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Programm der Mathematischen Arbeitstagung 1991 (I)

Freitag, den 14.6.1991

16.00 - 17.00 Uhr

Samstag, den 15.6.1991

10.15 - 11.15 Uhr

12.00 - 13.00 Uhr

17.00 - 18.00 Uhr

Sonntag, den 16.6.1991

16.15 - 11.15 Uhr
12.00 - 13.00 Uhr
16.15 - 16.45 Uhr
17.00 - 18.00 Uhr

Montag, den 17.6.1991

10.00 - 10.15 Uhr

10.15 = 11.15 UGhr

13.00 Uhr

S.K. DONALDSON (Oxford)
Glueing problems in Yang-Mills theory

T. SHIODA (Rikkyo U., z.Zt. MPI)
Mordell-Weil lattices: theory and applications

D. ZAGIER (MPI Bonn und U. Utrecht)
Polylogarithms

B. OLIVER (Aarhus)
Maps between classifying spaces of compact Lie
groups

Yu.I. MANIN (Steklov Moskau, z.Zt. MPI)
DeRham—complexes in non-commutative geometry

G. WUSTHOLZ (ETH Ziirich)
Faltings's proof of one of Lang's conjectures
(rational points on subvarieties of Abelian varieties)

H. HIRONAKA (Harvard)
Miscellanea Mathematica

J-P. SERRE (Collége de France Paris)
Galois cohomology: recent results and open questions

Festlegung der restlichen Vortrige

M. KONTSEVICH (Acad. Sci. Moskau, z.Zt. MPI)
Intersection theory on the moduli space of curves
and the matrix Airy function

Schiffsfahrt nach Andernach. Abfahrt um 13.00 Uhr
mit Motorschiff "Carmen Sylva', Ablegestelle
Alter Zoll. Riickkehr ca. 20.00 Uhr



Dienstag, den 18.6.1991

10.15 - 11.15 Uhr M. WODZICKI (UC Berkeley)
Excision in K-theory and proof of the Karoubi conjecture

12.00 - 13.00 Uhr R. MACPHERSON (M.I.T.)
Lefschetz numbers of Hecke correspondences

17.00 - 18.00 Uhr S. LANG (Yale University, z.Zt. MPI)
Degeneration of Riemann surfaces and
Jorgenson's proof of a conjecture of Deligne

Die Vortrige finden alle im "GroBen HGrsaal', WegelerstraBe 10, statt.

Erfrischungspausen mit Tee: Samstag, Sonntag und Diemstag 11.15 - 12.00 Uhr,
Samstag und Dienstag 16.15-17.00 Uhr, Sonntag 15.30 - 16.15 Uhr, jeweils
vor dem GroBen Horsaal.

Teilnehmerfisten und Informationen liegen vor dem GroBen Horsaal aus.
Alle Teilnehmer migen sich bitte in die Teilnehmerlisten eintragen.

PosXL liegt wdhrend der Teepausen aus.
Den Tagungsbeitnag bitte widhrend der Teepausen vor dem Grofien Hrsaal bezahlen.

~Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum
Empfang des Rekfors eingeladen. Zeit: Freitag, dem 14.6., 20.00 Uhr.
Ort: Festsaal der Universitidt, Hauptgebiude; Eingang von der StraBe
"Am Hof" durch das Tor gegeniiber Buchhandlung Bouvier.
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Programm der Mathematischen Arbeitstagung 1991 (II)

Mittwoch, den 19.6.1991

10.15 - 11.15 Uhr H. TSUJI (Tokyo Metropolitan U., z.Zt. MPI)
Report on Mori Theory

12.00 - 13.00 Uhr S. KLAINERMAN (Princeton U., z.Zt. SFB 256)
On non-linear stability of Minkowski space

17.00 - 18.00 Uhr C. BAR (Bonn)
On Killing spinors and exceptional holonomy groups

Donnerstag, den 20.6.1991

10.15 = 11.15 Uhr R. PINK (Bonn)
Deligne's conjecture on the Lefschetz trace formula
in positive characteristic is now a theorem

12.00 - 13.00 Uhr W. MULLER (Karl-Weierstraf-Institut, z.Zt. MPI)
Analytic Torsion for non-unitary representations
and Chern-Simons gauge theory

17.00 - 18.00 Uhr F. OORT (Utrecht)
Newton polygons and abelian varieties

Die Vortridge finden alle im "GroBen Hirnsaal", :Wegelerstrafie 10, statt.

Exgrischungspausen mit Tee: Mittwoch und Donnerstag, 11.15 - 12.00 Uhr
und 16.15 - 17.00 Uhr vor dem Grofen Hbrsaal.

Post liegt wihrend der Teepausen aus.
Indormationen liegen vor dem GroBen Hdrsaal aus.

Den Tagungsbeitrag bitte wihrend der Teepausen vor dem GroBen H&rsaal
bezahlen.






Teilnehmerliste

U. Abresch (Miinster)

S. Adian (Steklov Moskau)

P. Arias (MP])

H. Azad (z.Zt. MPI)

C. Bér (Bonn)

W. Ballmann (Bonn)

W. Barth (Erlangen)

G. Barthel (Konstanz)

S. Bauer (Go6ttingen)

H. Baum (Humboldt-U. Berlin)

H. Baumgirtel (KWI Berlin)

E. Bayer (Besangon)

A. Beauville (Paris-Sud)

H. Beckert (Leipzig)

K. Behnke (Hamburg)

M. Berger (.LH.E.S.)

T. Berger (MPI)

R. Berndt (Hamburg)

D. Blasius (UCLA)

S. Bacherer (Mannheim)

C.-F. Bddigheimer (Géttingen)

‘H.G. Bothe (KWI Berlin)

1.P. Bourguignon (Ecole Polytechnique
Palaiseau)

E. Brieskom (Bonn)

C. Brinkmann (Bonn)

V. Brinzanescu (Bukarest)

W.D. Brownawell (Penn. State U.)

A. Brownstein (Rutgers U.)

U. Bunke (Greifswald)

D. Burde (Bonn)

D. Burghelea (Ohio State U.)

J. Buth (MPI)

C. Byrne (Springer-Verlag)

E. Calabi (U. of Pennsylvania)

R. Carlsson (Hamburg)

F. Catanese (Pisa)

J.-T. Chang (Oklahoma State U.)

J. Christophersen (Oslo)

H. Cohen (z.Zt. MPI)

B. Colbois (Bonn)

V. Cossart (Paris VI)

D. Dais (Bonn)

A. Deitmar (z.Zt. MPI)

A. Dessai (Bonn)

A. Dimca (z.Zt. MPI)

P. Dombrowski (K&In)

S.K. Donaldson (Oxford)

A. Durfee (Mt.Holyoke College)
W. Ebeling (Hannover)

B. Eckmann (ETH Ziirich)

J. Eells (Warwick)

H. von Eitzen (Bonn)

D. Erle (Dortmund)

H. Esnault (Essen)

U. Everling (MPI)

C. Faber (z.Zt. MPI)

D. Feldhausen (Bonn)

J.-M. Feustel (KWI Berlin)

T. Fiedler (z.Zt. Gottingen)

B. Fischer (Humboldt-U. Berlin)
G. Fischer (Diisseldorf)

M. Flohr (Bonn)

R. Flume (Bonn)

H. Follmer (Bonn)

O. Fallinger (Humboldt-U. Berlin)
M. Fontaine (MPI)

J. Franke (z.Zt. MPI)

E. Friedman (z.Zt. MPI)

R. Friedrich (Bonn)

T. Friedrich (Humboldt-U. Berlin)
M. Furushima (Okinawa)

H. Gangl (MPI)

L. Geatti (Sassari)

T. Geisser (Miinster)

W. Gerdes (Brandeis U.)

L. Gdttsche (MPI)

H. Gotze (Springer-Verlag)

M. Goresky (Northeastern U.)
H. Grauert (Gottingen)

G.-M. Greuel (Kaiserslautern)
V. Gritsenko (LOMI Leningrad)
F. Grunewald (Bonn)

R. Gulliver (U. of Minnesota)
K. Haberland (Jena)

I. Hambleton (z.Zt. MPI)

U. Hamenstédt (Bonn)

H. Hamm (Miinster)



G. Harder (Bonn)

Y. Hayashi (Bonn)

J. Heinze (Springer-Verlag)
H.-W. Henn (Heidelberg)

M. Hennes (MPI)

G. Henniart (Paris XI)

M. Herrmann (K6ln)

C. Hertling (Bonn)

P. Hertling (Bonn)

S. Hildebrandt (Bonn)

T. Hintermann (Birkhduser Verlag Basel)
F. Hirzebruch (MPI)

H. Hironaka (Harvard)

E. Hironaka (z.Zt. MPI)

T. Hofer (MPT)

G. H6hn (Bonn)

W. Hoffmann (KWI Berlin)
R.-P. Holzapfel (KWI Berlin)
Bizhong Hu (z.Zt. MPI)

G. Huber

B. Hunt (Kaiserslautern)

D. Husemoller (Haverford College)
D. Huybrechts (z.Zt. MPT)
E. Hyry (Helsinki)

H.-C. Im Hof (Basel)

J. Jahnel (Jena)

U. Jannsen (K&In)

A. Juhl (KWI Berlin)

B. Juhl-Jéricke (KWI Berlin)
R. Jung (MPI)

F. Karsten (KWI Berlin)

B. Kahn (Paris VII)

U. Kaiser (Siegen)

T. Kakolewski (MP])

H. Karcher (Bonn)

M. Karpinski (Bonn)

C. Kassel (StraBburg)

A. Katsuda (Grenoble)

R. Kellerhals (Bonn)

Hoil Kim (Bayreuth)

G. Kings (Miinster)

S. Klainerman (Princeton U.)
I.R. Klein (Siegen)

W. Kleinert (Humboldt-U. Berlin)
M. Klingholz (Bonn)

A.A. Klyachko (z.Zt. MPI)

K. Knapp (Wuppertal)

H. Knérrer (ETH Ziirich)
R. Kobayashi (z.Zt. MPI)
S. Kobayashi (UC Berkeley)
H. Koch (z.Zt. Bonn)

K. Kohler (Paris-Sud)

P. Koepke (Bonn)

W. Kohnen (MPI)

M. Kontsevich (z.Zt. MPI)
K. Kopfermann (Hannover)
J. Korbas (Bratislawa)

L. Kosarew (Ziirich)

U. Koschorke (Siegen)

A. Kostrikin (U. Moskau)
D. Kotschick (Cambridge)
J. Kramer (ETH Ziirich)
M. Kreck (z.Zt. MPI)

H. Kriete (Bochum)

R. Kiithnau (Halle)

W. Kiihnel (Duisburg)

W. Kiinzel

N.H. Kuiper (.LH.E.S.)

H. Kurke (Humboldt-U. Berlin)

K. Lamotke (K&In)

S. Lang (z.Zt. MPI)

Le Van Thanh (z.Zt. MPI)
R. Lee (Yale U)

M. Lehn (Bonn)

I. Leiterer (Humboldt-U. Berlin)

L. Lemaire (Briissel)

L. Lieb (Bonn)

F. Lorenz (Miinster)

M. Liibke (Leiden)

M. Liidde (Bonn)

R. MacPherson (M.I.T.)
H. Maennel (MPI)

Yu. Manin (z.Zt. MPI)
G. Masbaum (Nantes)
D. Masser (z.Zt. MP])
S. Maurmann (MPT)
K.H. Mayer (Dortmund)
J. McKay (Montréal)

N. Mestrano (Toulouse)
W.T. Meyer (Miinster)
R.J. Milgram (Stanford U.)
A. Miller (Bonn)



M. Min-Oo (McMaster U.)
B.Z. Moroz (z.Zt. MPI)

W. Miiller (z.Zt. MPI)

A. Murase (z.Zt. MPI)

W. Nahm (Bonn)

H.-J. Nastold (Miinster)
K.-H. Nech (Darmstadt)
K.-H. Neeb

J. Nekovir (Prag)

N. Netsvetaev (LOMI Leningrad)
W.D. Neumann (z.Zt. MPI)
K. Nomizu (z.Zt. Bonn)

S. Ochanine (z.Zt. MPT)

J. O'Hara (Tokyo Metropolitan)
C. Okonek (Bonn)

B. Oliver (Aarhus)

R. Olivier (Bonn)

F. Oort (Utrecht)

P. Orlik (U. of Wisconsin)

R. Palais (Brandeis)

S. Parmentier (z.Zt. MPI)

K. Peters (Bonn)

Vu Quoc Phong (z.Zt. MPT)
R. Piene (Oslo) |

R. Pink (Bonn)

V. Platonov (z.Zt. MPI)

J. Podgor (Wroclaw)

K. Polthier (Bonn)

H. Popp (Mannheim)

V. Puppe (Konstanz)

M. Puschnigg (Heidelberg)
H.-B. Rademacher (Bonn)

A. Recknagel (MPI)

M. Reid (Warwick)

R. Remmert (Miinster)

J.-E. Riedel (Bonn)

C. Richm (McMaster U.)
Shi-shyr Roan (z.Zt. MPI)
A. Robertson (Oxford)

J. Rohlfs (Eichstitt)

Yu. Rozanov (Steklov Moskau)
K. Rozanova (z.Zt. Bonn)
Yongbin Ruan (UC Berkeley)
M. Saito (z.Zt. MPY)

J.H. Sampson (Johns Hopkins)
P. Schapira (Paris-Nord)

N. Schappacher (MPI)

P. Schenzel (Halle)

E. Schiavi (Trento)

G. Schmalz (KWI Berlin)

U. Schmickler-Hirzebruch
(Springer-Verlag)

C. Schoen (z.Zt. MPI)

R. Schén (Heidelberg)

W. Schomburg (Bochum)

R. Schoof (Trento)

M. Schroeter (Miinster)

B.-W. Schulze (KWI Berlin)

S. Seifarth (KWI Berlin)

W.K. Seiler (Mannheim)

U. Semmelmann (Humboldt-U. Berlin)

I-P. Serre (Collége de France)
S. Shatz (U. of Pennsylvania)
T. Shioda (z.Zt. MPI)

0. Sick (Bonn)

D. Siersma (Utrecht)

S. Sigg (Bonn)

C.T. Simpson (z.Zt.Toulouse)
P. Slodowy (Hamburg)

B. Smyth (U. of Notre Dame)
W. Soergel (z.Zt. MPY)

T.A. Springer (Utrecht)

K. Stein (Miinchen)

B. Steinert (Bonn)

L. Stoyanov (z.Zt. Darmstadt)
I. Strooker (Utrecht)

U. Stuhier (Wuppertal)
Wing-wah Sung (z.Zt. MPI)
M. Teicher (Bar-Ilan U.)

T. Terasoma (Mannheim)
Chuu-Lian Temg (Northeastern U.)
C. Thomas (Cambridge)

F. Thomas (Humboldt-U. Berlin)
G. Trautmann (Kaiserslautern)
I. Tschinkel (z.Zt. MPT)

H. Tsuji (z.Zt. MPI)

A. Van de Ven (Leiden)

R. Vamhagen (Bonn)

B. Venkov (z.Zt. MPI)

E. Viehweg (Essen)

W. Vogel (Halle)

H. Voskuil (z.Zt. MPI)



P. Vuillermot (z.Zt. MPI)
M. Waldschmidt (THP Paris)
M. Weber (Bonn)

Lin Weng (z.Zt. MPI)

C. Wenzel (Wuppertal)

D. Wigner (Paris VI)

F. Wiid (z.Zt. MP])

J. Wildeshaus (Miinster)

M. Wodzicki (UC Berkeley)
M. Wohlgemuth (Bonn)

M. Wollenberg (KWI Berlin)
J. Wood (Leeds)

G. Wiistholz (ETH Ziirich)
Gang Xiao (z.Zt. MPI)

M. Yoshida (Kyushu U.)

D. Zagier (MPI u. Utrecht)
M. Zaidenberg (z.Zt. MPI)
Yu. Zarhin (RCC Pushchino)
E. Zeidler (Leipzig)

E.W. Zink (KWI Berlin)

. Zobel (Bonn)

P. Zograf (LOMI Leningrad)
Kang Zuo (Kaiserslautern)
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Adresse: Max-Planck-Institut fiir Mathematik, Bonn

The mth polylogarithm function Lis,, defined for z € C, |z| < 1 by the power

series o n
le(z) - ~ E; ’

is a classical non-elementary function which was studied by such mathematicians as
Euler, Abel, Kummer, Lobachevsky and Ramanujan, and which has turned out in
recent years to be connected with many interesting questions in topology, hyperbolic
geometry, number theory, K-theory, and arithmetic algebraic geometry. For m =1, of
course, Li;(z) = —log(l — z) is simply the ordinary logarithm function developed in a
Taylor series around 1, while the functions of higher order are obtained by successive
integration: Lim(z) = f; 27! Lim-1(z)dz. This latter definition gives the analytic
continuation to all z in the cut plane C \ [0, oo} {(or more invariantly, to the universal
cover of C\ {0, 1} = P}(C)\ {0, 1, co}). For every natural number N, Lin(z) satisfies
the distribution relation Lip,(zVN) = N™ '3 Li,(Cz) (sum over all Nth roots of unity
¢), and there is also a functional equation expressing Lin(z~!) in terms of Lin(z). The
latter equation can be used to compute Lin(z) for |z} 3> 1, while for z near the unit
circle (say 0.005 < |z] < 200) a convenient method of calculation is afforded by the

formula

.z = z" 1 1 g™t
Lin(e)= >, Gm=m) Ty = (L5404 mg ~ log(=2) gy
2 = (43 |
n¥gEm-—1

Besides the functional equations mentioned above, which hold for all orders m, the
polylogarithms of low orders are known to satisfy certain functional equations with a
far more interesting algebraic structure. It is this structure which makes the functions
so interesting and in particular which is responsible for the connections to algebraic
K-theory. In particular, the dilogarithm Li; satisfies a functional equation under z
1 — z which together with the functional equation with respect to z — 1/z already
mentioned gives it a 6-fold symmetry, and also satisfies a much more interesiing two-

variable equation

. . . 1—z ) : . 1-y
Liz(z) + Lia(y) + le(1 — :cy) + Lip(l — zy) + L;z(l — a:y)-_ e
where “.--” on the right is a certain combination of products of logarithms. The

functional equations become “clean” if we replace Li; by the Bloch- Wigner function
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D(z) = (Liz2(z) — |z| Lir(2)) : D(z) simply changes sign under z +— 1~z or z — 1/z,
and in the 5-term equation just written one can replace “---” by 0 if Li, is replaced
everywhere by D. This 5-term equation, which replaces the fundamental functional
equation Liy(z) + Lii(y) = Lii(z + y — zy) of the unilogarithm, has a beautiful inter-
pretation in terms of 3-dimensional hyperbolic geometry, as follows. Consider tetrahedra
in the 3-dimensional hyperbolic (Lobachevsky) space H;. Formulas of Lobachevsky im-
ply that the volume of any such tetrahedron can be expressed in closed form in terms
of values of the function D and in particular that the volume of an ideal tetrahedron A
(one with all its vertices at infinity, i.e. in the boundary P!(C) of H3) equals D(z(A)),
where z(A) is the cross-ratio of the four vertices of A (this is invariant under the action
of the isometry group PGL(2, C) of H; on dH; = P}(C)). The 6-fold symmetry of D(z)
now reflects the fact that four complex numbers have 6 different cross-ratios depending
on the order in which they are taken, and the 5-term two-variable equation expresses
the fact that the sum of the volumes of the 5 tetrahedra whose vertices are 4-subsets of
a set of 5 points in P!(C) vanishes (take the points to be 0, 1, 0o, z, and y).

Because any complete hyperbolic 3-manifold M, possibly after removing a set of
measure 0, can be triangulated by ideal tetrahedra A;, we can express the volume of
M as a finite sum of values D(z;), z; = z{A;). This is of interest because the set
of volumes of complete hyperbolic 3-manifolds is known by rigidity theorems to be a
countable set and we would like to know this “volume spectrum,” but not yet a very
useful statement because the set of sums } D(z;) with complex arguments z; is clearly
equal to all of R. However, it follows from results of Dupont-Sah or of Neumann-Zagier
that the arguments z; of an arbitrary ideal triangulation of M satisfy the algebraic
relation

Z(Zi) A(l-z)=0, (*)

where the value (2) A (1 — z) is to be interpreted as an element of the exterior square
of the abelian group C*, written additively as a Z-module. As an example, an explicit
triangulation of the complement of the Jumst [opk

£

given by Thurston implies that this complement, which has a hyperbolic structure, has

2
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volume equal to 4D(a) + 2D(b), where a = u-_2-:_7 and b = ——l——t—:—?, and the two

identities ab = —1, 1 — b = (1 — a)?b imply 4(a) A (1 — a) + 2(b) A (1 = b) = 0. (Check
this!) It turns out that the set of sums ) D(z;) for collections of complex mumbers
{z:} satisfying (*) is countable, overcoming the objection made above. Moreover, by
restricting to the subset of arithmetic hyperbolic manifolds, the volumes of which are
known to be expressible as simple multiples of the value at s = 2 of the Dedekind
zeta functions of algebraic number fields, one obtains the theorem that the value of
Cr(2) for any number field F' can be ezpressed in terms of a finite number of values of
the function D(z) at algebraic arguments z. For instance, one can show that the link
complement above is a finite cover of the manifold H3/SL(2, O), where O = Z|a] is the
ring of integers of F = Q(/=7), and using this one shows that the value of (p(2) for
this particular number field is 272 /21/7 times the volume 4D(a) + 2D(b) of M.

The bulk of the talk was devoted to explaining the extensions of this last result
to higher m. There is a modification Pn(z) of the mth order polylogarithm Lim(z)
analogous to the modification D(z) of Liy(2), e.g., Ps(z) = R{ Lia(z) — log|z| Liz(2) +
llog® [2| Li1(2)), and one can formulate a rather precise form of the conjecture that
the value of (p(m) for any number field F' can be ezpressed as a finite combination of
values of P,(z) at arguments z belonging to F (in the various embeddings of F into
C). The key to the whole structure is the generalization to higher orders of the relation
(*), which tells us which combinations of arguments one should look at. The details of
the conjecture, as well as many examples, are given in my survey paper cited below,
and will not be repeated here. This leads to a description in terms of algebraic K-
theory (more precisely, in terms of the group Kz,—1(F)), the value of (p(m) entering
as the covolume of this K'-group considered as a lattice in Euclidean space via the Borel
regulator mapping. The conjecture is completely proved for m = 3 by Goncharov (MPI
preprint, 1990), while for higher m one at least knows that there is a map from an
appropriate “polylogarithm group” to K-theory such that the Borel regulator map is
expressed in terms of polylogarithms (Beilinson and Deligne, in preparation), so that
the only thing still needed for the conjecture is the surjectivity of this map, which can
be checked for any given F' and m by a finite calculation. The main ingredient needed
to extend Goncharov’s proof to higher m would be a full theory of functional equations,
but this is still missing. Kummer gave some functional equations for m = 3, 4, and 5 in
1840, and H. Gangl (Bonn) has found functional equations for m = 6 and 7 in the last
2 years, but for m > 3 one does not have a complete set of functional equations and for

3
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m > 7 no non-trivial functional equation is known at all.

The talk closed with a brief discussion of a generalization of the polylogarithm to
elliptic curves, due to Bloch, Levin, and Beilinson; we do not describe this here.

L. Lewin, Polylogarithms and Associated Functions, North Holland 1981

D. Zagier, Polylogarithms, Dedekind zeta functions, and the algebraic K -theory of fields,
in Arithmetic Algebraic Geometry (eds. G. van der Geer, F. Oort, J. Steenbrink), Prog.
in Math. 89, Birkhauser, Boston 1991, pp. 391430. :
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Lot C Lo an abibrary C*algebra amd 5= JC(H) donole
the C'-algthra of compact qeralrs o the stemdard separably,
- dimensional  Willert space . There exisls o wigue w
equiralence C*agera mom o M(C) :=y M, (c) edlen-
ing the dom m C . The ‘mduad compltion M(C) 4 4
C*-algehe  wemerphic o CEX  dore & domotes the opakia
tonsor product  of C*-wlgebnus. |

Thearem 1 ( “Karoubi s C;ﬁwmw’). K, (c8x) = Kf”(e),

Even:y C *'w%e[?m C 44;(29{;& %he comndilim C= C2 whick
suffiont ﬁm" He m GL( C) L & q,wl«si-—lbeyrﬁcf . In
?wr'fziml,a/r the opace  BGL €)" et

Theorem 2. BGL(05K)+ and BGL%(C) are &mﬁp}
Eq’w:vafla/m{i .

The prodf of the above thesrems elics in am - ossombicl way
m. the excisim properly of the algebraic K-thoory fmclor o the
cdl'feg,arﬁ mg C*—a,(g@‘n’d-é and @ some ea/r'(wr vark ,{ G.KMFMUV
and N Higaam.

\ e
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et A b o 2sided el n o unital ving R and
GL (R/A) = Image (GL(R)"=GL(R/A)) . The group extonsion
{ — GL(A)—> GL(R) — GL (R/A)—1
induos  the  map of (Remotopy) Fibrations

BGL(A) —— BGL(R) B BGL (R/A)

R A |
¥ »l 1« + (B )+ \I/
F(R,A) ——B6L (R)T—L1, BT (rpa)*

wrhere F(R A) s the homalopy fibre of (Bp)".
Def. Ki( R A):= a. F(R A) ;{7/1':).

K (A= K (K A) | ivt whoe A= ZKA

The  cbuows  morphism (A A) — (R,A)  indwces the

™ ex: F(A A) —F(RA)  (defined w to « homolapy)
which  will be called He excision map .

Def. A nng A satisfies excision a[g_drmi,c K- theory i
the LXCLSLOM, Map  ex i@éﬂ.@[, dove U a ﬁmnotﬂ Cq,“bva«[zm
fr any wnital T{nﬁ R contaiming A an o 2-sided deal .

HO‘FROLOM Mtd,lmti Recall Huat o Mﬁ A iy sud bk H-M
(= homdogically wnital) i the Bar complax

mels —1®@m

B,(A) = | A Aa A« AR AQ A -

14 Lm—'aofcﬁo s t.e, B*(A)QV —rvma.f,m atcgc&:c for ang-
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abelian group V (m donotes the maltiplication map),
see [4] .

Theorem 3. let A=A®ZQ,Hum, the j'ouowmg conditions are

e,q,u}.va,lmuf :

(a) A satiofies excsion wn algebraic K-theory ;

(b) the map r\o“ : BGL (A) — F(RA) u o homology equi-
vabnee fr wemy R DA

©) the map ™M 1 BELIA)— F(X A) o homology
E,q’uifd.[bnd; | _

() GL(R) achs tmvially o H, (GL(A);Z) for awmy ROA;

(¢) GL(Z) acts 'tn‘,ui,d,u.:j o H_ (GL(A)).Z)}.

(f) the natwal inclusions
/GL(A)\

GL(A) GL (A)
i3

where GL(A) := G.L(A)xA@w and ﬁ(A)=A mGL(Ag

are fwmoeogj qﬂvafwnm;
(3) A sdtisfies excision im cyclic homology of Z - algebras;

(R) A © H-wnital .

More gexwal reswlts  are Proveal. n [3].
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Universally flat rings. A wing A G said & be lft

wiversally flat i fr every wnital ing S cmbuining A
s o left idal this ideal i flaet as an S-modale .
Right univerally flat rings are defined similarly.

lommo.. A ring A s Houital if it i citfor kft o, ight,
wnlvmwuﬁ flat and »L'bs_adab‘.f:i,ve group (A)+) 14 Torstondess

The 'F"u"“"'""j tan theorema ?Tom{z, LML TOUb @xmnflma‘é UnL ver-
sally flat  rings,

Theorem 4. AWl cloed left ideals in an arbifrary C*-algebm are
left universally flat. '

Theorem 5. 1) Al 2 -sided  (not mzcmda,ﬂ:[g closed. ) M}mm
arbilrary  von Newmamm, aigeérm e flat both s lsz and

as right ideals ;
2) 4 i left wniverelly flat <] s right universally flat
¢ ¢
1 H-wnital = }___’}2

(j.fu.\ o 2-sided ieal in o von Newmann mlga[rm_,)

Corollary . Al closed  (ome-sided) idoals im s ¥ alpbea
‘Mit,sf\d, exclsion. M alg,eémic, K“fhwrg




Autor: Marusz Wodzicki . Seite: 5

H ighzf index  invarants

Lok = UYL, donohs b ring of padodifferonticl

med
G'P?/r'afl'ofs d.o":om} i sections of < vedor bundle E m « cArsed
-m:fou, X and Lt S fe He carreéptth,M q,uoﬁznf

g o (complete) m% T £ 7 ke
assoctdtes o a Poeuio&ﬂémfwi Jpora,'b-r 773 comffda ﬁmLo{

Theorem, 6. Ther e/xié{:

(a) a.mwvmal ('Cmdfllfe/ndgaﬁdefE) gmlzl

b functorial |
() fum,cafo &Mm'm’rpk'“m Fx' I*__)K*(YX,E)-

cand ke K, (Sx.a) — I
such that e has the following exact tr&mg& :

Remark. I*=K*(ﬂﬂ) where s 15 Hhe fing 4 m}na[(d

—————

decaying complox -valued  matrices («5) sup IeL,_J[(n+J)<
for al NCR ; I =Z,I=c'()

00
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The  zoroth compoment  index K4<SX,E) —7Z s the
stondard  index of an (almet invertible) prudodifferertial
apmbr,

Karmubi's  construction of regulatirs gives mimercal
imvariants K pey (Sx,s) —> €* | meZ,  arkich should
be the subiect of 4 grorabmtion of the Abiyah, - Singer
Index Thooom % Y Wigher algbraic K—theory of He ring
o symbols.

 The excision theorem. 3 above 4 a jant work with Ande
SM,“‘"#'
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All of the work described here is joint with Mark Goresky, and some of it is joint with
Giinter Harder and with Bob Kottwitz,

Recall the definition of a locally symmetric space. For every point z in a Riemannian
manifold X there is a “reflection” map o defined on points y close enocugh to z: if £ is the
shortest geodesic from z to y, then o(y)is the point on £ the same distance from z in the
opposite direction.

X

The Riemannian manifold X is a locally symmetric space if, for all ¢ € X, the reflection
map is an isometry.

We will call the locally symmetric space X arithmetic if it is complete, has negative cur-
vature, has finite volume, and has the followmg property: the group I' of deck transformations
X — X of the simply connected covering space X of X is an arithmetic subgroup of the group
Aut(X) of Riemannian automorphisms of X. (By results of Margulis, this last requirement
is automatic in most cases.)

A morphism of locally symmetric spaces is a local isometry. A Hecke correspondence
on an arithmetic locally symmetric space X is another arithmetic locally symmetric space C
equipped with two morphisms s,¢ : C — X, called the source map and the target map. A
Hecke correspondence acts on differential forms on X by the formula C*w = s.t*w (where
the Gysin map s. is defined since s will be a finite covering projection; it just adds the forms
on each of the sheets). By this formula, C' induces a self-map, also notated C* and called a
Hecke operator, on either the cohomology H*(X) of X or on the Ly cohomology H(z)( ) of
X. (Whenever we speak of L, cohomology, we assume that X is Hermitian, so that it is finite
dimensional.)

PROBLEM: Study the actio'n of Hecke operators C* on H*(X) or H(‘Q)(X).
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EXAMPLE
Let X;(n) be the space whose points are configurations consisting of a lattice L in R |

together with a surjection L — (Z/1)*, called a marking. Two such configurations are consid-
ered equivalent if they differ by a rotation or a homothety (multiplication by a positive real
number). For example, this is a configuration for X5(2): o o

/0 o/ ) Yy /29 a‘/ / .0
a .0 / 7 0o ” 00 / / o'o
/0 Y, 1o 0 /o 0! 10
0.0 [ .I 0.0 ] .; 0‘0 P ; 0.0
o ot 10 o /0 y /o

If { > 3, X;(n) is nonsingular, and it is naturally an arithmetic locally symmetric space.
For any prime p not dividing I, let T,;' be the space whose points are configurations L and
L — (Z/H)™ as above, together with a sublattice L’ C L such that the abelian group L/L’
is isomorphic to (Z/p)* (again modulo rotations and homotheties). For example, this is a

configuration for T :

) 20 g/ /10

i

L=

‘0 Y /0 or iy o/ o
- - ” - -
¢ . - . . . -
/0 o/ /0 o/ /0 o/ 70

" Then T? is a Hecke _ébfrgln—c;ﬂde_ﬁég on X;(~n) whose source map s forgets the subiét;:icé
L completefy, and whose target map ¢ erases everything in L but L’ and takes the restricted

marking.
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JUSTIFICATION
Why should we care about Hecke operators? The answer is that it is expected that
interesting number theoretic information should be encoded in them. Consider the following
example: The space .X4(1) consists of two points ar and 3, represented by the following marked
lattices:

e s e e == —— e m.

o ] 2 3 ] / 2 3 (o) i Z 3
(o] 3 2 / © 3 2 ! o 3 2 /

Let J be the one dimensional subspace of H'{X4(1)) generated by 1 on a and —1 on 3.
For any odd prime p, the correspondence T is actually a functior from X4(1) to itself.

Exercise. Show that (T;)" takes J into iiself, and that it is the ldentlty if and only if
thedpr;me p sphits totally in the Gaussian integers Z @ Zi (if and only if p is congruent to 1
mod 4

Class field theory says that the splitting of a prime p in an extension of the rationals with
an abelian Galois group is always governed by the action of (Tl) on some subspace J of the
cohomology of X;(1) for some I. Langlands philosophy suggests that for any extension of the
rationals, the splitting of a prime p should be governed by the action of the set of operators
(T3)" on some subspace J of the cohomology, or Lo cohomology, of X;(n) for some ! and n.

LEFSCHETZ NUMBERS AND COMPACTIFICATIONS.

The actual calculation of Hecke operators C™ is probably hopeless; even the calculation
of H*(X;(3)) on a supercomputer is beyond our abilities for reasonable {. However, as usual,
alternating sums of cohomology groups are easier to deal with. Define the Lefschetz numbers
L(C) = E(~1)'trace C* : H(X) — H'(X) and L2(C) = S(~1) trace C* : H(X) —
HEZ)(.X). We modify our question to ask for the computation of these Lefschetz numbers.
The fixed point set of a correspondence s,t : CZ X is {c € C|s(¢) =t(c)}. Let K denote
a connected component of the fixed point set. Then a Lefschetz Fixed Point Theorem says
that there exist locally defined numbers L{K) so that L(C) = }_ ;- L{K), and likewise for L,
cohomology. However our spaces .X are not compact, and no Lefschetz fixed point theorem is
valid for noncompact spaces (as is shown by the map R — R sending z to z + 1, which has
an empty fixed point set but a nonzero Lefschetz number).

Compactifying X is a much studied subject, and several compactifications with different
desirable properties have been defined. However, I know of no compactification that is both
nonsingular and admits extensions of the Hecke correspondances. Therefore, we are forced to
develop Lefschetz fixed point theory for singular varieties.

LEFSCHETZ FIXED POINT THEORY

There are Lefschetz fixed point theorems for singular spaces due to Dold (for ordinary
cohomology) and Grothendieck-1llusie (for sheaf cohomology). However, what is wanted is a
computable formula for the contributions L(K).
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Let 5,t:C " X be a correspondence. A fixed point component K is called wf:akly hyperbqlw
if there is a map (p1,p2) : U — R2% x R2%, where U is a neighborhood of s(K) = t(K), w1tg
the following two properties: 1. (py,p2)~'(0,0) = K and 2. Near K, pys(c) < pit(c) an

2 > i(c).
P-S(C'I)‘h_e Iiztl(ﬂzion behind this definition is that the expanding direcﬁ.icrnsi mus>t0be m:gped to
the z-axis and the contracting directions must be mapped to the y-axis in R=% x R=°, Take
a small box B and and its edge F as in the following picture:

THEOREM [GM1] (Lefschetz fixed point formula)

L{K) = 3 (=1) trace C* : H'((p1, p2)™"B, (p1, p2) " E) — (H*((p1, p2) B, (P1,p2)" ' E)

This same formula works for sheaf cohomology as well. Another (overlapping) fixed point
formula has been proved by Kashiwara and Schipira.

THE REDUCTIVE BOREL-SERRE COM PACTIFICATION

Now, we return to our situation of an arithmetic locally symmetric space X. We work
with the Reductive Borel-Serre compactification .X. This is distinguished by being the
most natural compactification metrically, in the following sense: Suppose that two curves
% 1 [0,1) — X converge to limit points 7i(1) in X. Then (1) = 72(1) if and only if
lims_., dist (r(6,1), 72(6,1)) = 0.

With this compactification, we are in a position to apply the Lefschetz fixed point formula
for the following reasons:

THEOREM

1. The Hecke correspondance s, ¢ : CZ X extends canonically to a compactified Hecke
correspondance s,¢: C~ X.

2. The compactified Hecke correspondance s,¢t : C = X is weakly hyperbolic at each fixed
point component.

3. There exist (derived) sheaves on ¥ whose cohomology is H*(X) resp. Hip(X).
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Of these, the one that most deserves comment is 3. The fact that there is a sheaf on X
whose cohomology is H*(.X) is clear from Grothendieck’s formalism of sheaf theory. (This
would be true for any compactification.) The fact that there is a sheaf whose cohomology
is H(‘z)(X) is deep. By the Zucker conjecture, proved by Looijenga and Saper-Stern, the

cohomology of middle intersection homology sheaf IC* on X computes H (2)(X), where Xis
the Baily-Borel compactification of X. There is a canonical projection 7 : X — X.

THEOREM [GHM] )
There is a “weighted cohomology sheaf” WC*® on X so that Rr.WC* = IC®.

With these results in hand, it remains to carry out the explicit computation of the Lef-
schetz fixed point formula. This calculation is made possible by the fact that the singularities
of X are described by nilmanifolds, whose cohomology can be calculated by the Nomizu-Van
Est theorem and Kostant’s theorem. I will omit the calculation, which is in [GM2]. Analyt-
ic computations of the Lefschetz numbers of Hecke operators on Ls cohomology have been
carried out by Arthur, as part of his trace formula, and by Stern. The agreement of our
formula with Arthur’s formula is verified in [GKM]. It is interesting to note that Arthur’s
terms correspond to sums of terms L»(K). An analytic computation of the trace of Hecke
operators on ordinary cchomology has been carried out by Franke. Finally, I would like to
note that there is an intriguing similarity between our expression for the Lefschetz numbers
of Hecke operators and Pink’s formula for the Lefschetz numbers of Frobenius operators on
the characteristic p reduction of the same space.
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We start a purely algebraic version of a Deligne Riemann—Roch
theorem. Since the Arbeitstagung started with Riemann-Roch theorems in
1957, it is appropriate that it should end with Riemann-Roch theorems.

Let X be a compact Riemann surface. Then we have its canonical
sheaf PG . Let oe be a line sheaf on X. Then we have a line (one

dimensional vector space over the complex) defined by

N®) = det HORP) @ det H' (28)7 .

One defines a pairing between line sheaves by the formula

&My - Ao X&) '@ A e A .

There ensues a canonical Deligne isomorphism

A B O, Ryell gex > O

Following a philosophy started by Arakelov, therefan ongoing open ended
program in algebraic geometry to put "natural metrics on all sheaves, so
that the natural algebraic isomorphisms become -isometries, possibly up to a
constant factor. Essentially all of sheafy algebraic geometry is to be ex-—
] tended in this way. We must therefore dow deal with metrics. Suppose given:

‘a positive (1,1)=-form ,\L on X, which amounts to a metric on )(;
a metric f on .

These give rise to an Lz-hermitian product on Ho(f), namely we have the
hermitian product of two sections s, s' defined by

<S’St>ﬂf*’ = <s,s')P P

By Serre duality., for sections of H () one also geté a hermitian pro-

duct, .because [ 1 0. o —1 "
H 2) ¥ %@ '@ YO).
Thus we get what we call the Lz—metrics H 2 depending on r s I.l

We want more. Let A =A€. : ¢c® (f0) ~—eed c® (£) be the Laplacian,
with the sign chosen that it is a positive operator. We let. O4A1§)\2§-..
be the sequence of non-zero eigenvalues, and we define the (spectral) zeta

 function by the series o
-1
I () = 2 AT,

a k=1

which converges for Re(s) large. A theorem of Seeley guarantees that }
has a meromorphic continuation to ‘(:'., regular at 0. We can then define e

determinant .
det* A = exp(-.xdl(a)) LU ’ ’ Ak.
k=1

The star in the superscript of det indicates ‘that we are dealing with the
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non-zero eigenvalues. Associated with this determinant, we define an
important constant

det* A@
C X) = — M i e

A’P °1/u.(x) 7 A,/*=

We shall eventually view this constant, with the hyperbolic metric on X,
as a function on the moduli space.

We also define the Quillen metric

-1
«(det* A’; ) I

H = H
Q’f 9’1 L2
Deligneproved that the Riemann-Roch isomorphism stated above is an isometry

up to a factor exp(a(g)), ~where a(g) 1is a constant which depends only
on g.

Deligne conjecture. One has a(g) = (1-g)a(0).

Jorgenson proved this conjecture by a fascinating method. The Deligne
constant a(g) has been expressed as a difference of log determinants, in
what has been called the "spin 1/2 bosonization formula" in E\— -M-N=-V 873
published in a physics journal which makes everybody think all this has

to do with physics. No matter what, .suppose g ;’ 2. Let

§: X —>=J be a canonical map into the Jacobian, with \fo(P) = 0.
Wg-I = $(X)+...+ Y(X) (sum taken g-1 times).
8 = Rieman -theta function, and ® its divisor.
.Ex = the hermitian Riemann form associated with the polarization.

There is a unique divisor class D. of degree g-1 such that
@ =-vw,_,+ po. .
Let J @ (D). Then {fza‘.n, i.e. 4' is a square root of the

canonical class. The expression of CA—B—M—N—V 87] is:

2 1
(g) = log@et A’..s’j’l”-/"eﬂ (0)) t 3 Cdsf

where

et (o) = (deth 172 |9(0)|

This must be taken with a grain of salt. It may happen that 6(8) =
but then the determinant will alsoc be 0. One introduces a more
complicated theta fugétion, depending on ieparameter u &€J, and one

also introduces (u & J) where u.._is a line sheaf of degree 0
with a flat metric. Then the quotient '

e Bgpy f,z/!{en (0,)

is well defined, positive, and lndependent of u because the determinant
and the theta value vanish with the same order if they vanish at all.
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For g ‘Z 2, the idea is then to view the log determinant and other
invariants of X as functions on the moduli space Mg, and to let X

degenerate to a .Bf with g nodes. Since a(g) 1is constant, one finds
its value from the limiting value of the log determinant term on this
degenerate surface. This means that one has to keep track of the
asymptotic behavior of several functions on the moduli space, of which

- Aﬁo) (hyperbolic metric), the theta value,.the constant cA '~ are
only the first examples. ’f‘

Some of these functions tend to oo, but their differences may be
continuous on the boundary of the moduli space. During the past few years,
several people have systematically studied various such degeneracies,
including Wolpert, Hejhal, Belavin—-Kniznik, Taktajian, Zograf, Lundelius
and Jorgenson, and others. Jorgenson proves appropriate limit formulas
which allow him to determine Deligne's constant as conjectured.

It is a fairly vast enterprise to make a systematic tabulation of the
behavior of all objects involved, namely in addition to the ones we have
seen: small eigenvalues, small geodesics, and whatever. I shall select
only some examples of theorems of Jorgenson giving the flavor of the
observable phenomena. )

I should also note that for the theory to be completely coherent, one
must start from the beginning with non-compact Riemann surfaces having
finite volume. All the objects such as Laplacians, zeta functions, etc.
can be defined for such surfaces. In the limiting values. with nodes,
by deleting the nodes one obtains such surfaces. I started with compact
surfaces only for simplicity, and to avoid taking certain precautions for
the non-compact case.

A limiting theorem. I shall now describe one of Jorgenson's limit
formulas. k ‘

By a small eigenvalue we mean an eigenvalue < 1/4.

By a small geodesic, we mean a geodesic,of length « £Z , where £ -
is the length of the smallest geodesic on P minus three pgints with
the hyperbolic metric. These notions apply as well when X is not compact
but has finite volume. It is known that the number of small eigenvalues
is & 4g-3 (Buser), and the number of small geodesics is £ 3g-3 (Bost).
Define the products =

T ) - Thk and Tl'g-e(m - Tﬂ jj J

sev s
small

where -ej ranges over the lengths of the small geodesics. We define a

further constant

det
C (X) = ot I if gy
volr'(X) | =
= I/Volr(X) if g = 0.

For degenerate surfaces, with several components and nodes, a similar
definition can be given, multiplicative over the components. We omit it.
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Finally, we define

T

sév(x)
E(X) = Chyp(x) —_—

T

sge

One of Jorgenson's theorems is that:

Theorem 1. For a degenerating family of Riemann surfaces X,
degenerating to Xo, we have

lim E(X) = E(Xo).
X=X

If {Xj(] are the irreducible components of Xo, then E(Xo) 1= ” E(Xj),
The Selberg zeta function. Essential to the study of the degenera-

tion of ]'t')yp(O) is the Selberg zeta function
o©

2(5) ;ﬂ"ﬂ' (1 - L)y
¥

k=1

where \6 ranges over the primitive geodesics. One has a formula of
D'Hoker and Phong [D'H-P 86]:

* = - A = ' '
log det Ahyp }hyp(O) log Z'(1) + c(g),

where c¢(g) 1is a constant which was determined to be

c(g) = (1-g)e(0)

- i - 4 Xr(-1) + L=
and . c(0) = ¢ o (1) + log 2 4_‘§Q( 1) + 5 = log 27T.

This last explicit value is by a computation of Vardi. Here st denotes
the standard metric on the projective line, namely

{-—1 dz Adz

Fst = 4T ,‘Lcan and P‘cana 7T e 1212)2 .

The constant c¢(g) enters in the determination of a(g), namely one has
a(g) + c(g) = d(g), which is still another constant but we won't go into
that.. One can define a twisted Selberg zeta function Z1 by a character
of order 2, and there is a similar formula of Sarmak [Sar 37];

log det A g, = (1-) (-6 {(-1)) + Log 2,(1/2),

with a generalization to 3&'{0“ in line with what we already remarked.

Jorgenson studies the degenerations of these log determinants, eventually tq
get the constant values of their differences. We now turn to asvmptotics.
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Weil functions and potential functions. On any variety V let D be
a Cartier divisor. By a (complex) Weil function associated to D we mean
a function g: V - supp(D)*—-ﬁ>u§, such that, if D 1is represented by a
rational function D = (¢ ) on a Zariski open set U, then there exists
a continuous function o on U such that

g(P) = - log [?(P)\z + &((P) for P¢ supp(D) .

We use the letter g because natural choices of Weil functions lead to
Green's functions (patential functions). If V 1is compact, then the
difference of two Weil functions associated with the same divisor is
continuous, and therefore bounded on V. :

Th 2. £ ti =121 o
eorem The function Ji[& og( 41,hyp.chyp)

is a Weil function on the moduli space. M.,..with respect to the
boundary divisor.. Furthermore, it is alsg.a.potential (Green)
function for the Weil-Peterson metric, that is

C
dd = on M
A HPup 22 Mo

passibly up to the factor 1/172, depending how ftWP is normalized.

I don't know to whom the first statement is due (about the Weil function).
I learned it from Jorgenson. The second statement is due to Belavin-
Kniznik EB-K 86] and Takhtajan-Zograf CT-Z‘BS], ETZ 91}, who also prove
the analogous formula for the non—compact case, involving Eisenstein series)

The asymptotics of another function Boeo = :Z: (21r)2/4?. are also
very interesting, and have been studied, but®? am running out of space.

= -
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The purpose of this talk is to give a report on some new developements related to
analytic torsion.

Introduction The concept of torsion was introduced in 1935 by Reidemeister, Franz
and de Rham. Let K be a finite simplicial complex and p : m (M) — O(N) an orthog-
onal representation with associated flat bundle E,. Assume that p is acyclic, that is,
H*(K;E,) = 0. Then the Reidemeister-Franz torsion (or R-torsion) tps(p) € R* is de-
fined. The torsion Ta(p) is a kind of determinant which describes how the simplices of K
are fitted together with respect to the action of 71 (K). It is known to be a combinatorial
invariant in the sense that it is invariant under subdivision {Mi].

In particular, if K is a smooth triangulation of a closed C°°-manifold M, then the
R-torsion depends only on the smooth structure of M and we denote the torsion by Tar(p).

In [RS], Ray and Singer introduced the analytic torsion Tas(p) as analytic counterpart
to R-torsion. To define Tps(p) one has to choose a Riemannian metric ¢ on M. Together
with the canonical metric on E, which is compatible with the flat connection we get
an inner product on the twisted de Rham complex A*(M; E,) of E,-valued differential g-
forms on M. Let A4 be the Laplacian on A%(M; E,) and (o(s;p) = 325, A7*, Re(s) > n/2,
n = dim M, the zeta function of A,. Then Tas(p) is defined as

) Tu() = exp( 3 (1% 6ulsi ) o)

g=0

For acyclic p, Tp(p) is independent of the choice of the Riemmanian metric on M.It was
conjectured by Ray and Singer that Ta(p) = Tar(p) for all acyclic orthogonal representa-
tions p. This conjecture was proved independently by Cheeger [C] and the author [Mil).

Recently, torsion has found interesting applications in low dimensional topology and
topological quantum field theory. D.Johnson has shown that R-torsion is closely related to
Casson’s invariant [J]. In [W4], Witten has used the relation of the weak couplind limit of
three dimensional Chern-Simons gauge theory to analytic torsion to study two dimensional
quantum Yang-Mills theory. This leads to formulas for the volumes of moduli spaces of
representations of fundamental groups of compact surfaces.

1. Torsion for unimodular representations. The restriction to orthogonal (or
unitary) representations is certainly a limitation of the applicability of the equality of the
two torsions if the fundamantal group is infinite. We remove this limitation essentially.
Namely, let p : m (M) — GL(E) be a representation on a finite dimensional real or complex
vector space E. p is called unimodular if | det p(v)| =1 for all vy € m(M). Then
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the definition of R-torsion also makes sense for any unimodular representation. To
define the analytic torsion we follow an idea of Schwarz [S]. We choose a metric 2 on E,
and with respect to this metric we define the torsion Ta(p; h) by a formula similar to (1).
If dim M is odd and p is acyclic, it turns out that Ths(p; k) is independent of A and also
on the Riemannian metric on M. We call the common value Tys(p).

Theorem 1. Let dim M be odd. For all acyclic unimodular representations p: = (M) —
GL(E) we have
Tu(p) = Tm(p)-

For the proof see [Mii2]. We remark that both analytic torsion and R-torsion can be
defined for all unimodular representations. If the representation is not acyclic, then both
invariants will depent on the choice of the metrics on M and E,. Nevertheless, the equality
of Theorem 1 remains valid.

Next we discuss some applications of this result.

2.Locally symmetric manifolds. Let G be a connected real semi-simple Lie group
with finite center. Assume-that G has no compact factors and let K C G be a maximal
compact subgroup. Then X = G/K is a symmetric space. Let I' C G be a discrete,
torsion free, co-compact subgroup. Then M = I'\X is a compact locally symmetric man-
ifold. Examples are hyperbolic 3-manifolds. Given a finite dimensional representation
p: m(M) — GL(E) we get by restriction, a representation pr of I and a flat bundle E,
over '\ X. Note that pr is unimodular. The flat bundle has a natural locally homogeneous
metric [MM]. Let 8 be the Cartan involution of (g, t) and assume that (E, p) is irreduciblef
with heighest weight A — p (p = 1sum of positive roots). If A # A, it follows from Theo-
rem 6.7 of section VII in [BW] that *(I'\X; E) = 0. f dimG/K isodd, thenrtk G > rk K
and a generic irreducible representation has vanishing cohomology. We also note that for
rk G > 1, superrigidity implies that all representations of I' arise from representations of G
[Ma]. Thus we can define the analytic torsion for all these representations and we expect
them to be interesting invariants of the locally symmetric manifold I'\ X.

3.Lefschetz numbers for flows. As an application of Theorem 1 we obtain the
extension of a result of Moscovici and Stanton [MS]. Consider the geodesic flow € on the
unit sphere bundle to '\ X. The connected components of the periodic set are parametrized
by the non-trivial conjugacy classes {v} in I. Each connected component X, is itself a
compact locally symmetric manifold of non-positive sectional curvature and ¢ restricts to
a periodic flow on X,. The quotient X, = X,/® is a smooth orbifold. Let I, be the
common length of the orbits in X, and let u. be the multiplicity of a generic orbit of
®|X,. Set

e-al‘,
~

Zy(s)=exp— »_ Trp(7) x(Xy) p

{v}#1
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Theorem 2. Z,(s) is analytic for Re(s) > 0 and admits a meromorphic continuation ta
C which is holomorphic at s = 0. If dim G/K is odd, then

Z,(0) = rp(p)* where M =T\X.

For orthogonal (or unitary) representations p, this result is due to Moscovici and
Stanton [MS].

4.Chern-Simons gauge theory. Chern-Simons theory is a three dimensional gauge
field theory with pure Chern-Simons action. It was used by Witten {W1] to introduce new
3-manifold invariants. The basic setting for Chern-Simons theory is a compact oriented|
three dimensional manifold M without boundary and a Lie group G. We start with thq
case where G is compact and for simplicity, we take G to be SU(N). Consider the space
A of all G-connections on the trivial G-bundle over M. In fact, every principal G-bundld
over M is trivial. The space A may be identified with the space A(M, g) of differential
1-forms on M with values in the Lie algebra g of G. For a given connection A € A, thq
Chern-Simons action is defined to be .

(2) I(A):i/ Tr(ANdA+2AANANA)
471' M

where Tr is the trace of su(N) in the standard representation. This is a real valueq
non-linear functional on 4. The gauge group G = Map(M, G) acts on A by the usual
prescription A9 = g 'Ag+¢~'dg, g € G, A€ A. Let k € N. Then e*/(4) is a G-invariant
function on A and Witten’s invariant of M is defined as the path integral

(3) Zag(k) = /cikI(A) DA

where the integration is over all gauge equivalence classes of connections. This, however,
has to be considered as a formal expression, because no measure DA has been constructed
up to now. Part of this theory can be made rigorous and Witten gave an explicit recipe
for computing Zps(k).

A standard way to study functional integrals like (3) is to use the method of station
phase approximation which predicts the behaviour of Zps(k) for large k. In the presen
context this method is again not based on solid ground, but it gives very interesting results
By the method of stationary phase, the leading order contribution to Zs(k) comes fro
the critical points of the action (2). The critical points of (2) are precisely the connectio
with vanishing curvature, that is, the flat connections on the bundle P = M x G . Assumg
that the topology of M is such that there exists only a finite number of gauge equivalence
classes of flat connections on P, say Ai,..., 4, and that A;,..., 4, are all irreducible]
Then Witten'’s formula for the stationary phase approximation of the path inytegral (3) ig

(4) Zu(k) ~ 55 L. ¢ [Tuuloes)
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where Z(G) is the center of G, a; : m1(M) — G is the representation determined by
Aj, n(a;) is a certain phase factor described in [W1] and Tps(pa; ) is the analytic torsion
of pa; = Adoaj : m(M) — GL(g). Since each pa; is acyclic, Tp(pq;) is independent
of the choice of the metric ¢ on M and, by [C], [Mil], it coincides with the R-torsion
T™M(pa; ). As we know, the R-torsion 7y(pq;) can be computed from a triangulation K of
M in a pure combinatorial way. This suggests that one may be able to develop a rigorous
treatment of the path integral (3) on the combinatorial level and derive the asymptotic
behaviour (4) in this way.

So far we considered the case of a compact gauge group. Witten has also started to
investigate Chern-Simons theory with non-compact gauge group (W3]. There exist several
motivations to develop such a theory. For example, 2 + 1 dimensional gravity is related to
Chern-Simons gauge theory with gauge group SL(2, C), IS0O(2,1) or SL(2, R) x SL(2,R)
depending on wether the cosmological constant is positive, zero, or negative [W2]. For a
general non-compact Lie group G, the quantization of Chern-Simons gauge theory with
gauge grouyp G is not yet understood. Nevertheless, one can study the perturbative
expansion of the corresponding path integral [BNW].

The perturbative treatment of Chern-Simons gauge theory with non-compact gauge
group requires again gauge fixing. Since the Killing form is indefinite there exists no obvious
gauge fixing as in the compact case and different approaches are possible [BNW].For a semi-
simple Lie group G, the most natural gauge fixing seems to be the unitary gauge fixing
described in section 4 of [BNW]. Let A be a flat connection on the trivial G-bundle over M
with holonomy representation a : 7, (M) — G. As above, let g, be the flat bundle defined!
by pa = Ad o a. Then the unitary gauge fixing amounts to the choice of a riemannian
metric g on M and a hermitian metric h on g,. We observe that pq : m (M) — GL(g) i
unimodular. In fact, since g is semi-simple, the Killing form is non-degenerate. Hence, for
each g € G, Ad(g) preserves a non-degenerate symmetric bilinear form on g which implies|
that | det Ad(g)| = 1. This is precisely the setting of section 1.

Under the same assumption as above, one gets a formula for the one loop approxi-
mation of the path integral which is similar to (4). The analytic torsion Tas(pa; ) is now
defined as discribed in section 1. For the discussion of the phase factor see section 4 of
[BNW]. By assumption, each representation p,; is acyclic and therefore, Ta(pa, ) is inde-
pendent of the choice of the metric on M and go. Moreover, by Theorem 1, Tar(pq, ) equals
the R-torsion 7as(pa;) which has again a pure combinatorial describtion. This suggests
that Chern-Simons gauge theory with a non-compact, but semi-simple gauge group should
also be accessible to a combinatorial treatment.
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1 Introduction. Geometric points of a moduli space
correspond to isomorphism cjasses of certain objects (which
on wants to study, wants to classify). If one requires those
objects to.have some extra properties (some additional
structure) one obtains a subset of that moduli space (which
because it 1s nature-given is interesting, and can have some
nice properties). Many preoof in algebraic geometry are given
using properties of such substes of a moduli space.

Today we discuss closed subsets of the moduli space of
principally polarized abelian varieties in positive characte-
ristic given by Newton polygons. This stratification refines
the one by the p-rank.

From the precise information we obtain for the strata
defined by the various Newton polygons we derive a proof
of a conjecture by Manin (1963: every symmetric Newton
poly-on can be realiyed by an abelian varietiy), and we
show a strengthened iorm of a conjecture by Koblitz
(1975: an ordered pair of Newton polygons can be realized
by a specialization of abelian vareties). Our inspiration
came from these conjectures by Manin and Koblitz, from
results by Mumford, Grothendieck, Katz (and many others),
and from cooperation with Tadao Oda, T.Katsura, P.Norman,
T.Ekedahl and K.-Z.Li.

Some notation: g=dim(AV), p is a prime number, n is a
positive integer prime to p, we write NP for Newton polygon,
X) is the NP of the abelian variety X, we write f=f(X)

for the p-rank of X, we write a(X)= dim Hom(CL » X)),

Gm n is a p-divisible group of dimension m,
o »

whose (Serre—)dual has dimension n.

2 Newton polygons,.

NP: lower convex polygon in @x @,

breakpoints in ZX Z,

starts at (0,0), ends at (2g,8), and is

symmetric (1f a slope A =n/(m+n) N
appears then 1-4=m/(m+n) appears v
with the same multiplicity).

mon * °F the pair (m,n)
’

gives the slope n/(m+n) with
multiplicity m+n. A finite

set of such pairs gives a NP,
when the slopes are arranged
in non-decreasing order.

(1,0)
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We write (9 for the ordinary NP, 4 %'G—
i.e. given by g(1,0)+g(0,1), °

§nd G for the supersingular one, \E%n
i,e, given by g(1,1),

and we write : N<ﬁ

(and we say that-4pis
below ®) if no point
of ﬁ is strictly
below (.

!''" note the reverse
in this order!!
Smallest: G (supersingular), largest: (° (ordinary).
The NPs form a directed graph: Ve Q<Q<p.

3 The NP of an abelian variety.
If k is a field, char(k)=p >0, and X is an abelian variety
over k, then X determines a NP. If k happds to be a finite
field this can be given by the NP of the char.pol. of the
geometric Frobenius of X (suitably normalized if k has more
than p elements). In general on takes the p—divisible group
G of X over an algebraic closure of k. By Dieudonné-Manin

theory we can write Cl" ~ -f.(q,'o + ({.,,.) + Z(q.‘,;'ﬂ; t qm;m() * s‘ql,l

and the pairs (m,n) thus obtained give the NP X). Note
that X has a polarization, hence is isoéhous to its dual,
and this gives the symmetry of A’(X). Note that o*(X)
depends only on the isogeny class of X over some field
containing k.

4 Cenjecture, Manin, 1963: Suppose given g, and a prime
number p, and a NP (symmetric), then there exists an AV
having this NP in characteristic p (cf. (8), page 7@.
Remark: this was proved in 1967 by Honda, and by Serre,
via reducing a well-choosen CM abelian variety from
char., zero to char. p; below we indicate another proof .

5 Theorem, Grothendieck: If an abelian variety Xg
specialites to an abelian variety X, , then the NP

goes up:
[xg»\m—, x°)'=> Uf(xj)}vf(xo) cf. (1), page 9t.

6 Conjecture, Koblitz, 1975: The converse of this
theorem should be true (i.e. every ordered pair of NPs
can be realiged by a specialization of AVs),
cf. (6), page 211 .

7 Notation: ﬂ:=ﬂ @ =

,h™m P72 ji.e. for every algebraically
closed field k of char(k)=p, the set A(k) of k-rational
points 1s the set of isomorphism classes of triples
(X,A,7), where X is an AV of dimension g over k, where
Ais a principal polarization (i.e. deg(2) =1), and where
Tis a symplectic level-n~structure on X.
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For any NP & we write Wo for the set : :

o - {axa | PBL< e R

By Grothendieck-Katz we know that this is a closed subset

of A . NB!! there is no a-priori reason why any point of
W should correspond with an AV having eAlX)= &

(closed: cf. (5), page 143, Th. 2.3.1 & Coroll. 2.3.2).

We write AX for the region of the plane:

o= {x, e, 0% €Y, and +hir PAWE
S felsge s

(note that we only use the first

half of the NP, which is enough ,,(1ﬁ) &

for our purposes, because of - -

symmetry). : zi§>~ a&

We define the number d(x) by: ,'ggtiqry/ <
4(4]-_:#’((2&2)[]15*)- ;

Vot y16) = i1, s

m:fei: ;{(Q— dmn/'r‘_ yiaph (oim below s Thas wi
®9nal ca-m(%w") 5 ”)

= +1 “‘L"MUQ; : |
"{W' 1§ 0% = Dngih Lyt pith f*,';"‘

8 Theorem (cf. (12)): Fix g, p, and n as above, cansider the
moduli space as above of principally polarized abelian varie-
ties in characteristic p, and let k be an algebraically closd
field, char(k)=p.

a) Let W be an irreducible component of We@k, let 'I?E“/q
be its generic point, then -
w%ﬂ:xf a(Xq) §1, | dim w=d(«)] -

b) Let X <(® be an ordered pair of NPs, and consider
geometrically irreducible components:

for every WCW« @k there is a unique W'CcWs®k with WcW',

for every W'c Wsaok there is a WeW,@ k with WCW',

in particular the set of geometrically irreducible

components of Wy maps surjectively onto the same of Wﬂ
(We see: for any geometrically irreducible component
WCW,®2k the set of all components of all Ws is the
same as the part of the NP-graph of all NPs below &« ).

9 Corollary (proof of conjacture by Manin, cf. 4):
For any NP & there is a point in Wy (even defined
over an algebraic closure of Fp) having HN(X)= & .
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10 Corollary (A strengthened form. of a conjecture by
Koblitz, cf. 6): Let (Xg, A ) be a principally polarized
abelian variety in positive characterlstlc, and let

A (Ko ) = XL -
|Then there exist a spec1a11¥glon X )“""'—’(X° A)
such that Mf(X )= ﬂ P :

11 Remarks:In the theorem, and in the last corollary

it 1s essential that we work with polarizations with degree
prime to p. Counterexamples to mom general cases (already
for g=3) can be found in (4). =~ The fact that the
supersingular locus W has dimension equal to [1/%]

was conjectured in (10), and a proof will appear in (7),
cf. theorem 12 below. The fact that 11(5“)“53/"

exactly equals the length of the longest path in the
NP-graph gave the clue to theorem 8. For those closed
sets of the NP-gtratification given by the p-rank the
dimeénsion formula in theorem 8 was proved in .(6), also

see (9).

12 Theorem (T.Ekedahl &FO0), cf. (2): For any g2 2, and
any NP « the set Wy 1is connected.
Corollary (Chai-Faltings): For any g the moduli space uﬂ
is irreducible. . .

13 Theorem (K.-Z.Li &.FQ), cf. (7): For any g the
supersinguliar locus ~):Wghas dimension equal to [j/%]
and the number of components of @ k (where k is

an algebraically closed field of char. p) is given by
a class number as conjectured in (&4).

14 Remarks: We see that the number of geometric components
of Wq®k is less or .equal to the class number

Hg(p’1) (g is odd), respectively Hg(1,p) (g is even),

which is the number of geometric components of the supersingu
locas for that g. We have no complete information on the
number of components for every Wy .

Note that the case g=1, the computation of the number
of supersingular j-invariants 1is classical (Deuring-Eichler,
and Igusa). The case g=2 was settled in (3), and for

. W .

g=3 we find the anser in (4).
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