to Barth’s conditions. We prove that X, as a reduced scheme is isomorphic to a certain dense
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open subset M Iy, 1(§) of MI,,,1 determined by the choice of the direct sum decomposition
¢ above. This reduces the problem of the irreducibility of I5,,,1 to that of X,,.

The last ingredient in the proof of Theorem 1.1 is a scheme Z,, introduced in section 7
as a closed subscheme of the vector space SY x Hom(k™, (k™)V) ® A*VV defined by explicit
equations. We relate the scheme Z,, to the so-called t’"Hooft instantons. Using the properties of
t’Hooft instantons (see subsection 5.2) we show that the scheme Z,, is reduced and irreducible.

In the last section 8 we finish the proof of Theorem 1.1. The proof is based on a study of
certain scheme X, containing X, and fibred over the vector space Hom(kY, k™*!) @ A2V, We
show that the zero fibre of this projection is scheme-theoretically isomorphic to a direct product
of Z,, and a certain vector space. This together with the irreducibility of Z,, and some other
results stated earlier leads to the irreducibility of X,,.

Acknowledgement. The author acknowledges the support and hospitality of the Max
Planck Institute for Mathematics in Bonn where this paper was started during the authors
stay there in Winter 2008.

2. NOTATION AND CONVENTIONS

Our notations are mostly standard. The base field k is assumed to be algebraically closed
of characteristic 0. We identify vector bundles with locally free sheaves. If F is a sheaf of Ox-
modules on an algebraic variety or scheme X, then nF denotes a direct sum of n copies of the
sheaf F, H'(F) denotes the i" cohomology group of F, hi(F) := dim H'(F), and F" denotes
the dual to F sheaf, i.e. the sheaf F¥ := Homoe, (F,Ox). If Z is a subscheme of X, by Z, x
we denote the ideal sheaf corresponding to a subscheme Z. If X = P" and ¢ is an integer, then
by F(t) we denote the sheaf F ® Opr(t). [F] will denote the isomorphism class of a sheaf F.
For any morphism of Ox-sheaves f : F — F’ and any k-vector space U (respectively, for any
homomorphism f : U — U’ of k-vector spaces) we will denote, for short, by the same letter f
the induced morphism of sheaves id® f : U®F — U ® F' (respectively, the induced morphism
fRIid:-UF —-U ®F).

Everywhere in the paper V' will denote a fixed vector space of dimension 4 over k and we
set P? := P(V). Also verywhere below we will reserve the letters u and v for denoting the two
morphisms in the Euler exact sequence 0 — Ops(—1) = VV @ Ops — Tps(—1) — 0. For any
k-vector spaces U and W and any vector ¢ € Hom(U, W ® A2VY) € Hom(U @ V,W @ VV)
understood as a homomorphism ¢ : U@V — W@V or, equivalently, as a homomorphism ¢ :
U — WAV, we will denote by ¢ the composition U® Ops 4 WRAVVR0ps — WRQps(2),
where € is the induced morphism in the exact triple 0 — A%Qps(2) Nyt a2y ®O0ps = Qps(2) —
0 obtained by passing to the second wedge power in the dual Euler exact sequence. Also,
shortening the notation, we will omit sometimes the subscript P? in the notation of sheaves on
P3, e.g., write O, Q etc., instead of Ops, Qps etc., respectively.

Everywhere in the paper for m > 1 we denote by S,, the vector space S?(k™)" @ A?VV.
Following W.Barth [B2], [B3] and A.Tyurin [T1], [T2| we call this space the space of nets of
quadrics in the space K™.

3. SOME GENERALITIES ON INSTANTONS. SET M1,

In this section we recall some well known facts about mathematical instanton bundles - see,
e.g., [CTT].
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For a given n-instanton F, the conditions (1), (2), Riemann-Roch and Serre duality imply
(3) WH(E(=1)) = h*(E(=3)) =n, h'(E® Q) =h*(E@ Q) =2n+2,

hY(E) = h*(E(—4)) = 2n — 2.

Furthermore, the condition ¢;(E) = 0 yields an isomorphism A?E = Ops, hence a symplectic
isomorphism j : E = EY. This symplectic structure j on E is unique up to a scalar, since
E as a stable bundle is a simple bundle, i.e. Hom(E, F) = kid. Consider a triple (E, f, j)
where E is an n-instanton, f is an isomorphism k" = H?*(E(-3)) and j : E = EV is a
symplectic structure on E. We call two such triples (E, f,7) and (E’f’,j’) equivalent if there
is an isomorphism ¢ : £ = E’ such that g, o f = A\f’ with A\ € {1,—1} and j = g 0 j o g,
where g, : H?(E(—3)) = H?*(E'(-3)) is the induced isomorphism. We denote by [E, f, ]
the equivalence class of a triple (F, f, 7). From this definition one easily deduces that the set
Fig of all equivalence classes [, f, j] with given [E] is a homogeneous space of the group

GL(k™)/{+xid}.
Each class [E, f, j] defines a point
(4) Ap = A([E, f,5]) € S*(k")Y @ A*VY

in the following way. Consider the exact sequences
(5) 0— Qs 2 VY ®Ops(—1) — Ops — 0,

0— Q]%B — /\QVV®OP3(—2) — Q]%]B — O, 0— /\4V\/®OP3(—4) — /\3VV®OPS(—3) g Q]%B — 0,

induced by the Koszul complex of VY @ Ops(—1) e Ops. Twisting these sequences by E and
passing to cohomoligy in view of (2) gives the diagram with exact rows

(6) 00— HX(E(—4)) @ NVY —= H2(E(~3)) @ A3V —2> HX(E ® Q2,) —> 0

| [

0 HY(E)) HYE(-1))® VY <"~ HY(E ® Qpa) ~— 0,
where A’ := 4; 0 97! 0 iy. The Euler exact sequence (5) yields the canonical isomorphism

wps — AVY ® Ops(—4), and fixing an isomorphism 7 : k = A*VY induces the isomorphisms
F:V S AVY and 7 : wps — Ops(—4). Now the point A = A, in (4) is defined as the
composition

z ! A E)
(7) A K"V SK'@AVY S HYE(-3) AN VY S H (E(-1)e VY =

Rl

J SD 3 fv

= HY(EY(-1) @ V' = H*(B(l)@uws)' @ V' = H(E(=3))" o VY = (k") @ V",
where SD is the Serre duality isomorphism. One checks that A, is a skew symmetric map
depending only on the class [E, f, j| and not depending on the choice of 7, and that this point
A, € N ((k")Y ® VV) lies in the direct summand S, = S*(k")¥ @ A?V" of the canonical

decomposition
(8) A (KM @ VY) = S*(K")Y @ AVY e AP (K")Y @ SPVY.

Here S,, is the space of nets of quadrics in k™. Following [B3], [T1] and [T2] we call A the
n-instanton net of quadrics corresponding to the data [E, f, j].
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Denote W, := k™ ® V/ker A. Using the above chain of isomorphisms we can rewrite the
diagram (6) as

CA

9) 0——=kerA

k"oV Wy 0

o sl

0~ ker A —— (k") @ VY <2 WY <,

Here dim W4 = 2n 4+ 2 and g4 : Wy =y W) is the induced skew-symmetric isomorphism. An
important property of A = A, ([F, f,j]) is that the induced morphism of sheaves

(10) al WY ®0p 3 (k) @VY® 0 = (K" @ Ops(1)

is an epimorphism such that the composition k" @ Ops(—1) 4 W, ® Ops K WY ® Ops 4
(k™)Y ® Ops(1) is zero, and E = ker(a} 0 g4)/Imay. Thus A defines a monad

\%
aAoqA

(11) My 0K @0ps(—1) BWLA®O0p 5" (k") @ Ops(1) — 0
with the cohomology sheaf F/|
(12) E = E(A) :=ker(a} oqa)/Imay.

Note that passing to cohomology in the monad M, twisted by Ops(—3) and using (12) yields
the isomorphism f : k* = H?(E(—3)). Furthermore, the simplecticity of the form g4 in the
monad M 4 implies that there is a canonical isomorphism of M 4 with its dual which induces
the symplectic isomorphism j : £ = EV. Thus, the data [E, f, j] are recovered from the net A.
This leads to the following description of the moduli space I,,. Consider the set of n-instanton
nets of quadrics

( (1) k(A : k" @V — (k") @ V) =2n + 2, )

(i7) the morphism a} : WY ® Ops — (k)" @ Ops(1)
defined by A in (10) is surjective,

(ii7) hO(Ea(A)) = 0, where Ey(A) :=ker(a} 0 qa)/Imag
and g4 : Wy — WY is a symplectic isomorphism
defined by A in (9)

(13)  MI,:={ A€S,

Vs

The conditions (i)-(iii) here are called Barth’s coditions. These conditions show that M I, is nat-
urally supplied with a structure of a locally closed subscheme of the vector space S,,. Moreover,
the above description shows that there is defined a morphism =, : M1, — I,, : A — [E(A)],
and it is known that this morphism is a principal GL(k™)/{+id}-bundle in the étale topology
- cf. [CTT]. Here by construction the fibre 7, *([E]) over an arbitrary point [E] € I, coin-
cides with the homogeneous space Fig) of the group GL(k")/{=£id} described above. Hence the
irreducibility of (I,,),eq is equivalent to the irreducibility of the scheme (M1,),¢q-
The definition (13) yields the following.

Theorem 3.1. For each n > 1, the space of n-instanton nets of quadrics M1, is a locally
closed subscheme of the vector space S,, given locally at any point A,, € M1, by

2 — 2
(14) (n2 )=2n2—5n+3

equations obtained as the rank condition (i) in (13).
Note that from (14) it follows that
(15) dimpa M1, > dimS,, — (2r* —5n+3) =n” +8n — 3
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at any point A, € MI,. On the other hand, by deformation theory for any n-instanton E we
have dimg) I,, > 8n — 3. This agrees with (15), since MI,, — I, is a principal GL(k")/{+id}-
bundle in the étale topology.

Let S, = {|F] € I,,| there exists a line [ € P? of maximal jump for E, i.e. such a line [ that
hY(E(—n)|;) # 0}. It is known [S] that S, is a closed subset of I,, of dimension 6n + 2. Thus,
since dimyg) I, > 8n — 3 at any [E] € I,,, it follows that

(16) I :=1,\8,

is an open subset of I,, and (1],),eq is dense open in (I,,),cq; respectively,
(17) ML, =, (1)

is an open subset of M, and we have a dense open embedding

dense open

(18) (M1])red— (M1,)req -

For technical reasons we will below restrict ourselves to M1/, instead of M1,.

4. A RESULT OF GENERAL POSITION FOR (2m + 1)-INSTANTON NETS

Definition 4.1. Let U and U’ be two vector spaces of dimensions respectively m and n, where
m > n. Consider the projective space P(U @ U’). We say that a point x € P(U @ U') has rank
r (and denote this as rk(z) =), if

(i) there exist unique subspaces U,(x) C U and Ul(x) C U’ of dimensions dim Ug(z) =
dim Uy (z) = r such that € P(U,(z) ®@ U/(z)), and

(ii) there do not exist subspaces U € U and U’ C U’ of dimension dim U = dim U’ <  such
that € P(U @ U").

It is well known that each point z € P(U ® U’) has a uniquely defined rank 1 < rk(z) < n.

Fix a positive integer m > 3 and a (2m+ 1)-instanton vector bundle E such that [E] € I, .,
and denote Hy,,11 = H*(E(—3)) and Hy, = H*(E(—4)). The Euler Exact sequence induces
the exact triple 0 — F ® Qps — VY ® E(—1) — E — 0 which gives a natural multiplication
map in the first cohomology:

(19) Hy, . @VY "™ 0 — H*(E ® Qps).

Passing to cohomology of the exact triple 0 — E® Q2; — A*VY ® E(—2) - E® Qps — 0 and
using standard equalities 0 = h?*(E(—2)), h*(E® Q2;) = h°(E ® Qps) < h(E(-1) @ VY) =0
for the instanton bundle E, we obtain: H*(E ® Qps) = 0. Hence (19) gives the exact triple

(20> O - W4m+4 - H2m+1 ® VV iy H\/ - O
where
(21) Wyis = H'(E @ Qps).

We now prove the following main result of this section.

Theorem 4.2. Let m > 3 and let E be a (2m + 1)-instanton, [E] € I, .,. Consider the
spaces Hopyy = H*(E(—3)) and Wipmia = H (E @ Qps)" together with the injection Wy, ., —
Hy,. . ® VY defined in (20). Then for a generic m-dimensional subspace Vy, of Hy,, ., one has

Wiia N Vi @ VY = {0}
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Joxasamenvcmeo. According to Definition 4.1 in which we put U = Hy,,,,, U’ = V", each
point x € P(Hy, ., ® VV) has rank 1 < rk(z) < dim V" = 4. Thus

4
(22> P<Wi/m+4) = LJIZM
where
Zy = {a € PWy) | rhia) =1}, 1< 7 <4,

are locally closed subsets of P(W,/,.,). Consider the Grassmannian

G = G(m7 Hg/m—f—l)
and its locally closed subsets
(23) Y, ={Vmn € G| V,, D U,(x) for some point z € Z,}, 1<r <4
The condition that Z. N P(V,, ® V) # () means that there exists a point x € P(U,) N Z, for
some r-dimensional subspace U, C V,,,. This together with (22) implies that

4
Vin € G| P(Vu @ V¥) 1 P(Wiy) £0) = U5,

Thus, to prove the Theorem, it is enough to show that
(24) dimY, <dimG, 1<r <4

We are starting now the proof of (24) for r = 4,3, 2, 1.

(i) » = 4. Set I'y := {(z,U) € P(Wy,.a) x G(4,Hy,,.1) | tk(z) = 4 and U = Uy(x)} and
let P(Wy,.,) & Ty ™ G(4,HY, ) be the projections. By construction, ps(Ty)) = Z, and the
morphism p, : I'y — Z4 is an isomorphism. Hence

dim ¢4(T4) < dimTy = dim Z; < dim P(W,/,,,) = 4m + 3.
By construction we have the graph of incidence
Iy ={(U,Vin) € u(Ty) x 3By | U C V,,,}
with surjective projections q,(I'y) %= I, ©3 ¥, and a fibre
P (U) = Glm — 4, Hy, 1 JU)

over an arbitrary point U € ¢4(I'4). Hence
dim ¥y < dim Iy = dim g4(T'y)+dim G(m—4, Hy,, ., /U) < 4m+3+(m—4)(m+1) = m(m+1)—1 =
=dimG — 1 < dimG, i.e. (24) is true for r = 4.

(ii) r = 3. Consider a morphism f3 : Z3 — P(VV)Y = P? :  — V3(z), where the pair of
spaces (Us(x), Vs(z)), Us(x) C Hy,,,, and Vs(x) C V'V, is determined uniquely by the point

x via the condition z € P(Us(z) ® V3(x)), since rk(z) = 3 (see Definition 4.1). Now for a given
subspace V3 C V'V set

(25) Y3(V3) = {V,, € G | V;,, D Us(x) for some point z € f; ' (V3)}.
Comparing this with (23) for r = 3 yields

(26) 23 - ngvvzg(‘/g).

Hence,

(27) dim 3 < dim 353(V3) + 3.
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We are going to obtain an estimate for the dimension of ¥3(Vj3) for an arbitrary 3-dimensional
subspace V3 in VY. This subspace defines a commutative diagram

where 2 = P(ker : V — V,') is a point in P? and the sheaf F' has an Ops-resolution 0 —
Ops(—2) — 30ps(—1) — F — 0. Twisting this resolution by the vector bundle F and passing
to cohomology we obtain the equalities H'(F ® E) ~ H*(E(-3)) = Hapny1, H*(F @ E) = 0.
Respectively, passing to cohomology in diagram (28) twisted by F and using the above equalities
and evident relations H*(E ® k,) ~ k?, H'(E ®k,) = 0 implies the diagram

(29) 0 0 K2

Hopin Wiia HY(E ®I.(-1))

0 — Hy, iy ®‘/3*/\>H%/m+l ® VY Hy, vy
mult
k2— HY (E® L) Hy, 0
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In this diagram the composition € := mult o A is surjective. Hence, setting Wa,,,3(V3) := kere,
where dim Wa,,13(V3) = 2m + 3, we obtain a commutative diagram

(30) 0 0

0 —— Wonmis(V3) d Witnia — Hyp

0—— szm+1 ® V3 4>\> H2\/m+1 VY — H2Vm+1

€ mult
Hy, =————=Hj,
0 0

Set
Z3(V3) == {z € P(Wam43(V3)) | rk(z) = 3}.
The inclusion j in diagram (30) yields the bijection

(31) Z5(Vs) = f5 ' (Va).
Consider the graph of incidence I's(V3) := {(z,U) € Z5(V5) x G(3, Hy,,,1) |U = Us(x)} with
projections Z3(V3) & T3(V3) & G(3, Hy,,.,). By construction, ps(I's(V3)) = Z3(V3) and the
morphism py : T'3(V3) — Z3(V3) is an isomorphism. Hence
(32) dim g3(I'3(V3)) < dimT'5(V3) = dim Z3(V3) < dim P(Wani5(V3)) = 2m + 2.
Consider the graph of incidence

3(V3) = {(U, Vi) € g3(I'3(V3)) x E3(V3) | U C Vin}
with projections ¢s(T's(V3)) &= M5(Vs) 22 23(V3) and a fibre

pri(U) = G(m =3, Hy, ., /U)

pr2

over an arbitrary point U € ¢3(I'3(V3)). The projection II3(V3) = X3(V3) is surjective in view
of (31). Hence, using (32), we obtain

dim ¥3(V3) < dim II3(V3) = dim g3(T3(V5))+dim G(m—3, Hy,, 1 /U) < 2m+2-+(m—3)(m~+1)

= m? — 1. This together with (27) and the assumption m > 3 yields dimX3 < m? + 2 =
dimG + 2 — m < dim G, i.e. (24) holds for r = 3.

Before proceeding to the case r = 2 we need to make a small digression on jumping lines of F.
Introduce some more notation. For a given line I C P* we have E|l ~ Op: (d)®Op1 (—d) for a well-
defined nonnegative integer d called the jump of E|l and is denoted dg(1); respectively, the line [
is called a jumping line of jump d of E. Set Go4 := G(2, V") and Jx(E) := {l € Ga4 | dg(l) < k},
JEHE) == J(E) N Jp1(E), 0 < k. From the semicontinuity of E|l, | € Gag4, it follows that
Jp(E) (resp., Ji(E)) is a closed (resp., locally closed) subset of Ga4, k& > 0. Moreover, by
Theorem of Grauert-Miilich, J5(E) is a dense open subset of G4. Next, since £ € I, ., it
follows that Jom1(E) = 0, so that Jo, 1(E) = J;,,_(F) U J;,,(E). We will use below the
following lemma.

Lemma 4.3. (1) dim J,,,1(F) < 1.
(11) dim JE(E) < 3 for 1 <k <2m — 2.
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Proof of Lemma.

(1) Suppose the contrary, i.e. dim Jy,,(E) > 2. Take any irreducible surface S C Jo,,(E) and
let D be the degree of S with respect to the sheaf Og,,(1). Fix an integer 7 > 5 and take
any irreducible curve C' belonging to the linear series |Og, , () ]5} Then the degree deg C' w.r.t.
Og,.,(1) equals to Dr, hence deg C' > 5. Hence by [C, Lemma 6] there exist two distinct lines,
say, l1,lo € C, which intersect in P3. Let the plane P? be the span of [; and Iy in P2. Now the
exact triple 0 — FE(—2)[p2 — El|pz — E|j;,u1, — 0 implies

(33) H(Elp2) — H(Eliyui,) — H'(E(=2)[p2).

Next, as [E] € Iyny1, we have h°(E(—1)) = hY(E(—2)) = 0, hence the exact triple 0 —
E(-2) — E(—1) — E(—1)|pz — 0 implies

(34) HO(E(=1)]s2) = 0.

Now assume h°(E|p2) > 0. Then a section 0 # s € HO(E|p2) defines an injection Op> < E|p>.
This injection and (34) show that the zero-set Z of section s is 0-dimensional and the injection
s extends to a triple 0 — Op> = Elp2 — Zzp2 — 0. Whence

(35) RO(E|p2) < 1.

Furthermore, equality together with Riemann-Roch and Serre duality for the vector bundle
E(—1)|p2 shows that h!'(E(—2)|p2) = 2m + 1. Whence in view of (33) and (34) we obtain

(36) RO(E|;u,) < 2m + 2.

On the other hand, let = := [; Nl5. Since by construction Iy, ly € Jo,,—1(E), it follows that either
El;, ~ Op(2m — 1) @ Op2(1 — 2m), or E|;; =~ Op2(2m) & Op2(—2m), hence h°(E ® Z,,;,) >
2m—1, i = 1, 2. This clearly implies h°(E|;,u1,) > h°(EQZL,1,u1,) = R (EQL, ) +hY(EQL,,,) =
4m — 2. Comparing this with (36) we obtain the inequality 2m + 2 > 4m — 2, i.e. m < 2. This
contradicts to the assumption m > 3. Hence, the assertion (1) follows.

(2) This is an immediate corollary of Theorem of Grauert-Miilich. Lemma is proved. O

(ii) » = 2. Our notation and argument is completely parallel to that in the case
r = 3. Consider a morphism fo : Zy — Gay : = +— Va(z), where the pair of spaces
(Us(z), Va(z)), Us(xz) C Hyppyq and Va(z) C VY, is determined uniquely by the point x
via the condition z € P(Us(x) ® Va(x)), since rk(x) = 2 (see Definition 4.1).

According to the above remarks on jumping lines of £ we may assume that [ € J(F) for
some 0 < k < 2m, i.e.

RO(E|l) =2, RY(E|l)=0, if € J(E),
respectively,
ROE|)=k+1, W(E|)=k—1, if (€ J{(E), 1<k<2m.
Now for 1 < k < 2m and a given subspace V, € J} set
(37) Yox(Va) = {Vim € G | Vi D Us(x) for some point = € f, ' (V3)}.
Then similarly to (26) we have
So= U U Sou(Va).

k=0 Vo J;
Hence, in view of Lemma 4.3
(38) dim ¥y < max (dim Xy, (V2) 4+ dim J}).
VQEJg

0<k<2m
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We are going to obtain an estimate for the dimension of ¥, ;(V5) for an arbitrary 2-dimensional
subspace V5 in J}f, 0 < k < 2m. This subspace defines a commutative diagram

(39) 0 0 0

0

0 0 0,

where [ = P(ker V — V') isaline in P?, V3 := VV/V;, and F := coker s. Passing to cohomology
in diagram (39) twisted by E, we obtain the diagram

(40) 0 HO(E|)

— HYE®F)

V
W4m+4

0 Hy, . ®@Vo—Hy, @V —= Hy ., @V
mult
HY(E|l)— HY(E® L) Hy, H'(E|l)
0.

Assume for definiteness that 1 < k < 2m. (The case k = 0 is treated in a similar way.) In
this case diagram (40) leads to a diagram

(41) 0 0 0

\Y
H4mfk+3

0 —— Wi (V2) ’ Wi/m+4

0—— H2Vm+1 ® Vo —— Hg/m-i-l VY — H2Vm+1 ® Vzl

mult
00— Vim—i41 Hy. Wi
0 0 0.

where we set Wy (V2) := HY(E|l), Wi_1 := HY(E), Vim_pt1 = Hyp o @ Va/Wi1(V5).
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Set
Zy (Vo) = {x € P(Wi1(V2)) | tk(x) = 2}.

The inclusion j in diagram (41) yields the bijection
(42) Zok(V2) = f5 (Vo)

Consider the graph of incidence I'y x(V2) = {(z,U) € Zyx(V2) X G(2,Hs,, 1) | U = Us(x)}

with projections Zy(Va) & Tyx(Va) = G(2, H,,,). By construction, py(Ta(V2)) = Zax(V2)
and the morphism py : I'y (Vo) — Z2,(V2) is an isomorphism. Hence

(43) dim g2(T2£(V2)) < dim T (V) = dim Zy i (Va) < dim P(Wy11(V2)) = k.
Consider the graph of incidence
i (V2) = {(U,Vin) € q2(T24(V2)) X o (V2) | U C Vi }
with projections ¢a(I'y x(V2)) ik Iy 1 (V2) gk Yo (Vo) and a fibre
pri(U) =G(m —2,Hy, ., /U)

over an arbitrary point U € ¢2(I'yx(V2)). The projection Iy, (V2) gk Yo (V) is surjective in
view of (42). Hence using (43) we obtain

dim X5 1, (V5) < dim ILp x(Va) = dim o (Do (V) +dim G(m—2, Hy, . /U) < k+(m—2)(m+1) =

=m?*—m—-2+k=dimG - 2m—-k+2), 1<k<2m.
In a similar way we obtain for k =0
dimy0(Va) <1+ (m—2)(m+1)=m?> —m—1=dimG — (2m + 1).

The last two inequalities together with (38), Lemma 4.3 and the assumption m > 3 yield
dim ¥y < dim G, i.e. (24) is true for r = 2.

(ii) r = 1. Consider a morphism f; : Z; — P(VVY) = (P?)V : z — Vj(z), where the pair of
spaces (Ui (x), Vi(z)), Ui(z) C Hy,,., and Vi(x) C VY, is determined uniquely by the point

x via the condition xz € P(U;(z) ® Vi(x)), since rk(z) = 1 (see Definition 4.1). Now for a given
subspace V; € (P?)Y set

Y1 (V1) :={V,n € G | Vi, D Uy(x) for some point z € f;(Vi)}.
Then similar to (26) we have

(44) Y= U 5(W).

V1€(IP’3)V



12 TIKHOMIROV

We are going to obtain an estimate for the dimension of ¥;(V}) for an arbitrary 1-dimensional
subspace V; in VY. This subspace defines a commutative diagram

(46) 0 0

0—=V1®0p(—1) —= VYR Ops(—1) —= V3 & Ops(—1) —= 0

O]]:D3 ( - 1) OIF’3 OPZ O

0

Note that to the point V; € (P3)V there clearly corresponds a projective plane P(V}) in P3. Set
B(E) :={V; € (P?)" | h°(E|pps)) # 0}. Tt is known that, for m > 1,

dim B(E) < 2.

(see [B1]). Moreover, in view of (35)

W(Elpyi) =1, Vi€ B(E).

Passing to cohomology in diagram (46) twisted by E and using the equality h°(E) = 0 for
|[E] € Ispn 41 we obtain the diagram

(47) 0 H°(E|pvy))

Vv \Y
Winpa == Wi

0 Hy, . @Vi—>Hy, @V —=Hy, &V
mult
H(E|py)) Hypia Hy, HY(E|py))
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Let Vi € B(E). Setting € := multoX and Wy (V) := kere = H°(E|p()), where dim Wy (V;) =1

we obtain from (47) a commutative diagram

(48) 0 0 0
0 —Wi(Wy) d Wi/m+4 - W4Vm+4/W1(V1)
0i>H¥m+l®‘/1*>\>H£/m+l®vv H¥m+1®‘/3
€ mult
00— Hg/m-l—l/Wl(Vvl) Hél/m Hl(E’PQ(Vl))
0 0 0

Set

Zi(V1) =0 if Vi # B(E), resp., Z1(V1):=j(Wi(W)) if Vi € B(E).
The diagrams (47) and (48) yield the bijection
(49) Z(V) = fi' (M), Vie(P

°)Y.
The rest argument is completely the same as in cases r = 3 an
1) |

nd r = 2 above. Consider the
graph of incidence I't(V1) = {(z,U) € Zi(V1) x P(H,,,.,) | U = Ui(x)} with projections
Z(V) & ry(v) & P(Hy,,.1). By construction, pl(Fl(Vl) Z1(V1) and the morphism py :

' (Vi) — Z1(V}) is an isomorphism. Hence
(50) dim ¢;(T'1(V1)) < dim Ty (V4) = dim Z;(V4) < 0.
Consider the graph of incidence
(Vi) = {(U, Vin) € (1 (V1)) x 22 (V1) | U C Vi }
with projections ¢ (I'1(V1)) &= (Vi) 22 £1(V}) and a fibre
pri(U) = G(m — 1, Hy, ., /U)

over an arbitrary point U € ¢;(I'1(V})). The projection IT; (V1) 22 ,(V4) is surjective in view
of (49). Hence in view of (50) we have

dim X, (Vi) < dim I (V4) = dim ¢y (T4 (V1)) + dim G(m — 1, Hy,, 1 /U) <0+ (m —1)(m + 1) =

= m? — 1. This together with (45) and the assumption m > 3 yields dim> < m? + 2 =
dim G +2 —m < dim G, i.e. (24) holds for » = 1. Theorem is proved. O

5. DECOMPOSITION k?7t1 ~ k™+1 g3 k™ AND RELATED CONSTRUCTIONS

5.1. Decomposition k*"! ~ k™! ¢ k™,
Fix an isomorphism

(51) ¢k ek S K
and let
(52) kL gmL g gm0 m
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be the injections of direct summands. For a given (2m + 1)-instanton vector bundle E, [E] €
I,01, fix an isomorphism f : k™' = H2(E(-3)) = Hapyyi and a symplectic structure
j:E = EY.Thedata [E, f, j] define anet of quadrics A € M1}, , (see section 3), and the exact
triple (20) is naturally identified with the dual to the triple 0 — ker A — k*""1 @V — W, — 0

and fits in diagram (9) for n =2m + 1

CA

(53) 0 ker A k@ vV Wa 0

o

0~— ker A\/ - <k2m+1)\/ ® V\/ Cap WX 0.

Consider the composition

im 3 B
(54) jg,A : km+1 QV (_+>1 km+1 QVak"oV S k2m+1 QV cA WA‘
Under these notations Theorem 4.2 can be reformulated in the following way:

(*) Assume m > 3 and let A be an arbitrary (2m + 1)-net from M1, . .. Then for a generic
isomorphism € : k¥t S k™t @ k™ one has
(55) ker ANE 0y (K™ @ V) = {0}.
Equivalently, je.a : K™ @V — Wy is an isomorphism.

Consider the direct sum decomposition corresponding to the isomorphism (51)

(56) €S @ KOV EKYW A @ S, Sami
and let
(57) &1 0 Somt1 = S,

52 . S2m+1 s (km)v ® (km+1>\/ ® /\QVv’
53 : SQm+1 - Sm
be projections onto summands. By definition, & (A) considered as a skew-symmetric homomor-
phism k™! @ V' — (k™™1)¥ @ V'V coincides with the composition
(58) a(A): K eV w, By )Y e VY.
This means that assertion (*) can be reformulated as:

(**) Assume m > 3 and let A be an arbitrary (2m+1)-net from M1, .. Then for a generic
isomorphism & in (51) the skew-symmetric homomorphism & (A) : k"' @V — (K™Yo VV
is invertible.

For A and ¢ from (**) we have the commutative diagram

(59)
A
km+1 ® v glf(\/ ) (km+1)\/ ® VV
y ixH'l
A
5l~ JeA |~ ~ jZA ~T§V
k2m+l ® \%4 A <k2m+1>\/ ® Vv
X CX
qA

Wi Wy,
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where £(A) is the matrix ( &(A) &(A) ) As je 4 in this diagram is invertible, the compo-
&(A)  &(A) ’
sition
1 .
Ge,A = Je.a©Ca0E 0
is well-defined, and we obtain a commutative diagram

&3(A)

(60) k" @V k™) @ VY
9¢ 9
£2(A)Y £2(4)
In particular,
(61) &3(A) = &(A)Y 0 &1(A) T 0 &(A).
For m > 1 let
Isomg, 41

be the set of all isomorphisms & in (51). Consider the open subset M1, ., of My, defined
in (17) and set

(62)  MIp41(€) :={A € MI,, | the skew — symmetric homomorphism &;(A) in (58)

is invertible}, & € Isomagy, 1.

The relation (61) together with (**) implies the following corollary of Theorem 4.2.

Theorem 5.1. Fom m > 3 the following statements hold.

(i) The sets MIopm1(§), & € Isomop 1, are dense open subsets of the set M1, . | constituting
1ts open cover.

(ii) For any & € Isomoyt1 and any A € MIsy,11(§) the relation (61) is true.

We will need below the following lemma.
Lemma 5.2. Let £ and A € MIy,.1(§) be as in Theorem 5.1 and set

(63) B:=&(A), C:=&(A).

Then the following statements hold.
(i) Consider a subbundle morphism

(64) agai=j¢ oagol: (K" @ k™) @ Ops(—1) = k™" @V © Ops.
Then there exists an eptmorphism
(65) Aea:coker(Boaga) - (K™Y @ Ops(1).
making commutative the diagram
(66) (k™) @ VV ® Ops —— coker(B o ag 4)
x J/AM
(k™ 1)Y @ Ops (1),

where can 1s a canonical surjection.
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(11) Consider the commutative diagram
(67)
km ® O]}DS(—l)

T Boa
00— (k™! @ k™) @ Ops(—1) e (k™Y @ VY @ Ops —> coker(B o ag p) —= 0

Iim+1 TEE,A

m+1 _ Bou m1\V v voB~ !y mt1 _
00—k ® Ops(—1) ——— (k") @ VY ®@ Ops —=k ® Tps(—1) —=0

JTg,A
k™ ® p3(—1),

where T¢ 4 and € 4 are the induced morphisms. Then the morphism ¢ 4 1s a subbundle morphism
fitting in a commutative diagram

(68) (karl)\/ ® vv ® OIP’3 Uﬂ km+1 ® TIP’3(_1)

TC’ou (ngA
K™ @ Ops(—1) ——— k™ © Ops(—1).

Jloxazameavcmeo. (i) Consider the commutative diagram
(69)

K2t @ O(—1) Wi® O “ WY eOo e (K2 @ O(1)

ET: j&AT: :ing :ig\/
v

@g,A

(km+1 D km) ® O(—l) S (km+1) QV®O i (karl)\/ ® 174% ® O %e,A (km+1 ey km)v ® O(].)

. v
Tm41 b4
A |

k™ @ O(-1) (k™Y @ O(1)

aA

Here the upper triple is the monad (11) for n = 2m + 1. Whence the statement (i) follows.
(ii) Standard diagram chasing using (63) and diagrams (59) and (67). O

5.2. Remarks on t’Hooft instantons.
Consider the set

L =A{[E] € Limq | R°(E(1)) # 0},

of t’Hooft instanton bundles and the corresponding set of t’Hooft instanton nets
MISWHH-I = 7;1(15g+1)-

We collect some well-known facts about It | in the following lemma - see [BT], [NT], |T2,
Prop. 2.2].

Lemma 5.3. Let m > 1. Then the following statements hold.
(i) It .| is an irreducible (10m + 9)-dimensional subvariety of Iomi1. Respectively, MISE |
is an irreducible (4m? + 14m + 10)-dimensional subvariety of Ioy, 1.

) ptHx . TtH / - tH
(i) 1575, = Iy N 15, s a smooth dense open subset of 15, ., and

(70) W(EQ) =1, [E]€ k.
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(i) MILE .| is a smooth dense open subset of the set
2m+-2
(71) THypyq :={A € Sopi1|A = Z h? ® w, where h € (K*™ )Y, w € A*VY, wAw = 0}.
i=1
We are going to extend the statement of Theorem 5.1 to the cases m = 1 and 2. To this end,
for m = 1,2 and £ € Isomgy,, 1 consider the sets M I, 1(§) defined in (62) and set

(72) MIL = U MIyy(6), m=12

Eelsomam+1

For m > 1 let & € Isomy,,4; be the standard isomorphism k™! @ k™ -~ km*!

((al, ceny am+1), (am+2, ceey &2m+1)) = (CLl, ceey a2m+1). Let {hl = (1, 0, ceey 0), ceny h2m+1(07 ceny 0, ].)
be the standard basis in (k*"*1)¥ and let ey, ..., e, be some fixed basis in V. Consider the nets
Aimy € THypyr, m = 1,2, defined as follows

(73) Ay =hi® (e1 Nea+e3Nes) +hs @ (er Aes+eq Aes),
A(Q) :h%@(61/\624—63/\64)4—}1%@(61/\€3+€4/\62)+h§®(€1/\64—|—62/\63).
It is an exercise to show that the homomorphisms
§Am) K" oV — (k") e VY, m=12,

are invertible. On the other hand, for a given ¢ € Isomg,, 1 the condition that a homomorphism
&(A) k" @V — (k™T)Y @ VV is invertible is an open condition on the net A € T Happy1.
Hence, since the sets M1, ,, m = 1,2, are irreducible, Lemma 5.3 yields the following corol-
lary.

Corollary 5.4. Let 1 <m < 2.
(i) For m = 1,2 the set M1, is a dense open subset of M1, and of M Iy, and the

m

statement of Theorem 5.1 extends to the cases m = 1 and 2, with M1, ., being substituted by
Mjélm+1'
(ii) Let m > 1. The set
MItH** o Mjégj_l, m > 3,
amtl MIgTr%Fl N MlénHlfkl’ m = 17 27

is a dense open subset of MIH* | and of MIY | covered by dense open subsets
(74) M Iy (§) = M N Mopia(€), € € Isomapyr.
Note that (18), Theorem 5.1 and Corollary 5.4 yield

Corollary 5.5. Let m > 1. Then for any § € Isomg,, 1 the scheme (M Iop11(§))rea is dense
open in (Ml 1)rea- In particular,

(75) dim M Iy 1 (€) = dim Mo, 1.

5.3. Invertible nets of quadrics from S,,,; and symplectic rank-(2m + 2) bundles.
Introduce more notations. Set

(76) Npy1:={B €Sy | B: kK" @V — (k™)Y @ V' is an invertible homomorphism}.

The set NV,,.1 is a dense open subset of the vector space S,, 11, and it is easy to see that for
any B € N, the following conditions are satisfied.

(1) The morphism B : k™ @ Ops(—1) — (k™™)V @ Qpa(1) induced by the homomorphism
B : k™M @V — (k™™)Y @ VY is a subbundle morphism, i.e.

(77) Eom+2(B) := coker(B)
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is a vector bundle of rank 2m + 2 ma P3. This follows from the diagram
(78)

(2) The homomorphism B : k™! — (k™"1)V@ A2V induced by B : k™' @V — (k™)
is injective. This follows from the commutative diagram extending the upper horizontal triple
in (78)

(79) 0 0

0 —> k™ @ Ops —2 (K1) @ A2VY ® Ops —> HO(Eap2(B)(1)) ® Ops — 0

w ev

0 —= k™ @ Ops (k™) @ Qps (2) = Fomi2(B)(1)

0 07

where w is the morphism induced by the morphism v from the Euler exact sequence in (78).
From this diagram we obtain the isomorphism

(80) coker(*B) ~ H%(Ey,42(B)(1)).
(3) Diagram (78) and the Five-Lemma yield an isomorphism
(81) 0 : E2m+2(B) :> EQerQ(B)V

which is in fact symplectic,

v = —0,
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since the homomorphism B : k" @ V' — (k)Y @ V'V is skew-symmetric. The isomorphism 6
together with the upper triple from (78) and its dual fits in the commutative diagram

(82) 0 0
0 —= k™ @ Ops(—1) —2— (k™ 1)V @ Qps (1) — B 2(B) 0
vV eVol
0——>=km"!® Ops(—1) _Bou_ (km—H)\/ QVY Q@ Ops km+1 @ Tps(—1) — 0
uV BY
(km+1)v ® Ops(l) I (karl)v ® Op3(1)
0 0.

Note that this diagram immediately implies that
(83) h?(Eamia(B)) = h'(Eapmia(B)(=2)) =0, i>0.

Let £ and A € MI5,,1(€) be as in Theorem 5.1 for m > 3, respectively, in Corollary 5.4 for
m = 1,2. Then the homomorphism B : k"' @V — (k™) @ V" defined in (63) by definition
lies in V,,11. Hence by Lemma 5.2 diagrams (66) and (66) hold. These diagrams together with
(82) imply BY o 7¢ 4 = 0, so that there exists a morphism

(84) pea K" @ O(=1) = Eapia(B)

such that 7¢ 4 = €' 060 o pg 4. Since 7¢ 4 is a subbundle morphism, p¢ 4 is also a subbundle
morphism. Moreover, diagrams (68) and (82) yield the commutative diagram

(85) (K™H)Y @ Qps(1 B i2(B)
\"‘ ® O(— / Vol
/ \
k" )WV e Ve o k™ @ Tpa(—1).

Diagrams (82) and (85) yield the commutative diagram

(86) k™ ® (’) km“) RVVeO
2m+2 QIF’3
D¢ ZlH levoeoe ~ | p-1
o ya(B) V"= Tpa (—1)
PZA v
/ oV \
(km)\/ ® 0(1) — km+1 ® Vv ® O,

C\/
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where D¢ :=CY o B o C =" o (CY o B oC)ouis the zero map. In fact, by (61) and (63)
we have D¢ = po(&3(A)), where py : A2((K")Y @ VV) — A*(k™)Y @ S?VV is the projection onto
the second direct summand of the decomposition (8). Since by (57) &;(A) lies in the first direct
summand of (8) it follows that Do = 0. We thus obtain the monad

BopY
(87) 0— K" ® O(~1) %4 Bypia(B) —5' (K™)¥ © O(1) — 0
with the cohomology sheaf
(55) Ba(&, A) i= ker(0 0 pY )/ T pe.s

which is a vector bundle since p¢ 4 is a subbundle morphism. Furthermore, by (83) it follows
from the monad (87) that Ey(, A) is a (2m + 1)-instanton,

(89) [EQ(gv A)] € ]2m+1-
Lemma 5.6. Fy(¢, A) ~ E(A), where the sheaf E(A) is defined in (12).
Jloxazamenvcmeo. Diagram chasing using (59), (60), (67)-(69), (78)-(79) and (82). O

6. SCHEME X,,,. AN ISOMORPHISM BETWEEN X,, AND AN OPEN SUBSET OF THE SPACE
M]2m+1

6.1. Space X,,. Consider the vector space S,,.1, respectively, its dual space S, ., and set

(90) (Sy,)’:={B€S).|D:k"™)@V'¥—-Kk"'®V is an invertible homomorphism},

(91) 3,41 = Hom(k™, (K™)Y @ A2VY)

According to our convention on notations we will understand an arbitrary point C' € 3,1
either as a homomorphism

C:k"@V— k") eV,
or as a homomorphism
]icv N VLN (km+1>\/ ® /\2vv7
or as an induced morphism
C: kK" ®0(-1) — (K™Y @ Q(1).

Note also that the set (S),,,)° is a dense open subset of the vector space Sy, ;.
Consider the set

(92)
( (i) (C¥oDoC :k"®V — (k)" V) eS,,
¥ m+1 m (DTL0)ou 4 my1yv v
(77) the map (k™ k™) @0 — (k™) VY® O(1)
is a subbundle morphism,
X = (D,C) € (SVi1)° X S (iii) the composition C' : k™ st (k™Y @ A2VY 5

a subbundle morphism
K™ © Ops(—1) "2 Eypia(D ),

L is locally free

(K™Y @ A2V /Tm(PD 1) ~ HO(Eypio(D1)(1)) vields

i.e. pp ¢ is surjective and Ey(D, C) := Ker(*pp,c)/ Im(pp,c)
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By definition X, is a locally closed subset of (S),,;)° x 3,,11. Hence it is naturally supplied
with the structure of a reduced scheme.
Note that in the condition (iii) of the definition of X,, we set ‘ppc := 0 o p},,, where

0 : Eomia(D™') = EY, . ,(D7') is a natural symplectic structure on Eopio(D ') defined in
(81).

Theorem 6.1. Let m > 1 and let & be as in Theorem 5.1 and Corollary 5.4.
(i) There is an isomorphism of reduced schemes

(93) f: (MIo1(8))rea = X A (E(A) 71, &(4)).
(ii) The inverse isomorphism is given by the formula
(94) Gm: X = (MIypy1(E))rea : (D,C)— (D7, C, C¥VoDo().!

Jlokasameavcmso. (i) We first show that the image of the map f,, : (MIzpmi1(§))rea —
(Sy1)? x Xin ) lies in Xy, ie. satisfies the conditions (i)-(iii) in the definition of X,.
Indeed, the condition (i) is automatically satisfied, since (57) and (61) give C¥ o D o C' =
&(A)Y 0 &(A) o &(A) = &(A) € S2(k™)Y @ A*VVY. Next, the morphism pp ¢ defined in (iii)
above coincides by its definition with the morphism p; 4 defined in (84). In fact, the upper
triangle of the diagram (85) twisted by O(1) and the lower part of the diagram (79) in which

we put
(95) B=D""!

(note that D is invertible) fit in the diagram
(96)

0— Kkt @ 0 2 (k)Y ®/\2VV®O H? (E2m+2(D‘1)(1))®0H0

0—-k""®0 (k™ )Y & Eymi2(D~1)(1)

0,

where the composition C = can o C is defined in the condition (iii) of the definition of X,.
Whence

(97) PD,C = Pe,A-

Since pe¢ 4 is a subbundle morphism, the condition (iii) is satisfied and, moreover, C is a sub-
bundle morphism as well. Thus, the lower part of the diagram (96) shows that the morphism
(D1, C) : (K" @k™) @O — (k™) @Q(2) is a subbundle morphism. Hence its composition
with the subbundle morphism v" : (k™) @ Q(2) — (k™*)V @V ® O(1) is a subbundle mor-
phism as well. By definition, this composition coincides with (D=1, C') o u. Hence the condition
(ii) in the definition of X, is satisfied.

This shows that f,((MIopnmi1(€))rea) lies in X,,. Last, the equality g, o f,, = id follows
directly from (57) and (61).

(ii) We first prove that the image of the map

(98) Gm : Xon — Somi1: (D,C)— (D7', C, CVoDoC)?
M% the decomposition (56) fixed by the choice of &.

2We identify here the triple (D~', C, CY oD o(C) with a point in S?(k?”+1)V @ A2V via the decomposition
(56).
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lies in (M I5,11(€))rea- In fact, the subbundle morphism A := (D7}, C)ou : (k" k™0 —
(k™) @ VYV ® O(1) and its dual extend to the right and left exact sequence

99) 00— K™ &k™) ®0(-1) 3 k™) @ VY e 05" k™! e k™) @ O(1) — 0.
D! C

CY CVoDoC )
Since the condition (i) is satisfied, under the direct sum decomposition (56) this matrix A can

be treated an element of Ss,, 1. Hence u¥ o Aowu = 0, i.e. (99) is a monad. Show that its
cohomology bundle

Furthermore, by definition AYoDoA = uYo Aou, where A is the matrix

E(D,C) :=ker(AY o D)/Im A
is an (2m + 1)-instanton, this giving the desired inclusion ¢(X,,) C (M Izp41(&))req- For this,
consider the diagram (67) in which we substitute Boag 4 by A, respectively, B by D!, denote

G := coker A, and change the notation for 7. 4 and e 4, respectively, to 7p ¢ and €p ¢
(100)

k™ ® O]ps(—l)
0—= (k™! & k™) @ Ops(—1) 2> (kK1) @ VY @ Ops 2 G 0

'm+1 T€D7C

0—— km+ ®LP3(1) DT (emt )Y @ VY @ Ops 222 k™ @ Tpa(—1) —= 0

Clm,c

In these notations the diagram (82) becomes the display of the antiselfdual monad

(101) 0= k" ®0(-1) "= k™) o VY @ 0% (k™Y @ O(1) — 0
with the symplectic cohomology sheaf Es,, o(D™1):

(102) Eomio(D™Y) = ker(u")/Im(D ™" o u).

Moreover, as in (84) and (85) we obtain a subbundle morphism

(103) ppc KM@ O(—1) — Egpya(D7Y)

such that

(104) Tpc =€ 000 ppc,

where 0 : Eypyo(D™) = Egpio(D™') is a symplectic structure on Eay,yo(D ™). Besides, as in
(83) we have

(105) B (Eamya(D™)) = W(Eames(D)(=2)) =0, i > 0.

Furthermore, as before, the antiselfdual monads (99) and (101) imply the (antiselfdual) monad
(87)

QopY.
(106) 0= k™ ®O(=1) 25 Eynia(DY) -2 (k™) @ O(1) — 0
with the cohomology sheaf E(D, (),
(107) E(D,C) =ker(8 o p}y.o)/ Tm(pp.c).

Now (105) and (106) yield h°(E(D,C)) = h'(E(D,C)(-2)) =0, i >0, ie. E(D,C) is an
(2m + 1)-instanton.
Thus Im g,,, C I;11(€). The fact that f,, o g,, = id follows directly from (93) and (94). O
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7. VARIETY Z,,
7.1. Scheme Z,,. Set
(108) A, = A2k @S2V, @, = Hom(k™, (k™)V) ® AV,
and consider the set

Om(D,¢) :=¢"0oDog k" @V —
(109) Zp =1 (D,9) €8S x®, | — (k™) ® V" satisfies the condition
On(D,¢) € Sy,

(Here, as in (90), we understand a point D € S}, as a homomorphism (k") @ VY — k™ @ V.)
Consider the standard decomposition

A"V oVY)=S8,,® A,
with the induced projections
Sm = AH((K™)Y @ VY) 5 A,
We have a morphism h,, : S,, X ®,, — A, : (A, &m) — pra(©O(An, ¢)). By the definition
Z,, we have
(110) Zm = h10).

Convention: If Z,, is nonempty, we supply Z,, with a scheme structure of a scheme-theoretic
fibre i, 1(0) of the morphism h,,,.
Assume that

(111) Zy £ 0.

Then from the definition of Z,, we obtain the estimate for the dimension of Z,, at each point
2 E Ly

(112) dim, Z,, = dim h,;' (0) > dim(S,, x ®,,) — dim A*(k™)" ® S*V" =
= 3m(m + 1) + 6m* — bm(m — 1) = 4m(m + 2).
Consider the open dense subset ®° = {¢ € ®,,[%¢ : k™ — (k™) ® A2VV) is injective} of
&, and set
(113)
7= {(D,6) € Zu 1 (S5)° x B, | Im(g) N Im(H(D1) - K — (k)Y & A2VY) = {0} }

The set Z! is by definition an open subset in Z,,.
Assume Z! # (). Pick a point z = (D, ¢) € Z! and set

Wi = (k™) @ A2VY/Im(*(D7Y)),  dim Wi, = 5m.

Let i(z) be the composition in the diagram

(114) m
T

(D71 can
0 —= k™ — (k™) @ AN*VY —= W5,, —= 0

The lower horizontal triple in (114) yields the diagram

“D! can
(115) 00— k" ® Ops ) (k™)Y @ A2VY @ Ops —— W, T Ops — 0
.

0—km™® O]PJS (km)\/ X Qp3(2) o Egm(D_1>(1) —— 0,
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where Es,,(D™!) is a symplectic bundle (see (81)). From this diagram we deduce the equalities
(116) B (B, (D 1)(=2)) =0, >0,

and the isomorphism

(117) RO (ev) : Wiy — HY(Eop(D7Y)), i>0,

Moreover, the diagrams (114) and (115) define the composition

(118) i K" Ops(—1) W5, @ Ops(=1) 2 By (DY),

Note that from the definition of the set Z,, it follows that
(119) Yi,oi, =0,

where ', := iy o and 0 : FE,,((D7')) = Ey,((D™1))Y is the symplectic structure on

Esn((D™1)) mentioned above, i.e. we have an antiselfdual complex

(120) 0— k™ ® Ops(—1) 2 Eyn(DY) 5 (k™) @ Ops(1) — 0.

( Warning: this complex is not right exact.)
Twisting the sequence (118) by Ops(1) and passing to sections, we obtain in view of
Furthermore, the standard embedding

(121) Gk s K™ (ag, o 1) > (a1, e, G, 0)

and the morphism 7, from (118) define the composition

(122) G K™ ® Ops(—1) B K™ ® Ops(—1) 2 Epp(D™V)

7.2. Varieties Z* and N!E ..
Assume, as above, that Z/ # () and set

(123) Zf, ={z=(D,¢) € Z! | j. : K" ' ®@Ops(—1) — Fy,,(D') is a subbundle morphism}.

By definition, Z* is an open subset of Z/ . hence also of Z,,. If Z* # 0, then for any point
z = (D, ¢) € Z* we obtain from (119) that *j, o j, = 0, where *j, := j¥ 0 6. Thus j, defines a
monad

t

(124) 0— k™ 1@ Ops(—1) 2 By (D) 5 (K™ 1) ® Opa(1) — 0,
and in view of (116) the cohomology sheaf of this monad is an instanton bundle
(125) Ey(2) := Ker("j.)/ Im(j.), [Ex(2)] € I(2m — 1).
Consider the subvariety It | C I5,,_; of t’Hooft instanton bundles
Loy = {[E] € Ly | K°(E(1)) # 0}

Lemma 7.1. Assume Z* # (. Then for any z = (D, ¢) € Z*, the bundle Ey(z) is a t’Hooft
instanton bundle, i.e. [Fy(z)] € It2 .

Proof. Consider the complexes (120) and (124) and set
Hy =k ' ®@Ops(—1), H, :=k™® Ops(—1), K, :=cokerj,, K, = cokeri,.
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The complexes (120) and (124) are antiselfdual, hence they extend to a commutative diagram
(126)

Exf2) <% Ops(—1)

Hy, v - E2m(D_1) K1

Hyr—"> Eyn(D) K,
/ EE s
Ops(—1)
t ~y
Hpy o Hy o
7Y y

H) / HY

opga/ ow/

in which «, 3,7,6 and 7 are the induced morphisms. In this diagram we have o a = 0 and
jYovyo B =4. Hence § o« = 0. This implies that « factors through the morphism 7, i.e. there
exists an injection s : Ops(—1) — Fs(z) such that a = 7 o s. This injection s is a nonzero
section s € H(Fy(z)(1)). Hence Ey(2) is a t’Hooft bundle. O

We will show that Z¥ is an irreducible variety of dimension 4m(m+ 2), hence it is nonempty.
For this, fix an isomorphism

~

(127) 0 D S

and consider the variety MIL?  (£) defined in (74). Take an arbitrary point A € M I (&).

The point A defines a point B = §;(A) and a monad 0 — k™' @ Ops(—1) e FEs,(B) e
(k™ 1)V @ Ops(1) — 0 with the cohomology bundle [Ey(A)] = ma,_1(A) (see subsection 5.3).
The display of this monad twisted by Ops(1) is

(128) Er(A

&

I><1>
K" ® Ops = By (B)(1) — > Ky (A)(1)
(km—l)\/ ®

Ops (2),

where K,,11(A) := coker p¢ 4.
Note that from (70) and the definition of M Tt | (€) it follows that h°(Ey(A)(1)) = 1. Hence,
passing to sections in the diagram (128) we obtain a well defined epimorphism
(129)
hO(e)

b(§, A) : HO(Eam(B)(1)) —= H(Kmi1(A)(1)) == H(Kmi1(A)(1))/HO(Ex(A)(1)) ~ k'™
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On the other hand, similar to (115) and (117) we obtain the exact triple

(130) 0— k™ 25 (k)Y @ A2y Y gog, (B)(1)) — 0.
Denote by ¢(A) the epimorphism (k™)¥ @ A2V — H°(Es,,(B)(1)) in this triple and set
(131) Vom (€, A) i= ¢(A) " (ker b(€, A)) =~ k™™,

Vora (€, A) := {v € Vam(€, A) | Span(Im (£ (A)7"), Im#(&(A)), ko) = Vam(€, A)},
(132) Vom(€) = {(A,0) | A€ MI37_1(€), v € Van(& A}

Here the projection Vi, (£) — MIH (£) : (A,v) — A is a k?™-bundle over M I | (£), hence
by Lemma 5.3 and Corollary 5.4 V5,,(€) is irreducible of dimension

(133) dim Va,,(€) = dim M L2 (&) 4+ 2m = 4m(m + 2).

Besides, V', (€, A) is a dense open subset of V5, (€, A) for each A € MILHE | (€),

dense open

(134) Vo (& A) Vo (§, A) = K™ .
Next, set IT,, := Hom(k™, (k™))" ® A?V) and
(135)

N (i) Span(Im#(&;(A)71), TmPg) = V3, (€, A),
N(EA) =S (k" @V = (k") @ V) €Il | (ii) ¢oj=E(A),
(iii) ¢ o (&1(A)7) 0 ¢ € Spy

(136) Nopm-1(&) = {(A,0) | A € MLy, ,(€), ¢ € N A)}.

Consider the standard decomposition k™ = k™ ! @ k, so that the injection j in (121) is
an embedding of the left direct summand of this decomposition. Then each monomorphism
(o : k™ — (k™)V @ A’VV) € N(& A) in view of the conditions (i)-(iii) of (135) is uniquely
determined by its restriction onto the right direct summand k of the standard decomposition,

Ol r k= Vo (& A) C (K™)Y @AV 1w
satisfying the conditions
Span(Im*(&(A)™Y), Im*¢) = Span(Im*(&(A)™Y), Im#(&(A)), kv) = Vo (€, A).
and
(&2(A4) + dlesv)” 0 (€1(A)7) 0 (&2(A) + Plksv) € Sim.

These conditions and the definition of V5, (£, A) mean that N (&, ) is a closed subset of Vi (£, A),
hence by (134) it is a locally closed subset of Vo, (£, A). As a result, we have

locally closed

(137) N1 (8) Vam (&) -

In particular,

(138) dim N (&) < dim Va,, (&) = 4m(m + 2).
Now consider the map

(139) T+ Nogu_1(&) = Zp: (A,9) = (D == &(A) 7, 9).

This map is well defined. In fact, take any point (A, ¢) € NI (€). Since A € MILH  (£), we
have D € (S),)°, so that the vector bundle Es,,(D™1!) is well-defined. Next, since ¢ o j = &(A)
(see condition (ii) in (135)), it follows from Theorem 6.1 that the morphism

J. K" @ O(—1) — Eyn(D7h)



MODULI OF MATHEMATICAL INSTANTON VECTOR BUNDLES WITH ODD ¢ ON PROJECTIVE SPACEr

for z = (D, ¢) coincides with the subbundle morphism p¢ 4 satisfying diagram (96). Note that
in view of (97) we can rewrite this also as

(140) J:=ppc, C=¢oj.

The diagram (96), in turn, implies that the condition Im(*D) N Im(*¢) = {0} is satisfied. This
together with the injectivity of j, and the condition (iii) in (135) precisely means that z € Z7,.

As a result, it follows that Z} and, respectively, Z,, is nonempty. Moreover, since Z7, is
supplied with the structure of a reduced scheme and N2 | (€) is smooth (hence reduced) it
follows that the map h,, given by formula (139) is a morphism of reduced schemes. Next,
consider the set

77 (&) ={z€ Z | z= (D, ¢) satisfies the condition (x)}
where
(D pofou: (K"Pk™ ) ®@0O(-1) — (k™) ® VY ® O is a subbundle morphism. ()

Since the condition (*) is open and Z*,(£) contains a subset h,,, (N2 (€)), it follows that Z* (£)
is a nonempty open subset of Z* .
Consider the map

(141)  An: Z3(6) = Somor s 2= (D,¢) = A:=E(D 7 g0 (¢0j) 0 Do(oj)).
Since (¢ o D o ¢) € S,,, by the definition of Z,,, it follows that
(142) (¢poj)oDo(poj)€Sp,

i.e. the map A, in (141) is well-defined. Moreover, since Z* (£) is a reduced scheme, the map
Am 18 a morphism of reduced schemes.

Theorem 7.2. Let m > 1 and £ be a fized isomorphism (127). Then Z' (&) is a smooth
irreducible variety of dimension 4m(m + 2) and there is an isomorphism of smooth varieties

(143> Vm - Z;(é) = Néan,1<§) : <D7¢> = (A>¢)7
where A is given by (141).

Proof. Consider the set X, ; defined in (92) and the morphism of reduced schemes
(144) M s Z(€) = X1 2= (D, 9) = (D, ¢ o).

This morphism is well-defined since (142), (*) and (140) are precisely the conditions (i), (ii)
and (iii) of the definition of X, ;. Next, comparing (94), (141) and (144) we obtain that
Am = Gm—1© Ny for m > 1. Whence Im \,,, C M I5,,_1(£). Moreover, for any point z = (D, ¢)
the diagram (126) defines a section s € Ey(A)(1) for A = \,,(2), so that [Ey(A)] € LH |
ie. A e MILH (€). Hence (A,¢) € NI (€), and the morphism v, in (143) is well-defined.
Comparing now (139) and (143), we obtain that h,, = v, i.e. v, is an isomorphism of reduced
schemes.

Next, since by definition Z* (§) is an open subset of Z,,, it follows from (112) that
dim Z7, (&) > 4m(m + 2). This together with (138) and the isomophism v,,, shows that

dim Z* (¢) = dim N2 (¢) = dim V5, (€) = 4m(m + 2).

Whence by (137) and the irreducibility and smoothness of V5,,(§) we obtain that Z (§) ~
NIH 1 (€) is a dense open subset of Va,,(€), so that Z* (€) is smooth and irreducible of dimension
4m(m + 2). O
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7.3. Irreducibility of Z,,.
Consider the standard isomorphism

(145) K" @k S K™ (a1, o, Q1) Q) > (A1, ey Q).
Under this isomorphism any homomorphism

(146) p: K"V — (kK" eVY, ¢eHomk™ (k")) @AV,
can be represented as a homomorphism

(147) kK" TRVekeV - kK" eVVek! oV,

l.e. as a matrix

(148) o= ().

where
(149) ¢; € Hom(k™ 1 (K" D)@ A VY =&, 1, o € ¥, ; = Hom(k" ', (k)") @ A*V",
x1 € B, := Hom(k, (k" 1)) @ A*V"Y, 0; € By := Hom(k, k") ® A*’VY = S,.
Respectively, a homomorphism
(150) D e SY, C Hom((k™)" @ VY, k™" ®V)
can be represented as a matrix
(151) D:(_lzllY Zi)
where
(152) D; €8S , CHom((k" ) VY K" aV),
a; € Hom((k)", k™ )@ A2V =¥ a; € Hom((k)", k) ® A’V = By.

From (148) and (151) it follows that the homomorphism
O(D,¢) :==¢"0Dog:k"®V — (k") @V, O(D,¢) N (K") &V,

can be represented as a matrix

©.(D
(153) 0(0.) = (DA D).
where
(154) ©1(D,¢) :==¢y oDyogy+¢f carothy —¢)) oa) o1+ oy o)y €
e A((k"H)Y @ VY) C Hom((K™" )Y @ VY k" @ V),
bi(D,$) == @) o Diox1+ ¢ oarob —p oaj oxy +¢y ca 06, €

€ Hom(k" '@ V. k'Y @ V"),
B1(D, ) :=x{oDioxi+x]oao0b —0oaoxi+60 oaob €By.
In these notations Z,,, can be described as

(155) Zu={00esixan | DG IET}

Let Z9 be any irreducible component of (Z,,),cq- Take an arbitrary point
(156) = (D7¢) = (D1,a17061;¢17X1>1/11791) S Zgn

and consider the morphism
(157) fm . Al — Zg1 Dt (tDl,tCLhtOél,qbl,txl,@/)l,tel).
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This morphism is well-defined in view of (152) and (154)-(155). We have

(158) fm(0) = (0,0,0, ¢1,0,71,0).
Consider the projection
(159) 7Tm:Zm—>B¥><Bg/><BX><B9:

(D1, a1, ar, @1, x1, 1, 01) = (a1, az, x1, 0h).
The equality (158) means that there is a scheme-theoretic inclusion

(160) 0#Y2 = (mn]22)71(0,0,0,0) C Y, :=7,.'(0,0,0,0),
where by (154)-(155) and (109)
(161) Yo = {<D1>¢17¢1) € S;/nf]_ X P X W,y \ ¢¥D1¢>1 € Smﬂ} =

= Zpm—1 X Wpy_1.
Now let (Z,,)rea = UZJ, be the decomposition of Z,, into irreducible components. The inclu-
J

sion (160) means that
(i) ZZ, NY,, # 0 for any irreducible component Z? of Z,,, and
(ii) set-theoreticlly Y;, = U(Y,,NZ? ), where the union is taken over all irreducible components
j

Z7 of Zy,.

We now proceed to the proof of the irreducibility of Z,, by increasing induction on m. For
m = 1 clearly A,, = 0, so that the equations {©;(Dy, ¢;) € S;} of Z; in A*((k})Y ® V) are
empty, i.e. scheme-theoretically we have

7y = N (kY@ V) ~K°
Thus Z; ~ AS is reduced and irreducible.

To perform the induction step, assume that Z,, 1 is an irreducible and reduced scheme given
by definition via the equations {¢{ o Dyo¢; € S,,_1} in SY, | X ®,, 1. Comparing this with
(161) we see that Y, = Z,,_1 x ¥, 1 is reduced and irreducible as a scheme-theoretic fibre
7,1(0,0,0,0). Hence the properties (i) and (ii) above clearly imply that

(a) (Zm)rea is irreducible and

(b) Z,, is generically reduced in the sense that

Nil(Zy) :=={x € (Zn)rea | Zm is not reduced at the point x}
is a proper closed subset of (Z,,)eq, 1-€.
(162) Nil(Z,) g (Zm)red-

On the other hand, by Theorem 7.2 (Z,,),eq contains an open subset Z* (&) of dimension
4m(m+2). This together with (110) and (112) implies that Z,, is a locally complete intersection
subscheme of dimension 4m(m+2) of the smooth variety SY, x ®,,,. Now we invoke the following
easy lemma from commutative algebra.

Lemma 7.3. Let X be a locally complete intersection subscheme of a smooth irreducible variety
such that

(a) Xyeq is irreducible and

(b) Nil(X) :={x € (X)ea | X is not reduced at z} g (X)red-

Then X is irreducible and reduced.

Applying this Lemma to X = Z,, we obtain that 7, is irreducible and reduced. Hence we
obtain the following result.

Theorem 7.4. Z,, is irreducible and reduced locally complete intersection scheme of dimension
dm(m + 2).
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8. IRREDUCIBILITY OF Iy,

In this section we give the proof of Theorem 1.1. Set
(163) X, :={(D,0) €8’ X1 | (CYoDoC:K"@V — (k™) @VY)€S,}.

The set X,, has a natural structure of a closed subscheme of Sy41 X X1 defined by the
equations

(164) CVoDoC €S,

Since (Sy,,1)° is a dense open subset of SY, | and the conditions (ii) and (iii) in the definition
(92) of X, are open and X, is nonempty (see Theorem 6.1) it follows immediately that X, is
a nonempty open subset of X,,,

open

(165) 04 X o (Xn)red.

Thus, to prove the irreducibility of X, it is enough to prove the irreducibility of Xon.
For this, consider the standard direct sum decomposition

Under this isomorphism any homomorphism

(166) C €3, =Hom(k™, (kK" VY, C:kK"®V — (k") e VY,
can be represented as a homomorphism
(167) C:k"eVaokeV - k")WeVY @& k/eVY,

l.e. as a matrix

(168) C— (3) ,

where
(169) ¢ € Hom(k™, (k™)) @ A*’VY = ®,,, ¢ € ¥,, := Hom(k™, (k)¥) @ A*V".

Respectively, any homomorphism D € (Sy,;)° C S*(k"™*) @ A*V =Sy, C Hom((k™")" @
VV. k™ @ V) can be represented as a matrix

Dy |\
(170) Dz(_;v M),
where
(171) Dy €8S Cc Hom((k™)" @ VY. k" @ V),

A € L, := Hom(k", k™) ® A’V, € M,, := Hom(k", k) ® A\*V.

From (168) and (170) it follows that the homomorphism
CVoDoC :K"®@V — (K")@VY, (CYoDoCeN((K")aVY),
can be represented as
(172) CVoDoC=¢"oDiogp+¢ oro) —pYoXogp+ 1" oo
Let X,, be the closure of ()Zm)red in S, 41 X Xpy1. and let X Y be any irreducible component
of X,,. By (168)-(171) we have
Sy X Xyt =S, X @, x ¥, X Ly, x My,

and we have well-defined projections

P Xon — Lin X My, (A, 00, A, 1) = (A, ).
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and
Don i= Pm| Xom : X — Ly X M.
Take an arbitrary point z = (Dy, ¢, %, A\, 1) € X" and consider the morphism
(173) fOr AN — X0t (A, ¢, t ).

(This morphism is well-defined by (172.) By definition, the point f°(0) = (0, ¢,,0,0) lies in
the fibre p,-1(0,0). Hence,

(174) p,1(0,0) N XY £ 0.

Now from (172) and the definition of X, it follows that

(175) p2(0,0) = {(D1,¢,9) €SY. x ®,, x ¥, | " 0 Ao €S,,}.
Comparing this with the definition (109) of Z,, we see that, set-theoretically,
(176) 7.5(0,0) "= p1(0,0) L Z,, x @,
Respectively, scheme-theoretically we have the inclusion of schemes

(177) 510,0) “E pr1(0,0) L 2« W,

Assume now that X, is not irreducible and let

(178) Xp=U_ X", r>2,

be its decomposition into irreducible components. In view of (174) each irreducible component
X' of X, has a nonempty intersection with p.-*(0,0). Hence, since r > 2, p;}(0,0) as a scheme-
theoretic fibre is either reducible or non-reduced. Hence by (176) and (177) Z,, x ¥,, is either
reducible or nonreduced. This, however, contradicts to Theorem 7.4. Thus X, is irreducible.

Moreover, Theorem 7.4 implies that the scheme-theoretic inclusion of fibres in (177) becomes
an isomorphism of reduced irreducible schemes

(179) p.1(0,0) "L p-1(0,0) L 7 x W,

In particular, p;'(0,0) is a reduced and irreducible scheme and, since X, is reduced, X, is
generically reduced. Furthermore, applying theorem on fibres of a morphism to the projection
D - Xm — Ly X My, and using (179) and Theorem 7.4, we obtain

(180) dim X,,, = dim X,,, < dimp'(0,0) + dim(L,, x M,,) = dim Z,, + dim ¥,,,+

+dim L,, 4+ dim M,,, = 4m(m + 2) + 6m + 6m + 6 = 4m?* + 20m + 6.

On the other hand, formula (15) for n = 2m + 1, equality (75), Theorem 6.1 and the open
inclusion (165) show that

(181) 4m? +20m +6 = (2m + 1) +8(2m + 1) — 3 < dim M Iy, = dim M Iy, 11(§) =

= dim X,,, = dim )Z'm.

Comparing (180) with (181) we see that all inequalities here are equalities. In particular, X,
is a (4m? + 20m + 6)-dimensional locally closed locally complete intersection subscheme of
Syi1 X Lmpr and (X,,)peq is irreducible as an open part of the irreducible scheme X,,. Hence
by Lemma 7.3 X,, is reduced and irreducible. It follows now from Corollary 5.5 and Theorem
6.1 that (M Iy, 41)req is irreducible of dimension 4m? +20m + 6 = n? +8n — 3 for n = 2m + 1,
i.e. the inequality (15) becomes the strict equality. This together with Theorem 3.1 implies that
MI5,,+4 is a locally complete intersection subscheme of the vector space Ss,,11. As a result, by
Lemma 7.3 M1y, is reduced. Since o1 @ Mgy — Iopmer @ A — [E(A)] is a principal
GL(k*" 1) /{+id}-bundle in the étale topology (see section 3), it follows that Iy, is reduced

and irreducible of dimension 16m+5 = 8n— 3 for n = 2m+1. This finishs the proof of Theorem
1.1.
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Remark 8.1. Note that Theorem on fibres of a morphism together with the fact that all
inequalities in (180) with (181) are equalities also implies that the projection X,, — Sy ., :
(D,C) + D is dominating. In view of Theorem 6.1 this is equivalent to the fact that that the
restriction onto M I, .1 of the linear projection So,,+1 — S,,+1 induced by a generic embedding
k™t s k?m 1 5 dominating.
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