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Abstract

''\Te dcscribe a.n infinite-dimcnsional Kac-lVloody- Vil'asoro algebra of new hiddcll
symmctrics for the sclf-dual Yang-fvlills eqllatiolls rela.ted to conformal transforma­
tions in the lI-dimensional base space.

1 Introduction

Thc self-dua.l '{ang-l\.1ills (SDYIvI) cquations in thc space ~ with the 111etric of signaturc

(++++) 01' ( ++--) are thc fanlous eXeUl1 pIe of the non linear integrabic cquations in rou r
dinlensions. Thesc equations are invariant under the group of gauge transfornlations anel
the group of con[ornla.l transforll1ations of thc space R;l, both of which are thc "obvious
synlI11ctrics". It is wcll-known by now that thc SDYl\.'I cquatiolls in Rfl have an infinite­
c1inlensional algebra of ::hidden synllllctrics" [1-5]. Für thc Yallg-wfills (YIvI) potentials
with values in a Lie algebra 9 these sY111111etries are an affine extension of the Lie algebra.
9 of global gauge transfornlation to the Kac-rvtoody algebra, 9 ® C('\,'\-I). It is also well­
known that for integrable rnodels in two dinlcnsions thc algebra. of hidden symlnetries
incllldes Virasoro-like generators (fol' a. reccnt discllssion (Lnd rercrences see [6]). 'vVe shall
show that the SDYl\.ll equations also have Virasoro-like and new Kac-Ivloody synllnctrics,
which generate new solutions from any old OIlC.

New Kac-~100dy-Virasoro sYl111netries Inay be interesting for applications bccausc

• thcy givc l1CW arglllnents in support of thc old idea that thc SDYfvt theory is a.
genera.lization of thc d = 2 confonnal theories to eli 111cnsion cl = 4;

·On leave of absence from Bogoliubov Laboratory of Theoretical Physics, JINR, Dllbna, Rlls,··,ja
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• thc SDYNI cquations are known to arisc in IV = 2 supersyrnmctric open string theory
anel Kac-Nlooely-Virasoro SYI11111ctrics Inay lInelcrlic the cancellation of allnost all
amplitudcs in the thcory of lV = 2 sclf-elual strings;

• the stlldy of synlI11etries is irllportant for understaneling non-pertubative properties
a.nel qllantization of Yang-n'lills theOl'ies and lV = 2 self-dua,l strings;

• the SDYivl cquations are "nlaster" intcgra,ble cquatiolls since a lot of integrable
equations in 1. ::; d :S :3 can bc obtained fronl thenl by suitablc rcc!tlctions (for

arecent discussion and references see [7]). In particular, the rnatrix Ernst-type

equations appearing in the stuely of T- anel S-dllality SYlll111ctries of string thcOl'y
l11a)' bc obtained by reduction of the SDYwI equations, Thcir SYlllI11ctries in turn

111ay also be obtained by an appl'opriate reduction of symlnetries of the SDYNI
equations.

elearly this list of reasons is Hot cOlnplcte alld can bc extcIlded.

2 Definitions and notation

We shall consider the Euclidean space J{4,0 wi th thc Dletl'ic gtW = diag(+1, +1, +1, +1),
whcre It, LI, ... = 1, ... ,4. Let us dellote by All thc potentials of thc Y~1 fielels F~tv =
;-)IlAlI - DlI All + [All' AvL with Oll := 0/OX ll

• Thc fields All anel Fllll take va.lues in a Lie
algebra g. For sinlplicity one l11ay think that 9 = si(n, C).

Thc SDVrvl eqllations have thc fonn

1
-<:' ppa - F
2'-'ILIlpa - /lV, (1)

where Ellvpa is thc cOInpletely antisynunetric tensor in /[4.,0 ( Cl234 = 1). In R4
,0 we

introduce cOlllplex coordinates y = :/; I + i;r 2 , z = x3 - 1:X4 , fj = X I - 'ix 2 , Z = x3 + ix4 and

set Ay = 1(A t -iA 2 ),Az = 1(A3 +'iA4),A y = 1(A t +iA2 ),Az = ~(A3-iA4)' The SDYl\ll
equations read then

Fyz = 0, /~z = 0,

Fyy + Fzz = O.

(2a)

(2b)

Thcse equations can be obtained as conlpatibility conelitions of thc following linear SYStClll

of equations [S}:
[Dy + Ay - >"(Dz+ Az)]W(x, >") = 0,

[oz + Az + >"(Oy + Ay)]4i(.7:, >") = 0,

(:3a)

(3b)

whcre WEG is a group-valucd functioll dcpcnding Oll thc coordinates ;C ll of /l4,O and a.

conlplcx paralllcter .-\ E C pt. In fact, \l1 is defined on thc twistor space Z = Itl,O X C pI fol'

the space R4 ,o, and eqs. (:3) are equi va.Icnt to thc holOlnorphici ty of the luatrix-functioll

\IJ (vVard theOrCl'11 [gD.
Equation (2a) ilnplies that thc gauge potentials can bc written in the fonn

(4)

where h allel h are S0l11e group-valued fllllctions on R4 ,o. One nlay perfonu the following

gauge transfornlation:

Ag --+ l3y = h.Aijh-I + i~Oyh -1 = 0, Az --+ Bz = h.Azil- 1 + il8zh-I = 0, (5a)
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A y -4 By = h,Ayh,-1 + h/)yi1,-1 = g-l Dyg, Az -4 ß z = j~AzlL-l + h,Ozh- 1 = g-l Oz9, (5b)

where 9 := hit-I, a.lIel thus fix thc gauge Bfj = Bz = ° [10,'1-5]. l'hen eqs. (2) are replaced
by the 111atrix eqllation

(6)

It is also possiblc to pcrforll1 the gauge transfonnation

.Ag -4 hAfjh- 1 + hDi}h- ' = gOfjg-l, Ai -4 hAzh- 1 + hozh- I = gaig- I
, (7a)

A y -4 hAyh- ' + hByh- 1 = 0, Az -4 hAzh- 1 + hozh- 1 = 0, (7b)

then eq.(2) gets converted into the equation

(8)

Let C denote a contoul' in thc .-\-phl.ne about thc origin, C+ denote C and thc inside of
C, and C_ dellotes C a.nd the outside of C (C = C+ n C_). Then there exist two Il1atrix
fllnctions W±(:r, A) hololllorphic and nonsingular on C±, each satisfying eqs. (3) (sce e.g.
{.S]). FrolTI thc linear SYStCI11 (3) it is easy to sec that

(9)

Therefore, it is obvious tha,t cqs. (6) arc thc cornpatibility conclitions of the linear systen1

(lOa)

fJz 7) + .-\(ay + By )7] = 0, (lOb)

obtained fro111 (:3) for W+ by perforrning the gauge transfonnation \l1+(x, A) -4 '1}(X,.-\)
= \l1+ I (x, O)\l1+(x,.-\) = h.(x)w+(x, .-\),.-\ E C+. Ana.logously, eqs. (8) are c01l1patibility
conelitions for thc linear SystCl11

(lla)

~(ö" + gö"g-l )1/ + Öy l/ = 0, (11&)

whel'e 7](.-\) = W=I(OO)W_(.-\) is weIl defincel for .-\ E C_.
1n the followi ng, we shaJl cOllsider thc space Z+ = R4 ,o X C+ c Z = R4 ,o X C pi,

111atrix-valllcd function 1] on Z+ 1 thc li near SystClTI (10) allel tbc \Ness-Zu 111 ino-Novikov­
\·Vitten-type cq.(6). In this short paper we elescribc new IJidden syn1111etries of eqs. (G)
OInitting direct cOlnputations and writing out only the final fonnulas.

3 Space-time symmetries

Let AJ-l be a solution of the SDYlv] equations (1.). Thcn S : AtL -+ SA lt is called an ill­
finitcsin1al syn1111ctl')' transforn1atiol1 if SA 1L satisfies the lillearized forn1 of eqs.(l). Lt is
weIl-known that thc group of conf01'l11a.1 transforJnations is the rnaxinlal group of trans­
fonnations of the space R4 ,o nnder which thc SDYivI cquations (1) are invariant. This
group is loca.lly isoll1orphic to thc group 80(.5, 1).
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Let us introeluce the self-dual 1]~v anel the anti-self-dual iJ:11 't Hooft tensor,

(12a)

(12b)

where a, b, ... = 1,2,3 anel tbc are the structurc constants of the group 80(3). Then the
generators of the group 80(5,1) can bc realizeel in tenns of the following vector fielels on
/l4,O,

~>;a = 6ab17:1I x IJJI/, Ya = 6a b77tv·'D/-Lav, PJ! = 01J.'

J{" = ~x"x"()" - x"D, D = xu()u, (1:3)

whcrc rXa} anel {Va} generate two cOInllluting SO(3)-subgroups in SO( 4), P/-L are the
generators of translations, /(/L are the generators of speciaJ cOnfOr111aJ transfonnations and
D is the generator of dilatations.

lnfinitesilnal transfon11ations of the Yn'I potentials A/-L under the action of the confor­
111301 group SO(5, 1) are given by

6N AlL = .cN A/-L := IV vA/-L,v + AvI\T,~ (14)

whcre lV = lV I1 8v is any generator of the confonnal group, anel .cN is the Lie deriva­
tive along the vector field lV. It is not hard to show that for each lV E 80(.5,1) the
transfonnation (14) constitutes a synllnetry of the SDY~1 equations (1).

The group-va.lued functions W± satisfying the linear equations (3) are clefinecl on the
subspaces Z± = /l4,O x C± of thc twistor space Z. Therefore, wc havc to clcfine the action
of 80(.5: 1) on Z± preserving the linear systcnl (3). Thc lifteel vector fields Fr on Z+,
which fonn the generators of 80(,5,1), are given by [7],

(15)

with the following expression for thc generators Za or the 80(3) rotations on C\ c cpI:

r 'i 2. i -2 - . 1 2 1 -2. ...-
Zj = 2(.-\ -1)0'\-2"('-\ -1)8s, Z2 = 2"(.-\ +1)0'\+2"('-\ +1)8", Z3 = Z.-\OA-Z.-\US· (16)

Hcre ~ is thc C0111plcx conjuga.te to .-\ E C+ anel eh := U/ (J'-\. }or z_ we have analo­
gous fOl'lnulas. Using ielentities for the 't Hooft tensors [11], it can be easily shown that
[..\a, '.\b] = -2C~bXc, [..\al Yb] = 0, [f"-a , Yb) = -2c~b )?c anel so on. Now one can define
the infin itesi I11a.l transrornlation of thc group-va,lucd function \]I + uneler thc action of the
confOrI11al grollp [7]:

6NW+ = .cÄrW+ := lVW+, (17)

where i,T is any of thc generators def-incd in (15). It is not harel to show that the linea.r
systctn (:3) is invariant under the transfornlations (14), (17).

Obviously the gauge Bi) = I3z = °is not invariant undel' confol'Inal transfonnations,
because in general (LN J3y ) IBy=O~ 0, (LNBi) IB1=O~ 0, However, as noticed by Pohlineyer
[1], confonnal invariance can be rcstOl'cd by conlpensating gauge tranSfOr111atioIls. \Vc
sha.ll writc out the explicit fOI'11111Ias for these c0I11pensating gauge transfornlations. First,
it can be shown that
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or'I,Bfi = op~Bz = 0, Of)Bfi = of)Bz = 0, OY3 BV = oy3 B z = 0, (18)

and for lV E {Yl, Y2 , !(Jl} we have ON Bf) -=I °anel ON Bz =I 0. For exaI11plc,

O]{y Bfj = -z Bz , OKyBz = z 13y, (19b)

where By anel Hz are defined in (5).
As a second step, for an arbitrary generator j\T of (1.5) let us introeluce the Lie a.lgebra­

valucel fUllction VJj:,,(:C,A) on Z+,

(20)

and consieler the function rpN = 4)~(x) = 7/Ji0(X, A = 0), the infinitesin1a,J gauge transfor­
I11ation 81t'PN + [BJl ,<r'N] of thc Ytvl potentials gencratcd by <PN (x), anel the tranSfOrI11ation

which is a cOlnbination of tbe conforillal transfonnations ON a.nel a gauge transfonnation.
By elirect calculation one Inay verify that

(21b)

for any generator f,T of the confonnal group. Tbc ielentity 1](X, A = 0) = 1 irnplies that

rpN = °anel o~, = ON for l\T E {p/l,-'\u, Y3} allel!.pN =I °if N E {Yi, )~'!(Jl}' Using eqs.
(] 4) anel (21), it is easy to show that

[O~:f' oÄr]By = OfM,N]By , [O~:f' ofi;r]Bz = ofi\l.N]Bz , [o~:1' 0R]Bfi = 0, [O~:f' 0R]Bz = 0, (22)

i.e. the transfol'll1ations o~ define an action of the confonnal algebra. 80(.5, ]) on thc '{lVI
potentials which prescrves thc gauge 13f) = Bz = 0.

Thc actioll of öÄr Oll thc group-valueel funct.ioll 17(;1;,,,x) has thc fonn

(23)

where 8~r is precisely the cOll1bination of a confonnaJ anel a C0I11pensating gauge transfor­
Ination. lt I11ay be shown that the linear systen1 (10) is invariant under the transforI11ations
(21), (23). ThllS, fixing a cOll1plcx structurc on the space Rt,o and fixing thc gauge (5)
does not destroy the confOrnH\.1 invarictncc of the SDYNI cqllations anel the linear systenl
for theIn.

4 Hidden symmetries

In Sect.3 we assigned to each generator l\T of the confonnal group 5'0(5,1) a function

'l/Jj:,r(X, A) on Z+ with values in thc Lie algebra 9 (see (20)). Using eqs. (10) on 17(x, "x),
OIlC can vcrify that thc fUllction 'tPiV sa.tisfies the cqllations

DifljJj:,r("x) + LJo,r/3fi - "x(fJz'tPi:("x) + [l3z,7/JN("x)] + Lf'or/3z) = 0, (240.)

8z7/J",("x) + LNBz + A(8y 7/Jj,r(A) + [l3y ,7/JN(A)] + L N l3y ) = 0, (24b)
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where LN is the Lie derivative aJong thc vcctor fjeld lV (see Sect.3).
Let llS recall that the group-valucd function 17(X, A) is hololllorphic and nonsinglllar

for A E C+. Hence 'lj;f/ can be expanded in powers of A:

00

'IjJF'(X, A) = I: An~R(x),
n=O

(25)

where the coefficients ~R depenel only on xJ-t E R4
,0 anel are conservccl nonlocal chargcs

(cL [1-4]). After substituting (25) into (24) we obtain the following recur1'encc relations:

LN ßf) + afj'ljJ~r = 0, LN Bi + az~~r = 0, (26a)

af;'tPJ~r - az'ljJ~ - [Bz,~Är1- LNBz = 0, ai~& + ay~~r + [By,~Äfl +LNBy = 0, (266)

afj~f,+l - rJz 4/}.r - [Bz , 'l/J;tl = 0, Bz'l/J';;+l + aY~R + [By, 'l/J;tl = 0, 12 2: 1. (26c)

The start.ing point (26a) is trlle by construction of 6~:

o~ Bfi = 0, 6~Bi = 0. (27([)

For By and ß z we obtain

(276)

6Är Bz := fJz~Är + [Bz , 'l/JRl + LNBz = ay?/Jj~r' (27c)

Using eqs. (27) it is trivial to deduce thc invariancc of the SD'{l\1 equations (6) tH1clcr
confonnal transforn1ations:

(28)

Eqs. (26) are straightforward to gcncralizc cqs.(27) to an infinite Illlrnber of infinitesiJna.l
transfonnations SÄr with n 2: 0:

6RBy := 0, 6iJ-ßz := 0, 11. 2: 1, (29a)

on B '- a ,,1,11 + [B ,.{,n] - B ,.I,n+1 > 1 (?96)j:,r y.- ylf/f\r y, If'N - - ilf'N ,n _ . , -

o'JrBz := Dz ?/J7v + [Bz , 'tPR] = fJy4/;/1, n 2: 1. (29c)

Introducing Sl\r( () = L~=o (nSR" (E C+, we obtain a one-parmnetcr farnily of infinitesi­
lnal transfonnations

61'~r(() Hf) = 0, SJ\r( () Bi = 0, (:30a)

o,v(()By := Üy 7/JN(() + [13y , 7/J,v(()] + LNBy = -Z(Ü,7/JN(() + L NI3,), (:30&)

o,v(()13z := üz7/J,v(() + [13z ,!p,v(()] + LNB, = Z(Üfi7/JN(() + LN Bfi)· (:lOe)

Clearly 0Är( () generates a synlll1etry of thc SDY!v! cquations (6). since if By and Hz satisfy
eqs. (6) then



for any generator iv of the confonna,l grollp. Für cxanl pIe, for Y2 from (19a) we havc

To find the infinitesinlal tl'allsfol'lllation 1](A) --+ 01\7()1](A) COlTcsponding to thc trans­
fOl'll1ations (:30) let us consider the variation of eqs. (10). vVe obtain

Dyx i\r( A, () - A(uzXJ\,( A, () + {Bzl X1\' (A, ()]) - AOil( () Bz = 0, (32a)

UzX1\7 (A, () + A(0yX1\7( A, () + [BYl X1\7 (A, ())) + AO1\7 ()J3y = 0, (~)2b)

whcre Xi\r(A , () = {Ofi;r()17(A)}1]-1(A). Olle can vCl'ify that thc function X1\7(A, () satisfies
eqs. (32) (cL [1-6)):

XR()" () = ,\ ~ ({1/JR('\) - ,pR(()} =?

Aoj:; (()1] ( A) = A _ ( {?j;N(A) - 'IjJ j:; (( )} 1] ( A) (33)

For ( = 0 fOl'll1ula (~)3) coincides witli cq. (2:3). Thus, wc sl1ccecded to assign to cach

generator I,' of thc confonnal grou p a one-paralnetcr fanlily 01\'( (), ( E C+, of infi n itesiIl1al
transfol'lnations of solutions of thc SDY~1 equations anel of the solution 1] of the associated
li ncar systenl. For cach IV E so(5, 1) these tl'ansfol'lnations are new "hieIden synll11etl'ics"
of the SDYn'l equations.

5 Algebraic structure of the symmetries

In ScctA wc describcd thc infinitcsinlal synlI11ctry transfonnations, the exponcntiation of
which acts on the set J\It of solutions of the SDYn'f equations (6). Let us consider any
solution {B ,l } = {Ey , E z , By = 0, Bz = O} oftlIese eql1ations. Tllen the soll1tions oj;,r()Bj-<
of the lincarized SDYn'I cquatiolls dcscribe t1le vector space tangent to tbe 111anifolcl Jyt

of solutions at the point {BIl }. So, thc infinitesinlai sYllllnetries 0J\r() are vector fields on
thc lllanifold J\;1 anel thcy deHne a nlap Bit --+ 6j:;()Bw

Notice that \ve consic1er A, ( E C\. \Ve restriet our a.ttention to only hai f of thc
SYllllllctries. Thc rest will bc obtained when we focus on Z_ = 11,4,0 x C_, the linear
systenl (11) for 1] on Z_ anel the fllnction '~j:;(Xl () = {N(()1](()}1]-1((), ( E C_. Wc recall

tha.t the function 1] is holonlorphic a.nd nonsingular for ( E C_ and thcrefol'e -J;N( () =

L~;:;o (-71'J;~7' Thcn wc can elerive for Jiv a.n eqllation ana.logous to Eq.(24) anel intl'oducc

a second set of S.1'l1111lctr.1' transformations 8N(() silnilar to (~W) allel (:3:3) with '~jV replacing

'tPf;·
Let us discuss now thc algcbraic pl'opCI'ties of thc "on-shcll" sYfnIl1ctry transformations

oj:;( () that preservc thc cqllatiolls of nlotion. After a Icngth.1' cOfnplltatioll llsillg the
fOl'lllulas of Sect.3 a.nel Sect.4, wc obtain the following expression for the conll11utator
between two successive infinitesinlal transfol'Illations:

[5~:1('\)' 5R (()] By = ,\ ~ ( {.M[,ü,R]('\) - (5[kt,R] (()) By- (:34a)

- ,\((,\ 1_ ()2 {(2 jÜ_\ ('\5,,,(.\) - (5,,,(()) +,\2 N< ('\5,ü('\) - (5,ü(())} B.+ (34b)
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+A~ ({J\;r'a,((ON(()) + JV AO,,(U'\1(A)}By+ (:34c)

1 - 1 -
+{"( 1V,~6 jfJ (tX) - ~ 1\1,~6N(()}B y - (:34d)

1 - ( - (
- tX _ ( {kl,:/J('l/JiV(() + 1V,z0>,'l/Jhl(tX)}+ (34c)

tXN( (M~
+(( tX _,z(F {'Ij)ü·( tX) - 'ljJJü (()} + tX( tX _'()2 {'lfJJv( tX) - 'IfJi\r( ()}. (34/)

Here l:"'rY,J\r>', ... are the COlllpollents or a.ny generator of S'O(5~1) of (1.5): i:'; = lvy;-)y +
i/fioy + l:"'rz oz + l:"'r zoz + i/'\o,\ + j\r).,()),. The COJll111utator [6Jff(tX), 6fA()]Bz looks silnilar to

(:34), except i/,~, 1Ü,g, l\r,1. anel 1':/,~ replace il,~ etc. in lines (34cl)-(:34f).
Tt is obvious that because of thc tenns (34e) and (34f) the cornnlUtator (34) eloes not

elose in general. The tenns (:34c) allel (:34 f) are nOllzero when fl:~ =J 0 anel ß/:i "# 0, but

this holds only for thc generators J~r/J of special confonnal transfornlations. Therefore: if
at least one of the vector fjelds L\~[ 01' i/ coincidcs with onc of the generators i</J' then the

COlll1l1utator of two synl111etries is 110 longer a synlnlctry.

Now we consider the 8-elimensiona.l algebra A with generators {Pj.l' X a , D} anel thc

Il-dinlensional algebra. B with generators {Pt~, X a , D, )7a }. Both aJgebras A anel ß are
subalgebras of 80(5,1). For each generator LV of the algebra A C ß we have il = LV

(1)/1- = P/J' 'X"1l = ~\"a: Ö = D), i.c. these generators have no cOInponents along the vector
fields 0).. and 0,\' n/loreover, for all of thClll f\r} = L\T,~ = 0 anel hence a11 tenns (34b )-(:34f)

are zero. Thus l for Ni, N E A eq. (:34) recluccs to

(:35 )

which deRncs the analytic half of the Kac-I\100dy algebra A 0 C(tX, tX- 1
), the affine ex­

tension cf the algebra A E so(5, 1). Let llS deRne the variations oN for all 'n ~ 0 by the

contour integral

6n = i ~tX-n-16 (tX)N ;) . N,
CI ~7T1-

where thc contour C' circles ollce around tX = o. 'vVe lnay choose C' = C = C+ n C~.

Using the definition (::36) anel thc COlnInlltator (35), Callchy's theorenl allows us to deduce
thc COlnrnutators bctwecn half of the generators of the affine Lie algebra A 0 C(tX, tX- 1

):

rn,n ~ O. (:37)

1"01' the generators {Ya } of the so(3)-subalgebl'a of the algebra. B we have Y;;y = Y;;z =

0, f/a~ii = const, )-;.~~z = const anel thus the tel'lllS (:34c) a.nel (34r) are zero. lnstead of {f/a }

it is convcnient 1;0 rcwrite the generators as fol1ows:

f"o := -iY3 = yfJy+ z8z - YOfj - zfJz - 2iZ3,

[YQ, Y+] = 2)/+, [f/o~ y~] = -2Y~, [Y+, Y_] = -417
0 ,

8
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Using thc explicit fonn (:38) of thc vcctor neIds f'o, Y± allel cqs. (;34) wc obtain:

[rrn rn] _ 4( ) rrn+n rom._ i dA ,-m-l r ~ (')
U}~, 1 u}' - - 1n - n u};. ,0f' .- -.-, 1\ U l' 1\ ,

o 0 0 0 C 2iTl ° (39a)

Fronl (39) one ca.n see that 0f.~ 1 JF+ anel or_ genera.te thrce different Virasoro-like

subaJgcbras of thc synnIletl'Y algebra. Obviollsly these Virasoro-like sllbalgebras do not
cornrnllte with each other. Using eq.(34), thc contour integral definitions and Callchy's
theorern one finds

[ r m r n ] _ rm+1l +4 rm+n
uf'o' UN - uWo,N] nUN,

[ rom rn] rm+n +4 rm+n-I
U1\' ON = 0W+,N] nUN ,

[ .r7]1 rn] = rm+n + 411 rm+n+ 1
uY_' ON uW_,N] .uN ,

[ rm rn ] _ rm+n + 4 rm+n 4, rm+n-I
°f'o,of'+ - u[l'"o,};'+] nUf'+ - rno}..,o '

[
P?l. n.: ] = r ll!-+:: + 4, n!,+n _ 4 r~+n+1
uYo ' u1'_ u[Yo,Y_} nu y _ 1nuyo '

(400.)

(40b)

(40c)

(40d)

(40e)

[ fm r n ] - rm+n + 4 ,fm+n-I 4 rm+n+l (110/)
uf'+ ,of'_ - uW+ ,f'-J 1wf'_ - rnuf'+ . LI

Thus: thc subsct of sYlnnlctrics of the SDYJ\/1 eqllatiolls with generators op> o~~a' oB allel
o;~ fonus a Kac-IVloody- Virasoro algebra with COIll11lUtation relations (37L C39) and (40).

In [7] it has been shown that the linear systeITI for thc SDY~/I equations will be invariant
under thc action of thc confornlal group only if we adel thc cOlllbinations of thc Virasoro
generators Lo = -),J)).., LI = -A2fJ,\ ancI L_ 1 = -8,\ to the generators Yn allel }(j.l .

Therefore, the appearance of a Virasoro-like a.lgebra. as an algebra of synlll1etries is not
slll'prising. l3eyonel expectation the synlIl1ctry algebra contains lh'ree different Virasoro­

like subalgebras with thc generators S~, J;l,~ anel or~. In conlparisoll witli tbe previollsly

known syrnnletries of the SDYr/l cquations, these ncw syrrllllctries are the affine extension
not of gauge synll11etries, bu t of space-tinlc synlIlletries of thc SDYIvl cq uations.

6 Off-shell Kac-Moody and Virasoro algebras

vVe will now proceed to define thc "off-shell" action of the gradcd Lie algebra so(5, 1) <2)

C(A) and thc Virasoro algebra on the space of Yrl/l potentials anel group-valued fllnctions
1]. 'fhc action of thc Vi raso1'o algebra cloes 1l0t pl'eSCl've the SDY~1 eqllations. As to

the algebra. 80(5,1) 0 C(A), onl.1' thc action of tlle subalgebra A 0 C(..\) of this algebra
pl'eservcs eq. (6).

As usual, we assign to each vector field LV the functioll 'l/JN(;C, () = {lV1}(()}1}-1 (() on
Z+ anel consieler the following transfornlation of the yrvr potentials:

oN(()By := fJyVJN(() + [E y , 1f;N(()] +LNBy ,

ON (() ß z := fJz '1jJN(() + [Bz, .t/JN(()] + LN 13z ,
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oN(()13y := LN By ,

JN ( () ß i := LN Bi'

(41a)

(41b)



For 17( x, .-\) we postulate thc following transfol'lnation l'uIe:

_ .-\
ON (~ )17 (.-\) := .-\ _ ( {'tPN(.-\) - VJN(( )}1] ( .-\ ) .

Now it is not harcl to show that

(41 c)

(OM(.-\),ON()]By = Oy{ON()VJM(.-\) - OM(.-\)VJN()} +
+[By , ON(()'l/JM(.-\) - OM('-\)'l/JN()]

+[ON( () By,VJM(.-\)] - [OA'!(.-\ )By, 'tPN( ()]
+L:M {<5N () J3y } - L:N{OM{()By } (42)

anel wc havc the san1e fornlltla for B z • Fron1 (41), (42) anel

ON (() 1jJAt ( .-\) = {lv/ (<5N(( )1} ( .-\ ) ) } 1}- 1 ( .-\) + {1\117 ( .-\ ) ) } ON (( )1] -1 ( .-\ )

it fo11ows that

[OM('x),ON(O] = (,X ~ 0 {>.O[M,N]('x) - (O[M,N](()), (43)

whcn we cOllsieler the action on 13)1, ßz,By alld Bz, as weil as 17. l3y (41) we have fol' By

01' Bz sin1ply

Using cq. (4:3), it is not elifficult to deeluce the cornlnutators of half of the affine Lie
algebra 50(5,1):

[ .rm .rn ] _ .rm+n .rn _ i d.-\ \ -n-l.r (\) > 0
uM: uN - u{U N]' uN - -.-./\ uN /\, 111,,11._ .

J , C 27Tl
(45)

If we consieler also "], '~N anel generators JN , then wc obtain (45) with -00 ::; rn, n :::; +00,
i.e. the fuIl affine cxtention iO(.5,1) = 50(5,1) @ C(.-\, .-\-1) of the confonnal algebra,
80(5,1).

COllsider now thc vcctor field V = .-\0,\ on C+ anel thc Lie algcbra-va.lucd fUllction

Let us define for {BJ-l} anel 1] thc following transfonnation rules

O( () 8 y := Oy'I/J\r( () + [By,'l/Jv( ()], <5(()By := 0,

<5 (() 13z := 0z1jJ V ( () + [ßz, 'l/J v (()], 0(() Bz := 0,

.-\
0( )1} ( .-\) := .-\ _ ( {',p v (.-\) - 'I/J v (()}17 ( .-\ ) .

One can verify thaI;

(46)

(470,)

(47b)

(47c)

[0(.-\), o()]By = By{o()'l/J\r(.-\) - o(.-\)'l/Jv()}+

+[8y , o(()'l/Jv{.-\) - <5(.-\}tPv()] + [<5()By , ?/Jv(.-\)) - [o(.-\)By , 'l/Jv(()], (48)
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anel sinlilarly for Bz . Using (47), (48) anel

we obtain the COlnnlutator

when we consieler the action on '17 01' on any cOInponent of Bw
Let us deHne

1 I LALn == __bn = __ 1 -(-.A-n-1b(A). (50)
2 2 Je 27r'l

Now, llsing (49) and (.sO), it is not harel to show tha.t we obtain ha.lf of the \,Vitt algebra.:

(51 )

\Vc shall obtain the fuJl centcrlcss Virasoro a,lgebra, i.c. thc Witt a,Jgcbra, if we considcr
·'7 (() with ( E C_ anel cxtend al1 the calculations appropriately.

Finally, we write out the fonnula for the C0l11111utator between thc generators LJn of
the Virasoro algebra anel the generators bNof the Kac-Moody algebra 80(5,1):

[Lm rll] _ _ rm+n
,ON - nON .

(.52a)

(52b)

Thus we have defined the off-shell action of the Kac-lvloody algebra w( 5, .I) alld of thc
Virasoro algebra on the space of 1'lvI potentials allel on thc group-valued fllllCtiollS l/(A).
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