MODULAR FORMS, SHIMURA SUMS AND ARITHMETIC OF QUADRATIC FIELDS G.V. Voskresenskaya

ABSTRACT

In this article we study Shimura sums related to modular forms with multiplicative coefficients which are products of Dedekind η−functions of various arguments. These modular forms are called multiplicative η−products. The author proves several families of identities involving Shimura sums. The type of identity obtained depends on the splitting of primes in certain imaginary quadratic number fields.

Key words: modular forms, Dedekind η−function, Shimura sums, quadratic fields.

1. Introduction.

In this article, we study the properties of multiplicative η−products. These modular forms are products of Dedekind η−functions of various arguments corresponding to partitions of the number 24 with multiplicative coefficients. They were discovered by D. Dummit, H. Kisilevsky, J. McKay in 1985 [1]. Also these functions can be completely described by the following conditions:

1. they are cusp forms of integral weight with characters; 2. they are eigenforms for all Hecke operators;

3. they have zeroes only in the cusps and every zero has the multiplicity 1. This fact was proved in [2]. The condition that the multiplicity is equal to 1 is essential.

These functions have been studied from various points of view in works [1] - [20].

Shimura sums have been used in investigations of relations between modular forms of integral and half-integral weights. Ken Ono in his article [3] has considered Shimura sums related to the multiplicative η−product η^2(8z)η(4z)η(2z)η^2(z). In this article we study Shimura sums related to other multiplicative η−products. The author proves several families of identities involving Shimura sums. The type of identity obtained depends on the splitting of primes in certain imaginary quadratic number fields.

We can express by Shimura sums the connections between coefficients of various modular forms. It is very useful because the calculation of coefficients of modular forms of weight 1 is easier then the calculation of coefficients of modular forms of weights greater then 1 . These expressions help to calculate the coefficients.

2. Multiplicative η−products.

Here we give the complete list of multiplicative η−products with weights, levels and characters.

The Dedekind η−function η(z) is defined by the formula

η(z) = q^{1/24} ∞∏ n=1 (1 − q^n), q = e^{2πiz},

z belongs to the upper complex half-plane.

Table 1.

f(z) k N χ(d) η(23z)η(z) 1 23

(_{−23} d ) η(22z)η(2z) 1 44

(_{−11} d ) η(21z)η(3z) 1 63

(_{−7} d ) η(20z)η(4z) 1 80

(_{−5} d ) η(18z)η(6z) 1 108

(_{−3} d ) η(16z)η(8z) 1 128

(_{−2} d ) η^2(12z) 1 144

(_{−1} d ) η^4(6z) 2 36 1 η^2(8z)η^2(4z) 2 32 1 η^2(10z)η^2(2z) 2 20 1 η(12z)η(6z)η(4z)η(2z) 2 24 1 η(15z)η(5z)η(3z)η(z) 2 15 1 η(14z)η(7z)η(2z)η(z) 2 14 1 η^2(9z)η^2(3z) 2 27 1 η^2(11z)η^2(z) 2 11 1 η^3(6z)η^3(2z) 3 12

(_{−3} d ) η^6(4z) 3 16

(_{−1} d ) η^2(8z)η(4z)η(2z)η^2(z) 3 8

(_{−2} d ) η^3(7z)η^3(z) 3 7

(_{−7} d ) η^2(6z)η^2(3z)η^2(2z)η^2(z) 4 6 1 η^4(5z)η^4(z) 4 5 1 η^8(3z) 4 9 1 η^4(4z)η^4(2z) 4 8 1 η^4(4z)η^2(2z)η^4(z) 5 4

(_{−1} d ) η^6(3z)η^6(z) 6 3 1 η^{12}(2z) 6 4 1 η^8(2z)η^8z) 8 2 1 η^{24}(z) 12 1 1

We add to this list two cusp forms of half-integral weight, η(24z), η^3(8z). Their coefficients are also multiplicative.

3. Shimura sums. Theorems Cipra and K. Ono.

Definition.

Let a(n) be an arithmetic function and c a positive integer. Then for m ≥ 1 the Shimura sum Sh(m, a, c) is defined by the formula:

Sh(m, a, c) =

m−1∑ j=1 a ( m^2 − j^2 c ) . If the argument of the function a(n) is fractional then its value is equal to 0. Let f(z) be a cusp form of integral weight k,

Θ(z) = 1 + 2 ∞∑ n=1 q^{n2} ,

F (z) = f(4z)Θ(z) = ∞∑ n=1 b(n)q^{n2} ∈ S_{k+} 1_2 (4N, χ).

Let t be a square-free positive integer. We define A_t(n) by the formal product: ∞∑ n=1 A_t(n)

n^s

= L(s − k + 1, χ^{(k)}_t ) ∞∑ m=1 b(tm^2) m^s .

Here χ^{(k)}_t (m) = χ(m)

(_{−1} m )_k (_t m ) is a Dirichlet character mod 4Nt, χ^{(k)}_1 (m) = χ(m)

(_{−1} m )_k . The image of F (z) under the Shimura lift is defined by the formula

S_t(F ) = ∞∑ n=1 A_t(n)q^n.

G.Shimura proved [4] that S_t(F ) ∈ S_{2k}(2N, χ^2) if k > 1, S_t(F ) ∈ M_{2k}(2N, χ^2) if k = 1. Theorem Cipra. Let

f(z) = ∞∑ n=1 a(n)q^n ∈ S_k(N, χ)

be an integral weight newform, and

F (z) = f(4z)Θ(z) = ∞∑ n=1 b(n)q^{n2} .

Then S_1(F ) = f^2(z) − 2^{k−1}χ(2)f^2(2z).

In this case A(n) = A_1(n) = ∑ d|n d^{k−1}χ^{(k)}_1 (d)b( n^2 d^2 ),

b(m^2) = a( m^2 4 ) + 2

m−1∑ j=1 a ( m^2 − j^2 4 ) = a( m^2 4 ) + 2Sh(m, a, 4).

This theorem was proved in [5].

Also we see that Sh(2n, a, 4) = Sh(n, a, 1). Theorem Ono.

If η^2(8z)η(4z)η(2z)η^2(z) = ∞∑ n=1 a(n)q^n ∈ S_3(8, χ),

then

1) If p is inert in K = Q( √ −2), then p = √ − Sh(4p, a, 4) 2 . 2) If p splits or ramifies in K = Q( √ −2), then p = √ a^2(p) +

Sh(4p, a, 4) 2 . This theorem was proved in [16]. In this case χ(2) = 0 and a(4) ≠ 0. This condition is essential. For many other multiplicative η−products if χ(2) ≠ 0 then a(2n) = 0, and we cannot use the similar arguments in our considerations. Also we cannot find the expressions for p from the Cipra theorem when the weight k = 1.

We shall study the Shimura sums related to some other multiplicative η−products without the Cipra theorem in the sections 4 and 5 and discuss the application of this theorem in the section 6.

4. The coefficients of multiplicative η−products and Shimura sums.

Here we prove the following Theorem 1.

If f(z) = ∞∑ n=1 a(n)q^n ∈ S_k(N, χ) is such a multiplicative η − product that

h(z) = f^2( z 2 ) = ∞∑ n=1 c(n)q^n ∈ S_{2k}(N) is also a multiplicative η − product then

c(p) = 2Sh(p, a, 1) + a^2(p); (4.1.) c(p^2) = 2Sh(p^2, a, 1) + 2χ(p)p^{k−1}Sh(p, a, 1) + a^2(p^2); (4.2.) p^{2k−1} = (2Sh(p, a, 1) + a^2(p))^2 − 2Sh(p^2, a, 1) − a^2(p^2) − 2χ(p)p^{k−1}Sh(p, a, 1) = (2Sh(p, a, 1) + a^2(p))^2 − 2Sh(p^2, a, 1) − a^2(p^2) − 2(a^2(p) − a(p^2))Sh(p, a, 1). (4.3.) Proof.

There are 13 pairs of such functions (f(z),h(z)). We point them out in the following table.

Table 2.

f(z) k N χ(p) h(z) η(22z)η(2z) 1 44

(_{−11} p ) η^2(11z)η^2(z) η(20z)η(4z) 1 80

(_{−5} p ) η^2(10z)η^2(2z) η(18z)η(6z) 1 108

(_{−3} p ) η^2(9z)η^2(3z) η(16z)η(8z) 1 128

(_{−2} p ) η^2(8z)η^2(4z) η^2(12z) 1 144

(_{−1} p ) η^4(6z) η^4(6z) 2 36 1 η^8(3z) η^2(8z)η^2(4z) 2 32 1 η^4(4z)η^4(2z) η^2(10z)η^2(2z) 2 20 1 η^4(5z)η^4(z) η(12z)η(6z)η(4z)η(2z) 2 24 1 η^2(6z)η^2(3z)η^2(2z)η^2(z) η^3(6z)η^3(2z) 3 12

(_{−3} p ) η^6(3z)η^6(z) η^6(4z) 3 16

(_{−1} p ) η^{12}(2z) η^4(4z)η^4(2z) 4 8 1 η^8(2z)η^8(z) η^{12}(2z) 6 4 1 η^{24}(z)

In all these cases a(2m) = 0, a(1) = 1. So we consider only a(n) for odd n in all our sums. Of course we mean that χ(2) = 0 in all these cases because levels N are even.

1) c(p) =

2p−1∑

j=1 a(j)a(2p − j) = 2

p−1∑ j=1 a(j)a(2p − j) + a^2(p) = [t = p − j] =

= 2 p−1∑ t=1 a(p − t)a(p + t) + a^2(p) = 2

p−1∑ t=1 a(p^2 − t^2) + a^2(p) = 2Sh(p, a, 1) + a^2(p).

If p − t and p + t are odd and 1 ≤ t ≤ p − 1 then d = gcd(p − t, p + t) = 1, because d| 2p. We use the multiplicativity of the coefficients a(n).

2) c(p^2) =

2p^2−1∑

j=1 a(j)a(2p^2 − j) = 2

p^2−1∑

j=1 a(j)a(2p − j) + a^2(p^2) =

= 2 p^2−1∑

j=1,j≠pl

a(j)a(2p^2 − j) + 2

p−1∑ l=1 a(pl)a(2p^2 − pl) + a^2(p^2) =

= 2 p^2−1∑

j=1,j≠pl

a(j)a(2p^2 − j) + 2a^2(p)

p−1∑ l=1 a(l)a(2p − l) + a^2(p^2) = [ t = p^2 − j ] =

= 2 p^2−1∑

t=1,(t,p)=1

a(p^2 − t)a(p^2 + t) + 2a^2(p)Sh(p, a, 1) + a^2(p).

2Sh(p^2, a, 1) = 2

p^2−1∑

t=1,(t,p)=1

a(p^4 − t^2) + 2

p−1∑ l=1 a(p^4 − p^2l^2) =

= 2 p^2−1∑

t=1,(t,p)=1

a(p^2 − t^2)a(p^2 + t^2) + 2a(p^2)

p−1∑ l=1 a(p^2 − l^2) =

= 2 p^2−1∑

t=1,(t,p)=1

a(p^2 − t)a(p^2 + t) + 2a(p^2)Sh(p, a, 1).

If p^2 − t and p^2 + t are odd and (t, p) = 1 then d = gcd(p^2 − t, p^2 + t) = 1, because d| 2p^2. We use the multiplicativity of the coefficients a(n). Comparing these two expressions we obtain:

c(p^2) = 2Sh(p^2, a, 1) + 2(a^2(p^2) − a(p^2))Sh(p, a, 1) + a^2(p^2). Multiplicative η−products are Hecke eigenforms and χ(p)p^{k−1} + a(p^2) = a^2(p). From this relation we have c(p^2) = 2Sh(p^2, a, 1) + 2χ(p)p^{k−1}Sh(p, a, 1) + a^2(p^2). 3) From the condition p^{2k−1} = c^2(p) − c(p^2) we obtain p^{2k−1} = (2Sh(p, a, 1) + a^2(p))^2 − 2Sh(p^2, a, 1) − a^2(p^2) − 2χ(p)p^{k−1}Sh(p, a, 1). In many cases we can simplify these basic expressions. Example 1.

f(z) = η(20z)η(4z), χ(p) =

(_{−5} p ) , χ(2) = 0, p = 7, k = 1.

χ(7) = 1, a(49) = 0, Sh(7, a, 1) = a(45) = 1, Sh(49, a, 1) = a(801) = a(9)a(89) = −2. Other summands are equal to 0.

In the expression (4.3.) in theorem 1 we have the values: 7 = 4 + 4 + 1 − 2 · 1. Corollary.

Let f(z) and h(z) be multiplicativeη−products and let K be a quadratic number field as given in Table 3. If p is inert in K then c(p) = 2Sh(p, a, 1).

Table 3.

f(z) h(z) K η(22z)η(2z) η^2(11z)η^2(z) Q( √ −11) η(20z)η(4z) η^2(10z)η^2(2z) Q( √ −5) η(18z)η(6z) η^2(9z)η^2(3z) Q( √ −3)) η(16z)η(8z) η^2(8z)η^2(4z) Q( √ −2) η^2(12z) η^4(6z) Q( √ −1) η^4(6z) η^8(3z) Q( √ −3) η^2(8z)η^2(4z) η^4(4z)η^4(2z) Q( √ −1) η^3(6z)η^3(2z) η^6(3z)η^6(z) Q( √ −3) η^6(4z) η^{12}(2z) Q( √ −1) Proof. We know [1] that in the cases we consider, if p is inert in K, then a(p) = 0.

The corollary follows from the formula (4.1.).

5. The arithmetic of quadratic fields and Shimura sums.

Theorem 2.

Let f(z) be η(18z)η(6z) = ∞∑ n=1 a(n)q^n ∈ S_1(108, χ).

1) If p is inert in K = Q( √ −3), then

p = −2Sh(p^2, a, 1) − 1.

2) If p splits in K = Q( √ −3), then

p = (2Sh(p, a, 1) + a^2(p))^2 − 2Sh(p^2, a, 1) − a^2(p^2) − 2Sh(p, a, 1).

In particular, if |a(p)| = 1, then

p = 4Sh^2(p, a, 1) − 2Sh(p^2, a, 1) + 2Sh(p, a, 1) + 1;

if |a(p)| = 2, then

p = 4Sh^2(p, a, 1) − 2Sh(p^2, a, 1) + 14Sh(p, a, 1) − 5.

Proof.

In this case we have

h(z) = η^2(9z)η^2(3z) = ∞∑ n=1 c(n)q^n ∈ S_2(27).

1) It is known [1] that if p is inert in Q( √ −3) then a(p) = 0, c(p) = 0, a^2(p^2) = 1.

We have 2Sh(p, a, 1) + a^2(p) = c(p). Hence, Sh(p, a, 1) = 0. From the formula (4.3.) we have p = −2Sh(p^2, a, 1) − 1.

2) In this case χ(p) = 1. From the relation χ(p)+a(p^2) = a^2(p) we obtain: if |a(p)| = 1 then a^2(p^2) = 0, and if |a(p)| = 2 then a^2(p^2) = 9. The formulas for p are obtained from (4.3).

Example 2. p= 7.

a(7) = −1, Sh(7, a, 1) = a(13) = −1, Sh(49, a, 1) = a(2257) + a(2077) + a(1825) + a(1501) + a(97) = = a(37)a(61) + a(31)a(67) + a(25)a(73) + a(19)a(79) + a(97) = 1 − 2 − 1 + 1 − 1 = −2. Other summands are equal to 0.

In the expression p = 4Sh^2(p, a, 1) − 2Sh(p^2, a, 1) + 2Sh(p, a, 1) + 1 in theorem 2 we have the values: 7 = 4 + 4 − 2 + 1.

p= 5.

Sh(25, a, 1) = a(19)a(31) + a(13)a(37) + a(7)a(43) = −2 + 1 − 2 = −3. Other summands are equal to 0.

In the expression p = −2Sh(p^2, a, 1) − 1 in theorem 2 we have the values: 5 = (−2) · (−3) − 1. Theorem 3.

Let f(z) be η^2(12z) = ∞∑ n=1 a(n)q^n ∈ S_1(144, χ).

1) If p is inert in K = Q( √ −3), then

p = −2Sh(p^2, a, 1) − 1.

2) If p splits in K = Q( √ −3), then p = l^2 + 3m^2, where (^l_3 ) l = Sh(p, a, 1) + 2.

p = (2Sh(p, a, 1) + a^2(p))^2 − 2Sh(p^2, a, 1) − a^2(p^2) − 2Sh(p, a, 1).

Proof.

In this case we have

h(z) = η^4(6z) = ∞∑ n=1 c(n)q^n ∈ S_2(36).

1) It is known [1] that if p is inert in Q( √ −3) then a(p) = 0, c(p) = 0, a^2(p^2) = 1.

We have 2Sh(p, a, 1) + a^2(p) = c(p). Hence, Sh(p, a, 1) = 0. From the formula (4.3.) we have p = −2Sh(p^2, a, 1) − 1.

2) From the known formula

η^4(6z) = ∞∑ l=1 (−1)^{l−1}( l 3 )lq^{l2} + ∞∑ l,m=1

(−1)^{l+m−1}( l 3 )lq^{l2+3m2} .

we see that

c(p) = { 2(^l_3 ) l, if p = l^2 + 3m^2. 0, otherwise.

If p ∼= 1(3) then |a(p)| = 2, and we obtain from the formula (4.1.) the relation (^l_3 ) l = Sh(p, a, 1) + 2.

The last formula in our theorem is proved as in the theorem 2. Example 3. p= 5.

Sh(25, a, 1) = a(1)a(49) + a(13)a(37) = 1 − 4 = −3. p = −2Sh(p^2, a, 1) − 1 = 5 = (−2) · (−3) − 1. p = 37.

37 = 5^2 + 3 · 2^2.

Sh(37, a, 1) = −7, and 5 = l = −Sh(37, a, 1) − 2 = 7 − 2. Theorem 4. Let us consider η^4(6z) = ∞∑ n=1 a(n)q^n ∈ S_2(36).

1) If p is inert in K = Q( √ −3), then

p^3 = −2Sh(p^2, a, 1) − a^2(p^2).

2) If p splits in K = Q( √ −3), then

p^3 = (2Sh(p, a, 1) + a^2(p))^2 − 2Sh(p^2, a, 1) − a^2(p^2) − 2(a^2(p) − a(p^2))Sh(p, a, 1).

Proof.

In this case we have

h(z) = η^8(3z) = ∞∑ n=1 c(n)q^n ∈ S_4(9).

1) It is known [1] that if p is inert in Q( √ −3) then a(p) = 0, c(p) = 0, a^2(p^2) = 1.

We have 2Sh(p, a, 1) + a^2(p) = c(p). Hence, Sh(p, a, 1) = 0. From the formula (4.3.) we have p = −2Sh(p^2, a, 1) − 1.

2) The formula for p^3 is obtained from (4.3) in case k = 2. Theorem 5.

Let f(z) be η(16z)η(8z) = ∞∑ n=1 a(n)q^n ∈ S_1(128, χ).

1) If p splits in Q( √ −1) and in Q( √ −2) then

p = 4Sh^2(p, a, 1) − 2Sh(p^2, a, 1) + 14Sh(p, a, 1) − 5.

2) If p is inert in Q( √ −1), then

p = −2Sh(p^2, a, 1) − 1.

3) If p splits in Q( √ −1), and p is inert in Q( √ −2), then

p = 4Sh^2(p, a, 1) − 2Sh(p^2, a, 1) + 2Sh(p, a, 1) − 1.

Proof.

The character χ(p) = (^{−2}_p ), p − odd, χ(2) = 0.

1) In this case χ(p) = 1, p ∼= 1(8). It can be proved by elementary methods that if a(p) ≠ 0 then |a(p)| = 2. From the relation χ(p) + a(p^2) = 4 we obtain a(p^2) = 3. The formula for p follows from (4.3.).

2) In this case p ∼= 3(8) and p ∼= 7(8). We see that a(p) = 0 and c(p) = 0 for such p. we obtain from (4.1.) Sh(p, a, 1) = 0 and from (4.3.) p = −2Sh(p^2, a, 1) − 1.

3) In this case p ∼= 5(8), χ(p) = −1. In this case a(p) = 0, a^2(p^2) = 1. The formula for p follows from (4.3.).

6. The application of the Cipra theorem.

For the modular forms listed in the table 1 χ(2) = 0 (N is even), a(2) = 0, c(2p) = A(4p).

Also we have Sh(2n, a, 4) = Sh(n, a, 1), Sh(4, a, 4) = Sh(2, a, 1) = a(3), c(2) = 2a(3). From the Cipra theorem we obtain:

A(4p) = a(4p^2)+χ(p)p^{k−1}a(4)+2p^{k−1}χ(p)Sh(4, a, 4)+2Sh(4p, a, 4) = c(2)c(p) = 2a(3)c(p).

We obtain the formula

a(3)χ(p)p^{k−1} = −Sh(2p, a, 1) + a(3)(c(p). (6.1.) For the functions η(20z)η(4z), η(18z)η(6z), η(16z)η(8z), η^2(12z), η^4(6z), η^2(8z)η^2(4z), η^6(4z) the coefficient a(3) = 0 and Sh(2p, a, 1) = 0.

For other six modular forms from the table 1 a(3) ≠ 0. In Table4, we give analogous results for five of them. The remaining form, η^3(6z)η^3(2z) , is considered in Theorem 5.

Table 4.

f(z) χ(p)p^{k−1} η(22z)η(2z) (^{−11}_p ) = Sh(2p, a, 1) + 2Sh(p, a, 1) + a^2(p) η^2(10z)η^2(2z) p =^1_2 · Sh(2p, a, 1) + 2Sh(p, a, 1) + a^2(p) η(12z)η(6z)η(4z)η(2z) p = Sh(2p, a, 1) + 2Sh(p, a, 1) + a^2(p) η^4(4z)η^4(2z) p^3 =^1_4 · Sh(2p, a, 1) + 2Sh(p, a, 1) + a^2(p) η^{12}(2z) p^5 =^1_{12} · Sh(2p, a, 1) + 2Sh(p, a, 1) + a^2(p)

Theorem 6.

If η^3(6z)η^3(2z) = ∞∑ n=1 a(n)q^n ∈ S_3(12, χ),

then 1) If p is inert in Q( √ −3), then p = √ − Sh(2p, a, 1) 3 − 2Sh(p, a, 1) .

2) If p splits in Q( √ −3), then p = √ Sh(2p, a, 1) 3 + 2Sh(p, a, 1) + a^2(p) .

In particular, 3|Sh(2p, a, 1). Proof.

We know [1] that a(p) = 0 if p is inert in Q( √ −3), a(3) = −3.

The theorem follows from the formulas (4.1.) and (6.1.). Example 4 . p = 5.

In this case χ(5) = −1, a(5) = 0, Sh(10, a, 1) = −93, Sh(5, a, 1) = 3. p = √ −^{Sh(2p,a,1)}_3 − 2Sh(p, a, 1) = 5 = √ −^{(−93)}_3 − 2 · 3.

p = 7.

In this case χ(7) = 1, a(7) = 2, Sh(14, a, 1) = 267, Sh(7, a, 1) = −22. p = √_{Sh(2p,a,1)}

3 + 2Sh(p, a, 1) + a^2(p) = 7 =

√_{267}

3 + 2 · (−22) + 4.

7. The relations between Shimura sums for different multiplicative η−products .

Proposition 1.

If f(z) = η(21z)η(3z) = ∞∑ n=1 a(n)q^n ∈ S_1(63, χ),

g(z) = η(16z)η(8z) = ∞∑ n=1 c(n)q^n ∈ S_1(128, χ),

h(z) = η(14z)η(7z)η(2z)η(z) = ∞∑ n=1 d(n)q^n ∈ S_2(14),

then

1) d(n) = ∑ 2j+l=3n

a(j)a(l) = ∑ 7j+l=8n

c(j)c(l),

2) d(p) = Sh(3p, a, 8) + χ(p) = Sh(4p, c, 7) + χ̃(p). In these sums j > 1, l > 1, p is prime. χ(p) = (^{−7}_p ), χ̃(p) = (^{−2}_p ), χ̃(2) = 0.

In particular, if (^{−7}_p ) = (^{−2}_p ), p > 2, then

Sh(3p, a, 8) = Sh(4p, c, 7).

Proof.

1) Let us consider

f(2z)f(z) = η(42z)η(6z)η(21z)η(3z) = ∞∑ n=1 u(n)q^n.

We have u(3n) = d(n); u(3n) = ∑ 2j+l=3n

a(j)a(l).

For p = 2 we calculate Sh(6, a, 8) = 0, Sh(8, c, 7) = −1, d(2) = −1, and d(p) = Sh(3p, a, 8) + χ(p) = Sh(4p, c, 7) + χ̃(p). In the case p > 2.

Sh(3p, a, 8) =

3p−1∑

t=1,(t,p)=1 a ( (3p)^2 − t^2 8 ) + a(p^2) = [t = 3p − 2l] =

= 3p−1 2∑ l=1,(l,p)=1 a ( (6p − l)(2l) 8 ) + a(p^2) =

= 3p−1 2∑ l=1,(l,p)=1 a ( (3p − l)l 2 ) + a(p^2) = 1 2 · ( 3p−1∑

l=1,(l,p)=1 a ( (3p − l)l 2 ) + 2a(p^2)) = 1 2 · ( 3p−1∑

l=1,(l,p)=1 a ( (3p − l)l 2 ) + 2a(p^2)) = 1 2 · ( 3p−1∑

l=1,(l,p)=1,l−odd a ( (3p − l)l 2 ) + 1 2 · ( 3p−1∑

l=1,(l,p)=1,l−even a ( (3p − l)l 2 ) + 2a(p^2)) = 1 2 · ( 3p−1∑

l=1,(l,p)=1,l−odd a ( (3p − l) 2 ) a(l)+ 1 2 · ( 3p−1∑

l=1,(l,p)=1,l−even

a(3p − l)a ( l 2 ) + 2a(p^2)) = 1 2 · (d(p) − a^2(p) + d(p) − a^2(p) + 2a(p^2)) = d(p) − χ(p).

We have d(p) = Sh(3p, a, 8) + χ(p). 2) Now let us consider

g(7z)g(z) = η(112z)η(56z)η(16z)η(8z) = ∞∑ n=1 v(n)q^n.

We have v(8n) = d(n); v(8n) = ∑ 7j+l=8n

c(j)c(l).

Sh(8p, c, 7) =

8p−1∑

t=1,(t,p)=1 c ( (4p)^2 − t^2 7 ) + c(p^2) = [t = 4p − l] =

= 8p−1∑

l=1,(l,p)=1 c ( (8p − l)l 8 ) + c(p^2) =

1 2 · ( 8p−1∑

l=1,(l,7p)=1 c ( (8p − l) 7 ) c(l) + 1 2 · ( 8p−1∑

l=1,(l,p)=1,7|l

c(8p − l)c ( l 7 ) + 2c(p^2)) = 1 2 · (d(p) − c^2(p) + d(p) − c^2(p) + 2c(p^2)) = d(p) − χ̃(p).

We have d(p) = Sh(8p, c, 7) + χ̃(p).

In the proof we use the the multiplicativity of the coefficients a(n) and c(n) and the properties: a(n) = 0 except n ∼= 1(3), c(n) = 0 except n ∼= 1(8). Example 5. p = 5.

χ(5) = −1, χ̃(5) = −1, d(5) = 0, Sh(15, a, 8) = a(7) + a(25) + a(28) = −1 + 1 + 1 = 1, Sh(20, c, 7) = c(25) = 1. d(5) = 0 = 1 − 1 = 1 − 1.

Analogously we can prove the following propositions. Proposition 2.

If f(z) = η(18z)η(6z) = ∞∑ n=1 a(n)q^n ∈ S_1(108, χ),

g(z) = η(16z)η(8z) = ∞∑ n=1 c(n)q^n ∈ S_1(128, χ̃),

h(z) = η(12z)η(6z)η(4z)η(z) = ∞∑ n=1 d(n)q^n ∈ S_2(12),

then 1) d(n) = ∑ 2j+l=3n

a(j)a(l) = ∑ 3j+l=4n

c(j)c(l),

2) d(p) = Sh(3p, a, 8) + χ(p) = Sh(2p, c, 3) + χ̃(p).

In these sums j > 1, l > 1, p is prime.

χ(p) = (^{−3}_p ), χ̃(p) = (^{−2}_p ) for p > 2; χ(2) = χ̃(2) = 0. In particular, if (^{−3}_p ) = (^{−2}_p ), p > 2, then

Sh(3p, a, 8) = Sh(2p, c, 3).

Example 6. p = 5.

χ(5) = −1, χ̃(5) = −1, d(5) = −2, Sh(15, a, 8) = a(7) + a(13) + a(25) = −1 − 1 + 1 = −1, Sh(10, c, 3) = c(17) + c(25) = −2 + 1 = −1. d(5) = −2 = −1 − 1 = −1 − 1.

Proposition 3.

If f(z) = η(20z)η(4z) = ∞∑ n=1 a(n)q^n ∈ S_1(80, χ),

g(z) = η(18z)η(6z) = ∞∑ n=1 c(n)q^n ∈ S_1(108, χ̃),

h(z) = η(15z)η(5z)η(3z)η(z) = ∞∑ n=1 d(n)q^n ∈ S_2(15),

then 1) d(n) = ∑ 3j+l=4n

a(j)a(l) = ∑ 5j+l=6n

c(j)c(l),

2) d(p) = Sh(2p, a, 3) + χ(p) = Sh(3p, c, 5) + χ̃(p). In these sums j > 1, l > 1, p is prime.

χ(p) = (^{−5}_p ), χ̃(p) = (^{−3}_p ) for p > 2; χ(2) = χ̃(2) = 0. In particular, if (^{−5}_p ) = (^{−3}_p ), p > 2, then

Sh(2p, a, 3) = Sh(3p, c, 5).

Example 7. p = 7.

χ(7) = 1, χ̃(7) = 1, d(7) = 0, Sh(14, a, 3) = a(9) + a(25) + a(49) = −1 + 1 − 1 = −1, Sh(21, c, 5) = c(37) = −1. d(7) = 0 = −1 + 1 = −1 + 1.

References

[1.] D. Dummit, H. Kisilevsky, J. McKay. Multiplicative products of η−functions. Contemp.Math. 45 (1985), 89-98.

[2.] G.V. Voskresenskaya. One special class of modular forms and group representations. Journal de Theorie des Nombres de Bordeaux. 11(1999), 247-262.

[3.] K.Ono. Shimura sums related to imaginary quadratic fields. Proc. Japan Acad . 70 (A)(1994), 146 - 151.

[4.] G.Shimura. On modular forms of half-integral weight. Ann. of Math. 97 (1973), 440-481.

[5.] B.Cipra. On the Shimura lift, apres Selberg. J.Number Theory. 32 (1989), 58-64. [6.] A.J.F.Biagioli. The construction of modular forms as products of transforms of the Dedekind eta-function. Acta arithm. LIV (1990), 274-300.

[7.] B. Gordon, S. Sinor. Multiplicative properties of η−products. Lecture Notes in Math. Springer-Verlag. 1395 (1989) , 173-200.

[8.] K.Harada. Another look at the Frame shapes of finite groups. J.Fac.Sci.Univ.Tokyo.Sect.IA.Math. 34 (1987), 491-512. [9.] T.Hiramatsu. Theory of automorphic forms of weight 1. Advanced Studies in Pure Math.13 (1988), 503-584.

[10.] N.Ishii. Cusp forms of weight one, quartic reciprocity and elliptic curves. Nagoya Math.J.98(1985), 117-137.

[11.] M.Koike. On McKay’s conjecture. Nagoya Math.J.95(1984), 85-89. [12.] T.Kondo. Examples of multiplicative η−products. Sci.Pap.Coll.Arts and Sci.Univ.Tokyo.

35(1986) , 133-149 .

[13.] Y. Martin . Multiplicative η−quotients. Trans. Amer. Math. Soc. 348 (1996), 4825-4856.

[14.] Y.Martin, K.Ono. Eta-quotients and elliptic curves. Proc. Amer.Math.Soc. 125 (1997) , 3169-3176.

[15.] G. Mason. Finite groups and Hecke operators. Math.Ann. 282 (1989), 381-409. [16.] G.Mason. M_{24} and certain automorphic forms. Contemp.Math.45(1985), 223- 244.

[17.] G.V. Voskresenskaya. Metacyclic groups and modular forms. Math.Notes.67 (2000), 18 -25.

[18.] G.V. Voskresenskaya. Multiplicative products of Dedekind η−functions and group representations. Math. Notes.73(2003), 482 - 495.

[19.] G.V. Voskresenskaya. On the problem of classification for groups associated with multiplicative η−products. Fun.and Appl. Math .10 (2004), 43 - 64.

[20.] G.V. Voskresenskaya. Multiplicative Dedekind η−functions and representations of finite groups. Journal de Theorie des Nombres de Bordeaux. 17 (2005), 359-380.

Information about the author

Name : Voskresenskaya Galina Valentinovna Work position: Samara State University, the chair of algebra and geometry , associate professor (docent).

Work address: 443011, Russia, Samara, acad.Pavlova street, house 1, room 406. tel. (846-2) 34-54-38 Home address : 443083, Russia, Samara, Gagarina street, house 124, flat 112. Tel.: (846) 261-28-36. e-mail: galvosk@mail.ru