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Freitag, den 14.6.1991

Samstag, den 15.6.1991

10.15 - 11.15 Uhr

12.00 - 13.00 Uhr

17.00 - 18.00 Uhr

Sonntag, den 16.6.1991

10.15 - 11.15 Uhr

12.00 - 13.00 Uhr

16.15 - 16.45 Uhr

17.00 - 18.00 Uhr

MOntag, den 17.6.1991

10.00 - 10.15 Uhr

10. 15 - 11. 15 Uhr

13.00 Uhr

S.K. DONALDSON (Oxford)
Glueing problems in Yang-Mills theory

T. SHIODA (Rikkyo U., z.Zt. MPI)
MDrdell-Weil lattices: theory and applications

D. ZAGIER (MPI Bonn und U. ITtrecht)
Polylogarithms

B. OLIVER (Aarhus)
Maps between classifying spaces of compact Lie
groups

Yu.I. MANIN (Steklov Moskau, z.Zt. MPI)
DeRhamrcomplexes in non-commutative geometry

G. WUSTHOLZ (ETH Zürich)
Faltings's proof of one of Lang's conjeetures
(rational points on subvarieties of Abelian varieties)

H. HIRONAKA (Rarvard)
Miscellanea Mathematica

J-P. SERRE (College de France Paris)
Galois cohomology: recent results and open questions

Festlegung der restlichen Vorträge

M. KONTSEVICH (Acad. Sei. Moskau, z.Zt. MPI)
Intersection theory on the moduli space of curves
and the matrix Aity function

Schiffsfahrt nach Andernac.h. Abfahrt um 13.00 Uhr
mit Motorschiff "Carmen Sylva ll

, Ablegestelle
Alter Zoll. Rückkehr ea. 20.00 Uhr

b .w. !
PTO!



Dienstag, den 18.6.1991

10.15 - 11.15 Uhr

12.00 - 13.00 Uhr

17.00 - 18.00 Uhr

M. WODZICKI (ue Berkeley)
Excision in K-theory and proof of the Karoubi conjecture

R. MACPHERSON (M.I.T.)
Lefschetz numbers of Hecke correspondences

S. LANG (Yale University, z.Zt. MPI)
Degeneration of Riemann surfaces and
Jorgenson's proof of a conjecture of Deligne

Die Vorträge finden alle im "GJtOße.n Hö/t.6aa1.", Wegeierstraße 10, statt.

EJt61li.6c.hung.6 pGtlU e.n mU Te..e..: Samstag, Sonntag und Dienstag 11. 15 - 12.00 Uhr,
Samstag und Dienstag 16.15-17.00 Uhr, Sonntag 15.30 - 16.15 Uhr, jeweils
vor dem Großen Hörsaal.

Teilne..hm~te..nund In6o~one..n liegen vor dem Großen Hörsaal aus.
Alle Teilnehmer mögen sich bitte in die Teilnehmerlisten eintragen.

PO.6t liegt während der Teepausen aus.

Den Tagung.6beitnag bitte während der Teepausen vor dem Großen Hörsaal bezahlen.

Alle Tagungsteilnehmer mit ihren Damen oder Herren sind herzlich zum
Emp6ang deö Re..kto~ eingeladen. Zeit: Freitag, den 14.6., 20.00 Uhr.
Ort: Festsaal der Universität, Hauptgebäude; Eingang von der Straße
"Am Hof" durch das Tor gegenüber Buchhandlung Bouvier.
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Mittwoch, den 19.6.1991

10.15 - 11.15 Uhr

12.00 - 13.00 Uhr

17.00 - 18.00 Uhr

H. TSUJI (Tokyo Metropolitan U., z.Zt. MPI)
Report on MOri Theory

S. KLAlNERMAN (Princeton U., z.Zt. SFB 256)
On non-linear stability of Minkowski space

C. BÄR (Bonn)
On Killing spinors and exceptional holonomy groups

Donnerstag, den 20.6.1991

10 • 15 - 11. 15 Uhr

12.00 - 13.00 Uhr

17.00 - 18.00 Uhr

R. PINK (Bonn)
Deligne's conjecture on the Lefschetz trace formula
in positive characteristic is naw a theorem

w. MllLLER (Karl-Weierstraß-Institut, z.Zt. MPI)
Analytic Torsion for non-unitary representations
and Chern-Simons gauge theory

F. DORT (Utrecht)
Newton polygons and abelian varieties

Die Vorträge finden alle im "G/tOßen Höll..ha.a1.", :Wegelerstraße 10, statt.

EJt6Jti..6cJuu.tghpau6 e.n m<..t Tee: Mittwoch und Donnerstag, 11. 15 - 12.00 Uhr
und 16.15 - 17.00 Uhr vor dem Großen Hörsaal.

Po~~ liegt während der Teepausen aus.

In6o~onen liegen vor dem Großen Hörsaal aus.

Den Tagung~beitkag bitte während der Teepausen vor dem Großen Hörsaal
bezahlen.





Teilnehmerliste

U. Abresch (Münster)
S. Adian (Steklov Moskau)
P. Arias (MPI)
H. Azad (Z.Zl MPI)
C. Bär (Bonn)
W. Ballmann (Bonn)
W. Barth (Erlangen)
G. Barthel (Konstanz)
S. Bauer (Göttingen)
H. Baum (Humboldt-U. Berlin)
H. Baumgärtel (KWI Berlin)
E. Bayer (Besan~n)
A. Beauville (Paris-Sud)
H. Beckert (Leipzig)
K. Behnke (Hamburg)
M. Berger (I.H.E.S.)
T. Berger (MPI)
R. Bemdt (Hamburg)
D. Blasius (UCLA)
S. Böcherer (Mannheim)
C.-F. Bödigheimer (Göttingen)
·H.G. Bothe (KWI Berlin)
J.P. Bourguignon (Ecole Polytechnique

Palaiseau)
E. Brieskom (Bonn)
C. Brinkmann (Bonn)
V. Brinzanescu (Bukarest)
W.D. Brownawell (penn. State U.)
A. Brownstein (Rutgers U.)
U. Bunke (Greifswald)
D. Burde (Bonn)
D. Burghelea (Ohio State U.)
J. Buth (MPI)
C. Byme (Springer-Verlag)
E. Calabi (U. of Pennsylvania)
R. CarIsson {Hamburg)
F. Catanese (pisa)
I.-T. Chang (Oklahoma State U.)
J. Christophersen (Oslo)
H. Cohen (z.Zt. 1\1PI)
B. Colbois (Bonn)
V. Cossart (paris VI)
D. Dais (Bann)
A. Deitmar (Z.ll 1\1PI)

A. Dessai (Bonn)
A. Dimca (z.ll MPI)
P. Dombrowski (Köln)
S.K. Donaldson (Oxiord)
A Durfee (MtHolyoke College)
W. Ebeling (Hannover)
B. Bekmann (ETH Zürich)
J. BeIls (Warwick)
H. von Bitzen (Bonn)
D. Erle (Dortmund)
H. Esnault (Essen)
U. Everling (MPI)
C. Faber (z.lt. MPI)
D. Feldhausen (Bann)
I.-M. Feustel (KWI Berlin)
T. Fiedler (z.ll Göttingen)
B. Fischer (Humboldt-U. Berlin)
G. Fischer (Düsseldorf)
M. Flohr (Bonn)
R. Flume (Bann)
H. Föllmer (Bonn)
O. Föllinger (Humboldt-U. Berlin)
M. Fontaine (MPI)
J. Franke (z.ll. MPI)
E. Friedman (z.ll rill'I)
R. Friedrich (Bann)
T. Friedrich (Humboldt-U. Berlin)
M. Furushima (Okinawa)
H. Gang! (MPI)
L Geatti (Sassari)
T. Geisser (Münster)
W. Gerdes (Brandeis U.)
L. Göttsche (MPI)
H. Götze (Springer-Verlag)
M. Goresky (Northeastem U.)
H. Grauert (Göttingen)
G.-M. GreueI (Kaiserslautern)
V. Gritsenko (LOMI Leningrad)
F. Grunewald (Bann)
R. Gulliver (U. of Minnesota)
K. Haberland (Jena)
I. Hambleton (z.ll. MPI)
u. Hamenstädt (Bann)
H. Hamm (Münster)



G. Harrlcr (Bonn)
Y. Hayashi (Bonn)
1. Heinze (Springer-Verlag)
H.-W. Henn (Heidelberg)
M. Hennes (MPI)
G. Henniart (paris XI)
M. Herrmann (Köln)
c. Hertling (Bonn)
P. Hertling (Bonn)
s. Hildebrandt (Bonn)
T. Hintermann (Birkhäuser Verlag Basel)
F. Hirzebruch (MPI)
H. Hironaka (Harvard)
E. Hironaka (z.Zl MPI)
T. Höfer (MPI)
G. Höhn (Bonn)
W. Hoffmann (KWI Berlin)
R.-P. Holzapfel (KWI BerIin)
Bizhong Ru (z.Zt. MPI)
G. Huber
B. Hunt (Kaiserslautern)
D. Husemoller (Haverford College)
D. Huybrechts (z.Zt. MPI)
E. Hyry (Helsinki)
H.-C. Im. Hof (Basel)
J. Jahnel (Jena)
u. Jannsen" (Köln)
A. Juhl (KWI Berlin)
B. Juhl-Jöricke (KWI Berlin)
R. Jung (MPI)
F. Kärsten (KWI Berlin)
B. Kahn (paris VII)
U. Kaiser (Siegen)
T. Kakolewski (MPI)
H. Karcher (Bann)
M. Karpinski (Bonn)
C. Kassel (StraBburg)
A. Katsuda (Grenoble)
R. Kellerhals (Bonn)
Hoil Kiln (Bayreuth)
G. Kings (Münster)
S. Klainerman (princeton U.)
1.R. Klein (Siegen)
W. Kleinert (Humboldt-U. Berlin)
M. KIingholz (Bann)
AA. Klyachko (z.Zt. MPI)

K. Knapp (WuppertaI)
H. Knörrer (ETII Zürich)
R. Kobayashi (z.Zt MPI)
S. Kobayashi (UC Berkeley)
H. Koch (z.Zt. Bann)
K. Köhler (paris-Sud)
P. Koepke (Bann)
W. Kohnen (MPI)
M. Kontsevich (z.Zt. MPI)
K. Kopfermann (Hannover)
J. Komas (Bratislawa)
I. Kosarew (Zürich)
U. Koschorke (Siegen)
A. Kostrikin (U. Moskau)
D. Kotschick (Cambridge)
J. Kramer (ETII Zürich)
M. Kreck (z.Zt. MPI)
H. Kriete (Bochum)
R. Kühnau (Halle)
W. Kühnel (Duisburg)
W. KÜDZel
N.H. Kuiper (I.H.E.S.)
H. Kurke (Humboldt-U. Berlin)
K. Lamotke (Köln) ,
S. Lang (z.Zt. MPI)
Le Van Thanh (z.Zt. MPI)
R. Lee (Yale U.)
M. Lehn (Bonn)
1. Leiterer (Humboldt-U. Berlin)
L. Lemaire (Brü5seI)
I. Lieb (Bonn)
F. Lorenz (Münster)
M. Lübke (Leiden)
M. Lüdde (Bonn)
R. MacPherson (M.I.T.)
H. Maennel (!viPI)
Yu. Manin (z.Zt.1vfPI)
G. Masbaum (Nantes)
D. Masser (z.Zl MPI)
S. Maurmann (MPI)
K.H. Mayer (Dortmund)
J. McKay (Monueal)
N. Mcstrano (foulouse)
W.T. Meyer (Münster)
RJ. Milgram (Stanford U.)
A. Miller (Bonn)



M. Min-oo (MeMaster V.)
B.Z. Moroz (z.Zt. 1\1PI)
W. Müller (Z.ZL MPI)
A. Murase (z.Zt. :MPI)
W. Nahm (Bann)
H.-I. Nastold (Münster)
K.-H. Nech (Darmstadt)
K...H. Neeb
J. Nekovär (prag)
N. Netsvetaev (LOMI Leningrad)
W.D. Neumann (z.Zt. fvfPI)
K. Nomizu (z.Zt. Bonn)
S. Ochanine (z.Zt. MPI)
1. O'Hara (Tokyo Metropolitan)
C. Okonek (Bann)
B. Oliver (Aarhus)
R. Olivier (Bann)
F. Dort (Utrecht)
P. Orlik (V. of Wisconsin)
R. Palais (Brandeis)
S. Parmentier (z.Zt. 1vIPI)
K. Peters (Bann)
Vu Quoc Phong (z.Zt. MPI)
R. Piene (OsIo)
R. Pink (Bann)
V. Platonov (z.Zl MPI)
1. Podgor (Wroclaw)
K. Polthier (Bonn)
H~ Papp (Mannheim)
V. Puppe (Konstanz)
M. Puschnigg (Heidelberg)
H...B. Rademacher (Bonn)
)lRecknagel~I)

M. Reid (Warwick)
R. Remmert (Münster)
J.-E. Riedel (Bann)
C. Riehm (MeMaster V.)
Shi-shyr Roan (Z.ZL MPI)
)l Robertson (Oxford)
J. Rohlfs (Eichstätt)
Yu. Rozanov (Steklov Moskau)
K. Rozanova (z.Zt. Bonn)
Yongbin Ruan (Ve Berkeley)
M. Saito (z.Zt. MPI)
1.H. Sampson (lohns Hopkins)
P. Schapira (paris..Nord)

N.Schappacher~I)

P. SchenzeI (Halle)
E. Schiavi (Trento)
G. Schmalz (KWI Berlin)
V. Schmickler-Hirzebruch

(Springer-Verlag)
C. Sehoen (z.Zt ?vfPI)
R. Schön (Heidelberg)
W. Schomburg (Bochum)
R. Schoof (Trento)
M. Schroeter (Münster)
B.-W. Schulze (KWI Berlin)
S. Seifarth (KWI BerIin)
W.K. Seiler (Mannheim)
V. Semmelmann (Humboldt-V. Berlin)
I-P. Serre (College de France)
S. Shatz (V. of Pennsylvania)
T. Shioda (z.Zt. MPI)
O. Sick (Bonn)
D. Siersma (Vtrecht)
S. Sigg (Bann)
C.T. Simpson (z.Zt.Toulouse)
P. SIodowy (Hamburg)
B'. Smyth (U. of Notre Dame)
W. SoergeI (z.Zt. MPI)
TA. Springer (Utrecht)
K. Stein (München)
B. Steinert (Bonn)
L Stoyanov (z.Zt. Darmstadt)
I. Strooker (Utrecht)
U. StuhIer (Wuppertal)
Wing-wah Sung (Z.ZL MPI)
M. Teicher (Bar-Han U.)
T. Terasoma (Mannheim)
Chuu-Lian Temg (Northeastem U.)
C. Thomas (Cambridge)
F. Thomas (Humboldt-V. Berlin)
G. Trautmann (Kaiserslautern)
J. TschinkeI (z.Zl MPI)
H. Tsuji (z.Zt. MPI)
)l Van de Yen (Leiden)
R. Vamhagen (Bonn)
B. Venkov (z.Zt. MPI)
E. Viehweg (Essen)
W. Vogel (Halle)
H. Voskuil (z.Zt. MPI)



P. VuilIermot (z.Zt. MPI)
M. Waldschmidt (lliP Paris)
M. Weber (Bonn)
Lin Weng (z.Zl MPI)
C. Wenzel (Wuppertal)
D. Wigner (paris VI)
F. Wüd (z.Zl MPI)
J. Wildeshaus (Münster)
M. Wodzicki (UC Berkeley)
M. Wohlgemuth (Bonn)
M. Wollenberg (KWI Berlin)
J. Wood (Leeds)
G. Wüstholz (ETH Zürich)
Gang Xiao (Z.Zl MPI)
M. Yoshida (Kyushu U.)
D. zagier (MPI u. Utrecht)
M. zaidenberg (z.Zt :MPI)
Yu. ZMhin (RCC Pushchino)
E. Zeidler (Leipzig)
E.W. Zink (KWI Berlin)
J. Zobel (Bonn)
P. Zograf (LOMI Leningrad)
Kang Zuo (Kaiserslautern)
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The mth polylogarithm function Lim, defined for z E C, Izi < 1 by the power
series

is a classical non-elementary function which was studied by such "mathematicians as

Ewer, Abe!, Kummer, Lobachevsky and Ramanujan, and which has turned out in
recent years to be connected with many interesting questions in topology, hyperbolic
geometry, number theory, K-theory, and arithmetic algebraic geometry. For m = 1, of
course, Lh(z) = -log(l - z) is simply the ordinary logarithm function developed in a
Taylor senes around 1, while the functions of higher order are obtained by successive

integration: Lim(z) = Jo% z-l Lim-1(z) dz. This latter definition gives the analytic
continuation to all z in the cut plane C " [0,00] (or more invariantly, to the universal
cover of C" {O, 1} = Pl(C) '{O, 1, oo}). For every natural number N, Lirn(z) satisfies
the dUtribution rela.tion Lim(zN) = Nrn-l L: Lim«(z) (sum over all Nth roots of unity
(), and there is also a functional equation expressing Lim(Z-l) in terms of Lim(z). The

latter equation can be used to compute Lim(z) for Izi >- 1, whil~ for z near the unit
eircle (say 0.005 < Izi < 200) a convenient method of calculation is afforded by the
formula

00 x n 1 1 x m - 1

Lim(e
X

) = L (rn - n) n! - (1 + :2 + ... + m -1 -loge-x») (m _ I)!'
n=O

n;tm-l

Besides the functional equations mentioned above, which hold for a1l orders m, the
polylogarithms of low orders are known to satisfy certain functional equations with a
far more interesting algebraic structure. It is this structure which makes the functions
so interesting and in particular which is responsible for the connections to algebraic
K-theory. In particular, the dilogarithm Li2 s~tisfies a functional equation under z I--Jo

1 - z which together with the functional equation with respect to i I--Jo 1/= already
mentioned gives it a 6-fold symmetry, and also satisfies a much more interesting two-

-"ariable equation

where ~... " on the right is a certain combination of products of logarithms. The
functional equations become ~clean" if we replace Li2 by the Bloch· Wigner function
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D(z) = 9( Lh(z) -izi Lh(z)): D(z) simply changes sign under z ~ 1 - Z or z ~ 1/z,
and in the 5-term equation just written one can replace "... " by 0 if Lh is replaced

everywhere by D. This 5-term equation, which replaces the fundamental functional

equation Li1 ( x) + Li1(y) = Li1(x + y - xy) of the unilogarithm, has a beautiful inter
pretation in terms of 3-dimensional hyperbolic geometry, as follows. Consider tetrahedra

in tp,e 3-dimensional hyperbolic (Lobachevsky) space Ha. Formulas of Lobachevsky im

ply that the volume of any such tetrahedron can be expressed in c10sed form in terI?S
of values of the function D and in particular that the volume of an ideal tetrahedron ß

(one with all its vertices at infinity, i.e. in the boundary Pl(C) of H3 ) equals D(z(ß)),
where z(ß) is the cross-ratio of the four vertices of ß (this is invariant under the action
of the isometry group PGL(2, C) of H3 on 8H3 = Pl(C)). The 6-fold symmetry of D(z)
now reflects the fact that four complex numbers have 6 different cross-ratios depending

on the order in which they are taken, and the 5-term. twe-vanable equation expresses
the fact that the sum of the volumes of the 5 tetrahedra whose vertices are 4-subsets of

a set of 5 points in Pl(C) Vanishes (take the points to be 0, 1, 00, x, and y).

Because any complete hyperbolic 3-manifold M, _possibly after removing a set of

m.easure 0, can be triangulated by ideal tetrahedra ßi, w~ can express the volume of

M as a finite sum of values D(zd, Zi = Z(Lli)' This is of interest because the set
of volumes of complete hyperbolic 3-manifolds is known by rigidity theorems to be a
countable set and we would like to know this "volume spectrum," but not yet a very

useful statement because the set of sums E D(zd with complex arguments Zi is clearly
equal to all of R. However, it follows from results of Dupont-Sah or of Neumann-Zagier

that the arguments Zi of an arbitrary ideal triangulation of M satisfy the algebraic
relation

(*)

where the value (z) 1\ (1 - z) is to be interpreted as an element of the exterior square

of the abelian group C·, written additively as a Z-module. As an example, an explicit
triangulation of the complement of the w.t k..k

given by Thurston implies that this complement, which has a hyperbolic structure, has

2
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1+'1'-7 -l+R
volume equal to 4D(a) + 2D(b), where a = 2 and b = 4 ' and the two

identities ab = -1, 1 - b = (1 - a)2b imply 4(a) A (1 - a) + 2(b) A (1 - b) = O. (Check
trost) It turns out that the set of sums 2: D(zi) for collections of complex mumbers
{Zi} satisfying (*) is countable, overcoming the objection made above. Moreover, by
restricting to th~ subset of arithmetic hyperbolle manifolds, the volumes of which are
known to be expressible a.s simple multiples of the value at s = 2 of the Dedekind
zeta functions of algebraic number fields, one obtains the theorem that the value' 0 f

(F(2) for any number /kId F can be expre3Jed in terrn.s of a finite number of vaIue3 of

the function D(z) at algebraic argumentJ z. For instance, one can show that the link
compiement above is a finite cover of the manifold H3 / SL(2, 0), where 0 = Z[a] is the
ring of integers of F = Q(v'-7), and using this one shows that the value of (F(2) for
this particular number field is 21t'2/21.;7 times the volume 4D(a) + 2D(b) of M.

The bulk of the talk was devoted. to explaining the extensions of this last result
to higher m. There is a modification Pm(z) of the mth order poIylogarithm Lim(z)
analogous to the modification D(z) of Lh(z), e.g., P3(Z) = ;R( Lh(z) -log Izi Li2 (z) +
llog2.lzl Lh(z»), and one can formulate a rather prease form of the conjecture that
the value 0/ (F(m) for any number field F can be expre33ed a3 a finite combination of

value..! of Pm(z) at argumentJ z be10nging to F (in the various embeddings of F inta
C). The key to the whole structure is the generalization to higher orders of the relation
(*), which tells us which comhinations of arguments one should look at. The details of
the conjecture, as well as many examples, are given in my survey paper cited below,
and will not be repeated here. This leads to a description in terms of algebraic K
theory (more precisely, in tenns of the group K 2m- 1(F)), the value of (F(m) entering
as the covolume of this K·group considered as a lattice in Euclidean space via the Borel
regulator mapping. The conjecture is completely proved for m = 3 by Goncharov (MPI
preprint, 1990), while for higher m one at least knows that there is a map from an
appropriate "polylogarithm group" to K-theory such that the Borel regulator map is
expressed in terms of polylogarithms (Beillnson and Dellgne, in preparation), so that
the only thing still needed for the conjecture is the surjectivity of this map, which can

he checked for any given F and m by a finite calculation. The main ingredient needed
t~ extend Goncharov's proof to higher m would be a full theory of functional equations,
hut this is still missing. Kummer gave some functional equations for m = 3,4, and 5 in
1840, and H. Gangl (Bonn) has found functional equations for m = 6 and 7 in the last
2 years, hut for m > 3 one does not have a complete set of functional equations and for

3
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m > 7 no non-trivial functional equation is known at all

The talk closed with abrief discussion of a generalization of the polylogarithm to

elliptic curves, due to Bloch, Levin, and Beilinson; we do not describe this here.

L. Lewin, Polylogarithmj and AjJociated FunctionJ, North Holland 1981

D. Zagier, Polylogarithms, Dedekind zeta functions, and the algebraic K -theory of fields,
in Arithmetic Aigebraic Geometry (eds. G. van der Geer, F. Dort, J. Steenbrink), Prag.
in Math. 89, Birkhäuser, Boston 1991, pp. 391-430.
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All of the work described here is joint with Mark Goresky, and same of it is joint with
Günter Harder and with Bob Kottwitz.

Recall the definition of a loeally symmetrie spaee. For every point x in a Riemannian
manifold X there is a "reßection" map u defined on points y dose enough to x: if l is the
shortest geodesie from x to y, then u(y) is the point on l the same distanee from x in the
opposite di~ection.

CJ(y}

x

___ /l L' ~l
-"'-~nr+-- ••-1J,,~---

X Y

-
The Riemannian manifold X is a loeally symmetrie space if, for all x EX, the reBeetion

map ia an isometry.
l,Ve will eall the loeally syrrunetrie spaee X arithmetic if it is eomplete, has negative cur

vature, has finite volume, and has the following property: the group r of deck transformations
.Y - ...Yof the simply connected eovering space ..rY of X is an arithmetie subgroup of the group
A.ut(X) of Riemannian automorphisms of .IX-. (By results of Margulis, this last requirement
is automatie in most cases.)

Amorphism of loeally symmetrie spaces is a loeal isometry. A Hecke correspondence
on an arithmetic locally symmetrie space X is another arithmetic locally symmetrie space C
equipped with two morphisms 8, t : C : X, called the source map and the target map. A
Hecke eorrespondence acts on differential forms on X by the formula C·w = s.t·w (where
the Gysin map s. is defined since 8 will be a finite eovering projection; it just adds the forms
on eaeh of the sheets). By this formula , C induces a self-map, also notated C· and called a
Hecke operator, on either the cohomology H·V,() of X or on the L2 cohomology H(2)(X) of
X. (Whenever we speak of L 2 eohomology, we assurne that X is Hermitian, so that it is finite
dimensional. )

PROBLEM: Study the action of Heeke operators C· on H·(X) or H(2)(X).
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EXAMPLE
Let Xl(n) be the space whose points are configurations consisting of a lattice L in Rn \

together with a surjection L - (Zjl)n, called a marking. Two such configurations are consid~

ered equivalent if they differ by a rotation or a homothety (multiplication by a positive real

number). ~or example, t.~is is"~ ~~':l_fi"gur~"tion f.ar X2(2)~"" _ ._"" _" __ "

•
10 0/ /0 D/

(J 0 I I (JO /1

'0 O( Itl tJl

.
DO 11 00 I I

/() ()/ I()

()D 11 CO

10 0/ 10

•
(JO I/ 00

/0 0/ /0 01 /0 0/ I()

- 1(1 > 3, X,(n) is nonsingUlar,- aild it "is naturally an" arithmetic locally sYm"m~tric space.
For any prime p not dividing I, let r; be the spaee whose points are configurations L and
L - (Zjl)n as above, together with a sublattice L' C L such that the abelian group LjV
is isomorphie to (Z/p)i (again modulo rotations and homotheties). For example, this is a
configuration for TJ:

• .
.0 17/ 10 01 10 t}1 10

L':: 0
• g /1J 000 00 /)0 00

•
10

'"
I(} 01 f() fJ/ I()

G~ lo~J
, g Q11 11 11

•
ID 01 10 lJl /() (}/ 10

-~ ...............-~- .. _&- ~
~ -~ - - -~.- ~. ~ --- ~ - -

- The"o 1is a Hecke correspondenee 00 Xl(n) whose source map s forgets the suhlattice
L' eomplete y, and whose target map t erases everything in L hut L' and takes the restricted
marking.
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JUSTIFICATION
Why should we care about Hecke operators? The answer is that it is expected that

interesting number theoretic information should be encoded in them. Consider the following
example: The space X 4(1) consists of two points Cl' and ß, represented by the following marked
lattices:

o

o , 2

3

J

o

o 3 2. I

o

D

1..

2

3

,
I

Let J be the one dimensional subspace of H 1(X4 (1)) generated by 1 on Cl' and -Ion ß.
For any odd prime p, the correspondence Ti is actually a function from X 4 ( l) to itself.

Exercise. Show that (Ti t takes J into itself~ and that it is the identity if and only if
the prime p splits totally in the Gaussian integers Z 9 Zi (if and only if p is congment to 1
mod 4).

Class fiel~ theory says that the splitting of a prime p in an extension of the rationals with
an abelian Galois group is always governed by the action of (Tp

1)- on same subspace J of the
cohomology of XI(l) for same I. Langlands philosophy suggests that for any extension of the
rat.ionals, the splitting of a prime p should be governed by the action of the set of operators
(1;>- on some subspace J of the cohomology, or L2 cohomology, of XI(n) for some I and n.

LEFSCHETZ NUMBERS AND COMPACTIFICATIONS.
The actual calculation of Hecke operators C· is probably hopeless; even the calculation

of H· ("\'"1(3)) on a supercomputer is beyond our abilities for reasonable l. However, as llSUal,
alternating sums of cohomology groups are easier to deal with. Define the Lefschetz numbers
L(C) = E(_1)i trGce C· : Hi(X) -. Hi(X) and L2(C) = E( _1)i trace C" : H(2)(X) -..
Ht2)(X~). \Ve modify our question to ask for the computation of these Lefschetz numbers.
The fixed point set of a correspondence 5, t : C: X is {c E Cl s(c) = t(c)}. Let K denote
a connected component of the fixed point set. Then a Lefschetz FLxed Point Theorem says
that there exist locally defined numbers L(I·n so that L(C) = LK L(K), and likewise for L2

cohomology. However our spaces X are not compact, and no Lefschetz fixed point theorem is
valid for noncompact spaces (as is shown by the map R - R sending x to x + 1, which has
an empty fixed point set but a nonzero Lefschetz number).

Compactifying X is a much studied subject, and several compactifications with different
desirable properties have been defined. However, I know of DO compactification that Is both
nonsingular and admits extensions of the Hecke correspondances. Therefore, we are forced to
develop Lefschetz fixed point theory for singular varieties.

LEFSCHETZ FIXED POINT THEORY
Tbere are Lefschetz fixed point theorems for singular spaces due to Dold (for ordinary

cohomology) and Grothendieck-Illusie (for sheaf cohomology). However, what is wanted is a
computable formula for the contributions L(I().
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Let s t:C- X be a correspondence. A fixed point component K is called w:aHy hyperb~lic

if there is'a m;p (PlI P2) : U - R2: 0 x R2: 0 , where U is a neigbborhood of s( K) = t(K), wlth
the following two properties: 1. (PI1P2)-1(O,O) = K and 2. Near K, PIS(C) ::5 plt(c) and

P2 S(C) ~ ]J2t(c). . . .
Tbe intuition behind this definition is that the expandmg dIrec~lOns must be mapped to

h .. R>o R>o Takethe x-axis and the contracting directions must be mapped to t e Y-axlS In - X -.

a small box B and and its edge E as in the following picture:

B E

THEOREM [GM1] (Lefschetz fixed point formula)

This same formula works for sheaf cohomology as weil. Another (overlapping) fixed point
formula has been proved by Kashiwara and Schipira.

THE REDUCTIVE BOREL-SERRE COMPACTIFICATION
Now, we return Co our situation of an arithmetic locally symmetrie space X. We work

with the Reduetive Borel-Serre eompactification .\'. This is distinguished by being the
most natural eompactifieation metrieally, in the following sense: Suppose that two eurves
Ti : [0,1) - X eonverge to limit points Ti(l) in ~Y. Then Tl(1) = T:?(I) if and only if
liIl16_1 dist (TI(O, 1), T2(O, 1» =O.

With this compaetification, we are in a position to apply the Lefschetz fixed point formula
for the following reasons:

THEOREM

1. The Hecke correspondance s, t : C: X extends canonically to a compactified Hecke
correspondance s, t : C: ",y.

2. The compactified Hecke correspondance s, t : C: X is weakly hyperbolic at each fixed
point component.

3. There exist (derived) sheaves on ",Y whose cohomology is H-(X) resp. H(2)(X),
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Of these, the one that most deserves comment is 3. The fact that there is a sbeaf on X
whose cohomology is H-(X) is dear from Grothendieck's formalism of sheaf theory. (This
would be true for any compactification.) The fact that there is a sheaf whose cobomology
ia Ht2)(X) is deep. By the Zucker conjecture, proved by Looijenga and Saper-Stern, the

cohomology of middle intersection homology sheaf Je· on .i; computes H(2)(X), where .Y" is

the Baily-Borel compactification of X. There is a canonical projection 1r : }: -- X.

THEOREM [GH~I]

There is a "weighted cohomology sbeaf" WC· on "Y so that R1r. WC· = le·.

With these results in band, it remains to carry out the explicit computation of the Lef~

scbetz fixed point formula. This calculation is made possible by tbe fact that tbe singularities
of X are described by nilmanifolds, whose cohomology caD be calculated by the Nomizu-Van
Est theorem and Kostant's theorem. I will omit the calculation, which is in [GM2]. Analyt
ic computations of the Lefschetz numbers of Hecke operators on L'l cohomology have been
carried out by Arthur, as part of his trace formula, and by Stern. The agreement of our
formula witb Artbur's formula is verified in (GKM]. It is interesting to note that Artbur's
terms correspond to sums of terms L'2(K). An analytic computation of the trace of Hecke
operators on ordinary cohomology has been carried out by Franke. Finally, I would like to
note that tbere is an intriguing similarity between our expression for tbe Lefscbetz numbers
of Hecke operators and Pink's formula for the Lefscbetz numbers of Frobenius operators on
the cbaracteristic p reduction of the same space.
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We start a pure1y algebraic version of a De1igne Riemann-Roch
theorem. Since the Arbeitstagung started with Riemann-Roch theorems in
1957, it is appropriate that it shou1d end with Riemann-Roch theorems.

Let X be a compact Riemann surface. Then we have its canonica1
sheaf K .. Let oe be a 1ine sheaf on X. Then we have a 1 ine Coue
dimensional vector space over the complex) defined by

~ct) = det HOC;f) t» det H1C~)-1.

One defines a pairing between line sheaves by the formula

00

)ACs ) =~~~1,
~ k=l

H 2' depending on r ' r·
L

We want more. Let 6 =~ : CCO c,e) ) C
OO C'*'> be the Laplacian,

with the sign chosen that it is~ positive operator. We let 0~A1 ~ A Z~"""be the sequence of non-zero eigenva1ues, and we define the Cspectral) zeta
function by the series

/..i(. , Tll) = )c~e~e ~Cti)-lS ACIr\)-l 19 "AC&x)·

There ensues a canonica1 Deligne isomorphism

A<rl. )12~<~) ~)@(cl')cite~-l> 6. .
~s

Fo110wing a philosophy started by Arake10v, therelan ongoing open ended
program in algebraic geometry to put "natural metries on all sheaves, so
that the natural algebraic isomorphisms become ·isometries, possib1y up to a
constant factor. Essentially all of sheafy algebraic geometry is to be ex
~ended in .this way. We must therefore rlow deal with metries. Suppose· given:

.a positive Cl, l)-form ~ on X, which amounts to ametrie on }C;
ametrie f on rt.. ·

These give rise to an L2-hermitian product on HOCoe) , namely we have the
hermitian product of two sections s, sr defined by

<s,S')F/t'- = {<S,S'1>,....
By Serre duality. for sections of H

1C-e) oue also gets a hermitian pro-

duct, because .,', H1C.;e) ~ H°<.rt -le te)~

Thus we get what we call the L2-metrics

which converges for ReCs) large.
has a meromorphic continuation to
determinant

A theorem of See1ey guarantees that J~
C, regular at O. We can then define ene.....

co

det* A = exp(- )4(0)) "=" 1T A
k

•

k=1
The star in the superscript of det indicates ·that we are dealing with the
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non-zero eigenvalues. Associated with this determinant, we define an
important constant

CA (X) =

'r-
det* 61'''

CI'fA

Vol "...(X)
aud C J\ = log -e A •-u'r J"J.,t"

Let -::1= e?x(D).
canonical class.

We shall eventually view this constant, with the hyperbolic metric on X,
as a function on the moduli space.

We also define the Quillen metric

A -1
BQ = H 2' (det* u... )

'f'fA' L v'r
Deligncproved that the Riemann-Roch isomorphism stated above is an isometry
up to a factor exp(a(g)), "where a(g) is a constant which depends only
on g.

Deligne conjecture. One has a(g) ~ (l-g)a(O).

Jorgenson proved this conjecture by a fascinating methode The Deligne
constant a(g) has been expressed as a difference of log determinants, in
what has beeu called the "spin 1/2 bosonization formula ll in [A-B-M-N-V 87],
published in a physics journal which makes everybody think all this has
to do with physics. No matter what, "suppose g ~ 2. Let

t: X >=J be a canonical map -into the Jacobian, with 'f<P) :::::11 o.
W = 'f'"(X)+"~ •• + \f'(X) (sum taken g-l times).g-l
e ~ Rieman "theta function, and S its divisor.

~ = the hermitian Riemann form associated with th~ polarization.

There is a unique divisor clasB D· of degree g-l such that

~ = Wg_
1

+ t(D).

Then -d 2 ft:. )\., i. e. -<1 is a square root of the
The expression of fl\-B-M-N-V ~7] is:

14" a(g)

where

lJen2 (o) ~ (det J!x) 1/'2 19 (0)12 •

This must be taken with a grain' of sal t." It may happen that 6(tJ) = 0,
but then the determinant will also be O. One introduces a more
complicated theta fun~tion, depending on a~arameter u eJ, aud oue
also introduces Ci( (u €. J) were c<: is a line sheaf of degree 0

u u---
with a flat metric. Theu the quotient -

"- :a-
det LJ.~ l 1 / /{ en (O)u..)..J., u.)f2

is weIl defined, positive, and independent of u because the determinant
aud- the theta value" vanish with the same order if they vanish at all.
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For g ~ 2, the idea is then to view the log determinant and other
invariants of- X as functions on the moduli space M, and to let X

g
degenerate to a ~1 with g nodes. Since a(g) is constant, one finds
its value from the limiting value of the log determinant term on this
degenerate surface. This means that one has to keep track of the
aszmptotic behavior of several functions on the moduli space, of which
- S!(O) (hyperbol ic metric), the theta value" the constant cA' are
on1y the first examples. t.1 'JA-

Some of these functions tend to ~oo, but their differences may be
continuous on the boundary of the moduli space. During the past few years,
several people have'systematically studied various such degeneracies,
inc1uding Wolpert, Hejhal, Belavin-Kniznik, Taktajian, Zograf, Lundelius
and Jorgenson, and others. Jorgenson proves appropriate limit formulas
which al10w hirn to determine Deligne's con~tant as conjectured.

It is a fairly vast enterprise to ~ke·.a systematie tabulation of the
behavi6r' of all objeets involved, namely in addition to the oues we have
seen: small eigenvalues, small geodesies, and .wha~ever. I shall seleet
on1y some examples of theorems of Jorgenson giving the flavor of the
observable phenomena. .

I shou1d a1sq note' that for the theory to be eomplete1y coherent, oue
must start' -f-rom the heginning with non-compact Riemann surfaees lj.aving
finite volume. All the obj ee ts such as Laplae.ians" zeta funetions, etc.
ean he defined for such surfaces. In the 1imiting values. with nodes,
hy de1eting the nodes oue ohtains such surfaees. I started with compact
surfaces ooly for simplieity, and to avoid taking certain precautions for
the non-eompaet ease.

A limiting' theorem. I shall now describe oue of Jorgenson's limit·
formulas. ,

By a small eigenva1ue we mean «n eigenvalue, < 1/4.
By a sma11 geodesic., we mean a geodesic'l'of length < .e, where ~ .

is the length of the smallest geodesie on P minus three p8ints with 0

the hyperbolic metric.. These notions app1Y-as 'well -when X -is not eompaet
hut has finite. volume. It is known that the number of smal1 eigenvalues
is ~ 4g-3 (Buser) , and the number of small geodes ics is ~ 3'g-3 (Bos t) .
Define the produets -

aod TI . (X) ~ T[ 1.
sge sma1l J J

We define aranges over the lengths of the small geodesics.where -e.
J

further constant

c (X) >::

det lkx
if g ') 1

~ Vol,...(X) =

= 1/vo1". (X) if g = o.

For degenerate surfaces, with several components and nodes, a simi1ar
definition ean be given, multiplicative over the components. We omit it.
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E (X)· ",. C- (X)
nyp

TI _. (X)
sev

TI:ge (X)

One of Jorgenson's theorems is that:

Theorem 1. For adegenerating family of Riemann surfaces X,
degenerating to X, we have

o

E(X) c E(X ).
olim

X-=t'X
o

Tf {X. ~ are the irreducible components of X,
J 0

then E(X) := lTE(X.).
o J -

The Selberg zeta function. Essential to the study of the degenera
tion of J hYP (0) is the Selberg zeta ~unction

00

Z(s) =1Ttr (1 - e-(s+k)l ('6 »,
kQl ~

where ~ ranges over the primitive geodesics. Oue has a formula of
D'Hoker and Phong [O'H-P 861:

log det* A
h

::I

yp
- ..." (0)

J hyp log 2'(1) + c(g),

where c(g) is a constant which was determined to be

aud . c(Q)

c (g ) = (1 -g) c ( Q)

= c /\ (P
1
) + log 2 ::::I: -4!Q'(-1) + -2' - log 27r.u, st \IV- ......

This last explicit value is by a computation' of Vardi. Here st denotes
the standard metric on the projective line, namely

1J. - 4'1l' rI st cau
and dzA d;

(1+ Iz12)2 .

The constant c(g) euters in the determination of a(g), namely oue has
a(g) + c(g) = d(g), which is still another constant but we won't go into
that., One can define a twisted Selberg zeta function 2 1 by a character
of order 2, and there is a similar formula of Sarnak [Sar 87]:

log det .ß..j,hYP = (l-g)(-416(-1» + log 2 1(1/2),
'--

with a generalization to <f~ in line with what we al ready remarked.
u. - .

Jorgerison studies·· the degenerations of these log determinants, eventually to
get the constant values of their differences. We now turn to asyrnptotics.
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for P4:supp(D).

Weil funetions lead to
is eompaet, then the
the same divisor is

Weil funetions and potential functions. On any variety V let D be
a Cartier divisor. By a (complex) Weil function assoeiated to D we mean
a funetion g: V - supp(D) ) R, such that, if D is represented by a
rational funetion D = ('f) on ~Zariski open set U, then there exists
a eontinuous function c< on U such that

g(P) = - logl,(P)\2 + o«P)

We use the letter g because.natural ehoiees of
Green's functions (potential funetions). If V
differenee of two Weil functions assoeiated with
continuous, and therefore bounded on V.

Theorem 2. The function !Ä = '12 log(CL1,hyp.~yp)

is a Weil function on the modulL space. M., .. with respeet to the
boundary divisor .. Furthermore, it is als8.a.potential (Green)
function for the Weil-Peterson metric, that is

ddc
MgA = fwp 2!! g'

2
possibly up to the faetor 1/11, depending how JAwp is normalized.

I dan't know to whom the first statement is due (about the Weil funetion).
I learned it from Jorgenson. The seeond statement is due to Belavin
Kniznik [B-K 861 and Takhtajan-Zograf [T-Z· 88], [TZ 91], who also prove
the analogous formula for the non-eompaet ease, involving Eisenstein series.

The asymptotics of another funetion ~ ::I L (21T) 2/..R. ·are also
very interesting, and have. been studied, bufe~ am running out df spaee.
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The purpose of this talk is to give areport on some new developements related to
analytic torsion.

Introduction The concept of torsion was introduced in 1935 by Reidemeister, Franz
and de Rham. Let K be a finite simplicial complex and P : 71"1 (M) -+ O(N) an orthog
onal representation with associated Hat bundle Ep • Assume that P is acyclic, that is,
H*(K; E p ) = o. Then the ReidemeiJter-Franz tor"ion (or R.tor.5ion) TM(p) E R+ is de
fined. The torsion TM(p) is a kind of determinant which describes how the simplices of k
are fitte<! together with respect to the action of 7l'1 (K). It is known to be a combinatorial
invariant in the sense that it is invariant under subdivision (Mi].

In particular, if K is a smooth triangulation of a closed Coo-manifold M, then the
R-torsion depends only on the smooth structure of M and we denote the torsion by TM(p).

In (RS], Ray and Singer introduced the analytic torsion TM(p) as analytic counterpart
to R-torsion. To define TM(p) one has to choose a Rlemanman metric 9 on M. Together
with the canonical metric on E p which is compatible with the Hat connection we get
an ~er product on the twisted de Rham complex A·(Mj Ep ) of Ep-valued differential q.
forms on M. Let ß q be the Laplacian on Aq(].,;[j E p) and (q(s; p) = L:~J >-:ja, Re(s) > n/2,
n = dimM, the zeta function of ß q• Then TJ\I(p) is defined as

(1 )

For acyclic p, TM(p) is independent of the choice of the Riemmanian metric on M.It was
conjectured by Ray and Singer that TM(p) = TM(p) for all acyclic orthogonal representa
tions p. This conj~turewas proved independently by Cheeger {Cl and the author {Mül].

Recently, torsion has found interesting applications in low dimensional topology and
topological quantum field theory. D.Johnson has shown that R-torsion is closely relrated to
Casson's invariant {J]. In {W4], Witten has used the relation of the weak couplind limit of
three dimensional Chem-Simons gauge theory to analytic torsion to study two dimensional
quantum Yang-Mills theory. This leads to formulas for the volumes of moduli spaces of
representations of fundamental groups of compact surfaces.

1. Torsion for unimodular representations. The restrietion to orthogonal (or
unitary) representations is certainly a limitation of the applicability of the equality of the
two torsions if the fundamantal group is infinite. We remove this limitation essentially.
Namely, let p : 7I"} (M) -+ GL(E) be a representation on a finite dimensional real or complex
vector space E. p is called unimodular if Idet p(7)1 = 1 for all i E 71"1 (M). Then
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the definition of R-torsion also makes sense for any unimodular representation. To
define the analytic torsion we follow an idea of Schwarz [5]. We choose ametrie h on E p

and with respect to this metric we define the torsion TM(P; h) by a formula similar to (1).
If dimM is odd and P is acyclic, it turns out that TM(p; h) is independent of h and also
on the Riemannian metrie on M. We call the common value TM(p).

Theorem 1. Let dim lvJ be odd. For al1 acyclic unimodular representations p: 1Tl (M) -+

GL(E) we have
TM(p) = TM(P)'

For the proof see [Mü2]. We remark that both analytic torsion and R-torsion can be
defined for all unimodular representations. H the representation is not acyclic, then both
invariaIits will depent on the choice of the metrics on M and E p • Nevertheless, the equality
of Theorem 1 remains valid.

Next we discuss some applications of this result.

2.Locally symmetrie manifolds. Let G be a connected real semi-simple Lie group
with finite center. Assume- that G has no compact factors and let K C G be a maximal
compact subgroup. Then X = G/ K is asymmetrie space. Let r c G be a discrete,
torsion free, co-eompact subgroup. ~en M = r\X is a compact locally symmetrie man
noid. Examples are hyperbolic 3-manifolds. Given a finite dimensional representation
p : 7rl(M) -+ GL(E) we get by restrietion, a representation Pr of r and a Bat bundle Ep

over r\x. Note that pr is unimodular. The Hat bundle has a naturallocal1y homogeneous
metric [MIvI]. Let 8 be the Cartan involution of (9, t) and assume that (E, p) is irreducible
with heighest weight A - e. Ce = !sum of positive roots). H 8A 1: A, it follows from Theo
rem 6.7 of section VII in [BW] that H· (r\X j E) = O. Ir dim G/ K is odd, then rk G > rk K
and a generic irieducible representation has vanishing cohomology. We also note that for
rk G > 1, superrigidity implies that all representations of r arise from representations of G
[Ma]. Thus we can define the analytic torsion for all these representations and we expect
them to be interesting invariants of the locally symmetrie manifold r\x.

3.Lefschetz numbers for ftows. As an application of Theorem 1 we obtain the
extension of a result of Moscovici and Stanton [MS]. Consider the geodesie flow 4» on the
unit sphere bundle to r\x. The connected components ofthe periodie set are parametrized
by the non-trivial conjugacy cIasses {...,.} in r. Each connected component X., is itself a
compact locally symmetrie manifold of non-positive sectional curvature and ~ restriets to
aperiodie Bow on X.,. The quotient X., = X.,/4! is a smooth orbifold. Let 1., be the
common length of the 'orbits in )[., and let J-l, be the multiplicity of a generic orbit of
4!IX,. Set
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Theorem 2. Z p(s) is analytic for Re( s) ~ 0 and admits a meromorpmc continuation to
C whicb is holomorpbic at s = O. If dim G/ K is odd, tben

Zp(O) =TM(p? where M = r\x.
For orthogonal (or unitary) representations p, this result is due to Moscoviei and

Stanton [MS].

4.Chern-Simons gauge theory. Chem-Simons theory is a three dimensional gauge
field theory with pure Chern-Simons action. It was used by Witten [WI] to introduce new
3-maniIold invanants. The basic setting for ehern-Simons theory is a compact oriented
three dimensional manifold M without boundary and a Lie group G. We start with the
case where G is compact and for simplicity, we take G to be SU(..IV). Consider the space
A of all G-connections on the trivial G-bundle over M. In fact, every principal G-bundl€
over M is trivia!. The space A may be identified with the space A l (M, g) of differentia
I-fonns on M with values in the Lie algebra 9 of G. For a given connection A E A, thc:
ehern-Simons action is defined to be

(2) I(A) = -.!.... ( Tr(A A dA + ~A A A 1\ A)
41r 1M

where Tr is the trace of 5u(N) in the standard representation; This is areal va!uec
non-linear functional on A. The gauge group g = Map(Arf, G) acts on A by the usual
prescription Ag = g-l Ag +g-ldg, 9 E G, A E A Let k E N. Then eikI(A) is a {i-invariant
function on A and Witten's invariant of M is de~ed as the path integral

(3) ZM(k) = JeikI(A) 'DA.

where the integration is over all gauge equivalence classes of connections. This, however
has to be considered as a formal expression, because no measure VA has been constructed
up to now. Part of this theory can be made rigorous and Witten gave an explicit recipe
for computing ZM(k).

A standard way to study functional integrals like (3) is to use the method of stationary
phase approximation which predicts the behaviour of ZM(k) for large k. In the present
context this method is again not based on solid ground, but it gives very interesting results
By the method of stationary phase, the leading order contribution to ZM(k) comes from
the critical points of the action (2). The critical points of (2) are precisely the ~onnections

with vanishing curvature, that is, the Hat connections on the bundle P = lvI x G . Assume
that the topology of M is such that there exists ooIy a finite number of gauge equivalence
classes of Hat connections on P, say Al, ... , ..4.m and that All"" Am are all irreducible
Then Witten's fonnula for the stationary phase approximation of the path inytegral (3) if

I m

(4) Zdk-G [e (jTM(Pa;)
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where Z(G) is the center af G, a j : 1l'"1 (M) -fo G is the representatian determined by
Aj, q(aj) is a certain phase factar described in [W1] and TM (PaJ ) is the analytic torsion
of Paj = Ad 0 0; : 1l'"1 (M) -fo GL(g). Since each paj is acyclic, TM(Paj) is independent
of the choice of the metric 9 on M and, by [Cl, [Mü1], it coincides with the R-torsion
TM (PaJ ). As we know, the R-torsion TM(PaJ) can be computed from a triangulation K of
M in a pure combinatorial way. This suggests that one may be ahle to develop a rigorous
treatment of the path integral (3) on the combinatoriallevel and derive the asymptotic
behaviour (4) in this way.

So far we considered the case of a compact gauge group. Witten has also started to
investigate Chem-Simons theory with non·compact gauge group (W3]. There exist several
motivations to develop such a theory. For example, 2 + 1 dimensional gravity is related to
Chem-Simons gauge theory with gauge group SL(2, C), 150(2,1) or SL(2, R) x SL(2, R)
depending on wether the cosmological constant is positive, zero, or negative [W2]. For a
general non-compact Lie group G, the quantization of Chem-Simons gauge theory with
gauge grouyp G is not yet understood. Nevertheless, one can study the perturbative
expansion of the corresponding path integral [BNW].

The perturbative treatment of Chem-Simons gauge theory with non-compact gauge
group requires again gauge fixing. Since the Killing form is indefinite there exists no obvious
gauge fixing as in the compact case and different approaches are possible [BNW].For a semi
simple Lie group G, the most natural gauge fixing seenis to be the unitary gauge. fixing
described in section 4 of (BNW]. Let A be a Hat connection on the trivial G-bundle over M
with holonomy representation a : 1l'"1 (M) -+ G. As above, let 90 be the Hat bundle defined
by pa = Ad 0 o. Then the unitary gauge fixing amounts to the choice of a riemannian
metric 9 on M and a hermitian metric h on ga. We ohserve that Pa : 11"1 (M) -+ GL(g) i~

unimodular. In fact, since 9 is semi-simple, the Killing form is non-degenerate. Hence, for
each 9 E G, Ad(g) preserves a non-degenerate symmetrie bilinear form on 9 which implies
that Idet Ad(g)1 = 1. This is precisely the setting of section 1.

Under the same assumption as above, one gets a formula for the one loop approxi
mation of the path integral which is similar to (4). The analytic torsion TM (Paj ) is now
defined as discribed in section 1. For the discussion of the phase factor see section 4 of
(BNW]. By assumption, each representation Paj is acyclic and therefore, TM(Paj) is inde
pendent of the choice of the metric on M and 90' Moreover, by Theorem 1, TM (PaJ ) equals
the R-torsion TM (Paj ) which has again a pure combinatorial describtion. This suggests
that Chem-Simons gauge theory with a non-compact, hut semi-simple gauge group should
also be accessible to a combinatorial treatment.
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1 Introduction. Geometrie points of a moduli spaee
eorrespond to isomorphism elasses of eertain objeets (which
on wants to study, wauts to elassify). If one requires those
objects to.have same extra properties (some additional
strueture) one obtains a subset of that moduli spaee (which
beeause it i9 nature-given is interesting, aud ean have some
nlee propertie9). Many proof in algebraie geometry are given
using properties of such substes of a moduli space.

Today we discuss closed subsets of the moduli space of
principally polarized abelian.~arieties in positive characte
ristic given by Newton polygons. This stratification refines
the one by the p-rank.

From the precise information we obtain for 'the strata
defined by the various Newton polygons we derive a proof
of a conjecture by Manin (1963: every symmetrie Newton
poly-on ean be reali%ed by an abelian varietiy), and we
show a streng~hened iorm of a eonjeeture by Koblitz
(1975: an ordered pair of Newton polygons ean be realized
by a speeialization of abelian var#ties). Our inspiration
eame from these eonjeetures by Manin and Koblitz, from
results by Mumford, Groth'end'ieck, Katz (and m~ny others),
and from eooperation'with Tadao Oda, T.Katsura, P.Norman,
T.Ekedahl aud K.-Z.Li.
Some notation: g=dim(AV), p i5 a prime number, n is a
positive integer prime to p, we write NP for Newton polygon,
~X) i5 the NP of the abelian variety X, we write f=f(X)
for the p-rank of X, we write a(X)= dim Hom(dt ,X),
Gm n i8 a p-divisible group of dimension m,. p
.. ,
~hose (Serre-)dual has dimension n.

2 Newton polygons.

NP: lower eonvex polygon in (Qx (Q,
breakpoints in 7lX'll,
starts at (0,0), enda at (2g,g), and i5
s ymme tri e (i f a 5 1 0 pe ;\ =n / ( m+ n )

appears then 1-~=mi(m+n) appears
with the same multiplicity) .

G , or the pair (m,n)
m,n

gives the slope n/(m+n) with
multiplicity m+n. A finite
set of such pairs gives a NP,
when the slopes are arranged
in non-decreasing order.

(1.0)

,
~:~ j

1
I

i
~ _._ .. _...__-.-_1
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NP,

one,

We write (0 for tbe ordinary
i.e. given by g(l,O)+g(O,l),
and () for the supersingular
i,e, given by g(l,l),
and we write

(and we say that ·.#.Pis
below ~) if no point
o f (J.. i s-= s tri e t 1 Y
below (3.
!! note the reverse
in this order! f
Smallest: ~ (supersingular), largest: ~ (ordinary).
T~e NPs form a direeted graph: 'r/o<: S--(Cl( -(.().

3 The NP ~f an abelian variety.
Tf k is a field, ehar(k)=p'>O, and X is an abelian variety
over k, then X determines a NP. If k happJS to be a finite
field this ean be given by the NP of the ehar.pol. of' the
geometrie Frobenius ot' X (suitably normalized if k has more
than p elements). In general on takes the p-divisible group
G"of X over an algebraie elosure of k. By Dieudonne-Manin
theory we ean write q N f.(r:,ot «0 l) +L('i~ .... · t~.,..",,~)+s·G, I

, • J " "I ' I ~

and the pairs (m,n) thus obtained give the NP ~X). Note
that X has a polari~ati9n, hence is iso~ous to its dual,
and this gives the symmetry of Jt(X). Note that c.r(X)
depends only on the isogeny elass of X over some field
eontaining k.

4 Ccnjecture, Manin, 1963: Suppose given g, and a prime
number p, and a NP (symmetrie), then there exists an AV
havi ng t his NP in e ha ra e te r ist i c p (c f. (8), page 76).
Remark: this was proved in 1967 by Honda, and by Serre,
via redueing a well-choosen CM abelian variety from
char. zero to char. p; below we indieate another proof .

5 Theorem, Grothendieek: If an abelian variety X
fspeeial-il'es to an abelian variety X o , then the NP

goes up: rX-.:~ X0 ). ~ vt(Y3) 'r tJ/'(Xo)
(j , e f. (1), page 9 1 .

6 Conjecture, Koblitz, 1975: The converse of this
theorem should be true (i.e. every ordered pair of NPs
ean be reali,ed by a speeialization of AVs),
ef. (6), page 211

7 Notation: {]. _ a <8 TE
J\.-J'l p}J"t,,"'t i.e. for every algebraically

elosed field k of ehar(k)=p, the set ~(k) of k-rational
points is the set of isomorphism classes of tripies
(X, A ,7), where X is an AV of dimension g over k, where
Ais a prineipal polarization (i.e. deg(~) =1), and where
1is a symplectie level-n-structure on X.
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For any NP 0( we write W(( for the set

Wo( = { (X. ) • r )I c,t(x) -< 0( ] / ~ c .fl .
By Grothendieck-Katz we know that this is a closed subset
of ~ . NB! 1 there is 00 a-priori reason why any point of
W~ should eorrespond 'with an AV having ~X)2 ~ .
(closed: cf. (5), page 143, Th .. 2.3.1 & Corol!. 2.3.2).

We write l\( for the region of the plane:
Al '9 :zr {(x J '1) I ~.< 't ) 0 ~ x.. ~ ,} 4..,. ~ fk;r pr,~ t

I S ...", d'1" "be "'~ d. j
(note that we only use the first
half of the NP, which 1s enough
for our purposes, beeause of
symmetry).
Ve define the number d(~) by:

8 Theorem (cf. (12)): Fix g, p, and n as above, eansider the
moduli spaee as above of principally polarized abelian varie~'

ties in characteristic p, and let k be an aigebraieally elosro
field, char(k)=p.
a) Let W be an irreducible component of Wo(3k, let 'l~w'c(
bei t s gene r i c p 0 i n t, t he nt _L' . .... VI - ot (o{) 1

~ (X, ) ':: o() ,,( X,) ~ I) ,~- . •

b) Let 0<...«(1 be an ordered pair of NPs, and consider
geometrieal1y irreducible eomponents:

for every WCWoe, lIl' k 'there is a unique W'cW~.k wich WcW',
for every w~_c. W"tlk there is a WCW-e Q1 k wich WC::W',
in partieular the set of geometriea11y irredueible
camponents of "1_ maps surjectively onto the same of W~ .

(We see: for any geometrieally irreducible eomponent
WC "I< e k t he set 0 f a 11 co mp 0 ne nt s 0 fall W11 ist he
same as the part of the NP-graph of all NPs below ~ ).

9 Corollary (proof of con1~cture by Manin, cf. 4):
For any NP 0< there is a point in Wx (even defined
Over an algebraic e10sure of F p ) having r:Jr(X)1:Il C(.
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10 Corollary (A strength~ned form.of a conjecture by
Ko.blitz, cf. 6).: Let (XO, :>t·

O
) be a principally polari~ed

abelian variety in positive characteristic, arid let

CI'f(X 0 ) ::: 0( --< ~. .
. Thet\ there exist a speciali~ion (X '~1) ~ (XOJ~o)
such that cN(X

S
)= (& ._ ~ J

11 Remarks:ln the theorem, and ~n the last corollary
i t ~ ses sen t i alt hat we wo r k wi t h po·l ar i z at ion s wi t h d e g re e
prime to p. Counterexamples to mo~ general cases (already
for g~3) can be found in (4). The fact that the
supersingular locus W has dimension equal to ci/~J
was conjectured in (10), and a proof will aprear in (7),
cf. theorem 12 below. The fact that f,,,+I) - L~'·/t]
exactly equals the length of ~he ~ongest path in ·the
NP-graph gave the clue to theorem 8. For those closed
sets of the NP-stratification given by the p-rank the
dim~nsion formula in theorem 8 was proved in .(6), also
see (9).

12 Theorem (T.Ekedahl &FO), cf. (2): For any g~2, and
any NP« the set W. ia connected. 0
Corollary (Chai-Faltings): For any g the moduli space u~

ia irreducible.

13 Theorem (K.-Z.·Li &.FO), cf. (7): For any g the '
supersingular loeus ~:WQhas dimlTnsion equal to (~/~J)
and the number of eomponents of ~~k (where k is
an algebraieally elosed'field of ehar. p) is given by
a elass number as eonjeetured in (4).

14 Remarks: We see that the number of geometrie eomponents
of We<tik is less or .equal to the elass number

H (p, 1) (g ia odd), respeetive1y H (1 ,p) (g is even) ,
g g

whieh ia the number 9f geometrie eomponents of the supersing~

loea~ for that g. We have no eomplete information on the
number of eomponents for every W~.

Note that the ease g=l, the computation of the number
of supersingular j-invariants ia elassieal (Deuring-Eiehler,
and Igusa). The ease g~2 was settled in (3), and for
g=3'we find the an~er in (4).
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The mth polylogarithm function Lim, defined for z E C, Izi < 1 by the power
senes

is a classical non-elementary function which was studied by such mathematicians as
Euler, Abel, Kummer, Lobachevsky and Ramanujan, and which has turned out in

recent years to be connected with many interesting questions in topology, hyperbolic
geometry, number theory, K-theory, and arithmetic algebraic geometry. For m = 1, of

, course, Li l (z) = - log(1 - z) is simply the ordinary logarithm function developed in a

Taylor senes around 1, while the functions of higher order are obtained by successive

I integration: Lim{z) = Jo% z-l Lim-l(z) dz. This latter definition gives the analytic
continuation to all z in the cut plane C , [0, 00] (or more invariantly, to the universal
cover of C, {O, I} = pI (C) , {O, 1, oo}). For every natural number N, Lim ( z) satisfies
the di8tributio n relation Lim(zN) = Nm-l l: Lim { ( z) (sum over all N th roots of unity
(), and there is also a functional equation expressing Lim(Z-I) in terms of Lim(z). The
latter equation can be used to compute Lim(z) for Izi >- 1, while for z near the unit
circle (say 0.005 < Izl < 200) a convenient method ~f calculation is afforded by the
formula

co x n 1 1 x m - l

L ({m - n) ;r - (1 + "2 +... + m _ 1 - log(-x)) (m - 1)! .
n=O

n;em-l

Besides the functional equations mentioned above, which hold for all orders m, the

polylogarithms of low orders are known to satisfy certain functional equations with a
far more interesting algebraic structure. It is this structure which makes the functions
so interesting and in particular which is responsible for the connections to algebraic
K -theory. In particular, the dilogarithm Li2 satisfies a functional equation under z I-t

1 - z which together with the functional equation with respect to z I-t 1/z already
mentioned gives it a 6-fold symmetry, and also satisfies a much more interesting two

variable equation

where "... " on the right is a certain combination of products of logarithms. The

Ifunctional equations become "clean" if we replace Li2 by the Bloch- Wigner function
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D(z) = ~(Lh(z) -Izl Lh(z»): D(z) simply changes sign under Z 1-+ 1 - Z or z 1-+ l/z,

and in the 5-term equation just written one can replace "... " by 0 if Li2 is replaced

everywhere by D. This 5-term equation, which replaces the fundamental functional

equation Li1(x) + Lh(y) = Li1(x + y - xy) of the unilogarithm, has a beautiful inter
pretation in terms of 3-dimensionalhyperbolic geometry, as follows. Consider tetrahedra

in the 3-dimensional hyperbolic (Lobachevsky) space H3 . Formulas of Lobachevsky im

ply that the volume of any such tetrahed.ron can be expressed in closed form in ten:ns
of values of the function D and in particular that the volume of an ideal tetrahedron .6.
(one with all its vertices at infinity, i.e. in the boundary Pl(C) of H3 ) equals D(z(.6.)),
where z(.6.) is the cross-ratio of the four vertices of ß (this is invariant under the action

I of the isometry group PGL(2, C) of H3 on 8H3 = Pl(C)). The 6-fold symmetry of D(z)
now reßects the fact that four complex numbers have 6 different cross-ratios depending
on the order in which they are taken, and the 5-term two-variable equation expresses I

the fact that the SUffi of the volumes of the 5 tetrahedra whose vertices are 4-subsets of I

a set of 5 points in Pl(C) vanishes (take the points to be 0, 1, 00, x, and y).

Because any complete hyperbolic 3-manifold M, possibly after removing a set of

measure 0, can be trianglliated by ideal tetrahedra ßi, we can express the volume of

M as a finite SUffi of values D(zd, Zi = z(ßd. This is of interest because the set
of volumes of complete hyperbolic 3-manifolds is known by rigidity theorems to be a

countable set and we would like to know this "volume spectrum," but not yet a very

useful statement because the set of sums 2: D(Zi) with complex arguments Zi is clearly !

, equal to all of R. However, it follows from results of Dupont-Sah or of Neumann-Zagier ,

that the arguments Zi of an arbitrary ideal triangulation of M satisfy the algebraic

relation

(*)

where the value (Z) 1\ (1 - z) is to be interpreted as an element of the exterior square

of the abelian group C·, written additively as aI-module. As an example, an explicit

triangulation of the complement of the~ J.),k

given by Thurston implies that this complement, wIDch has a hyperbolic structure, has

2
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1 + R -1 + "';-7
~ volume equal to 4D(a) + 2D(b), where a = 2 and b = 4 ' and the two

1 identities ab = -1, 1 - b = (1 - a)Zb imply 4(a) 1\ (1 - a) +2(b) 1\ (1 - b) = Q. (Check

this!) It turns out that the set of sums L: D( zd for collections of complex mumbers
{zd satisfying (*) is countable, overcoming the objection made above. Moreover, by
restricting to the subset of arithmetic hyperbolic manifolds, the volumes of which are

j known to be expressible as simple multiples of the value at s = 2 of the Dedekind

zeta functions of algebraic number fields, one obtains the theorem that the value 0/
I (F(2) tor any number field F can be expressed in term" 0/ a finite number of value" 0/ :
! the function D(z) at algebraic argument" z. For instance, one can show that the link

I complement above is a finite cover of the manifold H3 / SL(2, 0), where " = Z[a] is the
, ring of iotegers of F = Q(R), and using this one shows that the value of (F(2) for

this particular numher field is 21rz/21v7 times the volume 4D(a) + 2D(b) of M.

The bulk of the talk was devoted to explaining the extensions of tbis last result

to higher m. There is a modification Pm(z) of the mth order polylogarithm Lim(z)

analogous to the modification D(z) of Liz(z), e.g., P3(Z) = ~(Li3(Z) -log Izi Liz(z) +
~ 10gZjzl Li1(z)), and one can formulate a rather precise form of the conjecture that

the value 0/ (F(m) for any number field F can be expre.",ed a" a finite combination 0/ '
~

1 value" 0/ Pm(z) at argument" z belonging to F (in the various embeddings of F ioto
C). The key to the whole structure is the generalization to higher orders of the relation

I (*), which teIls us which combinations of arguments one should look at. The details of
the conjecture, as weil as many examples, are given in my survey paper cited helow, I

and will not be repeated hefe. This leads to a description in terms of algebraic K
theory (more precisely, in terms of the group KZm-1(F)), the value of (F(m) entering

a.s the covolume of this K -group considered as a lattice in Euclidean space via the Borel

regulator mapping. The conjecture is completely proved for m = 3 by Goncharov (MPI

preprint, 1990), while for higher m one at least knows that there is a map from an

appropriate "polylogarithm group" to K -theory such that the Borel regulator map is

expressed in terms of polylogarithms (Beilinson and Deligne, in preparation), so that !
the only thing still needed for the conjecture is the surjectivity of this map, which can !
be checked for any given F and m by a finite calculation. The main ingredient needed i
to extend Goncharov's proof to higher m would be a full theory of functional equations, !
but this is still missing. Kummer gave some functional equations.for m = 3, 4, and 5 in

1840, and H. Gangl (Bonn) has found functional equations for m = 6 and 7 in the last

2 years, hut for m > 3 one does not have a complete set of funetional equations and for

3



Autor: D. Zagier Seite: 4

m > 7 no non-trivial functional equation is known at all.

The talk dosed with abrief discussion of a generalization of the polylogarithm to
elliptic curves, due to Bloch, Levin, and Beilinson; we do not describe this here.

L. Lewin, Polylogarithm~ and A.Mociated Function~, North Holland 1981

D. Zagier, Polylogarithms, Dedekind zeta functions, and the algebraic K -theory offields,
in Arithmetic Algebraic Geometry (eds. G. van der Geer, F. Dort, J. Steenbrink), Prog.
in Math. 89, Birkhäuser, Boston 1991, pp. 391-430.
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The mth polylogarithm function Li m, defined for z E C, jzl < 1 by the power

senes

is a classical non-elementary function which was studied by such mathematicians as

Euler, Abel, Kummer, Lobachevsky and Ramanujan, and which has turned out in

recent years to be connected with many interesting questions in topology, hyperbolic

geometry, number theory, K-theory, and arithmetic algebraic geometry. For m = 1, of

course, Li} (z) = - 10g(1 - z) is simply the ordinary logarithm function developed in a

Taylor series around 1, while the functions of higher order are obtained by successive

integration: Lim(z) = Joz
Z -1 Lim-1 ( Z ) dz. This latter definition gives the analytic

continuation to all z in the cut plane C '\. [0,00] (or more invariantly, to the universal

cover of C'\. {O, I} = P1{C) '\. {O, 1, oo}). For every natural number N, Lim(z) satisfies

the distribution relation Lim{zN) = N m - 1 L: Lim{(z) {sum over all Nth roots of unity

(), and there is also a functional equation expressing Lim(Z-1 ) in terms of Lim(z). The

latter equation can be used to compute Lim(z) for Izl » 1, while for z near the unit

circle (say 0.005 < Izi < 200) a convenient method of calculation is afforded by the

formula

ClO xn 1 1 x m - 1

L (m-n)n! -(1+ 2 +···+ m _ 1 -log(-x)){m_1)J·
n=O

n#m-}

Besides the functional equations mentioned above, which hold for all orders m, the

polylogarithms of low orders are known to satisfy certain functional equations with a

far more interesting algebraic structure. It is this structure which makes the functions

so interesting and in particular which is responsible for the connections to algebraic

K -theory. In particular, the dilogarithm Li2 satisfies a functional equation under z 1---+

1 - z which together with the functional equation with respect to z 1---+ 1/z already

mentioned gives it a 6-fold symmetry, and also satisfies a much more interesting two

variable equation

where "... " on the right is a certain combination of products of logarithms. The

functional equations become "clean" if we replace Li2 by the Bloch- Wigner function



D(z) = ~(Li2(Z) - Izi Lh(z)): D(z) simply changes sign under z J--+ 1 - Z or Z J--+ l/z,
and in the 5-term equation just written one can replace "... " by °if Li2 is replaced

everywhere by D. This 5-term equation, which replaces the fundamental functional

equation Lh (x) + Lh (y) = Li l (x + y - xy) of the unilogarithm, has a beautiful inter
pretation in terms of 3-dimensional hyperbolic geometry, as follows. Consider tetrahedra

in the 3-dimensional hyperbolic (Lobachevsky) space H3 . Formulas of Lobachevsky im

ply that the volume of any such tetrahedron can be expressed in closed fonn in terms
of values of the function D and in particular that the volume of an ideal tetrahedron .ö
(one with all its vertices at infinity, i.e. in the boundary pl(C) of H3 ) equals D(z(.ö)),
where z(ß) is the cross-ratio of the four vertices of .ö (this is invariant under the action

of the isometry group PGL(2, C) of H3 on 8H3 = Pl(C)). The 6-fold symmetry of D(z)
now reßects the fact that four complex numbers have 6 different cross-ratios depending

on the order in which they are taken, and the 5-term two-variable equation expresses

the fact that the surn of the volurnes of the 5 tetrahedra whose vertices are 4-subsets of

a set of 5 points in Pl(C) vanishes (take the points to be 0, 1, 00, x, and y).

Because any cornplete hyperbolic 3-manifold M, possibly after removing a set of

measure 0, can be triangulated by ideal tetrahedra .6.i, we can express the volume of

M as a finite surn of values D(zd, Zi = z(.6.d. This is of interest because the set
of volumes of complete hyperbolic 3-manifolds is known by rigidity theorems to be a

countable set and we would like to know this "volume spectrum," but not yet a very

useful statement because the set of sums L: !J(Zi) with complex arguments Zj is clearly
equal to all of R. However, it follows from results of Dupont-Sah or of Neumann-Zagier

that the arguments Zj of an arbitrary ideal triangulation of M satisfy the algebraic
relation

(*)

where the value (z) /\ (1 - z) is to be interpreted as an element of the exterior square

of the abelian group C*, written additively as a Z-module. As an example, an explicit

triangulation of the complement of the~ J...k

given by Thurston implies that this complement, which has a hyperbolic structure, has

2



l+R -l+R
volrnne equal to 4D(a) + 2D(b), where a = 2 and b = 4 ' and the two

identities ab = -1, 1 - b = (1 - a)2b imply 4(a) 1\ (1 - a) + 2(b) 1\ (1 - b) = O. (Check

this!) It turns out that the set of sums L: D(Zi) for collections of complex mumbers

{zd satisfying (*) is countable, overcoming the objection made above. Moreover, by

restricting to the subset of arithmetic hyperbolic manifolds, the volumes of which are

known to be expressible as simple multiples of the value at s = 2 of the Dedekind

zeta functions of algebraic number fields, one obtains the theorem that the value of

(F(2) for any number field F can be expressed in term~ of a finite rz.umber of value~ of
the function D(z) at algebraic argument3 z. For instance, one can show that the link

complement above is a finite cover of the manifold H3 / SL(2, 0), where 0 = Z[a] is the

ring of integers of F = Q(R), and using this one shows that the value of (F(2) for

this particular number field is 27r2 /21,;7 times the volume 4D(a) + 2D(b) of M.

The bulk of the talk was devoted to explaining the extensions of this last result

to higher m. There is a modification Pm(z) of the mth order polylogarithm Lim(z)

analogous to the modification D(z) of Li2 (z), e.g., P3(z) = ~(Li3(Z) -log jzl Li2 (z) +
! log21z1 Li 1(z»), and one can formulate a rather precise form of the conjecture that

the value of (F(m) for any number field F can be expre.s.sed a.s a finite combination of

value~ of Pm (z) at argument.s z belonging to F (in the various embeddings of F into

C). The key to the whole structure is the generalization to higher orders of the relation

(*), which teIls us which combinations of arguments one should look at. The details of

the conjecture, as weH as many examples, are given in my survey paper cited below,

and will not be repeated here. This leads to a description in terms of algebraic K
theory (more precisely, in terms of the group K2m - 1(F», the value of (F(m) entering

as the covolume of this K -group considered as a lattice in Euclidean space via the Borel

regulator mapping. The conjecture is cOlnpletely proved for m = 3 by Goncharov (MPI

preprint, 1990), while for higher m one at least knows that there is a map from an

appropriate "polylogarithm group" to [{-theory such that the Borel regulator map is

expressed in terms of polylogarithms (Beilinson and Deligne, in preparation), so that

the only thing still needed for the conjecture is the surjectivity of this map, which can

be checked for any given F and m by a finite calculation. The main ingredient needed

to extend Goncharov's proof to higher m would be a full theory of functional equations,

but this is still missing. Kummer gave some functional equations for m = 3, 4, and 5 in

1840, and H. Gangl (Bann) has found functional equations for m = 6 and 7 in the last

2 years, but for m > 3 one does not have a complete set of functional equations and for

3



m > 7 uo non-trivial functional equation is known at all.

The talk closed with abrief discussion of a generalization of the polylogarithm to
elliptic curves, due to Bloch, Levin, and Beilinson; we do not describe this here.

L. Lewin, PolylogarithmJ and AJ.5ociated Function.5, North Holland 1981

D. Zagier, Polylogarithms, Dedekind zeta functions, and the algebraic K -theory of fields,
in Arithmetic Aigebraic Geometry (eds. G. van der Geer, F. Dort, J. Steenbrink), Prog.
in Math. 89, Birkhäuser, Boston 1991, pp. 391-430.
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All of the work deseribed here is joint. with I\'lark Goresky! and same of it is joint wit.h
GÜllter Harder alld with Bob Kottwitz.

Reeall thc definition of a loeally symmetrie spaee. For every point x in a Riemanniall
, manifold X there is a ':refleetion" map (j defincd Oll poi nts y elose enough to x; if l is the
Ishortest geodesie from x t.o Y, then a(y) is the point. on f the same distanee from x in the
Iopposite direct.ion.

1

x

• f/
<J(y}

LI. "X

The Riemanniall manifold X is a loeally symmeLrie spaee if, for all x E X I the refiection
map is an isometry.

\Ve will eall l.he loeally symmetrie spaee X arithmclic if it is eomplete! has negative eur
vat.ure, has finite volume, and has the following propert.y; the group I' of deek transformations
.\" ---r ~:\" of the simply eonlleet.ed eovering space X of X is an arithmetic subgroup of the group
Aut(X) of Riemannian auiomorphisms of ..Y". (By results of .Margulis! this last requirement.
is automatie in most eases.)

A 11l0rphism of 10eaJly symmetrie spaces is a local isometry. A Hecke corre.spondellce
on an arithmet.ie loeally symmetrie spaee X is another arithmetie loeally symmetrie space C
equipped with two morphisms s! f. : C : X, ealled the source map and the target map. A
Hecke eorrespondenee aet.s on differential fonns on X by the formula C"'w = s .. t"w (where
the Gysin map s.. is defined since s will be a finite eovering projection; it just adds the forms I
on eaeh of t.he sheets). By this formula! C induces a self-map, also notated C" and called a I

Hecke operator! on either the eohomology H"(X) of X or Oll the L2 eohomology H(2)(X) of !
X. (\Vhenever we speak of L2 eohomology, we assume t.hat X is Hermitian , so thai it is finite '
dimensional. )

PROBLEM: Stud}' the action of Hecke operators C· Oll H"(X) or H(2)(X),
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EXAMPLE
Let X1(n) be the space whose points are conflgurations consisting of a lattice L in Rn \

together with a surjection L -10 (Z/l)n, called a marking. Two such configurations are eonsid- \
ered equivalent if they differ by a rotation or a hOlllot.hdy (multiplication by a positive real j \
lIumber). For example~ this is a configuration for X 2 (2): I

I

10 0/ I 0 0 I

00 11 (JO 11

I

10 O( ID 01

I

DO I1 00 I1

J() 01 10

lJO /1 00

10 01 10

00 /1 00

(0 01 10 0/ 10 01 /0

Ir I > 3, X/(n) is nonsingular, and it is naturally an arithmetie loeally symmetrie spaee.
For any prime p not. dividing 1, let r; be the space whose points are configurations Land
L -10 (Z/l)n as above, together with a sublattice L' c L such that the abelian group L/ L'
is isomorphie to (Z/p)i (again modulo rotations and homotheties). For example 1 this is a
configuration for 1j:

. ..
00 01 10 01 1r:J 0/ I{)

L'=O
• g IZI g f

00 00 tJO 00

•
10 01 ItJ 0' I(} ~I I()

fiJ l()~]
,. g Q11 11 11

~

,D GI 10 DI I () (JI /0

Then r; is a Hecke eorrespolJdence on Xr(n) whose source map s forgets the sublatiice
L' completely, and whose target map t erases everything in L but l' and takes the restrieted
rnarking.
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J USTI FI CATI0 N
'Vhy should we care about Hecke operators? The answer is that, iL is expected that

interesting number thcoretic information should be ellcoded in thern. COllsider the following
. cxample: The space X4 (1 ) consists of two points Q' an d ß, represented by thc following marked

lattices:

o

o 3

2. 3

J

o

o 3

2

2.

3 o

o 2

3

I

Let J be the one dimensional su bspace of H 1(X4 (1» generated by 1 Oll Q and -1 on ß.
For any odd prime P, the correspondence Ti is actually a function from X 4 (1) to itself.

Exercise. Show that (Ti)'" takes J into itself! and that it is the identity if and only if
the prime p splits t.ot.ally in the Gaussian integers Z EB Zi (if and only if p is congruent to 1
mod 4).

Class field theory says that the splitting of a prime p in an extension of the rationals with
an abelian Galois grOll]) is always governed by the action of (Ti)'" on sOl11e subspace J of the
cohomology of X 1(l) for some /. Langlands philosoph)' suggests that for an)' extension of the
rat.ionals! the splitting of a prime p should be governed by the action of the set of operators
(I;)" on some subspace J of the cohomology! or L'2 cohomology, of Xl(n) for some / and 11.

I .

LEFSCHETZ NUMHERS AND COMPACTIFICAT10NS.
The actual calculation of Hecke operators C'" is probably hopeless; even the calculatioll .

of H·(Xl(:~» on a supereomputer is beyond our abilitie's for reasonable /. However, as usual, I
alternating sums of cohomology grollps are easier to deal with. Define the Lefschetz Ilumbers
L(G') = E(-l)i trace CO' : Hi(X) ~ Hi(X) anel L2 (G) = E(-l)i trace CO' : H(2)(X) - I

Hi2)(X), \Ve modify ollr quest ion /'0 ask for l,he cümputation of tbese Lefschetz numbers.
Thc fixed point set of a correspon den ce s, t : C:.X is {c E CI s(c) = l (c)}. Let J{ denote (
a connected componellt of the fixed point set. Then a Lefschetz Fixed Point Theorem says
tha t there exist 10cally defined numbers L(f() so tha t L (C) = L K L( f{) 1 ancl likewise for L3

cohomology. However our spaces X are not compact, and no Lefschetz fixed point theorem is '
valid for noncompad spaces (as is shown by the I1lap R ---1- R sending x to x + I, whieb has '
an empty fixed point set but a nOJlzero Lefschetz number).

Compactifying X is a l11uch studied subject, and several compactifieations with different I

desirable properties have been defined. However I J know of no compaetification that is büth
l10nsingular and admits extensions of the Hecke correspondanees. Therefore, we are foreed to
develop Lefschetz fixed point theory for singular varieties.

LEFSCHETZ FIX ED POINT THEORY
There are Lefschet,7, fixed point. theorems for singular spaees due to Dold (for ordinary

cohomology) and Grot.hcndieck-Illusie (far sheaf cohomology). However, what is wanted is a
computable formula for the cülltriblltions LU.....-).
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Let. s,t:C: X be a correspondence. A fixed point compo.nent J( is called w~akly hy~erb~lic

if there is a map (PI, P2) : U ---t R.~o x R~ 0, where U is a nelghborhood of s( R) = t( K), wlth
tbe following two propcrtics: 1. (PI\ P2)-1 (0,0) = /\" and 2. Ncar K, PI s(c) :S Pl t(c) and

P2 S(C) :2: P2t (C). . . .
T he intuition behind this definition is that the expalldlIlg dlrectIons must be mapped to

.. R>o R>o T kthe x-axis and the contracting directions must be lI1apped to the y-ax1s III - X -. a e
a small box Band and it.s edge E as in the following picture:

B E

T HEQREJ\'J [G M 1J (Lefschetz fixed point formu Ia)

This same formula \'1,'Qrks for sheaf cohomology as weil. Another (overlapping) fixed point.
formula has been proved by Kashiwara and Schipira.

THE REDUCT1VE BOREL-SERRE COMPACTIF1CATI0N
Now, we return lo ollr situation of an arithmetic 10cally symmetric space X. \-Ve work

with the Reductive Borel-Serre compaetification ~~. This is distinguished by being the
most natural compactification met.rically, in the following sense: Suppose that two curves
Ti : [0,1) ---.;. X converge to limit points Ti(1) in S:. Then T1(1) = T2(1) if and only if
limJ~1 dist (TI(8\1),72(0\1)) = O.

\Vith this compactification, we are in a position to apply the Lefschetz fixed point formula
for the following reasons:

THEQRE~1

1. The Hecke correspondance 57 t : C: X extends canonically to a compactified Hecke
correspondance s, t : C: .Y" .

2. The compactified Hecke correspondance s, t : C': X is weakly hyperbolic at each fixed
point component.

3. There exist (derived) sheavcs on }( whose cohomology is H"(X) resp. H{2/ X ),
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Of these, the olle ..hat most deserves commen!' is a. The fact that there is a sheaf on X
wiJose cohomology is H·(X) is c1ear from Grothendieck's formalism of sheaf thoory. (This
would be tIue for any compactification.) The fact that there is a sheaf whose cohomology
is H{2)(X) is deep. By t.he Zucker conjecture, provcd by Looijellga and Saper-Stern, the

cohomology of middle intersection homolog)' sheaf lC' on .x- computes Ht2)(X), where .\" is

thc Baily-Borei compactification of X. There is a canonical projection 1r : X ----:,. .x-.

THEOREI'vl [GHM]
There is a "weighted cohomology sheaf" 11'C' Oll ..\" so th at R1T. WC' = JC' .

\Vith these results in hand, it remains to carry out the explicit computation of the Lef
schetz fixed point fonnula. This calculation is made possible by the fact that the singularities
of s: are described by nilmanifolds, whose cohomology can be calculated by the Nomizu- Van
Est theorem and KostanVs theorem. I will omit the calculation, which is in [GM2]. Analyt
ic computations of the Lefschetz numbers of Hecke operators on L2 cohomology have been
carried out by Arthur, as part of his trace formula, and by Stern. The agreement of our
formula w ith Arthur)s formula is verified in [G KM]. It is interesting to note that Arthur)s
terms correspond to sums of terms L2 (J\). An analytic computation of the trace of Hecke
operators on ordinary cohomology has been carried out by Franke. Finally, I would like to
note that there is an intriguing similarity between ollr expression for the Lefschetz numbers
of Hecke operators and Pink's formula for the Lefschct:t numbers of Frobenius operators on
the characteristic p reduct.ion of the same space.
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We start a purely algebraic version of a Deligne Riemann-Roch
theorem. Since the Arbeitstagung started with Riemann-Roch theorems in
1957, it is appropriate that it should end with Riemann-Roch theorems.

Let X be a compact Riemann surfaee. Then we have its canonieal
sheaf K .. Let oe be a 1 ine sheaf on X. Then we have a 1 ine (one
dimensional vector spaee over the eomplex) defined by

"'A(i!.J = det HO (;f,) ~ det H1(~ ) -1 .

One defines a pairing between 1ine sheaves by the formu1a

00

)A(S) =2~~1,
~ k=1

H 2' depending on r ' r·
L

We want more. Let 6 =4f : CCO
(oe) ) CCO (e;f) be the Lap1aeian,

with the sign chosen that it i;~ positive operator. We let 04C A1 f- A2~···
be the sequenee of non-zero eigenvalues, and we define the (speetral) zeta
function by the series

4t.,111> = )(.te~ e A(ci) -1 8 A(D,\) -18 ),,(& X),

There ensues a eanoniea1 Deligne isomorphism

) er),) 12~ <)t) )t)e(~)rife~-l> 6. .
1S

Fo110wing a phi10sophy started by Arakelov, therefan ongoing open ended
program in algebraic geometry to put "natural metries on all sheaves, so
that the natural a1gebraic isomorphisms beeome "isometries, possib1y up to a
constant faetor. Essentia11y all of sheafy a1gebraie geometry is to be ex
tended in .this way. We must therefore rlow deal with metries. Suppose"given:

a positive (1, 1)-form r on X, whieh amounts to ametrie on )'C;
ametrie r on rl. .

These give rise to an L2-hermitian product on HO(oe) , name1y we have the
he~mitian product of two seetions s, s' defined by

<'8,8 ')F/t" = {<8'8'>f' """
By Serre duality. for sections of H1(~) one also gets a hermitian pro-
duct, _because "1 ..,

H (i) ~ H°<.t -1@ tel. ,
Thus we get what we ea11 the L

2
-metries

which eonverges for Re(s) 1arge.
has a meromorphie eontinuation to
determinant

A theorem of Seeley guarantees that TLl
C, regular at O. We ean then define the

'--

00

det*.1 = exp(-'J~(J)) "=" 1T A
k

"

k=/
The star in the superseript of det indieates "that we are dea1ing with the
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non-zero eigenvalues. Associated with this determinant, we define an
important constant

det* 61'A
U"fA

VOl,.,(X)
and C A = log.e 11. •u'r ~'r

Let -1 = l2'X(D).
canonica1 class.

We shall eventually view this constant, with the hyperbolic metric on X,
as a function on the moduli space.

We also define the Quillen metric

A -1
H

Q
= H 2·(det*u.A )

,f 'r- L v'f
Deligneproved that the Riemann-Roch isomorphism stated above is an isometry
up to a factor exp(a(g)), where a(g) is a constant which depends on1y
on g.

Deligne conjecture. One has a(g) = (l-g)a(O).

Jorgenson proved this conjecture by a fascinating method. The Deligne
constant a(g) has been expressed as a difference of log determinants, in
what has been called the lI sp in 1/2 bosonization fonnula" in [A-B-M-N-V 87],
published in a physics journal which makes everybody think all this has
to do wi th physics. No matter what, suppose g? 2. Let

I}': X >=J be a canonical map 'into the Jacobian, with 'f<P) = o.
W

g-l \fr.(X) +"~ •• + "'(X) (surn taken g-l times).

8 = Rieman ~theta function, and ~ its divisor.

~X = the hermitian Riemann form associated with the p01arization.

There is a unique divisor class D· of degree g-l such that

~ = W
g

_
1

+ teD).
Then ..j 2~ )t., i. e. -<! is a square root of the

The expression of ~-B-M-N-V ~7] is:

where

U8n2
( 0) :::I ( de t !x) 1/

2 Ie (0 ))2 .

This must be taken wirh a grain of salt.. It may happen that 8(e) = 0,
but then the determinant will also be O. One introduces a more
complicated theta fun~tion, depending on a~arameter u cJ, and one
al so introduces et: (u €. J) where JJe, is a 1 ine sheaf of degree 0
with a flat metric. Th~n the quotient . u;--, ... -

det D....( l. 'h!.U en:/.(O)u,)J" l1.)f
is weIl defined, positive, and independent of u because the determinant
and" the theta value vanish with the same order if they vanish at all.
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For g ~ 2, the idea is then to view the log determinant and other
invariants of- X as functions on the moduli space M, and to let X

g
degenera te to a ..l1 wi th g nodes. Since a (g) is cons tant, one f inds
its value from the limiting value of the log determinant term on this
degenerate surface. This means that one has to keep track of the
aSlmptotic behavior of several functions on the moduli space, of which
~ 5A(O) (hyperbolic metric), the theta value,.the constant cA ar~

only the first examples. ~'~

Some of these functions tend to %00, but their differences may be
continuous on the boundary of the moduli space. During the past.few years,
several people have·systematically studied various such degeneracies,
including Wolpert, Hejhal, Belavin-Kniznik, Taktajian, Zograf, Lundelius
and Jorgenson, and others. Jorgenson proves appropriate limit formulas
which allow hirn to determine Deligne's con~tant as conjectured.

It is a fai~ly vast enterprise to ~ake.a systematic tabulation of the
behavi6r··of all objccts involved, namely in addition to t6e ones we have
seen: small eigenvalues, 8mall geodesics, and .whatever. I shall select
only some examples of theorems of Jorgenson givini th~ flavor of the
observable phenomena. .

I should alsq note· that for the theory to be completely coherent, ane
must start· ·fram tlie beginning with non-compact Riemann surfaces tiaving
finite volume. All the objects such as Laplacians, zeta functions, etc.
can be defined for such surfaces. In the limiting values with nodes,
by deleting the nodes one obtains such surfaces. I started with compact
surfaces only for simplicity, and to avoid taking certain precautions for
the non-compact ease.

A limiting theorem. I shall now describe one of Jorgenson's limit
formulas. _

By a small eigenvalue we mean ~ eigenvalue. < 1/4.
By a small geodesie, we mean a geodesie

1
of length <: t, where..R_·

is the length of the smallest geodesie on P minus three pgints with 0
• • \,Aoo.- •

the hyperbolie metrie. These not10ns apply as weIl when X ·is not compact
but has finite. volume. It is known that the number of small eigenvalues
is ~ 4g-3 (Buser) , and the number of small geodesies 1S § 3g-3 (Bost).
Define the products

1T (X)sev
and TI . (X) = 1T 1.

sge small J
J

where ,e. ranges aver the lengths of the 8mall geodesics. We define a
J

further constant

C (X)
det Jix if g)' 1

fl Vol
J4

(X) =

1/Volf' (X) if g = O.

Für degenerate surfaces, with several companents and nades, a similar
definition ean be given, rnultiplicative over the cümponents. We omit it.
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E(X) = eh (X)yp

TI.~ (X)sev

TI:ge (X)

One of Jorgenson's theorems is that:

Theorem 1. For adegenerating family of Riemann surfaces. X,
degenerat~ng to X, we have

o

E(X) = E(X ).
o

lim
X-=tX

o

If J X0) are the irreducible components of X,t J 0
then E(X) := lTE(Xo).

o J -

The Selberg zeta function. Essential to the study of the degenera
tion of Jhyp(O) is the Selberg zeta function

00

Z(s) =lTlT (1 - e-(s+k)lCO»,

k=l '6

where i ranges over the primitive geodesics. One has a formula of
D'Hoker and Phong [D'H-P 861:

log det* AhyP ::. - j hYP (0) l~g Z'(l) + c(g),

where c(g) is a constant which was determined to be

c(g) (l-g)c(O)

and . c(O) 1
c '" t (p ) + log 2u,s ~

1
+ 2' - log 271".

This last explicit value is by a computation of Vardi. Here st denotes
the standard metric on the projective line, namely

u. - 4"11' rI st can
and fcan= dzAdz

( 1+ tzl 2) 2 •

The constant c(g) enters 1n the determination of a(g), namely one has
a(g) + c(g) = d(g), which is still another constant but we won't go into
that-.. One can define a twisted Selberg zeta function Z1 by a character
of order 2, and there is a similar formula of Sarnak [Sar 87]:

log det ß~h = (1-g)(-4)Q'(-1» + log Zl(1/2),
""V, yp

""-

with a generalization to J~ 1n line with what we already remarked.
u -

Jorgenson studies' the degenerations of these log determinants, eventually to
get the constant values of their differences. We now turn to asymptotics.
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Weil functions and potential functions. On any variety V let D be
a Cartier divisor. By a (complex) Weil function associated to D we mean
a function g: V - supp(D) ) R, such that, if D is represented by a

""""rational function D = ('f) on a Zariski open set U, then there exists
a continuous function c< on U such that

g(P) log \'f(P)\ 2 + o«P) for P t$ supp(D).

We use the letter g because natural .choices of
Green's functions (potential functions). If V
difference of two Weil functions associated with
continuous, and therefore bounded on V.

Weil functions lead to
is compact, then the
the same divisor ·is

Theorem 2. The function lÄ = "12 log(C~,hYP.ChYP)

is a Weil function on the moduli· space. M., .. with respect to the
boundary divisor .. Furthermore, it is als8.a.potential (Green)
function for the Weil-Peterson metric, that is

ddcgÄ = "fwp on Mg'
2 .

possibly up to the factor 1/11, depending how JAwp is normalized.

I don I t know to whom the first statement is due '(about the Weil function).
I learned it fram Jorgenson. The second statement is due to Belavin
Kniznik [B-K 861 and Takh taj an-Zograf [T-Z' 88], [TZ 9 fJ, who al so prove
the analogous formula for the non-compact case, involving Eisenstein series

The asymptotics of another function...8 = L (211") 2/~. 'are also
very interesting, and have.been studied, bufe~ am running out ~f space.

I·
J
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The purpose of trus talk is to give areport on same new developements related to
analytic torsion.

Introduction The concept of torsion was introduced in 1935 by Reidemeister, Franz
and de Rham. Let K be a finite simplicial complex and P : 7rl (M) -t D(N) an orthog
onal representation with associated flat bundle Epo Assume that p is acyclic, that is,
H-(I<; E p ) = O. Then the Reidemei~ter-Franztor"ion (or R-tor"ion) TM(p) E R+ is de
fined. The torsion TM(p) is a kind of determinant which describes how the simplices of k
are fitted together with respect to the action of 7rl (K). It is known to be a combinatorial
invariant in the sense that it is invariant under subdivision [Mi].

In particular, if K is a smooth triangulation of a closed Coo-manifold M, then the
R-torsion depends only on the smooth structure of M and we denote the torsion by TM(p),

In [RS], Ray and Singerintroduced the analytic torsion TM(p) as analytic counterpart
to R-torsion. To define TM(p) one has to choose a Riemannian metric 9 on M. Together
with the canonical metric on E p which is compatible with the Hat connection we get
an in.ner product on the twisted de Rham complex A-(M; E p) of Ep-valued differential q
forms on /1.1. Let ö-q be the Laplacian on Aq(M; E p) and (q(s; p) = E>'j )..j~, Re(s) > n/2,
n = dim M, the zeta function of ö- q• Then TM(p) is defined as

(1)

For acyclic P, TM(p) is independent of the choice of the Riemmanian metric on M.1t was
conjectured by Ray and Singer that TM(p) = TM(P) for all acyclic orthogonal representa
tions p. This conje~turewas proved independently by Cheeger [Cl and the author [Müll.

Recently, torsion has found interesting applications in low dimensional topology and
topological quantum field theory. D.Johnson has shown that R-torsion is closely related to
Casson's invariant [J]. In [vV4], Witten has used the relation of the weak couplind limit of
three dimensional Chern-Simons gauge theory to analytic torsion to study two dimensional
quantum Yang-Mills theory. This leads to formulas for the volumes of moduli spaces of
representations of fundamental groups of compact surfaces.

1. Torsion Cor unimodular representations. The restrietion to orthogonal (or
unitary) representations is certainly a limitation of the applicability of the equality of the
two torsions if the fundamantal group is infinite. We remove this limitation essentially.
Namely, let P : 7r} (M) -+ GL(E) be a representation on a finite dimensional real or complex
vector space E. p is called unimodular if Idet p(1)1 = 1 for all 1 E 1rl (M). Then
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the definition of R-torsion also makes sense for any unimodular representation. To
define the analytie torsion we follow an idea of Schwarz (5]. We choose ametrie h on E p

and with respect to this metric we define the torsion TM(p; h) by a formula similar to (1).
If dimM is odd and p is acyclic, it turns out that TM(pj h) is independent of h and also
on the Riemannian metric on M. We call the eommon value TM(P).

Theorem 1. Let dirn M be odd. For a11 acyclic unimodular representations p: 1rl (M) -+

GL(E) we bave
TM(p) = TM(p).

For the proof see [Mü2]. We rernark that both analytic torsion and R-torsion ean be
defined for all unimodular representations. H the representation is not aeyclie, theo both
invariants will depent on the ehoice of the metrics on M and E p • Nevertheless, the equality
of Theorem 1 remains valid.

Next we diseuss some applications of this result.

2.Locally symmetrie manifolds. Let G be a connected real semi-simple Lie group
with finite center. Assume- that G has 00 compact factors and let K C G be a maximal
eompact subgroup. Then X = GJ!( is asymmetrie space. Let r c G be a diserete,
torsion free, cO-compact subgroup. Then M = r\X is a compact loeally symmetrie man
ifold. Examples are hyperbolic 3-manifolds. Given a finite dimensional representation
P : '1rl(M) -+ GL(E) we get by restriction, a representation Pr of r and a Hat bundle E p

over r\x. Note that pr is unimodular. The flat bundle has a naturallocally homogeneous
metric (MM]. Let B be the Cartan involution of (g, t) and assurne that (E, p) is irreducible
with heighest weight A - e(e = !sum of positive roots). If BA =1= A, it follows from Thea
rem 6.7 of section VII in (BW] that H·(r\X; E) = O. H dimGJK is odd, then rk G > rk K
and a generic irreducible representation has vanishing cohomology. We also note that for
rk G > 1, superrigidity implies that all representations of r arise from representations of G
(Ma]. Thus we ean define the analytie torsion for all these represeotations and we expect
them to be interesting invariants of the locally symmetric manifold r\x.

3.Lefschetz numbers for ftows. As an application of Theorem 1 we obtain the
extension of a result of Moseovici and Stanton (MS]. Consider the geodesie ßow <I> on the
unit sphere bundle to r\x. The conneeted components of the periodic set are parametrized
-by the non-trivial conjugacy classes {1'} in r. Each eonnected component X.., is itself a
compact loeally symmetrie manifold of non-positive sectional eurvature and <I> restriets to
a periodic flow on X..,. The quotient XI = X..,J<I> is a smooth orbifold. Let 1.., be the
common length of the 'orbits in ..\.., and ·let J1..., be the multiplicity of a generie orbit of
<I> jX..,. Set
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(4)

Theorem 2. Z p(s) is analytic for Re(s) » 0 and admits a meromorphic continuation to
C which is holomorphic at s = O. If dim G/ K is odd, then

Zp(O) = TM(P)2 where M = r\x.
For orthogonal (or unitary) representations p, this result is due to Moscovici and

Stanton (MS).

4.Chern-Simons gauge theory. Chem-Simons theory is a three dimensional gauge
field theory with pure Chern-Simons action. It was used by Witten (Wl) to introduce new
3-manifold invariants. The basic setting for Chern-Simons theory is a compact oriented
three dimensional manifold M without boundary and a Lie group G. We start with the
case where G is compact and for simpli~ity, we take G to be SU(N). Consider the space
A of all G-connections on the trivial G-bundle over M. In fact, every principal G-bundle
over M is trivial. The space A may be identified with the space Al(M, g) of differentia
I-forms on !v! with values in the Lie algebra 9 of G. For a given connection A E A, thc:
Chern-Simons action is defined to be

(2) I (A) = ~ [ Tr(A 1\ dA + ~A 1\ A 1\ A)
471" 1M

where Tr is the trace of su(N) in the standard representation. This is areal value(
non-linear functional on A. The gauge group (; = Map(M, G) acts on A by the usuaJ
prescription Ag = g-1 Ag +g-1dg, 9 E G, A E A. Let k E N. Then e ik1(A) is a Q-invariant
function on A and Witten's invariant of M is defined as the path integral

(3) ZM(k) = Jeikl(A) VA

where the integration is over all gauge equivalence classes of connections. This, however
has to be considered as a formal expression, because 00 measure VA has been constructed
up to now. Part of this theory can be made rigorous and Witten gave an explicit recipe
for computing ZM(k).

A standard way to study functional integrals like (3) is to use the method of stationary
phase approximation which predicts the behaviour of ZM(k) for large k. In the present
context this method is again not based on solid ground, but it gives very interesting results
By the method of stationary phase, the leading order contribution to ZM( k) comes trom
the critical points of the action (2). The critical points of (2) are predsely the ~onnections

with vanishing curvature, that is, tbe Hat connections on the bundle P = Mx G . ASSUID€

that the topology of M is such that there exists only a finite number of gauge equivalencE
classes of Hat connections on P, say Ab ... , Am and that Al, ... , Am are all irreducible
Tben Witten's formula for the stationary phase approximation of the path inytegral (3) i::

1 m.

ZuCk) - G ~ e,q(Pa;) JTMePa;)
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where Z(G) is the center of G, aj : 7rl(M) ~ G is the representation determined by
A j , 1](aj) is a certain phase factor described in (W1] and TM (POj ) is the analytic torsion
of POj = Adoaj : 7rl(M) ~ GL{g). Since each POj is acyclic, TM(Poj) is independent
of the choice of the metric 9 on M and, by [Cl, [Mü1], it coincides with the R-torsion
TM(Po j ). As we know, the R-torsion TM(Poj) can be computed from a triangulation K of
M in a pure combinatorial way. This suggests that one may be able to develop a rigorous
treatment of the path integral (3) on the combinatoriallevel and derive the asymptotic
behaviour (4) in this way.

So far we considered the case of a compact gauge group. Witten has also started to
investigate Chem-Simons theory with non-compact gauge group (W3]. There exist several
motivations to develop such a theory. For example, 2 + 1 dimensional gravity is related to
Chern-Simons gauge theory with gauge group 5L(2, C), 150(2,1) or 5L(2, R) x SL(2, R)
depending on wether the cosmological constaut is positive, zero, or negative (W2]. For a
general non-compact Lie group G, the quantization of Chern-Simons gauge theory with
gauge grouyp G is not yet understood. Nevertheless, oue can study the perturbative
expansion of the corresponding path integral [BNW).

The perturbative treatment of Chern-5imons gauge theory with non-compact gauge
group requires again gauge fixing. Since the Killing form is indefinite there exists 00 obvious
gauge fixing as in the compact case and different approaches are possible [BNW].For a semi
simple Lie group G, the most natural gauge fixing seems to be the unitary gauge fixing
described in section 4 of (BNW]. Let A be a Bat eonnection on the trivial G-bundle over M
with holonomy representation a : 7rl (M) ~ G. As above, let go be the Hat bundle defined
by Pa = Ad 0 a. Then the unitary gauge fixing amounts to the choice of a riemannian
metric 9 on M and a hermitian metric h on go. We observe that Pa : 7rl (M) ~ GL(g) iE
unimodular. In fact, since 9 is semi-simple, the Killing form is non-degenerate. Henre, for
each 9 E G, Ad(g) preserves a non-degenerate symmetrie bilinear form on 9 which implies
that 1det Ad(g)1 = 1. Trus is precisely the setting of section 1.

Under the same assumption as above, one gets a formula for the one loop approxi
mation of the path integral which is similar to (4). The analytic torsion TM(Poj ) is now
defined as discribed in section 1. For the discussion of the phase factor see section 4 of
(BNW]. By assumption, each representation POj is acyclic and therefore, TM(Poj) is inde
pendent of the choice of the metric on M and ßo. Moreover, by Theorem 1, TM (POj ) equals
the R-torsion TM(Poj) which has again a pure combinatorial describtion. This suggests
that Che"rn-5imons gauge theory with a non-compact, but semi-simple gauge group should
also be accessible to a combinatorial treatment.
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1 Introduction. GeDmetric points of a moduli space
correspond to isomorphism classes of certain objects (which
on wants to study, wants to elassify). If one requires those
objeets to have some extra properties (some additional
strueture) one obtains a subset of tbat moduli spaee (which
beeause it is nature-given is interesting, and ean have some
niee properties). Many proof in algebraie geometry are given
using properties of such substes of a moduli spaee.

Today we diseuss elosed subsets of the moduli spaee of
prineipally polarized abelian.varieties in positive eharacte
ristie given by Newton polygons. This stratifieation refines
the one by the p-rank.

From the preeise information we obtain for 'the strata
defined by the various Newton polygons we derive a proof
of a eonjeeture by Manin (1963: every symmetrie Newton
poly-on can be reali%ed by an abelia~ varietiy), and we
show a strengthened ~orm of a eonjecture by Koblitz
(1975: an ordered pair of Newton polygons can be realized
by a speeialization of abelian var~ties). Dur inspiration
eame from these eonjecture~ by Manin and Koblitz~ from
results by Mumford, Grothendieek, Katz (and m~ny others),
and from eooperation with Tadao Oda, T.Katsura, P.Norman,
T.Ekedahl and K.-Z.Li.
Some notation: g=dim(AV), p is a prime number, n is a
positive integer prime to p, we write NP for Newton polygon,
~(X) is the NP of the abelian variety X, we write f=f(X)
for the p-rank of X, we write a(X)= dirn Hom(Ol ,X),
G is a p-divisible group of dimension m, p
"m, n
~hos~ (Serre-)dual has dimension n.

,2 Newton polygons.

NP: lower eonvex polygon in (Q)( <Q,
breakpoints in 7lX 'll,
starts at (0,0), ends at (2g,g), and is
symmetrie (if a slope ~ =n!(m+n)

appears then 1-J=mj(m+n) appears
with the same multiplicity).

G ,or the pai'r (m,n)
ID,n

gives the slope n/(m+n) with
multiplicity m+n. A finite
set of such pairs gives a NP,
when the slopes are arranged
in' non-deereasing order .

.....__~-_ ..._ ...._._-~- .. · __ ~_~·_~r."~ ~I._._.~"' 'lt~~
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NP,

ooe,

We write fJ for the ordinary
i.e. given by g(l,O)+g(O,l),
and u for the supersingular
i,e, given by g(l,l),
and we write

( an d wes a y 't hat ~'~P i s
below ;;;;~) if no point
o f fJ. i s~ s tri c t 1 Y
bel 0 w .., >.~ (3 ~

!! note' the reverse
in this order! I
Smallest: c;- (supersingular) , largest: (J (ordinary).
The NPs form a directed graph; 'tjo<: ()~O( -.<.(J.

3 Th e NP Cl,i an ab e 1 i an v ar i e t y •
If k is a field, ehar(k)=p'>O, and X is an abelian variety
over k, then X determines a NP. If k happ~ to be a finite
field this ean be given by the NP of the ehar.pol. of the
geometrie Frobenius of X (suitably normali~ed if k has more
than p elements). In general on takes the p-divisible group
G of .X over an algebraic closure of k. By Dieudonn~-Manin

t heory we e an write q (\.J f.(ql,O t C\o... ,) t L ('1"""1"; .. ~"" ,"1J +S. G,,,,I
and the pairs (m,n) thus obtained give the NP ~x). Note
that X has a polari~ation, henee is iso~ous to its dual,
and this gives the symmetry of ,)f(X). Note that c:Jf(X)
depends only on the isogeny class of X over some field
eontaining k.

4 Conjeeture, Manin, 1963: Suppose given g, and a prime
number p, and a NP (symmetrie), then there exists an AV
having this NP in characteristie p (cf. (8), page 7~.

Remark: this was proved in 1967 by Ronda, and by Serre,
via reducing a well-choosen CM abelian variety from
char. Zero to ehar. p; below we indicate another proof

5 Theorem, Grothendieek: If an abelian variety X
fspeeialil'es to an abelian variety Xo , then the NP

goe s up: rX~~ X0 ), , vf{'I~.) 'r tJ(X 0) ef.
(j ~ ( 1), page 9 1 •

6 Conjeeture, Koblitz, 1975: The eonverse of this
theorem should be true (i.e. every ordered pair of NPs
ean be reali,ed by a speeialization of AVs),
ef. (6), page 211

7 Notation:. Jl..:-::::..R <8fE,J
~/l,'\'\ P i.e. for every algebraically

elosed field k of char(k)=p, the set ~(k) of k-rational
points is the set of isomorphism- elasses cf tripies
(X, A ,)'), where X is an AV of dimensio~ g over k, where
Ais a principal polarization (i.e. deg(l) =1), aud where
1is a sympleetie level-n-structure on X.
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(note that we only use the first
half of the NP, which 1S enough
for our purposes, because of
symmetry).
~e define the number d(~) by:

For any NP 0( we write Wc( for the set

Wo( = {(X,)" ) I c,f(x)-<,o< 1/~ c Jl.
By Grothendieck-Katz we know that this is a closed subset
of ~ . NB!! there is no a-priori reason why any point of
WtC s ho u 1 deo r res p 0 n cl 'W i t h an AV hav in g ~ X) = (J( •

( c los e d: cf. ( 5 ), p a gel 4 3, Th.' 2. 3 . 1 & C0 r 0 1 1. 2. 3 . 2) .

We write ~r;( for the region of the plane:

Al'0: == {(XI") l ~,<)l }Q ~ x. ~ ,) .. A ~r pn·~t-
I ~ 0'""\1'1 d""1'" 0. be 1I~ ri. I

8 Theorem (cf. (12»: Fix g, p, and n as above, consider the
moduli space as above of principally polarized abelian varie~

ties in characteristic p, and let k be an algebraically closw
field, char(k)=p.
a) Let W be an irreducible component of Woel&k, let tE..Wc(
bei t 5 gene r i c po in t, t he nl _J.' --~ 'VI ~ (c<.) l

tJ.f (X~ ) -= p() ,,( X,) ~ l) ,Go\.M'I"(:: , •

b) Let O(.«() be an ordered pair of NPs, and consider
geometrically irreducible components:

for every WcWoe.. k there is a unique W'CW~.k with WcW',
for every W' c.. W"tlk there is a WCW.( Q) k with WCW',
in particular the set of geometrically irreducib1e
cQmponents of W. maps surjectively onto the same of W~

(We see: for any geometrically irreducible component
WCW<0k the set of all components of all W" i5 the
same as the part of the NP-graph cf all NPs below ~ ).

9 Corollary (proof of con1~cture by Manin, cf. 4):
Für any NP 0< there is a p01nt 1n WO( (even defined
over an algebraic .closure cf F p ) having rJr(X) = 0(.
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10 Corollary (A streng~hen~d form,of a conjecture by
Koblitz, cf. 6): Let (XO,;X 0) be a prineipally palarized
abelian variety in positive eharaeteristie, mud let .

<J4t(X 0 ) ~ {)( -< f-" "
T h et\ t her e e xis t asp e e i a 1 i ~ ion ( Xr ,~r) -... (X 0 J >. 0)
such that ..N(X

S
)= ~. ~ ;>

11 Remarks:ln the theorem, and in the last eorollary
it ~s essential that we work with polarizations with degree
prime to p. Counterexamples to more general cases (already
for g=3) can be found in (4). The fact that the
supersingular locus W has dimension equal ta [i/~J
was conjectured in (10), and a proof will aPFear in (7),
cf. t'heorem 12 be 1 ow. The f ac t t hat f,,,+l) - l~'/~J
exactly equals the length of ~he langest path in the
NP-graph gave the clue to theorem 8. For those closed
sets of the NP-stratification given by the p-rank the
dime,nsion formula in theorem 8 was proved in ,(6), also
see (9).'

12 Theorem (T. Ekedahl &FO), cf. (2): For any g ~ 2, and
any NP« the set W~ is connected. Jl.
Corollary (Chai-Faltings): For any g the moquli space
is irreducible.

13 Theorem (K.-Z~Li & FO), ef. (.7): For any g the ~

s u per s in g u 1 ar 10 e u s ~:: W<) ha s d i m~ n s ion e qua 1 t 0 (1 I~] )
and the number of eomponents of ~ek (where k is
an algebraieally closed "field of 'char. p) is given by
a class number as conjectured in (4).

14 Remarks: We see that the nu~ber of geometrie components
af W.(~k is less or .equal to the class number

H (p,l) (g is odd), respeetively H (l,p) (g is even),
g g

which is the number of geometrie components of the supersing~

loca~ for that g. We have no camplete information on the
number of components for every W~.

Note that the case g=l, the computation of the number
of supersingular j-invariants is cl~ssieal (Deuring-Eichler,
and Igusa). The case g=2 was settled in (3), and for
g=3'we find the an~er in (4).
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