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Abstract: We define a Poisson bracket on the space of sections of holomorphic line bundles
over a flag manifold. This bracket is associated to the Drinfeld-Jimbo R-matrix. We quantize
this bracket using the theory of quasi-Hopf algebras.

0. Introduction: Among all solutions of the modified classical Yang-Baxter equation on a
simple complex Lie algebra g, there is one distinguished R-matrix, namely the Drinfeld-
Jimbo R-matrix. In the Carlan-Weyl basis {H,, X, X_o} this R-matrix has the following
form

1e— Xo AN
(0.1) 7_52——(}(&’_&&),

[a]
where « are the positive roots, and (,) is the Killing form.

Given a representation p : g — Der (A) of g into the algebra Der (A4) of derivations of
some algebra A, one can define the operator

(0.2) AR@A3a®b— {a,b} = pup(r}a®@d)e A

where 1@ A® A — A is the multiplication in A. If A is a commutative algebra, then
under certain conditions on A, this operator is a Poisson bracket (we call this one an R-
matrix bracket). Such, for example, is the case of the space of functions on some orbits in
representation spaces (we considered this case in [1]).

In this paper we define an R-matrix Poisson bracket in the space of global sections of
holomorphic line bundles over G/B, and then we quantize this bracket. Here, G is the
complex Lie group corresponding to the algebra g, and B is a Borel subgroup of G (G/B
can also be realized as the quotient U//T of a compact form, but we shall not need this
realization).

The quantization procedure is obtained as follows. As is well known from Borel-Weyl
theory, each space V,, of an irreducible finite-dimensional representation of a group &' can
be realized as the space of global sections of some holomorphic line bundle over G/B.
Under this realization, the algebra of holomorphic sections with pointwise multiplication is
isomorphic to the algebra

M =BV,

with the multiplication given by a ® b — p(a ® b). Here, o runs over the set of dominant
weights, and 1 is defined on V,®V} as the projection P, g on the highest component V,, 5.

We will show in Section 3 that the operator {,} defined on this algebra by (0.2) is a Poisson
bracket, and then we shall realize a deformation quantization of this bracket. This means
that we construct a family of associative algebras with multiplication sy depending on a
parameter i and satisfying the correspondence principle

prn = pmod fi, pp — ppo = h{,} mod h2,

where p is the initial commutative multiplication, and ¢ is the usual transposition: o(¢ ® b) =
b® a.



The main idea of this quantization is based on the use of the theory of quasi-Hopf algebras
developed by Drinfeld ([2], {3]; we recall the necessary aspects of this theory in Section 1), and
on our observation that the associativity morphism @, induced from Drinfeld’s construction
on M, is in some sense degenerate. We now describe this in more detail.

Since the initial R-matrix is a modified R-matrix, i.e. the element
I, 7[] = [le,,rw] + [T12’7,23] + [7.13’T23],

where 712 =7 ® 1, and so on, is g-invariant, the result of its quantization can be described
in terms of quasi-Hopf algebras. The element & € U(g)®® appears in their definition;
this element measures the “defect of associativity” in the category of representations of the
corresponding quasi-Hopf algebra.

For comparison, let us note that when quantizing a nonmodified R-matrix, i.e., if the classical
Yang-Baxter equation |[[r,r|] = O is satisfied, then the quantization can be realized with
® = 1. As a result, no problems arise with the associativity of the deformed multiplication
iy This approach was used in [4] to construct a “twisted” quantum mechanics.

In the situation considered in the present paper, ® # 1. Though, if the following relation
18N a@b@c) = '} a@b@c), where 1'® = p(p @ id) = p(id ® p)

holds, then the deformed multiplication y; remains associative. In Section 2 we establish
the fact that in the algebra A the associativity morphism degenerates in this sense, and in
Section 3 we use this fact to construct associative deformation structures in this algebra.

We thus realize a “quantum R2-matrix structure” in the space of global sections of holomorphic
line bundles over a flag manifold, i.e., a family of associative algebras which quantize the
R-matrix Poisson bracket.

We think that the quantization method based on the application of quasi-Hopf algebras is
remarkably clear and allows one to study the quantum deformations of various algebras form
an unified point of view. This point of view reduces to the question: When is the morphism
® degenerate?

We note that other approaches to the construction of quantum structures on homogeneous
spaces were discussed in the papers, of [5] and [6], but there the flatness of the deformation
(i.e. question on supply of elements of deformed structure) is not investigated. In frame of
our approach we introduce a new multiplication on the same set of elements and the flatness
arises automatically.

1. Quasi-Hopf algebras: necessary background

Recall that, according to [2], a quasitriangular quasi-Hopf algebra over a commutative ring
k is a collection

A=(A A¢d,R),



where A is an associative algebra with unit, A : A — A is, a comultiplication operator,
g : A — k is a counit operator, R is an invertible element in A @ A, ¢ is an invertible
element in A ® A ® A, and this collection satisfies a certain set of axioms.

These axioms are formulated in [2] and we shall not reproduce them here, but shall just
clarify their meaning. The idea is that the representations of the algebra A form is quasi-
tensor category Rep.A in such a way that, given two representations p; : A — Endi(V;),
where V;,1 = 1,2 are k-modules, then the representation of A on V; ® V, is given by
the composition

AS A®APE End, (Vi @ Va).

The associativity morphism

Vi@V2)@ Vs = 1@ (Vh®Vs)

in this category is induced by the element ¢, and the commutativity morphism

VieVe— 120V

is defined as the composition of the morphism induced by the element R with the usual
transposition o¢. In what follows, we shall use the symbols ¢ and R both for the initial
elements and for the morphisms that they induce. Moreover, as is customary in a deformation
situation, we shall consider R (resp., ®) as an element of the completion A®? (resp., A®3)
in the h-adic topology, where & is the quantization parameter.

The element ¢ determines the identity representation of & and there are natural isomorphisms
of representations

Vek—=»Vandk®V S V.

In the general situation, the commutativity morphism is not involutive; this is the difference
between a tensor and a quasitensor category. If ® = 1, then this quasi-Hopf algebra is a
Hopf algebra.

In addition, the category Rep.A is usually assumed to be rigid. This means that to each
object in this category there corresponds a dual object, also in this category. In terms of the
algebra A, this can be formulated as the condition of existence of an antipode. The antipode
axioms are given in [2], but we shall not need them.

The category of quasi-Hopf algebras, in contrast to that of Hopf algebras, admits “gauge”
transformations. Namely, let F' be an inversible element in A ® A such that

(id®e)F = (¢ ®id)F = 1.

Then one can define a new quasitriangular quasi-Hopf algebra

-AF = (A:AF)E)(I)F’RF):



where
Ap(a) = FA(e)F~!, &5 = FBABF®(A1ZF) ™ (F2) ™ Rp = FRF™L.
Here, and below, we use the usual notations:
AV =A@id, F?=F @1, F1=F?@F!, where F = F'1 @ F?,

etc.

In this case, it is customary to say that the algebra Ap is obtained from A by twisting via
F. The meaning of these gauge transformations is that the quasitensor categories Rep.A and
RepAr are equivalent. Recall that the equivalence of two monoidal categories

(M,®) = (M,8)

with tensor product functors ® and ®, respectively, is given by a pair (,3), where
a: M — M is a functor, and

B:a(X®Y)— a(X)®a(Y)

is an isomorphism.

In our situation, the equivalence RepA — RepAr is given by the pair (1,5), where 1
denotes the identity functor, and [ is realized by the element F.

In this situation one can identify the set of objects of the equivalent categories and use the
isomorphism F to transfer the operations from one category to the other. So, given an
operation

F'vieVya—- Vs

in the category Rep.A, one can define an operation
pp = pF7!

in the category RepAp.

Let g be a simple Lie algebra over a field k of characteristic zero, let Ay = U(g) be its
universal enveloping algebra with the usual comultiplication A : U(g) — U (g)®2, defined
on the generators by

and the usual counit ¢ : U(g) — k. If we also set ® =1 and R =1, then Ay is equipped
with the structure of a commutative triangular Hopf algebra, which we shall denote by

Ap = (Ap, A, e, 1,1).



Let t € g ® g be the split Casimir element, i.e., The symmetric g-invariant tensor corre-
sponding to the Casimir element C' € U(g). Consider the associative algebra

An = U(g)[[h]] = Ule) ®K[[A],

equipped with the operators A and ¢ induced from the algebra Agp. Then, according to
Drinfeld’s results [2], [3], the following statements are true (here and below, ® denotes the
tensor product completed in the #A-adic topology).

Theorem 1.1.

a) Ay admits a quasitriangular quasi-Hopf algebra structure

Ah = (Afn A,E, (I)fh Rh)

where Ry € A?z and ¥y € .4{?3 are elements of the following form:

h?
Ry=eM? &, =1+ Ttp+ U(hz),

where ¢ = [tlz,t”] € A3g is a g-invariant skew-symmetric tensor;
b) moreover, ® can be chosen of the form

exp P (ht'?, me®),

where P is a Lie formal series with rational coefficients, i.e., P is an element of the
completed free Lie algebra over () on two generators;

c) there is an element F = F}, € ,4692 such that F' = 1 mod h, and such that the
quasitriangular algebra Ay obtained from Ay by twisting via F' is a quasitriangular
Hopf algebra, i.e., it has the form

AF = (Aﬁ,AF,E) lyRF)'

The latter in particular, means that Rp is a quantum R-matrix, i.e., satisfies the
quantum Yang-Baxter equation

12 13 23 23 plipl
RERPRZ = RBRBRY.
This R-matrix is the result of quantizing the classical R-matrix
t0/2 + iy,

Here, t = tg + t4_ + t_4 is the decomposition of the split Casimir element corre-
sponding to the triangular decomposition of the algebra

g:g=h4+ny+n_.



It follows from part (c) of this theorem, taking the equality
RF = F2185t/2F—1

into account, that if T is the linear term in the decomposition of Fy ' (F;! = 1 + i7 + 0(R)),
then the following equality

(1.1) F— T = (ty —t_4)/2
holds. The right-hand side of this equality is simply another form of writing the R-matrix
0.1).

We can assume that Ay is obtained from A4y by a deformation of the associativity and
commutativity structures while Ag is obtained by a deformation of the comultiplication and
commutativity structure but the categories Rep.4; and RepAr are equivalent.

The category Rep.A is the usual tensor category of representations of the algebra g. Taking
some liberty, we shall assume that the categories Rep. Ay and RepAr consists of the same
objects as the category Rep.Ap (in fact, the objects of the categories Rep.A; and RepAp
are the k[[f]]-modules V ®;k[(h)], where V is a representation of g). In what follows, we
shall write Rep,g and Reppg, instead of Rep Ay and RepAp, respectively.

2. Degeneration of the aSsociativity morphism

In this section we shall formulate conditions on a morphism

v:V1eWheV; - W

in the category Rep,g sufficient for the equality

v® = w.

This equality means that, modulo the morphism v, the “associativity defect” & degenerates
into the identity morphism.

Definition 2.1 Let v : V — W be a map of vector spaces, A : V — V be an operator on
V. We say that v is primitive with respect to A if vA = qu, where q is a constant, called
the primitivity constant.

Lemma 2.2. Let v : V — W be a primitive map with respect to the operators Aj,..., A,
with primitivity constants qu,...,qy, respectively. Let L = L(Ay,..., A,) be a polynomial
in the operators A;, 1 =1,...,n. Then vL = qrv, where g, = L{qq,...,qn). Thus, v is

primitive with respect to L with primitivity constant qr.
The proof is obvious.

Proposition 2.3. Let V1,V5, V3, W be g-modules
v:eheV;-Ww

be a map of g-modules such that v is primitive with respect to t12 and t**. Then vp = 0
and v® =v, where ® = Q€ U (g)®3 is of the form described in Theorem 1.1 (b).



Proof. By theorem 1.1, ® is of the form
L+ Y KLi=1+Y R AipB,
i>/2 i>/2

where A; and B; are polynomials in ¢'* and ¢**. By Lemma 2.2, vL; = 0 and, in
particular, vy = 0 (note that Ly = ¢/4). This finishes the proof.

A g-module will be calls isotopic if it is the direct sum of isomorphic irreducible g-modules.
In what follows, we shall denote by V' the highest weight of the isotopic g-module V.

Proposition 2.4. Let V|, Vo, W be isotopic g-modules, u : V1 @ Vo — W a morphism of
g-modules. Then . is primitive with respect to t with primitivity constant

q(fil,fé,ﬁ?) - ((IT/W) - (\71,171> - (172,172> + (ﬁ? V- 172,2,)))/2

where () is the form induced by the Killing form on the set of roots of the algebra g, and p
is half the sum to the positive roots of the algebra g.

Proof. We decompose V1 ® V, into a sum of isotopic components: V; ® Vo =) W;. The
operator ¢ applied to each component reduces to multiplication by a constant. Indeed,

t=(A(C)-C®1-18C)/2,

where C is the Casimir operator. The operator C ® 1 reduces to multiplication of each
element of Vi ®V, by (V, Wi+ 2p), and 1®C multiplies each element by <V2, Vo + 2p>.
If W, # f/’i7, then p(W;) = 0. This implies the proposition.

Let now g be a complex semisimple Lie algebra. Denote by
Py = Pi(g)

the semigroup of dominant weights of the algebra g. For each weight o € P4, fix an
irreducible representation V, of the given highest weight and highest vector v, € V,,. For
a,B € Py, define a morphism of g-modules

Ve ®Vg— Vg
as follows. The module V, ® V3 contains a unique submodule with highest weight o + 3.
The element v, ® vg is the highest vector of this submodule. Define ;¢ as the composition
Ao w, where

W:V0®Vﬁ—+W

is the natural projection to the module with highest vector vq ® vg, and A : W — V5 is
the morphism of g-modules defined by

Mva ® v3) = Vatp.



Thus, if a € V,, b € Vg, then the product
ab=p(a®b) € Voyp

is defined. This product is obviously commutative and associative,
Define the graded algebra M = M(g) as the direct sum

M= @QEP+ Va

with multiplication induced by the multiplication ;= on the homogeneous components.

It follows from Proposition 2.4 that p : V, ® V3 — V5 is a primitive morphism with
respect to ¢ and that

ite@b) = (@,5)u(a® b) = (ab)ab,

where we use the notation a = « if a € V,.

Definition 2.5. Let v: V; @ Vo @ V3 — W be a morphism of g-modules. We say that v is
p-degenerate if v = 0; we say that v is ®-degenerate if v® = v.

Set
p = (e ® id) = p(id @ ).

Proposition 2.6. The map
B M3 (a®b®c) — abc e M

is p-degenerate and ®-degenerate.

Proof. It suffices to check the statement for the homogeneous components in M. Let
Va, V3, V5 be homogeneous components. We shall prove that the map

W Va®Vp®Vy = Vargsy

is primitive with respect to $!%. Indeed, as the map 4!2® factors through V, ® V3 ® V, —
Va+s ® V,, e, the diagram

123

Va®Va®V, '~ VotB+y
B id N\ YT
Vats ® Vy
is commutative, the following relation

#'123t12 — (0_1 ,6)#123

holds. The proof that p is primitive with respect to t** is analogous. Now the proposition
follows from Proposition 2.3,



T

3. R-matrix structures in the algebra M

In this section we shall define an R-matrix Poisson bracket in the algebra M and then
quantize it. We shall then realize the algebra M itself in terms of bundles over G/B.

In the previous section we defined the commutative algebra M. It is not difficult to see that
the action of an arbitrary element X € G on M agrees with the multiplication on M via
the Leibniz identity. Consider the R-matrix (0.1) and define a bilinear operation

(G.1) MOM>3a®b— {a,b} € M

according to formula (0.2).

Clearly, this operator is skew-symmetric and satisfies the Leibniz identity {ab, ¢} = {¢,c}b+
a{b,c}.

Proposition 3.1. The operator (3.1) satisfies the Jacobi identity and therefore is a Poisson
bracket.

Proof. A direct computation shows that the Jacobi identity is equivalent to the equation

1123 = 0, which was proved in Proposition 2.6,

We have thus defined a Poisson structure on M via the K-matrix bracket (3.1).

We now quantize this bracket in the sense of deformation quantization. In order to do this,
we introduce a new multiplication pp = puF~!, where F is as in Theorem 1.1, and we
prove that this multiplication is associative.

Indeed,
uﬂ-‘»}? — 'LLF—I#I2(F12)‘1 _ ##12(A12F)—1(F12)—1 -
— #MH(I)(AUF)—I (Flz)—l _ “‘[{23(&23};)—1(1;23)—1 _
= pF B (P = .

Here, we have used the ®-degeneracy of the multiplication 1123,

We shall write Mg for- M equipped with the multiplication pp. It is not difficult to see
that the trivial representation is the unit in this algebra.

Since F =1 mod h, equation (1.1) implies that xp indeed quantizes the R-matrix Poisson
structure in the sense of deformation quantization, i.e., the correspondence principle mentioned
in the Introduction holds.

The new algebra is no longer commutative. In order to describe its properties, we shall
introduce the operator S = FoF~1,
Clearly, this operator is involutive, i.e. 5~ = id, but, unlike § = oR = Foe/ 2F-1 it does

not satisfy the quantum Yang-Baxter equation (we note here that the quantum Yang-Baxter
equation for the operator S has the form

512823812 — 52331‘2 323) .



Proposition 3.2,

(@) The multiplication pp is S-commutative, i.e.,

#FS = [tF;

(b) S satisfies the Yang-Baxter equation in a weakened form:

123512523512 _ 123523512523,
P15 - asgtigtig®,

(c) the multiplication pp is a morphism in the category Rep pG considered as the
category of representations of the quasitriangular Hopf algebra (quantum group) Ar
(cf. Theorem 1.1).

All the assertions of Proposition 3.2 are obvious (cf. also [1]).
We have thus defined a classical [i-matrix structure on M via deformation quantization.

These structures can be naturally interpreted in terms of line bundles over the flag mani-
fold G/B. According to Borel-Weyl theory, to each weight a of g there corresponds a
holomorphic bundle L, and the space I'(L,,G/B) of global sections of this bundle is
nontrivial if and only if o is in a dominant weight; moreover, there is an isomorphism
I'(La,G/B)=V,. We leave it to the reader to check the fact that pointwise multiplication
of the sections in the algebra of all global sections corresponds to the multiplication in the
algebra M. Thus, all the R-matrix structures constructed above for the algebra M carry
over the algebra M(G/B) generated by all the global sections. Le., we have defined in
M(G/B) a (pointwise) multiplication

p: M(G/B)®® - M(G/B),

an R-matrix Poisson bracket {,} of the form (0.2), and an associative multiplication M g
which is the result of a deformation of the multiplication g “in the direction” of the bracket

.}

Note that the algebra AM can be also regarded as algebra of functions on G/N where
N C G is a maximal nilpotent subgroup.

Let us now formulate the resulting theorem.

Theorem 3.3. The R-matrix bracket introduced above (cf. Proposition 3.1) can be quantized
in sense of deformation quantization which preserves the natural graduation (by the highest
weights) of the algebra M.

In conclusion, we make some remarks.

Remark 1. Let V,, be the space of an irreducible representation of g with highest weight
« € Py(g). Consider the orbit @, of the highest vector v, € V,, of this representation. The
algebra M, of holomorphic algebraic functions on O, naturally embeds in M(G/B)
as a subalgebra. Namely, it is the subalgebra of M(G/B) generated by the sections
I'(Lpat, G/ B) of the bundles L,,, where n is a natural number, and o' is the weight
of the representation that is dual to V,.



We note that the R-matrix bracket and its quantizing algebraic structure can be extended
naturally to the fields of quotients of the algebras M and M, (it is not difficult to see that
they do not contain zero-devizors).

Remark 2. On all orbits as above, the stabilizer algebra of an arbitrary point contains some
maximal nilpotent subalgebra of g. There is another natural class of orbits on which an
expression of the form (0.2) is a Poisson bracket. These are the orbits with stabilizers H
such that G/H is a symmetric space (here g can be compact form of a simple Lie algebra).
The quantization scheme proposed above no longer extends to such spaces. We propose to
consider the questions connected with the quantization of R-matrix brackets on such spaces
in subsequent publications.

Remark 3. The sphere S? is an orbit in ¢*, where g = suz and is a symmetric space
5% = SU, /T of the type described above. An R-matrix bracket is thus defined on S? as on
a symmetric space. The 2-sphere is also a flag manifold SL;/B, so an R-matrix bracket
is defined as above on the line bundles over S%. We stress the fact that these are different
brackets and that they are defined on different objects.
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