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Abstract

We use the Yang-Mills gradient flow on the space of connections
over a closed Riemann surface to construct a Morse-Bott chain com-
plex. The chain groups are generated by Yang-Mills connections. The
boundary operator is defined by counting the elements of appropriately
defined moduli spaces of Yang-Mills gradient flow lines that converge
asymptotically to Yang-Mills connections.
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1 Introduction

Let (X, g) be a closed oriented Riemann surface. Let G be a compact Lie
group, g its Lie algebra, and P a principal G-bundle over . On g we
choose an ad-invariant inner product (-,-). The Riemannian metric induces
for k € {0,1,2} the Hodge star operator * : Q¥(3) — Q>7%(X) on differential
k-forms. We denote by A(P) the affine space of g-valued connection 1-forms
on P. The underlying vector space is the space Q°(X,ad(P)) of sections
of the adjoint bundle ad(P) := P xaq g. The curvature of a connection
A € A(P) is the ad(P)-valued 2-form Fy4 = dA + 1[A A A]. For A € A(P)
we consider the perturbed Yang-Mills functional defined by

YMY(A4) = 3 [ (BaneFa) + (), (1
b

with a gauge-invariant perturbation V : A(P) — R the precise form of which
will be fixed later. The corresponding Euler-Lagrange equation is the second
order partial differential equation d* Fa+VV(A) = 0, called perturbed Yang-
Mills equation. The negative L2-gradient flow equation resulting from the
Yang-Mills functional is the PDE

8, A + dyFay + VV(A) = 0. (2)

The group G(P) of principal fibre bundle automorphisms of P acts on the
space A(P) by gauge transformations, i.e. as g*A := g~ 'Ag + g 'dg. The
functional Y MY in invariant under such gauge transformations, and hence
are the solutions of the perturbed Yang-Mills (gradient flow) equations. The



action is not free. The occuring stabilizer subgroups are subgroups of G,
hence finite-dimensional. Restricting the action to the group Go(P) of so-
called based gauge transformations, i.e. those transformations which fix a
prescribed fibre of P pointwise, one indeed obtains a free action. For this
reason we will study solutions to the gradient flow equation (2) only up to
based gauge transformations, cf. however the comment on a G-equivariant
extension of the theory below.

The study of Yang-Mills connections over a Riemann surface has been ini-
tiated by Atiyah and Bott in [5]. As shown there, the gauge-equivalence
classes of (unperturbed) Yang-Mills connections occur as a family of finite-
dimensional submanifolds of A(P)/Go(P) which satisfy the so-called Morse-
Bott condition. This condition asserts that, for an equivalence class [A] of
Yang-Mills connections, the Hessian H| A]yMV is non-degenerate when re-
stricted to the normal space at [A] of the critical manifold containing [A].
Moreover, any Yang-Mills critical manifold is compact by a straight-forward
application of Uhlenbeck’s strong compactness theorem, cf. the exposition
[35]. Hence the situation one encounters for the functional Y MY over a Rie-
mann surface is in precise analogy to that of finite-dimensional Morse-Bott
theory. As such it has been widely studied in [5], with remarkable appli-
cations e.g. to the cohomology of moduli spaces of stable vector bundles
over ¥ (cf. e.g. [16] for a review of these results), however without properly
developing the analysis of the underlying L2-gradient flow (2). The aim of
the present work is to introduce and work out in full detail the analytical
setup for a Yang-Mills Morse homology theory over .

Let us now briefly describe our setup. We shall work with so-called abstract
perturbations V : A(P) — R, i.e. elements of a Banach space Y generated
by certain gauge-invariant model perturbations V. These are of the form

Ve(A) = p(la(A)[72) (0, a(4)),

with p: R — R some cut-off function, n € Q1(¥,ad(P)), and a(A) = g*A —
Ap where g € G(P) is chosen such that the local slice condition d o =0 is
satisfied. Let

Pla) ;== {A € A(P)|d"Fs = 0and YMY(A) < a}

denote the set of Yang-Mills connections of energy at most a. On the finite
dimensional manifold P(a) we fix a Morse function h : P(a) — R, ie. a



smooth function h with isolated non-degenerate critical points whose stable
and unstable manifolds intersect transversally. To a critical point z of h we
assign the non-negative number

Ind(z) := indy, v (z) + indp(z)

where indj(x) denotes the usual Morse index of z with respect to h and
indy, \,v(z) denotes the number of negative eigenvalues (counted with multi-

plicities) of the Yang-Mills Hessian H( YMY. For a regular value a of Y MY
we consider the Z-module

CM(h):= P (@
zecrit(h)NP(a)

generated by the critical points of h of Yang-Mills energy at most a. This
module is graded by the index Ind. Under certain transversality assump-
tions (which resemble the usual Morse-Bott transversality required in finite-
dimensional Morse theory) there is a well-defined boundary operator

8, : CM®(h) — CM®_,(h)

which arises from counting so-called cascade configurations of (negative) L?-
gradient flow lines, i.e. tuples of solutions of

By A+ d Fa + VV(A) =0,

whose asymptotics as s — £oo obey a certain compatibility condition. Our
main result is

Theorem 1.1 For generic perturbation V € Y the map O, satisfies Oy o
Or+1 = 0 for every k € Ng and thus there exist well-defined homology groups

ker 8k
im Ok 41 '

HMj(A(P), h) =
The resulting homology HMZ(h) is called Yang-Mills Morse homology.

In finite dimensions the construction of a Morse homology theory from the
set of critical points of a Morse functions and the isolated flow lines con-
necting them goes back to Thom [32], Smale [28] and Milnor [19], and had
later been rediscovered by Witten [37]. For a historical account we refer to
the survey paper by Bott [8]. In infinite dimensions the same sort of ideas



underlies the construction of Floer homology of symplectic manifolds, al-
though the equations encountered there are of elliptic rather than parabolic
type. More in the spirit of classical finite dimensional Morse homology is
the so-called heat flow homology for the loop space of a compact manifold
due to Weber [36], which is based on the L? gradient flow of the classical
action functional. For another approach via the theory of ODEs on Hilbert
manifolds and further references, see Abbondandolo and Majer [2]. The cas-
cade construction of Morse homology in the presence of critical manifolds
satisfying a Morse-Bott condition is due to Frauenfelder [15].

1.1 Main results

In Section 3 moduli space problem for Yang-Mills gradient flow lines with
prescribed asymptotics as s — o0 is put into an abstract Banach manifold
setting. The moduli space M(C ~,C") is exhibited as the zero set of a section
F of a suitably defined Banach space bundle. We subsequently develop the
necessary Fredholm theory for the operator D4 obtained by linearizing F.
The main result is as follows.

Theorem 1.2 (Fredholm theorem) Let A: R — A(P), be a smooth so-
lution of the Yang-Mills gradient flow equation (9) satisfying for Yang-Mills
connections AY the asymptotic conditions

lim A(s) = A*

s—+oo

in the C*°(X)-topology. Then (for every p > 1) the operator Dy = d% +Hay
Zi{p — L% associated with A is a Fredholm operator of index

indDy =indHy- —ind Hy+ —dimC™.

Section 6 is concerned with compactness up to convergence to broken tra-
jectories of the moduli space M(C~,C"), where we prove the following.

Theorem 1.3 (Compactness) Let (AY, V"), v € N, be a sequence of so-
lutions to the perturbed Yang-Mills gradient flow equation

OsA + diy Fa — da¥ + VV(A) = 0. (3)

Assume that there exist critical manifolds C* such that every (AY, V") is a
connecting trajectory between C~ and CT. Then for every k < 2 and p < oo
and every compact interval I C R there exists a sequence g” € G(I x P)



of gauge transformations such that a subsequence of the gauge transformed
sequence (g”)*(AY, W¥) converges in WEP(I x ) to a solution (A*,¥*) of

(3).

The main step here is a compactness theorem for solutions A of the Yang-
Mills gradient flow equation on time intervals I = [Ty, T3] of finite length.
The proof of this result relies on certain a priori LP estimates for the curva-
ture of A, the weak Uhlenbeck compactness theorem, and a combination of
elliptic and parabolic regularity estimates. We then discuss transversality of
the operator F at a zero x € F~1(0). The aim is to prove, along the usual
lines using Sard’s lemma, that surjectivity of the linearized operator holds
for generic perturbations V € Y. The relevant Banach spaces of admissible
perturbations are introduced in Appendix A. In Section 8.2 these results are
put together and a proof of the main Theorem 1.1 is given.

1.2 Outlook
Equivariant theory

For the ease of presentation we here develop Yang-Mills Morse theory for
the functional Y MY on the space A(P)/Go(P) of connections modulo based
gauge equivalence. On this quotient there still acts the group G by gauge
transformations as

g- 1Al =lg"4],

and the functional Y MY is invariant under this group action. It thus seems
natural to implement this action in our setup and define a G-equivariant
Morse homology, cf. [31] for details. One possible approach is to use a
finite-dimensional approximation FE,G to the classifying space EG. Since
the group G acts freely on E,G we obtain a free action of the full gauge
group G(P) on the product A(P) x E,G via

9" (A, N) = (9" A, gA).
By extending Y MY suiatably, our construction of Morse homology groups
then carries over almost literally to this product manifold.
Connection with Morse homology of loop groups

The Yang-Mills Morse homology is strongly related to heat flow homology,
at least in the case of the sphere ¥ = S2. This connection is due to the
following result, cf. [30, 31].



Theorem 1.4 For any compact Lie group G and any pricipal G-bundle P
over X, the chain homomorphism

A(P) x E,G

QG x EnG)
g(P)

@:CM*< e

) oo

mduces an isomorphism

A(P) x E,G

QG x EnG>
g(P)

GE HM*( .

)

of Morse homology groups.

It would be interesting to work out a similar correspondence in the case
where ¥ is a Riemann surface of arbitrary genus.

Products

In finite dimensional Morse homology it is well known how to implement
a module structure. In infinite dimensional situations one often encounters
similar algebraic structures, like e.g. the quantum product in Floer homology
or the Chas-Sullivan loop product in the Morse homology of certain loop
spaces, cf. [4, 6, 9]. Using finite-dimensional Morse homology as a guiding
principle, one should be able to implement a natural product structure in
the setup presented here. In a subsequent step one could ask how this relates
to products in loop space homology of QG.
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2 Yang-Mills functional

2.1 Preliminaries

Let (X,g) be a compact oriented Riemann surface. Let G be a compact
Lie group with Lie algebra g. On g we fix an ad-invariant inner product.
This exists by compactness of G. Let P be a principal G-fibre bundle over
Y. A gauge transformation is a section of the bundle Ad(P) := P xg G



associated to P via the action of G on itself by conjugation. Let ad(P)
denote the Lie algebra bundle associated to P by the adjoint action of G on
g. The spaces of smooth ad(P)-valued differential k-forms are denoted by
QF(%,ad(P)). The space A(P) of smooth connections on P is an affine space
over Q1(X,ad(P)). The group G(P) of smooth gauge transformations acts
on A(P) and on QF(X,ad(P)). The curvature of the connection A is Fs =
dA + %[A A Al € Q%(3,ad(P)). It satisfies the Bianchi identities d4F4 = 0
and d%d’y F4a = 0. Covariant differentiation with respect to the Levi-Civita
connection associated with the metric g and a connection A € A(P) defines
an operator V4 : Q%(3, ad(P)) — Q1(2) ® QF(3, ad(P)). Its antisymmetric

part is the covariant exterior differentiation operator
dy: QF(2,ad(P)) — QY2 ad(P)), a+— da+[AAal

The formal adjoints of these operators are denoted by V7% and d%. The
covariant Hodge Laplacian on forms is the operator Ay := d¥ds+dad’, the
covariant Bochner Laplacian on forms is V%V 4. They are related through
the Bochner-Weitzenbock formula

Va=ViVa+{Fa, }+{Rs, -}

Here the brackets { -, -} denote bilinear expressions with constant coeffi-
cients. The L? gradient of the Yang-Mills functional Y MY as in (1) at the
point A € A(P) is

VIMY(A) = dyFs + VV(A),
and its Hessian is the second order operator
HsYMY = dhdg + *[xFa A -]+ HaV : Q4Z,ad(P)) — QY2 ad(P)).

We also use the notation Hy = dda+*[«FaA -]. For a definition of Sobolev
spaces of sections of vector bundles, of connections, and of gauge transfor-
mations we refer to [35, Appendix B]. We employ the notation W*?(%) and
WHFP(2, T*Y ® ad(P)) for the Sobolev spaces of ad(P)-valued sections, re-
spectively ad(P)-valued 1-forms whose weak derivatives up to order k are in
LP. Similarly, the notation A®P(P) indicates the Sobolev spaces of connec-
tions over ¥ of class W*P. We also use the parabolic Sobolev spaces

WL ([ x $,ad(P)) := LP(I, W*P(S, ad(P))) N WP(I, LP(S, ad(P)))

of ad(P)-valued sections over I x X3, where I C R is an interval (and similarly
for ad(P)-valued 1-forms and for connections). Further notation we use
frequently is A := 9;A := %, etc. for derivatives with respect to time.
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2.2 Perturbations

Our construction of a Banach space of perturbations is based on the following
L?-local slice theorem due to T. Mrowka and K. Wehrheim [20]. We fix p > 2
and let

Sap(e) = {A= Ao+ a e AP (%) |d),a =0, s) <<}

denote the set of LP-connections in the local slice of radius € with respect to

Ap.

Theorem 2.1 (cf. [20, Theorem 1.7]) Letp > 2. For every Ag € A*P(X)
there are constants €,6 > 0 such that the map

m : (Sa,(e) x GHP(X))/ Stab Ag — A"P(D),
[(4o +a,9)] = (971)" (Ao + )
is a diffeomorphism onto its image, which contains an L*-ball,
By(Ay) = {A € A°(S) ||| A — Agl| oy < 8} C imm.
We fix the following data.
(i) A dense sequence (A;);en of irreducible smooth connections in A(P).

(ii) For every A; a dense sequence (1;;)jen of smooth 1-forms in Q1(X, ad(P))
satistying d’y 7;; = 0 for all j € N.

(iii) A smooth cutoff function p : R — [0, 1] such that p =1 on [—1, 1] and
suppp C [—4,4] and such that |p'||p= < 1. Set pi(r) = p(k?r) for
k€ N.

To the triple £ = (4, j, k) € N we assign the map
Ve AP) =R, A pylllalZam) o), (1)

where g € GMP(P) and o € LP(¥,ad(P)) are uniquely determined by the
condition

JA—A =« and dy,a = 0. (5)

It follows from Theorem 2.1 that there exists a constant €(A;) > 0 such that
condition (5) is satisfied for a unique o € LP(X, ad(P)) whenever

dist7s (s (4, O(4;)) < e(4)).

9



Given A; we allow only for indices k£ € N sufficiently large such that the
condition

supp px C [—

is satisfied. This determines Vy uniquely on A(P). Note that V) is invariant
under gauge transformations. Given Vy, we fix a constant Cy > 0 such that
the following two conditions are satisfied.

(1) supacacp) [Ve(A)| < Cy,
(i) [VVe(A)llr() < Ce(1 + |Fallprsy) for every A € A(P).

The existence of the constant Cy follows from Proposition A.7. The universal
space of perturbations is the normed linear space

Y = {V = Z)\@Vg ‘ A € R and ||VH = ZCA)\A < OO}
(=1 (=1

It is a separable Banach space isomorphic to the space ¢! of summable real
sequences.
2.3 Ciritical points

In the following we shall make use of the well-known fact that the Yang-Mills
functional Y M satisfies the Palais-Smale condition in dimension 2 (which
holds true also in dimension 3 but not in higher dimensions).

Definition 2.2 A sequence (A;) C A(P) is said to be a Palais-Smale se-
quence if there exists M > 0 such that ||Fa,|r2(xy < M for all i, and

HleAiHW*M’(E) — 0 as 1 — Q.

Theorem 2.3 (Equivariant Palais-Smale condition) For any Palais-Smale
sequence (A;) C A(P) there exists a subsequence, which we denote (A;), and

a sequence (g;) € G(P) such that g} A; converges in WH2(2) to a Yang-Mills
connection As € A(P) as i — oo.

Proof: For a proof we refer to [22]. O

10



Lemma 2.4 Let e, M > 0. There exists a constant § > 0 with the following
significance. If A € A(P) satisfies ||[Falr2zy < M and

A= Aollr2sy > ¢ (6)
for every Yang-Mills connection Ay € A(P) then it follows that
HdZFAHW71,2(E) > 6.

Proof: Assume by contradiction that there exists a sequence (A;) satisfying
[ Fa;ll2(s) < M and (6) with

lim deliFAiHW*l’?(Z) =0.
71— 00

Then by Lemma 2.4 there exists a subsequence, still denoted (A;), a sequence
of gauge transformations (g;), and a Yang-Mills connection A, with

i—00

in L2(2) (even in W12(X)). Therefore, for i sufficiently large, the Yang-Mills
connection g} Ao, satisfies ||(g; 1)* Ao — Aillr2(zy < &, contradicting (6). O

Theorem 2.5 For every e, M > 0 there exists a constant § > 0 with the
following significance. Assume the perturbation V satisfies the conditions

V|| <0 and

suppV CAPP)\ | B:(4),
A€gcrit(YM)
where Be(A) := {A1 € A(P)|||A1—Allp2z) < e}. Then the perturbed Yang-

Mills functional YMY has the same set of critical points as the functional
YM below the level M, i.e. it holds that

crit(YMY) N {A € A(P) | YM(A) < M}
= crit(YM) N {A € A(P) | YM(A) < M}.

Proof: The inclusion crit(Y M) C crit(YMY) is clear because V is supposed

to be supported away from crit())M). It remains to show that crit(YMY)N
{A € A(P)|YM(A) < M} only contains points that are also critical for

11



YM. Thus let A € A(P)\ Ugecrit(ym)B:(A). Choosing 6 > 0 sufficiently
small it follows from Lemma 2.4 and Propositions A.5 and C.3 that

IVYMY ()12 2 [VYMA) w1205y — [VVA) w125
> [VYM(A) 2y = [VV(A) 25 > 0.

Hence A ¢ crit(Y M), and this proves the remaining inclusion. O

Proposition 2.6 There exists a constant C'(P) such that the estimate

sup [Fa(2)* < C(P)YM(A)

z€EX

is satisfied for every Yang-Mills connection A € A(P).

Proof: Because A is a Yang-Mills connection, its curvature satisfies Ay Fy =
0. For the function v := %|F '4|? there thus follows the differential inequality

Agu = —|VaFal> = (Vi VaF4, Fy)

—|VaFa|* = (AaFa+ {Fa,Fa} + {Rs, Fa}, Fa)
= —|VaFal> = ({Fa,Fa} + {Rs, Fa}, Fa)

< clu+ u%)

The claim now follows from the elliptic mean value inequality C.6. O

Theorem 2.7 For every C > 0 and every Yang-Mills connection Ag € A(P)
there exists a constant 6 > 0 with the following significance. If A € A(P)\
C(Ap) is a Yang-Mills connection of energy YM(A) < C then A has L*-
distance at least 0 to the Yang-Mills critical manifold C(Ag) of Ap.

Proof: Assume by contradiction that such a constant § > 0 does not exist.
Applying the L?-local slice theorem 2.1 it then follows that there exists a
sequence o € L*(X, T*Y ® ad(P)) such that

dy,a” =0 and dayrarFagrar =0 (7)

and lim,_o o = 0 in L?(X). From the second condition in (7) we obtain
1 *
Haga" = ~ 23,0 A ] = o’ A #(Figrar — Fao)) (3)

12



By the assumption Y M(A) < C and Proposition 2.6 there exists for every
p < 0o a constant C(p) such that ||Fayar| rr(x) < C(p) holds for all v. This
yields for the two terms on the the right-hand side of (8) and fixed p > 2
the following estimate,

c|{Va,0”; o Hiw-10(x)
clle[lwrp s 1| L2 (=)

c(1+ [|Fagtar lr(z) + 0”2z 1] L2
c(1+C(p)llalle(z)-

|4, [0 A @ llw-10(s)

(VAN VAN VAN VAN

The second line follows from Proposition A.6, the third line is by Proposition
A.7. The second term is estimated similarly,

" A*(Fagrar — Fag)lllw-1ezy < cllFagrar — Fagllrs)llalles)
< 1+ Cp)lallrzs).
Hence the right-hand side of (8) converges to 0 in W~1P(X) as v — oc.
Elliptic regularity of the operator Ha, + da,d}, then implies convergence

la”[[wipy — 0 as v — oo. This contradicts known results on whr.
separation of Yang-Mills critical orbits and proves our claim. O

3 Yang-Mills gradient flow

Definition 3.1 The perturbed Yang-Mills gradient flow is the nonlinear PDE
0=0sA+d Fq—da¥+ VV(A) 9)

for paths A : s — A(s) € A(P) of connections and ¥ : s +— ¥(s) €

Q(3,ad(P)) of O-forms.

The term —d 4V plays the role of a gauge fixing term needed to make equation
(9) invariant under time-dependent gauge transformations.

3.1 Moduli spaces

We fix a pair (é‘,é+) of critical manifolds of the perturbed Yang-Mills

functional Y MY and denote C* := %. We also fix numbers p > 3 and
d > 0. Central to the construction of Morse homology groups (which will
be carried out in Section 8) will be the moduli space of gradient flow lines

between C~ and CT. Let us define

13



M(C,CH) = {(A,\I/) € Ag¥P(P) x WiP(R x %) | (A, ¥) satisfies (9),

lim A(s) = AT for some A* € éi}
s—=o0

For a definition of the Sobolev spaces A};’Zm (P) and Wé-1 P(R x ¥) we refer

to the next section. The group G;”(R x P) acts freely on M(C~;CT). The

moduli space of gradient flow lines between C~ and C™ is the quotient

M(€.CY)

M(EC™,CT)i= =~
€= w )

(10)

The aim of the next section is to reveal M(é_, (f'+) as the zero set F~1(0) of
an equivariant section JF of a suitably defined Banach space bundle £ over a
Banach manifold B. After showing that the vertical differential d,F at any
such zero x € F~1(0) is a surjective Fredholm operator, the implicit function
theorem applies and allows us to conclude that the moduli space M(C~,C™)
is a finite-dimensional smooth manifold.

3.2 Banach manifolds

In this section we introduce the setup which will allow us to view the moduli
space defined in (10) as the zero set of a Fredholm section of a certain
Banach space bundle. These Banach manifolds are modeled on weighted
Sobolev spaces in order to make the Fredholm theory work. We therefore
choose a number ¢ > 0 and a smooth cut-off function 8 such that G(s) = —1
if s < 0and B(s) = 1if s > 1. We define the d-weighted W*P-Sobolev norm
of a measurable function u over R x ¥ to be the usual W¥*P-Sobolev norm
of the function e?P()sy,

Let A%’Q;p (P) denote the Sobolev space of connections on the principal fibre
bundle R x P which are locally of class W12P and for which there exist
limiting connections A* € C* and times 7% € R such that the 1-forms
at = A — A% satisty
a” € WyP((—o0, 7], LP(E)) N L((—o00, T~], W27 (%)),
at e WyP([T+, 00), LP(2)) N LE([TF, 00), W2P(X)).

Similarly, let Qg’p (R x P) denote the group of based gauge transformations
which are locally of class W?P and in addition satisfy the following two

14



conditions.! The ad(P)-valued 1-form g~ 'dg satisfies
g 'dg € LE(R, W*P(2,T*S ® ad(P))).

There exist limiting based gauge transformations g* € W3P(P), numbers
T* € R, and ad(P)-valued 1-forms

VT eWIP((—o0, T x %) and 4t e WIP(ITT, 00) x %)
with
g(s) =exp(y7(s))g~ (s<T7),  g(s)=exp(rv(s))g" (s=>T7).

For a pair (C~,C™) of critical manifolds and numbers p > 3 and § > 0 denote
by B:= B(C~,C",d,p) the Banach manifold of pairs

(A4, 0) € Ay*P(P) x WiP(R x %).

The group gg’p(R x P) acts smoothly and freely on B via g - (4,¥) =
(g*A, g 1Wg + g~1§). The resulting quotient space

B(C~,C*,8,p)

B:=B(C ,C",8p) =
( ) PR x P)

is again a smooth Banach manifold. The tangent space at the point [(A, ¥)] €
B splits naturally as a direct sum
T[(A,‘ll)]B _ T[(EA,\IJ)]B ® Rdim Cc— @ Rdim(fr,

where T[(() AJ,)]B can be identified with pairs

(a, ) € W3 *P(R x 2) @ W5 P(R x %) (11)
which satisfy the gauge fixing condition
>(kA,\1/)(047 V) = 05t + [V, Y] — dya = 0. (12)

Thus a tangent vector of the quotient space B is identified with its unique
lift to T'B which is perpendicular to the gauge orbit. We furthermore define

'For a definition of Sobolev spaces of gauge transformations we refer to [35, Appendix
BJ.
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the Banach space bundle £ = £(C~,C™, §, p) over B as follows. Let € be the
Banach space bundle over B with fibres

Eaw) = LR, LP(S,T*S @ ad(P))).

The action of gg’p(R x P) on B lifts to a free action on £. We denote
the respective quotient space by £. We finally define the smooth section
F:B— €& by

F 1 [(A, )] — [0,4 + dyFa — da¥ + VV(A)]. (13)

Note that the moduli space defined in (10) is precisely the zero set F~1(0).

4 Exponential decay

The aim of this section is to establish exponential decay towards Yang-Mills
connections for finite energy solutions of the Yang-Mills gradient flow equa-
tion (9). We shall prove the following result.

Theorem 4.1 (Exponential decay) For a solution A: R — A(P) of the
Yang-Mills gradient flow equation (9) the following statements are equivalent.

(1) The solution A has finite energy

B = [ 10.AI s, ds.

(ii) There are positive constants k and cg, £ € Ng, such that the inequality
105 All ce((r,00) x5y + 105 All g ((—o0, 115 < coe™ " (14)
is satisfied for every T > 1.

If (i) or (ii) is satisfied, then there exist Yang-Mills connections AT € A(P)
such that it holds exponential convergence

i, Al) = A7

in the C*°(X)-topology.

For the proof of Theorem 4.1 we need a number of auxiliary results.
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Proposition 4.2 For every M > 0, p > 0, kK > 0, and p > 1 there exists
e > 0 such that the following holds. If A : [—p,p] — A(P) is a solution of
(9) with HFA(O)HLQ(E) S M and

P
[ 10,4132 ds < =
—p
then there is a Yang-Mills connection A € A(P) such that
1A(0) = A% [lwr(s) + 105 A0) [ oo (m) < A- (15)

Proof: Assume by contradiction that this is wrong for some p, M > 0 and
p > 1. Then there exists a constant x > 0 and a sequence A" : [—p, p] —
A(P) of solutions of (9) with ||Fyv(g)llr2(s) < M for all v and

p
lim / H(?SAVH%Q(E) ds = O’ (16)
v—oo [,

but (15) fails. Hence by Theorem 6.2 there exists a sequence of gauge trans-
formations g¥ € G(P) such that (after passing to a subsequence) (¢*)*(A",0)
(g")*(AY, (") 10sg") converges in W2P(I x X) to a solution (A%, ¥>) of
(9). After modifying the sequence ¢g” we may assume that ¥*° = 0 and
thus lim, . (g") " '0sg” = 0. Hence to every sufficiently large v > 1y we
can apply a further gauge transformation to put the connection (g*)*(A”,0)
in temporal gauge (i.e. to achieve that (g*)~10sg” vanishes), and (g*)*A”
still converges to A*°. By (9) and (16) it follows that A* is a Yang-Mills
connection. It holds that

Tim [|A%(0) — (") A% o) = Jim [((g")°A” — 4%)(0) () = 0.
Tim (10,47 (0)]| ey = im [2a((6")*AY) (O) | () = 10:A% | oy = 0.

Hence the assumption that (15) fails was wrong. This proves the Proposi-
tion. O
For a critical manifold C of Yang-Mills connections and any connection
A € A(P) sufficiently close to C with respect to the W1 >-topology (this
assumption is needed in Proposition 4.4 below) there exists a Yang-Mills
connection Ay € C such that a := A — Ay € (T4,C)*. This follows
from the local slice Theorem 2.1. The Morse-Bott condition implies that
a € (ker Ha,)*. We decompose the Yang-Mills gradient at the point A
orthogonally as d’ F'ia = (8o + B1 with By € im H 4, and 31 € ker Hy,.
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Proposition 4.3 For every € > 0 there exists a constant 6 > 0 such that
the term (31 in the above decomposition satisfies

181l p2(z) < elldaFallrzcs),
whenever [|aly,00(s) < 6.

Proof: We expand [y + 1 = d3 Fa = dy , ,Fao+a as

o+ B = Hagor+ 53[0 ] — [sa A x(dagar + 5o A al)]
= Hjy,a+ R(a). (17)
Note that there exists a constant ¢ > 0 such that
[R(a) |2y < cllaflwioosyllallrzm-
From (17) it follows that Ha,a € (ker Ha,)* and hence
181l 2(s) < [[R() | 12(s) < bl 2y

Denoting by A > 0 the smallest (in absolute value) non-zero eigenvalue of
Hy, it furthermore follows that ||Hayal[r2(sy > Allaz2(s). It now follows
that (we drop subscripts after || - ||)

1Bl col|e] < Ol _ O R()|
I Fall = [[Hagall = [R(@)[| — Mall = [R(@)] A~ Xla] = AllR(a)]]
- cd n || R(a)| _ N cd
T A X RW@)| = MR A A2 til =\

Choose d > 0 small enough such that % + m < ¢ is satisfied. The
claim then follows. O

Proposition 4.4 Let C C A(P) be a Yang-Mills critical manifold and let A
and Ag be connections as described before Proposition 4.3. Then there exists
a constant ¢(Ag) > 0 such that the estimate

18225y + IVaBllr2sy < c(Ao)|HaBllr2(s) (18)

is satisfied for every 3 € (ker Ha,)™ .
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Proof: Because C satisfies is a non-degenerate critical manifold it follows
that the restriction of the Yang-Mills Hessian H 4, to (ker H,)" is a bijective
operator
H g | (ker 0" W22(2, T*S @ ad(P)) N (ker Ha, )t
— LA, T*Y @ ad(P)) N (ker Ha,)T.

Thus there holds the estimate

18l L2y + IV Bl 125 c(Ao)[[Hao Bl 2(x) (19)

<
< c(Ao)(I1HAB r2(sy + (Ha — Hao)Bll12(s))
for a constant c¢(Ag) > 0 and every 3 € (ker Ha,)". Now the difference
H, — Hy, is the operator

Hpgra — Hay = —dag x [aANx- ]+ aNdy, -] —*laNda, -]+ dy oA -]

1
—JaAx[aAx-]] —*[aAx[aA -]]+ [*(dA0a+§[a/\a])A -,

which converges to 0 in L(W12(X), L2(2)) as a — 0 in W°°(%). Thus for

|allyyr.00 (s sufficiently small the term |[(Ha — Ha, ) 12(x) can be absorbed
in the left-hand side of (19). This proves the proposition. O

Lemma 4.5 (L?-exponential decay of the gradient) Lets— A(s) with
s € R be a solution of the Yang-Mills gradient flow equation (9) such that
limg 100 [|[05A(8)[| oo () = 0 and such that for a constant T' > 0 the follow-
ing condition is satisfied. There exist Yang-Mills critical manifolds C* such
that the conclusion of Proposition 4.4 applies to all A(s) with |s| >T. Then
exponential decay ||0sA| r2¢zy — 0 for s — Fo0o holds, i.e. there exists a
constant k > 0 such that

105A() 1725y < € CTNOA=T)IIF 2, (20)
1s satisfied for all s < —T. An analogue decay estimate holds for s > T.

Proof: We use Lemma C.2 to show exponential decay. By the Yang-Mills
gradient flow equation (9) it follows the identity

A= —88d*AFA = —d*AdAA + *[A/\ *FA] = —HAA
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at every large enough |s| > T such that VV(A(s)) = 0. We furthermore
calculate

Os(HaA) = HpA + d[A N A] — «[A A xd 4 A] + «[xd 4 A N A].

It then follows that

1, . d . .
@QHAHQH(E) = {4,4)
= [|Al72(s) — (0s(HaA), A)

O HAA g — (A [ A Al + (A, [ A wdgA]
+(A, *[A A xd 4 A])
2 HadlRagy) — 3ldad, [A A A]). (1)

We use the orthogonal decomposition of A as described before Proposition
4.3 into A = By + B1 where By € im Ha, and 31 € ker Hy,,. The last term in
(21) can then be estimated as

|(dad, [A N A
< Al ooy (Idabollz2(sy + 1daBillZ2(sy + 150l 22(s) + 11511 72(s)) -
With 1 satisfying Ha, 01 = 0, hence dy da,01 = — * [«F4, A B1] we find
that

ldabillZasy < 20danBilliagsy + 2llla A BilZ2m,

2)1 611l L2y |y dao B L2y + 20 [ A Bi]ll2 sy
181l 2 1% Fag A Billlz2¢s) + 2[| [ A 51”\%2(2)

cll Bl 22y (1Faoll oo )+l Focsy))- (22)

IN

IN

Using Proposition 4.3 and the estimate (18) with constant ¢(Ap), the right-
hand side of (21) can now further be estimated as follows. We put § :=
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2— 3C(A0)2HAHLOO(E) > 0. Then,
#0
ds?2
> 2|Habolfzs) — 21 HaBL Tz s) = 3lIAll () (IdaBol iz + 10l Z2(s))
—cllAll oo (1 + [1Faq | oo () + Nl Zoe () 10112 s;

A2 25y = 21l HAA| 325y — 3(da A, [A A A))

2 5||HAB0||%2(2) - 2||HA51H%2(2)
—cl|All poo () (1 + [1Fa0 [l ooy + 1t Zoo () 1811123
> O|HaBolZ2(x) — 21 HAB 25y — c1(A0)e? (| A2 x,
= 5HHA50”%2(2) — 2| Ha - HAOHE:(WL?(X),B@))”51“124/172(2)

—c1(A0)e? || A7z xy-

Thanks to Proposition B.5 we can bound the term HﬁlH%,VI,Q(E) as

A

181Gy < e(ldaBullizsy + 1daBil1Zaisy) + cllFallLe ) 1811 72x)
C||ﬁ1||%2(2)(1 + ||04||%oo(z) + ||FA0H%O<>(2) + HFAH%N(Z))
ca(A0)e? (| A7z

IN

IN

In the second line we used (22) and the assumption dy,01 = 0, hence & 51 =
— % [a A x01]. The last line is by Proposition 4.3. Let us denote K :=
K(a) := Ha — Ha, and [|[K|| := [[K|[zw12,r2). It then follows for ¢ > 0
sufficiently small, for the constant &; := dc(A4p)? > 0, and with ||AH%2(E) =

180l122(sy + 1511122 that

21 .
@5“"4‘&2(2)

> S| HaBollZ2(m) — ce®IKIP 1Al 725y — c1(A0)e? | All 72
> S0l — I NN ) — o1 (A0)e2l| AllZa s,
> Gl Al — 01181122 sy — 2K 21 AIZ2 5 — e1(Ao)e2l Al2egsy
> S Al — 01621 Al ) — 2K I I Al — e (A0)e2 I AllRags,
01
2 5”!“”%?(2)‘
The exponential decay estimate (20) now follows from Lemma C.2. O

For solutions A : R — A(P) of the Yang-Mills gradient flow equation (9)
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satisfying the assumptions of Lemma 4.5 one easily infers L?-convergence to
limit connections A* as s — fo00. Namely, these limits are given by

A= A(—T)—/_TasA(s)ds, AT = A(T)+/0083A(s)ds, (23)
—o0 T

for any T' > 0 large enough. These integrals converge due to the exponential
decay of ||0sA(s)||r2(x)- We now turn to the proof of Theorem 4.1.
Proof: (Theorem 4.1). With

YMY (A(s0)) = VMY (A(s1)) < E(A)

being satisfied for all numbers sy < s; and the assumption that E(A) is
finite, we infer the uniform bound Y MY (A(s)) < M for all s € R. The finite
energy assumption furthermore yields for any p > 0, € > 0 the existence of
a number 7" > 0 such that

—stp stp
/ H85AHL2(E) d8+/ H88AHL2(E) ds < e
—s—p s—p
holds for every s > T'. Hence applying Proposition 4.2 we conclude estimate
(15) for some constant x > 0. For s sufficiently small the assumptions
of Lemma 4.5 are satisfied. Hence for s — +o0, A(s) converges to limit
connections A* as given by (23). It furthermore follows L?-exponential
decay of 0;A with constant k > 0, i.e.

105A() 1725y < € CNOAT) I 2x (24)

holds for all s < —T', and similarly for all s > T'. Estimate (24) now allows us
to prove the asserted forward and backward exponential decay (14). Consider
first backward exponential decay. As an intermediate step we claim for each
¢ € Ny the existence of a constant ¢, > 0, which only depends on the energy
E(A), such that

105 Allwez((—oo,s)xx) < CellOsAllL2((—00,s4+4 %) (25)

holds for all s < —T — £. This is achieved using standard parabolic boot-
strapping arguments as follows. Set o := 0;A. Then with d%a = 0 we find
that « satisfies the linearized Yang-Mills gradient flow equation

(0s + Ap)a = — % [xF4 A a. (26)

As follows from 24, o is contained in L?((—oo, —T] x ). Standard parabolic
estimates (cf. e.g. [18, Theorem 7.13|) apply to (26) and yield via induction
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on ¢ the sought for estimate (25). Now fix m > 0. Then apply to each
interval (s — j,s —j + 1), j € N, and for sufficiently large ¢ = ¢(m) the
Sobolev embedding

WE((s = jys = j+1) x B) = C™((s = j,s = j + 1) x %)
to obtain from (25) the bound

|05 Allom ((—o0,s]x5) < ComllOsAll L2((—o0,54+0x5)- (27)

Finally, integrate estimate 24 over (—oo,s + ¢] and combine it with (27)
to complete the proof of backward exponential decay. Forward exponential
decay is obtained in a completely analogous manner. This proves the first
implication of Theorem 4.1.

(ii) = (i). By definition of the energy E(A) and the assumption on the
decay of [|0sA| co(xy it follows, setting T' = 1, that

B(4) = / / 10, A2 ds

1 —1 o)
/ / 10.A|2 s + / / 10,A|2 ds + / / 10,2 ds
—1JX —oc0J X 1 >

-1 00

< C+|E|/ 0862k5d5+|2\/ cae ks ds
—00 1

- C+|E’c§’j_2k.

This proves the second implication of Theorem 4.1. It remains to prove
exponential convergence lim, 4o A(s) = A* in C*(X). Exponential con-
vergence in L?(¥) has been shown through (23). The same argument now
gives exponential convergence in C*(X) for all £ € Ny. By what we have
proved [[0sA(s)|ce(x;y converges to zero exponentially and thus

S1

S1
1A(s0) — A(s1) sy < / 10 All sy ds < / et ds <

S0 S0

Cgeksl

holds for constants ¢y, k > 0 and all sg < 51 < 0. Letting sg — —oo we
obtain backward exponential decay in C*(X). Forward exponential decay
follows similarly. Hence the proof of Theorem 4.1 is complete. O
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5 Fredholm theory

5.1 Yang-Mills Hessian
Here we denote by H 4 the augmented Yang-Mills Hessian defined by

( dZdA—F*[*FA/\ ] —dy >

Ha= —d, 0

(28)

In order to find a domain which makes the subsequent Fredholm theory work,
we fix a smooth connection A € A(P) and decompose the space Q1(3, ad(P))
of smooth ad(P)-valued 1-forms as the L?(X)-orthogonal sum

QY(Z,ad(P)) = ker (df : QY(Z,ad(P)) — QO(Z,ad(P)))
@ im (da : QO(X,ad(P)) — QY(E,ad(P))).  (29)

Then let VVO2 P and VVI1 P denote the completions of the first component,
respectively of the second component with respect to the Sobolev (k,p)-
norm (k = 1,2). Now define the space

WAP() == WP @ WP (30)

and endow it with the sum norm. Note that the this norm depends on the
connection A. For p > 1 we have the operator

Ha: WEP(D) & WP(S,ad(P)) — LP(,T*S @ ad(P)) & LP (3, T*%).

In the case p = 2 this is a densely defined symmetric operator on the Hilbert
space L*(X, T*Y ® ad(P)) ® L*(X,T*Y) with domain

domH 4 = W52(2) @ WH(2, ad(P)). (31)

We show in Proposition 5.1 below that it is self-adjoint. For the further
discussion of the operator D4 it is convenient to also decompose each 3 €
imHa as B = B+ 1 where dy8p = 0 and 31 = dw for a O-form w. A short
calculation shows that for o = g + d4¢ this decomposition is given by

Haa = By + daw,
where w is a solution of
AAw:*[dA*FA/\a]. (32)

As A4 might not be injective due to the presence of A g-harmonic 0-forms,
the solution w of (32) need not be unique. This ambiguity however is not

24



relevant, as only daw enters the definition of By and ;. With respect to
the above decomposition of the space of 1-forms the augmented Hessian H 4
takes the form

ag AAOJO—l—*[*FA/\aQ]—i-[dZFA/\QO]—dAw
Ha| an | = —day 4+ daw , (33)
P —d*Aa1

with a; = dap and w a solution of (32).

Proposition 5.1 Let A € A(P) and p > 1. Then the operator H4 with
domain dom H 4 as defined in (31) is self-adjoint. It satisfies for all (a, 1) €
dom H4 and p > 1 the elliptic estimate

ledlyze + [ llwre < e(IIHale, $)llze + (e ) r) (34)

with constant ¢ = c(A,p). If A is a Yang-Mills connection, then the number
of negative eigenvalues (counted with multiplicities) of Ha equals the Morse
index of the Yang-Mills Hessian H Y M.

Proof: We show the elliptic estimate (34). Let (5o, 81,7) = Ha(ao, a1,?)
and assume that (5o, 81,7) € LP(E, T*Y ® ad(P)) @ LP(X,ad(P)). Then by
ellipticity of the operator A4 on Q*(X, ad(P)) we obtain from equations (32)
and the the first line of (33) the estimate

laollwzs < c(llaollze + lellze + [1Bolle + lwllwrs) < e(llalize + 1Bollze)-

Applying d% to the second and third equation in (33) the same elliptic esti-
mate shows that

lllwre < c(l®llee + 181llze + loallze + |Aaw]|Le)
< c(l¥llee +11BullLe + lledllzr)

and

laallwrs < ellgllwar < c(llYllee + Ilvllze)-

Estimate (34) now follows and implies self-adjointness in the case p = 2. For
the last statement note that by choice of the weight 6 > 0 the operators
Ha and ‘H := H4 — 6 have the same number of negative eigenvalues. Let
(a,1)T be an eigenvector of H; with eigenvalue A < 0. Let o = ap + o
be as above the Hodge decomposition with d%ag = 0 and a1 = dap. Then
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the eigenvalue equation for H together with the first line of (33) gives
Haap = Aag. This uses that daw = 0 and d% F4 = 0 as A is a Yang-Mills
connection. Hence A is a negative eigenvalue of H4. Conversely, any A < 0
satisfying the eigenvalue equation H g9 = Aag is an eigenvalue of H4 with
eigenvector (ag,0)7. O

5.2 Linearized operator

We next discuss the linearization of the Yang-Mills gradient flow (9). Since
any solution (A, U) of the Yang-Mills gradient flow is gauge equivalent under
G?(P) to a solution satisfying ¥ = 0, it suffices to consider the linearization
along such trajectories only. Let (A, ¥) = (A,0) be a solution of (9). For
p > 1 we define the Banach spaces
p . 1, * 2,
zZ0P = (WyP(R,LP(S, TS @ ad(P))) N LE(R, WP (%))
@ WP (R x X,ad(P))
L0 := LE(R x 8, T*S ® ad(P)) & LE(R x X, ad(P)).

The horizontal differential of the section F at (A, ¥) is the linear operator

d
DA:£+HA:Z%pHE6’p,

and the linearized Yang-Mills gradient flow equation is the equation

DA<Z):O. (35)

We next show that D4 is a Fredholm operator and determine its index.

Remark 5.2 (i) The differential dF4 acts on functions which converge
exponentially to constant tangent vectors at € T4+CT as s — oo,
i.e. on the space Zj’p @ RIMC™ ¢ RAMC™ Tt follows that

inddF s =ind Dy + dimC™ + dimC™.

(To see that, we view dF 4 as a compact perturbation of the operator
D4, extended trivially to Zj’p @ RAIMC™ @ RAMC™ )

(ii) The operator D4 arises as the linearization of the unperturbed Yang-
Mills gradient flow equation (9). The Fredholm theory in the case
YV # 0 can be reduced to the unperturbed case because the terms
involving V contribute only compact perturbations to the operator D 4.
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5.3 Fredholm theorem

Theorem 5.3 (Fredholm theorem) Let A: R — A(P), be a smooth so-
lution of the Yang-Mills gradient flow equation (9) satisfying for Yang-Mills
connections AY the asymptotic conditions

i, Als) = A7

in the C*°(X)-topology. Then (for every p > 1) the operator Dy = % +Ha:
Zj’p — L% associated with A is a Fredholm operator of index

indDy = indHAf — indHA+ —dimC™.

Weighted theory

As the Hessians H 4+ have non-trivial zero eigenspaces, we cannot apply
directly known theorems on the spectral flow to prove Theorem 5.3. As an
intermediate step we therefore use the Banach space isomorphisms

m:ZP - 2% =25 and  wy: L — LOP = P

given by multiplication with the weight function e??(5)5 where 3 denotes
the cut-off function introduced before. Then the assertion of Theorem 5.3 is
equivalent to the analogous one for the operator

DY, i=vg0oDyovy ' Zh — LP

which we shall prove now.

Case p =2

We first show this theorem in the case p = 2, where it follows from well-
known results on the spectral flow for families B(s) : dom B(s) — H, s € R,
of self-adjoint operators in Hilbert space H, cf. [23]. Since the operators
we are concerned with have time-varying domains, we need an extension of
this theory as outlined in [26, Appendix A|. The case of general Sobolev
exponents p > 1 will afterwards be reduced to the Hilbert space case.

Set H := L?(X,T*Y ® ad(P)). For the following it is convenient to use the
Hodge decomposition

H = Xy(s) ® X1(s)
= {a|dj o =0} @ {a = da(s)pfor somep € QY(%,ad(P))}
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with respect to the connection A(s) € A(P). Recall from (31) that the
domain of the operator H 4(,) is given by

domH (o) = Wi (2) @ WH2(3,ad(P)) =: W(s) & W2(S, ad(P)).

We fix sp € R and set Ap := A(sp). In the following we let 8(s) := A(s)— Ap.
Let H = Xg & X1 be the Hodge decomposition corresponding to Ay and
denote Wy := W (sp). For s € R sufficiently close to sy we define the map
Q(s) : H — H as follows. Let a € H be decomposed as o = ag + o €
Xo @ Xi. Then set

Q(s)ar := pry,(5) @0 + Pry, (s) M- (36)
A short calculation shows that
Q(s)a = ap + d a0, (37)
where § solves the elliptic equation

A )0 = Augpo + *[B(s) A x(ap — a1)], (38)

with ¢ such that it satisfies da,0 = 1. A solution J exists and is unique
up to adding elements of kerd 4.

Lemma 5.4 There ezists € > 0 such that the map Q(s) : H — H has the
following properties for every s € (sg — €, 80+ €).

(i) Q(s) is a Hilbert space isomorphism.

(i) Q(s) preserves the Hodge decomposition of H, i.e. it holds that Q(s) Xy =
Xo(s) and Q(s)X1 = X1(s).

(iii) The restriction of Q(s) to Wy yields an isomorphism Q(s) : Wy —
W (s).

Proof: Note that for § = 0 the map @ defined in (37) is the identity map
on H. Thus Q(s) is bijective for all s with 3(s) sufficiently small.! To show
(ii) we first observe that Q(s)X; C X;(s), i = 1,2, holds by definition of

'One easily checks that [|Q(s) — Q(s0)llz(m) < cl|B(s)||c1(x) which goes to 0 as s — so
because A € WP (I x X) for all p < co.
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Q(s) in (36). Now let a € H be given and assume that & := Q(s)« satisfies

d*A(s)O‘ = 0. It then follows that

0 = d2(5)040+AA(5)6
= —*[B(s) A xag] + Aaypo + *[B(s) A (xap — *dayp0]
= Ao — *[B(s) A xdagibo].

Now the kernel of the operator ¢ +— A, —*[(s) A*d a,p] contains ker d 44
and for [|8(s)|co(x) sufficiently small it is not larger. It thus follows that
a1 = da,p0 = 0 and hence o = . This shows surjectivity of the map
Q(s) : Xo — Xo(s). It follows similarly that also Q(s) : X1 — Xi(s) is
surjective and completes the proof of (ii). To prove (iii) we introduce the
notation Xg’Q(s) := pro(W(s)) (with pry denoting projection onto the first
summand of Xy(s) ® Xi(s)), and X§’2 = X§’2(so). We have to verify that
Q(s) maps the space Xg’Q bijectively to Xg’z(s). Thus let o € X§’2. Then
a1 = da,po = 0 and 6 € W2(X,ad(P)) as follows from (38) by elliptic
regularity. Hence Q(s)a = a + dy5)6 € Xg’Q(s), as claimed. The opposite
inclusion Q_l(s)X§’2(s) - X§’2 follows similarly. O

Proof: (Theorem 5.3 in the case p = 2). Lemma 5.4 shows that the
disjoint union | |,.p W (s) is a locally trivial Hilbert space subbundle of R x
H in the sense of |26, Appendix A]. Moreover, for s — oo there holds
convergence A(s) — AT in C*°(X). Hence the operators Q(s) can be chosen
near the ends in such a way that Q(s) — QF in £(H) as s — oo for
appropriate Hilbert space isomorphisms Q* : H — H. One now easily
checks that the operators

(Q(s) @id) ™" o Hs) 0 (Q(s) ®id) :
Wo @ WhH(2,ad(P)) — H @ L*(%, ad(P))

converge in £(Wy, H), as s — 400, to the invertible operators (Q* @id)~!o
H 4+ o (QF @id). Now Theorem A.4 of [26] applies and yields the claim. O

Case p > 1

The Fredholm property in this case follows from standard arguments. Full
details can be found in [31]. The estimate (72) and bijectivity of the operator
Dy for a stationary path A of connections yield the inequality

€]l 22 < c(A) (1P A&l 2o + l1€ll Lo (1xx) )
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for a constant ¢(A) and a compact interval I C R. Hence it follows from
the abstract closed range lemma (cf. e.g. [31, 36]) that the operator Dy
has finite-dimensional kernel and closed range. Similarly, one can show that
coker D4 is also finite-dimensional, and that the dimensions of the kernel
and cokernel do not depend on p. This proves Theorem 5.3 in the general
case.

6 Compactness

Throughout this section we identify a pair (A, V) with the connection A +
W ds over the 3-dimensional manifold R x . Its curvature is thus given by
Fiawy = Fa+(da¥ —0sA) Ads. Denote by P := R x P the trivial extension
of the bundle P to the base manifold R x Y. We use the symbols %, CZ(A’\I;)
and d’("Ale,) for operators acting on Q*(R x ¥,ad(P)). In particualar, CZ(/_L\I;)
as an operator on 1-forms « + i ds is given by

~

dia,wy(a+ v ds) = daa+day Ads + (Osa + [V, a]) A ds. (39)
The Laplace operator A(A,\I,) on functions 1 € QO(R x %, ad(P)) is

Ayt = di g pydiamyt = (Dax — 02)p — 0,0, 4)]. (40)

The local slice condition for a connection A + W ds € A(P) with respect to
the reference connection A € A(P) is

&y (A— A) - 0,0 = 0. (41)

Remark 6.1 We use the notation W*%P(I x ¥) for the parabolic Sobolev
spaces as defined in [17, Chap. 1.3, 2.2].

The aim of this section is to prove the following compactness theorem.

Theorem 6.2 (Compactness) Let (AY, V"), v € N, be a sequence of so-
lutions to the perturbed Yang-Mills gradient flow equation

0sA + dZFA —daV +VVY(A) =0. (42)

Assume that there exist critical manifolds C* such that every (A, UV) is a
connecting trajectory between C~ and CT. Then for every k < 2 and p < oo
and every compact interval I C R there exists a sequence g” € G(I x P)
of gauge transformations such that a subsequence of the gauge transformed
sequence (g”)*(AY, W¥) converges in WEP(I x %) to a solution (A*,¥*) of
(42).
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We start with the following weaker statement.

Theorem 6.3 Let (A”, V) be a sequence of solutions of the perturbed Yang-
Mills gradient flow equation (42). Assume that every (A”, W) is a connecting
trajectory between some fized pair C* of critical manifolds. Then for every
r < oo and every compact interval I C R there exists a constant C(I,r),
a smooth connection A = A® 4+ ¥>® Ads € A(I x P), and a sequence
(¢") € G(I x P) of gauge transformations such that the difference

OKV = (gl/)*Al/ _ AOO7 wl/ — (gV)*\IIl/ _ QOO
satisfies the uniform bound
[o” lwrzrrxsy + [V lwerxsy < O ).

Proof: The proof, which we divide into three steps, is based on Uhlenbeck’s
weak compactness theorem, cf. the exposition [35] for details.

Step 1 Let 1 < p < 4. There exists a constant C(p) such that there holds
the uniform curvature bound

| Fav oyl e rxs) < C(p).-

Since the estimate is invariant under gauge transformations it suffices to
prove it for W¥ = 0. Then the curvature is given by F4v o) = Fav +
(d% Fav + VV(A")) ds. Uniform LP-bounds for the terms Fy» and d%, Fav
hold by Lemmata B.7 and B.10. A uniform estimate for VV(A")) is given
by (56).

Step 2 Let 3 < p < 4 and choose € > 0. There exists a sequence g €
G?>P(P) of gauge transformations and a smooth reference connection (A, ™)
such that (up to extraction of a subsequence) the sequence (g”)*(AY, V") sat-
1sfies the following three conditions.

(i) Each connection (g*)* (A", W") is in local slice with respect to (A%, W>).

(i) The difference (6%, ¢0") = (g")* (A, U") — (A, U>°) is uniformly
bounded in WHP(I x %),

(iii) The sequence (3,4") satisfies the uniform bound

18" lcorxsy + 197 [lcorxs) < e
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The sequence (AY,¥) satisfies a uniform LP-curvature bound by Step 1.
Hence Uhlenbeck’s weak compactness theorem (cf. [35, Theorem 7.1|) yields
a sequence g¥ € G*P(P) of gauge transformations such that a subsequence
of (g¥)*(A¥,¥") converges weakly in WHP(I x ¥) to a limit (A’,¥’). It is
in particular uniformly bounded in W'P(I x ¥) and contains a subsequence
which converges in C%(I x X) to (A, ¥’). We again label this subsequence
by v. It hence follows from the local slice theorem (cf. [35, Theorem 8.1])
that every (g")*(AY, V") with v large enough can be put in local slice with
respect to any smooth reference connection (A, U>°) sufficiently close in
WLP(I x %) to (A’,¥'). Therefore condition (i) is satisfied. Moreover, the
local slice theorem asserts that this can be done preserving the uniform
bound in W1P(I x 3) and the uniform bound (with constant €) in C%(I x %).
Thus also conditions (ii) and (iii) are satisfied.

Step 3 Proof of the theorem.

In the subsequent calculations we drop the index v. Expanding da, d’; and
Fy as

dg=dg~+ BN -], A%y = djoo — *[B A -],
1
FA:FAOO +dA00ﬂ+§[ﬂ/\/3],
equation (42) reads
1
0 = 05 A% + 058 + Ao Faco — %[B A #(Faoo + dae B + 5[ﬁAﬁ])] + dood g 3

—|—%d2m [BAB] — daseth — [BAW] — daeT® — [3 AT + VV(A).
(43)

We combine this equation with the local slice condition (41) to obtain for 3
the parabolic PDE

1
0+ D fd = —0sA™ = dijoe Fpoe + dpoe 0,0 = Sl [3 A ] + daoeOst)

+x [ﬂ/\*(FAoo—FdAooﬁ—k%[ﬁ/\ﬁ])] +d Ao Y+ [BAY]+d poo TP+ [BAT®] =V V(A).
(44)

Applying d%. to both sides of equation (43) and substituting

dHoe 053 = 021h 4+ 2T + %[0, A A %03
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according to (41), and using that
Ao VV(A) = A4 VV(A) + %[ A xVV(A)] = *[B A *xVV(A)]

yields for ¢ the elliptic PDE

Apooth = dioc Os A% + 02T — A oo U + %[0y A% A %3] 4 [¥Fgo0 A xd pgo0 3]

- %[*FAOO A*[B A B]] = #dace [B A *(Fas + %[ﬂ AB))] + *[B A *d e d ace 3]
— Ay [BAY] = dpoo[B A U]+ #[BAxVV(A)]. (45)

Let p > 1 arbitrary. From equation (44) it follows by standard parabolic
regularity theory that

¢ HBllwrze < 1+ 18] Le + {8, [B A B Le + I{V a8, B} Lo
+ {8, }oe + [|da= [l Le + [|da= 05l e + [[VV(A)[[Lp.  (46)

From equation (45) and elliptic regularity we obtain the estimate

¢ Hllwer <1+ 18lle + {8, B Le + IV awBllze + [{dax=5, 8, B} Lo

+ [{8; daoodax B} + IV a=[B A9l e + 1] e + 18 A+ VV(A)]| o
(47)

Now let 3 < p < 4. By Step 2 there holds a uniform bound for ||5||co
and ||3||y1.,. Applying Proposition A.7 we find that the term |[VV(A)|L»
is controlled by [[Falle < (1 + ||dagBllze + I[8 A B]llLr). It thus follows
that each term on the right-hand side of (46), except the term ||d 9| L,
is uniformly bounded. This term ||d4~0s¢||L» can now be estimated using
(47). Namely, the expression

{8, daeda=B}| e < ¢l Bllcolldihdas 5] v

appearing in (47) becomes absorbed by the left-hand side of (46) after fixing
¢ in condition (iii) of Step 2 sufficiently small. Hence it follows that ) is
uniformly bounded in WP and § is uniformly bounded in W1H2P. As a
consequence we obtain for V 4.3 the uniform bound (with p; = 5 +r > 4)

VBl sy < [ 148y + Va1

IN

IIVA°°5||5LB(E) + CHViWﬁHQLg(E)‘
I
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In the first line we used Hélder’s inequality, and the second line follows from
the Sobolev embedding W2(X) «— L%7(X). Both terms in the last line are
uniformly bounded for r < 2. For the last one this follows by what we have
already shown, while for the first one we use interpolation (cf. Lemma C.9)
and Sobolev embedding to obtain

|V a0 B 151,03 (m)) < ||VA°°ﬁ||W§,2(LW%,2(E)) < ||5”W%,2(LW§,2(Z))

< |[Bllwr221xx)-

Thus indeed V 40 (3 is uniformly bounded in LP*(I x X) for p; < % and we
can repeat the previous line of arguments with p replaced by p; to get uni-
form bound for 1 in W2P1 and for 3 in W12P1. Repeating this argument a
finite number of times, we inductively obtain uniform such bounds for every
p < 0o. This completes the proof. a

Proposition 6.4 Let (A”, V") be a sequence of connections satisfying the
hypothesis of Theorem 6.3. In the notation employed there, assume (3% €
WL2P(I x X)) and ¥ € WP(I x X) for all p < co. Then for every r > 1
and sufficiently large p = p(r) < oo there exists a constant c(I,r) such that
the estimate

| Fav lwsse gy < (L) (L4 18" [lwrze@xs) + 197 lwearxs))
holds for all v € IN.

Proof: For simplicity we drop the index v. Let A* € A(R x P) be the
smooth reference connection as in the proof of Theorem 6.3, i.e. = A— A,
and let £~ = % + A 400 be the heat operator induced by A*. From (9) it
follows that F4 satisfies the evolution equation

LaoFy = dAA+AAooFA
= —dAdZFA—l—dA\If—dAVV(A)—i-AAooFA
= [dAoo *ﬁ/\*FA]+[ﬁ/\*[,@/\*FAH—l—dA\If—dAVV(A).
By our assumptions, the right-side of the equation is uniformly bounded in
WOLT(I x ¥). To see that this holds for the term Fj4, we expand it as
Fp = Fyc +dge( + %[ﬁ A ] and use the assumption on . The required
bound on d4VV(A) is satisfied by Proposition A.8. The claim then follows

from standard parabolic regularity results, cf. for instance [17, Chap. 5.1].
O
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Proposition 6.5 Let (A”,¥”) be a sequence of solutions of the perturbed
Yang-Mills gradient flow equation (42) satisfying the assumptions of Theorem
6.3. Then for every r < oo and every compact interval I C R there exists a
constant C(I,r) such that the uniform curvature bound

[ Fav oy lwir(rxs) < C(,7)
holds for all v € N.
Proof: For simplicity we drop the index v. After applying a suitable
gauge transformation we may assume that ¥ = 0. Then we have that
Foav gy = Fa — (d3Fa + VV(A)). From Proposition 6.4 it follows that
| F'allw.30(1xx) is uniformly bounded. This immediately implies the required

uniform estimate for F4 and for d% F4. The uniform bound for VV(A) fol-
lows from Proposition A.7. O

Proof: (Theorem 6.2) By Proposition 6.5 the sequence (A", U'") has curva-
ture uniformly bounded in WP (I x ¥3) for every p < co. Hence Uhlenbeck’s
weak compactness theorem (with one derivative more, cf. [21]) applies and
shows that after modifying the sequence by suitable gauge transformations
and passing to a subsequence, there holds weak convergence

lim (AY,¥") = (A", T")

V—00

in W2P(I x ¥) for some limiting connection (A*, U*), as claimed. O

7 'Transversality

7.1 Universal moduli spaces

For the construction of the relevant Banach space Y of perturbations we
refer to Appendix 2.2. We fix a pair of critical manifolds C* and consider
the smooth Banach space bundle

£(6,C7,CT) — B(6,C,CT) x Y,
cf. Section 3.2 for definitions. We define the smooth section F of £ by
F (AU, V)] [0sA+dyFa—da¥ + VV(A)].

Its zero set M"WY(C~,C*) := F~1(0) is the so-called the universal moduli
space. Thus the perturbation V = (V, V") which had been kept fixed so far
is now allowed to vary over the Banach space Y.
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Theorem 7.1 The horizontal differential d,F of the map F is surjective
for every u € F~1(0).

We give the proof in the next section. Assuming Theorem 7.1 it follows from
the implicit function theorem that the universal moduli space M"Y (C~,CT)
is a smooth Banach manifold. Let 7 : M"™V(C~,CT) — Y denote the
projection onto the second factor. It is a smooth Fredholm map whose
index is given by the Fredholm index of D4. Hence we may apply to 7 the
Sard-Smale theorem for Fredholm maps between Banach manifolds, cf. [1,
Theorem 3.6.15], from which it follows that the set of regular values

R := {V ey } dymis surjective for allu € M(C_,C+;V)} cY

is residual in Y. Hence in particular there exists a regular value Vy in ev-
ery arbitrarily small ball B.(0) (with respect to the norm on Y) around
zero. For such a Vy, the moduli space M(C~,C";)p) is a submanifold of
MW (C= CF) of dimension equal to ind D 4.

7.2 Surjectivity of linearized operators

Let (A, ¥,V) be a smooth solution of the perturbed Yang-Mills gradient
flow equation (63). After applying a suitable gauge transformation we may
assume ¥ = 0. The setup for the discussion of the linearization of the
section F parallels the one introduced in Section 5.2. It is given by the
linear operator

ﬁ(A,V) : Zg’p XY — E(S,p’ (Oé, T/%U) = DA(O[,MJ) + VU(A)

Note that 15( A,v) is the sum of the Fredholm operator D4 and the bounded
operator v — Vuv(A), and therefore has closed range. The Fredholm property
of D4 has been shown in Theorem 5.3. The assertion on boundedness follows

36



from
T
Vo oy = [ 1T
/ Zmrp-uw (A5 ds
=1
T o0
< [ STl el (1 () ) ds
=1
00 T
= e e | (0 A) ) ds

(=1

T
¢ [+ IFAl ) ds- ol

IN

IN

The first line holds for some constant 7' < oo because A(s) is contained in
the support of v only for some finite time interval (by construction, supp v is
contained in the complement of some L2-neighbourhood of C~NC*). The last
estimate is by Proposition A.7 and the definition of ||v||. Because f)( A,) has
closed range, the statement of Theorem 7.1 reduces to that of the following
Proposition.

Proposition 7.2 The image of the operator D(A O ZA XY — LOP s
dense in LOP, for every smooth solution (A,0,V) of (63).

Proof: Density of the range is equivalent to triviality of its annihilator. This
means that, given n € (L%P)* = £L7%9 (where p~! 4+ ¢! = 1) with

(Day(a,,v), Mrxs =0  for all (a, ¢, v) € 257, (48)

then n = 0. Condition (48) is equivalent to

(Da(a,¥), mrxs =0, (49)
(Vo(A),mrxs =0 (50)

for all (a,v,v) € Zg’p . Assume by contradiction that there exists 0 # n €
L£7%9 which satisfies both (49) and (49). Then it follows from the identity

o0

0= (1 Daties — / (D) 1(5),€(5)) ds

—0o0
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that D%n = 0, where D7 := —% +H . Hence Proposition 7.5 below applies
and yields a contradiction to (50). This shows that n = 0 and proves the
proposition. O
For the proof of Proposition 7.5 we need the following auxiliary results.

Proposition 7.3 (Slicewise orthogonality) Assume n € L% satisfies

Din =0 onR x X. Then the relation (A(s),n(s)) =0 holds for all s € R.

Proof: Set ((s) := <A(s),77(s)>: Because A satisfies the linearized Yang-
Mills gradient flow equation Dy A = 0 it follows that

B=(A0) + (An) = (A, Han) + (—HaA,n) = 0.

Thus S is constant. Since lims_, o, A = 0 it follows that § vanishes identi-
cally. O

Proposition 7.4 (No return) For every d > 0 there exists a constant € >
0 with the following significance. Assume A is a solution (63) on R x ¥ and
there exists so € R such that Ay := A(sg) is not a Yang-Mills connection.
Then it holds that

distr2(A(s), O(Ap)) < 3e = s € (sg— 0,80+ 9).

Proof: Assume by contradiction that there is a sequence of positive numbers
g; — 0 as i — oo and a sequence (s;) C R such that

disty2(A(s;), O(Ag)) < 3ei (51)

and s; ¢ (so — 6,50 4+ 0). Denote AT := lim, .4, A(s) € C*. By the L*-
local slice theorem (cf. Theorem 2.1) and the assumption that Ay is not
Yang-Mills it follows that

dist 2 (A%, O(Ag)) > 3¢; (52)

holds for all sufficiently large i > ip. Assume first that the sequence (s;) is
unbounded. Hence we can choose a subsequence (without changing notation)
such that s; converges to —oo or to +oo. It follows that (for one sign +)

2
A(sq) AU as @ — £o00.

This contradicts (52). Therefore the sequence (s;) has an accumulation
point s, € R and there exists a subsequence (s;) with lim; . 8; = Ss.
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By continuity of the gradient flow line A (as a map R — L2(X)) it fol-
lows that lim; .., A(s;) = A(s«) in L*(¥). From (51) we hence infer that
dist;2(A(sx), O(Ag)) = 0. Again by the L?-local slice theorem this implies
that A(s,) € O(Ag) and YMVY(A(sy)) = YMY(Ag). As YMVY(A(s)) is
strictly monotone decreasing in s it follows that s, = sg, which contradicts
si ¢ (so — 9,50+ 9). Hence the assumption was wrong and the claim follows.
g

Proposition 7.5 Let A, Ay, so be as in Proposition 7.4. Assumen € L1
satisfies n(so) # 0. Then there exists a constant € > 0 and a gauge-invariant
smooth map Vg : A(P) — R such that

(i) supp Vo C {A € A(P)| distr2(A,O(Ay)) < 2¢},
(ii) (VVo(Ao),no)s = nollZ2(s),
(iii) (VVo(A),mmrxs > 0.

Before entering the proof of the proposition we remark the following. Denote
a'(s) := da(A(s))n(s), where a : A(P) — L?(%, T*Y ® ad(P)) is defined as
in (5). Then it follows from continuous differentiability of the path A: R —
L?(¥) and continuity of the map 7 : R — L?(X) that there exists a constant
d > 0 with the following significance. For all s € (sg— 0, so+9) we have that

(A) lIn(s)llr2 < 2ol 22,
(B) (&/(s),7m0) = 5llmoll7= > 0,
(C) and with p:= ||0sA(so)]|r2 > 0 that

1 distz2(A(s) — O(Ay))

<
SH =

|s — so]
Proof: (Proposition 7.5) Let € > 0 be such that the following two condi-
tions are satisfied. First, any A € A(P) with distz2(A, O(Ap)) < 2¢ can be
put in local slice with respect to Ag. Second, the condition

distz2(A(s), O(Ap)) < 3¢ = s € (so—0,80+0)

holds for all s € R. The existence of such an e follows from the L2-local slice
theorem and Proposition 7.4. Now let p : R — [0,1] be a smooth cut-off
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function with support in [—4, 4] and satisfying ||p/||z < 1 and p(r) =1 for
r € [~1,1]. Define p.(r) := p(¢~2r). Note that ||p.|| 1~ < 2. Define

Vo(A4) := pe(llalZ2)(mo + o, mo)

with a = a(A) as in (5). The perturbation Vy clearly satisfies condition (i).
Furthermore, it follows from Proposition A.3 (using p-(0) = 1, pL(0) = 0,
and a(sg) = 0) that

dVo(Ao)no = (1o — daTag,amo o) = 10|72

so that condition (ii) is satisfied. It remains to show property (iii). We fix
constants o1, 09,81, 82 with 01 < 81 < 89 < $9 < 09 as follows. Let s9 be
such that dist;2(A(s2), O(Ap)) = ¢ and dist 2 (A(s), O(Ag)) < ¢ for all s €
(80, s2), and similarly for s;. Let o9 be such that distz2(A(o2), O(Ap)) = 2¢
and distz2(A(s), O(Ap)) > 2¢ for all s € (02, s0+9), similarly for o;. It then
follows that

s0+0 50+0
(Vo) s = [ (A ds = [ pullalP) el m) ds

so—90 S0

s50+0 s0+0
2wl [ Al e atds+2 [ pllal)asa’) o) ds.

s0—0 s0—0

We estimate the last three terms separately. For the first one we obtain

(s2 — s1)||mol|®

N | =

5044 ) s9
[ et ds = [ 1t as >

s0—0 S1

= Glﬂ(distm (A(s1), O(Ag)) + dist 12 (A(s2), O(Ap))) Imo|* = 31/1,,770”25.

The second inequality uses property (B), the third one property (C) above.
We define functions f,g : R — R by

f(s) = (a(s),e/(s))  and  g(s) == {a(s), m0).

As a(sg) = 0 it follows that f(so) = g(so) = 0. By Proposition A.3 we have

that a(sg) = A(sg) and o’(sg) = no. Using Proposition 7.3 it follows that

f(s0) = (é(s0), @' (s0)) + {au(s0), s(a)(s0)) = (A(s0),0) = 0,

and similarly that
9(s0) = (&(s0),m0) = (A(s0),m0) = 0.
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Hence there exists a constant C'(A) (independent of 7) such that

()] < CMA ]l o ((s0-6.50+8).22() (5 = 50)* < 2C(A) 10| L2y (5 — 0)?

(here we use property (A) in the second inequality) and

l9(s)| < C(A)moll 2 (s — s0)*

holds for all s € (so— 6, so+ ). For the second term we therefore obtain the

estimate

) s0+0 ) ) o2 )
/ ! / /
2o / ol o) ds = 2l / Aol o) ds
S0— o

v

1

2 2 72
22| / (@, )] ds
o

1
02

—4e20(4) o] / (5 — s0)?ds

o1

4
—3¢ 2C(A)|Inol? (o2 — sol® + |o1 — s0/*)

—%e‘QC(A)IInoll?’ : (i)g(disth(A(az), O(4))?
+distr2 (A1), O(Ag))?)

(0423 3
3 (5 Al

The last inequality is by property (C). The third term is estimated as follows.

S0

soto / 2 /
2 [ Il o'y o m) ds

2 / " (o) (@, o), o) ds

1
02

—85_20(A)2\|n0\|2/ (5 — so)4 ds
8-

5

8 _ 2 .
—z 0 no* (@)5(d1sth<A<oz>,O<Ao>>5

2C(A)?|Imol* (lo — sol” + o2 = so|)

+dist 2 (A(o1,0(4A))?)
512 2.5

52 a2 ()
5 C(A)*Imoll (3/) €
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The last inequality follows again from property (C). Combining these esti-
mates it follows that

(VVo(A),m)r-xx >
1, 64,2
ol -

: 5122
3 “3u

) CAlml’s - == (5,

5 2 2.3
)" C(A)%|Imo]e".
The last expression becomes strictly positive after choosing ||79|| and e still
smaller if necessary (which does not affect the argumentation so far). This
shows property (iii) and completes the proof. O

8 Yang-Mills Morse homology

8.1 Morse-Bott theory

We briefly recall Frauenfelder’s cascade construction of Morse homology for
Morse functions with degenerate critical points satisfying the Morse-Bott
condition (cf. [14, Appendix C]). Let (M,g) be a Riemannian (Banach)
manifold . A smooth function f : M — R is called Morse-Bott if the set
crit(f) € M of its critical points is a finite-dimensional submanifold of M
and if for each = € crit(f) the Morse-Bott condition T crit(f) = ker Hy f
is satisfied. As an additional datum, we fix a Morse function h : crit(f) —
IR which satisfies the Morse-Smale condition, i.e. the stable and unstable
manifolds W}’ (x) and W}!(y) of any two critical points x,y € crit(h) intersect
transversally. We assign to a critical point = € crit(h) C crit(f) the index

Ind(x) := indf(x) + indy(z). (53)

Definition 8.1 Let z—, 2" € crit(h) and m € N. A flow line from z~
to T with m cascades is a tuple (x,T) := (z1,...,Tm,t1,...,tm_1) With
z; € C®(R, M) and t; € R such that the following conditions are satisfied.

(i) Each z; is a nonconstant solution of the gradient flow equation dsx; =
=V f(x;)-

(ii) For each 1 < j < 'm — 1 there exists a solution y; € C*°(R, crit(f)) of
the gradient flow equation dsy; = —Vh(y;) such that lims o z;(s) =
yj(0) and lims_._c zj41(5) = y;(t;).

(iii) There exist points p~ € W¥(z™) C crit(f) and p™ € Wi (z™) C crit(f)

such that lims_. o z1(s) = p~ and limg_, o0 7, (s) = pT.
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A flow line with m = 0 cascades simply is an ordinary flow line of —Vh on
crit(f) from = to a™.

Denote by M,,(z~,z") the set of flow lines from z~ to x* with m cascades
(modulo the action of the group R by time-shifts on tuples (x1,...,2y)) .
We call

the set of flow lines with cascades from x~ to ™. In analogy to usual Morse
theory (where the Morse function is required to have only isolated non-
degenerate critical points), a sequence of broken flow lines with cascades
may converge to a limit configuration which is a connected chain of such
flow lines with cascades. This limiting behaviour is captured in the following
definition.

Definition 8.2 Let x—, 2" € crit(h). A broken flow line with cascades from

x” to ™ is a tuple v = (vq,...,vp) where each v;, j = 1,..., ¢, consists of a

flow line with cascades from U~ to 209) € crit(h) such that 2(°) = 2~ and
0 — g+

A

Theorem 8.3 Let x~, 2" € crit(h). Under suitable transversality assump-
tions (as specified in [14, Appendiz C]) the set M(x~,z™") is a smooth man-
ifold with boundary of dimension dim M(z~,2%) = Ind(z~) — Ind(z™*) — 1.
It is compact up to convergence to broken flow lines with cascades.

Proof: For a proof we refer to [14, Theorems C.10, C.11]. 0
We denote by C M, (M, f, h) the chain complex generated (as a Z-module) by
the critical points of h and graded by the index Ind. Thanks to Theorem 8.3
we may define a boundary operator dy : CMi(M, f,h) — CMy_1(M, f,h)
by linear extension of

Opx = Z n(z,x')a’

Ind(z’)=k—1

for x € crit(h) with Ind(xz) = k. Here n(x,z’) denotes the (oriented) count
of elements in the zero dimensional moduli space M(z,z’). As was shown
in [14] the maps 0y give rise to a boundary operator 9, satisfying 92 = 0.
We define the Morse-Bott homology HM, (M, f,h) of (M, f,h) by

ker ﬁk

HMk'(M7 fa h) = im6k+1

(k‘ S ]No)
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8.2 Yang-Mills Morse complex

Let a > 0 be aregular value of YM : A(P) — R, V be aregular perturbation,
and h : P(a) — R be a smooth Morse function. Define

P(a) := {A € A(P)|d\Fs =0and YMY(A) < a}
to be the set of Yang-Mills connections of energy at most a. We denote by
CM(A(P),V,h)

be the complex generated (as a Z-module) by the set crit(h) C P(a) of
critical points of h. We define the Morse boundary operator

O : CM(A(P),V,h) — CMy_,(A(P),V,h)

for k € INg as the linear extension of the map

/ /
Opx = E n(z,z")x’,
z'eP(a)
Ind(z')=k—1

where x € P(a) is a critical point of index Ind(z) = k. The numbers n(x,z’)
are given by counting oriented flow lines with cascades between z and z’.

Theorem 8.4 (Morse homology) For any Morse function h : P(a) — R
and generic perturbation V € Y, the map Oy satisfies O 0 Ox+1 = 0 for all
k € Ng and thus there exist well-defined homology groups

ker Oy,
im O 41 .

HM(A(P)) =

The homology HMZ(A(P)) is called Yang-Mills Morse homology. It is in-
dependent of the choice of perturbation V and Morse function h.

Proof: For critical points #% € crit(h) let M(z~,z%) denote the moduli
space of flow lines with cascades from 2~ to ™. From compactness of the
moduli space M(C~,C") (cf. Theorem 6.2) it follows that M(z~,zT) is
compact up to convergence to broken flow lines with cascades. The proof
that M(z~,27") is a smooth manifold for regular perturbation V follows the
standard routine by writing M(z~,2") as the zero set of a Fredholm sec-
tion F of a suitable Banach space bundle, and then applying the implicit
function theorem. For this we remark that M(z~,z") can be written as a
subset of products of moduli spaces M(C;, C;r) for suitable pairs (C;", C;r) of
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critical manifolds (cf. [14, Theorem C.13]). Hence the Fredholm theory for

M(z~,z") reduces to that for the moduli spaces M(C;” ,Cj) as discussed

in Section 5. Surjectivity of the horizontal differential d is then achieved
by the same perturbation arguments as in Theorem 7.1 and does not require
any new arguments. From homotopy arguments standardly used in Floer
theory (cf. [13, 24]) it follows that the Yang-Mills Morse homology groups
do not depend on the regular perturbation V or on the Morse function h. O

A Properties of the perturbations
We introduce the following operators (for A € A(P) and o € Q1(%,ad(P))).

Lae:Q°(2,ad(P)) — QY2 ad(P)), Laa):=As\+ *[xa Ada)],
Raa =Ly, : Q°(2,ad(P)) — Q°(%,ad(P)),

M, : Q2Z,ad(P)) — QY(Z,ad(P)), Mué = *[a A x£],

Tan = Rano M, : QY3 ad(P)) — Q°(X, ad(P)).

Proposition A.1 Fiz A € A(P) smooth and o € L*(%,T*Y ® ad(P)).
Then the operator

Lag: L*(%,ad(P)) — L*(Z,ad(P))

is a densely defined self-adjoint operator with domain W22(3,ad(P)). Its
inverse R4 o 1s a bounded operator

Rao : L*(%,ad(P)) — W2%(%,ad(P)).

Furthermore, there exists a constant c1(A) such that for every o with ||| 2y <
c1(A) the estimate

[Raapllw22(m) < c2(A)llell L2

holds for a constant cao(A) and all ¢ € L*(X,ad(P)).

Proof: Symmetry of the operator L4, follows from an easy computation.
As the Laplace operator A4 is self-adjoint with domain W?%2(X) the same
holds true by the Kato-Rellich theorem for the perturbation L4, of Ay.
That Ra : L?(3,ad(P)) — W22(3,ad(P)) is bounded follows from ellip-

tic regularity. The assumption that A is a regular connection implies that
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Ay = Ly is injective and therefore (by self-adjointness) bijective. Thus the
bounded inverse theorem yields a constant ¢(A) such that

[Ra0pllwe22sy < c(A)llellLzs)
holds for all ¢ € L?(%,ad(P)). It follows from this that for all A € W22%(%)

M w22y < (A LaoAlrzs) < e(A) (1 Laallrze) + 1 xaAdaN] |l 12s))
< (A (ILaaM 2 + lelzm) M wzes))-
As bijectivity is preserved under small perturbations (with respect to the
operator norm) we can put A = Ra o¢ for some ¢ € L?(X,ad(P)). Then
with [|a|[z2(s) < c1(A) sufficiently small it follows that
[Raapllw2s) < c2(A)llelle(s),

as claimed. O

Proposition A.2 Assume Ay € A(P) smooth and o € L*(3,ad(P)). Then
the operator

Thy ot LP(S,ad(P)) = L*(S,T*S @ ad(P))
is bounded with norm ||T3 |l < c(Ao).
Proof: By definition, 7% , = M; o Raq with My @ ¢ — [a,¢]. Let
¢ € L*(3,ad(P)) be given. Then it follows from Proposition A.1 and the
Sobolev embedding W22(X) — C?(%) that
T30 0éllL2(m) = [l Raallizzcs) < clledlizs)IRaaéllcors)
< a2 lél 2z,

and thus the claim follows. O

Proposition A.3 The map Vy : A(P) — R has the following properties.
(i) (We denote Ay := Aj, n := nij, and p = py.) Its differential and
L?-gradient are given by
dVi(A)6 =20/ ([lal|F2) (e, &), m) + p(llel|72) (€ — dgraTa aé, ),
97 VV(A)g = 20 ([lal72) (e mha + p(l|all7z) (n + Ty o (<o A xn)),

with € = g~'¢g. Here we assume that & € QL ad(P)) satisfies
d4¢=0.
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(ii) We have that
dAVV(A) = p(llall72) (daTh, o (xlo Axn]) + dan) + 20/ ([allF2) (e, n)dac

(iii) Let B € QY(S,ad(P)) such that d%8 =0 and set v := 3 — da,Ta,.053-
Then the Hessian of V(A) is the map HAV : QY(2,ad(P)) — QY(X,ad(P))
given by the formula

9~ (HaVB)g + g~ VV(A)g, N =
pllallfz) (Shg,aq (Ko Asnl) + T, o ([ A *))
+2/(lll72) (¢, 7) (0 + T, o (Kl ) + (. 7)a + (@, 1))
+4p" ([ll|72) (e, ) (e, mher.

Here we denote

Sagan = RagaoMyo(l—dsoRaya): Q(Z,ad(P)) — Q°(Z,ad(P)).

Proof:

(i) Let A(t) = A+ t€. Assume A(t), a(t) and g(t) satisfy condition (5)
for t € (—e,e) with € > 0 sufficiently small. Set & := %‘t:o a(t) and
A= g7 1(0) %‘t:o g(t). Differentiating the equation dy o =0att =10
yields

0 = di,(9 " €9 +dgAN)
= 97 (dig-1)4,6)g + iy dagh + diy [ AN
= g (da—gag1£)g + Dagh+ diy [ A ]
= —g ' x[gag Tt Ax€lg+ Au A+ diy [a AN
= —#[anxgiEgl+ Aa A+ dyla AN
= Mol + Lagah

Hence A = TAO,aé by definition of T4, o, and & = é—l— dg*ATAmaé. From
this we obtain

e N X RIORE

2/)'(H04H2)(04,§<>(0w7> + p(||<}||2)<d,77> ) )
= 20/ (lol*) (e, & + dgraTag,0€) ) + plledl*)(€ + dg=aTag,a€, )
= 20/ ([lal®) (. E){a.n) + pllll*)(€ = dyr aTag 0 m).
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In the last line we used that dj. ya = 0. The formula for VV(A) follows
from this by taking adjoints and using that dj. yn = d’y n— k[ A\xn] =
— % [a A #1].

(ii) This follows by direct calculation.

(iii) The formula follows from differentiating the expression for g='VV(A)g
in (i), and using the definition of the Hessian,

d
HAVﬂ: %

VV(A +t8).
t=0

The operator Sa, ., arises from differentiating

d

dt

d

Ag,a = % L_l oM, = _L_l LAO,aLZ;@ + RAo,a o MOM

Ao, Ao,
t=0

t=0

where LAo,a = *[xy Ada, -] and M, = M,.

Proposition A.4 Assume Ay, A € A(P) smooth. Then VV(A) satisfies the

estimate
IVV(A)lL2(s) < ¢(Ao)
for a constant c(Ayp) independent of A.

Proof: From Proposition A.2 and the formula for VV(A) stated in Propo-
sition A.3 it follows that

IVV(A)lL2cs) < e(U+ llallrzm) + 1 Th o (la Al 2(s)) < e(Ao).

Proposition A.5 For every € > 0 there exists a constant § > 0 with the
following significance. Assume the perturbation V satisfies |V|| < 6. Then
for all A € A(P) there holds the estimate

IVV(A)llL2s) <e.
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Proof: From Proposition A.2 and the expression for VV(A) given in Propo-
sition A.3 it follows the estimate |[VV(A)|r2(xy < ¢(Ao)|[nllr2(x) for a con-
stant ¢(Ap) and all A € A(P). Now choose the terms n(A4yp) accordingly. O

Proposition A.6 For every p > 2 there exists a constant c¢(p) such the
estimate

[wvllw-1rm) < c@)lull2)llvllLe ) (54)
is satisfied for all functions u € L*(X) and v € LP(X).

Proof: Let ¢ < 2 denote the dual Sobolev exponent of p. Let r := 22Tpp <2
and s := 22qu > 2, ie. 141 =1 Then the Sobolev embedding W4(%) —

2
Lﬁ(E) implies the dual embedding L" (%) < W~1P(%). Hence for a con-
stant ¢(p) it follows that

[wvllw-1pmy < e(p)lluv]Lr(s),

and Hélder’s inequality (with exponents £ = 2 > 1 and ¢ = 32~ > 1) then
implies that

r 5/ 1
ol s < ( / uf2) 5 ( / o) = ully sy ol

as claimed. O

Proposition A.7 Assume Ay € A(P) smooth and let p > 2. Then there
exists constants c(Ag,p) and 6(Ao,p) such that the estimates

lellwirey < c(Ao,p) (1 + [[Fallrs)), (55)
IVV(A) | 1e(s) < e(Ao,p) (1 + [ Falle(s)) (56)
1daVV(A) Loy < (Ao, p) (L + | Fallzo(sy + ) Fansy) (57)
are satisfied for all A € A(P) such that |||z < 6(Ao,p)-
Proof: With « satisfying da,a = Fa — Fa, — 5[ A @ and hence
* 1 *
AAOO[:dAO(FA—FAO)—idAO[OZ/\O[] (58)
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we use elliptic regularity of the operator Ay, : WhP(X) — WIP(X) to
estimate

lallwe(s) (59)
< (A0, p) (| dhg Faollw-1r(s)y + 14, Fallw—1r(s)

+dh [ A alllw-1eis) + llalles))

(A0, p) (1 + [1Fal Loy + {V a0, a}lw 1oy + [lallLes))

(Ao, p) (1 + [|Fall o) + llell 21V agll Loy + el oy ) -

IN A

In the last step we applied Proposition A.6. From the Sobolev embedding
Wh2(3) < LP(X) and the second inequality of the previous estimate we
furthermore obtain

cllaflwrzes)

(A0, 2) (1 + [[Fallr2s) + HV a0, a}lw-12¢s) + llall12(s))
(Ao, p) (14 | Fall2sy + I{Vag e, a}llw-1e(s))

(Ao, p) (L4 | Fallrz2esy + lallp2s) IV agal os:y) -

ol e

(VAN VAN VANRR VA

Now fix 6(Ag,p) > 0 sufficiently small such that [|a|[z2)|Vagallzes) <
lallwip(sy holds for all o with [|ef[z2(s) < (Ao, p), to conclude estimate
(55). To get (56) we note that ||[VV(A)|r»(x) is controlled by [la| (s as
follows from Proposition A.3. To prove (57) let us denote 3 := *[a A *n] and
v := Rayof. From the expression for d4VV(A) as in Proposition A.3 we
see that it suffices to estimate the terms d 4o and

dAszaﬁ = dA[a/\RAo,aﬁ] = [dAoz/\*y] — [Oz/\dA’y]. (60)

The required bound for dga = da,o + [a A o] follows by an estimate similar
to (59) where now an additional term ||d% [ A a]lly-1.p(x) appears which
is controlled by Hozﬂigp(E . From the Sobolev embedding W?22(X) — C%(X)
and Proposition A.1 we f)urthermore obtain

Yllco) < cllvllwze(m) < c(Ao)lIBllz2 ) < e(Ao)llallrzs)- (61)

With [|a||z2(s) < 6 for some constant d it remains to bound the term daa,
which has been been done before. Finally consider the term [a A da7y] =
[ Adayy] + [aAaAy]] in (60). It is bounded by ||a||i2p(2) as follows from

the Sobolev embedding W?22(%) < W1P(X) and an estimate similar to (61).
|
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Proposition A.8 For every p > 1 there exists a constant ¢ = c¢(Ap,p) such
that the estimate

19 0@ VV(A) oy < €1+ I Falangresy + 10 Ean sy
holds for all A € A(P).

Proof: Denote v := Ra, o * [ A *n]. From the expression for d4VV(A) of
Proposition A.3 we see that it suffices to estimate the expression

/ IVagdaal? +[[Vasdaa AP+ [[dac AV AP+ [[Vaga A dary][
Ix%
+[a AV 4,dav]|P.

After applying Holder’s inequality the terms to estimate are (apart from
some lower order terms)

/ 1V apdaaf?, / IV a7/, / 1V ap0f?, / 1V ayday . (62)
Ix% Ix% Ix% IxX
After rewritig
1
dAOé:FA—FAO—§[Oz/\Oz]

the estimate of the first term in (62) reduces to that of [, v [Fa|*P+|V 4,a|*P.
Proposition A.7 then gives the bound

/ IV agal™ < e(Ao.p) / L4 |Fa* + o],
Ix¥ Ix¥

as required. The estimate for the third term in (62) follows by the same
argument. The estimate

/ 2P < e(Ao) / o2
> >

with uniform constant ¢(Ag) gives the required bound for the second and
fourth term in (62). O
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B Perturbed Yang-Mills gradient flow

Let V : A(P) — R be a perturbation as above. We call the equation
0sA+dyFa+VV(A) =0 (63)

the perturbed Yang-Mills gradient flow. In the following we fix I = [a,b] an
interval and I' = [d, ], where a < @’ < b, a subinterval.

Proposition B.1 There exists a constant C = C(V) > 0 such that
[Easyllzzs) < 1Fa@llzs) +C
is satisfied for all s € I, where A is a solution of (63) on I x 3.

Proof: The energy YMY(A) = L [ |Fa|? + V(A) is monotone decreasing
along flow lines, hence

1
§HFA(8)||%2(2) < YMY(A(s) + [V(A(s))|
< YMY(A(a))+ sup [V(A)
AcA(P)
1
= *HFA(a)Hiz(z)HV(A(CL))H sup [V(A)]
2 ACA(P)

1 2 L o
< SlFa@lze) + 567

where C':= 2sup gc 4(p) \V(A)ﬁ The claim follows. 0
Let Ay = —xd=d denote the Laplace-Beltrami operator on ¥ and let Ly, :=
0s + Ay, be the corresponding heat operator. For the following calculations
we need the Bochner-Weitzenbock formula

Aja = ViV o+ {Fa,a} + {Rx,a}, (64)

relating the covariant Hodge Laplacian A4 and the connection Laplacian
V%V 4 on forms in QF(2,ad(P)), cf. [21]. Here {F4,a} etc. denote bilinear
expressions in F4 and «, and Ry is a term involving the curvature operator
of ¥. For a form a € QF(X, ad(P)) there holds the identity

Aslaf? = ~|Vaaf + (V3 Va0, ). (65)
We shall make use of the commutator identity
[Va,ViVala ={a,Vaal, (66)
cf. [10, p. 17].
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Proposition B.2 Assume that A solves (63) on I x ¥.. Consider the func-
tion ugp : I x ¥ — R defined (for p>2) by

1
U p(s,z) == 1;| * Fys)(2)|P.
Denote ug := ug2. Then the following holds.

Lyug = —|da* Fal> = (xF4,%dsVV(A)),
Lsugy = | *FalP™2 (—|da* Fal® — (xFa,xdaVV(A))),

Proof: We calculate, using (63),

d1l ;
%*<*FA7*FA> = (xF4,*dg Ay = (xFy, — x Ay Fy — xdsVV(A)).

From this it follows that

(05 — #d = d) (xFa, *F4)

—(xAAF g + *daAVV(A),*F4) — *d x {da * Fa,*Fa)
—(

—(

N | —

Lyug =

*AAF A + xdgVV(A),*xFa) — (xdg xdg x Fa,*Fy) — |da * FA|2
xdAVV(A), xFp) — |da x Fa|?.

The formula for ugj follows from that for uy and the chain rule

1 P p_ _
(p<*FA,*FA>’5) = (*Fp, +F4)2 " YFu, Fly) = |[FalP=2(F4, F}y).

Proposition B.3 Assume that A solves (63) on I x ¥. Consider the func-
tion u1 : I x X — R defined by

1
u1(s, 2) == §!VA(S)FA(S)(2)\2-
It satisfies

Lyuy = —|V AV AFA*+(VaFa, {VaAFa, FA}+V 4{Rs, FA}+{VV(A), F4}
—VadaVV(A)). (67)
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Proof: We calculate

d . .
—VaF4s = VadsA+{A F4}

ds
= Va(—dadiFa— daVV(A)) +{d\Fa+ VV(A), Fa}
= Va(—VAaVaFs+{Fa,Fa} +{Rx,Fa} — daVV(A))
H{d4Fa + VV(A), Fa)
= —ViUVAVAFA +{VAFA, FA} +Va{Fa,Fa} + Va{Rs,Fa}
—V4dAVV(A) + {VV(A), Fa}.

The third line is by (64), and the last line uses (66). Inserting this expression
into (65) we obtain

Lyuy = —|V AV AFAP? + (VaFa,{VaFa,Fa} +Va{Rs,Fa} + {VV(A), F4}
—VAdAVV(A)>,

as claimed. O
The following estimate is a consequence of the Bochner-Weitzenb&ck formula
(64).

Proposition B.4 There exists a constant c¢i(P) such that for every C'-
connection A and a further constant co(A, P) there holds

10l 225y < 1 (P)IAawlZags + c2(l Al Pl
for every ¢ € QF(X,ad(P)).

Proof: For a proof we refer to Struwe |29, Lemma 3.1]. O
The following lemma is an adaption of a result by Struwe [29, Lemma 3.3|.

Lemma B.5 Let A € AY%(P) be a fized connection and let p > 1. There
exists a constant ¢ = c(p) such that for any section ¢ € QF(3,ad(P)) there
holds

lol3s < e(ldaglBas) + I daelRas) + c({Fa, 0}, ¢).

Proof: The proof of [29, Lemma 3.3| applies with minor modifications. The
first one is the Sobolev embedding W12(X) < LP(X) for all p < co (instead
of only Wh2 < L* in dimension 4). The second one is that at this point we
do not further estimate the term ({F4, ¢}, ). O
As a consequence of the lemma we obtain the following estimate for F4.
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Proposition B.6 Let p > 1 and I = [a,b]. There exists a constant ¢ =
c(1,p) such that if A is a solution of (63) on I x 3, then

/1 1Fage) |2y ds < c(1+ Y MY (A(a)).

Proof: Integrating the estimate of Lemma B.5 with ¢ = F4 and using the
Bianchi identity d4F'4 = 0 gives

FA 217
JAL
(0) [ (13F Al + 1 Fallce)

(p) / (20d5Fa + VV(A) 2y + 29V (A) sy + 1 Faldss)

< 2e(p)YMY(A(a)) +2|1] s NV Z2(s) + O Fallzs s
S

IN

IN

The middle term is bounded by a universal constant C. It remains to esti-
mate the last term. Using Holder’s inequality we obtain

1FallZs(res) < /] IFall 2y FallZagsy < I1Fallpeerc2mp | Falliz ragsy)- (68)

Now choose a locally finite cover of ¥ with balls B (x;) of radius £ > 0. We

can then further estimate
/ > / |Fal)
I i B:(z;)

/IZ (/Ba(m FaP) (/Bsw !
= vol(B.)1 /1 Zij( /B » [Faff)

1 2
< cez||Fallz s sy

o=

IN

1Fal T2 a0

=

IN

For p > 8 and € > 0 and sufficiently small (compared to ||Fal|re(,12(z)) <
| Faa)ll2s) < C) the last term in (68) is absorbed by [, HFAH%p(E). The
claim thus follows. O

Lemma B.7 Let 1 < p < 4 and I = [a,b]. There exists a constant c(1,p)
such that if A is a solution of (63) on I x X, then

1EAlZr 155y < e, p) (1 + Y MY (A(a))).
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Proof: Hélder’s inequality yields for p < 4 the estimate

2
HFAHL,, IxY) < ||FAHL°° I,L2( ))HFAHL2([’Lﬁ(E))'

Each of the last two factors is uniformly bounded. For the first one this
follows from Proposition B.1, and for the second one it follows from Propo-
sition B.6. a
A similar kind of estimate also holds for d¥ F4.

Proposition B.8 Let p > 1 and I = [a,b]. There exists a constant ¢(1,p)
such that if A is a solution of (63) on I x X, then

sy Fags) 7oy ds < eL,p) [ [ldadiFall?zs)- (69)
1 1

Proof: Integrating the estimate of Lemma B.5 with ¢ = d% F4 and using
that d%d’ F'a = 0, we obtain

/I o) Faco) |20 s ds < / ldadsy Fal2a sy + / /E ({(Fa, d4Fa}, d Fa).

Proceeding as in the proof of Proposition B.6, the last term may be absorbed
by [; Hd 1 Fa 8)||Lp(E ds. The claim then follows. O

Proposition B.9 Let I = [a,]. Suppose A is a solution of (63) on I x X.

Then the function R(s) = 2Hd HL2 satisfies the estimate
sup R(s) /\dAVV HLz
a<s<b

+// (A5 Fa, {d4Fa, Fa})| + |(d5Fa, {VV(A), Fa})|,
1Jx

where {-} indicates a certain bilinear expression with smooth (time-independent)
coefficients.

Proof: From equation (63) it follows for every a < s < b that

d o
T R(s) = (d3Fa, didaA — <[A A Fa])

= —(d4Fa,dydad\Fa+ dydaVV(A) — «[(dFa + VV(A)) A *F4))
= —||[dadiFa|? — (dad Fa,daAVV(A)) 4+ (d4 Fa, *[(d4Fa + VV(A)) A F4))
< [daVV(A) | + [(d4Fa, {d4Fa, Fa})| + [(d4Fa, {VV(A), Fa})|.
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Integrating this inequality over the interval [a,s] C I and taking the supre-
mum over a < s < b yields the result. O

Lemma B.10 Let 1 < p < 4, I = [a,b] and I' = [a1,b], where a1 € (a,b).
There exists a constant ¢(I,I',p) such that if A is a solution of (63) on IxX,
then

|dAFallpeqrrxsy < e, I, p) (yMV(A(a)) + ||FA(a)”%2(z) + HFA(a)||?i2(z))~

Proof: By Fubini’s theorem we can find sy € (a,a;) such that

al
H@mﬁmM§@S%m—@1/Hﬁ@&w@@%
< ¢(a; —a) LY MY (A(a)).

Now apply Proposition B.9 with R(a) := R(sp) to obtain the estimate
sup lds ) Fa 172y < clar — a) T YMY(A(a)) + /1 IdAVV(A) 22
S

4 [ [ Ea 3 Ea Ea)| + (@3 Fa ATVA). Fa,
I1JY

The last term in the first line and the two terms in the second line admit
the required bound as follows from Proposition B.12 (use Lemma B.7 to
further estimate the integral over |F4|?). The same type of estimate holds
for ||d% Fallr2(r(zr(z)) by Proposition B.8, for any p < co. To see this we
apply Proposition B.13 to bound the term [} HdAd’;‘FAH%Z,(E) on the right-
hand side of (69). Using Hoélder’s inequality as in the proof of Lemma B.7
then completes the proof. a
The following Propositions B.11, B.12, B.13, and B.14 are auxiliary results
needed in the proofs of Lemmata B.7 and B.10.

Proposition B.11 Let A solve (63) on IxX. Then the product |F4|?|dsVV(A)|
admits the estimate

/I ALV < o) (14 VMY (A(0)?).

for a constant c(I).
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Proof: Using the Sobolev embedding W2(X) — LP(X) for every p < oo
we may combine (55) and (57) to get for any fixed € > 0 the estimate

1AV V(A Loy < (U4 | Fallors) + 1FallZavesy)-
For p = 3 it follows that

[ [t fnt

< C/I(/2|FA|3)§'(1+(/E|FA|3)§+(/E|FA|2+€)2is)
[ fimmie [ miee [(f1me?
*C/I(/E|FA|2+€)515

< C(HFAHiB(IxE)) + HFA”%‘*(LH(E)))’

Wl
Wl

IN

The bound for ||FAH3L’3(IX2) follows from Lemma B.7. By the same argu-
ments as used there and Héfder’s inequality

IFall a3y < NFAlG e 2y IFallZ2 Loy

we obtain the required estimate for the last term. O

Proposition B.12 Let A solve (63) on I x 3. Then the function |Fy| -
|d%Fal?: I x X — R as in Proposition B.2 satisfies the estimate

[ Pl WA < 1.1 (1 4+ YV (Af@))

for a constant c¢(I,1").

Proof: Consider the function ug3 = %| * Fal> : I x Y — R as defined in
Proposition B.2. It satisfies

Lsugs = —| * Fa|(|da * Fal> + (xF4, xdsVV(A))).

Lemma C.8 thus yields the estimate
" 1
[ Al EaR < on. 1) [ IR Bl [ FasdaVV(A)
I'x¥ IxXXY

Now apply Lemma B.7 and Proposition B.11 to obtain the result. O
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Proposition B.13 There exists a constant ¢ > 0 such that if A is a solution
of (63) on I x X, then

[ IVaVAFAP < c(1Fa ey + [ Fao sy

Proof: We apply the mean value inequality (cf. Lemma C.7) to (67). This
yields for a universal constant C' = C(I,I’) the estimate

/ |VAVAFA|2§C(/ |VAFA’2+’VAFA‘2’FA|+|FA’2+‘VV(A)|2
I'x% IxX
—HVAdAVV(A)\Q).

We estimate the terms on the right-hand side separately. The estimate for
|V AFA|?|Fa] follows from Proposition B.12. The term |V4daVV(A)|? can
be estimated using Proposition B.14. a

Proposition B.14 Let p > 2. Then there exists a constant ¢ = c¢(I,p) such
that

[ VstV <1+ [ Falls + [ 19aFalRm)
IxS 1
holds for all A € A(P).

Proof: We first consider the term |V 4d4a|? appearing in V 4d4VV(A), cf.
Proposition A.3. With daov = Fa — Fa, + 3[a A a] it suffices to estimate
the term |Va[a A a]|?. Set ¢7! := 1 — p~1. Using Hélder’s inequality and
estimate (55) we find that

/ |VA[a/\aH2 < c/ |VAoz]2|oz|2
Ix> Ix>
4 4
< o[ rvaanie(fan
I > >
= ¢ /I IV a0l + lalbags,
< o1+ /I 1Falds)

Denote (3 := x[a A *n] and 7y := Ry, o. We estimate the remaining term

vAdAT.ZU,aﬁ = VAdA[a AN RAouﬁ] = VA[dAOé/\’)/] - VA[Oé/\ dA’y}
[Vadaa Ay] + [daa AV ay] — [Vaa Aday] — [a AV aday].
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Estimates for the last four terms are obtained similarly as above for V 4daa.
Here we use that [|v[/y22(x) and hence [|v[/co(s) is bounded in terms of
el z2(s) as follows from Proposition A.1. O

C Auxiliary results

We derive an a priori estimate for the linearized Yang-Mills gradient flow
along a path s — A(s) € A(P) of connections. This linearization is given by
the operator D4 = % + H 4 with

g AAOzo—i-*[*FA/\ao]—i-[dZFA/\(p]—dAw
Hal|l a1 = —daY + daw (70)
Y —djyn

the augmented Yang-Mills Hessian as defined in (33). Here a@ = ap + o
denotes the Hodge decomposition of o with respect to A (i.e. d%ap = 0 and
a1 = dayp for some ¢ € Q°(3,ad(P))). The map w has been defined as the
solution of the equation

Apw = x[dyg * Fa A al. (71)

Proposition C.1 Fiz p > 3. For any path A € W?P(I x X) of connections
and compact intervals Iy C I C R there exists a constant c(A, I1,1,p) such
that the estimate

laollwrzw i xs) + latllwie i xs) + 1@ lwed <)
< (A, I, Lp) (ID A€l o sy + 1l o rxsy)  (72)

is satisfied for every & = (g, a1,1%) € domDy.

Proof: We first remark that the term d 4w appearing in the first and second
line of (70) can be estimated as ||[daw||r(r, xx) < (A, I1,p)||al| Lo (1, x5y for
some constant ¢(A, I1,p). This follows from (71) by elliptic regularity which
yields for fixed s € R the estimate

c(A()dacs) * Fags) A als)]llw-1a(x)
c(A(s)dacs) * Fas)llezylla(s)ll e (s)-

lda@yw(s)llzes)y <
<

The last inequality is by (A.6). Integrating this estimate over I, the result
follows. The estimate for the term g follows from the first line of (70)
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via a standard parabolic estimate for the linear heat operator % + Ay
Wh2P(I x ) — LP(I x ). Tt remains to estimate the terms ag and . For
this let us define the linear operator

. 0 —dg
b= < &y 0 )

acting on pairs (a1,1)? and denote by
0 [AA -]
M = |B,0s] = )
[B, 5] < — sk [ANA %] 0 >
its commutator with ds. We also set
L:= (=05 + B)(0s + B) = =0 + B* + M =: diag(L1, La) + M
with L; = —852 + dad’y and Ly = —83 + d%da. Note that Lo equals the

Laplace operator A4 on ad-valued forms over R x ¥ as introduced in Section
6. Similarly, L1 acts on a3 = dap as
Liog = (—63 + dAdZ + dZdA)Ozl — dZdAdA(p
= Ajgaq + [*Fa Axaq] — [d3Fa A ).
We consider —0; + B as a bounded operator LP(I x X) — W™IP(I x )

and denote by K its norm. The claimed estimate then follows from elliptic
regularity of the Laplace operator Ay : WIP(I x ¥) — WIP(I x %),

laallwre + [|[¥llwre

< c(lAnarllw-rr + 1AaY lw-10 + lloall o + [[2]|v)

< c(lLiallw-re + [[#Fa A xaa] = [d4Fa A @lllw-10 + ([ Lotplly-10
+laallze + 1¥]lzr)

< e([1L(ar, ) lw-re + (1M (a1, ) lw-1e + (1 + [|Fallzoo) [l || 2o
+(1+ |4 Fallre)llollre)

< (K8 + B)(ar, )" |lre + (1 + | Fallzee) e [ 2o
+(1 A+ i Fallee)llellwre)

< C(KH@soq —da + dawl||re + ||daw| Ly + K||0st) — d¥on | e

+H1 A+ [[Fallze)llenllze + (1 + daFallze)lallze)-

The fourth inequality follows from boundedness of the operator M : LP —
LP. Using the remark on the estimate for d 4w made initially, the proof is
complete. a
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Lemma C.2 Let f : (=00, T) — R be a bounded C?*-function such that
f >0 and the differential inequality

f">cof +erf (73)

1s satisfied for constants cg > 0 and ¢ € R. Then f satisfies the decay
estimate

f(s) < MO H(T)

for a constant k = k(co,c1) >0 and all —oo < s <T.

Proof: Set
1
k:= —§+f\/4co+cl >0
A _§+§\/4CO+61 > 0.

Assume by contradiction that f'(so) — kf(so) < 0 for some s9 < T and set
g(s) i= €(f'(s) — Af(s)). Then
g = (" + (k=N = kAf) = (f" —e1f = cof) 20,

so ¢ is monotone increasing. Therefore g(s) < g(sg) for all s < sy and

I'(s) S Af(s) + €0 (f (s0) = Af (50))-
Because f is bounded and f’(so) — kf(so) < 0 it follows that f/(s) — —
as s — —oo. This contradicts the boundedness of f as f(sg) — f(s)
[2° f'(0) do. Therefore the assumption was wrong and f'(s) — kf(s) >
holds for all —0o < s < T. Then with h(s) := e7¥*f(s) it follows that
g/ — e—ks(f/ . k‘f) >0,
which implies f(s) < eFC=T)f(T) for all s < T. 0

00
0

Proposition C.3 For every 1-form 3 € L*(X, T*S®ad(P)) there holds the
estimate ||Bll12(s) < 18]l 2(s).

Proof: The result follows from the estimate

18llw-1a2) = [ [Bal< sw lelpolblae

‘PHWI 2(2)*1 ||<PHW1 2(2)*1

<|Ble2xy  sup  ellwres) = 18llc2s)

Il ‘Wl 2(2)—1

where we used the Cauchy-Schwarz inequality in the second step. a
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2
Lemma C.4 For each v < 1 there is a continuous embedding L™+ (X) —
W=72(%).

Proof: The usual Sobolev embedding theorem asserts that W7-2(X) embeds
2
continuously into LT-7(X). It thus follows for ¢ € C°°(X) that

lellw-2my = sup (o)< sup  lof| 2 o) 2
kuwwﬂ(z):l le|w’y,2(g):1 L1+7 (%) LT=7 (%)
< .
< Cllell, 2
In the second step we used Holder’s inequality. This proves the claim. O

Lemma C.5 (Sobolev multiplication) For every 1 < p < 2 there is a
constant C(p) such that the estimate

uv]|Lesy < C)ull 2y llvllwzs)

is satisfied for all functions u € L*(X) and v € WH2(%).

Proof: The claim follows with ¢ := % from the estimate

Lol < Wl g WPy = [l ey < Cllulf ol
In the first step we used Holder’s inequality, and the last step follows from
the Sobolev embedding W12(X) < L"(X) for all 1 < r < oo. 0

Lemma C.6 (Elliptic mean value inequality) There is a constant ¢ >
0 such that the following holds for all r > 0 smaller than the injectivity radius
of M. If a >0 and the function uw: M — R is of class C? in such that

u >0 and Ayu < au,

then for allx € M,

C
ulx) < / U.
(x) < 5 e

Proof: For the proof we refer to [24]. O
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Lemma C.7 (Parabolic mean value inequality) There is a constant ¢ >
0 such that the following holds for all v > 0 smaller than the injectivity ra-
dius of M. If a > 0 and the function v : R x M — R is of class C' in the
s-variable and of class C? in the spatial variables such that

u>0 and (0s + Ax)u < au,

then for all z € M,

Ceaﬂ"Q
2 S )

Proof: For the proof we refer to [25, Lemma B.2]. 0
Lemma C.8 Let R,r > 0, u : Ppy, — R be a C? function and f,g :

Prir — R be continuous functions such that

—Lzuzg—f: UZOa fZO, gZO

[0 ([ o)

Proof: For the proof we refer to [25, Lemma B.5]. 0

Then

Lemma C.9 (Interpolation) For real numbers r, r', s, s' the intersection
Wrs2(I x S)NWT2(I x X) is a Banach space with norm (|| - [wrs2(1xs) +

1
(| - HWTI’S/;Q(IXD)? For any 0 € [0, 1] there is a bounded embedding
Wr,s;2(I « Z) N Wr’,s’;?([ « Z) < W0r+(1—6)r’,63+(1—6)s’;2(I « E).
Proof: For the proof we refer to [38, Lemma A.0.3]. 0
Lemma C.10 (Traces) Forr > 3 the map u+— u(0) on smooth functions
extends to a bounded map (trace map) W"52([0,T] x ¥) — W#2(%).

Proof: For the proof we refer to |38, Lemma A.0.3]. O
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